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Group-Theoretical Treatment of the Energy Bands 
in Metal Borides MeB, 


By Masatoshi YAMAZAKI 
Faculty of Liberal Arts and Science, Yamagata University, Yamagata 
(Received August 8, 1956) 


The tight-binding approximation is applied to a study of electronic 


energy bands in metal borides MeBz. 


The 25x25 determinantal secular 


equation for the energy is reduced by a group-theoretical treatment of 
the spatial symmetry at certain special values of the wave vector K. 
The results are that if metal atoms have two valence electrons the 
valence bands are all filled and the conduction bands are all empty, and 
in the case of calcium boride CaB; the narrowest gap between valence- 
and conduction-bands is at edges of the first Brillouin zone, the simple 
cube in the reciprocal space and its width is about 1.5eV, in good 
agreement with empirical results that there exist only borides of elements 
having two valence s electrons in this type of structure. 


§1. Introduction 


According to the results of Kiessling’s X-ray 
analysis», structures of metal boride crystals 
MeB, are that six boron atoms ex bloc make 
one octahedron the center of which makes a 
simple cube, and metal atoms which are at 
interstices of boron octahedra and enclosed 
by twenty-four boron atoms make another 
simple cube, and thus six boron atoms Bs, en 
bloc and metal atoms Me make a structure 
of cesium chloride type. Every boron atom 
has five other adjacent boron atoms at equal 


Fig. 1. Structure of the MeB; crystal. Six B 
atoms make one octahedron, whose center is 
situated at the body center of simple cube made 
by Me atoms. Every B atom has five nearest 
B atoms at equal distance, one of which belongs 
to the next octahedron. The coordination num- 
ber of Me atom is 24. 


distances. The shortest boron-boron distances 
of MeB, are almost independent of the par- 
ticipating metals, as seen in Table lee ltaeis 


significant that metals with a higher ionization 


potential than yttrium (8.7leV) cannot form. 
MeB, crystals. Thus in MeB, crystals parts of 
electrons are considered to ,be transferred to 


DK P 
( { 
i 


boron atoms, so the high stability of MeB, 
crystal very likely depends on the ionization 
of Me. After the results of another X-ray 
analysis of several boron hydrides by Lips- 
comb”, five boron atoms in B;H, occupy al- 


Table I. Distance between adjacent atoms in MeB; 
due to Kiessling) (in angstrom units) 
B-B Me-B Me-Me 
Ca i Se 3.06 AUIS) 
Ba 1.78 BAS 4.29 
Sr 1.74 3.09 4.20 
Yb Laval 3.05 4.14 
La eZ 3.06 4.15 
Ce Pl 3.05 4.14 
Nd 1A 3.04 “13 
aig TATA 3.04 4.13 
Gd iA 3.04 Arle 
Th WAZ 3.07 4.16 
ay; 1.69 3.01 4.08 
Er 1 Alaa 


.70 3.03 


most five vertex sites of a octahedron (B-B 
(base) 1.80 and B-B (slant) 1.69 A), and five 
boron atoms in B;Hy, imperfectly occupy five 
vertex sites of a distorted octahedron (average 
B-B 1.74 A). It is thought to be character- 
istic that boron atoms make structures of 
octahedron type. Longuet-Higgins and de V. 
Roberts® and Flodmark® performed theoretical 
analysis of MeB, and reached the conclusions 
fairly agreeing with experimental results. It 
is the purpose of this paper to calculate more 
quantitatively the variation of energy with 
the wave vector in the reciprocal space for 
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MeB,. 

In this paper the energies of Bloch orbitals 
which are based on the four atomic orbitals 
2s, 2px, 2py, and 2pz of the boron atom and 
one ns of the metal atom are calculated under 
the simplified periodic field at certain special 
values of the wave vector K. Since there are 
six B atoms and one Me atom per unit cell, 
there are twenty-five basis atomic orbitals to 
be considered. The 25x 25 determinantal secu- 
lar equation for the energy based on twenty- 
five Bloch sums is factorized with respects to 
sets of basis of different irreducible represen- 
tations for the subgroup of the rotation group 
of the lattice and the group of the wave 
vector, so leaving us with seculor equations 
of lower degree to solve. Because MeB, lattice 
is polyatomic, the cubic harmonics of von der 
Lage and Bethe» developed about different 
points in the lattice must be matched over 
the surface of subcells, resulting from the 
division of the unit cell and one surrounding 
each site, by the condition that the Bloch 
orbital is smooth throughout the crystal. 
Here we regard six boron atoms en bloc 
making one octahedron as to constitute one 
lattice site, and MeBg crystals are considered 
to have the structure of cesium chloride type, 
Me atoms making simple cube and B, atoms 
occupying its body centers. The twenty-four 
AO’s of Bs atoms are combined to form bases 
of different irreducible representations of the 
crystal symmetry, the octahedral group Oy. 
In the following the band structure of calcium 
boride is calculated at certain points in the 
Brillouin zone. 


§2. Method and Calculation 


The direct lattice vectors a; and the re- 
ciprocal lattice vectors 6b; are 


a,=a(l1, 0, 0) - 1=2z/a(l, 0, 0) } 
a,=a(0, 1, 0) ; b.=27/a(0, 1, 0) ; 
az=a(0, 0,1); 6;=27/a(0, 0,1). 


Thus, the unit lattice cell is a cube of side a 
and the first Brillouin zone a cube of side 
2n/a. The MeB, lattice is so-called diatomic, 
made up of two interpenetrating simple cubic 
lattices of Bs atoms and Me atoms based on 
the points (0, 0, 0) and a/2(1, 1, 1), respectively, 
such that the potential has full cubic sym- 
metry about each site. The z-, y-, and z-axes 
and the numbering of six boron atoms making 
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Kz 


Ky 


Fig. 2. The first Brillouin zone of the MeBs 
crystal (CsCl type) 1), 2), 3), 4), 5), 6) and 7) 
are the special points in the zone cited in the 
rex. 


one octahedron are taken as shown in Fig. 1. 
The coordinates of six boron atoms are with 
the center of octahedron as zero; 

1,.@/2+Y 2),0;03 2,neler17 2s. 
3,0, 0c 2), 4 =Gery 2),0.93 
5, (0, —a/(2+7/ 2), 0); 6, (0,0, —a/(2+7/ 2)). 
The twenty-four AO’s, four on each atom, 


are combined to form bases of the crystal 
symmetry Oy, as: 


Qq (1/6)3/2(s1 + S2+S3+Ss+5S5+S¢) , 
(1/6)"/?(a4; —a4-+ Y2—Ys + 23—2e); 
€g(1): (1/12)¥2(2s,;—s,—$3-+ 25,—S5—Sz) , 
(1/12)/?(2a —Yy—23— ary t+ Y5 +25); 
€4(2): (1/4)?(s.—s3+55—Ss) , 
(1/4)'/2(y2—23 —Y5+ 2) 
doubly degenerate): 
SF u(x): (1/2)¥7(s;—sa) , (1/2)*/2(@1 +24) , 
(1/4)¥?(ay+a3+25+25)3 
Fuly):  (1/2)¥(S2.—s5) ,  (1/2)/?(Yo+Ys) , 
(1/4)/?(y3+ Yat YotYy1); 
F rulZ): (1/2)¥(ss—Se) ,  (1/2)/?(23+26) , 
(1/4) Zi +2.+24+2s5) 
triply degenerate): 
Fig(@)? (1/4)? Z2—Y3—25+Ye); 
Firaly): (1/4)¥/?(a3 + 24—a——21); 
Firg(2): (1/4)v? Yi —X2— Yn +25) 
triply degenerate): 
Fra): (1/4)¥*(Z2+-Y3—25—Yo); 
Fooly): A/a? %3—2,—2%_t 21); 
F 29(2): (1/4)3/2 Y1+22—Ys—B5) 
triply degenerate): 
SF oul : (1/4 iil L_— 3+ 25 —2e) ; 
FauY):  VW4)PYs—yst+-ys—n); 
fiial@: (1/4)1/2 2, —2,+2,—2s) 


1957) 


(triply degenerate): 

here si, a, yi, and z means 25. 2pumecDy, 
and 2pz AO’s of B atom 2, respectively. The 
overlapping of atomic orbitals are all neglected. 

For AO’s of Me atoms we consider only 
valence s orbitals which belong to dq re- 
presentation of O, group. These Me orbitals 
match the boron AO’s at special values of 
the wave vector as: 


1) K=(0, 0, 0) My 


Z) w=n/a(l, 11) R,’, 
so there is none in our treatment 

D) K=7/a01; 1) M; 

4) K=nx/a(, 0, 0) XX,’ 

2) Nr (0) <a << A, 
Sena ale De OC a T,/ 

Cm managia a), Om a< il Ay 

Seiw—=7/00, & a) ,. 0< a&< 1 J} 

See ha=rial aa), 0O<a<l Sy 

Wma 0 1), O< a< 1 Hite, 


Following Bloch’s method, the one electron 
wave functions in the periodic potential field 
are written as 

V vy(K)= > (Ri) exp ¢(KRi)~w(r—Ri) , 
where &; is the position vector of the crystal 
lattice site, K is the wave vector, and Zwy’s 
are linear combinations of several AO’s ym of 
one lattice site. (yvw(K)= > (2) Awn(K)xn3 Awn’s 
are functions of K). We make Bloch sums 
gn for every same kinds of AO’s on each 
same lattice site as 

Qra= SS (Ri) exp CK Ri) xn(r—R:) , 
so we obtain Yy(K)= >) (”)Awn(K)gn. For 
simplification we assume the Bloch sums are 


orthogonal to each other. 
In the case of general K values we have 
secular equations for the energy as 


| Lam —LOnm| =0 ? 


where H is the one electron hamiltonian opera- 
tor in the crystal and 


IE bres = loot Htonde ° 


Factorizations of secular equations at special 
points in the first Brillouin zone are tabulated 
in the appendix. 

The matrix elements Hnm’s are expressed 
as (Bloch sums are normalized over the cyclic 
domain, and N is the number of atoms in the 
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cyclic domain): 
Ham = [ont ond: 
=N~ >) (Ri) & (Rj) exp (7K (Rs— Ri) 
» | 8 Ri) Hitalr Ride 
= > (3) exp ¢K(Rj—Ri)) 
x [xen - RO Manlr— Ryde : 


For arbitrary B atoms interactions with five 
atoms within that octahedron and shortest 
distance one within next one are considered 
and for B-Me, Me-Me only the nearest neigh- 
bour interactions are taken into account. 
Coulomb energies 


[xerr Ri) r— Ri) de 


are approximated by one-electron orbital ener- 
gies of the free atom given by Slater”, i.e., 
—14.01, —5.71, and —6.12eV for 2s, 2p of B, 
and 4s of Ca, respectively, and resonance ener- 
gies are approximated to be proportional to 
the corresponding overlap integrals® of Slater 
atomic orbitals», the proportional constant 
being taken as —10.153eV determined from 
the ratio of the resonance energy for carbon- 
carbon neighbour in benzene, —2.39eV, the 
value suggested by Pariser and Parr’, to the 
corresponding overlap integral, 0.2354, calcu- 
lated from formulas by Mulliken et al.®*. 
The effective nuclear charge of boron 2s, 2p 
AO’s is first taken as 20=2.60 (5 electrons 
per atom), but after preliminary calculations 
it is decided to be 206=2.482 (5+43 electrons 
per atom). The calculated energy bands are 
shown in Fig. 3. 

If the metal atom has two valence s elec- 
trons, the valence bands are completely filled 
and the conduction bands are completely 
empty. The shortest gap between valence- 


* The overlap integrals for B atoms are: 


Ss352=0.452, Ssicnx=0.442, 

Soies= 0322, Sriv2— 02282, 
S'sic4=0.216, Ssicg=0.257, 

Ssice= 0.274, Sra O03; 


with effective nuclear charge 20=2.482. 

The overlap integral for Ca atoms is approxi- 
mated to be Ss;=0.395 with effective nuclear charge 
3.70=3.2, and those between nearest Ca-B neigh- 
bours are approximated to be Sss=0.275 and Sso= 
0.165. 
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and conduction-bands is at edges of the first 
Brillouin zone, the simple cube in the re- 
ciprocal space and its width is proved to be 
about 1.5eV. 

The assumptions we have used are un- 
doubtedly crude by quantitative standards, 


1oeV 


E NIEIREG 


TH (1.1.1) 
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reciprocal space for CaB;. The figures “2” 
and “3” denote the degree of degeneracy of 
energy-versus-wave vector curves. 


but we feel fairly confident of our obtained 
results qualitatively. 


Appendix 


The factorizations of secular equations for 
the energy at certain special points in the 
first Brillouin zone: 

Si, Xi, Yi, Zi, and Sy means the Bloch sum 
constructed from the atomic orbital 2s, 22, 
2py, and 2pz of the z-site of B atom, and the 
4s atomic orbital of the metal-site of Ca atom. 
Unnormalized forms of Bloch sums and nota- 
tions of different irreducible representations 
about the B-site are described. 

1) K=(0,0,0) and 2) K=z/a(1, 1,1) (sym- 

metry type: On) 

In case 1) three Ist order-(each triply de- 
generated), one second order-(doubly degener- 
ated), and two third order-secular equations 
(one of which is triply degenerated) are ob- 
tained. 

In case 2) four 1st order-(three of which are 
triply degenerated), two second order-(one of 
which is doubly degenerated), and one third 


order-(triply degenerated) secular equations 
are obtained. 


re 
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on 


= : (Si+S.+83+S,+S;+S,) 0 (Xy—Xiy4+ Y.—Y;+2Z;—Z,) é Su (for case 1)) , 
if i2(1) 5 (2S:—S,—S3+2S,—S,;—S,) ? (2X,— Y2—Z3;—2X4,4+ Y;+Z,) 5 

Pi2): (S2—-S4+S;—S.), (Ya—-Z;—Y;+Z,) ; 
Pis@): SiS), (+X); (X24+X3+X5+Xe) ; 


aa Wes. Ses) 5 (Yat Ys)o (Yet ¥.+ Ves) 
Iy5(2) :  (S3—S,) , (Zst+Ze) , (2434+ 2,4+2,4Z5) ; 


Lisa): (42—Y3—Z,+ Ye); Pos(@): (4, +Y3—Z,— Ye) ; 
Vis (y): (X3+Z,—X,—Z)) ; Posy): (Xs—-Z,—X_+Z,) ; 
Py5(Z): (Yi —-X—Y¥i+- X5) ; V'95(Z): (Yi +X2—Yi—X5) ; 
Pos(z) 2 (Xg—X3+X5—Xz) ; Vee te ooe(forscase! 2) 


Posy): (Ys—YitYe—YVi); 
1"55(2) ; (2, -2,+2Z,—Z;) ‘ 


3) K=n/a0,1,1) and 4) K=z/a(1, 0, 0) (symmetry type: Dy») 


In case 3) two first order-, three second order-(one of which is doubly degenerated), one 
third order-, and two fourth order-(one of which is doubly degenerated) secular Equations are 
obtained. 

j In case 4) three Ist order-, two 2nd order-(one of which is doubly degenerated), and three 
fourth order-(one of which is doubly degenerated) sec. equ. are obtained. 


M3 (SiS 453+5,4+S5+S6), (i—-M+ Y2-Y;+2Z3—Z) , (2S; —S,—S3;+2S,—S;—S,) , 
(2X, — Y.—Z3—2X44+ Y;+Z,) . 


XX. : (4—Y3—Z54+Ye); 
XxX, : (S2—Ss+Ss—Sg) D (Y2—Z3— Ys+Ze) 5 
X3 (242+Y3—Z;—Ye), Swu(for case 3)) ; 


eo ee Us 2a— Ag Z;) Sal Aga Zitaie—2i)i; 

ee em Pee od ge Xs) (Var Xe Y 1X5)’; 

Xe SiS) Ait Xe) y (XG XG-+ X54 so), “Su (for-case 4)); 

xe 9) CXo—As Pe X5— AX); 

Gees on), (Yat Ys), (Y¥st Yet Yot¥1), (Ys-Yat¥e—¥i); 
Me (2): (S3—Se), ZstZe) , (At4t+Z4t+Z).- (—A-4+4,—Z)). 


5) K=n/a(a,0,0) and 6) K=n/a(a,1, 1), 0Ca<1 (symmetry type: Cy») 
In case 5) two Ist order-, one third order-, one sixth order-(doubly degenerated), and one 


eighth order secular equations are obtained. 
In case 6) one first order-, one second order-, one third order-, one sixth order-(doubly de- 


generated), and one seventh order-secular equations are obtained. 


Aes (S,4+.S,+53+S,+S5+S,) » (X%y—Xt Y2—Y5+2Z3—Zz) , (2S,—S,—S3+2S,—S;—S,) , 
(2X,—V.—Z,—2X1t+ YetZe) » (Si-—Ss), (44%), (Xg+X3+X5+ Xe) , 
Su(for case 5)) ; 

4’ : (4—Y3-Z;4+ Ys) ; 

dy : (S.—S3+S;—Se) , (Y,—Z3— Ys+ Ze) ? (X2—X3+X5— Xe) ) 

Lor Z5+ Ve 2Z,—) 4), Sx(for case 6)); 

Ue Soe), (Vat Ys), (Yat Vit Veta, (e—¥et Ye—-Yn)s.. Yt G—V—As), 
(—(Y¥1—X2 — Yu Xs) 5 

As(2): (Ss—Se), (Zs+Ze) (Zit Zet+ZitZs), (—(4—-Z4LZ,—Zs)) , (Xs—Zi—Xot-Z) , 
(X3+Z,—Xe—Z1) ; 
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7) K=n/a(a, a, a) 0<a<1 (symmetry type: Cv) 
One second order-, one seventh order-, and one eighth order-(doubly degenerated) secular 
equations are obtained. 


A, + (Sy+Sot+S3+SitSs+S.), (Ki—Mit¥,—VstZ;—Z,), (A44Ys—Z.—YetXs—4Z: 
—X,+Z,4- Vit X2—Yi-—Xs) , (Si +S: +S3—Si—Ss—Ss) , (Gt V¥2+Z3+XitYotZe) , 
(X,+X3+X5t+Xet Vat Yat Yet YitZ4,4t2.+21+Zs5) ’ (Su) ; 

Ay > (Xo—X34+Xs—Xet+ Vs—YiatVe—-VYit A-Lt+M-Zs), (4za—YV3—-Zs+VetX3t+Z 
—X;,—Z,4+ Y1—X2— V1 + Xs) 5 

Ax(1): (25,—2S,—S2+Ss—S3+S5), (2X1 +2Xi—Y2—Ys—Z3—Z_), (2X2 +2X3+2X54+2Xe 
—Y3—Y.-—Y,—Y1- 21 —-Z,—-21-—-Zs) , (41 -2,4- Z1—Zp— V3 4+ Yi—YVet V1), CS 
—S,—S3;+2Si—S;—S,), (2X1 —Y2—-Z3—2Xi+YVst+Z_), (22.+2Y3—22Z;—2Y,.—X;3 
4244+ Xe—Li—Yi—Xat+VYitXs), (Yi-—Aa— Vat X5—XgH Zp 4 Xe tLZi) ; 

A;(2): (S2—Ss—Ss3+Se), (YatYs—Zs—Z_), (YstYatYVetYi-Zj1—-4,—-LZi,—Z5), (2M 
—2X3+2X5;—2X—6— V3t Vu—YVetY1-2Z4+4-4,4Z;), (X3—M%—X+ Z,— VYi-—X 
+Y44+Xs), (S2—Sst+Ss—Se), (Y2—-Z;—YVstZ_), (22,—2Y3—2Z;4+2Y,—X3—Z, 
—X4+2Z,—VYi4+X2+ Ys—Xz5) . 
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The period of out-of-step of ordered alloys with anti-phase domain 
structure, measured in atomic distance, is generally not an integer, in 


spite of sharp splits of superlattice reflections. 


This fractional property 


of the period has theoretically been examined. The general treatment 
of this problem has shown that a regular and uniform arrangement of 
the different periods of anti-phase domains can explain the fractional 
value of the period, M@. The results of numerical calculations in some 
models of arrangement have suggested, however, that complete regularity 
in arrangement is not always necessary but only uniformity is essential 
for the interpretation of the diffraction patterns. 


Introduction 


Si. 
Recently, many X-ray and electron diffrac- 
tion studies? have been made on the ordered 
alloys with anti-phase domain structure, such 
as CuAu, Cus3Pd, etc., and even a fairly com- 
plex type of anti-phase domain has been dis- 
covered”. The writer has also studied the 
anti-phase domain structure of Ag;Mg in single 
crystal as well as polycrystal®. The diffrac- 
tion patterns of such alloys show sharp splits 
of superlattice reflections, due to anti-phase 
domains, and the period of out-of-step or the 
length of anti-phase domain, measured in 
atomic distance, M, can be calculated from 
the separation of split spots. The value of 
M is, however, generally not an integer* in 
spite of sharpness of the splitting. This curi- 
ous property may be interpreted, if MZ means 
a mean length of anti-phase domains. Namely, 
we consider that a crystal contains several 
sorts of anti-phase domains whose lengths 
correspond to different integers respectively 
and that these domains are mixed in such a 
manner that M is given as a mean length. 
The type of arrangement of anti-phase do- 
mains can be classified as follows: 
i) Regular arrangement with uniform 
mixing, 


* For example, 


Cu;Pd@®— M,=5.5, My=3.7 (25 at. % Pd) 
Mi=3.5, Mo=3.2 (28 at. % Pd) 
AgsMg@)— M =1.77 (25 at. % Mg) 
M =1.83 (24. 3 at. % Mg) 


ii) Regular arrangement with not: uni- 
form mixing, 

Irregular arrangement with almost 
uniform mixing, 

Irregular arrangement with not uni- 
form mixing. 

To explain the sharpness of split diffraction 
spots, it seems to be necessary that some 
regularities are contained in the arrangements. 
Models of regular arrangement which corre- 
spond to the same value of M are, however, 
innumerable and it is difficult to decide which 
model is realized in a real crystal. Such a 
problem will much more complicate the image 
of the anti-phase domain structure. On the 
other hand, the idea that no regularity is 
contained in the arrangements seems to be 
attractive for its simplicity. In this case, 
however, it should be examined whether this 
model can explain the sharpness of splitting 
of spots or not. Some calculations have been 
made in the present work, in order to inter- 
pret the fractional values of M, and the results 
are believed to give a fairly clear conclusion 
on the period of out-of-step. 


iii) 


iv) 


§2. The Regular Arrangements of the 
Anti-phase Domains 


Let us now deal with an ordered crystal 
lattice of Cu;Au type as shown in Fig. 1. 
Its dimensions parallel to the x, y, z-axes are 
Nid, Noa, and N3a3 respectively, where a, 
da, and a3; are the lattice constants and M,, 
N, and N; the numbers of the unit cells. An 
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anti-phase domain structure is assumed to 
occur along the z-direction in this lattice. The 
arrows in the figure show the positions of 
anti-phase domain boundaries, where a dis- 
placement (@,+@)/2 takes place. This type 
of anti-phase domain structure can be observed 
in Cu;Pd, Ag;MgY®, an incompletely ordered 
lattice of Cuz;Au and so on. In sucha crystal 
the unit cell* in terms of a disordered lattice 
is considered in two ways, as shown in Fig. 
2. If the structure factor of the left cell in 
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Fig. 1. An ordered lattice of Cu;Au type with 
anti-phase domains along the z-direction. 


(a) unit cell of positive type 
(b) unit cell of negative type 


the figure is given by @, that of the right 
cell becomes 9-exp{zi(h+hk)}, if h, k and 1 
represent the coordinates in reciprocal space. 
It can easily be shown that only superlattice 
reflections with odd h+& split along the /- 
direction. As we are mainly interested in the 
split reflections, we shall restrict our calcu- 
lations only to the case of odd h+k. Thus, 
the structure factors of two unit cells become 
@ and —®@ respectively, and the intensity 
distribution in reciprocal space is given by 

* Jf there is a complete regularity in the ar- 
rangement of anti-phase domains, a larger unit 
cell should be adopted as an actual one, as described 
later, 
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Wy-1 N,-1 W3-1 
Sree ele i) 


m,=0 Ng=0 7,=0 


[(hkl) = 


\2 
-exp {272(,h+ mak +Msl) } | 


sin? Nizh sin? Nok 
sin? zk 
2 


4s 


= OO z ae 
sin? zh 


ieee | 


Sf (n)-exp (27insl) 
23=0 


where a set of (721, 2%, #3) represents the num- 
ber of a unit cell contained in this crystal. 
f(n) is a factor which takes either value, +1 
or —1, according as the type of the #-th unit 
cell along the z-axis is positive or negative, 
and so it will be called ‘anti-phase factor.’ 
It is the factor 


N- 
ee: SE f(n)-exp (2ninl) (2) 
that gives splitting of spots in the /-direction, 
and in the following calculations, therefore, 
we shall concern ourselves only with this 
factor. If a functional form of / (#7) is given, 
then the corresponding arrangement of anti- 
phase domains in crystal will be determined, 
and the factor F can be calculated at once. 


a) Regular arrangements with uniform 
MLXINg 

If it could be proved that several models of 
regular arrangement give acceptable intensity 
distributions, a complete solution of the pro- 
blem would not be obtained unless the general 
law could be found which give an acceptable 
regular arrangement corresponding to a given 
value of M. Thus, the present problem is to 
find the general form of f(#) corresponding 
to a regular arrangement with uniform mix- 
ing. If ” is replaced, for convenience, by a 
continuous variable, &, the following periodic 
function fx(&) with the period 2M can be 
obtained as a solution: 


rie ( 1 for 2M<&<(2k+1)M 
l-1 for (2k+1)M<£< (2k+2)M 
(k=0,.1, 2,.° +i, (39 
Fig. 3-(a) shows the form of f1,7(&) as an 
examale. Of course, fmu(&) has a physical 
meaning only when =m, and, hereafter, such 
functions as fu(&) will be called ‘ anti-phase 
function.’ When M=1.80, for example, Fi.so(&) 
gives the arrangement 


(2222122221. --) 
and when M=1.70, f1.70(E) gives the arrange- 
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Fig. 3. Anti-phase functions in various cases. 


(a) F1.70(&) (b) 


ment 


(2221221221---), 
where each number represents the length of 
an anti-phase domain in the z-direction, meas- 
ured in atomic distance, and upper bars 
mean the domains of negative type. As to 
the regular arrangements with M=1.80, other 
models may be considered; 


(2222202211--+) , 


(222221 22212221222221-+-) 
and so on. None of them, however, can be 
more uniform than the arrangement 


(2222122221---) 
corresponding to fy.s0(€). It should be noticed 
N-1 = 2 
FeF= Sf u(n) exp (2ninl)| 
n=0 | 


aati {, (7 
a eee ae Hi 


2m+1 
sop 


4 


— exp \in (7 


The right hand side of formula (6) shows that 
the intensity distribution in reciprocal space 
has sharp maxima only when / =n+(2m+1)/2M 
(n, m=0 or integers). It can be said, there- 
fore, that the regular arrangement with uni- 
form mixing corresponding to f u(€) explains 
the diffraction patterns quite well. 
b) Regular arrangements with not uniform 
MIiXINg 
The anti-phase function, ¢(), leading to 


An example of gy,(é) 


2m+1 
2M 


' 


(c) An example of ¢y(é) 

that the arrangement arising from Sule) is 
periodically repeated every 72) unit cells, where 
my 1S a minimum value of the integer, 2, 
which satisfies the next condition, 


2v.M=m (4) 


For example, when M=1.80 and 1.83, m)=18 
and 183 respectively. In other words, the 
lattice has a large unit cell whose dimensions 
along the three axes are @, @ and mmd3 re- 
spectively. To calculate the factor F in a 
general way, fu(&) is expanded in Fourier 
series: 


rien 


7 m=0 


(v, m: positive integers) . 


lL  Qm-+1)x 


2m-+1 ey) 


Thus, the following expression is obtained as 
the intensity distribution in reciprocal space: 


sin Nx(J-+(2m-+1)/2M) 


islse 
jy Tea ECE ETON) 


sin Se re i (6) 


sin z(—(2m-+1)/2M) 


a regular arrangement with not uniform mix- 
ing is illustrated in Fig. 3-(b). In this case, 
the period of gu(&) is not 2M but 2»M which 
satisfies the condition (4), and so its Fourier 
expansion takes the following form: 


pulé)= SAM) exp GnkE/yM), (7) 


where A;(M)=A-x*(M). 
Thus we obtain 
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F*F= oF A;(M) exp {i (1+ rey 


sin Nz(l+k/2yM) |? 

sin t(J+hk/2vM) | ~ 
Now, it follows that appreciable peaks take 
place not only at J=n+(2m-+1)/2M but also 
at J=n+k/2vM (k=0,1,2,---) unless the 
modulus of Fourier coefficient, |Ax(M/)|, is 
negligibly small. Such a situation is well 
illustrated in Fig. 4. Here, the results of 
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Fig. 4. The intensity distribution along the [- 
direction, given by numerical calculation. 


(a) Uniform regular arrangement M=1.80, 
NE 72 

(b) Not uniform regular arrangement M=1.80, 
NZ 


numerical calculations on two models of regu- 
lar arrangement corresponding to IM@=1.80 and 
N=(2, 


(2222122221222212222122291222212222122221) 
and 


(2222222211222222221122222222112222222911) 


are shown. The former model is uniform, 
while the latter not uniform. It should be 
noticed that the latter gives an excessive peak 
at /=k/2yM=4/18. Since such an excessive 
peak has never been observed, the regular 
arrangements with not uniform mixing is 
hardly realized in the actual alloys. 


§3. The Irregular Arrangements and Their 
Statistical Assembly 


So far as anti-phase domains are almost uni- 
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formly mixed, irregularities in their arrange- 
ment may be allowed to some extent. To 
exemplify this conjecture, the results of nu- 
merical calculations are shown in Fig. 5, three 


| 
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, 
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Fig. 5 The intensity distribution along the U- 
direction, given by numerical calculation. 
(a) uniform irregular arrangement M=1.80, 
N= 2 
(b) not uniform irregular arrangements 
1) M=1.85, N=72 —@®—@— 
2 M116. N==2) =O C= 


models of irregular arrangement being adopted. 
It is really wonderful that an irregular ar- 
rangement such as 


(2221222212222221222212212222212222122212) 
---M=1.80, N=72 
can still give the intensity distribution which 
fits well in actual diffraction patterns. On 
the other hand, two models of irregular ar- 
rangement with not uniform mixing, 
(2221222212222221 22231222121221224122212) 
a0 M=1.85, N= (2 


and 


(2221221121222222122222122221 1221222221222) 
2° M=176,4N=72 

give many excessive peaks and, therefore, are 
not acceptable. Then, the question arises to 
what extent irregularity and non-uniformity 
can be allowed. The general treatment of 
this problem is considered to require some 
‘short range theory’ instead of ‘long range 
theory’ based on the concept of anti-phase 
function. But the construction of such theory 
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seems fairly troublesome, and the larger M 
becomes, the more complexity will arise. For 
simplicity, therefore, only ‘long range theory ’ 
will be developed, and the problem mentioned 
above will thus be treated in terms of. statis- 
tics applied to the anti-phase function. 

It was considered at the beginning that a 
single crystal forms a coherent region for 
superlattice reflections as well as mainlattice 
reflections. But such a view is not correct in 
real crystals. For, from the aspects of dif- 
fraction photographs, it is evident that a 
single crystal itself is divided into many small 
coherent regions in which the directions of 
anti-phase are different from one another, as 


shown in Fig. 6. Therefore, as to superlattice 
reflections, a single crystal behaves as if. it 
were polycrystallinet. Here an assumption 
is made, for convenience, that each region 
has the same form and dimensions and that 
the number of regions in which anti-phase 
occurs along the z-directions is W. In this 
case, the total intensity distribution corre- 
sponding to formula (1) is given by 

g i” ere sin? Nozk 


ts i n? zh sin? zk 


SR SF;, (9) 
j=l 


where F; is the F-factor of j-th region, and 
the summation must be taken over whole re- 


Region with anti-phase do- 
i mains in the x-direction. 
Region with anti-phase do- 

= mains in the y-direction. 
Cc Region with anti-phase do- 
mains in the z-direction. 
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= 


= 
UU ae | 
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Fig. 6. A model of an ordered single crystal of 
CusAu type. 


gions in which anti-phase occurs along the 
z-direction. Thus, the new object of calcu- 
lation is to evaluate 


i)= is Ul alae (10) 


When the regular arrangement corresponding 
to fw(&) takes place in each region, I(l) be- 
comes 


Set Qm+1\ x74). sin Nx(l+(2m+1/2M) 
2| 2, onal Pf (1+ 2M Jay »| sin n(-+(2m-+1)/2M) 


dent [outs (Nea) | SN eT lh 
oe {Fn ( 2M ) sin x(1—(2m-+1)/2M) 
When some irregular arrangement with almost uniform mixing takes place in each region, 


on the other hand, it is shown, using statistics, that the total intensity distribution also 
coincides with actual diffraction patterns. That is, 


NN ew 


(11) 


Ww 
ID= > FF; 


S FO*0n) exp (—2zzml) > FO) exp (2zinl) 


ae Ss exp {2zal(n—m)} ss Ff AD(m) f O(n) 


n=0 


exp {2zil(n—m)}-<f ?(m)>-<f (m)> 
exp {27al(n—m)}-((f Pm): f O(n)> —<f Om) F O(M)>) 


where f(m) is the anti-phase factor of j-th region and < » represents the mean value. 
By putting s=2—m, we obtain 


I(1)= a <f (m2) exp (2xin!) + W. = La Sian?) 


elie most ordered alloys with anti-phase domains, such as CuAu, Cuz Pad, Ag3Me, ete., the crystal 
lattice distorts more or less as the anti- phase domain structure is completed, e.g., thé maximum 
capstone c/a, amounts to 1.006 in Ag;Mg. The crystal, therefore, is not single even in a true sense. 


2 


N=1- 


a 


n=l) 


N-1 
+2W > cos 2zsl- 


s=l1 
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To calculate 7/2) further, the following assumptions are made: 


1. Anti-phase function of f(2), dP(€), is of the form 


+1 for (2k+09)M<&< (2k+14+05P,,)M 
—1 for (2k+1+69P,,)M <'E < (2k+24+ 03p, .)M 


rh)= 


as shown in Fig. 3-(c). 


(R=ONT 25-42) 


2. In each $SP(E), 6%? is independent of all other OP's (n= mM). 


™m 


3. Each set of 6%’s with the same m and different 7 has a normal distribution, N (0, o°)f, 


m 


as its ‘population distribution.’ 


degree of disturbance in a regular arrangement. 
Thus the following expression is obtained as a final result: 


4 


x| exp {ix (7+ 
— exp fin (1— 


2M 


2M 


bal 
+ W -Ky+2 W yy Ks; cos 2rsl , 
$=1 


where [M] is the maximum integer smaller 
than M, and 


Ky= S 0-S wy”) 
Kia ¥ (Kf): fOM+9) 
—<f D(m)><fO(n+s)>) . 


WW 


O ih ah = ord 


(b) 


Fig. 7. Intensity distribution along the /-direc- 
tion in reciprocal space. (M < 2) 
(a) regular arrangement 
(b) statistical arrangement 


These are constants independent of 7. The 
first term of (14) gives sharp peaks only for 

¥ The normal distribution N (0, 6) is defined by 
the following probability density function: 


g(0)=exp (~ 6?/207)/V 2x “o. 


s f\ penteGnla? D oM)-<in 
m=0 0 


est (N—1) \ 


(2m+1)ny 4) 
Mer wee 

sin Na(l+(2m-+1)/2M) 
sin x(1-+(2m+1)/2M) 


eee (N—1) sin Bp aires fie yh 


sin z(7—(2m+1)/2M) 


(14) 


l=nx+(2m-+1)/2M, but their heights decrease 
as o grows larger, or as the arrangement in 
each region becomes more irregular. The 
second and third terms of (14) do not make 
any peaks. So far as o is small, these terms 
are much smaller than the first. Even if they 
give very weak streaks in diffraction patterns, 
we can hardly observe them. Schematic dia- 
grams of (11) and (14) are illustrated in Fig. 
7. Aso grows larger, the said terms increase 
more and more, and, finally, they will become 
comparable with the first term of (14). Such 
irregular, not uniform arrangements corre- 
sponding to large o, however, seem not to 
have been observed. 


$4. Discussion 


From the above calculations two acceptable 
types of arrangement of anti-phase domains 
can be concluded. They are 


1. regular arrangements 
mixing 


with uniform 


and 
2. incomplete, or disturbed, regular ar- 
rangements with uniform mixing. 


It should be noticed that the essential condi- 
tion consists 


not in regularity but in uni- 
formity. The reason why uniformity is re- 
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Therefore, a standard distribution, o, represents the. 


\ 
| 
| 
| 


| 


} 
(12) | 


) 


| 
(13) 
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quired in actual arrangements of anti- phase 
domains is not clear at the present stage. 
There seems to be not any conclusive answer 
to the question whether a complete regularity 
exists or not in atomic arrangements of real 
alloys. For, an exceedingly exact observation 
of diffraction intensity will be required to 


| examine the problem and it is very difficult 


according to the present experimental tech- 
nique. 
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Study of Simultaneous Reflexion in Electron 
Diffraction by Crystals 


I. Theoretical Treatment* 


By Kyozaburo KAMBE** 
Tokyo Institute of Technology, Oh-Okayama, Meguro-ku, Tokyo 
(Received September 22, 1956) 


The simultaneous reflexion by two lattice planes (with indices 2 and 
h') in electron diffraction has been treated by the dynamical theory in 
order to investigate how it is influenced by the phases of structure 
amplitudes. For convenience of treatment, a modified formulation of 
the theory has been developed using particular cross sections of the 
dispersion surface in reciprocal space. Applying the theory to a lamellar 
crystal, it was proved that the intensities of transmitted and diffracted 
waves depend in a relatively simple way on the value of |@nn'|=|¢n 
are the phase angles of 
It was shown 


—Gn!'+¢n'—n|, Where 9p, Yn’, and gp/-n 
structure amplitudes for the indices h, h’, and h’—h. 
that the phase effect can be most easily demonstrated by observing fine 
structures of reflexion spectra which are obtained by rotating the crystal 
The determination of the value of |@nx’| is most 


in a specified manner. 


simple when the coupling reflexion h’— 


h is strong compared with the 


reflexions f and h’, and the crystal is centrosymmetric. 


§1. Introduction 

The simultaneous reflexion of X-ray, electron, 
or neutron waves by a crystal takes place 
when the orientation of the crystal relative 
to the direction of incident beam satisfies 
Bragg conditions for two or more lattice planes 

* Cf. previous short notes of this paper.) 

** Now at Electrotechnical Laboratory, Nagata- 
cho, Chiyoda-ku, Tokyo. 


at the same time. The simultaneous reflexion 
is usually accompanied by intensity anomalies, 
such as the phenomenon of Azfhellung,” 
Umweganregung (Renninger effect), and 
peculiar structures of Kossel lines or Kikuchi 
lines at their cross points.0®®” Some anoma- 
lous effects due to simultaneous reflexion have 
been also found in reflexion patterns?®® and 
convergent-beam patterns!) in electron 
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diffraction. 

In the present paper we treat the simul- 
taneous reflexion by the dynamical theory to 
study how the intensity anomaly is related to 
the phases of structure amplitudes. The 
existence of this relation was previously pointed 
out by Lipscomb! by the consideration as 
follows. 

When two reflexions with indices h(i,h2hs) 
and h’(hyh./h;/) occur simultaneously, the 
wave-number vectors of the primary and the 
two reflected waves, denoted by ko, kn, and 
k,’ respectively, satisfy the conditions 


kn=ko tbr ’ kine =ko+bn- ey 
where 6, and b,- are the reciprocal lattice 
vectors. We have immediately a relation 

kine = kn — bn + bn =Knt+On--n , 
which shows that the two reflected waves 


mutually satisfy the Bragg condition for the 
lattice plane h—h’. 


Interfere with each other 


a 


h-h Lattice Planes 


Fig. 1. Interference between singly and doubly 
reflected waves. 


Thus the reflected wave having the wave- 
number vector k,, is obtained not only through 
the direct reflexion of the primary wave by 
the lattice plane h’, but also through the 
successive reflexions first by the lattice plane 
hand then by the lattice plane h’—h (ngsz, 1D, 
As is well known, the wave reflected by a 
lattice plane is accompanied by a phase de- 
pending on the phase of the associated structure 
amplitude. Accordingly, the component ob- 
tained through the direct reflexion has a 
phase determined by ¢,-, and the component 
obtained through the successive reflexions has 
a phase determined by g, and @n’_, , where 
Qn, Pur, Pnr-n are the phase angles of the 
structure amplitudes with indices h, h’, h’—h 
respectively. As the result of superposition 
of the above two components, the intensity 
of the wave with the wave-number vector ky, 
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depends on the phase angles gp, 


Pnr—h - 
Although the above consideration is not 


rigorous, the same conclusion is obtained, as_ 
shown in this paper, by a more exact treat- 


ment on the basis of dynamical theory. 


. 
| 
| 


| 
| 
Yn, and | 


Lipscomb! and others™ have tried to detect | 


experimentally the phase effect in X-ray dif- 
fraction, but so far the successful results 
have not been obtained. 
account of severe requirements for the paral- 
lelity and monochromatism of the incident 
beam and for the perfectness of crystals.* It 
is expected however, that the phase effect 
can be detected more readily in the case of 
electron diffraction by virtue of stronger 
coupling between the reflected waves. Actual- 
ly, Fues!2 and Hoerni!® have shown a few 
examples of the phase effect in convergent- 
beam patterns. 

In this paper (Part I) we first develope the 
dynamical theory of electron diffraction in a 
particular form which is convenient to treat 
the phase problem. Then, applying the theory 
to the case of a lamellar crystal, the effect 
of the phases of structure amplitudes on the 
intensities of the diffracted waves is discussed. 
An experimental verification of the theory by 
means of the convergent-beam electron dif- 
fraction using graphite crystal is described in 
Parte uk 


§2. The Dynamical Theory of the Simul- 
taneous Reflexion by Two Lattice 
Planes 


The Schrédinger equation for an electron 
in a crystal is given by 


Ap BE VIP=0, (1) 


In (1) eF is the total energy, and V is the 
periodic potential of the crystal which is ex- 
pressed by 


ve x Vi exp (—2zthrr) , (2) 


Va y (2a) 


where the index h represents the triple indices 
(Ayhzhs) . 
The solution of (1) is given by Bloch function 


Vi= 


x Recent work of Renpinges) which obiaeel 


angular aperture of 2’’ using triple-crystal method 
seems to make promising the phase-effect investi- 
gations by X-rays, 


It is perhaps on 
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ae UnPn , (3) dispersion surface is the wave point associated 

where with a set of wave-number vectors kg PO 
dn=exp (—2ztkar) 3 PE, DE | 
Te , ( a) k,=PH, appeal 5 The values of Xo, er, Cre 

Kkn=Kky +h, . (3b) obtained from these vectors using (7) satisfy 


dn is a plane wave having unit amplitude. 
The simultaneous reflexion by two lattice 
planes with indices h and h’ occurs provided 
[Fool ~ [Kn |~|Kn- . (4) 
Let us assume that only three amplitudes 2p , 
Un, Une are appreciable. Then, (3) is reduced 
to a combination of three plane waves 
L=UPotundn+unLn: . (es) 
Substituting (5) into (1), multiplying )*, ,*, 
and ,,*, and finally integrating over the 
whole crystal, we get a set of equations 


2 2\ Z # 
(4? —|Keo|? ato + Bie: V-nttn+ LL ==) 


h he 
2me 
he Vntto+ (4? —|Ken|?)20n + ome Vi-nUn=0, 


2me Z 
74 Vinrthy + O° Var -nten + (12 — |Ken-|?)etn- =0 5 
(6) 


where 


CLA as A 
I 
Let us define the quantities z, z. and 
: Cher by 


(6a) 


Zo=K—|ko|, te=K—|Kn|, ee-=e—|Kn-| . 

(7) 
_ Then, with the conditions (4) and V<BE, 
(6) can be rewritten as 


ply = + AV pun + AV_nUn =0, 
AaViUo + rth +AVn-n Une =0, | (8) 
AV Uy tAV nnn + nner =0, 
where 
1 2me 
Ocenia aa eo 8a 
De 18? Ser 
We get a secular equation 
xo aV_n aV_», |=0. (9) 
av, Th aAVn-n 
aAVn- a Vn —h Ch’ 


(9) determines the dispersion surface?)"? 


in reciprocal space. In Fig. 2, O is the origin 
of reciprocal space, and H and Heare™ the 
reciprocal lattice points corresponding to the 
indices h and h’. A point P lying on the 


Bich soe 1a) 


(9). By their definition, 2,2, a are the 
distances from P to the spheres’ 3,, 5,, S77 
of radius « having the centers at O, H, H’ 
respectively. As aV,<k« (from V<E in (1)), 
the dispersion surface deviates appreciably 
from the spheres only near the intersections 
of the spheres. 


Dispersion Surface 


Zo 


Fig. 2. Geometrical construction of wave vectors 
in reciprocal space. 


' 


Mn 


(a) 


Three spheres meeting at the point L. 
(b) Three sheets of dispersion surface. 

(c) Three component surfaces of (a), roughly 
approximating the components in (b). 


Fig. 3 (a) shows the three spheres meeting 
at the point Z by approximating them by 
planes. As was studied in detail by Fues,°™” 
the dispersion surface determined by (9) is 
made up of three curved sheets as shown in 
Fig. 3 (b). They approach asymptotically to 
the three surfaces shown in Fig. 3 (c) which 
are divided components of the combination of 
the spheres shown in Fig. 3 (a). 

To investigate the shape of the dispersion 
surface it is useful to examine first a special 
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case where Viz=Vn-=0 and Var-na<0. This 
case is of course trivial because the amplitudes 
of the reflected waves are zero, but it serves 
as a convenient basis for later considerations. 
In this case (8) becomes 


tN (10a) 
LpUn t+aVn-nUn'=0, | (10b) 
AV 11 -nUn + @nUn =0 , 
and (9) becomes 
xy=0, (11a) 
rn (11b) 
| AVnr-n 


Fig. 4. Surfaces 2, 24, 2- 
with lines of intersection Sp, S,, and 
Se 


and c-plane, 


We have a dispersion surface which is made 
up of X), in accordance with (lla), and two 
surfaces 3+ and 2_, in accordance with (11b) 
(Fig. 4). The latter two surfaces are cylindrical 
surfaces having a hyperbolic section; ¥, and 
Sn are their asymptotic surfaces. .Y. and 
S_ lie respectively outside and inside of the 
two spheres 2, and %,-, therefore 2, and xp- 
are negative on 2+ and positive on S_. The 
combination of the surfaces 3), 3,, and S-_ 
is obviously the limiting form to which the 
dispersion surface of the general case shown 
in Fig. 3 (b) approaches when V;, and V;, 
approach zero from finite values. 

Let us next consider the general case where 


Vn, Vn, and Vprr-n are all finite. To in- 
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vestigate the shape of the dispersion surface — 


we make use of its cross section by a plane 
which is perpendicular to the line HH’, ie., 
parallel to the lattice plane h’—h. We call 
this plane hereafter the ‘c-plane’ (Fig. 4). 
Since in what follows we are concerned only 
with the region of reciprocal space near the 
intersection of 3, and 3», the c-plane can 
be expressed by an equation 


(12) 


where 6 is a constant determining the position 
of the c-plane; for instance, the c-plane for 
6=0 contains the intersection of , and Xn-, 


Char —Cr= 0) ’ 


Fig. 5. Dispersion curve, a cross section of dispersion 
surface, obtained by combining two hyperbolae. 


(Je|> 1) 


and bisects the line HH” (Fig. 2). 

Fig. 5 shows the cross section of the dis- 
persion surface made by a c-plane. ‘Ge Sac 
and Sn, are the cross sections of the spheres 
9, On, and Sp respectively, and S,; and S_ 
are the cross sections of the surfaces 2+ and 
2 respectively. The four Imes S,, Sp-, Sz, 
and S_ are parallel to each other. The ‘dis- 
persion curve,’ or the cross section of the 
dispersion surface, is composed of three 
branches corresponding to the three sheets 
shown in Fig. 3 (b). As shown in Fig. 5 the 
asymptotes of these curves are not Sy), Sp, 
and S,-, but Sp; Ss., «and S22 "Dhigeaanene 
proved by putting (12) into (9). 


|| 
i} 
| 
| 
| 
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§3. A Modified Treatment of the Simul- 
taneous Refiexion 


In (9) the dispersion surface is expressed in 
terms of the variables 2, 2, and a. As 
mentioned before, these variables are defined 
with reference to the spheres ¥), Y,, and S;-. 
On the other hand, in the end of the preceding 
section we have seen that the asymptotes for 
the dispersion curve on a c-plane are S, and 
S_, instead of S, and S,-. This indicates 
the fact that ¥, and Y_ are closer asymptotic 
surfaces of the dispersion surface than ¥, and 
“nv. Hence, a more convenient expression 
of the dispersion surface (or curve) may be 
obtained when the surface is expressed in 
terms of some new variables which are defined 
with reference to the surfaces 3), 5+, and 
&_. We can introduce such variables by the 
following modified theory. 


Xpuo 


+p (Vent eV wees 


= ( Vin ae ee Vn Uy ata sale Sie co * ans + AaCVn-n = cs Vnr—n) [be 


Simultaneous Reflexion in Electron Diffraction I 17 


Let us define the functions $, and ¢_ as 
follows: 


el a Slay erie: 
+= F7(PntePn’) , ae dn—Pn-), (18) 


where #;, and ,, are given by (8a), ¢ a con- 
stant, and N the normalizing factor given by 


Nes Ieeceo, (13a) 
Then, (5) is rewritten as 
f= uhotusdst+tu_-g_, (14) 


with 
he => (ttn C%Un) ’ ee ee 5 (ip) 
N N 
Since ¢, and #- are orthogonal to each other 
and normalized, we get from (1) and (14), by 


applying the same procedure as adopted to 
give (6), the relations 


: = (Ge V-nr— V—n)u- =0 . 


(16) 


fe saleren —Xn ) aR a \Wisesr —cr Vn r-n) lu =\() ; 


© (ViVi) + py lelen— ane) tale? Vien — Vnr-n) 


+ a [oc*an ans — A(C Vin-ne tO* Vin) |u-=0. | 


The secular equation of (16) is equivalent to 
(9), being nothing but another form of ex- 
pression for the dispersion surface. 

In order to obtain the expression for the 
dispersion curve on a c-plane, we must take 
account of the relation (12) between x and 
Let us now rewrite (12) in the form 


B= an»—an=( lel, Jal Varn 
|e] 

defining thus the absolute value of the para- 
meter c which has been an arbitrary number 
up to here. Let us further assume that c has 
the same phase angle Qni-n with Vn-—-n, 


Ch’ « 


(17) 


c=|c| exp t¢n-—n - (18) 


* In a previous note) 1/N was erroneously re- 
placed by XN. 


Then, by (17) and (18) the third term in the 
second equation and the second term in the 
third equation in (16) vanish, and (16) becomes 


ave AV Ful =0, 


Xoo 
AVsUy + Wally =0, (19) 
aV_uW = 7_u_-—(), 

where 


iL 
Vi=s(VatorVnr), Vi=ayVa—Vn), (20) 


and 
C= Kn + \cla| Varn pal Vir-n| ’ 
Ic] (21) 
3 ee ee) Varn) ae |c|a| Vnr-n| : 


Ic| 
The secular equation for (19) can thus be 
written in a quite simple form 
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as jaVi|? |aV_|? ; 


Kore v—- 


(22) 


Ba) 


Since this equation is derived under the con- 
dition (17), it represents the dispersion curve 
on the c-plane. It should be noted that (22) 
has only two independent variables, because 
from (21) « and w- are related by 


va —e-=(Iel-+ 7 )alVira (23) 
The geometrical meaning of the newly intro- 
duced variables x, and x- is illustrated in 


Fig. 6, which shows the cross section of 


Fig. 6. Cross section by a plane which contains 
the points H, H’, and P, showing the geometrical 
meaning of #, and x-. (|e|/>1) 


reciprocal space by a plane containing the 
three points H, HW’, and P. The cross sections 
of the spheres 3, and 3), are approximated 
by the two straight lines, which make the 
angle 20=2sin-\(|bn-—n|/2«). In accordance 
with (11b), the cross sections of 3, and J-_ 
make a hyperbola with the inter-vertex distance 
between their branches equal to 2a|Vn--»|sec 0. 
The vertical line c—c is the cross section of 
the c-plane. The points S,, S,-, S,, and S_ 
are the cross points of the corresponding lines 
shown in Fig. 5. 

Since the surfaces ¥, and Y_ are derived 
from (11b), the values of a, and x, appro- 
priate for the points S, and S_ are obtained 
from (11b) and (17) as follows: 


hie a ee 7 Bl Viren 
fons. (24) 


(Vol. 12, 


— a Vur—n| ? 


a 
c| 


Mi = 
| 


Pe lea Vien | 
fore + See 


These are the distances from the points S, 
and S_ to ¥, and Yn-. From (21) and (24) 
we have 


Bea COSO as 


where £,=PSs and &=PS_ (Figy G)) sinee 
S, and S_ lie on J; and J- respectively, xv+ 
and wz can be regarded as the variables de- 
fined with respect to 3, and Y-, as expected 
in the beginning of this section. 

When the values of x4 and x for a specified 
point on the dispersion curve are found, the 
values of w+/u%) and u-/# are determined from 
(19) as 


x-=E_cos@, (25) 


Us av, sq av (26) 


Uo C+ Uo v= 


The values of 2/2) and 2p-/% are obtained 


from (15) and (26) as 


Un __ x & ee ae a : 
Uo Cs C. (27) 


1 ( av. ae 
——(¢ ——_— }. 
Uy INI: Bie 

In passing, it is to be noted here that the 
functions 4 and ~_ are intimately related to 
the surfaces Y. and Y_ respectively. In the 
limiting problem treated in § 2, in which it is 
assumed that Vra=Vn-=0, and Vpr--ns0, the 
dispersion surface is composed of Yy), Ys, and 
SS. When the wave point lies on the surface 
S+ or Y_ the wave function (the Bloch func- 
tion) has the form 


wD) Se UnVn, 35 Une Pre ) (28) 


because we have #=0 from (10a). The ratio 
between 2, and wp, in (28) is obtained from 
(10b) as 


Une Ch 


Juls av, aE (28a) 


Un AVn-n? Che 


When the wave point lies particularly on the 
lines S, and S_ the values of a», and ap, are 
given by (24). Hence, we have 


Une 
=C 


MOVE (Sis, - 
(29) 


= —— fOr POL 


We can see from (13), (28), and (29) that , 
and #- are the normalized wave functions 
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associated respectively with the surfaces ye 
and ¥_, or more accurately, with the lines 
S, and S_. This circumstance is just like 
%o, dn, and ,- are the functions associated 
with the spheres 3), 32, and 3S», in the case 
Vir= Viz7= Vir-n=0 . 


§4. The Form of Dispersion Curve on the 
c-plane 

With the aid of the expression (22) we ex- 
plain briefly the main features of the dispersion 
curve on the c-plane (Fig. 5). The distances 
&. and €& from a wave point Pon the c-plane 
to the lines S, and S_ are given by (25). The 
distance & from P to the line Sy is given by 
(30) 
where @ is the angle between the sphere 2) 
and the c-plane which is given by 

@ =cos- [| |On]?—|6n-|?|/2"|bn-—n| | : 

Thus (22) is written in the form 


Ey)=2y cosec O, 


= BlaV,|? BlaV_|? OT 

Eo E, or as ? ( ) 

where ; 
B=sec O cosec  . (3la)* 


On the basis of the expression (31) the 
dispersion curve can be drawn in the follow- 
ing way. Writing (31) in the form 

a= ouchco. 
WAS 2 
ee ees 


we draw first the two hyperbolae defined by 
(32b), which are called hereafter the A, and 
A_-hyperbola respectively. The asymptotic 
lines of these hyperbolae are the lines S) and 
S,, and the lines S, and S_, respectively 
(Fig. 5). The inter-vertex distances are 
21/ BalV.|secy and 2;/Ba|V_|secy  re- 
spectively, where x is the angle between Sy 
and S; or S_ (Fig. 5). From (82a) the dis- 
persion curve can be drawn quite easily by 
graphical procedure as illustrated in Fig. 5. 
From this procedure it is clear that the 
shape of the dispersion curve has more or 
less the characteristics of the combination of 
the two hyperbolae. When, especially, | Va-—nl 
is much larger than |V,| and |Vn-|, the 
distance between S, and S- given by 


(32a) 
(32b) 


poet 


7 in usual Eonditions ‘of electron diffraction, 
x~20 A-}, |b,|~1 A-1, hence sec 91, cosec @~1. 
Thus (31) may be replaced by (22). 
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E,—E_=(x,—2_) sec O 


=(lel+ : 


a el Vir-nlsec 6 (33) 


becomes much larger than the inter-vertex 
distances of the hyperbolae. In this case, the 
dispersion curve can be approximated satis- 
factorily by the combination of the two in- 
dependent hyperbolae (Fig. 9). 


Incident 
Wave ) 


fe as WO ts 


\ 
kh hn ko 
D Reflected Primary \Nave 


Waves | 
fe Tas Ny ENS SE Nees 


Back Suface 


Kr’ Kh Ko 
Diffracted Transmitted 
Waves Wave 


So 


Front Surface 


Fig. 7. Arrangement of wave-number vectors in 
Laue case. 
§5. Application of the Theory to a Lamel- 


lar Crystal 
(a) General consideration 


In this section we apply the above theory 
to the electron diffraction by a parallel crystal 
slab. Fig. 7 shows schematically the waves 
inside and outside the crystal, representing 
them by wave-number vectors. The incident 
wave and the transmitted wave have the 
same vector Ky. We assume that the simul- 
taneously diffracted waves Kn and Kn- emerge 
from the back surface of the crystal, cor- 
responding to the so-called ‘ Laue case.’ 


Dispersion 
Surface 


Fig. 8. Three sets of wave-number vectors inside 
the crystal determined by the boundary condition. 


20 Kyozaburo KAMBE 


The wave number vectors of the waves in- 
side and outside the crystal should satisfy the 
continuity of tangential components on the 
crystal surface. In accordance with this re- 
quirement, the three wave points P™, P®, and 
P® for the waves inside the crystal are obtain- 
ed as the intersecting points of the dispersion 
surface with the line (the v-normal) which is 
drawn perpendicular to the surface of the 


—— 
crystal through the point Py) for which PyYO= Ko 
(Fig. 8). Corresponding to each of the three 
wave points the wave-number vectors ko, kn, 
and kn, are determined as 


— —_ 
kh =P©O, kO=P©H, 


(34) 


— 
ky O= POH’ Geneon 


The wave function ~ in the crystal is given 
by a superposition of three Bloch functions 
relating to these wave points, 


p=dD+4P~O+4@ , (35) 


where ¢(¢=1, 2, 3), the Bloch function cor- 
responding to the z-th wave point, is given 
by 


JO =O hy O +1, Ob,O +4 Ody O 


and on the back surface by 
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=u) exp (—2rtky)r) 
+un© exp (—2rtkr»® nr) 
pO exp (—2rtkn-©r) . 


G=1,52; 3) (36) 


Since the ratios ©: un: un. (¢=1, 2, 3) 
are determined by (8) or (27), # is obtained 
when the values of 2%, mu, wo‘? are deter- 
mined by the boundary condition, or the con- 
ditions requiring the continuity of ¢ and of 
its normal derivative on the crystal surfaces. 
Under the condition V<Z, however, the 
continuity of normal derivative can be dis- 
carded because it is equivalent to the continuity 
of &, provided the wave-number vectors shown 
in Fig. 7 do not make too small angles with 
the crystal surfaces. 

When the origin of coordinates is taken on 
the front surface and the amplitude of the 
incident wave is taken to be unity, the 


boundary condition on the front surface is 
given by 


1=4)Y +4) +u) (37a) 
O= un +2, + un , (37b) 
O= trY + tp +p ® , 


Uy exp (—272I" yD) =u) exp (—277% 79D) +m) exp (—2z77)D)+u)™ exp (—2z779D) , 
Un exp (—22t1",D) =u exp (—22t nD) +n exp (—22trn©D)+un® exp (—2airnD) , 
Uns exp (—270T'n-D) = Un exp (—2rt rn D)+ un exp (—27i7n-™ D)+un-® exp(—2rirn-®D), 


(38) 


where D is the thickness of the crystal, and U), Un, Un are the amplitudes of the waves 
leaving the crystal with the wave-number vectors Ky, Kn, Kn respectively. I», ro etc. 


are the normal components of Ky, ky)™ etc. . 


Using (27) the ratios m)™: %: @ are determined from (37b) as 


Uy C Uy U9) = . i en a Sa a s . : 1 eae 1 . 1 1 
2.2 8) 2,@¢ @* 2.@¢ OO gO, @° gO, @ g,@g @ 
Ae 1 1 1 1 1 


EF,@F€_@ EF, @E_@)* E,ODE OM” E,ME_@) : E,.DE@ £,@E_@ : 


(39) 


The values of mY , w , a are determined b i 
; Bee eo y (37a) and (39). Finally, the i iti i 
the transmitted and diffracted waves are obtained from (38) a ibang, aaa 


|U,/?= ; 24 |g |24-2 & |etg ||2t9| cos {22 (7g —7 9) D— (0g — 8,9} ; 


(g=0, h, h’) 
where 9,‘ is the phase angle of mu, , that is, 
Ug = |u| exp 70, (40a) 


(b) The case where |Vinr—nl >| Val, | Va- 
and the lattice plane h/ —h is perpe 
dicular to the crystal surface 


’ 


n- 


(40) 


. We investigate first the case where ae) 
is much larger than |V;| and |Vz-|. The dis- 
persion curve coincides in this case almost 
exactly with the two hyperbolae (Fig. 9). We 
assume further that the lattice plane h’—h 
is perpdicular to the crystal surface. Then, 


1957) 


since the c-plane is parallel to the lattice 
plane h’—h, the »v-normal and accordingly 
the three wave points on it are contained in 
a c-plane. 

When the v-normal passes through the 
central region of the A,-hyperbola, as shown 
in Fig. 9, the values of £,@ Sens andia© 
(for the wave points P® , PO .and PC), 
respectively) are small compared with ey, 
E_© , and &,@, so that 2 in (39) may be 
negligible compared with 2% and #@. From 


(Icl+ )a\Vi-nisec @ M 


s 
//K-hyperbola P 


Fig. 9. Dispersion curve in the case 
Vint —n|>| V>.| ’ Vn! . 


(26) and (27) it can be shown that #:@ , u_@, 
uw, and uw, are also negligible. This 
means that the wave point P® can be entirely 
neglected.* In this case we say after Hoerni® 


_ that only the two branches belonging to the 


A.-hyperbola are the ‘ effective’ branches. 

The fact that the dispersion curve can be 
approximated by the A,-hyperbola implies 
that €&,© and &.@ are so small compared 
with €© and &_@ that the second term of 
(31) can be neglected. For the same reason 
we can neglect w- and w_-™ considering (25) 
and (26). As the result, only the four ampli- 
tudes wm, wu, u.©, and uw. are regarded 
as appreciable, and the wave function in the 
crystal is given by 


$=GOL HPO, (41) 


where 
PO =U OP O+U. OP. . 


The amplitudes #) and uw, (¢=1, 2) satisfy 


G=1,2) (42) 


* The possibility of ‘similar cases has been 
discussed by Niehrs (H. Niehrs: Zeit. f. Phys. 139 
(1954) 88). 
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the relation 


amp Ou aV*ueO=0, ) 


AVUWOF Ou, =0, J S 
which is the reduced form of (19). From (43) 
we have 
a 1eV 4)? 
: eo? (44) 
and 
Oe BV ig SO 
Uy PAO) a3 av.* 5 (45) 


The equations from (41) to (45) are analo- 
gous to the relations found in the ordinary 
problem of single reflexion with the Fourier 
amplitude V,, although the excited wave + 
in the present case is not a single plane wave, 
but a superposition of two plane waves dn 
and ¢,- in the ratio wp-/u,=c (Cf. (13) or (29)). 

When the »-normal passes through the cen- 
tral region of the A--hyperbola, their two 
branches are the effective ones, and the same 
relations (41) to (45) hold when we replace the 
symbol + by —, and the superfices 7=1, 2 
by z=2, 3. The excited wave #- is a super- 
position of ¢, and qd», in the ratio 2n-/u,= 
—1/c* from (13) or (29). 

The position of the v-normal in a c-plane is 
conveniently represented by the distance w= 
INNM as shown in Fig. 9, where NJ is the inter- 
secting point of the »y-normal with Sj, and M 
is the middle point of A,A-; A, and A- are 
the intersecting points of Sp with S, and S-_ 
respectively. We take as the positive direction 
of » the direction pointing from MM to A-. 
In the example of Fig. 9 is negative. 

The amplitudes of the waves as functions 
of w can be calculated using the equations 
(41) to (45) in an analogous way to the problem 
of single reflexion.!»18)»19 Using (27) and (40) 
the intensities of the waves leaving the crystal 
can be obtained as: 

(i) In the region of » near o,=A.M (the 
central region of the A,-hyperbola), 

|Uo|2==1—((Un 2 + [Ua |2)=1—-|U4/? 5 
(46) 
N' 


(ii) In the region of w near w-=A_-M (the 
central region of the A--hyperbola), 


|Uo2=1-|U-/*, 


2 
aes Dua, Walp blo s | 


(47) 


payee, P= aR lO-P, | 
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where Similarly, the single reflexion h’ would givea 1 
2 single peak of |Un-|? at o=on-=AnM. | 
ie It is to be noted in Fig. 10 that w, is always | 

ee —. sin? [22Da|V+|7/1+ W.2/cos 9] , negative, and w- is always positive for any 

1+ Wa? (48) value of |c| (Cf. Fig. 4). It means that both 

Wie . (48a) ol” Rh ke eggs 
QA\V+ 


6 is the angle between Ky and the y-normal, 
which is nearly constant in the range of o 
concerned. 6 is defined by b=NN./NA:z (Cf. 
Fig. 9),* being a geometrical parameter deter- 
mined by the direction of the v-normal and 
the angle y between the lines S, and S, (or 


S_). Ws corresponds to the parameter W 
used by Bethe.2 (Cf. Thomson-Cochrane,'’” 
jo) AZ). 


Fig. 10 shows schematically the intensities 
of the transmitted wave and the two diffracted 
waves as functions of w, where the values in 
the range of w near ws is obtained from (46) 
and those near w_ from (47). Rapid oscillations 
due to the so-called ‘Pendellosung’ are 
smoothed out; that is, we consider here only 
the factor 1/(1+ W.2) in (48), neglecting the 
squared sine factor. The values in the middle 
range is obtained by interpolation taking ac- 
count of the fact that we have obviously 
|Uo|/?=1, |U2|?=0, |Un-\?=0 except in the 
narrow ranges near w=, and w=w_. 

The intensity variations as shown in Fig. 10 
may be followed experimentally if the direction 
of the incident wave is changed keeping the 
y-normal in the c-plane concerned. This cor- 
responds to the movement of Ky keeping the 
angle between Ky and the lattice plane h’—h 
constant. 

In Fig. 10 we note that the intensities |U;|? 
and |Un,|* have double peaks, each made up 
of A, and A--peaks located at ws and o_ 
respectively. From (46) and (47) we can con- 
sider that the intensities |U;|? and [Un-|? are 
divided components of |U.|? or |U_|? in the 
ratios 1:|c|? or |c|?:1, respectively. The 
distance between the A,-peak and the A-_-peak 


is given by (lel+y 7 al Voe- n| Sec @ sec x, and 


is minimum for |c|=1 

If the reflexion takes place solely by the 
lattice plane h, |Uz|? would have only a single 
peak at the position o=w;,=A;,M as indicated 
by a broken line in Fig. 10 (Cf, Fig. 9). 


* Tn Fig. 9, Foe incidentally coincides with P®), 


Wi (@) 


W- w 


Fig. 10. Intensity curves of transmitted and dif- 
fracted waves shown with the curves of |U.|? 
and |U_|?. Peaks shown by broken lines indicate 
diffracted intensities in the case of single re- 
flexion. 


the angles between Ky and the lattice planes 
h and h’ are always smaller for A,y-peak than 
for A--peak. In other words, the angle 
between K;, and the lattice plane hk and also 
the angle between Kn, and the lattice plane 
h’ are both always larger for A,-peak than 
for A--peak. This is an important criterion 


to distinguish A, and A--peaks from each 
other in experiment. 


(e) 
When |Vn--n| is not particularly large com- 
pared with |V;| and |Vz-|, the treatment 
becomes more complicated, not only because 
the dispersion curve cannot well be approxi- 


General Cases 
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mated by the combination of the A, and A_- 
hyperbolae, but also because all three branches 


become effective so that the primary and re- 


flected waves should be treated as super- 
positions of three waves. We do not discuss 
this case in further detail. It may be worth 
noting, however, that use of the cross sections 
by c-planes and of the functions gs and d- is 
highly profitable also in this case. For instance, 
simple form of (31) enables us to work out a 
graphical solution in obtaining the wave points 
instead of carrying out troublesome numerical 
solution of third-order argebraic equations. 
When the lattice plane with the index h/ —h 
is not perpendicular to the crystal surface, 
the v-normal does not lie in the c-plane. There- 
fore, the procedure to obtain wave points is 
not so simple as that described above. How- 


ever, the difficulty is not so serious when the 
smallness of the curvature of the dispersion 


surface is taken into account. Let us consider 
the projection of the v-normal onto the c- 
plane passing through the cross point of the 
y-normal with the sphere ¥),. Then, when 
the curvature of the dispersion surface in the 
direction perpendicular to the c-plane is neg- 
lected, the three cross points of the projection 
of the »-normal with the dispersion curve 


coincide with the projections of the wave 


points lying on the »-normal.* From the wave 
points obtained in this way, the intensities as 
functions of can be calculated by the similar 
procedure as before. 


§6. Effect of the Phases of Structure Ampli- 
tudes 

On the basis of the above results we in- 
vestigate how the intensities of the transmitted 
and diffracted waves are related to the phases 
of structure amplitudes in Laue case. 

Let us study first the relation between the 
quantities contained in the expression (40) and 
the phase angles g(g=h, h’, h’—h) of the 
structure amplitudes. Since 7,“ is determined 
by the position of the wave point P™, it 
depends on |V,| and |V_| through (31). 

By (20) and (18) |V,| and |V_| are written as 
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[Vel =A Vale+ Lele) Vel 
N v 
+2\|c||Vnl|Vn-| cos Onn)? , 
1 (49) 
Vela cl?| Va l?-+ | Vane? 
—2 c|| V2] |Vn-| COS Onn)!” , 
where 
Dine = Cn—Cnt + QPne-n - (49a) 


It can be proved easily that @,,, is an in- 
variant quantity, while g,, @n-, and @Qn--n 
vary when the origin of coordinates in crystal 
is displaced. We see that |V,] and |V_|, and 
hence, yo in (40) depend on the phases of 
the structure amplitudes only through the 
absolute value |@pn-|. Similarly, we can prove 
from (39) and (37a) that 2“ (¢=1, 2, 3) depends 
on the absolute value |@,-|. Since x, and 
x are all real in Laue case, w# is real, thus 
@© is equal to 0 or z. Concerning the 
amplitudes mw,“ and wp, we can prove 
similarly from (18), (20) and (27) that |2“| 
and |2,,©| depend on |®nn-| while 6, and 
6,°© depend on Onn. Thus, it is concluded 
that the intensities given by (40) depend on 
the phases of structure amplitudes through 
the value of Dnn-. 

The result of the theory developed in the 
preceding sections indicates that the value of 
Onnr can be determined by experiments 
most conveniently by observing the intensity‘ 
curves as studied in §5. These curves are 
obtained by varying the direction of Ky keep- 
ing the angle between Ky and the lattice plane 
h’ —h constant. Though the intensities depend 
on the value of @nn- as mentioned above, it may 
be difficult to determine the sign of Op, from 
these curves,* because it requires detailed 
observation of rapid intensity oscillation due 
to the second term of (40). On the other hand, 
the absolute value |@,,-| can be relatively 
easily determined from the smoothed-out-curves 
as those shown in Fig. 10. 

It is instructive to consider again the case 
where |Vn--»| is very large compared with 
|Vn| and |Vn-|. We see in the equations from 
(46) to (48a) that the intensities of waves 
gore only on |V+| and a If the intensity 


* This approximation is generally quite satis- 
factory. An essentially similar approximation is 
included in the analytical procedure to obtain (48) in 
the single-reflexion problem. 


x When ‘the polarity of. a non- -centrosymmetric 
crystal is reversed, the sign of @nn’ is changed, 
thus, the intensities may change. This means that 
Friedel’s law fails.20 
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curves as shown in Fig. 10 are obtained ex- 
perimentally, the values of |V.| and |\V_| can 
be found from the half-value widths of the A+ 
and A-_-peaks, or, when the value of |c| is 
known, from the integrated intensities. The 
half-value widths dw. determined from (48a) 
by the condition W.?=1 are given by 


doo, =a Wale (50) 


The integrated intensities f. are given by 
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(51) 
where I.” is the peak intensities depending 
on the value of |c|. These characteristic 
values are both proportional to |V| and |V_|. 

When the crystal has a centre of symmetry, 
Onn is either equal to 0 or z, accordingly 
cos Onn, is either equal to 1 or —l. The two 
possibilities can be discriminated simply by 
comparing the widths of the A, and A-- 


peaks. Let us assume for simplicity that 
lc|=1, then 
(1) if the Ay-peak is wider than the A-- 


peak, we have |V,|>|V_|, namely cos Onn-=1 

from (49); 

(ii) if the A,-peak is narrower than the 

A-_-peak, we have |[V,|<|V_|, namely cos 
Onnr= —] . 
When the origin of coordinates is chosen at 
the symmetry center, all structure amplitudes 
become real, being positive or negative. If 
Vne-n 18 positive, V, and V_ for the case 
|c|=1 becomes respectively equal to the sum 
and difference of Wn and V;-. Hence, the 
case (i) tells us that Vn and V,- have the 
same sign, and the case (ii) tells V,z and Vy, 
have opposite signs. This relation is reversed 
when Vn--» is negative. 

Also in the case of non-centrosymmetric 
crystals we can find by a simple comparison 
of the peak widths the sign of cos Onn, that 
is, we can find whether |@,-| is larger or 
smaller than 2/2.* The value of |@nn-| are 
determined more exactly when the ratio between 
|V.| and |V_-| for a given value of |e] is 

*  @nnt is considered aiways cnnthe range iene 
—t<Om<r. 
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determined by measuring the half-value width 
or integrated intensities of the peaks. 

When |Vi--n| is not very large compared 
with |V;| and |V,-|, the two peaks in Fig. 10 
approach and overlap each other. In this 
case, the value of |%z»-| may not be so easily 
determined as in the former cases, since a 
more accurate measurement of intensity vari- 
ation is required to obtain the value of |V.| 
and |V_|. Difficulties may come from the fact 
that the intensity variations occur usually 
in very small angular ranges and, moreover, 
often the value of |c| cannot be experimental- 
ly determined with a sufficient accuracy. 

For centrosymmetric crystals, however, we 
have only two possibilities for the value of Dna, 
namely 0 or z. Therefore, a simple qualitative 
observation may be sometimes sufficient to 
discriminate the two cases even when |Vn--nl 
is not particularly large. 
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Study of Simultaneous Reflexion in Electron 


Diffraction by Crystals 


II. Experimental Confirmation 


By Kyozaburo KAMBE* 
Tokyo Institute of Technology, Oh-Okayama, Meguro-ku, Tokyo 
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The effect of the phases of structure amplitudes appearing in the 
simultaneous reflexion in electron diffraction as predicted by the dynami- 
cal theory has been examined experimentally in convergent-beam 
electron-diffraction patterns of graphite. Anomalous structures of Kossel- 
Mollenstedt lines at their cross points have been satisfactorily explained 
by the theory. Thus, it has been proved that the experimental deter- 
mination of the phases of structure amplitudes is feasible by the obser- 
vation of simultaneous reflexion. The phase effects have been found also 
at the intersecting points of Kikuchi lines. 


§1. Introduction 


In a preceding paper? (Part I) it has been 
shown theoretically that observations on the 
simultaneous reflexion in electron diffraction 
give information on the phases of structure 
amplitudes. When the simultaneous reflexion 
by the lattice planes with indices h and WV’ 
takes place, the intensities of the reflected 
waves depend on the value of Qnn-=9n—Pn’ 
4+Qnr-n, where Yn, %n-, and Yx--» are the phase 
angles of Fourier coefficients Va, Va-, and 
Vn», of the crystal inner potential V, re- 
spectively. Calculations developed for the 
case of electron diffraction by a lamellar 


* Now at Electrotechnical ‘Laboratory, Nagata- 
cho, Chiyoda-ku, Tokyo. 


crystal has revealed that in some cases the 
value of |@n,-| may be easily found from the 
fine structure of reflexion peaks. 

In the present paper an experimental 
verification of the theoretical result is des- 
cribed. The experiment has been performed 
by the so called convergent-beam method 
originated by Kossel and Mollenstedt”. 


§2. Convergent-beam Method 


The fundamental scheme of the convergent- 
beam method is illustrated in Fig. 1. The 
electron beam passed through a slit is coverg- 
ed on the specimen by an electron lens. The 
angular aperture of the beam is generally 
from 1/100 to 1/40 rad, and the diameter of 
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the focus on the specimen is usually smaller 
than 10. The wave transmitted the crystal 
produces a circular spot on the fluorescent 
screen. When a Bragg reflexion takes place, 
the reflected beam also produces a circular 
spot (the reflexion spot) on the screen. A 
diffraction pattern thus obtained is called 
Kossel-Méllenstedt pattern or briefly ‘K-M 
pattern’. 


Lens [ 


Specimen 


Screen 


Reflexion Primary 
Spot Spot 


Fig. 1. Diagram of convergent-beam method. 


A point in the primary spot corresponds to 
a certain direction of the primary wave. 
Similarly, a point in the reflexion spot cor- 
responds to a certain direction of the reflected 
wave. The two points related by a Bragg 
reflexion, one in the primary spot and the 
other in the reflexion spot, can be easily found 
geometrically on the photograph by noting the 
relation 


Kni=Koi toni ) GLY) 
where Kor and Kn are the tangential comp- 
onents of the wave number vectors of the 
primary and diffracted waves, and bn: the 
tangential component of the reciprocal lattice 
vector concerned. 

The primary and reflected spots contain 
respectively extinction lines and bright lines 
(K-M lines) at the positions where the Bragg 
condition is exactly satisfied. These lines are 
accompanied by subsidiary maxima and mini- 
ma due to the finite thickness of the crystal. 

A K-M pattern is always accompanied by a 
number of Kikuchi lines in its diffuse back- 
ground. K-M lines are similar to Kikuchi 
lines since the both are due to the diffraction 
of the wave diverging in the crystal, though 


in the former the wave comes from outsid ‘ 
while in the latter the wave is produced inside: 
the crystal by the incoherent scattering of the: 
incident wave. | 
When the incident wave satisfies the Bragg’ 
condition for a certain lattice plane, one in 4a) 
parallel pair of Kikuchi lines passes through) 
the primary spot, and the other passes through) 
the corresponding reflexion spot. Geometri- 
cally, the Kikuchi lines outside the spots are: 
extensions of the K-M lines inside the spots. 


«Reflexion 7 
X Spots 
\ Fereflexion/ 
\ / 


oe 
\ 


Th 


-reflexion 


Primary 
Spot 
n 
Extinction 
Lines 


h-h heh 
Fig. 2. Simultaneous reflexion in K-M pattern. 


Pairs of lines marked h,h’, and h’—h are 
Kikuchi lines. 


Fig. 2 shows the case where the reflxions h 
and h’ occur simultaneously. The pairs of 
Kikuchi lines for these indices pass through 
the primary and reflexion spots. Another pair 
of Kikuchi lines with the index h’—h passes 
through the two reflexion spots, showing that 
the reflected waves satisfy mutually the Bragg 
condition for the lattice plane h’—h. By the 
coupling between the reflected waves due to 
this reflexion, intensity anomalies appear at 
the cross point of extinction lines in the 
primary spot and at the corresponding points 
on the bright lines in the reflexion spots. 

The convergent-beam method is particularly 
suitable for the investigation of simultaneous 
reflexion owing to the following advantages. 

1) By virture of a fine focus on the speci- 
men, we can pick up a perfect portion of the 
crystal. 

2) Since the angular aperture of the incident 
wave is finite, the intensity variation near the 
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rondition of simultaneous reflexion can be ob- 
served at once without rotating the crystal. 

_ 3) With the aid of Kikuchi lines, the condi- 
jon of simultaneous reflexion can be realized 
very easily by rotating the crystal so as to 
put an intersecting point of the Kikuchi lines, 
associated with the wanted reflexions, into the 
wimary spot. 

It must be noted that K-M lines and Kikuchi 
‘ines are superposed in the spots. Thus, when 
we want to investigate K-M lines in detail, we 
lave to use sufficiently thin crystals for which 
che intensities of Kikuchi lines are reasonably 
weak compared with K-M lines. 


3 3. Experimental 
We used an electron diffraction apparatus 


of so called ‘high resolution’ type. A slit 
).01~0.1 mm in diameter was used as the point 
source. Using two-stage electron-microscope 
lenses a reduced image of about 5y in dia- 
meter was obtained with the beam having the 
angular aperture 1/100~1/40 rad. 

We have chosen graphite crystal as the 
sample, because 1) it has a simple crystal 
structure, 2) it is easily cleavable to get a 
thin lamellar crystal, 3) owing to small scat- 
tering power of carbon atom we can avoid 
undesirable dynamical effects. A disadvantage 
of graphite is its tendency of containing 
stacking faults and rhombehedral phases within 
the layers. However, these faults or extra- 
ordinary phases are readily detected by charac- 
teristic variations of the pattern, so that it is 
sasy to choose crystals free from the imper- 
fections. 

It was necessary to use crystal flakes thinner 
than 1000 A, to get a clear K-M pattern free 
from excessive incoherent scattering with the 
Jectron acceleration 40-50kV. We_ used 
sraphite crystals from Mongoria and Korea. 
Crystal flakes having the area about 3mm 
x3mm were cloven with a sharp needle and 
4 pincet. The obtained cloven flakes were in 
yeneral smaller than 1mmximm. Small 
ureas (usually smaller than 10 “x10 ) thinner 
han 1000 A could be sometimes found at edges 
»f the cloven flakes. 

These thin crystals were always more or 
ess curved. Therefore, with the focus of 
jectron beam larger than 5 / in diameter, only 
very limited number of specimens were suf- 
iciently flat to give satisfactory K-M patterns. 
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The Kikuchi pattern could be used as a con- 
venient criterion of the flatness of the crystal. 
As pointed out by Uyeda, Fukano, and _ Ichi- 
nokawa®, Kikuchi lines can be observed 
distinctly even from very thin crystals provided 
the crystal is not curved. Asa rule, Kikuchi 
patterns are more sensitively disturbed by the 
curving of the crystal than K-M patterns. 


$4. Theoretical Predictions 


Fig. 3 illustrates the primary spot in the 
case where the reflexions 2 and fh’ occur simul- 
taneously. As mentioned before the position 


Cc 


Fig. 3. The primary spot in the case of simul- 
taneous reflexion. 


of a point in the primary spot corresponds to 
a direction of the incident wave. Points on 
the lines h---h and h’---h’ represent the direc- 
tions of the primary wave for which the Bragg 
condition is exactly satisfied. Thus, these lines 
correspond to the positions of the Kikuchi lines. 

In Part I the direction of the incident wave 
has been specified by the quantities 0 (or |c]) 
and w*. Therefore, these quantities can be used 
as coordinates for points in the primary spot. 
The origin of coordinates lies at the intersect- 
ing point of the lines h---h and h’---h’. We 
can show easily from the definition of d and 
w in Part I that the w-axis is parallel to the 
Kikuchi line with the index h’—h. 

In Part I the intensity variation of the 
transmitted wave |U,|? was calculated for a 
fixed value of 6 (that is, for a fixed c-plane, 


* In Part I direction of the incident wave is 
specified in reciprocal space by the position of the 
y-normal on a c-plane, namely by the value of 6 or 
\c| (Eq. (17), Part I) and by the value of w specifing 
the position of the point N (Fig. 9, Part I). 
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Cf. (17) in Part I). It gives the intensity 
distribution of the primary spot along a line 
c-+-c parallel to the w-axis. Fig. 10 in Part I 
rate that when |Vn--»| is particularly large 
compared with |V»| and |Vi-|, we have two 
intensity dips at w, and w— on the line c---ce. 
With the variation of 6, the line c---c moves 
in parallel. The loci of the dips make a 
hyperbola having h---h and h’---h’ as its 
asymptotes. The intervertex distance between 
the branches of this hyperbola is proportional 
to |Vur—n]. 

We call the locus of , the A.-branch, and 
that of w- the A--branch. In accordance with 
the consideration in §5(b) in Part I, the dis- 
tinction between the two branches can be 
easily made in the observed pattern by dis- 
criminating which branch lies between the 
Kikuchi-line pairs concerned, and which one 
lies outside. This relation is reversed in the 
reflexion spots. 

As shown in Fig. 10 in Part I, the dips 
located at w, and w-_ in the intensity curve 
for the transmitted wave |U,|? have the half- 
value widths 2a|V,|/b and 2a|V_|/b respec- 
tively. The values of |Vs| and |V_| which 
vary with the value of 6 (or |c|) are given, 
according to (49) in Part I, by 


ae 2a 2 2 2 
[Vol= 77 jpp (Vale + lel Vir 
ee Dry)? 
(2) 
[V-|=- 5 (lel?]VnP?+1 Vane]? 


Vv) ie B 
—2|c|!Vn||Vn-|cos Onx-)¥/? 
where |c| is related to 6 by (17) in Part I, 


namely, 
a=(tcl 7 Veal (3) 


Accordingly, the extinction lines making a 
hyperbola in the primary spot show variations 
in their widths with the value of 6 or |c|, as 
shown in Fig. 4. It should be noted that the 
depth of the dips do not vary in the primary 
spot. 

From (2) we see that the branches in the 
primary spot should have following features 
according to the value of cos Dpy-. 

1) When cos Gr- >0, the A.x-branch is 
wider than A_-branch (Fig( 5(a)). 

2) When cos On,-<0, the Ax-branch is nar- 
rower than A-_-branch (Fig. 5 (b)). 
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3) When cos O:,7=0, the two branches aré 
symmetric with respect to the origin in tie 
primary spot (Fig. 5(c)). 

Particularly, when the crystal has a center 
of symmetry, cos Dan, is either equal to 1 on 
—1, so we have only the cases 1) and 2). Ir 
this case we have further: 


aN 


nD e 


at itl 
aces 


Primary Spot 


Fig. 4. Intensity variation calculated for the case 
[Vii -n|>| Vin|,| Vn’| assuming | Vn’|/| Vn] =3/2, and 
COS @nn’'=1. The numbers attached to the 
contour indicate intensity values assuming that 
the intensity of the incident wave is unity. In 
the shadowed area the intensity is smaller than 
0.5 for the primary spot, and larger than 0.5 
for the reflexion spots. 
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atoms located at 


ie 
_-Reflexion 1 
Spots OES UO” Pca Sie 
4 Aa OMe aot ud: 
The sings of structure amplitudes are 
determined by the factor 
~ Primary 
ert Spot > exp 270(ha+ky+/z) 
(a) ae >0 tb) nae (c) cosBnn‘=O The values of this factor for various 
Fig. 5. Intensity variations predicted by the theory, Combinations of reflexion indices are 


showing different characters depending on the value of 


COS Onn’. 


1’) When cos @,,- =1, the A.,-branch has 
| maximum width 2a 7/|V,|?+|Vi-|?/b and the 
A--branch has zero width at |c|=|V,-|/|Vol 
(Fig. 4). 
| 2’) When cos @,,-=—1, the A.-branch has 
_ zero width and the A_-branch has maximum 
width 2aV|V;.|?-+|Vn-|2/b at 1/|c|=|Va-l/|Val. 
By the similar treatment it can be shown 
that characteristic intensity variations appear 
at the corresponding positions of bright lines 
in the reflexion spots, as illustrated in Fig. 4 
and Fig. 5. 


Fig. 6. Unit cell of graphite. 


§5. Results 


Graphite has a well known crystal structure, 
being piling up of hexagonal nets in alternat- 
ing sequences ABAB:-- It belongs to a 
hexagonal space group C,»*(C6mc). In order 
to make all the structure amplitudes real, we 

have chosen the origin of unit cell at a sym- 
metry center lying halfway between the lay- 
ears (Fig. 6). The unit cell contains four 


Table I. Values of Di exp 2ni(hua+ky +lz) for 
hexagonal graphite. 
h=k=3m 3m+1 3m+2 
l=4n+0 4 1 1 
1 0 V 3 We 
Z —4 —1 —] 
3 0 -V3 13 


shown in Table I. 
In our experiment two sets of the h 


case (il) h-h=1100 


1231 | 2131 
Sa 
S 5 x - 3121 
s Olt OT 
‘ ty, ? - z 
k\ oh 
° ® @O0O0O0le r 
: 
© x ° v CO) x o 
° ® x fa) rs 
fe) ° 
x h-k=3m 
e@ h-k=3mel 
o h-k=3m-! 
Fig. 7. The reciprocal lattice plane specified by 


Fig. 8. Kikuchi pattern of graphite illustrating 
the positions of simultaneous reflexion used in 
the observation. 
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and h’ reflexions were chosen from the group 
{211} as tabulated in Table II. Fig. 7 shows 
the reciprocal lattice plane specified by /=1 
which contains the reciprocal lattice points 
concerned. Fig. 8 shows the Kikuchi pattern 
for graphite. To realize the two cases of 
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simultaneous reflexion, the orientation of the 
crystal was adjusted so as to put the primary 
spot at the positions as shown in Fig. 8. In 
each case, two reflected spots appear at the 
positions as indicated. 

We see in Table II that the value of | Vn-—n| 


Table Il. Two combinations of simultaneously excited reflexions used in the 


present observation. 


hkl alt ive 
Case (i) h=(2131) | Vn| =0.63 volt y,=0 
h’ =(3121) | Vi7|=0.63 04,=0 - C8 Drn'=1 
h' —h=(1210) | Vin —n| =3.29 Pn) -p=0 
Case (ii) h=(2131) | Vin] =0.63 y,=0 
h’= (1231) | Vn’ =0.63 Py =n cos Onn! = — a | 
=1.47 =0) 


h’—h=(1100) |Vant-n 


is large compared with |V,| and |V;-| in the 
both cases. The value of cos @n,- is 1 for 
Case (i), —1 for Case (ii). In other words, 
V, and V;,- have the same sign for (i), op- 
posite signs for (ii), since Vn--n is positive 
for the present choice of the origin (Cf. Part 
I, 6). The cases (i) and (ii) correspond res- 
pectively to the cases 1’) and 2’) in the preced- 
ing section. 

Since |6n|=|,-| and |V;|=|V»-| for the both 
cases, the patterns in the primary spot are 
symmetrical with respect to the w-axis. When 
le|=|Vin-|/|Vn]=1 (6=0), the line c---c in Fig. 
3 passes the vertices of the hyperbola, and 
we have in Case (i) 


IVs[=V 2|V;|, |V_|=0, 


so that the A--branch vanishes at its vertex, 
while in Case (ii) 
IVe1=0,, Vel=V 2 |Val ; 

so that the A.-branch vanishes at its vertex. 

Fig. 9 shows the photographs obtained for 
these cases. We see that the observation veri- 
fies the theoretical predictions quite satisfac- 
torily. At the vertices the A,-branch has a 
maximum width and A--branch vanishes in 
Case (i), while in Case (ii) the A.-branch 
vanishes and A--branch has a maximum 
width. It is seen also that the bright lines 
in the reflexion spots show corresponding 
intensity variations. Although in Case (ii) 
the value of |Vz--,»| is only about twice the 
values of |V;| and |V;-|, the photograph shows 
that this is sufficient to discriminate the value 


of cos @n,, from the observation. 


§6. Discussion 


The result obtained above shows that the 
phase determination is practically feasible by 
the present method. However, since our obser- 
vation is limited to most favourable cases, it 
is desired that the method is applied to more 
general cases of phase determination in crystal 
analysis. As the convergent-beam method 
requires a very thin plate of perfect single 
crystal, it can be applied to very limited kind 
of crystals. However, also some other ex- 
perimental methods can be used for the study 
of simultaneous reflexion; for example, obser- 
vation of Kikuchi lines, and observation of 
extinction lines due to Bragg reflexion in 
electron-micrographs may be applied for this 
purpose. 

Fig. 10 shows the Kikuchi pattern obtained 
from a relatively thick crystal. This corre- 
sponds to the part indicated in Fig. 8 as Case 
(1). The phase effect similar to the case of 
K-M line can be observed for the intersecting 
points of Kikuchi lines appearing at the po- 
sitions corresponding to the reflexion spots 
in Fig. 9. This result can be proved theo- 
retically by applying our method described in 
Part I to Kikuchi lines. Thus, the range’ of 
practical application of our method is consider- 
ably extended, since the observation of Kikuchi 
lines is comparatively easier than K-M lines. 
Particularly, we may utilize Kikuchi patterns 
obtained by reflexion from natural or cloven 
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Fig. 9. Convergent-beam electron-diffraction photographs of graphite, showing the 


phase effect in simultaneous reflexion. 
~1000 A.) 
disc. 


faces of block single crystals. We have actual- 
-ly found examples of Kikuchi lines in reflexion 
patterns revealing the phase effect. A more 
detailed analysis of Kikuchi lines will be re- 
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Fig. 10. Kikuchi pattern corresponding to 
obtained by using a relatively thick crystal. pee) 
surrounded by circles in the sketch the same intensity variations 
as in the spots in Fig. 9 are observed. Also the points indicated 
by arrows show similar intensity variations, though white and 
black relation is reversed. 


Case (1) in Fig. 9, 
At the cross points 


(Accelerating voltage 41 kV, crystal thickness 
The exposure of the primary spot is diminished by covering it with a 
Sketches illustrate the intensity variation in the primary spot. 


ported in another paper. 

When we observe thin crystal plates by an 
electron microscope, extinction lines due to 
Bragg reflexion appear frequently in the image. 


The phase effect may appear 
at the cross point of two ex- 
tinction lines; dark-field micro- 
graphs obtained by using re- 
flected rays may be utilized for 
indexing the extinction lines®”. 


The author expresses his sin- 
cere thanks to Prof. S. Miyake 
for his guidance throughout the 
work. 
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The intermolecular potential between spherical polyatomic molecules 
is calculated, assuming the Lennard-Jones potential between atoms of 
polyatomic molecules. Owing to the distribution of atoms in polyatomic 
molecules the degree of infinit of potential is lowered when two poly- 
atomic molecules approach each other. In the case of uniform distribu- 
tion of atoms in polyatomic molecules, the degree is lowered by 5 
orders and the minimum value of the potential is proportional to the 
radius of polyatomic molecule and to the square of the density of the 
atoms. At large intermolecular distance, the result of calculation of 
this case coincides with the results of Atoji and Lipscomb and of 
Hamaker. Calc.lation for a parabolic distribution of atoms is also 
given. The temperature and molecular weight dependence of the second 
virial coefficient of high polymer solutions are explained by the aid of 


calculated potential function. 


§1. Introduction 


In 1937, following the calculation of de 
Boer, Hamaker? calculated the potential 
energy between two spheres composed of 
particles which are uniformly distributed 
within each sphere, assumping Van der Waals- 
London forces between the particles in one 
sphere and those in the other. Hamaker 
showed that various colloidal phenomena can 
be explained with the aid of total potential 
curves, obtained by superposing these Van 
der Waals-London attractive forces and a repul- 
sive force, conforming to a very simple and 
crude approximation. Since then, many cal- 
culation have been made, using the repulsive 
potential arising from electric double layer 
interactions». 

Recently, Atoji and Lipscomb”) calculated 
the potential energy between polyatomic 
molecules composed of randomly distributed 
atoms, but they used a series expansion which 
is only applicable to molecular distances which 
are sufficiently large in comparison with the 
radius of the molecules. 

In this paper, we shall first calculate the 
potential energy between two _ polyatomic 
molecules having spherical symmetry. The 
calculation is general and can be applied even 
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if the density of the polyatomic molecules is 
not constant. It can be used when the dis- 
tance between the polyatomic molecules is 
very small. 


Theoretical investigations on high polymers, 
particularly those on high polymer solutions”, 
make remarkable strides in recent years. 
However, with respect to the interaction 
potential between polymer molecules we do 
not have sufficient knowledge. Although most 
of important properties of polymers are 
determined by the molecular weight, specific 
properties of polymers should depend on the 
interaction potential between high polymer 
molecules. 

We have shown in a previous paper® that 
the temperature and molecular weight depen- 
dence of the second virial coefficient can be 
interpreted if we take all the interactions be- 
tween segments of polymer molecules into 
consideration. Particularly, our theoretical 
predictions about the behavior of second 
virial coefficient near the Flory point—the 
temperature at which the second virial coef- 
ficient vanishes—fit the experimental data of 
Krigbaum and Flory on polyisobutyrene in 
benzene» and of Krigbaum on polystyrene in 
cyclohexane”. 

The second virial coefficient is determined 
by the radial distribution function of two 
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polymer molecules in solutions and the func- 
tion is determined by the interaction potential 
between chain polymers. We can consider 
that the interaction potential is a function of 
the molecular weight and, as a result, the 
second virial coefficient become dependent on 
the molecular weight. 

Polymer molecules takes various configura- 
tions, and the potential function between two 
polymer molecules is a function of such con- 
figurations. However, the average value 
should be a function of the distance between 
centers of gravity of two polymer molecules 
and also of the degree of polymerization and 
the distribution of segments in polymer mole- 
cules. We are concerned here in calculating 
such average potential functions. 


§ 2. Potential Energy between Polyatomic 
Molecules 


We wish to calculate the potential energy 
between two spherical polyatomic molecules 
as a function of their distance, each poly- 
atmic molecule being composed of atoms 
whose interaction is assumed to be known. 
The object of the calculation is to see the 
relation between the interactions of atoms and 
that of polyatomic molecules. Let the dis- 
tance between the centers of gravity O and 
O’ of two polyatomic molecules be S, and 
consider the differential volumes dr and dr’ 
located respectively at the distances r and r’ 
from O and O’. If ordr or o(r’) dr’ atoms 
are included in each differential volume, then 
the average potential energy between the two 
polyatomic molecules is given by 


0(9)=|| oirwe(sioor dra, (2.1) 


where ¢(s) is the potential between the atoms 
of different polyatomic molecules and s is the 
‘distance between r and r’ (Fig. 1). The in- 
tegration is over the volumes of two poly- 
atomic molecules. 

In Eq. (1), it is assumed that deformation 
of polyatomic molecules does not occur even 
when the two polyatomic molecules approach 
each other closely and the potential energy 
between atoms is additive. Some kinds of 
potential function will make the value of Eq. 
(1) infinite for S below a certain value. In 
such a case, we consider that the polyatomic 
molecules interact there with a rigid body 
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Fig. 1. 
distance S. 


The spherical polyatomic molecules at 


potential and cannot get nearer to each other. 
For convenience sake, we assume that the 
polyatomic molecules have spherical sym- 
metry around their center of gravity and that 
the distribution functions o(r) and o(r’) depend 
only on the magnitude 7 and 7’ of the vector- 
arguments. 

For the potential ¢(s), we adopt the Len- 
nard-Jones potentials: 


2 (S)= Po{So/s)” —2(So/s)*} , 
where Sp is the position of the minimum of 
y(s) and ¢ is the corresponding value ¢ (sp). 
Let the radius of polyatomic molecules as 
rigid bodies be %, than Eq. (1) can be re- 
formed as follows 

O(S)=47?NG0(S0/70)® [(So/70)° Pi2(S’) —2P6(S’)], 

I 1? (* “sys@)c@) 

HL \ = poe SENN Te 

HS) =a ae| il are ee ee 

r 1 (4 (*?  2yo@owy 

6 YN SNS 
iS)= ae || tea ee 

S95 /% ’ (223) 
by a straight-forward calculation. 

Here N represents the total number of 
atoms in one polyatomic molecule and the 
function o (x) is a reformed distribution func- 
tion normalized to unity: 


7 0(r) dr=N2?o(a) dz , 


(2.2) 


iv EA, 
0 


T—Veve (2.4) 

The first and the second terms in the 
bracket of @(S) of Eq. (2.3) come respective- 
ly from the first and the second terms of the 
Lennard-Jones potential and are respective- 
ly the repulsive and the attractive parts of 
the potential @(S). The repulsive part of 
®(S) has a factor (S/7)!2 which is very small 
in the case of large molecules so that the 
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repulsive part becomes effective only when 
the polyatomic molecules are near to each 
other. At S’=2 or S=27, where the poly- 
atomic molecules will contact with each other, 
® (S) becomes infinite. 

To obtain the potential function explicitly, 
we must know the distribution function 9(7). 
For this, we can think of several functional 
forms. If polyatomic molecules are chain like 
polymer molecules, and if we assume the 
random flight model for these polymers, we 
may use the results of the calculation for 
o(r) of Isihara, Debye-Bueche, Benoit-Gold- 
stein®. However, this adoption makes the 
result of the integration of Eq. (2.3) very 
annoying, particularly at small values of S’—2, 
also there arises the problem of how to nor- 
malize the distribution function in accordance 
with the rigid body radius ™. Thus, in the 
following sections we shall calculate @(S) for 
much simpler forms of o(7). 


§ 3. Uniform distribution of Atoms 


As the simplest example, we shall treat 
first the case of a uniform distribution of 
atoms: 


o(N=q=const., 7<%h, 
—a() ae get OK (3.1) 


In terms of the reduced distribution func- 
tion: 


=0 , alee 
Inserting this into Eq. (2.3), we obtain 


(3.2) 


Z 
0(S)=3 goo! 


abide aes clus Seu =) 


Bel uf ete 
168 S’ C-y wa)* 
1 I 1 1 
Sve mans 
1680\(S — 2/5 (paper Si) 


il i il S? 2—4 

“aagt git pe s ee 
The first and the second terms in the braces 
represent respectively the repulsive and at- 
tractive parts of the potential. The latter 
can be easily shown to coincide with the 
result obtained by Hamaker. 

When two polyatomic molecules are close 


(3.3) 
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to each others, Eq. (3.3) is approximated by 
the following formula: 


0(S)= oregon So° 


he ee peep ows 
fa i 112| 2? 6 2° 20 2° 


1 4ry Soo 
4 | +2 log a+ ert, (3.4) 
where 
2=S/— (3.5) 


From this equation, the minimum point Sp 
@(S) can be calculated as follows: 


3 
—€0-Vé 1/6 pak 
peel ‘e ae rela ( 2) 


(3.6) 
that is 
= 3 So 
So=27+60-/*s)41-++> 60-1 Jaeeh, 
14 1) 
(3.7) 


In deriving this, it was assumed that the 
ratio (So/%) is very small compared with 1. 
Accordingly, the minimum value of @(S) is 


given 


O(Sy)= —7 601/871? p9S0°G?%o 


x {143 60- ae og (*)- 
To 1% 
—0.5884- 60-70(-" 4... an (3.8) 
0 


From Eq. (3.8) the minimum value of the 
potential seems to be proportional to the 
radius and to the square of the density q of 
the atoms of the polyatomic molecule. 

When the intermolecular distance S becomes 
much larger than the radius of the poly- 
atomic molecule, @(S) can be expanded” in 
the power series of 7/s)=1/S’: 


es-wel (3) pot 
SOO 
16 2)H8(g) +] 


In the limit when S/7 is sufficiently large 


compared to 1, ®(S) approaches the Lennard- 
Jones type function: 


Eq. (3.4) shows that the repulsive and the 


(3.9) 


1957) 


attractive parts of the potential begin re- 
spectively from the terms (1/x)’ and (1/2), 
these powers being just greater by 5 than 
those in the corresponding terms of the 
original Lennard-Jones potential. According- 
ly, O(S) becomes infinite when S approaches 
2r, by 5 orders lower than the degree of in- 
finity of the Lennard-Jones potential. 


§ 4. Parabolic Distribution of Atoms 


Next, we shall apply the general formula 
(2.3) to the case of a parabolic distribution of 
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oD 
atoms about the center of gravity: 
o (=o N(1 ss ), r<o%, 
87 0 
=0 5) pie Tory 
o (x)= => (1-22) nee 
8x 
=0 , @ 1 fat) 


and shall compare the result with the former 
case. The calculation of the potenial @(S) in 
the present case is more complicated but 
since it is straight-forward we shall only 
give the result: 


as= aN? solr)" 3h (2\(2 L( 1 ) eet s-)- 
( TCs Po ( o/ 0) 15 420 Ss (SiS —2)s (S/+2)° 9 Ss 
oT 1-( ve gt (= Laie) ied 
280 S’ \(S’+.2)! (S’+2)4/ "336 S’ \(S’—2)8 (S’+2)8' 5 ga) 
pel sto wp ele St 2) 
560ES eG 20 (Sot 2)2/ 51120 SO S29 So. }— 
{(3 sss: 2) S24 4 1 Py oy a 
[\ 20 TN) Se SONS BIRANSE Wats? Wier it |; oe 


If an intermolecular separation is small, 


it is convenient to use 2, equal to S’—2, and to 


i) 2 9 


reform Eq. (4.2) as follows: 
2 eee | 

Ae Rug YS ( a ) f eat a 

1 
—{(2+5 2) log «-+— =( log aaa) 


When x approaches zero, the attractive part 
approaches a constant value 4/5-(log2—2 
The repulsive parts has a power 7 orders 
higher than that of the original Lennard- 
Jones potential and starts at 1/2°. The 
power in the attractive part is diminished 
similarly. 

Thus, the degree of infiniteness in the 
present case is lower than the uniform dis- 
tribution of segments. The difference comes 
particularly from the distribution of atoms in 
the neighborhood of the polyatomic molecule. 
The minimum point of the potential function 
just calculated is given by the following 
equation when s)/7% is very small compared 
Lo 1. 


(So/7»)9°~ 25202} — log 2 = (8 —log 2» : 
(4.4) 


11 1 
——{ log 2—— )z+—{ log 2+— 
= ( loz 7 ets ( los ap 


4 
1 


et) 


(4.3) 
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§ 5. The Potential Curves 


Fig. 2 and Fig. 3 illustrate the potential 
function given by Eq. (3.3) or (3.4) between 
polyatomic molecules with uniform distribution 
of atoms. As shown in Eqs. (3.3) and (3.4), 
the absolute value of the potential @(S) is 
depend on the molecular radius 7 as well as 
on the density of atoms g=3N/4z7° even if 
% and sy are constant. For convenience, we 
designate that part of the potential function 
of Eq. (3.4) which is dependent upon the dis- 
tance S by ¥(S) and express the potential 
function in the following form: 


0(8)= maton (S), 6) 
where ¥(S) depends on $/7 as well as on S. 
The three curves in Fig. 2 and Fig. 3 cor- 


respond to the following values of $)/70: 
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curve l. So/%= 1/10, abscissa is the intermolecular distance divided 
curve 2. S/7o= 1/100, by the molecular radius %. Fig. 2 is useful 
curve 3, So/%=1/1000. to see how the potential curves depend on 


Fig. 2 shows the function ¥Y (S) plotted 


against the intermolecular distance. The 
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Fig. 2. Potential between polyatomic molecules 
composed of atoms distributed uniformly as a 
function of molecular distances S. 
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Fig. 3. Potential between polyatomic molecules 
composed of atoms distributed uniformly as a 
function of molecular separation S—2r5. 


the molecular diameters. It also shows that 
how the potentials are different from the 
rigid body potential at various molecular dia-_ 
meters. 

Fig. 3 represents the function ¥(S) for the 
intermolecular separation S—27%. The unit 
of the abscissa is s), which is the minimum 
point of the original Lennard-Jones potential. 
From Fig. 3, we can infer that the minimum 
position of potential function of polyatomic 
molecules appear, as they should, at positions 
corresponding to the intermolecular separa- 
tion of about 1/2-s), nearly independent of 
molecular sizes when the diameters of mole- 
cules become large. 

When the polyatomic molecules are random- 
ly kinked chain molecules which are spherical, 
and if we use the result of the random 
flight model, we can put 


Y= 2 (NB)Y? , (5.2) 


where 6 is the length of one segment and 24 
is a constant independent of the degree of 
polymerization JN. 


§6. Application to High Polymer Molecules 


The potentials we have calculated are 
functions of the total number of atoms in a 
molecule, and thus it is expected that if we 
use such potentials to calculate the second 
virial coefficient A,, in the expansion of os- 
motic pressure z as a power series of con- 
centration c: 


Sere yp tase Aaett elses 
z becomes a function of molecular weight. 
Here, R is the gas constant and T the ab- 
solute temperature. Accoding to the theories 
of McMillan and Mayer® and Kirwood and 
Buff, A, assume the form: 


(6.1) 


vis — in|, @O=1 dS, (6.2) 


Ne ), 
where No is Avogadro’s number of g2(S) is 
the radial distribution function at infinite 
dilution of two polymer molecules separated 
by a distance S. 
For the distribution function 9.(S), we shall 
adopt the form: 


G2 (S) =e MS/ET (6.3) 
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where @(S) is an average potential given by 
Eq. (3.3) or Eq. (4.2). If we use Eq. (3.3) in 
Eq. (6.3), we arrive at the following expres- 
sion for the second virial coefficient: 


16 : 
A,=—. Tore’ M {1 + (S0/70) F(—O(So)/kT)}, 
(6.4) 
where —@(So) is the potential minimum given 
by Eq. (8.8). For small values of 2, f(x) is 
estimated as follows: 

y= aes 69/7 ela 7 eval ; 

(6.5) 
Whereas for large values of 2, f(z) is ap- 
proximately proportional to x e*. 

If we neglect the possible temperature 
dependence of % or g, the temperature varia- 
tion of the second virial coefficient A, is 
given by 

OA, 16 
_ = 3-2. (— Ne ‘ 
ad/T) > 3 TN 79° M-?-(— O(So)/RT) + (So/79) + X 

x f'(—DSp)/kT) . 
On the other hand, 
partial heat of dilution 
follows: 


(6.6) 


in dilute solution the 
is calculated as 


4H, = BERN VsSor3M ce? O(So)/k-f’ (-O(So)/RT), 
(6.7) 


where Vs is the molar volume of solvent. 
The function f(x) increases according to 
whether the argument x is small or large. 
Since x is small when TJ is large or when 
—@(So) is small, we see from Eqs. (6.6) and 
(6.7) that the temperature derivative of the 
second virial coefficient is positive in poor 
solvents where the heat of solution of nega- 
tive. This is in line with experiments. 

In the theory of high polymer solution, 
Huggins’ parameter is often used. To ex- 
plain the temperature dependence of A:, a 
semi empirical temperature dependent form 
of # is assumed. From our theory, yu is 
calculated as a function of temperature: 

ee Ne Vie Me 
Qe 13 
X {1+ (50/70) -(—O(So)/kT)}, 
1o=ANV2D . 
where p is the density of high polymer. 

In the region where {(—9@(S»)/RT) is small 

As is expressed by the equation: 


(6.8) 
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Ays "2 aN h6°My PMP, (6.9) 
from which we can see the melecular weight 
dependence of A, easily. Here we introduce 
4 which is a proportional constant connecting 
the radius of polymer molecule 7 and the 
end-to-end distance and is defined by Eq. 
(5.2). In Eq. (6.9), we have neglected the 
second term in the bracket of Eq. (6.4). If 
we insert the experiment data of Outer, 
Carr, and Zimm™ into Eq. (6.9), using the 


Eq. (5.2), the following values for 24 are 
obtained: 
polystyrene-butanone 0.264 , 
polystyrene-dichlorethane OI296" 


The theory of random flight predicts the 
value 0.408, because if we consider the radius 
7 to be the average square root distance of 
segments from the center of gravity, 7% is 
given by (1/6-N0?)!/2._ Both values of 4 are 
of the same order of magnitude. This is a 
reasonable correspondence. 

In turn, if we consider that 2 is related to 
a volume exclusion effect which varies with 
the molecular weight, Eq. (6.9) can be ex- 
pressed as 

A,=CM-*, (6.10) 
which is an empirical formula. Here @ is a 
constant and assumes numerical values be- 
tween about 0.2 and 0.5. 

In the region where f(—@(S,)/RT) is not 
small we can not predict easily the molecular 
weight dependence of A,. 

We shall now discuss the second virial coef- 
ficient near the Flory point. If only the 
neighborhood of the Flory point is concerned, 
we can deduce from Eq. (6.4) following ap- 
proximate expression for the second virial 
coefficient: 


As aa , 7N 7%? M-2 


fie|-(%8'+)(-2))] 
(6.11) 


where @ means the Flory point. This ex- 
pression shows that when T—@ is small, A, 
versus temperature curve is a straight line 
which has a positive slope, determined by 
rem>( SO) 4)e At larger values of 
T—@, the curve bends towards the abscissa, 
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This is determined by the magnitude of 


atin Cow \f 0 eos 7 1 
4 (- ok 4@.° 2) @° 


All these behaviors coincide with the data 
of Krigbaum® on polystyrene in cyclohexane 
and the data of Krigbaum and Flory» on 
polyisobutylene in benzen. By comparing Eq. 
(6.11) -with these data we can determine 7 
and @(Sj) separately. The values we thus 
obtained from the data of Krigbaum® for 
polystyrene in cyclohexane systems are 
illustrated in Table I. In this table R means 
the root of the average of squre distances of 
segments from the center of gravity of the 
polymer molecule. This quantity was cal- 
culated by using the relations: 


R=(1/6-NB)¥? , 
(Nb?/M)¥/2=735 x 10-" cm. 


The numerical value of the right hand side 
of the second equation is calculated from the 
data of Krigbaum, Mandelkern and Flory, 
and Schults™. 7 is the radius of polymer 
molecule as a rigid sphere and is considerep 
to be nearly equal to R. Table I shows this 
is actually true. In the last column of Table I 


Table I 
M To R — D(So)/kO 
50,500 49 A 67 A 6.1 
125,000 80 107 8.2 
359,000 148 180 9.4 
566,000 188 226 12 
A 
400 Ao 
r. mS) 
R@ 
100 Ke) 
10 ; 
2 10 100 x 10+ 


Fig. 4. Molecular radius r) and minimum values 
of intermolecular potentials —@M(So)/KO of poly- 
styrene molecules in cyclohexane as a function 
of the molecular weight, calculated from the 
experimental data of Krigbaum®), 
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the minimum values of the potential between 
polymer molecules are indicated. Similar to- 
v) these depend on the molecular weight. In 
Fig. 4 we illustrated the dependence. As can 
see from Fig. 4., 7 and —@(S)) are nearly 
proportional to M°-** and M°-?* respectively. 
This is a very natural dependence. 

According to the theories of Flory and 
Krigbaum®, Grimley®, and the previous one 
of ourselves”, the Flory point does not 
depend on the molecular weight or degree of 
polymerization of polymers. However, from 
our present theory there is a possibility that 
the point depend on the molecular weight 
or degree of polymerization. The data of 
Krigbaum® show the possibility. We hope 
that this point will be elucidated in the near 
future. 

So far we have only treated high polymer 
solutions. Overbeek and Sparnaay™ reported 
that such type of attractive forces as calcu- 
lated by de Boer and Hamaker” and ourselves 
was found experimentally. Further applica- 
tions of the potentials we have calculated will 
be given in a subsequent paper. 


Acknowledgement 


The authors wish to express their thanks 
to Professor E. W. Montroll for his valuable 
suggestions. 


References 


1) J. H.-de Boer: Trans. Fraday Soc. 32 (1936) 


21; H. C. Hamaker: Physica 4 (1937) 1058; 
Verway and Overbeek, Theory of the 
Stability of Lypophobic Colloids, (Elsevier 


Pub. Comp. Inc. 1948). 

2) M. Atoji and W.N. Lipscomb, J. Chem. Phys. 
21 (1953) 1480. 

3) P. J. Flory and W. R. Krigbaum: J. Chem. 
Phys. 18 (1950) 1086; 20 (1952) 873; A. 
Isihara: J. Chem. Phys. 18 (1950) 1946; 19 
(1951) 1142; 19 (1951) 397; J. Polymer Sci. 7 
(1951) 277; B. H. Zimm: J. Chem. 21 (1953) 
934; T. B. Grimley: Proc. Roy. Soc. A 212 
(1952) 339; E. A. Guggenheim: Discussion 
Faraday Soc. No. 15 (1953) 67; G. S. Rush- 
broke, H. I. Scoins and A. J. Wakefield: 
Discussion Faraday Soc. No. 15 (1953) 57; I. 
Prigogin et al: J. Chem. Phys. 20 (1952) 49; 
21 (1953) 559, 560, 561; Discussion Faraday 
Soc. No. 15 (1953) 80; V. Mathot and Des- 
myter: J. Chem. Phys. 21 (1953) 782; M. 
Kurata, M. Tamura and T, Watari: J. Chem. 


1957) 


Phys. 23 (1955) 991: W. H. Stockmayer and 
E. F. Casassa: J. Chem. Phys. 20 (1952) 1560; 
M. L. Huggins: J. Polymer Sci. 16 (1955) 
209. 

4) A. Isihara and Koyama: J. Chem. Phys. to 
be published. 

5) W. R. Krigbaum and P. J. Flory: J. Am. 
Chem. Soc. 75 (1953) 1775, 5254. 


6) W. R. Krigbaum: J. Am. Chem. Soc. 76 


(1954) 3785. 

7) A. Isihara: J. Phys. Soc. Japan 5 (1950) 201; 
J. Polymer Sci. 8 (1952) 574; P. Debye and 
F. Bueche: J. Chem. Phys. 20 (1952) 1337; H. 
Benoit and M. Goidstein: J. Chem. Phys. 21 


Intermolecular Potential between Large Molecules 39 


(1953) 947; R. Ullman and J. J. Hermans: 5: 
Polymer Sci. 10 (1953) 559. 

8) W. G. McMillan and J. E. Mayer: J. Chem. 
Phys. 13 (1954) 276. 

9) J. G. Kirkwood and F. P. Buff: J. Chem. 
Phys. 19 (1951) 774. 

10) P. Outer, C. J. Carr and B. H. Zimm: J. 
Chem. Phys. 18 (1950) 830. 

11) A. R Schultz: thesis, Corhell University, 
(1953); W. R. Krigbaum, L. Mandelkern and 
P. J. Flory: J. Polymer Sci. 9 (1952) 381. 

12) J. Th. G. Overbeek and M. J. Sparnaay: Pro- 
ceedings Koninkhjke Nederl. Akad. Van 
Wetenschappen, Series B. 54 (1951) 387. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 12, No. 1, JANUARY, 1957 


Dependence of Quadrupole Coupling Constant 
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The microware spectrum of the hyperfine components of the J=1<0 
and J=2<1 rotational transitions of ICN molecule has been measured 
and the dependence of quadrupole coupling constant on the vibrational 
state was found. The values of (egQ): for each vibrational state are as 


follows: 
(egQ): in Mc/sec 


from the frequencies of from the frequencies of 
the J=1<0 transition the J=2<1 transition 


Vibrational States 


(0, 0, 0) —2418.8+0.5 —2420.1+0.3 
(1, 0, 0) — 2426.8+0.7 —2425.140.5 
(0, 2, 0) —2403.340.8 ~2403.140.5 


The difference in the (egQ) value for the (0, 2, 0) state from that for 
the (0, 0, 0) state, previously explained by Javan for the (0, 1, 0) state, 
was confirmed, thuogh the numerical values are slightly different from 
his. The change of (egQ): due to the excitation of the stretching 
vibration was also found and was explained in terms of the change of 


the double bond character of I-C bond. 


§1. Introduction 

The dependence of quadrupole coupling con- 
stant on the vibrational states of the mole- 
cule has been described by several authors.¥-” 
Tetenbaum pointed out the change of (eqQ)zr 
of BrCN molecule when the bending viration 


* Now at Institute for Nuclear Study, University 
of Tokyo, 


was excited.» Javan remeasured the lines of 
the J=4<3 rotational transition of ICN mole- 
cule and confirmed the change of (eqQ):”. 
He explained it taking into account the change 
of qg, the gradient of the electric field along 
the nuclear axis produced by the electrons. 
Though both of them did not refer to the 
change of the quadrupole coupling constant 
due to the excitation of the stretching vibra- 
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tion, this change seems to be possible, be- 
cause the stretching vibration tends to elongate 
the bond and thus decreases the double bond 
character of I-C bond, which results in the 
increase of (eqQ),. This work has been car- 
ried out with the aim of investigating these 
changes. 


§ 2. Experiments and Results 


The hyperfine components of the J=1< 0 
and jJ=2«-1 rotational transitions of ICN 
molecule have been measured with the Stark 
modulation spectrometer of four meters in 
length. The frequencies have been obtained 
by extrapolating the observed frequencies at 
various Stark fields to those at zero field. 
The measured frequencies with the calculated 
ones are shown in Table Ia and Ila. For 


Table La. 
Frequencies of the hyperfine components of the 
J=1<0 rotational transition for ICVN 
in Mc/sec. 


(0, 0, 0) lines 


BF, #F; observed calculated 
6577 .06 
5/2 7/2 ee77 o5 6577 .81 
6070.66 
5/2 5/2 po ent 6071.33 
22 6799 .79 6799.77 
(1, 0, 0) lines 
BM; Fy; observed calculated 
5/2 7/2 6559.63 6559 .56 
DZ DZ 6051.36 6051.41 
5/2 3/2 6782.16 6782.28 
(0, 2, 0) lines 
B, Fy; observed calculated 
> TVs 6610.24 6610.00 
Typ) ay? 6106.71 6106.75 
ye BP 6830 .47 6830.50 
Table Ib. 


Values of (egQ)1 and rotational constant B for 
ICUN derived from the frequencies of 
the J=1<0 transition 


Vibrational state (eqQ): in Mc/sec 


B in Mc/sec 


(0, 0, 0) — 2418.8+0.5 3225 .77+0.1 
GE OW) — 2426 .8+0.7 3216.42+0.1 


(0, 2, 0) —2403.3+40.8 


3242 .30+40.1 


almost all lines, probable errors were less 
than 0.05 Mc/sec. The largest probable error 
amounted to 0.5 Mc/sec for the weakest lines. 
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I. Hyperfine components of the J=1—0 
rotational transition. 
Three hyperfine components due to the 
nuclear quadrupole moment of I’ were 


observed for each vibrational state, (0, 0, 0), | 
Since the initial state © 


(1, 0,.0),. and, (0,220). 
is 7=0, (0, 1, 0) lines are not allowed. Because 
of the nuclear quadrupole moment of N*", the 
lines are further split. This effect was taken 


into consideration in the analysis of the fre- — 


quencies using the method proposed by 
Bardeen and Townes with —3.8 Mc/sec for 
(eqQ)xn of ICN molecule.” The lines of the 
excited vibrational states were so weak that 
the splitting due to the nitrogen quadrupole 
moment could not be measured. The values 
of (eqg@Q); and the rotational constants B deriv- 
ed from the measured frequencies and used 
in the calculation are listed in Table Ib. 


II. Hyperfine components of the J=2<1 
rotational transition. 


According to the selection rule 4F=+1, 0, 


Table Ila. 
Frequencies of the hyperfine components of the 
J=2«<1 rotational transition for IC2N 
in Mc/sec 


(0, 0, 0) lines 


By) Py observed calculated 
GE We 12956 .38 12956 .08 
7/2 7/2 Bee: } 12489 .35 
Wi PZ 12622 .19 12622 .62 

12996 .93 
yen TIP 12996 ‘50 | 12996 .09 
12994 .98 
5/2 5/2 13158 ee} 13129 .35 
yA SYP 13465.77 13465 .73 
3/2 5/2 cae 12400.54 
saya ay SPATE Sze 12736 .92 
3/2 LZ 13048 .33 13048 .42 
(1, 0, 0) lines 

EK, Fy; observed calculated 
(yen Ty 12451 .36 12451 .37 
5/2 7/2 12959.17 12959.17 
ye SP 13429 .80 13429 .80 
Si Zaea 2 12699 .69 12699 .46 
SZ 13011 .34 13011 .63 

(0, 2, 0) lines 

By, Fy observed calculated 
i Op 13021 .92 13021.88 
GW TYP 12558 .38 12558 .42 
5/2 5/2 13193 .32 13193 .80 
0/2 3/2 13527 .88 13527 .95 


| 
| 
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Table IIb. 
Values of (egQ): and rotational constant B for 
ICPN derived from the frequencies of 
the J=2<1 transition 


Vibrational state 


(eqQ)1 in Mc’sec B in Mc’sec 


(0, 0, 0) — 2420.1+0.3 3225.56 +0.05 
(1, 0, 0) —2A25.1+0.5 3216.28+0.04 
(0, 2, 0) —2403.1+0.5 


3242 .11+0.05 


nine hyperfine components should be observed 
for each vibrational state, (0, 0, 0), (1, 0, 0), 
(0, 2, 0), (0, 1, 0), and (1, 1, 0), where the last 
two allow /-doublets. Because of complexity 
of the Stark pattern of these /-doublets and 
their inadequacy for the purpose of this work, 
only strong lines belonging to the (0, 0, 0), 
(1, 0,0), and (0, 2,0) vibrational states have 
‘been measured. Many strong /-doublets with 
Targe Stark shift made it very difficult to 
‘measure accurately the lines which overlap 
with them, and some lines were abandoned 
for this reason. The values of (egQ): and 
rotational constants B derived from these 
frequencies and used in the calculation are 
listed in Table IIb. 
§ 3. Discussions 

The changes of (egQ); due to the excitation 
of the bending vibration were 15.5 Mc/sec and 
17.0 Mc/sec for the J=1<-0 and J=2<-1 tran- 
sitions, respectively. Javan»? measured (0, 1, 0) 
lines and obtained 9.45 Mc/sec for the change, 
which corresponds to 18.90 Mc/sec of our case, 
because of the fact that the mean sequare 
amplitude is proportional to the vibrational 
quantum number. The gradient of the 
electric field when the bending vibration is ex- 
cited is given by the formula, g=(1—3/2 67)q” 
where gq is the value of q for the ground 
vibrational state and #2 is the mean square 
amplitude of the deflection angle of I-C bond 
from its equilibrium direction when the bend- 
ing vibration is excited. Using the above 
formula with the mean square amplitude 
calculated from the vibrational spectrum, the 
change of (eqQ): is calculated to be 12.6 Mc/sec. 
The rest of the change seems to be due to 
the fact that the valence electrons do not 
follow the motion of I and C nuclei. 

The changes of (eqQ): due to the excitation 
of the stretching vibration are 8.0 Mc/sec and 
5.0 Mc/sec for the f/=1—0 and J=2<1 trans- 
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itions, respectively. Though there is rather 
large discrepancy between these values, the 
change of (egQ): is beyond the experimental 
error. This change may be explained by 
considering the change of the weight of 
the two resonating structures,” I-C=N and 
I*=C=N-. The magnitude of g of the double 
bond structure is half as large as that of the 
single bond structure. When the stretching 
vibration is excited, the bond is elongated 
owing to the anharmonicity of the potential 
energy and thus the double bond character of 
I-C bond is decreased. This consideration 
explains the increase in the magnitude of 
(eqQ): in agreement with the experiment. 
The order of magnitude of this kind of change 
is estimated using Pauling’s relation be- 
tween the bond length and the double bond 
character. The change of the rotational con- 
stant B due to the excitation of the stretch- 
ing vibration is assumed to be due to the 
proportional stretching of I-C bond and C-N 
bond, approximating the bond length of I-C 
bond in (1, 0,0) state as  %=% (B)/Be)!”, 
where % is the bond length of I-C bond in 
the ground vibrational state and By and B, 
are rotational constants of the ground and 
excited vibrational states, respectively. Sub- 
stituting the values in Table Ib and IIb with 
= 1.995 A; itregives:) 7 = 1.998 As, The 
double bond character x of I-C bond for ICN 
molecule calculated from the observed value 
of (eqQ): is 0.13. From Pauling’s relation, 


R=[R,(1—2)-+3R.2]/[(—2) +32] , 


the variation of « due to the change of the 
bond length 6R is calculated to be 


dx=a(2e+1)dR/(R—R,) , 


where R,; is the I-C bond length when pure 
single bond is assumed. Substituting x=0.13, 
R=1.995 A, Ri=2.10 A, and dR=%—-—H= 
0.003 A, this formula gives the change of the 
double bond character due to the stretching 
of the I-C bond as éx=—0.0047. Though the 
value of 2.10A for R, is not quite definite, the 
difference as large as 0.01 A in R, does not 
affect the first figure of dz. The gradient of the 
electric field is given by the formula, 


a(x)=[—(1—s+d)(1—2) 
—(1/2—s+d)(1+6)2]qs510 ,* 


where qs19 is the value of qg for iodine atom, 
and s and d indicate the fraction of s and d 
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hybridization, respectively. Because of the 
positive ionization of the I atom in the 
It=C=N°- structure, which pulls the electron 
closer to the nuleus, the factor 1+€ is mul- 
tiplied to the second term. This is different- 
iated to give the variation of q due to the 
change of the double bond character x as 


dq=[1/2—E(1/2—s+d)]ds109e . 


For the case of I-C bond s—d and € can safely 
be estimated to be 0.15 and 0.15, respectively. 
With these values and the above mentioned 
value of dz, it is shown that 


a(1, 0, 0)/¢ (0, 0, 0)=1.0026 


which is in fair agreement with the following 
experimental values 


{1.0033 (J=1<-0) 
(1.0021 (J=2<-1). 


Major part of the discrepancy between the 
two values seems to be due to the experi- 
mental error, which arises chiefly from the 
weakness of the lines and the splittings due 
to the nuclear quadrupole moment of N!*. The 
value derived from the lines of the J=2<1 
transition seems to be more reliable than that 
from the J=1<0 transition, because more 
appropriate lines could be adopted for analysis 
in the former case than the latter. 


a (1, 0, 0)/¢ (0, 0, 0)= 


§ 4. 


The spectrum of the hyperfine components 
of the J=1<0 rotational transition for IC1%N 
molecule in the (0, 0,0) state was observed. 
The measured frequencies are shown in Table 
III. The hyperfine components of the J=2—1 
transition of IC“%N molecule could not be 
measured, being hidden by the complicated /- 
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doubling lines of ICVN. 


Table III. 
Frequencies of the hyperfine components of the 
J=1<0 rotational transition for ICN 


in Mc/sec 
(0, 0, 0) lines 
F; Fy; 
5/2 7/2 6480.72 
5/2 5/2 5974.43 
5/2 3/2 6703 .25 
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The microwave spectrum of vinylindene chloride has been observed 
and analyzed. The molecular parameters have been determined to be 
domi =1.727A and /Cl C C=123°10’ on the assumption of dcoo=1.32A, 
dou=1.07A and “HC C=120°. The quadrupole coupling constant along 
the bond direction has been found to be ~—78.7 Mc together with the 
asymmetry parameter 7=0.12, for Cl%,. The five percent double bond 
character of C Cl bond estimated from the quadrupole data is consistent 


with the value of six percent estimated from the bond length. 


| §1. Introduction 


It is known that the bond length, doa, in 
carbone-chlorine compounds decreases as the 
electronic structure around the carbon atom 
tends to have more s character than sp; 
hybridization. For example, the bond length 
was determined to be 1.781 A in methyl chlo- 
ride, whereas 1.632 A in chloroacetylene””. 

These values are compared with the values 
of CH bond distance in methane 1.094 A and 
in acetylene, 1.059 A. Since the change in C Cl 
bond length, 0.150 A, is larger than that in 
CH bond, 0.035 A, some other effects besides 
the increase of s character in bonding electron 
of carbon atom have to be considered. The 
double-bond character of C Cl bond would take 
a considerable part in this change, while 
Duchesne” presented an effect of the hybridi- 
zation of chlorine atom which would change 
in a way as to increase the overlap integral 
between carbon and chlorine orbitals. 

In these respects, it is interesting to examine 
the C Cl bond in chloroethylenes, in which 
the bonding electron around the carbon has 
sp, hybridization. The vinylidene chloride is 
such a typical molecule with a permanent 
dipole moment and a two-fold symmetry axis. 
The molecular structure was obtained by 
Brockway and others® by an electron diffrac- 
tion method. The bond length, dom, and the 
bond angle, ZCICCI, were reported to be 
1.69+0.02 A and 116°+2°, respectively, on 


* Present address: Technical Laboratory of 
Yahata Iron and Steel Company, Yahata, Fukuoka- 


ken, Japan. 
** Present address: Institute for Nuclear Study, 


University of Tokyo, Fanashi-machi, Tokyo, Japan. 


43 


the assumption of the bond length, doc, of 
1.38 A. Theoretical discussion of the structure 
was given by Pauling, Brockway, and Beach» 
on the line of Pauling’s resonance method. 
However, their assumed value of C=C bond 
length seems to be too large compared with 
the recent value, ~1.32 A, in ethylene-like mole- 
cule determined by Karl and Karl® and others. 
The microwave investigation of this mole- 
cule can give informations of its structure and 
the quadrupole coupling constant of the C Cl 
bond which is another clue to examine the 
bond structure. Recently, Goldstein” gave a 
method to estimate the double-bond structure 
from the asymmetry parameter of quadrupole 
coupling constant in a planar asymmetric 
molecule such as the chloroethylene. 


§2. Experiment 


The sample of vinylidene chloride was ob- 
tained from the Asahi Dow Chemical Company 
by courtecy of Dr. Y. Tsunoda. The boiling 
point is about 31°C. Though the pure one is 
coloreless, the sample used was colored with 
very little stabilizer (less than 1%) in order 
to prevent polimerization. 

An ordinary Stark-modulation microwave 
spectrometer with sine-wave modulation at 
120 ke superposed on a dc voltage was used. 
A three meter X-band absorption cell with 
teflon seals similar to that reported by Hardy 
and others® was constructed. The vacuum 
system was composed of metals, glass, and 
teflon without using any other organic comp- 
ound, since the sample is an active solvent. 

Table I and II show the observed frequen- 
cies of nearly 90 lines in the frequency range 
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Table I. Assigned Lines 
Obs. Freq. Calc. Freq. 
Assignment (Mc) Intensity (Mc) 
Cl:'C:H2 
3132 2os 18703.9 W 18704.0 
4yu<— 303 22701 .2 MW 22701 .2 
Bos 414 24739 .8 W 24739 .7 
Ago<— 453 23530 .7 WwW 23529 .9 
Be ealate {55314 Ww 22315.4 
532 Dos 19747 .0 W 19748.5 
633<— 6o4 18281.0 W 18281 .0 
634<— 605 PASTAS) MS 25770.7 
Q36<— Qo7 18657 .3 MW 18657 .4 
{ 24962 .72 
24960 .08 
21494 .8 
10371028 (292-3 MS 21491 .3 
21490.1 
104g<-1037 23303 .7 M 23303 .5 
113g<11o9 25785 .7 MW 25786 .1 
Llaz<—1 lag 22650 .6 MS 22650 .9 
12431239 23428 .5 MS 23428 .1 
25859 ..5 
134913310 {25861 5 S 25864 .8 
25863 .3 
Cl35C187C,H» 
Aya 33 POM 8} MW 22351 .4 
5is<— 4o4 26287 3 MS 26287 .7 
505<— Aig 24131 .4 WwW DATS Ibe, 
631<— 625 25692 .5 WwW 25692 .3 
Qx7<— Ig 25497 .8 W 25498 .5 
Q356<— Qn7 18367 .5 MW 18367 .1 
Qis<— 936 25013 a! W 25502 aff 
20804 .2 
1037<-1028 {0801 9 MW 20802 .5 
20799 ..9 
1046-1037 23796 .8 M 23797 .8 
113g<11og 24672 .6 W 24669 .3 
11q7<-L1 ag 22858 .7 M 22861 .2 
124g<-1239 23203 .8 M 23204 .8 
1349<- 13310 25093 .7 M 8 


Table Ul. Unassigned Lines 


Obs. Freq. 
(Mc) 
26236 .0 
26011.8 


20991) .1 
29918 .4 
25783 .1 
25766 .9 
29740 .9 
29736 .1 
25734 .8 
29328 .2 
25215),5 
25075 .0 


Obs. Freq. 
Intensity (Mc) 
W 23400 .0 
W 23386 .5 
MW 23380 .3 
W PRR, 
WW ZA SYAG) fA 
W Prsesslane il 
WW 23202..1 
WW 23240 .0 
W 23153 .9 
WW 23103 .8 
MW 229580 
W 22874 .0 


Intensity 


Www 
WW 


WwW 

WW 
WW 
MW 
Www 
Ww 


W 
WwW 
W 
W 


25063 .5 WW 22782 .8 W 
24661 .2 Ww 2 OLeal W 
24607 .2 Www 22727 2 WW 
24563 .5 MW 22631 WW 
24491 .2 MW 22597 Www 
24469 .0 Www 22578 .6 MW 
24403 .2 WwW 22526 .9 Www 
24366 .5 Ww 22311.8 WW 
23896 .5 Ww 22234.1 WwW 
23754 .6 Ww 21601.5 WW 
23660 .0 WW 21564 
23643 .3 W 21562.5 | W 
23618 .6 WW 21560.3 
23558 .5 WW 21483 .0 WW 
23539 .4 MW 21461.5 W 
21428 .5 W 


23418 .5 Ww 


between 18 and 26kMc/sec. Having two chlo- 
rine atoms in one molecule, the spectrum of 
vinylidene chloride shows very complicated 
quadrupole hyperfine structures which have 
been generally observed as unresolved broad 
lines. Therefore, rather large errors in fre- 
quencies are estimated as -++1.5 Mc/sec for 
very weak lines (WW), +1Mc/sec for weak 
lines (W), and +0.5 Mc/sec for stronger lines. 


§3. Analysis of the Observed Spectrum 


Vinylidene chloride is a planar asymmetric 
top molecule, principal axes of which are 
shown in Fig. 1. The dipole moment (~1.3 
D®) lies along 6 axis. 


ci) fa 
es 
C Ca SERS 
Cl H 


iDyKea 1 


The rigid rotor model can be used in a good 
approximation for this molecule. The rota- 
tional energy was calculated by the method of 
King, Hainer, and Cross using the Table of 
Turner, Hicks, and Reitwiener!, and the 
Table of Erlandsson™. First, the molecular 
structure by Brockway and others was assu- 
med in calculating frequencies. Comparing 
the calculated frequencies with the experimen- 
tal data, the @-branch lines could be assigned 
easily, and more accurate values of asymmetry 
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parameter, «={2B—(A+C)}/(A—O), as well as 
(A—C)/2, was determined. Secondly, using a 
relation 1/C=1/A+1/B, (A+©)/2 could be esti- 
mated, so that the R-branch lines were 
assigned definitely. The assignments of lines 
with their calculated frequencies are shown in 
Table I both for Cl,°C,H, and OROIECS sab 
while the lines of Cl,3’C,H, were so weak that 
they could not be assigned. Table III gives 


Table III. Rotational Constants of 
Vinylidene Chloride 


CI35C125C,H, C135C15"C,H, 

A+C 
=, (Mo) 4902.9 4857 .6 
Aa C 

5 (Mc) 2563.9 2566.2 

A — 0.58178 —0.59948 
A (Mc) 7466.8 7423.8 
B (Mc) 3411.3 3319.2 
C (Mc) 2339.0 2291.4 
Tq (amu. A) 67 .697 68.088 
7, (amu. A) 148.18 152.29 
i (amm.A) 216.11 220 .60 
4 (amu.A) 0.23 0222 


the rotational constants used in the calculation. 
The assignments of some @-branch lines have 
been confirmed by their characteristic triplet 
patterns of their quadrupole hyperfine struc- 
tures. The Stark effect study was also used 
to check the assignment of low J R-branch 
lines. 

Calculated frequencies contain errors due to 
‘the centrifugal distorsion which are smaller 
than 1 Mc/sec even for J=10. Since the ro- 
tational constants in a vibrational state 2,---, 
Vin are expressed as 


A(v1,+++, Vi2)= Ae+ 2 a(nts) 
1 


By,-++, Ve) =Bet > Bs (+5 ) 


C(v1,+++, Un)=Co+ py Yi (x+) ; 
the equilibrium rotational constants, Ae, Be, 
and C., can not be obtained, unless thirty six 
vibrational coupling constants, a:, fi, and 7: 
are determined. Many vibrationally excited 
lines have been found for each rotational 
transition, but the complete analysis could not 
be done. Therefore, the calculated rotational 
constants in Table III include the error due 
to the zero-point vibration, the order of which 
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can also be estimated from the quantum de- 
fect 4=I,—(In+I,). The magnitude of quan- 
tum defect of vinylidene chloride is compared 


with those of related molecules as shown in 
Table IV. 


§4. Molecular Structure 


Five parameters are necessary in describing 
the molecular structure of vinylidene chloride. 
Two of them, don and ACICC can be cal- 
culated from the rotational constants A and 
B of (Cl®*),C.H2, assuming doc, dog and ZH CC. 
The rotational constants of Cl3°Cl?7C,H, could 
also be used to determine the molecular para- 
meters, but, actually, they give no further 
knowledge on account of the error due to zero- 
point vibration. 

Because doy and ZHCC would not be very 
different from those of ethylene values, and 
also because of the lightness of the hydrogen 
atom, it is safe to assume them equall to the 
ethylene values. The CC bond length of the 
ethylene molecule was determined to be 1.353 
A from the infrared spectroscopic method by 
Gallaway and Barker™, while that of tetra- 
chloroethylene was obtained to be 1.30 A from 
the electron diffraction method by Karle and 
Karle®. In any case, the values of doo=1.38 A 
assumed by Brockway and others appeared to 
be too large*. We have assumed the C C 
bond length of vinylidene chloride to be 1.32 A, 
and obtain the CCl bond length of 1.727A+ 
0.01A and the CIC C bond angle of 123°10’+ 
1°30’, which are compared with the values of 
tetrachloroethylene, doq=1.72 A and ZCICC 
=123°. The probable errors of these values 
correspond to the change of assumed C C bond 
length by +0.02 A. 


§5. Quadrupole Coupling Constants 


The quadrupole hyperfine structure of viny- 
lidene chloride is very much complicated, since 
two chlorine atoms are in one molecule. The 
theory for this case was worked out by Ro- 
binson and Cornwell. The perturbation 
energy described by the quantum numbers J 
and /, and a pseudoquantum number « is 
written by 


Ezyp=Xt hese , (ae) 


- ieoealso. noticed that the C C bond length of 
1.38A is nearly equal to that in benzene (1.39A), 


in which one must assume about 50 percent single 
bond structure in C C bond. 
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and Z is the axis along the direction of J. 
The values of 4-;r were given in a table™. 
The coupling scheme is chiefly written by 


EtAkh=r, WJ=F @2)) 
while a little contribution from another scheme, 
ThtJ=F,, Lt+khi=F, (Gi) 


have to be taken into account. 4% and J2 are 
the nuclear spin angular momentum vectors 
of two chlorine nucleus. The pseudo-quantum 
number, ¢=0, 1, 2,3, becomes equal to J when 
J becomes large. With the selection rules, 
4F=0,-+1 and 4e=0, each rotational line 
splits into many hyperfine component lines. 

Since the total wave function of vinylidene 
chloride is symmetric with respect to 180° 
rotation about the two-fold symmetry axis, 
b, a symmetric rotational wave function must 
be paired with a symmetric total spin func- 
tion. The total spin function is composed 
of the spin function of chlorine nucleus and 
that of hydrogen nucleus; an odd e line cor- 
responds to a symmetric spin function of 
chlorine nucleus, whereas an even e line cor- 
cesponds to the antisymmetric chlorine spin 
function. Therefore, if the rotational wave 
function is symmetric, the statistical weight 
due to proton spin is 3 for e=3 and 1, and 
1 for e=0 and 2; the relation is revered for 
an antisymmetric rotational level. The lines 
corresponding to the transitions, 4F=-+1 are 
negligibly weak and only the 4F=0 lines 
should be considered. The relative intensity 
of each 4/'=0 line is approximately given by 

(2F+ py iPPT DIG) 4 JStDP 

ECE ET) 


X Lr (4) 
§ra=3 when e=3, 1 for a symmetric rota- 
tional level. 
when e=0, 2 for an antisymmetric 
rotational level. 
gra=1 for other lines. 


For a @-branch line, these component lines 
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can be grouped into three, being observed as 


a triplet. The separation can be calculated 
from equation (1) taking the weighted means of 
unresolved components. 


| 
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These quadrupole tri- 


plets have been measured for 945-936, 1037 | 


10.8, and 1349<-1323, lines. A typical Stark effect 
pattern of the triplet line is shown in Fig. 2. 


vy (Mc) 
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21492 
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Fig. 2. Stark pattern of 1037<—10.3 line, showing 
quadrupole triplet. 


From the observed separations of these tri- 
plet lines, the quadrupole coupling coefficient, 
eq® (direction of C Cl bond), has been 
determined to be —78.7+1.0 Mc/sec and the 
asymmetry parameter to be 


je Seedy 29198001 for CR. 


zd 


Discussion 


86. 
The C Cl bond length and quadrupole coup- 
ling constant for various carbon-chlorine com- 
pounds are listed in Table V. It is noted that 
the bond length decreases systematically and 
the quadrupole coupling constant increases, as 
the s character of carbon bonding orbital 
increases. Following effects will be considered 
in addition to the change of s character of 
carbon orbital: 
1) ionic structure with Cl-, 
2) double-bond character with Clt, 
and 3) other effects concerning the charge 
distribution around the chlorine nu- 
cleus, such as_ hybridization of 5 
character in the chlorine bonding 
orbitals. 


Taking account these effects, the quadrupole 


| 
| 
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coupling constant along the bond direction 
can approximately be written as!) 


eqQ ~ | (145) d-i-#)-(5—s)a +28 | 


X €Gsi0® , CS) 


where s, z, and k& are the importance of s 
character in the chlorine bonding orbital, of 
ionic structure, and of double-bond character, 
respectively. & is a correction factor for the 
change in screening caused by positive ioniza- 
ton of chlorine atom, and it was estimated to 
be 0.154. In this expression, the double- 
bond character with Cl* atom is assumed to 
be a pe bond of the same hybridized one as 
the single bond plus a pure fz bond perpendi- 
cular to the bond direction. 

In such an asymmetric planar molecule as 
vinylidene chloride, we can take the pz bond 
perpendicular to the molecular plane or in the 
x» direction. Then the double bond import- 
ance, k, is given by”, 

2 ”) 

~ 3 109.6(1+€) ’ (8) 
where 0 (Mc)=e@y.Q—equiQ= —yeqa@. The 
importance of double-bond character has been 
calculated to be 5% for vinylidene chloride 
from the observed values. This value is com- 
pared with the double-bond character of 6% 
for vinyl chloride determined by Goldstein”. 
He pointed out too, that these values appeared 
to be considerably smaller than the value of 
18% estimated from the bond length of 1.69 
A by Pauling and others”. However, if we 
take the C Cl bond length of 1.72~1.73 A 
‘See also Appendix for vinyl chloride), the 
‘mportance of double-bond character is now 
salculated to be 5~8% using Pauling’s method. 
The consideration on the dipole moment also 
mparted the importance of about 7%". 

On the other hand, the importance of ionic 
structure, z, is not uniquely determined from 
the observed quadrupole coupling constant 
until the bond hybridization is determined. It 
seems unfavourable, however, to Suppose as 
Juchesne® that the change of s character 
would play considerable role in the carbon- 
‘hlorine bonds. We can rather assume that 
he hybridization of chlorine atom is constant 
‘or C Cl bonds in various molecules, and to be 
5% for ps bond and 0% for fz bond. 
3ased upon this assumption, we have obtained 
the ionic character from the observed equQ 
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to be about 15% for vinylidene chloride and 
vinyl chloride. 

Accordingly, the importance of double-bond 
character and ionic structure for various car- 
bon-chlorine compounds are shown in Table 
VI. In this table, the double-bond character 
and the ionic structure were determined in 
order to give the observed quadrupole coupling 
constant when the s character of 15% was 
assumed for p, bonds. As is known, the 
double-bond character of 17% for Cl C N and 
Cl C C H is rather small to explain the shor- 
teness of their C Cl bond length, whereas it 
is too large to explain the C N or C C bond 
length of these molecules. This interal in- 
consistency needs further discussion on the 
nature of C Cl bond. 


Table IV. Quantum Defects 


Molecule 5 


4(amu.A) 

CoH2F 0.143 
C,H,Ci=F 0.191 
C.H.C137F 0.190 
CyH,C135C135 R23 

C.H2C135C]37 0.22 

C C135C135O 0.251 
C Cl135C1370 0.252 
C H,O 0.057 


the above values were taken from reference 1). 


Table V. CCl bond length and quadrupole 
coupling constant of various carbon- 
chlorine compounds. 


Hy bridiza- 
tion of deo eqQ (C15) 
Molecule carbon (A) (Mc) (C135) 
C H3Cl* Sp3 1.781 — 74.74 -— 
C.H;Cl* 8p3 (1.78) —69.1 0.46 
C2H;Cl SPs Ze —77.8 0.20 
CoH2Cly SDo Lei —78.7 Opl2 
C.Cly Spo ste — -- 
C.HCI* sp yey -—79.7 ~~ 
rela sp 1.629 — 83.2 — 
* See reference 1) 
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Appendix: ‘The Structure of Vinyl 
Chloride 
The microwave spectrum of vinyl chloride 
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was studied by Goldstein and Bragg. Gold- 
stein? calculated the bond angle, “Cl C C, 
to be about 123° on the assumption of Brock- 
way’s value; 

dcc=1.38 A, dcci=1.69 A, dcuo=1.08 A and 
PAC Cr = 1207" 

We have, however, reexamined the struc- 
ture on our assumption of dcc=1.340.02 A, 
and the results are dcc)=1.724+-0.015 A and 
VAG GeO =120°3' 2230. “efhis.valie of*GrG) 
bond length also agrees with the C Cl bond 
length of vinylidene chloride and that of 
tetrachloroethylene. The assumed bond length 
dcc of 1.34 A has been chosen by interpola- 
ting the values of those in ethylene, vinylidene 
chloride, and tetrachloroethylene. 


Table VI. Double-bond character and ionic 
structure of various carbon-chlorine 
compounds. 


Importance of double- 


Importance of ionic 
Molecule bond character (%) 


structure (%) 


C H3Ci* 0 20 
C2H3Cl 7 16 
C2H2Cl, 5 15 
C,H Cl* 18 0 
C Cl N* 17 0 


* See reference 1) 


The quadrupole coupling constant along the 
bond direction, eq. Q(Cl*°), and the asymmetry 
parameter, 7, have also been calculated to be 
—77.8 Mc and 0.20, respectively. These 
values give the importance of double-bond 
character of 7% and that of ionic structure 
of 16% as shown in Table VI. 


1) 


2) 


3) 
4) 


11) 
12) 


18) 


19) 
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Line Width of the Pure Quadrupole Resonance 
of Bromine in NaBrO, 
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Using a regenerative spectrometer the line widths of the two bromine 
isotopes in NaBrOz; were measured at melting ice and liquid oxygen 


temperatures. 


The full width at half-maximum intensity of Br” is 3.85 
+0.1ke and that of Br®! is 4.09-+1 kc. 


No observable dependence of the 


line width on temperature was found. From the ratio of the line widths 
it is concluded that the main cause of the line width in NaBrO; is the 
magnetic dipole interaction, and the contribution from the relaxation is 


of the order of 0.1 ke. 


§1. 

The pure quadrupole resonance of bromine 
in solid state has been investigated for a good 
many compounds by many workers. The po- 
sitions of the resonance lines and the problems 
relating to the positions are their main con- 
cerns, the origin of the line width, however, 
is also an interesting problem. The possible 
causes of the line broadening are spin-lattice 
relaxation, magnetic dipole interaction, and 
field fluctuation due to the crystal strain. The 
electron-coupled spin-spin interaction found by 
Kojima and Tsukada” in iodine crystals will be 
important provided that the atom bonded cova- 
lently to bromine has a nuclear magnetic mo- 
ment. However, this condition is met only 
in a few compounds such as Bry. Therefore, 
in most compounds the above three are the 
possible causes. Their contributions to the 
observed line width are, however, not yet 
fully understood. Fortunately, since the two 
equally abundant bromine isotopes Br’ and 
Br®! have the same spin number 3/2 and the 
isotope with the larger magnetic moment has 
the smaller quadrupole moment, comparison 
of the widths of the two isotopes in one and 
the same chemical compound should give much 
information about this problem. From this 
point of view, measurements of the line width 
were made on the bromine isotopes in NaBrO; 
at melting ice and liquid oxygen temperature. 

NaBrO, gives the sharpest resonance of all 
the bromine compounds. The resonant frequ- 
ency of Br™ is about 180 Mc at 0°C, and that 
of Br®t is 150Mc”. The ratio of the quadru- 
pole couping constant of Br’® to that Olu ies 
is 1.2. By the way, the magnetic moment 
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of Br? and Bris 2/1058 and 222296 “nuclear 
magnetons respectively; the ratio between 
them is 0.928. 

A brief report of a regenerative spectro- 
meter and the result of measurement made 
on one sample has already been reported”. 
In this article are given the details of the 
experimental method and the results of later 
measurements made on several samples with 
more precision. A conclusion different from 
the previous one was drawn from the results 
of later measurements. 


Regenerative Spectrometer and Experi- 
mental Procedure 

The resonant frequency of bromine is in 
the range of 140-350 Mc, and for the detection 
of the resonance super-regenerative spectro- 
meters with Lecher’s lines are usually used 


§ 2. 


+50-150V 


TO PRE-AMP. 


Fig. 1. Regenerative spectrometer. Vhen a qu- 
enching voltage is applied to the top of the 
choke, this can be used as a super-regenerative 


one. 
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because of their simplicity and high sensiti- 
vity®. However, super-regenerative scheme 
seems not to be suitable for the study of line 
shape and line width, because the line shape 
depends upon the amplitude and frequency of 
the quenching voltage. Therefore, in order 
to get reliable results, it is necessary to use 
a regenerative spectrometer. The circuit 
shown in Fig. 1 has proved to be usable for 
this purpose. 


Fig. 2. Oscilloscope trace of the pure quadrupole 
resonance of Br®! in NaBrO3 at melting ice tem- 
perature, 


It is similar to the one used by Dehmelt” 
as a super-regenerative spectrometer, but with 
an important alteration that a choke is used 
in place of the cathode resistance. This choke 
is characteristic of the circuit and has the 
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role of preventing the self-quenching oscilla- 
tion. The detection principle is obvious and 
needs no account. Fig. 2 shows the absorp- 
tion line of Br®! at melting ice temperature 
displayed on a cathode ray oscilloscope. From 
the oscilloscope trace, rough measurement of 
the line width is possible, but very precise 
one is impossible. 

Accordingly, the derivative of the absorption 
line was recorded by means of conventional 
narrow-band and_ phase-sensitive detection 
technique, the spectrometer being frequency 
modulated at 210 cps. 

Fig. 3 shows the schematical side view of 
the spectrometer and the block diagram of 
the whole measuring system. The frequency 
modulator is a metal foil attached to a 63’ 
dynamic speaker and placed near the plate 
Lecher’s lines as shown in Fig. 3. The fre- 
quency sweeper is another metal foil placed 
also near the plate Lecher’s lines and rotated 
slowly with a clock motor suitably reduced. 
The level of oscillation was kept sufficiently 
weak, though there seemed to be no tendency 
for the line to saturate. The spurious 210 cps 
voltage due to the frequency modulation was 
cancelled by applying a suitable voltage to 
the suppressor grid of the pre-amplifier from 
the 210 cps oscillator. 

As is well known, in order to obtain the 
faithful derivative of the line, the modulation 
amplitude must be sufficiently small with res- 
pect to hte line width. However, the signal- 
to-noise ratio decreases with the amplitude. 
As a compromise between these two conside- 
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The schematical side view of the spectrometer and the block diagram of the whole 
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rations, amplitudes used were about one-tenth 
of the line width. When they were of this 
order of magnitude, there was no effect of 
modulation on the line width. They were 
measured by the following way. 

The electromagnetic wave from the spectro- 
meter was received with a heterodyne fre- 
quency meter, whose dial was fixed at a sui- 
table position. Then the mean frequency of 
the spectrometer was swept slowly. The 
beat-output produced between the spectrometer 
and the frequency meter was amplified with 
a tuned 2kc amplifier and rectified with a 
diod. The rectified output was recorded with 
the recording meter. 


ce AG eae BES aes 
Sy Say a Ge ; 
- } - 


(b) Modulation amplitude=0.5 ke 
Fig. 4. Records of the 2 kc beat. 


the records of the 2kc beat. From these re- 
cords the modulation amplitude and also the 
sweep rate of the mean frequency were able 
to be measured easily. The sweep rates used 
were 0.2-0.3kc per second, and the times 
required to sweep over the absorption lines 
were 1-2minutes. The time constant of the 
phase-sensitive detector and the associated 
circuit was 0.25-0.5 sec. 

Since the resonant frequency has a tem- 
perature coefficient of the order of 100 parts 
per million per degree C””, even a tempera- 


In Fig. 4 are shown 
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ture inhomogeneity of the order of 0.01°C 
in the sample may cause a considerable broa- 
dening of the line width. Therefore, for pre- 
cise measurement of the line width, it is es- 
sential to keep the sample at a constant tem- 
perature. Accordingly, the sample was im- 
mersed in a fluid paraffin whose temperature 
was kept at 0°C by means of melting ice as 
shown in Fig. 3. For the observations at 
liquid oxygen temperature the sample was 
immersed directly in a liquid oxygen. In this 
case the sample coil and the plate Lecher’s 
lines were connected through condencers in 
order to prevent heat conduction. 

The terrestrial magnetic field also gives rise 
to a broadening of the line width®. There- 
fore, its horizontal and vertical components 
were concelled separately by two small per- 
manent magnets placed about 35cm apart 
from the sample. 

The samples used were assemblages of 
small crystal grains prepared by means of 
recrystallization from aqueous solutions of 
NaBrO; which was purified by repeated re- 
crystallizations. The sample No. 1 was re- 
crystallized with slowest rate, each grain of 
which is transparent and about 10mm? in 
volume. No. 3 was rather rapidly recrystal- 
lized and may well be said to be a powder. 
No. 2 is intermediate between No. 1 and No. 
3 with respect to both the speed of recrystal- 
lization and the size of the grain. 


ea 


The results of measurements are tabulated 
in Table I. The experimental derivative of 
Br®! and its integration are also shown for 
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Table I. Width at half-maximum intensity (kc). 
Sample Br? Bret 
No. 1 3.85+0.1 4.09+0.1 
No. 2 4.80+0.2 4.85+0.2 
No. 3 6.55+0.2 Osa 


No. 1 in Fig. 5.. The line shape is symmetric 
and has an intermediate character between a 
Lorentzian and a Gaussian shape, but it is 
rather close to the latter. Measurements at 
liquid oxygen temperature were made only 
on the sample No. 1. No measurable depend- 
ence of the line width on temperature was 
found. It is seen from the Table I that there 


52 Yoshitaka K6I 


is a considerable change of the line width 
with the samples, that is, the width and the 
ratio of the line width of Br’ to that of Br* 
increase with the speed of recrystallization. 
Since, however, this is obviously to be attri- 
butable to the crystal strain, only the result 
on the sample No. 1, which gave the shar- 
pest resonance and can be considered to be 
an assemblage of perfect crystal grain, will 
be discussed in the following. 


y 
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Fig. 5. Line shape of Br®! in NaBrO;. The up- 
per curve is the experimental derivative, and 
the lower is its integration. 


As mentioned already, the possible mecha- 
nisms of the line broadening are the follow- 
ing: quadrupole spin-lattice relaxation, mag- 
netic dipole interaction, and field fluctuation 
due to the crystal strain. If the first mecha- 
nism predominates, the ratio of the line widths 
for the isotopes Br’ and Br® will be equal to 
the ratio of the squares of their quadrupole 
coupling constants, i.e. 1.449. If the second 
predominates, it will be equal to the ratio of 
their magnetic moments, i.e. 0.928, and if 
the third predominates, the ratio of their qu- 
adrupole coupling constants, i.e. 1.2. Of the 
line widths due to these mechanisms, only 
that due to the relaxation will depend on 
and decrease with temperature®). As to the 
line shape, the first mechanism will give the 
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Lorentzian shape, and the second, if there 
are many interacting neighbours as in the 
case of bromine in NaBrO;, the Gaussian”. 
The line shape due to the strain would depend 
on its nature. 

Now the observed ratio is 0.94, a value 
which is almost equal to the ratio of the 
magnetic moments. Therefore, it can be con- 
cluded that the main cause of the line width 
of perfect NaBrQ; crystal is the magnetic di- 
pole interaction (between bromine nuclei them- 
selves and between bromine and sodium 
nuclei), and the contribution from the relaxa- 
tion to the line width is very small. This 
conclusion is in accordance with the facts 
that there was no observable dependence of 
the line width on temperature and that the 
line shape is rather close to the Gaussian. 
Abragam and Kambe™ have given formulas 
for the contribution from the dipolar broaden- 
ing to the second moment of the resonance 
line. Unfortunately, their formulas can not 
be adapted to the case of NaBrO;, because 
there are four different directions of the el- 
ectric field gradient in this substances, so 
that it is not possible at present to evaluate 
exactly the dipolar broadening. The observed 
values are, however, of the right order of 
magnitude as dipolar width. 

If it is assumed somewhat arbitrarily that 
the width due to the strain is negligible, and 
those due to the dipole interaction and the 
relaxation are additive, the last one can be 
estimated to be of the order of 0.1kc from 
the ratio of the line widths. Further, using 
the formula 4y=1/2z7,!», the relaxation time 
T, of Br®! can be estimated to be of the order 
of 0.001 sec from the width due to the relaxa- 
tion. Although the 7, of CP in .Nacloe 
which has the same crystal structure as 
NaBrO;, is known to be 0.4sec!, that of 
Br*! in NaBrO; is not yet measured. If the 
foregoing argument is extended to Cl®5, the 
latter is estimated to be 0.002sec, because 
the quadrupole coupling constant of Br® in 
NaBrOs is five times that of Cl3° in NaClOs. 
The value is in substantial argeement with 
the order of magnitude estimation from the 
ratio of the line widths. 
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The flux Jy reflected at specular angles 45°-45° from the surface of 
glossy paper and the assumed value of its diffuse component J, defined 
experimentally are measured with a goniophotometer. The ratio of Ip 
to I, is taken as a measure of gloss, and denoted by Gwr according to 
an earlier paper of E. Fukushima.” 

For a series of machine glazed papers differing considerably in colour, 
the values of Cyr are compared with the visual gradings of 36 Japanese 
observers, and a linear correlation of the logarithm of Gyr with the 
visual gloss is found with a correlation coefficient +0.986 except for 
two papers. The method of determining the value of J, is also introduc- 
ed and the voting distributions of the observers for the gloss of the 


papers are discussed. 


$1. Introduction 


If the illuminator and receptor axes of a 
goniophotometer are fixed with any given angle 
between them (this is kept 90° throughout 
the experiment), and the glossy surface of 
specimen is so rotated that its normal ap- 
proaches the receptor axis from the _ initial 
position of specular reflection, the reflected 
flux I generally decreases rapidly first and 
slowly then as the angle of rotation @ in- 
creases. For many papers, the slowly decreas- 
ing part of /-@ curve has been found to be 
expressed approximately by T, exp (—R0"), 


where the two constants /, and 8 depend 
on the sample and the other constant » on 
the optical geometry of goniophotometer. 
The value of is equal to 2 for the photo- 
meter? used here which has the geometry to 
measure the relative brightness. A_ typical 
form of J-@ curve obtained with this photo- 
meter is shown in Figs. 1 and 2. In Fig. 1 
I is plotted against @, and in Fig. 2 log/ 
against 62. From Fig. 2, J, can be estimated 
and is assumed to be the diffuse component 
of J, which is the value of Z at 0=0, the 
position of specular reflection. Thus the ratio 
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of Jy to I, may be supposed to be one kind 
of contrast gloss and is denoted by Gyr. This 
notation was originally adopted by E. Fuku- 
shima. In his photometer which had dif- 
ferent geometry, above constant # was 1, 
whereas in the present photometer of higher 
resolving power and a wider available range 
Oo oO, WIS 2 


Rap 


ao 
Ce 
30° 40° 


20° 
A typical Z-@ curve. 
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log I-6? curve corresponding to Fig. 1. 


The author has been supplied through Pro- 
fessor E. Fukushima with a series of samples 
of machine glazed papers differing considerably 
in colour which he had received from Dr. V. 
G. W. Harrison of Printing, Packaging and 
Allied Trades Research Association, Leather- 
head, Surrey, England. 

The object of the present work is to com- 
pare the value of Gy,» with the visual gloss 
for these papers. The colours of the papers 
evaluated by Harrison® are recorded in Table 
I. The papers may be divided into two groups 
with respect to the excitation purity. Six 
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papers A, B, D, E, L and M have the values 
smaller than 10%, and the others larger than 


30%. 


Table I. Colours of papers for C. I. E. Ilumi- 
nant A evaluated by Harison®). The values 
of chromatic coodinates are not quoted here. 


Dominant Excitation | Luminance 
Paper | wave-length purity factor 
(mp) (%) (%) 
A 490 0.4 63.0 
B 508 | 8.7 BY, 3} 
C 587 | 40.5 223 
D 603 4.1 46.7 
E 589 | 2.0 58.8 
F 588 | 49.1 SOR 
G 591 43.5 ESAS 
H 590 Bl ae SOR 
I 595 48.3 Ze 
K 589 AW) 2 30.0 
lig 499 | 12 LA 
M 430 Byat 1555 


§2. Experimental 


With the method described above the specu- 
larly reflected flux J) and its diffuse component 
I, for each paper were measured. Their values 
in terms of scale reading and the logarithms 
of Gwr=th/I, are shown in Table II. The 
samples were backed with black matt papers 
througout the whole experiments. 


Table II. The values of Jo, Zs and log Gyr. 


3 Vas logyGw Fr 
Paper of | Zp =logilo/ In 
A 40.0 vay) 0.426 
B 38.0 leat) 0.539 
Cc 52.0 oat 0.830 
D 40.2 12.0 0.524 
E 46.1 15.0 0.487 
F 36.0 8.6 0.622 
G AQ Z, ee, 0.834 
H S125 | OFS 0.526 
I 44.4 9.0 0.694 
K 47.5 10.2 0.668 
1 28.0 Uh ys. 0.767 
M 43.5 6.9 0,800 


| 


According to the records obtained in other 
experiments», the value of logGw,r for a 
craped kraft paper, extremely matt, was 0.055. 
It was also of the same order for non-glazed 
ceramic surfaces or plaster surfaces. And 
that of a high glossy red flint paper was 1.77. 
The present papers had the intermediate values 
of 0.43 to 0.83. 

In order to obtain the visual gradings for 
these papers, 36 Japanese observers were asked 
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to arrange the samples visually in ascending 
order of gloss. The assessment of individual 
observer was generally carried out under uni- 
form diffuse daylight through a winder facing 
south in a light room of. his laboratory or 
home. He was also asked to be so situated 
that he could catch the specularly reflected 
light from the sample under about 45°-45° 
conditions of illuminating and viewing on the 
average. 


Table III. Voting Distributions of 36 Japanese 
Observers. 

| Least 7 } 
Paper Glossy = Oleeey 

1j2|3 4}5|6|7|8/9|10/11/12 
A 24 6 3) 3 of of of a] of 1 
B | o 5 2 aed a4 al a al 1 o 
Cre) of 0} i) 1) 2 oo ol eee 7 
D | 2 7 4 10) 4 4 as2l .o 0 Oo 0 
Bs} 0 3 6 3} 2 4,11) Ao 3iafal o 
Fo | 2 4 4 5] 6 5 2 6 1/1] 0 0 
G }- oo} oa} a}-2 a) of 3h 7] 10 11 
H | 499421 3 2 1 0 1 0 
Emaie Tamaya aes) rs SZ ee) 1 a 
K | o 4 5 5 qalalg aoa o 2 
EL. | 2003} 5 4 4b 6 of 24 2 
M |.2).0 2) 04) 3/2 1) 2 8) 612 


The actual voting of all the observers is 
summarized in Table III, where the figures 
relate to the number of votes for each of the 
possible rankings from 1 to 12. The means 
(4) of these voting distributions are shown in 
the 2nd column of Table IV. But the forms 
of those distributions in Table III are not well 
defined. For some papers, particularly for 
papers E and K, they have two peaks neither 
of which can be ignored. This is supposed 
to be due to the systematic difference in the 
rankings given by the two groups into which 
the observers are divided. 

The first group consists of 18 observers who 
had not so far participated in any similar test, 
and the second consists of the other 18 ob- 
servers who had the experience several times 
in the past. The former group is denoted by 
Group I, and the second by Group H. The 
means of the voting distributions of each 
group are shown in the 3rd and 4th columns 


of Table IV. . 
For two papers B and E, the means given 
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Table IV. Means » of voting distributions. 


| fi) gh La All Observers 
Paper obsery- pee Group l 
fopeectom Il | ‘Reduced 
| | value 
A 2.3 2a 1.5 Aa Ry lel) 
B Gide at nt 5ideVevese. 1 1 ase 
Ce i Ooh 9: 0 9.9 Bal el os8 
Diy ates 4.9 3.4 3.6 |. 42 
E 5.9 | eal AMG exc. | — 
F es RO 5.3 4.4 5.2 
G £0.27 "-986 10.8 | pe Seaeual toe 
HOA (SSM oS a A SeH\B 40) 2386 
I Talie |! y5-9 SeBebleS 8 lie oeo 
K 6.2 5.4 Des (l(a aise 6.3 
La 7.6 | 6.8 cy en 7.4 
Me | 96) 1071 Dito 77 9.3 


by Group I are considerably higher than the 
means given by Group II. Similar differences 
can also be found for papers A, D and M 
though they are not appreciably large. The 
values of excitation purity for these five papers 
are all smaller than the other papers except 
a black paper L, as shown in Table I. Thus 
it seems that many observers in Group I 
evaluate the gloss of so-called “more white” 
papers higher than those in Group II. The 
similar ambiguous effect of colour in relation 
to whether the observer is experienced or not 
has been found too in another experiment” 
where a different series of papers were graded. 
But this will be a subject of further study. 

It is only indicated here that the exclusion 
of two papers B and E from the rankings of 
every observer was found to give fairly normal 
or moderate skew distributions for the rest of 
the papers. The means of those distributions 
are shown in the 5th column of Table IV. 
If the values of the means of the least and 
most glossy papers A and G are raised to those 
in the 2nd column and re-arrange the scale 
accordingly, it enables the relative positions 
of the other eight papers to be compared with 
those given by the means in the 2nd column. 
The reduced values for the means in the Sth 
column to this scale are easily calculated by 
the expression 


ea p= 21K10.2—2:3)/(8,4—21) 


where sz represents the original value of the 
means for any paper. The results are shown 
in the last column of Table IV. Each of these 
values is almost equal to the corresponding 
one in the 2nd column. It may be then con- 
cluded that, the irregular forms of distributions 
in Table III originate mainly from the dis- 
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agreement of the two groups for the gloss of 
papers B and E. Though the means for these 
two papers are not acceptable, the means for 
the other papers can be taken as the gloss 
value judged by all the observers, in spite of 
such indeterminate forms of distributions. 

In Fig. 3 the values of log Gyr in Table I 
are plotted against the means of the voting 
distributions of all the observers in the 2nd 
column of Table IV. Except the doubtful 
points for papers B and E, all the points lie 
close to a straight line and the correlation 
coefficient is +0.986. 


09 
08 


O37 


0,6 


0.5 


0.4 


Fig. 3. 


Correlation between log Gyr & p. 
observers) 


(all 


| fo} 5 C 9 II 
Fig. 4. Correlation between log Gy» & pu (Group I), 


The result of plotting the values of log Gyr 
against the means given by Group I is shown 
in Fig. 4. The points for five papers—H, F, 
K, I and L—lie almost on a straight line and 
the points for parers B and E deviate far from 
this line to the higher end of the scale. If 
these two papers are properly down-graded, 
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points for them will be placed more to the 
left and this will shift the above five points 
to the right. Thus the correlation will become 
linear. This is nearly the case in Fig. 5, 
where the values of log Gy» are shown against 
the means given by Group II. In this case, 
the correlation coefficient is +0.971 without 
exception. 


Fig. 5. Correlation between log Gy y & » (Group II). 


$3. Discussions of Disagreement with Other 
Visual Gradings 


For the papers given above the visual grad- 
ings of 476 Swedish observers have been ob- 
tained by Steenberg® and many series of 
gradings of British observers under various 
viewing conditions by Harrison». No good 
correlation of Gy» with any of these series 
of gradings could be found. This means that 
there is a considerable disagreedent between 
Swedish or British and Japanese observers. 
It may be due partly to the somewhat dif- 
ferent viewing conditions and partly to the 
small alterations of surface or colour under- 
gone by the samples. It must be also taken 
into account that the same samples have not 
been used for grading by all the groups of ob- 
servers. The viewing conditions of Japanese 
observers are more or less similar to those of 
five British observers where the samples are 
illuminated at 45° with a uniformly diffused 
light through an opaque rectangular frame. 
Table V shows the rankings nearest the judge- 
ments of these five observers on the 2nd row 
and those nearest the values of logGyy on 
the 3rd row. Except for the pale green paper 
B which might have faded appreciably, the 
difference between rankings for each paper is 
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not so large. 


If the rank for B on the 3rd row is raised 
from 5 to 8, the differences will become 1 or 
less except 1.5 for one paper H. The result- 
ting rankings are shown on the 4th row of 
this table. The remaining minor differences 
will probably be attributed to the various 
factors mentioned above. In any case, it is 

likely that the illuminating and viewing con- 
ditions are the most important factors. 


Table V. Rankings nearest the judgements of 5 
British observers and the values of log Gyr. 


| AIRS Gar DEF GRE Iniion 


5 British | 


Dsciters |i) SP eihmede S516: 2 2m err gyrgg 
; log Gyr ola Se Ore 12 48 °7 90 
| log Gwr , 
| (modifiea)| 1 8 1H 342 5 12 347 6 910 


~§4. Conclusions 


The value of log Gy» may be supposed to 
be the diffuse component, expressed in loga- 
rithmic scale, of the reflected flux J) at given 
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specular angles, since 
log Gyr=log hh/L, 
=log )—log I, 
where J, is the diffuse component of J. 
For an extremely matt surface such as men- 
tioned §5, this value becomes approximately 
zero. Accordingly, the experimental results, 
though accompanied by a few doubtful ex- 
ceptions, suggest that this value is practically 
proportional to the visual gloss estimated under 
the viewing conditions similar to that of the 
photometer with which Gyr is measured. But 
no claim is made to finalty. 


The author’s sincere thanks are due to Pro- 
fessor E. Fukushima for his advice and also 
to Dr. V. G. W. Harrison for his valuable 
suggestion as told to Prof. Fukushima. 
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In this paper two-dimensional compressible flow past an arbitrary 
aerofoil in unlimited fluid or past a straight lattice of aerofoils is con- 
sidered on the basis of the M?-expansion method, which consists in 
expanding various quantities in powers of M?, M being the Mach number. 

The general expressions for the velocity components at any point in 
the field of flow are obtained, which are correct to M‘ for an isolated 
aerofoil and to M? for a wing lattice respectively. In particular, the 
formulae giving the velocity distribution on the surface of the aerofoil 
are of such a simple form that the numerical calculation for any arbitrary 
aerofoil or lattice of aerofoils is no longer a prohibitive work as generally 
believed, 

As an interesting special case, the flow past a symmetrical aerofoil 
placed symmetrically in a channel is also considered, which was previ- 
ously dealt with by Goldstein and Lighthill by means of a different 


method. 


$1. Introduction 


For the calculation of subsonic flow of a 
compressible fluid past an arbitrarily given 
aerofoil there are at present two methods of 
successive approximation, that is, the M7?-ex- 
pansion method and the thin-wing-expansion 
method. As is well known, the former is 
preferable to the latter for moderately thick 
profiles. 

After Janzen and Rayleigh’s original work, 
a number of variants of their method have 
been put forward. The most famous among 
them is perhaps the method of Poggi!®>1!), 
which has been employed successfully by 
Kaplan'»»™, Tomotika and Tamada2) and 
Tomotika and Umemoto” for the investigation 
of flow past elliptic cylinders and Joukowski 
aerofoils. Also, Kaplan! and Tomotika and 
Tamada (unpublished) have used the theory of 
residues to improve on the Poggi method. 

On the other hand, the present author has 
simplified the original method of Janzen and 
Rayleigh by the use of complex variables#»” 
and later by introducing complex velocity 
potential just as in the theory of incompres- 
sible flow, developing a systematic procedure 
of successive approximation”, Further, on 
the basis of this procedure the author” has 


* On leave of absence from the University of 


Tokyo. 
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obtained general formulae which enable us to 
calculate the velocity distribution on the sur- 
face of any arbitrary aerofoil exact to M‘, M 
being the Mach number. As examples of ap- 
plication of the method, a circular cylinder 
with arbitrary circulation and a circular arc 
aerofoil set parallel to the uniform flow have 
been dealt with correctly to M'%, Flow past 
an elliptic cylinder with its major axis paral- 
lel to the undisturbed flow was also dealt with 
to the order M? by the author®, and later to 
M* by Kawaguti' with the aid of the for- 
mulae. Also, in order to test the practicability 
of the method, purely numerical calculations 
have been carried out for flow past elliptic 
cylinders and Joukowski aerofoils by the author 
with the cooperation of Kawata! and Sindi 
(unpublished) respectively. 

Similar treatment based on the use of com- 
plex variables has been independently made 
by Goldstein and Lighthill®; their analysis is 
more general than ours in one respect that it 
covers the case of a solid body symmetrically 
placed in a channel as well as a single body 
in unlimited fluid, but it is confined to the 
first approximation (i.e. correct to M2) only. 
Moreover, their final formulae are apparently 
more complicated than ours. In fact, as yet 
no effort seems to have been made to carry 
out numerical calculation based on their method. 
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Part I of the present paper is concerned 
vith the refinement of the author’s previous 
‘ormulae concerning the velocity distribution 
m the surface of any arbitrary aerofoil, such 
hat the number of necessary numerical inte- 
3ration involved is reduced. Moreover the 
‘ormulae for the calculation of velocity com- 
donents at any point in the field of flow will 
Je explicitly given in this paper, while the 
orocedure to be taken for such a purpose has 
already been given implicitly in the previous 
paper®. 

In part II is considered the compressible 
flow past an arbitrary straight lattice of aero- 
foils, and various formulae, exact to M2, analo- 
gous to those for an isolated aerofoil are 
derived. The case of a symmetrical body 
symmetrically placed in a channel, which has 
been treated by Goldstein and Lighthill?, is 
included as a special case. Our formulae 
obtained in this paper are apparently much 
simpler than their formulae. As an example, 
the case of a nearly circular cylinder placed 
in a channel is briefly considered, which was 
previously dealt with by Hasimoto*. 

It may be mentioned that Takami!®»™ has 
recently successfully applied our formulae to 
two special cases of much theoretical interest: 
one is that of a special profile for which 
Cherry” calculated the exact velocity distri- 
bution on the basis of the hodograph method, 
and the other is that of a family of aerofoils 
for which Tomotika and Tamada?” have ob- 
tained exact solution of continuous transonic 
flow on the assumption of a hypothetical but 
very realistic pressure-density relation. Thus 
we may say that owing to our formulae the 
labour required to obtain the velocity distri- 
bution over any arbitrary aerofoil correct to 
Mt‘ is no longer prohibitive, contrary to the 
general opinion. 

Finally, it may be of interest to remark 
that the results of calculation by the M?’- 
expansion method can be utilized as a basis 
for further powerful approximation. Thus, 
the results which could be obtained by the 
thin-wing-expansion method, that is the method 
of successive approximation starting from 
Prandtl-Glauert’s linear theory, or by Meksyn’s 
new procedure for treating transonic flows! 
are also obtainable by appropriate interpreta- 
tion of the results of the /?-expansion method. 
These points will be reported elsewhere. 
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Consider the steady two-dimensional irrota- 
tional flow of a compressible fluid in the (2, ¥) 
plane. Then the velocity potential ® and the 
stream function ¥ can be defined by the equa- 
tions: 


Fundamental Equations 


_ 90  p. OW 


= aerial nn (2p) 
_ 9D _ _ px. OV ‘ 
Pin QgeeiiDiny Bane ee 


where (2, v) are the component velocities, op 
is the density at any point and p= is the 
density in the undisturbed stream. If we 
introduce the complex variables z, Zz and F 
defined by 


z=x-+ty , Z=x2—2y, (2.3) 
F=0+7¥ , (2.4) 

then (2.1) and (2.2) can be combined to give 
= 2 : (14 Pain), (2.5) 

OF 0\00 : 

=( 1— = 2.6 
0z ( *) 0z 20) 

For adiabatic flow, we have 

 axf ier (21) ci 2.7 
pe | 2 UW? if ? ( ) 


where q is the resultant fluid velocity, U and 
M are the velocity and Mach number of the 
undisturbed flow, and 7 is the ratio of specific 
heats. 

If we suppose / to be expanded in powers 
of M?, 


F=fh)4+ M?F,|+M'Fi+--:, (2.8) 
where 
Py=Oyn +7 y ry NE Me Z, ears (2.9) 
and write 
@?=9e+ Mg? +Migqe+-++, (2.10) 
1 Mag Mids (2.11) 
Deo 
then 
L (qo? ) 
= = lle 
i Ge , | 
bs 1 qv ala: 1) (Zs) 
OT ie 8 NL | 
Deel 00, 0Dw 09, OD y—-1 es 00x aa) 
a=4(%, az 02 02 dz Oz)’ 
Niet OPO as) 
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Substituting these in (2.6), comparing terms 
of the same powers of M?, and integrating, 


we find 
v= (Gane) : (2.14) 
 ((, 00n-1 , , ODx-2 1 008) 
vi v= \(on ge + 2 ee EDO The & 
+Gy(Z) , (2.15) 


where Gy(z) are arbitrary analytic functions 
of z, which should be determined by appro- 
priate boundary conditions in each particular 
case. 

It is obvious that Fy is the complex velocity 
potential for incompressible flow. Starting 
from Fy we should be able to determine Py 
successively by means of (2.15) together with 
(QQ) randa(2513)) 

PART I. CompressisLE FLow PAST A SOLID 
Bopy 1n UNLIMITED FLuID 


$3. General Expressions for the Velocity 
at Any Point 
For a uniform flow past a solid body in 


unlimited fluid, the following conditions are 
to be satisfied: 


OF /0z is one-valued and continuous, (3.1) 
at infinity: z—-0o, OF/0z>Ue-*, (3.2) 
on the boundary, p= hin Js) (3.3) 


where a@ is the angle between the z-axis and 
the direction of the undisturbed flow. The 
conditions (3.1) and (8.2) are obvious from 
eqns. (2.5). 

As is well known the zeroth approximation, 
which corresponds to the incompressible flow, 
is given by 

Po=f (2) = Ae'C-MZ4 e-#C-MZ-1\ 4 ge log Z . 
(3.4) 
Here it is assumed that the profile in the z 
plane is conformally mapped on to a unit circle 
with its centre at the origin in the Z-plane 
by the transformation function 
a=aZ+oot ee? y Cap = Ae 5, MKD) 
Also, for simplicity, we have put U=1, and 
2rx is the circulation around the profile, which 
may be determined by Joukowski’s assump- 
tion. 

Now, starting from /)= f (zg) and substituting 
the expressions already obtained for Fy, Fo, +: 
successively in (2.15), we shall find 


Fy =Hy(a, 2)+9w(z) ? N=1, 2, oS Panty (3.6) 
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where Hy(z,2) is a known function of 2, 2 
such that 0Hy/0z satisfies the conditions im- 


posed on @Fy/0z given by (3.1) and (3.2). 


Therefore 
dgn _Agw dz a(Ge )S 
IZ Mas aZ 0z 0z J dZ 


is one-valued and continuous, and hence regu-) 
SO) 


lar, outside the unit circle in the Z-plane, 
that 
Jn=tky log Z+a?+aqOZ SIO 
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(3.7), 


We may conveniently absorb «yw» in the zeroth) 


approximation «, so that « in (3.4) becomes 
= kot Mn +M'n+ :- 


(3.8)) 


and then we may write (3.7) in a simpler form: 


In=Q +aMZ-1+a,%Z-2+ BO 


(3.9). 


The complementary function gw(Z) can be 
determined by the Poisson-Schwarz formula 


in the following way. 


: 


For simplicity, we shall drop the suffix N- 


in the following analysis. 


On the unit circle, | 


Z=e'®, which corresponds to the profile z=zp_ 


in the physical plane, let us write 


g(e®) = R(O@)+21(8) , (3.10) 
Heap, ze) =P(0)+1Q0) = He). (8.11) 
Then, from (2.9) and (3.6), 
O@)=PO@)+RO), ¥O0)=Q4)4+14). 
Gaz 


But the boundary condition (3.3) requires that 
¥=0. Hence 


1(0)=—Q0)=— 5, |H@)—HO 


where €=e'*. By the application of the Pois- 
son-Schwarz formula to the analytic function 
9(Z), we have 


(Z) =a) $. 


(3.13) 


17s “a 


2u 
1(0) oon 


il 
re 
= 1 _Be-1)) 4 
ani o MO- MEY) tconst, 


(3.14) 


where the path of integration C is the unit 
circle €=e'®. In many cases where the trans- 
formation function z=z2(Z) is given in an ex- 
plicit analytic form (e.g. elliptic cylinders and 
Joukowski aerofoils), the integral (3.14) may 
be conveniently evaluated by means of the 
theory of residues. It may be remarked that 


the constant term in (3.14) has no_ physical 
Significance and so can be safely neglected. 

Now that the complex velocity potential 
has been found, the velocity at any point can 
be easily obtained. Thus we have 


u= M? 4 a8 
My + Mu, + M2. + ‘ (3.15) 
V=U) + M?v, + M4v,+ ++ , 
where 
te—ivy=— (3.16) 
: OH, “OH, “1 
Un —tvy= 4- a Tix: 
iN —tVy OZ ete OZ Le, p,! w(€) 
se dt GN 
— A le=! Mes 
Cee a) GAD 


- According to the previous paper! the ex- 
plicit form of Ay in terms of f can be given 
as follows: 

a 
4 


7, = we 7A, (3.18) 
H, =" (wo—1)wB +4 w'B 
16 32 
ls Le? tgs) 2) 5 
+g {in in(2e!w 7B 
z ie be 
+ : wl |. fan ~ix(et*w—1)7-}o dz ] 


—? 


= Ceorieg 222. oh 


—THS GH, +A—w*C) (3.19) 
with 

rhe if Sali lar. (3.20 

A=/S +i log Z, (RWAl 

B= \wide+ Dine log Z , (3.22 

C= wide Bice log'Z.. (3.23 


Here asterisks as well as bars denote complex 
conjugate and dashes denote differentiation 


with respect to z. 


§4. Velocity Distribution on the Surface 
of a Cylinder of Any Shape 

The general expressions, correct to Mt’, for the 
complex velocity potential / and for the veloc- 
ity components w, v are given by (3.6), (3.14), 
and (3.17) together with (3.18) and.19): The 
author believes, however, that the true merit 
of these formulae should be found in the fact 
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that they enable us to calculate velocity distri- 
butions over any arbitrary profile whose trans- 
formation function to a unit circle cannot be 
given in an explicit analytic form. In fact, 
the previous papers®»*)-8)14) were exclusively 
concerned with the velocity distribution on 
the surface of the obstacle. 

It is well known that there exists a func- 
tional relation between the real and imaginary 
parts of an analytic function; thus in (8.10) 
we have 


RO) =I*(0)+Re (ap) . (4.1) 


Here /*(@) is the conjugate Fourier series as- 
sociated with J(@), so that if 


10) =ay+ by (an CoS N0+bn Sinn), (4.2) 


then 


T*(0)= oy (an sin nO—bn cosn0). (4.3) 


It is also known that the conjugate Fourier 
series can be expressed in an integral form: 


1 fs [1 +0)—I(9)] cot . dy . 


Dik 
(4.4) 
On account of (8.13) and (4.1), we can rewrite 
(3.10) and (3.12) as 
g(e*) =—[Q*(@)+2Q@)]+const, (4.5) 
0(0)=P(0)—Q*(0)-+ const , (4.6) 
where, by (8.11), P(@) and Q@) are given as 
the real and imaginary parts of the known 
function H(e’®). 
From (3.4), we have, on the profile, 


I*(0)=— 


f =9,(0)=22 cos O—a+0)—K0 . (4.7) 
Also we can write 
ORAUISEO (4.8) 


where ds is the line element along the profile 
and w is the angle which the line element 
makes with the z-axis. Substituting (4.7) and 
(4.8) into (3.20), (3.21), and (3.22) gives 


w=—qe"’, (4.9) 
A=24 cos (@—a+0) , (4.10) 
Bal gods +2400 . (4.1) 
where 


is the zeroth approximation to the velocity 
(incompressible fluid velocity). Inserting these 
in (3.18) and separating real and imaginary 
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parts, we obtain 


P= : gC cos a+S sin w) 
a R ‘ 
ae cos (@—a+90) , (4.13) 
Oh = --4s cosMw—Csin«) , (4.14) 
where 
C— \ar cos w ds+2r0 cos @ , (4.15) 
s=\¢ sinw ds+2«0 sina . (4.16) 


These are essentially the same as the results 
obtained in the previous paper®. 

Purely numerical calculations based on the 
above formulae were carried out for the cases 
of elliptic cylinders™ and symmetrical Joukow- 
ski aerofoils at zero angle of attack, obtaining 
quite satisfactory agreement with known ana- 
lytical results. 

Recently, however, it has been discovered 
that a modification of the formulae is possible 
that brings about a considerable reduction of 
numerical work. In the next sections such 
modified formulae suitable for the numerical 
calculation will be presented. 


§5. Simplified Formula for the Velocity 
Potential along the Profile to the Order 
M2 
The function H(e’*) defined in (3.1) can be 
expressed in the form 
PO)+iQ0) = He = S Cer, 


N=— co 


(5.1) 
Then, remembering (4.3) we have 


P(0)—Q*(0)=2Re > Cue" +-const . (5.2)* 


* It can be shown that 


Bs ‘ 1 H(Z) 
> G,er? = ——_ Pomhres Y, 
Aart ne Die a Zl A 


where the path of integration C is a simple closed 
curve lying in the regularity region of the analytic 
function H(Z) and enclosing the point Ze’, 
Hence, by (4.6) and (5.2), we have 
H(Z) 
oe Lee 
where H is given by (3.18) or (3.19). This formula 
is yery convenient for the analytical calculation of 
velocity potential when the profile is given by a 
simple transformation function (such as the Joukow- 
ski transformation) *)1), 


1 
O(6)=— Im UZ, 


(Vol. 12, 


Thus, in order to obtain the velocity potential 
on the profile, we have only to take positive 
power terms in the Laurent series of Af) 
where €=e'®, This is just the principle on 
which following modification of the expres- 
sions for the velocity potential is based. Thus 
we attempt to simplify the above obtained 
expressions for P; and Q; by adding to LEZ) 
some appropriate analytic function which is 
regular outside the profile and so is expressible 
as an ascending power series in 27}. 
By (8.4) and (3.5) we have 


w= af Oe a aK a o( | ? 
Zz a 


(5.3) 
dz 


and 
[wide =e-*i2-+ Bine-'* log Z+ const +O(7}) . 


(5.4) 


Consequently, on the profile, that is for Z=e’, 
(3.21) and (3.22) become 


A=e3¢ 2 OZ) (25) 
B=e-**z+ const + O(Z-!) . (5.6) 


Therefore we can express (3.18) in the form 


4H, =w(B—B)—(A—A)+wB—A 
= —2iw Im (B)+2z¢ Im (A) 
++ Ae- 4-8) (g-24% 1) Z 4 P(Z-}) , (5.7) 


where, and hereafter, P(z) denotes a certain 
power series in z. As mentioned above P(Z~-!) 
contributes nothing to @,(@), so that we can 
simply drop it for the calculation of @,(@). 
Thus substituting w, A, B from (4.9), (4.10) 
and (4.11) into (5.7) and separating real and 
imaginary parts, we get for the “ modified ” 
functions 


P(0)= -) gSsin +A sin asin (@—2a+6) , 
(5.8) 
Qim(0) = — 


I 
A gS cosa. (5.9) 


It will be seen that the formulae (5.8) and 
(5.9) are more convenient than those previously 
given (4.13) and (4.14). Indeed, we can dis- 
pense with the numerical evaluation of C de- 
fined by (4.15); this is of particular significance 
in view of the fact that S can in general be 
calculated more accurately than C since sin w 
is usually of very small magnitude for ordinary 
thin aerofoils. 


Further, (5.8) and (5.9) can be brought into 
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more symmetric forms in the following way. 
For the case of vanishing angle of attack, 


Pn(9)=— ; gsin a [<r sin ads , 
il +A. 
Qin(A) = — 9 200s » \q" sin ods . 


These can be immediately generalized to cover 
the case of non-vanishing angle of attack by 
means of a simple geometrical consideration: 


Pin(@)=— : q sin (#—a) \e sin (o—ajds , 
(5.10) 


Qim(9) = — ; q cos (w—a) Ja sin (o—a)ds . 
(Gamay) 


It will be interesting to note that the circu- 
lation constant « does not appear explicitly in 
these formulae; though, of course, it is in- 
volved in the expression for gq. 


§6. Simplified Formulae for the Velocity 
along the Profile to the Order M‘ 


Similar modification can be carried out for 
(0), the second order correction to the veloc- 
ity potential. Here, care must be taken of 
the fact that the circulation constant is usually 
determined by Joukowski’s assumption so that 
00/00=0 at the trailing edge, and hence « is 
in general expressed in the form 

kK=kKo+M%n44+Mitr.+---. 
Since, however, we have absorbed the total 
circulation in the zeroth approximation, qg as 
given by (4.12) and (4.7) really contains terms 
dependent on *, #2,-:-. Accordingly Pim and 
Qim given by (5.10) and (5.11) contribute a 
term involving «, to the second approximation. 

For the sake of brevity, only the final re- 
sults will be given here. The velocity along 
the surface of an arbitrary cylinder is given 


by 
@=QtM?qatM'qt:::, (al2) 
where 


0 
qo = {2A sin (0—a+ 0) +k} ee , 6.13) 


do 
gv ={—Pym (¢)+Qnm* (A) +t} ds 5) 


N=1, 2 (5.14) 

Pin =— : S do sin (w—@) A 
zi (5.15) 

Qin= ra : Sa cos (#—a@) Fi 


2 
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Pom + 7Qom 


=~ 1g (do? —Lque'r- (CaS) 


Pra -i(w-a@) d -i(w-a@) 
8 e ds (Qe \CS 


ig tM Or” +2Q) 
do Ss 


ds 


7 ete flow eagn sino e) 


+ ko 2qoe-*e-™) =F 1) 


—40)1'do Cos (w—a@) 
+ Koo” Sin 2(@—a)|d0 + ; P, 


(ee E gyre Pte) fan’ sin 2(@—a@)ds 


+ + (CBr +5Qrn) | 


-* Kye7to-@) {os 
+2a|a Si (oa) an} ae (GRO) 
where 
(Gr {a cos (@—a)ds+2k , Gl) 
S= [a sin (oa—a)ds , (5.18) 
JP 5 Pim : Cad COs (O— @) 
_ ; cos (@—a+0) , (5.19) 
C.= ; Ose : Cqo sin (w—a@) , (5.20) 
a Pee (5.21) 


PART II. CompresstsLe FLow PAST 
A LATTICE OF AEROFOILS 

Incompressible Flow past a Lattice of 
Aerofoils 

As is well known, an arbitrary wing lattice 
in the z-plane can be mapped conformally on 
to the unit circle in the Z-plane by means of 
a transformation function of the form 


| a )\(Z+a 4 

= a pare. EOE, 
Oi ae les, Brot 

where C(Z) is regular outside the unit circle: 

PZ eel sOethat 


CZ)=6),4+-6.274 C22 


§ 7. 


—— 


(7.2) 
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Z=—a", a correspond to infinity up- and 
downstream respectively, and h denotes the 
spacing of the wing lattice. 

Consider a complex velocity potential 


fa! Wye" log (Za-) + Uye log (Za) 
7 


2 
— U,e-'%2 log (Z—a“)— U,e'*2 log (Z—a)} . 
(723) 
In the z-plane it represents the incompressible 
flow past the above mentioned lattice of aero- 
foils such that the inflow and outflow angles 
and velocities are a@,, a and U,, U, respec- 
tively. This can be seen from (7.1) and (7.3) 
in the following way. 
When Z>—a@}, 


fi» 2 User log (Za?) ~ hem, 
7 


and when Z—> a“, 
eS — U,e-**2 log (Z—a7)~ U,e- 22 . 
7 


This shows the behaviour of flow at infinity 
up- and downstream. 

Next we consider the condition at the sur- 
face of the aerofoil, that is, on the unit circle 
in the Z-plane: Z=e’®. Putting Z=e" in (7.3) 
and taking the imaginary part, we have Y= 
constant, provided that the condition holds: 


(7.4) 


Thus the complex velocity potential f repre- 
sents flow along the aerofoil. The condition 
(7.4) is readily recognized to be one of conti- 
nuity of mass flow past the lattice. 


U,, cos a, =U, COS ay . 


§8. Complex Velocity Potential for the 
Compressible Flow past Lattice of 
Aerofoils 


For simplicity we shall consider only a first 
approximation (that is correct to the order of 
M?), 

In the following, quantities pertaining to 
points at infinity up- and downstream will be 
indicated by suffixes 1 and 2 respectively. 
Thus (2.5) can be written as 


4) 
OF =—( aoe fio) ‘ 
O1 


a (8.1) 


Hence the boundary conditions at infinity are 
expressed as 


OF 


ae ~ Ue as‘Z——aq", (8.2) 


OF Al 1+ 02) yer as Z>a-!. (8.3) 
Oz y 1 
But, from (2.7) we have 
0 il Ch ) 4 
fee a IY he 1 OE (8.4) 
Oy Z i ( [wie Of 


Hence (8.3) can be rewritten as 


~~ i Mr CNG ); User 
D2 4 U? 


(8.5) 


It should be noted that U;, U2, a, and a, are 
not independent from each other but subject 
to the condition of continuity 


AS Zi Gaur 


(8.6) 


of which the limiting case for M, — 0 has al- 
ready been met with in (7.4). Accordingly, 
if a, a and U, are fixed, U, will in general 
vary with the Mach number M,. Therefore 
we put 


iu, COS @) = Dae COS &: , 


U2 = Uy +M?U 14+ --- . (8,7) 


Substituting from (8.4) and (8.7) in (8.6) and 
expanding in powers of M,2, we obtain 


COS i= 25 COS As, (8.8) 
Uy, = (O29? —-1)U 29 ’ (8.9) 
where we have put for brevity U,;=1. The 


condition (8.8) is nothing other than (7.4). 

Now, (8.2) and (8.5) can also be expanded 
in powers of M,?; thus, for the zeroth ap- 
proximation 


af ete { —a- 

ee apes: | 

af fe as Z>{-@" 10) 
and for the first approximation 

OF 0 es 

Olea es Z | 

Oz eu de as a pic (8.11) 


The zeroth approximation f has already been 
given by (7.3), which can be rewritten as 


(i=) 
h ; 
f= 5a [e-*1 log (Z+a7~") +e log (Z+a) 
—U{e-'2 log (Z—a7) + e'%2 log (Z— a)}]. 
(8.12) 
The general formula (2.15) gives for N=1 


DR CGi Ne 
rate Ve di—--F+Gi2). (8.13) 


Considering the asymptotic behaviour at 
infinity of f as given by (8.10), we introduce 
a pair of new functions defined by 
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ee 
fi ele log (Z+-a-!)+e-' log (Z-+-a) 


—Un{e'*2 log (Z—a-) + e-2 log (Z—a)}] , 


(8.14) 
Pees ieeiod Se (La) 
ar 
+-e-#41 log (1+-aZ-1) 
—U2{e*2 log (l—a-1Z-}) 
+-e-Pia2 log (1—aZ-1)}]. (8.15) 


Then it is readily seen that 
Ff th=ouv.f., \( ary @2+f2.=0.Vv.f.., 


where o.v.f. stands for “ one-valued function.” 
Now (8.13) can be written as 


F,\=HAy(Z, Z)+9:(Z) , (8.16) 
where 
m7, _1 df | df 
HZ, Z) = 47 # Nee ) +fAZ} 


—{ FB+AD), 8.1 


and g,(Z) is a certain analytic function of Z. 
Now it can easily be shown that dg,/dZ= 
OF ,/OZ—0H,/0Z is one-valued outside the unit 
circle in the Z-plane, and that 

A, a 0 ‘ as Z P 

dZ \|—i1U,, sin. a ( 
Therefore, taking account of (7.1), we can 
conclude that the function 


—gqr-) 
gut 


l—a1Z-1 
Taz = 

is one-valued and analytic outside the unit 
circle. Hence, employing the formula (3.14) 
and making an analysis similar to that for an 
isolated aerofoil, we finally arrive at 


g=—tU sin a, Fe log 


, ; h 22 
91 =U 21 SIN @, ea log doz 

1 df { (4 Va : ae 
ee m| 2 | dz ale Ges 


(8.18) 


where the path of integration C is the unit 
circle in the Z-plane and f and f, are given 
by (8.12) and (8.15) respectively. Substitution 
of (8.17) and (8.18) in (8.16) yields the required 
first approximation to the complex velocity 
potential. The velocity at any point in the 
field of flow can then be calculated by means 
of (3.16) and (3.17), 
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$9. Velocity Distribution on the Aerofoil 


In this case the velocity potential on the 
aerofoil is shown to be given by 


0(9) = P(0)—Q*(6) 


ot Mes U2, sin a, (2 tan-1: —2S™ ne 0 ) , 
Qn l—acos 0 


(9.1) 
where P,+72Q,= HA,(e'*, e-*). But the formula 
can be simplified in the same way as for an 
isolated aerofoil. For this purpose, we intro- 
duce another new function defined as 
ie Cg ets 


= pele 2a, | 
os 2a, log oe 


— Uj cos 2a, log — a 


+ (cos 2a,—U2 cos 2a.) log Z ! : 


and write (8.17) in the form 


He= - w |\maz— | rae +f; 


if} = 
ri CF fs 


(9.3) 


with w=df/dz. Then the second term on 
the right-hand side can be shown to be regular 
outside the unit circle and of the form P(Z-}), 
so that it contributes nothing to 0,(@). Thus 
after some calculation we can find the explicit 
form of 9,(@). 

Summarizing, the velocity distribution on 
the surface of the aerofoil is given by 


ei ra | fe [weds — fo} 


Q=Q(9)+Mqn—)+:::, (9.4) 
with 
ao v dao 
0 = = = 1 eee 9.5 
qw( ) dé ds ? N: 0, ’ > ( ) 
where 
0,(0)= 5 sin ay(0 —2f) +U 9 sin a4(29—8) 
1+a’?+2a cos 6 
9.6 
+cos @ log 8 esa orn | (9.6) 


1+a*+2acos 0 


h : 
9:(0) ened Fs cos #1 los 1+a@—2a cos 0 


+2U),; sin a(0—29)| 


[T(@)qo cos w]* , 
(9.7) 


~— ; T(9)qo sin w+ ; 


and 


66 Tsao 


’ / ; 
I= [ae sin wo ds— Be {cos 2a (2p— 


+U2 cos 2a,(0—2¢9)} , (9.8) 
ee sin 0 Fa ne sind | 
eta cos 0—a’ oo cos @+a~ 
(9.9) 


Here dé/ds should be regarded as already 
known for the case of incompressible flow. 

In this connection it may be worthwhile to 
remark that the correspondence between @ and 
scan in principle be found if the velocity 
distribution on the aerofoil is already known 
for incompressible flow either theoretically 
(e.g. by means of the method of singularities) 
or experimentally; indeed, the relation 


O= — acs 


in conjunction with (9.6) gives the functional 
relation between @ and s. 

Finally, it may be mentioned that the vari- 
ous formulae for a single aerofoil in unlimited 
fluid, given in Part I, can be deduced by a 
limiting process from those for a wing lattice, 
as should naturally be expected. 


§10. Symmetrical Body Symmetrically 


Placed in a Channel 
In this case we have to put 


pall ) Qa—a.— 0) ) (10.1) 
so that by (8.7) 
Wey ; Os =0 ° (10.2) 


Hence f, fi, fo as given by (8.12), (8.14) and 
(8.15) reduce to one and the same function: 


ieee Ue. (Z+a7})(Z+a) 
h=f; oe Jaa Ena 
Hence (8.17) ane 


; w {i di+f}—) (47. 
(10.4) 


(10.3) 


(Z, Z)= = 


Also (8.18) is simplified to 


Lf, im[offreert] 
(10.5) 

Next, the velocity potential along the aerofoil 

is given by (9.8) and (9.5) in the form 

h ie 1+@-+ 2a cos 0 

Ai 1+a?— 2a cos 6 


Gus 


0,(0) = — 


|e 
os T(@)qo sin w+ . [T(@)qo cos a|* , (10.6) 
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where 
b as h a 2G 
10) =\a" sin o@ds+ ae tan* ee sin 0) : 
(10.7) 


This case has been treated by Goldstein and 
Lighthill® by quite a different method ob- 
taining more complicated expressions. 


Compressible Flow past a Nearly Circu- 
lar Cylinder Symmetrically Placed in 
a Channel 


By the use of the author’s formula (2.15) 
(N=1), Hasimoto® investigated the compres- 
sible flow past a nearly circular cylinder which 
is placed symmetrically between two parallel 
walls. For the determination of the comple- 
mentary function G,(z) he was obliged to have 
recourse to a more or less intuitive argument. 
In effect, he considered a profile in the €-plane 
which is derived from a circle of radius o in 
the z-plane by means of the transformation 
function 

p. De era 
2n (2—N@se") 

Ono eh 1 ee 
To express this in terms of our notation in 


the present paper, we have only to make the 
substitution 


Sie 


’ 


2-02, C52, 


D-h, (O< Dea 
Thus we obtain 

nh ee (Z+a-)(Z—b) 
2n (Z—a™) (Z+b) 
which can be further put in the form of (7.1): 


h (Z+a7)(Z+a) 


o>a, oty2—b 


xe AL eet cute 


ce See 
aS Oe (Z—a-1)(Z—a) HO Z) 5S TTS) 
if we take 
h (Z—aVZ=p) 
CZ\a— 7 | 
2) ot Ve Oe aan eee 


which is clearly analytic in the region outside 
the unit circle: |Z| >1. 

The first approximation to the complex veloc- 
ity potential can now be obtained as 


F,=H(Z, Z)+9(Z) , 
where H, and 4; are to be calculated by (10.4) 
and (10.5). Such a calculation employing (10.3) 
is straightforward, without any special con- 
sideration about the boundary conditions. For 
the detail of the numerical result reference 
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should be made to Hasimoto’s original paper®), 
The author wishes to thank Mr. Hideo 
Takami for checking some of the results in 
Part I and Mr. Eiji Kasahara for helpful dis- 
cussions concerning the material of Part II. 
The author also wishes to express his ap- 
preciation for the hospitality of the Institute 
for Fluid Dynamics and Applied Mathematics. 


Appendix 


As an illustration of the application of the 
formulae obtained in this paper, let us consider 
the flow past a circular cylinder with circu- 
lation. For a circular cylinder of radius unity, 
we have 


f =2+2714+12k logz, 


which, on substitution in (3.18), gives 


(Al) 


Hes 7 (1-+iee-1 — {ae 2)27 
—tKz-? — | 23— 2x log 2z 
— 1 E+E Hie ibe 22) (A2) 


On the circle we can put 


=, B=, Celt, 
and hence 
a4 [C-*-bieg9— (024 20-4 fe +3) 
Ely 
+(204 2 )\o—ietr—2 01, (a8) 
2 
W-H= | a 2 eS ial 


—(38+5-) C-14 ie (x?-+3) 


+(304 1) e— 2 itt 2 . (A4) 


Now (3.14) gives 


it —— dt me pad 
DO Oni p, Set wea =Resyaa[ a 


since the integrand is regular in the unit circle 
except at €=0. Thus, calculating the residue 
we find 
1 hi en ee ie (A5) 
V1 6x8 +5 at aa Zz 
Substituting (A2) and (A5) in 0,4+717,=F\= 
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H+, we have the first order correction to 
the complex velocity potential. 

If only the value of the velocity potential 
at the surface of the cylinder is required, we 
can more conveniently use the formulae (4.6) 
and (5.2). Thus, taking the real part of the 
positive power terms of (A3), we immediately 
find 


ny eae Jae il 
0,(0)=(« 4- 3 ) cos Ohare « sin 20— 6 C08 aU) 
(A6) 
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By Hidenori HASIMOTO 


Department of Physics, Faculty of Science,* 
University of Tokyo 
(Received September 22, 1956) 


Exact solutions of the Navier-Stokes equations are obtained for the 
boundary layer growth on an infinite flat plate with uniform suction or 
injection (with velocity V normal to its plane) which is started at time 
t=0 (with velocity U along its plane), for the two cases: i) U=arbi- 
trary, V=const and ii) Vot®, Vot-/?. 

i) gives simple relations between the cases of suction and injection 
and ii) gives similar velocity profiles. 

Rayleigh’s problem (U=const) is investigated in detail, and the result- 
ing solutions show the same qualitative natures as the corresponding 


5, WS 


steady flow solutions for an semi-infinite flat plate so far obtained. 


Introduction 


§1. 

The problem of boundary layer control has 
become very important in the field of aero- 
dynamics. Among several methods? the ap- 
plication of suction is widely used in recent 
times, in order to prevent separation and to 
delay transition to turbulence, by means of 
which we get much larger maximum lift and 
reduced drag. 

On the other hand, we know the possibility 
of using injection at the wall to cool the body 
in a high-temperature gas. 

Many authors have made mathematical stu- 
dies on these problems, especially in the case 
of steady flow. In this paper we want to 
study the problem of boundary layer growth 
on an infinite flat plate started at time ¢=0, 
with uniform suction or injection. Exact solu- 
tions of the Navier-Stokes equations of motion 
are derived for the case of uniform suction 
(and injection) which is steady or proportional 
to ¢-/?, They have very simple forms and 
may give a clear insight into the correspond- 
ing steady boundary layer problem, as Ray- 
leigh’s problem for the impulsive motion which 
was considered initially by Rayleigh® for a 
flat plate without suction (classical Rayleigh’s 
problem) and has been extended to general 
cylinder by many authors?4. The funda- 
mental equations of our problem were those 
given by Stuart, but his detailed study is 
confined to the case of periodic motion of the 

* 
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plate with constant suction. In §3 we treat 
the case when suction or injection is constant. 
It is found that there are very simple rela- 
tion between the cases of suction and injec- 
tion. In §4 we treat the case when suction 
or injection varies as f-'/? and the velocity of 
the plate is proportional to ¢%. This is the 
case which allows similar solutions. 
Numerical calculations are made for the 
case of impulsive motion of the plate in §3 
and §4. In the case of injection, velocity 
profiles have inflection points. The qualitative 
natures of the flow are the same as the re- 
sults of the corresponding studies on the 
steady boundary layer, so far obtained. 


§2. Fundamental Equations 


Let us consider the unsteady motion of an 
infinite flat plate y=0 parallel to the x-axis, 
starting at time ¢=0 in a viscous incompres- 
sible fluid. Uniform normal velocity of the 
fluid V from the surface of the plate repre- 
sents suction or injection according as V<0 
or V>0. In this case the Navier-Stokes equa- 
tions of motion of the fluid and a equation of 
continuity reduce to 


Ou Ou _ Oru 

at |” Oy” ay?” 2.0 
Ong 0u 7 Oy op 

ag t? onal Seeded (2.2) 
Ov 

aes (2.3) 


taking into account independence of the flow 
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field on w, where u(y, #) and v(y, 2) are veloc- 
ity components, p is the pressure, and vy is 
the kinematic viscosity. 

(2.1)-(2.3) are subject to the boundary con- 
ditions 


wOLh=O@) , UW co, t)=(), (2.4) 
v0, A= Vi) (2.5) 
and an initial condition 
u(y, 0)=0. (2.6) 
(2.3) and (2.5) show that 
vy, N=ViE) . (2.7) 


Introducing (2.7) into (2.2) and (2.1) we get 
equations for p and w respectively 


AS Dak de ; (2.8) 
Ou Ou Ou 
a (2.9) 


where py is the value of p at y=0, p is the 
density of the fluid. 

(2.9) is an equation already given by Stuart. 
The exact solution of it, however, is not 
simple for the general functional form of 
V(é) except the cases I) V=V,=const. and 
Il) V=V,t-!/2 which will be studied in detail 
in the following sections. 


§3. The Case V= V,)=Constant 
In this section we consider the case of con- 
stant suction or injection; V=Vp. 
Multiplying (2.9) and (2.4) by exp (—#?) and 
integrating with respect to ¢ from 0 to co, we 
obtain 


@u* ay Pp 
——~—2«" ——- — ~y4*=0 aya! 
dy? a dy y 4 Oe 
subject to 
“w(0. py=U* (Pp) , u*(co, p)=0,; (3.2) 
for the Laplace transform of u(y, 7): 
u*(y, D) = \"e-ruty, t)dt (3.3) 
0 
where 
k= V/(2v) , (3.4) 
and we used an initial condition (2.6). 
These can be solved easily and yield 
u*=U* exp [ey-V +P] y] - (3.5) 


We want to calculate the inverse transform 
of exp(—V/ +2)? 9): 
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Efe. VK ply v= 1 


Cio Porn 
—— epi VK2+ply Ydp / 
ont 


C—too 
C08, 
Putting «?+p/y=q/v, (3.6) reduces to” 


(3.6) 


2 
; C+VK™ +00 
1 : a e “aly ytat4 dg 
ant C+YK” = ico 


=e- vi -We VY Ply vy] 


See. exp | — y —= "VEN Se) 
2V nvt Ayt 
Making use of the convolution theorem we 
obtain from (3.5) and (3.7) 


t 2 
u=e\ U(t—r)—9— PN ps 
i ( Sy pene exp | ee Kk ve |ae ; 
(3.8) 
This has a very compact form but is incon- 
venient for studying the behaviour near the 
plate y~0. In this case the solution E(y, 2) 
for the case of the impulsive motion (U=1, 
U*=1/D) is suitable. Making use of a formula 
19 in Appendix V of Carslaw and Jaeger”? 
we obtain for Ey, 2): 
I OPEN Y bres Wey ee ID 
=e-T-1| (p—pr2)e YP? v] 


=3 {e-'*'" erfc [y—V Kvd] 


+elkly erfc [n+V/ K2vt] } , (3.9) 


where 


tw 3.10) 
i Vay ae \ 


and 


Sn Ld 
vt 3.11) 


Ey, t) can be expanded into a series form in 
powers of ¢, using a formula V—11 of 7): 


Ey, pete toa BS ‘ee era 


erfc ginude [re tae 
é 


p n=0\ Dp 
= exert Ss (Ae 2veyrie erfoy, (3.12) 
n=0 
where 
Peric a= Be erfc EdE , 
Yerfeaw=erfcx . (3213) 


For general U(d) we get from the convolution 
theorem 
ie [lre-2BU, By Fags 6 ee 
0 


preen 


70 Hidenori HASIMOTO 


which is equivalent to (3.8). 
The frictional drag D per unit area of the 
plate is given by 


Ou va, 
D=—n( ) | irq Seyp keds BAS) 
Oy y=0 0 
where 
Dyl(t)= -(F-) 
Oy Jy=0 


=H] ge erfc Vt) | Pa Onl) 
Ty 


and vy is the viscosity: “=ov. 

Here we note very interesting relations be- 
tween the values for the cases of suction and 
injection: If the absolute value of « or Vo 
is the some, the following formulae are found, 


U«>0_ galkly | (3.17) 
Ux<o 
t 
Dyco—Desa=2n|| U"(t—r)de=|Vo|U) . 
0 
(3.18) 


where the suffix «>0 denotes the value for 
the case of «>0 and vice versa. It is rather 
interesting that (3.18) is different from 20|Vo|U 
which may be supposed simply by the naive 
momentum consideration. 

The most interesting case is that corre- 
sponding to Rayleigh’s problem U=U,)=con- 
stant, when wz and D are given respectively 
by 


u 
-—= Ey, ¢ 
U; (y, 2) , 
Fig. 1 shows the velocity profiles E(y, 2) 
for some values of F=«1/yt =Vo// # /(2// vp ). 
They are not similar among themselves, and 
have inflection points for the case of injection 


D —_. 
yaa). 3.19) 


0 


(Vol. 12, 


to exp («y—lely)= exp. (Vo—| Vally rapidly, of 


which profile «/Uj=exp(—|Voly/v) for Vo<0 
is a well known suction profile for the steady 
flow obtained by Meredith and Grifith”. 


3.2 


0.4 7 
0 2 4 6 fy 8 10 
Volt 
Fig. 2. Frictional Drag: U=Up, V=Vo. 


Fig. 2 shows the skin frictional drag D 
for the plate. If we use |E| as an independent 
variable Da/(24|«|)= D/(0Us| Vo|) is represented 
by two single curves: 


D 1 e-'8!? f is 
OW LY wet 1 £0 
(3.167) 


Vo >0. If «vt is sufficiently large they tend If = «?yt is small D is practically identical 
i with the classical Raylgith’s value 
hU/\/nvt, then it tends to 0 or 
fe : z epU|Vo| according as Vy) >0 or 
w Vo<c0, in the limit of K2yt— 00 , 
6 | = 
eo 1.0 §4. The Case of Similar Profile 
4 Ae As the most simple case of vari- 
xe E=0 able V, we want to investigate 
2 aes is the case when (2.9) gives similar 
ie solutions, which must have the fol- 
6 04 66 12 16°20 24 28 Son usen ae Be ats 
(MNT 4=U@)G™), y=y/gd). (4.1) 
Fig. 1. The Velocity Profiles: U=Up, V=Vo, Introducting (4.1) into (2.9) and 


cay ove? 2V 5). 


dividing by U/g? we obtain 
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—[99'lnG' +[9?U'/U]G +[g VG! =1G"" (4.2) 
In order that (4.2) reduces to an ordinary 
differential equation for G the three terms in 


the square brackets must be equal to con- 
stants: 


299'=A, @UJU=B, gV=C, (4.3) 


which determine g, U and V as follows if 
A=<0: 


I=V At+k, Us(At+k)2/4, V=Ch/ AER. 
(4.4) 

The case corresponding to A=0: 
G=Vk,» Uccetlt, VaCh/k (4.5) 


is a special case of constant V, which has 
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Schlichting, Bussmann and Schaefer. They 
have shown the existence of similar solutions 
for the case U(x)cow™ and V(ax)coa™-/2, 
Their x corresponds to our 7. 

Rayleigh’s case is given by taking a=0 
(U=U,). Taking into account 


Dae y Seth erfe(—7 4 ) (4.12) 


we obtain 
u _erfe (ym) _erfc ly/(2y/x8)—Val/ > ] 
Uy  erfc(—7) erfc (—V)/7/ v ) 

- (4.18) 


The frictional drag D per unit area is given 


been studied already in §3 and 6). Ineither by 
case (4.2) reduces to 
KO) 
oe 7—C|6'—"G=0 
DaleeZ y le 
(4.6) 
We can take in (4.4) “8 
= Ut ’ Ve Vot-1/2 ’ 
= (4.4) A 
g=2 vt 
without loss of generality (i.e. 3 N Ke 
Bea.  C=2) yy,, Baya). — 
Then (4.6) gives for the solution —— hier = Ea 
G(7)=Gal7) Ow O44. O:8 2 L6yee2-O78 “2.4 AS SHA es) CVO) 
VW, 
Ga!’ +2(9—1)Ga!—4aGu=0 , ee | 
4.6’) Fig. 3. The Velocity Profiles: U=U), V=Vot-¥?, 
2 Wa Vol VE <V VE oe 
where 
aye a) Vo - a 
=2— ; = : 4.7) 
7 was ime 7s ( 
which must be solved under the boundary 
conditions derived from (2.4) and (2.6): 
Ga(0)=1, Gualcc)=0. (4.8) 
The solution of (4.6’) satisfying (4.8) is found 
to be 
2 Fly —%o) 
Ga(y)=——_= , (4.9) 
a Fal —%o) 
where 
FA(E)=e 8 D_ya-1(1/ 2 €) « (4.10) 
D(z) is a parabolic cylinder function which 
satisfies the equation 
d@? 1 1 4 
Hilly) Bees plo 4.11) a 
da’ +(84 Dsl Ae ) 5 1 ed 
When 7=0 Ga reduces to the solution ob- ds ls L ==}, 
tained by Watson». Nez Volz = Vg 
Corresponding steady boundary layer on a sh 
semi-infinite flat plate has been investigated by Fig. 4. Dy-m/Dn-0: U=Uo, V=Vot-™. 


“I 
bo 


Dithe Sa hy Mey (4.14) 
pu, Vrvt erfc (—%) 

Fig. 3 shows the velocity profiles for some 
values of y=Vo/1/ »- They have inflection 
points at 7= 7, for the case of injection Vo > 0. 

Fig. 4 gives Dyong Dr-0=e-" eric (—%), the 
factor which represents the effect of injection 
or suction compared with the classical Ray- 
leigh’s value Dy-o=1/7/nvt. If |n0l is _suffi- 
ciently large it is approximated by e770 /2 or 
V x || according as Vy >0 or Vp <0. These 
behaviours are qualitatively the same as what 
have been found for the corresponding steady 
boundary layer solution. 

In conclusion the author expresses his cor- 
dial thanks to Professor Isao Imai for the con- 
tinual guidance and encouragement throughout 
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this work. This work was supported by the 
Scientific Research Fund of the Ministry of 
Education of Japan. 
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Both the complete and transonic thin-wing-expansion methods are utiliz- 
ed to obtain the steady irrotational flow of a compressible fluid past an 
elliptic cylinder. The velocity distribution over the surface is calculat- 
ed up to the fourth powers in thickness ratio t. Then it is found that 
the fourth order perturbations include not only terms of O(é*) but also 
those of O(t'logt), and that the latter group becomes negatively pre- 
dominant over the former in the transonic range. In calculating the 
fluid velocity near the stagnation point there still remains insurmountable 
difficulty even for moderate subsonic flow. The resulting expressions 
for an elliptic cylinder prove to be transformed into those for an para- 


bolic cylinder. 


$1. Introduction and Summary 


The steady irrotational flow of a compres- 
sible fluid past an elliptic cylinder at zero 
incidence has been studied by a number of 
authors by means of various methods; especial- 
ly Hasimoto, having recourse to the (com- 
plete) thin-wing-expansion method, calculated 
velocity distribution over the surface exactly 


up to the third order of approximation. Later 
Imai”»® proposed a new method called transo- 
nic thin-wing-expansion method, showing that 
the velocity distribution could be obtained 
more easily up to the same order by the in- 
troduction of the transonic similarity hypothe- 
sis. Asa continuation of these two works 
the fourth order of approximation will be 
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considered in this paper. 


The thin-wing-expansion method has often 
been proved to give a most suitable approach 
for such problems as chosen here. It is true, 
however, that the method could be success- 
fully applied to the flow past a sharp- -edged 
aerofoil such as Kaplan bumps*») and sym- 
metrical circular arc aerofoils®”, but it is 
not necessarily the case for the elliptic cylinder 
owing to its rounded edges which cause enor- 
mous change of the flow speed. In fact, it 
cannot be predicted qualitatively what happens 
near the stagnation point, even from the ex- 
act results including the fourth order pertur- 
bation. This fact has been corroborated by 
recent studies?” with regard to the flow past 
aparabolic cylinder with its axis parallel to the 
oncoming flow which can be looked upon as 
a magnified picture of the stagnation region 
of the elliptic cylinder; i.e., the small distur- 
bance theory yields no reliable information 
concerning the flow pattern around such 
blunt-nosed bodies. 

Furthermore, the resulting expressions for 
the velocity distribution show that the fourth 
order perturbation includes terms of order 
t#log V1—M?’¢ (¢: thickness ratio, M: free 
stream Mach number) which did not appear 
in the calculation of the flow field around the 
sharp-edged aerofoils cited above*. Undoubted- 
ly, these terms play such a dominant role in 
the high subsonic range that it becomes im- 
possible to apply the transonic similarity ap- 
proximation to the resulting expressions. It 
can be shown that when ¢ is sufficiently 
small the fourth order perturbation as a whole 
proves negative even for the moderate sub- 
sonic free stream. 

In the following sections calculations on the 
basis of the transonic thin-wing-expansion 
method are chiefly developed; in particular, 
more detailed account is given of the fourth 
approximation, since the analytical expressions 
up to the third order have already been 
obtained. As for the complete thin-wing- 
expansion method, only final results are sum- 


Po For symmetrical circular arc Acrofoils: this 
fact has been inferred from the results up to 
O(t*), whereas it is actually proved in the case of 
Kaplan bumps. Moreover, it is well known that 
such terms are required from the outset in the 
axially symmetrical flow past a slender body (for 
example, cf. Ref. 10). 
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marized in §6 and the basic formulae utilized 
are brought in the appendix in forms ready 
for practical use. 


§ 2. Transonic Thin-Wing-Expansion Method 


Suppose a uniform flow directed along x- 
axis blows against an aerofoil fixed in 2-y 
plane, with velocity U and Mach number M. 
On the assumption that the disturbance veloci- 
ties due to the presence of the obstacle are 
everywhere small and of the same order as 
the thickness ratio ¢, the velocity potential @ 
and the stream function ¥ can be written in 
the forms 


V=x+Ed , P=yted, (ald) 
where €=O(¢) and U has been taken as unit 


of velocity. Further, defining the following 
complex quantities: 


C=atiny, 


C=2—iny, 
G=¢+47$/n, G= 


d—idlu; p=V1—M? 

(2.2) 
and assuming that M is nearly unity, we 
obtain the following equation, upon which the 
transonic thin-wing-expansion method is based, 
from the equation of motion for the two- 
dimensional steady irrotational flow of an in- 
viscid fluid (cf. Ref. 4); namely, 


"6G <é 0G 0G 0G a) (2.3) 
at n16' ae t ae * act a 
where 
y= oe Cores ene ye (2.4) 


y being the ratio of specific heats. 
On the assumption that 8(=€y/16) is small, 
the solution of Eq. (2.3) may be expanded as 


G=G,+PG,+ 8?G3+ B°Gi+--- (2.5) 


Then G, can be expressed in explicit forms 
after successive integrations, but they are 
omitted here since they have already appear- 
ed in Ref. 4. 

The boundary conditions are 
(i) OG/OE is one-valued and continuous 

throughout the flow field, 

(ii) OG/O€ vanishes at infinity, 
(iii) Im (€+€°G)=0 at the boundary surface. 


§3. Calculations up to the Third Approxi- 
mation 

Now we consider the flow past an elliptic 

cylinder with its major axis parallel to the 


74 Yaso’o MATUNOBU 


uniform flow. Let the ellipse be given by 


x=acos0, y=bsind; b/a=t. (3.1) 
Then, by means of the transformation 
a l—ypt 
= sified fet hea 4 
eeeg eee e (3.2) 


the flow field in the €-plane is conformally 
mapped onto the region outside the unit 
circle (Z=e'®) in the Z-plane. The boundary 
conditions (i) to (iii) are entirely satisfied by 
assuming that 
=fO=4, hata), ees 
The perturbation velocity potentials of 
higher order than the first can be obtained 
successively by determining the arbitrary func- 
tions gn(€) corresponding to G,(€, @) so as to. 
satisfy the following conditions: 
(i) 0G,/0€ is one-valued and continuous 
throughout the flow field, 
(ii) OG,/0€ vanishes at infinity, 
ii’) ImG,=0 at the boundary surface 
(Ga By BCS, 
Thus, we obtain 


(Vol. 12, 
where 
1 yas j : 
oe VA 
Hi ea , V= a 
1 (3.8) 
ae. ) ; (1—o2Z) , 
1 1+o il 
= a eS 3.9 
08 oak ae (3.9) 


and c.c. denotes the complex conjugate of the 
preceding term. It must be noted that (3.4) 
and (3.5) express G, and G; at the surface 
and substitution Z=e’® there gives immediate- 
ly the expressions for the perturbation velocity 
potentials ¢,(9) and ¢3(@) respectively. 


§4. Calculation of the Fourth Approxima- 
tion 

In this section the practical procedure of 

finding the fourth order perturbation will be 

outlined. Calculations involved are quite ana- 

logous to, but more lengthy than, the forego- 
ing ones. 

First, substituting (3.3), (8.6), and (8.7) into 


the integrated form for G,, we determine 


eye AG cae 1) +0.., (3.4) Gi, ©) exclusive of the arbitrary function 
gi(€). Then, we rearrange the resulting ex- 
Pe (1k ett pene ee : pis 
G;=k — +(———___- I, \ pression appropriately with the aid of the 
30¢ Z Sof) ot FV ; ae 
{Sto 41 relation ZZ=1 at the surface. Further, it is 
aed a vy! Lte.. (3.5) necessary to choose the complementary func- 
C > < . 
oe tion for each of the derived terms, i.e., the 
Jo = tees Ae +) : (3.6) function which, in conjunction with the deriy- 
Ke ed ones, satisfies the conditions (i’) to (iii’). 
Weeys (16 1 yee ey +(e+ 15 8 14 6 Collecting all the sums of the derived and the 
5 4 2 om : : 
(30 a Jo*" “¢ 4 complementary functions, we thus obtain G, 
ere 2) Z i soF ult s (3.7) at the surface. These procedures are exhibit- 
; ; ‘y Veaa2 3 ed term by term in the following scheme: 
C ‘ Derived Complementar 
oefficient Function Function i ves 
_ 280 28 Z ar é ; 2 STRAT 7 
~ 34 io gaee We iva 0 
182 
: (5 oan Bt) Z 2 , 
v2 yp 
292 , 
- "+5209 1604560 7 ae 0 
v3 v3 
880!— 3268 fe a4 0 
Vi Vi 
— 48064-3268 a Z 0 
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_ 28 7 dS as 
o V dZ “V dZ : 
lise Al I ee Z 
ae o ve S484, (+45) te.c 
168 Mss J 
ee % d il 
sires a Gage Ones lqaee ats 
1 1 Z il 
euces Ee ie -L) | Feé.€ 
14 eee al 
v2 pr tlt, 0 yo tlt, 
S45 635 1 1 = 
5) See ee eer e J J Beas 
PAVE BSE ATT Z Z Lae 
306 2a* 202 at UV V V + V 
112 oh 1 i 
305 Z Z ZZ 
_ 182 14 28 LZ 24 az Gf LZ 
3a gt gt” Vale aE Ave Pa F 7) 
inn 4 yi ld Z Z Lin Zi 
30t 2 V2 V2 ye? V2 
28 = = 
oo I T I+I 
28 J I o eh ia Yi, 
a We aWi nee (Ge StL Vv) fate tz) 
where 
a 1 2 | (ou ) dS dZ 
P= —41S—— J—LZ+-—(| ——_-L = —, 4,1)* 
retest Po +(e jis : he V ey 
Hence, from the first and fourth columns, we can build up G, at the surface; namely, 
j | 140 35 1 it 76. Oi DHS) os VB 
G.=kii ——- a a See === {i — -- 1)— LI 
: Ee Zz + 304 = 20 202 ieee 30? ot V 
84.35 1 i 182 Is, 
al! id S14 Ge +28) } 
i + aa ALJ ie ae yp 
a ot aie le bs Lg ae I }+e (4.2) 
o | o 
§5. Velocity Distribution 
Let ds denote the line element of the profile contour measured in the positive sense. Then, 
from (3.1) 
ds=(1+o?) sindV1+# cot? 6 do. (5.1) 
Therefore, the velocity at the upper surface is given by 
do 1 {cos 0+€(bit 2+3+ b4)}- (9.2) 


~~ ds (A +0V 1+ 2 cot? 6 d(cos 8) 


Be eeuling (3. %); st 4), (3.5), and (4.2) into ve 2) with the aid of the relation 


a The functions T band ih, BS ehh as S given as 3.8), can be verified to be one-valued and regular 


functions of Z even at the point 7=+1/s. 
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d(cos@) LZ—Z OZ) = 02 Fee 
we arrive at the expression for the velocity distribution over the surface: 


qs, 0)=(1+2 cot? 0)-¥7[1+ (¢/){1+ Bhan + (BR)*qs+ (BR)? as} , (5.4) 


where 


Poe tae 6.5) 
oa (1 oe 


Jo 
x (He Nee 28(1—at) 2 ope ee |e (5.6) 


ae ae (14 20%)— 7 Was +4(1+ 02)(1—o?) 
(oy 


304? oo @'&l @ as ee 
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ame 


1+26 cos 0+ o? 


@=1—207 cos 26-+6', A= =cos 8 log = — 20 cos 0+ 6?’ 


(5.8) 


Substitution 0=7/2 in the above expressions leads to 
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Further, it is permissible to put o?=1, or yt=0, in these results, because from the beginning 


the terms multiplied by factors ((—€)" have been neglected, €—€ being of O(ut) at the 
boundary surface (cf. Ref. 4). Thus, from (5.5), (5.6), and (5.7), 
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and from (5.9), 


ee t ae ENG ae, 16 il vt\3/ 848 il 
i S)ovegl Head mene) 
5 - Be TEEN 5 We 3 1024 3 196z +98 log mak @aAy) 


These expressions are nothing other than the results based upon the transonic similarity law 
extended by Imai. It should be noticed, however, that q, has logarithmic singularity for o 


=-t1, and consequently (5.10) and (5.11) seem to be inconsistent with the results expected 
from the transonic similarity law. 


§6. Results due to the Complete Thin-Wing-Expansion Method 


The exact treatment of the two-dimensional compressible flow by means of the complete 
thin-wing-expansion method is, in general, much more tedious than by means of the transonic 
thin-wing-expansion method. For comparison, however, it is worth while to reinvestigate the 
the same problem by the complete method. In this section, instead of following the course 


of the calculation, only the results corresponding to equations (5.9), (5.10), and (5.11) will be 
given in the following (see Appendix II): 


Veloctty at the mid-chord point (06=n/2)—— 
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whence, putting @=7/2, we have 
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Whesother constants BY, C2 DD) ek. ands 
involved in the above expressions are given 
in Appendix I. Table V lists these values in 
the case of high subsonic air flow (y=1.4). 

If only the highest powers of 1/y are re- 
tained in each of the third and the fourth 
order perturbations, equations (6.1), (6.2), and 
(6.3) are respectively in accord with equations 
(5.9), (5.10), and (5.11), as was discussed for 
the flow past a Kaplan bump (cf. Ref. 4). 
The full expression in terms of o, which cor- 
responds to (5.4), is shown in Appendix II. 
It should be mentioned that (II-1) proves to 
be transformed into the expression for the 
velocity distribution of a parabolic cylinder by 
suitable limiting process®. 
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Fig. 1. The chordwise velocity distribution for 
an elliptic cylinder of thickness ratio 0.1, when 
free stream Mach number M=0.7. 


}end = 


ATUNOBU (Vol alZ 


a3} 
log 4 ~ 6p? (c+ aie ut i) 


6.3 
rT (6.3) 


(6.4) 


K,=3B'D+ D* . 


§7. Numerical Discussions 

Numerical calculations are now made for 
the velocity distributions (5.4) and (5.10); in 
particular, the results for M=0.7 and 0.8 with 
t=0.1 are shown in Fig. 1 and 2 respectively, 


PROFILE SHAPE 


0-6 0.4 0.2 10) 
0 Gee) 


Fig. 2. The chordwise velocity distribution for 
an elliptic cylinder of thickness ratio 0.1, when 
free stream Mach number M=0.8. 


and the corresponding values in Table I. In 
order to assess the accuracy of the transonic 
thin-wing-expansion method and of the deriva- 
ble similarity approximation, the third ap- 
proximations that were calculated from equa- 
tions (II-1) and (6.2) by Hasimoto are also 
plotted in these figures. Then it is found 
that the exact equation (5.4) obtained from 
equation (2.3) yields satisfactory results over 
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Table I. The velocity distribution at the surface of an elliptic cylinder of 
t=0.1 for M=0.7 (top) and 0.8 (bottom). 
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* The values listed in this column are not in accord with Hasimoto’s, perhaps 
coarse calculation. 


The velocity at the mid-chord point as a function of M, for an 


owing to his 


4th approx. 

6.1) | 6.9) (6.3) 
1.1177 1.1176 1.1177 
1.1228 1.1228 1.1229 
1.1293 1.1293 1.1295 
1.1378 1.1378 1.1382 
1.1493 1.1494 1.1503 
1.1658 1.1662 1.1684 
1.1915 1.1924 1.1996 
1.2293 1.2363 1.2685 
1.2583 1.2587 1 
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the greater part of the surface, whereas the 
calculated values for equation (5.10) obtained 
by assuming yv#=0 deviate seriously from 


those for equation (II-1) near the end of the 
profile, rather having the tendency analogous 


to equation (6.2). 


Further, in the fourth ap- 
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Table III. ‘The velocity at the mid-chord point, as a function of M, for an 
elliptic cylinder of t=0.05, calculated by use of equation (6.3). 


{ 


M Ist approx. | 2nd approx. 3rd approx. | 4th approx. 

09.50 | 1.0577 1.0582 1.0583 | 1.0583 
0.55 | 1.0599 1.0606 1.0606 | 1.0606 
0.60 | 1.0625 1.0634 1.0685 | = 1.0635 
0.65 | 1.0658 1.0671 | 1.0673 | 1.0673 
0.70 | — 1.0700 1.0719 | 1.0722 | 1.0722 
0.75 | 1.0756 1.0784 1.0790 1.0790 
0.80 1.0833 1.0879 | 1.0892 1.0891 
0.85 | 1.0949 taes3, | 1.1070 1.1060 
ian a es 1 1 1 


SSE 


. 1501 1386 


Table IV. The coefficients of t, #, ¢, t4, and t4logt in equation (6.3); 


Q: (r/2) =1l+at+aprt?+ a+ (Ag+ a4! log bes 


M ay | As as | a4 a4! 
0.50 1.154701 | 0.200000 0.254991 1.6788 0.6907 
0.55 1.197369 | 0.273272 0.413380 371982" 7 | 1.2657 
0.60 1.250000 —- 0.376172 0.690182 6.3778 2.4497 
0.65 1.315903 | 0.526373 1.203032 13.6158 5.1038 
0.70 1.400280 | 0.757324 2.230315 31.8485 | 11.7497 
0.75 1.511858 | 1.138776 4.521341 | 84.7268 31.0835 
0.80 1.666667 —- 1.837037 10.48827 272.621 100.775 
0.85 1.898316 3.335427 30. 28249 1189.276 451.193 
0.90 2.294157 7.583934 


131.2595 9071.91 3642 .992 
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Fig. 3. The mid-chord velocity for an elliptic 


cylinder of thickness ratio 0.1, 


proximation this deviation becomes more con- 
spicuous, and the fourth order perturbation 
proves negative for equation (5.4), but posi- 
tive for equation (5.10). 

The situation can be more clarified if we 
examine the velocity at the mid-chord point 
as a function of the free stream Mach num- 
ber. Fig. 3 and Table II give this relation 
for £=0.1; then it can be concluded that the 
results due to the transonic thin-wing-expan- 
sion method well approximate those due to 
the complete thin-wing-expansion method pro- 
vided that the expressions in terms of o are 
used, and that the results obtained as a series 
expansion of ¢ seem inadequate in the fourth 
approximation owing to too large a value of 
zt. In addition Fig. 4 and Table III show the 
variation of the mid-chord velocity Q,(z/2) 
calculated by means of Table IV for ¢=0.05; 
the fourth approximation now appears below 
the third approximation. 

At any rate, neither of our results enables 
us to obtain the flow velocity near the stagna- 
tion point, since the series expansion based 
upon the assumption of small perturbation 
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Table V. The main constants used in the complete thin-wing-expansion method. 

M | k até) Al B! i a" ae | F'- 
0.50 | 0.200000 0.150000 | 0.003333 | 0.013958 | 0.109375 | 0.016688 | 0.064453 
0.55 | 0.260215 0.190608 | 0.006529 0.022755 0.152906 0.034875 0.116830 
0.60 | 0.337500 0.240750 0.012416 | 0.036731 0.216213 | 0.071872 0.213445 
0.65 0.438961 0.303981 _ 0.023236 ao. 059408 0.312200 0.148708 0.399111 
°0.70 0.576471 0.386235 0.043423 0.097621 0.465943 0.315437 0.778278 
0.75 0.771429 0.498214 0.082524 0.166016 0.731142 0.705264 1.624350 
0.80 1.066667 0.661333 0.163840 0.300525 1.239296 1.733659 3.778785 
0.85 1.562162 0.925581 0.356304 0.608716 = 2.382923 _ 5.048871 10542962 
0.90 | 2.557895 | 1.440947 0.942167 | 1.538164 5.789546 | 20.49906 | 41 .45739 


M 0-7 


0-6 


Fig. 4. The mid-chord velocity for an elliptic 
cylinder of thickness ratio 0.05, calculated by 
the use of equation (6.3). 


diverges there even before sonic speed is 
reached at the mid-chord point. To investigate 
stagnation condition we must call for quite 
different approaches. 
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Appendix I 


Formulae of the Complete Thin-Wing- 
Expansion Method 


The complete thin-wing-expansion method 
has already been formulated up to the third 
approximation by Imai in collaboration with 
Oyama™. The expressions discribed in §6, 
however, have been derived from slightly dif- 
ferent formulation in that solutions can be 
obtained in an expansion series in powers of 
&—€. In the following the formulae including 
the fourth order correction will be given in a 
form ready for general application. 

Now the G,(@, ©) are differently defined as 


(cf.. § 2) 
O=x+bithbat-s:, 
Pa=ytditdete::, 
Gn=OnttPn| Lt, 


(1-1) 
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where the suffixes 7 denote the order of magnitude &", € being a constant of O(@). Then it 


follows that 


Gi=f(l) , (I-2) 
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+ 3(DA’+M2xB’) ff” f + 
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where 
2 fas hd ed Mae be 
Kk 4 12 ; D= 9 (l+«) = = 
; M+ 
A'=A+ "> (+8), A=-— “ae NG 27); 
B=B + pp ITA +58) , B= 6 1 La es 1)—(27 —1)(3—7)M?}; 


C=C+ - * (6+106+65"),, C= ee an; 8(3—7)M?+(13—97 + 272)M*}; 


EK’ =E+3DA+ — M(10-+74) B+ MC+ 7, (18+ 89e+ 1184" +50«°) , 


(I-6)* 


~ 499) nie 7){167 — (3+ 137 —672)M?}; 


* The unprimed constants A, B, C, and D were used as such in Ref. 11. 
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3 
F’=F+ g teat 1 M7410) B+ (9+ 8004+ 5 (39+ 1308-15742 =F 65K") 5 


F=— aay ~ (2—7){8—8(2—7)M?-+ (777 +.27)M4}; 
5 5 
H=H+> weA+2 MxB+™ 
7 MOA +) M*sB+ “5 63+616-+230%), 
H=— 2—r)d+n2 
jem = TI er 1) 5 


(f° and g,’ denote differentation with respect to €, and over-bars complex conjugate). 

The arbitrary analytic functions f and gp should be determined in compliance with the 
conditions that 0G/0€ be one-valued and regular in the flow field and that at the boundary 
surface Im (w2G+€)=0. 

It is noticed that if we substitute 10/3, 12, 2, 200/3, and 130 for B’, C’, D, E’, and F’ 
respectively in the above expressions, we obtain the basic formula for the transonic thin- 
wing-expansion method (cf. Ref. 4). 


Appendix II. 


Full Expression in Terms of og, Derived from the Complete 
Thin-Wing-Expansion Method 


Q(0)=(1-+# cos? arf - +Q,(0) + Q:(0) + ao)! (1-1) 
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Erratum 


Application of Imai’s Transonic Approximation Method to 
the Compressible Flow past a Kaplan Bump 


By Yaso’o Matrunosu 
J. Phys. Soc. Japan 11 (1956) 458 


Eq. (2.15) 4ff?f" — should be read 4f2f’f” 
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Phenomenological Theory of the Molecular Absorption and 

Dispersion of Sound in Fluids and the Relation between the 

Relaxation Time of the Internal Energy and the Relaxation 
Time of the Internal Specific Heat* 


By Otohiko Nomoto 
Kobayasi Institute of Physical Research, 
Kokubunzi Tokyo 
(Received March 7, 1956; Received in 
amended from on September 3, 1956) 


Molecular absorption and dispersion formulas applicable for both liquids 


and gases have been derived in a phenomenological manner. 


It was 


pointed out that the relaxation time of the molecular internal energy t 
must be distinguished from the relaxation time of the internal specific 
heat @ and the relation between these two quantities was discussed in 


detail. 


The relaxation time c has the advantage of making the disper- 


sion formula simpler and directly comparable with the dispersion formulas 


in other cases, such as the relaxation of shear viscosity. 


The relaxation 


time @ on the other hand, is more closely related with the collision ex- 
citation probability of the molecules than cr. 


Introduction 


§1. 

Theoretical treatment of the phenomenon 
of the molecular absorption and dispersion of 
sound has been performed by Herzfeld and 
Rice, Kneser®, Bourgin® and many others. 
(cf. the books and monographs of Bergmann”, 
Vigoureux®, Richardson, Kudrijawzew”, 
Hiedemann® and Nomoto”, and the review 
articles of Kneser™, Markham, Beyer and 
Lindsay”, Karim and Rosenhead!™, Petralia’®, 
Dubois™, Sette and Richardson’ for detailed 
references.) 

In the first place, we intend to perform a 
simple, phenomenological derivation of the 
absorption and dispersion formulas applicable 
for both gases and liquids. The method is 
similar to the one used by the present author”? 

- for deriving the absorption and dispersion 
formulas in gases (§2, 3). Also the second 
approximation formulas are derived (§ 6). 

Secondly, we intend to clarify the relation 
between the relaxation time of the internal 
energy t to be introduced in our derivation 
and the relaxation time of the internal specific 
heat 8, more commonly used for describing 
the relaxation phenomenon in gases (§ 4). 
Recently, the apparent relaxation time B is 


* The text in Japanese of this paper - will be 
published in ‘‘ Bulletin of the Kobayasi Institute of 
Physical Research ’’. 
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being distinguished from the relaxation time 
B, of the lowest normal mode vibration for 
organic vapours (cf. Fogg, Hanks, Lambert”; 
Fogg and Lambert”). If the mechanism of 
vibrational activation is for the mode of lowest 
frequency to be activated directly with relax- 
ation time #;, and for the energy to spread 
very rapidly to the other modes, the whole 
dispersion phenomenon takes place with a 
single, apparent relaxation time 8=8,(C./C,), 
where Cs means the total vibrational specific 
heat, and C, the vibrational specific heat due 
to the lowest normal mode. 

In these circumstances, however, the dif- 
ference between § and ct cannot be also dis- 
regarded, and we have to consider the mean- 
ings of @ and t more closely. It becomes all 
the more important, because both 8 and rt 
are being used in liquids, and sometimes indis- 
criminately. The difference in magnitude of 
these two relaxation times is trivial as long 
as the simple gases are concerned. It becomes, 
however, of importance for gases and vapours 
consisting of more complex molecules, or for 
gases at high temperatures. 

First we will consider of the present status 
of the research in this fleld and the relation 
of our theory to the existing ones briefly. 
Markham, Beyer and Lindsay’? have made 
an excellent analysis of the existing theories 
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on acoustic relaxation phenomena and classified 
them into four groups: (a) the method of 
kinetic theory originating from the work of 
Jeans in 1904 and including the papers of 
Bourgin® and Saxton, (b) the method of z7- 
reversible thermodynamics originating from 
the work of Herzfeld and Rice” and including 
the works of Henry, Eucken and Becker™, 
Hoff Lu2, Mandelstam and Leontovich, Dam- 
kdhler2», Meixner?» and Eckart’s unpublished 
lecture, (c) the method of statistical thermo- 
dynamics including the works of Kneser»»™®, 
Markham, and Landau and Teller, this method 
also being applied to the systems in chemical 
equilibrium by Einstein, Luck, Kneser and 
Gauler, Hall, Ghosh and liebermann, and (d) 
the phenomenological approach as performed 
by Frenkel and Obrastzov. The equivalence 
of these various approaches is not always 
demonstrated, although many papers assume 
that the methods are essentially equivalent. 
For gases, however, it is known that the for- 
mulation based on statistical thermodynamics 
gives the same result as the one based on 
irreversible thermodynamics. Also the kinetic 
theory approach and the phenomenological ap- 
proach leads to the same acoustical behaviour 
(cf. Markham, Beyer and Lindsay). 

A considerable number of theories on these 
subjects are summarized in Table I, classified 
into groups and indicating the main scopes 
or contents. The table is not complete, 
of course. Many of the earlier papers have 
been omitted and some of the more recent 
ones must have been missed. Also the clas- 
sification may not be quite adequate in some 
cases; especially it seems difficult to classify 
some of the papers on reaction kinetics into 
one of these four groups because they use 
both the relaxation equation (=equation of 
irreversibility) and the reaction equation at 
the same time. In this case they have been 
included in group (1)-(c)-(ii), although they are 
also related to the group (I)-(b)-(ii). Other 
theories of rather general nature were classi- 
fied as (II), while the above four groups (a), 
(b), (c) and (d) were classified as (I). Some 
papers of the group (I)-(a), those on trans- 
lational dispersion, are strictly speaking not 
the relaxation theories, although they give 
dispersion and absorption of sound. They deal 
with the transport phenomena. These theo- 
ries, however, are closely related with the 
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relaxation theories. This may be said also of 
the hydrodynamical theory of translational 
dispersion included in group (I)-(d). 

It is of course beyond the scope of this 
paper to discuss these points in any detail. 
It may suffice here to notice that our theory 
belongs to the method of the irreversible 
thermodynamics together with the previous 
ones!).2, although the thermodynamics enters 
into our relaxation equation not explicitly. 
This is also the case in many of the theories 
of this group, while there are also attempts 
to establish the relaxation theory on irre- 
versible thermodynamics (Damkohler??, Meix- 
ner), Eckart, etc.). Another attempt of more 
direct nature, to calculate the sound absorp- 
tion directly from the amount of irreversible 
entropy production, have been described else- 
where”), 

The present theory is a phenomenological 
one. In this form, however, it enables a 
more close comparison with the results of the 
phenomenological approach (group (I)-(d)) as 
well as with those of the method of statistical 
thermodynamics. 

As the present paper is more closely related 
with the theory of Herzfeld and Rice? and 
that of Henry, we will begin with the com- 
parison with these theories. Herzfeld and 
Rice derived the molecular absorption and dis- 
persion formulas for the first time by the 
method of irreversible thermodynamics. 

For an irreversible process the entropy in- 
creases with time, even for an isolated system, 
and we require a statement of its increase, 
the equation of irreversibility (named after 
Markham, Beyer and Lindsay™). In general, 
however, this equation needs not contain the 
entropy explictly. The equation of irreversi- 
bility in Herzfeld-Rice’s theory is 

dT 


1 
SS SS 
at am Ty) , 


where T; means the temperature of the internal 
degrees of freedom of the molecules (= internal 
temperature) and T that of the external de- 
grees of freedom (=external temperature), 
and tz (=r, in Herzfeld’s notation) the relax- 
ation time. As the change in external tem- 


perature and that in internal temperature are 
related with 


dE=Cy..dT = —C,dT;= —dE; (1.2) 


in an adiabatic system, where C,. means the 


(1.1) 
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molar specific heat at constant volume at suf- 
ficiently high frequency (=for instantaneous 
change), and C; the molar specific heat of the 
internal system (=internal degrees of freedom) 


aT; 1 


TH’ 


C T.—-T 
dt ( 


Ti—-T) . 
Cra ( ) 


@-3) 


We will show later that the relaxation time 
in this latter case ta is equal to 8, the relax- 
ation time of the internal specific heat (cf. § 5). 
After De Groot?®, the equation of irreversi- 
bility of the type (1.1) or (1.2) corresponds to 
the expression 
diy _ 7 T-Ty 
dt fae 


representing the proportionality of the “flow” 
dk;/di to the “force” T—T;, where. L= 
CiTxr2/ta, and Tm means the equilibrium 
temperature. This conclusion is to be obtained 
from the fact that the entropy production in 
this case is 


(1.4) 


1 dE; 


dE T:—T 


iy 
dt dee \ °) 


Henry used the relaxation equation (equation 
of irreversibility) 


iS ah ae 


E ; (1.6) 


where #7 means the total equiribrium energy, 
E, the total energy without vibration (or ro- 
tation) and #, the actual energy of system 
at time ¢. This is equivalent to our equation 
(3.2) if @ means the relaxation time of the 
vibrational energy. Henry, however, thinks 
this to be equal to the “mean life of energy 
quantum” of Kneser», and so he confuses 
the “relaxation time of the vibrational energy ” 
with “rilaxation time of the vibrational speci- 
fic heat.” Thus he solves the relaxation equa- 
tion (1.6) by assuming 


t= Ty Se Tye (1.7a) 
and 
Er=Ey)+C,T,e' , (1.7b) 
and gives 
Cas 
E,=E ee hat 
ot 1+i08 Cae (1.8) 
And he vegards the specific heat as 
GC; 
Cy SC, —~ 
7 1l+iop ’ ee) 
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where C, means the molar specific heat (at 
constant volume) of the external system. This, 
however, is not correct, because we have 
to regard T defined by (1.7a) as the equili- 
brium temperature when the quantity C, is 
the equilibrium value of the intermal specific 
heat, and because the actual temperature 
becomes no longer J when the internal 
energy of the molecules undergoes a change 
as given by (1.8). 

In liquids, the circumstance is more compli- 
cated than in gases. Ina paper by Hoff Lu™®, 
the equation of irreversibility takes the form: 


d(s—Sx) _ 


.10 
dt ee 


- (so—s) , 
where sy means the static value of the com- 
pression (=—4v/v, v=volume), s. the instan- 
taneous compression, and s the compression 
at any instant. The assumption is made that 
the equation holds true for liquids and gases. 
In general, however, the relation (1.10) depends 
on the thermodynamic path selected. 

Equations of this form, however, is also 
used in group (I)-(d) theories, which is obtain- 
able from the Navier-Stokes equation and the 
Maxwell’s equation of stress relaxation. The 
group (I)-(d) theories, however, contains as- 
sumptions on the relation between the thermo- 
dynamic and the hydrodynamic pressure. At- 
tempts to explain the phenomenological theories 
of bulk viscosity and elastic relaxation (I)-(d) 
from thermodynamic standpoint are being 
performed (I)-(b)-(iii), especially by Sugita, 
Takizawa and Meixner (cf. Table I for refer- 
ences). 


The equation of irreversibility in Herzfeld- 
Rice’s theory is somewhat more closely related 
to the thermodynamics than that in the present 
paper. Our relaxation equation is more phe- 
nomenological than that of Herzfeld. Herzfeld 
uses energy relation in sound wave together 
with the relaxation equation. In the present 
treatment, the energy relation is not employed. 
It is replaced by the instantaneous variation 
of pressure accompanying the density change 
in the sound wave to be superposed on the 
relaxational pressure gariation due to the equa- 
tion of irreversibility (cf. (8.11)). Our relax- 
ation equation (3.2), however, is equivalent to 
that of Herzfeld, as is to be shown in § 5. 
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§2. General Theory of the Absorption of 
Sound* 


We will treat of the case when there is no 
classical mechanism of sound absorption as 
viscosity, heat conduction and heat radiation. 
Then the equation of sound propagation is 
given by 


~ (dp) = V(4p) , (2.1) 


ve 
where 4p means the excess pressure and 4o 
the excess density. When there is sound ab- 
sorption, there is produced in general a phase 
shift between the pressure wave and the den- 
sity wave. A plane wave of sound propagating 
in x-direction, therefore, can be written as 


Ap=Apy exp i| ot-( ia Jorg | ; 


4o0=4p) exp i} ot-( vote \e 
(2.2) 


where w (=2zy; »=frequency) means the cir- 
cular frequency, V the sound velocity and a 
the absorption coefficient (amplitude absorption 
coefficient per unit length). Substituting (2.2) 
into (2.1) we get 


(2.3) 


This gives 


i 2/400 1 oe) 
exp ( 7i) = ae aed 


and by equating the real and imaginary parts 
on both sides of the equation we have 


V= ie SEC - £ = (14 (1+ ar) (2.4) 
40 
and 
a =) tan ’ = tan : (225) 
where 4 means the wavelength. These be- 
come, approximately 
(2.6) 


ign yaa 
Apo 


* The treatment here presented is essentially 
the same as described in a former paper Nomoto”, 
§ 3), except the use of the complex velocity. The 
procedure for obtaining dispersion and absorption 
formulas, and especially the second approximation 
formulas, becomes more simple by this method. 
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and 
= 7. tan. (2.7) 
If we define the complex velocity V by 
Ee [Ado 14 ‘ 
v= heal Oh of0 pi 2.8 
Jo V Apo ° Re 


we have from (2.3) the relation 


, V2 ay? aV 
y= : 
al pearer i 


and the velocity and absorption are given by 
Y= GerarVefe x 


RCV sec eee: EHV) 


1—a?V2/o? 

and i 
AK) 
=i2 eee a (2.10) 


respectively. Here #(V?) and 3(V2) represent 
the real and imaginary parts of V2 respec- 
tively. In approximations up to the order of 
(aV/w)? we have for the sound velocity (in 
second approximation) 


vi=| 143° 7 bn) = jy 3 3M) 


4 KV] ts 
(2.11) 


and for the absorption coefficient (in third 
approximation) 
STO ee iia 1 OC) 
~ 2V RV?) 4 (VJ 
The zero order approximation formula for 
sound velocity is 
V2=71CY) (2.13) 
and the first order approximation formula for 
sound absorption 


(2.12) 


(2.14) 


§3. Relaxation Phenomenon of the Internal 
Energy 

When a gas or liquid contained in a vessel 
is instantaneously compressed, the volume ex- 
periences a sudden decrease (cf. Fig. 1, (a)) 
energy E; of the internal degrees of freedoms 
of the molecules, however, does not change 
at this moment, but slowly approaches the 
new equilibrium value £:+4£,° with a relax: 
ation time t, after ending of the instantaneous 
compression (cf. Fig. 1 (b)). The value at 
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time z¢ is given by 
AR, =AE(1—e-*/") . (3.1) 
The external work of compression is trans- 
formed into the translational energy of the 
molecules at first and then into the rotational 
and vibrational energies of the molecules with 
respective relaxation times. Here we consider 
the case when one of the internal energies 
(vibrational or rotational) fail to accompany 
the sudden volume change, and we assume 
single relaxation time for simplicity’s sake. 
(Rotational energy is known to establish epui- 
librium with the translational energy more 
rapidly than the vibrational energy, and it is 
the problem of time-scale of the experiment 
whether the rotational energy can be regarded 
as external energy of the molecules or not.) 
The translational energy, on the other hand, 
increases by an amount 4,” in a sudden com- 
pression. This is somewhat too large as com- 
pared with the increment 4£;° corresponding 
to the equilibrium state, because the external 
work of compression is not shared to the 
internal degrees of freedom as yet. The in- 
crement of the translational energy approaches 
the new equilibrium value according to the 
exponential law 
AE, =AE,”+ (42,9 —4E;7)(1—e-"/") 
=4E;°+ (4E:°—4E;°)e-*/7 (3:2) 
with the same relaxation time + as in (3.1) 
(cf. Fig. 1 (c)). The pressure, however, is a 
quantity proportional to the translational ener- 


gy of the molecules. For example, we have 
in case of gases the relation 


ere 
p= ae (3.3) 
where v means the molar volume. So the 


pressure change after an instantaneous com- 
pression is given by 
Ap= Ap +-(4p°— Ap~)(1—e-*!) 
=Ap?+ (dp~— Ap )e-"/" , (3.4) 

where 4p° and 4° mean the instantaneous 
and the equilibrium increment of pressure re- 
spectively. 

Differentiating this equation with time, we 
obtain the rate of change of pressure after 
an instantaneous volume change: 


0(4 
oe & a (4p*—Ap)e-*/7 


= + (4p_apry. 


a 


(3.5) 
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Assuming a sinusoidal change of density at 
a fixed point in space, traversed by a sound 
beam 


p=00t4o=pot4oe™ , (3.6) 
the pressure will be given by 
DP) =pot 4P°=fot 4p,°e , (3.7) 


if the change is sufficiently slow so that the 


pressure and density are in equilibrium, and 
by 


bp? =P t 4p==hot+ Apore'" , (3.8) 
if the change is sufficiently fast. The actual 
pressure 

p=Po+ 4p , (3.9) 


however, is generally different from these two 
extreme values. So the excess pressure 4p 
always tends to approach the equilibrium value 


V 


(a) 


Ej 


(e) 


Fig. 1. The time variation of (a) volume, (b) 
internal energy of the molecules, (c) transla- 
tional energy of the molecules, (d) pressure, 


and (e) temperature after an instantaneous 
compression. 
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4p® after (3.5). At the same time the pressure 
experiences an instantaneous change accom- 
panying the sinusoidal change of density in 
the sound wave (cf. (3.6)), this change being 
given by 
Ap) | O(40) 
0(40) ot 


The total rate of change of pressure at a fixed 
point in a sound beam, therefore, is given by 
d(4p) _O4p) , (4p) | O40) 
dt Ot (4p) Ot 


(pan) + (2) 


=(4,) -io-Ape . (3.10) 
O19.) 3 


-20-Apy-e'** . 


i) 


Corel) 
Substituting further the relation 


app—( 9.) ee ( ey Apel © (3.12) 
0 


in (3.11), we have 


ata) 


+i ea }40-e' , 
00 J 


As we have d(4p)/dt=iw-4p in a sound wave, 
we have as the solution of (3.13) 


(20) sn) 
Oo /o Op J Apy-c* (3.14) 


(3.13) 


oa 1+iwr 
or 
{epee Jel (). 2) 
1 or" 


SAE ag ES) 


If we write this as 
Ap=Apy?- e!t*¥ = Apy*(cos +2 sin Ye , 
(3.16) 


according to (2.2), we have the relations: 


ie ee ante) 
Appr 20 Lo 3 90 Le dpysec (3.17) 


Op Op ), 
(Se Hi mists 
2). 
( Op ) tom do 
So the complex velocity (cf. (2.8)) is given by 


(ap)eee() 
00 Oso 47 ,_ (3:19) 
‘are (1tztand), ( 


(3.18) 


tan p= 


Ve 
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and we have as the approximate expression 
of sound velocity by (2.13) 


: Vo? + wr? V2 
VS V4) 
CV) Laie ; (3.20) 
where 
V =//( Op Nie /(Z2) Se 3.2] 
: Oo 0 00 Cr \ ) 
and 
ae / (2) . / ( (op \ ¢ ih Com (3.99) 
00 J. 00/7 Coe 


mean the sound velocity at sufficiently low 
frequency and at sufficiently high frequency 
respectively. In these relations, Cyy and Cp. 
mean the molar specific heats at constant 
pressure at sufficiently low frequency and at 
sufficiently high frequency respectively, and 
Coo and C,.. the molar specific heats at con- 
stant volume at the respective frequencies. 
The absorption coefficient per wavelength be- 
comes by (2.7) and (3.18) as 
(Vuo2— Vo2)wr 
Vo2+ Vin2@2r2 5 
The dispersion formula (3.20) and the ab- 
sorption formula (3.23) can be expressed also 
in terms of the specific heats by substituting 
(3.21) and (3.22) and using the symbols 


D= C9 — Coo = Crpso— Coco 


a,=ah=r tan d=2 (S223) 


(3.24) 
and 
Ci = Cy — Crao(= Cpp— Cpe) 5 (3.25) 


where C; means the static value of the internal 
specific heat (per mole) exhibiting thermal 


relaxation. We have the dispersion formula 
* Op Coco t Cypw?t? 3 26 
v=( 9p Aaraensn cares) (3.26) 
or, 
Op D DCiw?r? | 
Dice fe 1 - 3 
y lee: AM % Coo Coo Com (1+ 2?) 
(3.26a) 
and the absorption formula 
a,=ah=n DET (3.27) 


G.Ces CoC poot0?? : 
The relations (3.26) and (3.27) are general 
formulas applicable both for gases and liquids. 
The dispersion formula (3.26) can be also 
written as 
DEO 4 (3.28) 
GROG + wr?) 
The form of (3.20), i.e., 


V2=V,? | 1+ 


by employing (3.21). 
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and 
ae V —Vo)—— 3.29 
oo ae are in heat aati (4.8) 
( . A 
is also often used for liquids. This simple Cy0 Cup + Cyc Coo? 8” 


formula, naturally, is also valid in case of 
gases, though hitherto not in use. This for- 
mula (3.29) has further the advantage that in 
this form it coincides with the relaxation for- 
mula in other cases, as for example, in case 
of the relaxation of shear viscosity (group (I)- 
(d) theories). 


§4. Relation between the Two Relaxation 
Times t and 8 


Although the formula (3.29) with relaxation 
time t is sometimes employed for liquids, the 
formulas of general use in gases (Kneser’s 
dispersion and absorption formulas) employ 
another relaxation time 8, also called the 
“ period of adjustment (Einstelidauer)” of the 
internal energy. t was introduced in our 
previous paper! and first denoted by 8’. It 
was called the “ relaxation time of the internal 
energy ” by Hubbard, while 8 was called the 
“relaxation time of the internal specific heat.” 
Kneser’s formulas are to be obtained from 
our result by employing a relaxation time P 
given by 


ene ae Cos amos 
ase =— Ga (4.1) 
in place of t, 1.e., by substituting 
Cr 
cease oes (4.2) 


in our equations. For example, the dispersion 
formula (3.26) transforms into 


Op Coy + Contd? 2? 
V2 a iE) ee e 
( Op ),L mn aa. ce 


by this substitution, and the absorption for- 
mula (3.27) becomes 


DCwB 


A= 
: (CaO + Cp Cy.0? 8? : eS) 
As we have further 
D=R (4.5) 
(R=universal gas constant) and 
Op \ = _ Po 
Ceres 4.6) 


for an ideal gas, (4.3) and (4.4) becomes in 
this case as 


yy Pl yp Coot Cow? tae d 


00 Ce 2)? 3? Ga 


in accordance with Kneser’s formulas. 

Kneser’s formulas are to be obtained most 
simply by assuming a relaxation phenomenon 
of internal specific heat C; with relaxation 
time $ and formally putting 


CG =, ; 


in the expression of the sound velocity (cf. 
Eucken-Becker?) 


2 ( OP\ Cay rep D 
Wis ae), a7 ap ee 
(4.10) 
The sound velocity becomes complex in this 
case, the real part giving the approximate 


sound velocity and the imaginary part the 
effect of absorption. Thus we have 


e- (20) ya FSD 
ae Op ial Coca ease | 
-(47) 1 4 (Coot Conn? 8?) + 1DCiW BT 
Oo vid Coo? +Q.?0?B? 


(4.9) 


(4.11) 


This immediately gives the dispersion formula 
(4.3) by (2.13) and the absorption formula (4.4) 
by (2.14). 

The fact that the formulas (4.3) and (4.4) 
are obtained from (3.28) and (3.27) by the 
substitution of (4.2) means that the internal 
specific heat shows a relaxation phenomenon 
with a relaxation time 8 and that this relax- 
ation time is related with the relaxation time 
of internal energy t by (4.2). This is to be 


shown more directly from (3.14). By _ substi- 
tuting 
Op Op\ C 
Ap=( = 
r ( Op 40 = do Alec ie 
Op 
=T\-—) aoe 4.12 
( 00 ie e ( ) 
and 
(2) AG), 
6) (Oi @ 
(op). ek ap ),=7 (Bp) 
00 co Crs 00 T “4 00 T 
in (3.14), we have the relation 
_ Toto tor 
T= La (4.14) 


And by putting 


SS 
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9 bape Dry (4.15) specific heat after an instantaneous compres- 
Coroo+ C;i(o) sion is given by 
in this equation, we have WAE, 4Ei(1—e-*/7) 
i ~— 1 Coo + Cyro- LWT ‘6 AT AT? + (ATA aA ao 
CEC) Cy Co0(1+zor) Denoting the static value of the internal molar 


or, 


HGLG 
Crs: Gye tor” 


a relation, which coincides with (4.9) by (4.2). 

It is, however, desirable to deduce the re- 
lation between the two relaxation times more 
directly from the relation 


4Ei 
ars 


For this purpose, we have first to consider 
the meaning of the temperature T in a sound 
wave. The directly observable quantities in 
this case are V and a; first we deduce 0p/00 
from these quantities, then y, and finally C;. 
The temperature T in (4.17) means therefore, 
the temperature to be deduce from the pres- 
sure p, i.e., the temperature as indicated in 
the translational energy of the molecules. 
This is called the external temperature, i.e., 
the temperature of the external degrees of 
freedoms of the molecules. As £; is not in 
equilibrium with EF; in this case, the temper- 
ature of the internal degrees of freedom (J) 
is naturally different from YT and the internal 
specific heat (under infinitesimal amplitude) 
must be constant if we use the internal tem- 
perature as the temperature. 

First we will consider of the instantaneous 
static compression as indicated in Fig. 1. Here 
the time dependence of the internal energy 
of the molecules E; follows (3.1) and is repre- 
sented in Fig. 1 (b). Now the temperature 
T of the external degrees of freedom is a 
quantity proportional to the translational ener- 
gy E; of the molecules, the proportionality 
factor being 


Ci(@) = 


(4.16) 


C= (4.17) 


AE, 
4T 


by the law of equipartition of energy. So the 
time dependence of 4T must be the same as 
that of 4E, (cf. Fig. 1 (e)) and is to be given 
by an equation analogous to (3.2), 1.e., by 
AT=AT?+(4T°—4T)(1—e-*!7) 
=AT°+(AT@=AT)e-"" - 


=3R (4.18) 


(4.19) 


Thus the time dependence of the internal 


specific heat by C;,°, we have 
(4.21) 


and we have by the law of conservation of 
energy the relation 


CUI PCy GhO, (4.22) 
Substituting (4.21), (4.22) and (3.25) in (4.20) 
we have 
Ci°C,.(1—e-*/7) 

Gye Cea 
This gives by differentiation the relation 
OC,(Z) 1 G.+Ci(Z) 
= 5 Ci-C; : 
ot T Cro { me!) 


The relations (4.23) and (4.24) are of course 
to be deduced more simply from (3.4) and 


C(t) = 


(4.23) 


(4.24) 


(3.5). By substituting (4.12) and (4.13) in these 
relations, (3.4) gives 

r= tr? —1e-/* (4.25) 
and we have from (3.5) 

OT ayant Lean 

Oe mbt! aside (4.26) 
As 

Coot sola) (4.27) 


Cyber? CeO et 
in this case, we have (4.23) from (4.25) and 
(4.24) from (4.27). 

At any rate, it is to be seen from (4.23) 
and (4.24) that the time change of C; after 
an instantaneous static compression does not 
correspond to a simple exponential approach 
to the equilibrium value with a single relax- 


ation time. Thus by writing (4.24) as 
OC; 1 
——= — —(G—-C,° 4.28 
ape gc) (4.28) 
we find that the apparent relaxation time 
Cro 
; S= 4.29 
Bom LC Gg) ey) 
changes with time from 
Bf =t— Coo °—f8 at t=0 
oe (4.30) 
to 
Bl=t at f=.co . 


The reason of the discrepancy of this result 
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from the case of sound wave is due to the 
fact that in the sound wave 4T has also a 
component which instantaneously accompanies 
the density change. 4#;, on the other hand, 
has no such component. 

Now we will consider the case of a sound 


wave. (4.17) is also valid in this case. 4E; 
satisfies the differential equation 
CLEA  ORTON (4.31) 
ot G 


by (3.1), after an instantaneous volume change. 
The time variation of 4E; becomes 
d(4Ei) _O(4E:) O(4E:) d(4o) 
ot ot 0(40) at 
at a fixed point in a sound wave. As 4E; 
does not change in phase with the density 
change, as above mentioned, we have 


+ 


ao 
xa =() (4.23) 
(Gas 
So we have 
UAE;) _ O(4Ei) 
dt Ot 

and accordingly 

gas) + GEO SAR) (4.33) 

ot a 

at a fixed point in a sound wave. If 42; and 


AE.® make sinusoidal changes with circular 
frequency w, we have as the solution of (4.33) 
AE i? 
l+dor — 

Now the quantity 47 in the denominator of 
(4.17) satisfies 


OAT) 1 

eh AT —AT® 
ot T ( ot 

by (4.19) after an instantaneous static volume 


change. In a sound wave we have 
gery Ty (ADS cleo 

dt ot O(40) /.. dt 
If we think, for simplicity’s sake, the ideal 


gas, we have for sufficiently rapid adiabatic 
changes 


4E,=- (4.34) 


(4.35) 


(4.36) 


T=cpY~"1 - C=Const (4.37) 


This gives 
OAT) OT le IL ke 
a - ae = (Yo—1) = i 
O14) Je OpJ= ig Oe 
(4.38)* 


On the other hand, we have for sufficiently 
slow adiabatic change of an ideal gas 


(VolselZ; 
= 4p mer 6 = const. (4.39) 
This gives 
OT als GIR 
=.) (4.40) 
( Oo , 0 Aas ) Or 
and we have from this 
oT TR 
AT°=( —— ) 49= ——4o. (4.41) 
lon ), i OC ‘ 


Substituting (4.35), (4.38) and (4.41) into (4.36) 

we have as the differential equation 

EAT) defame 

dt tc Ne OR | 

(4.42) 

Assuming sinusoidal changes with circular 

frequency w for 4T and 4o, we obtain as the 

solution of (4.42) 

TR (Coo + Coot or) 

OCypCy0(1+¢or) 

or, expressed in terms of 4T° by (4.1), 


4T= 4p, (4.43) 


AP yTo\Gon tater), 


: 4.44 
Cy0.(1+2or) ( ) 
Substituting (4.34) and (4.44) into (4.17) we 
have 
Ay AES Cx 
C= = >  _ , : 
AF AT® “Got Cte tty 
or, 
C;° 
C= ——— .46) 
ltizop ’ Sas 
where 
Coo 
=tT—. 4,47 
Gai (4.47) 
These are the required relations (4.9) and 
(401), 


Non-phenomenological deductions of the re- 
lationship between 8 and rt has been given in 
a previous paper!. 


$5. Relation of ct and @ with the Relaxation 
Times of Herzfeld and Rice’s Theory 


The relaxation equations of Herzfeld and 
Rice, (1.1) and (1.3), have the form of Newton’s 
law of cooling, the rate of temperature change 
being proportional to the temperature differ- 
ence. The relaxation equation of pressure 


* In general, we have for any fluid (liquid or 
0(4T) Cy — Co 

29) SS Se 

#99), (“3¢4p) ) > apa 


expansion coefficient, (cf. Nomoto (25), eq. (3.16)). 
Eq. (4.44) holds true also in this case. 


, where « means the 
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used in the present theory, (3.5), on the other 
hand, is based on the phenomenological relax- 
ation equations of energy (3.1) and (3.2). These 
equations, however, leads to the Herzfeld’s 
relaxation equations. As the Herzfeld’s relax- 
ation equations are thermodynamically founded 
by De Groot, the phenomenological equations 
here employed also gain the thermodynamical 
supports. At the same time, the relation be- 
tween the relaxation times tz’ (=Cit/C,... by 
Herzfeld’s notation) and ¢ and B® can be ob- 
tained. 

As the increment of the internal tempera- 
ture 4T; is proportional to the increment of 
the molecular internal energy 4E; by 

4E,=CAT, , (2b) 

the time change of 7; after an instantaneous 

compression of Fig. 1 is similar to that of EF; 
and is given by 

ATi, =ATi9(1—e-*/*) , (5.2) 

(cf. (3.1)), where 47;° is the value of 47; 

corresponding to the new equilibrium state, 

while the external temperature is given by 

(4:19), :i:e.; 

AT=AT?—(4T?—AT")1—e-*/7). (5.3) 

As the energy obtained by the internal 
system C;47T;° till the equilibrium is estab- 
lished, is equal to the energy lost by the ex- 
ternal system C,.(4T°—4T°), we have 


AAT aC. CATO” (5.4) 
Accordingly, (5.3) becomes as 
AT=4T?—ATi9(Ci/Cuo)(1—e-"/*) . (5.5) 


Then we have from (5.5) and (5.2) 
AT—AT; =AT ?—ATi9(Cyo/Co2)(1—e-*/") . 
4 ©) 

Differentiating (5.5) with respect to time, we 
have 

0(4T) pale LAT (C.]Cou)e“*!” : 

ot T 

As the equilibrium temperature is common 
for the internal system and the external sys- 
tem, we have 


(5.7) 


Ales r™, (5.8) 
and (5.7) becomes 
OAT )/0¢=—(1/t)(Ci/Co)AT °e-"/* . (5.9) 
Moreover, there is the energy relation 
Coane =C.Al” ; (5.10) 


So we have from (5.6) by substituting (5.8) 
and (5.10) 
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AT —AT,=(Cro/Cyx) AT e-*/7., (5.11) 
Substituting this into (5.9) we have 
CAT ee : 


which corresponds to Herzfeld’s relaxation 
equation (1.1). So we see that the relaxation 
time tz in (1.1) is related to tr and B by 


abe 4 a g oe (5.13) 
Similarly, we obtain from (5.2) 
Mee i ie AT). Gad) 


This corresponds to Herzfeld’s equation (1.3), 
and we have accordingly the relation* 


(5.15) 


It is known that Kneser’s “ period of adjust- 
ment of vibrational energy” 8 has the mean- 
ing of the “mean lifetime of the energy 
quantum” and related to the “collision pro- 
bability of desactivation” f1) by 


B=1/2eNf 10) , 


where « means the number of collisions taking 
place per each second if the molecular density 
is one per cm’, and N the number of mole- 
cules per cm’. It seems at first strange that 
the relaxation time of the internal specific 
heat 8 is more closely related to the collision 
probability than does the relaxation time of 
the internal energy rt. The Herzfeld’s equa- 
tion (1.3), however, explains this together with 
the relation (5.15). It means that the internal 
energy increases only at the expense of the 


(5.16) 


* Jt was erroneously stated in one*) of our 
previous papers: ‘“‘c is the relaxation time to 
follow the change of thermal equilibrium at con- 
stant volume, i.e., after ending of an instantaneous 
volume change, whereas f is the relaxation time 
to follow the change of thermal equilibriwm in a 
sinusoidal volume change, i.e., accompanying a 
sinusoidal change of the equilibrium state in a 
sound wave.” 

We have to correct this as follows: 
relaxation time of the internal energy to follow 
the change of thermal equilibrium at constant 
volume, while @ is the relaxation time to follow 
the difference of temperature between the external 
and the internal degrees of freedom in a sinusoidal 
volume change.’’ (Cf. Nomoto), Fig. 3 as regards 
the relation between the various temperatures 47, 
AT; and the equilibrium value 47°(=4T;°)). 


‘*c is the 


ice) 
oa) 


external energy, and that the relaxation time 
for this process is 8, instead of tc 

Thus we see that the relaxation time of the 
internal specific heat 8 is physically a more 
significant quantity than the relaxation time 


of the internal energy ct. 


$6. Second Approximation Formulas 

More precisely, the sound velocity is given 
by (2.11). By correcting the zero approxima- 
tion velocity equation (3.26) by this equation, 
employing the absorption value of (3.27), we 
have 
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And by retaining terms up to (DC;/CypoC...)”, 
we have the second approximation velocity 
formula 
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In terms of the relaxation time 8, we have 
by (4.2) in place of (6.1) the expression 
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The second approximation absorption formula 
is obtained from (2.12) as 
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or, in terms of the relaxation time #, as 
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The second approximation dispersion for- 
mulas (6.2) and (6.3) nearly coincides with the 
previously obtained ones (Nomoto, eq. (3.21) 
and (3.22)) in case of an ideal gas, up to a 
minor difference in the second order term in 
wt? (or 28?) coming from the difference in 
methods of expansion. The second approxi- 
mation formulas become indispensable in ob- 
taining the dispersion formula for non-ideal 
gas or in calculating deviations of velocity 
for any real equation of state from an ideal 
gas. No such formulas applicable to both 
gases and liquids have been obtained before. 
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Electrical Properties of GeTe 


By Yoshiro MORIGUCHI and Yutaka KOGA 
Kurume University 
(Received October 20, 1956) 


The electrical properties of the compounds, SnSe!, 
GeSe2 and SnTe®, whose component elements be- 
longing to the IV and VI groups of the periodic 
table have recently been reported. According to 
these reports, the first two compounds behave like 
an ordinary semiconductor, while, on the contrary 
the last shows rather a semi-metallic property. 
The measurements for GeTe, whose component 
elements also belong to the same groups as above, 
have been performed to compare with them. 

The samples of the stoichiometric composition 
were made from Ge (from Eagle Picher Co., a few 
2cm) and Te (from Nihon Kogyo KK., 99.9987) 
by heating up to the melting point in an evacuated 
silica tube, and some of them were made into sin- 
gle crystals by zone-melting. The measured Hall 
coefficient R, resistivity 9 and thermoelectric power 
Q of the typical samples are shown in Fig. 1, and 
the Hall mobility R/o in Fig. 2. The signs of the 
Hall coefficient and thermoelectric power are posi- 
tive through the whole temperature range. 


© polycrystal 


@ single crystal 
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Fig. 1. The Hall coefficient R, resistivity e@ and 
thermoelectric power Q. 


As shown in Fig. 1, the resistivity is compara- 
tively small and its temperature coefficient is 
positive. In addition, the carrier concentrations 
obtained from the Hall coefficient have large value 
of about 10%~102! per cm? It is to be noticed 
that these characteristics seem to be scarcely in- 
fluenced by zone-refining. The large value of the 
carrier concentration and the positive temperature 
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Fig. 2. The Hall mobility F/o. 


coefficient of the resistivity in the whole tempera- 
ture range indicate that the ordinary theory for 
semiconductors, both homopolar and ionic, may be 
not able to be assumed for GeTe. These behavi- 
ours closely resemble those of SnTe, except that 
the Hall coefficient of GeTe decreases suddenly in 
high temperature range. The fact that the value 
of the carrier concentration is very large and do 
not decrease by zone-refining seems to suggest that 
the source of the charge carriers may be neither 
impurity atoms, nor the excess of one of the com- 
ponents as are usual in many ordinary semiconduc- 
tors. 

The Hall coefficient and resistivity of GeTe are 
rather semi-metallic as mentioned above, but we 
have no preparations for the explanation of such 
electrical properties of GeTe at present. 

We wish to express our gratitudes to Prof. Atu- 
yosi Okazaki, Assist. Prof. Toshihiro Okada and 
the members of their laboratory for their kind 


guidances and for placing research facilities at our 
disposal. 
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Electronic Structure of a Moving Exciton 
in Alkali Halides 


By Toshinosuke MuTO and Sei-ichi OYAMA 


Institute of Science and Technology, 
University of Tokyo 


(Received November 2, 1956) 


The solutions of Wannier-Slater equation, which 
have been actually obtained in the previous 
work), can be made use of as one-electron orbitals 
in our new approach of a moving exciton problem. 
As is well-known, the theoretical treatment of a 
moving exciton is considered to become essenti- 
ally many electron problem in which the con- 
figuration interaction plays decisive role. As for 
the one-electron orbitals from which determinantal 
functions can be constructed, the solutions of 
Wannier-Slater equation corresponding to the con- 
duction continuum and the localized exciton states 
just below the mentioned continuum have been used 
for one-electron orbitals of the excited states. 
The normal state of valence electrons is supposed 
to be approximately represented by that of the 
band theory since the majority of valence electrons 
of the crystal is expected to be in the continuum 
region of the energy states and a few of them is 
considered to be brought into the localized states 
below the valence continuum. 

As for the electron configuration, we shall con- 
fine ourselves to the configurations with one elect- 
ron excited to the ground state of a localized 
exciton state below the conduction continuum 
from any one level of the valence band. Different 
configurations will be specified by different hole 
state of the valence band and different location of 
the localized exciton state. The other possible 
configurations in which an electron is raised into 
the excited states of a localized exciton or to the 
conduction continuum, and two or more electrons 
are raised into the similar excited states, will be 
entirely disregarded for the sake of simplicity*. 

Then, we can set up the determinantal functions 
corresponding to each electron configuration men- 
tioned above, a suitable linear combination of 
which is shown to be expressed by the deter- 
minantal functions constructed directly from the 
corresponding Wannier functions and a wave 
function of a localized exciton at, say Re The 
latter determinantal function, specified by the 
location R, of a localized exciton and by a hole 
in the m-th branch of the valence band, shall be 


- denoted by U8 Ry sn) in which s— ll and 3) cor- 


* In this connection, we should like to note that 
two excitons problem is now being worked by Miya- 
gawa, one of our graduate students. 
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respond to a singlet and triplet configuration, 
respectively. Since the valence band of the 
chlorides is seen to become the Cl 3p band, it has 
been shown to split into three branches Gay ZB) 
according to the method of tight-binding appro- 
ximation by Bethe?). 

The correct linear combination of the above deter- 
minantal functions and the corresponding secular 
equation can be worked out along the usual 
method of procedure. 

Then, we have, for the wave function of a 


moving exciton in the j-th branch of the exciton 
band. 


>> «63 rd 
Vi =MeiKR, SAS) VCR; 2) 
R, mar 2% 


and, for the secular equation from which AS and 
the corresponding energy Hj of the exciton band 
are solved, 
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in which K denotes a wave number vector in the 
reciprocal lattice of the crystal and 
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The propagation of our localized exciton 


through the lattice can be observed in the first 
summation factor of the wave function mentioned 
above. Since the secular determinant will become 
of a cubic as mentioned above, we have, for the 
lowest exciton band, at least three branches, i.e., 
E=E;(K), j=1, 2, 3 as far as the spin-orbit coupling 
is neglected. The spin-orbit coupling which can 
mix triplet and singlet states of the exciton band 
and higher order configuration interaction can 
give rise to still more multiplet structure of the 
exciton band, the corresponding secular equation 
being set up in a straightforward way. 

The details of the mentioned calculation to- 
gether with the numerial evaluation of the energy 
values of the exciton multiplet shall be reported 
in this journal in near future. 
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Asymptotic Behaviour of the Laminar 
Compressible Boundary Layer over 
a Circular Cylinder with 
Uniform Suction* 


By Michiru YASUHARA 


Institute of Science and Technology, 
University of Tokyo 


(Received August 15, 1956) 


The Solution of the incompressible boundary 
layer equations for the flow over a circular cylinder 
with uniform suction has already been presented 
by Wuest!) and Lew” in a simple closed form. 
This note treats the compressible case. If the 
cylinderical coordinates (w, 7) is chosen, and the 
asymptotic state in which all quantities are inde- 
pendent of aw is considered, the boundary layer 
equations become 


du_1 1d (1 Fae (1) 
Or vr dr\" "dr 
OMe ead (Crap =) Ss 
cae gpa ba re i 2 
CO, r a P, "dr "\ dr)? 2) 


where (uw, v) are the velocity components and P, 0, 
T, », Cy, and P, show the pressure, the density, 
the temperature, the coefficient of viscosity, the 
specific heat at constant pressure, and the Prandtl 
number respectively, and further suffix o and w 
express quantities at infinity and on the cylinder. 
Eqs. (1) and (2) can be integrated as follows. 
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where € is the radius of the cylinder. » is a func- 
tion of temperature as given by Sutherland, and is 
known as a function of u from (3). If » is ap- 
proximated by a linear function of the temperature 
used by Chapman and Rubesin®), (4) is integrated 


as follows. 
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where C is the Chapman-Rubesin constant, and 
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* Note added in proof. It is interesting to note 


that, Prof. Lew has presented the same result in- 
dependently, for the compressible case in “J. Aero, 
Sci. 23 (1956) 895-897”. 
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The shear stress on the cylinder ct, and the tem- 
perature gradient on the cylinder are given by 


du 
ta=(#7n), =PwtoV , 
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Fig. 1 and Fig. 2 are several numerical examples 
which show qualitative natures of the flow. 

Last, it should be noticed that, the condition to 
keep the displacement thickness finite is expressed 
as follows. 


T, 
Re>2n- (9) 
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Carrier Concentration Changes in p-Si 
Induced by Heat Treatment 


By Yasuo MATUKURA 
Electrotechnical Laboratory, Tokyo, Japan 
(Received August 14, 1956) 


C. S. Fuller et al has reported the changes in 
the resistivity of Si induced by heat treatment. 
We have observed the changes of carrier concentra- 
tion in p-Si caused by heating at temperatures be- 
tween 400° and 1000°C. 

A p-Si single crystal of resistivity about 189cm 
was grown from the melt by the pulling technique. 
The room temperature-resistivity and Hall coefficient 
of bridge shaped specimens with Ni plated electrodes 
were measured before and after the heat treatment. 
After removing the Ni plating, the specimen were 
cleaned in HNO; and HF, then heated in Hy, air, 
or vacuum. The variation of the number of ther- 
mally induced electrons and holes with the tem- 
perature of treatment is shown in Fig. 1. Here 


4p 


| eee ee 


4.00 600 €00 1000 
Heat Treatment Temperature (°C) 
Fig. 1. Relation between the heat treatment tem- 
perature and induced electron concentration (An) 
or hole’s (Ap). 


Table I. Thermally induced carrier concentrations 
of silicon cooled at various rates after heating 
for 50 minutes in hydrogen gas. Minus signs 
represent the increase in holes. 


Heating 
temperature 500 700 
CC) 


-Cooling rate 
(°C/min.) 


Change of | ‘ | i, | | 
carrier density | 2.57 [4.354.59| —0.41,—0.250.89 
(105 em=2) pa et TRI 
the specimens were heated fer 50 minutes in puri- 
fied H, gas and quenched. The effect of the rate 
of cooling is shown in Table I, where specimens 
were heated in Hz gas for 50 minutes. The slowest 
cooling (the last column) from 700°C gives an in- 
crease in electron content, which may be expected 
from the fact that the specimen is cooled through 


quench| 23 | 5 |quench| 50 6 
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the region of 400° to 600°C at slow cooling rate. 
On the other hand, thermally induced carriers seem 
to influenced by the ambient gas. The heat treat- 
ment at 500°C in vacuum of 1x10-5mmHg has 
induced the smaller electron density than in He or 
air, and the largest effect has been obtained in air 
as ambient. At 700°C, we could see no influence 
of the ambient. The relation between carrier con- 
centration and heat treatment time, as shown in 
Fig. 2, was obtained by heating in vacuum and 
quenching. When specimens which showed an in- 


Carrier Density (101 cm-3) 


ena 
10 100 4000 
Heating Time (min.) 
Fig. 2. Changes of carrier density by the heat 
treatment time in vacuum. 


crease in hole concentration by heating at 700°C 
were heated at 500°C, they turned to #-type by the 
induced electrons. They were again turned to p- 
type by heating at 700°C. These cycles were re- 
versible provided to heating times were succes- 
sively prolonged. 

In order to interpret the complicated changes 
mentioned above, it seems better to consider that 
the phenomena observed in the case of low tem- 
perature treatment (under 650°C) are different in 
their origin to that observed in the case of high 
temperature treatment (above 650°C). In the former 
case, some kinds of surface impurities such as cop- 
per2-%) in germanium may play a part of roles in the 
mechanisms. In the latter case, the lattice defcts 
of Schottky or Frenkel type would take part in the 
generation of holes». 

These phenomena depend also on the conditions 
of preparing the sample. At the present situation 
it is proper to reserve the decisive conclusions on 
the mechanism of these phenomena. 

The author wished to express his gratitude to 
Dr. G. M. Hatoyama, the members of his laboratory, 
and Mr. M. Kikuchi for various inspiring discus- 
sions, and Dr. T. Momota and Mr. T. Suzuki for 
their encouragements. 


Short Notes 


104 


References 
1) C.S. Fuller, J. A. Ditzenberger, N. B. Hannay 
and E. Buehler: Phys. Rev. 96 (1954) 833, and 


Acta Metallurgica 3 (1955) 97. 
2) W-P. Slichter and E.D. Kolb: Phys. Rev. 87 


(1952) 527. 

3) R. J. Hodgkinson: 
4) S. Mayburg and L. Rotondi: 
(1953) 1015. 


Physica 20 (1951) 1001. 
Phys. Rev. 91 


J. Poys. Soc. JAPAN 12 (1957) 104 


On the Hall Effect in Bismuth 
at Low Temperature 


By Hirosi HASEGAWA, Sigeru NAKANO 


Department of Physics, Tokyo University 
and Natsuki HASHITSUME 
Department of Physics, Ochanomizu University 


(Received October 29, 1956) 


The galyano- and thermomagnetic properties of 
several metals show oscillatory behavior against 
magnetic field at liquid helium temperatures, which 
is similar to the de Haas-van Alphen oscillation. 
One of the characteristics of the field variation of 
these transport phenomena is, however, that these 
also have the monotonic part of the field dependence 
relatively steep in comparison with the susceptibili- 
ty curves. The measurements of the Hall voltage 
in bismuth by J. M. Reynolds et al show that the 
envelope is proportional to 5, where 6 takes values 
between 2 and 3 under magnetic field up to 8 kilo- 
gauss. In their analysis of data, this dependence 
has not been accounted for, and the oscillatory 
part has been attributed to the periodic change in 
the number of conduction electrons versus recipro- 
cal field intensity according to Landau-Dingle’s 
formula». We present here an interpretation of 
the monotonic part and also a remark on the 
oscillation of the Hall effect against field. 

The galvanomagnetic effects of semi-metals are 
analyzed usually on the basis of the two band 
model», where very large magnetoresistance of 
these metals is interpreted as a result of the com- 
pensation of electrons and holes in contributing to 
the Hall field and also of their long mean free 
paths. In liquid helium temperatures and under 
strong magnetic field where the circular frequency 
®, Of carriers is much larger than collision fre- 
quency 1/z, the slight difference in number of 
electrons and holes alters the field dependence of 
Hall effect qualitatively from that expected under 
the condition w,r <1, 

In the case of bismuth it turns out that the ex- 
cess of electrons less than 1% is sufficient to cause 
a rapid increase of the Hall voltage, what is actual- 
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ly observed by experiment. Reynolds’ data were 
reanalyzed on this model, and we obtained an 
estimation of the difference as follows; 


A4n=(3.740.3) x 105 cm-3 at 4.2°K. 


Assuming the concentration of conduction electrons 
to be m=10'8cm-%, we can estimate another 
parameter 


Hy [2] wa + po = (2.80.3) x 10° cm?/volt sec. 


where p, and pw, are the mobilities of an electron 
and a hole respectively which correspond to the 
respective maximum mass in the direction per- 
pendicular to the principal axis, whereas the 
mobility estimated from residual resistance at 
vanishing field corresponds to the minimum mass. 

The above-mentioned excess of electrons 42 would 
arise presumably from the ionization, say, of im- 
purities. In the range of magnetic field used in 
experiments the distribution of charge carriers is 
determined almost always between the upper and 
the lower band themselves, because the ionization 
energy would not be affected appreciably by the 
increase of field intensity. If, for instance, some 
electrons fall into the lower band, the number of 
electrons in the upper band changes, but the dif- 
ference 4x should not change. Therefore, even if 
the distribution of carriers is changed periodically 
with increasing field, the condition 


4n=independent of H 


should be satisfied. This means that the oscilla- 
tion of a conductivity tensor versus 1/H should 
occur at least through the second order terms 
which relate to the relaxation processes. If the 
oscillation is attributed to 4 in the expression of 
the Hall coefficient, we shall obtain a too rapid 
increase of the amplitude of oscillation, which con- 
tradicts with experimental data. Similar remark 
has been made by M.C. Steele) in connection with 
the analysis of his experimental data in antimony. 

Detailed calculations and discussions of the more 
basic problem of the transport theory under strong 
magnetic field will be presented later. The authors 
would like to express our thanks to Professor R. 
Kubo for his suggestions on this problem. 


References 
1) M.C. Steele: Phys. Rev. 99 (1955) 1751. 
2) J.M. Reynolds, H.W. Hemstreet, T.E. Lein- 
hardt, and D. D. Triantos: Phys. Rev. 96 
(1954) 1203. 


3) B. Abeles, and S. Meiboom: 
(1956) 544. 


4) T. Okada: J. Phys. Soc. Japan 11 (1956) 89. 


5) W.C. Overton, and T.G. Berlincourt: Phys. 
Rev. 99 (1955) 1165. 


Phys. Rev. 101 


1957) 


J. PHYS. Soc. JAPAN 12 (1957) 105 
Spiral Etch Pits on Germanium Surface 


By Makoto KIKUCHI and Seiichi DENDA 
Electrotechnical Laboratory, Tokyo, Japan 
(Received October 27, 1956) 


Spiral etch pits have been formed on (111) germa- 
nium surface. It is already reported by Ellis 
that this type of etch pits can be formed by using 
special kind of etching solution, i.e., bubbling Cl; 
in the mixture of KOH and H.O at 0°C. We have 
succeeded, however, to form this kind of etch pits 


using rather usual solutions, i.e., the combination £ 


ot HNO:, HF, HCl, and H.QO,. 
Figs. 1 and 2 are the photographs of the spiral 
pits of left-hand and right-hand screw type, respec- 


Fig. 1. Left-hand type spiral etch pit. 


Fig. 2. Right-hand type spiral etch pit. 


tively. It has been confirmed that the density of 
this type of etch pits is at least two or three 
orders of magnitude smaller than the other kinds 
which are formed by ordinary etching. 

It must also be noticed that the etches which 
are effective in forming the pits of closed terraces”) 
is quite useless to form the spiral pits. 

Fig. 3 shows a pair of spiral etch pits, one is 
left-hand and the other is right-hand screw type. 

It has been experienced that the number and the 
structure of etch pits critically depend on the re- 
lative amounts and combination of etching solu- 
tions, temperature, the treatment of the germanium 
surface before the etching, and on some important 
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A pair of spiral etch pits. 


Kiger: 
but unknown factors. 
investigated, 


The details are now being 
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On the Release of Alkaline Earth Metals 
by the Electron Dissociation of Oxide 
Films Evaporated from the Oxide 
Coated Cathodes 


By Tetsuji IMAI and Isao MITSUFUJI 


Electrical Communication Laboratory, Nippon 
Telegraph & Telephone Public Corporation, 
Tokyo, Japan 


(Received October 23, 1956) 


It was pointed out by Sproull) that a large 
quantity of condensable gas which is enough to 
cause a glow discharge is present in the anode- 
cathode space of the oxide-coated cathode magne- 
trons. 

The author observed a quite similar phenomenon 
in the ordinary oxide-coated cathode vacuum tubes 
in which a electrode contaminated with cathode 
materials is utilized as the anode. In Fig. l, 
variations of gas pressure measured by the ex- 
ternal ionization gauge and of anode current are 
shown together with the schematic indication of 
the intensity of the glow observed in the anode- 
cathode space. The glow is analyzed spectrosco- 
pically and the several spectral lines of Ba, Sr and 
a trace of Ca are observed but other lines are not 
found as shown in Fig. 2. 

In Fig. 1, it is noted that though in the first 
stage (small anode loss) increase of gas pressure 
measured by the gauge is as large as that of the 
second stage (large anode loss), glow between the 
anode and the cathode is observed only in the 


second stage. This fact implies that the increase 
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of gas pressure observed by the gauge is not the 


direct cause of the glow. The latter may be at- 
tributed to the localized atomic and ionic Ba, Sr 


Schematic 
indication 
of the glow 
intensity 


150 


othe 
OE 10 2 14 
Time (Min) 
Fig. 1. Variations of anode current and gas pres- 
sure caused by electron bombardment of the 
open caovered with deposited oxide materials. 


and Ca vapours which are left at first on the 
electron bombarded anode by the preferential re- 
moval of oxygen of the deposited oxide materials 
such as BaO, SrO and CaO and then released from 
the anode by sublimation. 

The releasing energy of Ba at the electron dis- 
sociation of the BaO cathodes is obtained by S. 
Yoshida and others” by the use of radioactive 
isotope. In this method, the electron bombard- 
ment is undertaken at various cathode temperatures 
and the quantities of Ba deposited on the outer 
electrodes are counted for each case. Therefore, 
the releasing energy obtained by this temperature 
dependency may be attributed reasonably to the 
sublimation energy of the Ba atoms or ions dis- 
sociated from BaO. 
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It is pointed out further that not only BaO but 
also considerably large quantity of SrO evaporate 
from the oxide coated cathode in contradiction to 
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Fig. 2. Spectroscopical analysis of the glow. 
the previous supposition of the preferential evapora- 
tion of BaO only”). 
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Temperature Dependence of Electron Spin 
Resonance Absorption of Thiophenol in 
Sulfuric Acid 


By Yasaburo YOKOZAWA and Isao MIYASHITA 
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Electron spin resonance absorption has been ob- 
served in free radicals embracing unpaired electrons. 
The resonance frequency v in the static magnetic 
field H is given by 

hyv= 96H. GD) 
As the intensity of resonance absorption is pro- 
portional to the magnetic susceptibility y, 
_ NgeS(S+1) mh 
3kT : 
where S is the electronic spin quantum number 
‘and WV the density of the unpaired electrons, it is 
important to examine the temperature dependence 
of the resonance absorption intensity. 

The present writers have examined the tempera- 
ture dependence of the absorption intensity of thio- 
phenol (CsH;SH) in sulfuric acid. This absorption 
has been reported to consist of two parts, the g 
values being 2.015 and 2.008, respectively.) 
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aly 
s B 
a 
A 
Ol 9.003 0.004 0-005 
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Fig. 1. The temperature dependency of resonance 


intensity of thiophenol in sulfuric acid. Ordi- 
nate: the logarithm of the ratio of the absorp- 
tion intensity of the sample to that of D.P.P.H.. 
Abscissa: the reciprocal of absolute temperature. 
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The measurements were carried out at a frequency 
about 9000 mc/sec, covering the range from room 
temperature to liquid-nitrogen temperature. The 
absorptions were detected by the method of mag- 
netic field modulation and the derivative of absorp- 
tion curves were recorded using a lock-in amplifier. 
The absorption intensities were determined com- 
paring the absorption area of the sample with that 
of diphenyl-picryl hydrazyl, inserted into the cavity 
together with the sample.” 

The spectroscopic g factros do not change with 
temperature. The line widths are nearly inde- 
pendent of temperature, while the absorption in- 
tensities decrease with decreasing temperature and 
become too small to be detected under -55°C. One 
may infer from this that N in Eq. (2) is not con- 
stant in this case but dependent upon temperature. 
The intensity varies with temperature as shown in 
Fig. 1. In this figure the ratio of absorption in- 
tensity of the sample to that of D.P.P.H. is plotted 
against the reciprocal of absolute temperature. As 
the absorption intensity of D.P.P.H. is inversely 
proportional to the absolute temperature®), this 
ratio is directly proportional to the density of un- 
paired electron, viz N in Eq. (2). 

The two straight lines A and B of almost the 
same slope within experimental errors are obtained. 
A and B correspond to the absorptions of two g 
values, 2.015 and 2.008, respectively. Hence, the 
activation energies determined from these two slopes 
result in the same value 5.8 kcal/mol. 

In this laboratory similar dependence on tempera- 
ture was found in the case of perylen in sulfuric 
acid and it was concluded then that the absorption 
was arising from the triplet state.2) In this case 
of thiophenol it is anticipated that the resonance 
absorption is also due to the triplet state. But 
further discussion on this problem will be given in 
a subsequent paper. 

The present writers wish to present our sincere 
thanks to Professor K. Higasi for his kind interest 
and encouragement. A part of the expense has 
been defrayed from a grant by the Ministry of 
Education. 


References 


1) J. E. Wertz and J. L. Vivo: 
23 (1955) 2193. 

2) Y. Yokozawa and I. Miyashita: 
25 (1956) 796. 

3) H. J. Gerritsen, R. Okkes, H. M. Gijsman and 
J. van den Handel: Physica 20 (1954) 13. 


J. Chem. Phys. 


J. Chem. Phys. 


108 Short Notes 


J. PHys. SoC. JAPAN 12 (1957) 108 


On the Electronic Structure of Localized 
Exciton in Alkali Chlorides 


By Toshinosuke MuTo and Hiroshi OKUNO 
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University of Tokyo 


(Received October 25, 1956) 


As a continuation of the previous work” on 
KCl, our method of procedure based on Wannier- 
Slater equation for perturbed lattice has been ex- 
tended to all chlorides which have been actually 
observed experimentally. Our numerical results 
are shown in the following table. 


ce | m*/m —Ei'ca. | — EH" ops. 
LiCl 2.75 0.6 0.89 ev, 0.86 ev 
NaCl yr an Ad 1781 <i) Ie 183 
KCl 2.13 0.85 1:83 1.80 
RbCl 2.19 OZ | 153 1.50 
CsCl 2.60 0.9 1233 1.39 


According to our experience in the best-fit pro- 
cedure of the previous report”, the effective dielect- 
ric constants « have been tentatively assumed to be 
the high frequency values. The assigned values 
of the effective m* in our procedure are observed 
to be of the order of magnitude ranging 0.5m to 
m in accordance with the available experimental 
data. Generally speaking, therefore, the compari- 
son shown in the Table seems to be good as far 
as the approximation in our method of procedure 
is allowed for. In order to avoid the misunder- 
standing, however, a few words should be added 
on our definition of a localized exciton. In fact 
our localized exciton does concern the exciton 


Wols 12; 


state localized around a lattice point only for the 
short duration of light absorption process but not 
for a still longer time. For a still longer time, 
the displacement of surrounding ions, i.e., lattice 
distortion will give rise to an essential influence 
on the exciton state. 

In this connection, we should like to point out 
another example of the applicability of the Wan- 
nier-Slater equation for perturbed lattice. Pring- 
sheim?) and others discovered the so-called Greek 
bands in the longer wave length side of the usual 
exciton band of KI at low temperatures and such 
new absorption bands were ascribed to the localiz- 
ed exciton around a negative ion vacancy or a 
F-center, respectively. For an exciton trapped 
around a negative ion vacancy, the perturbation 
potential in the Wannier-Slater equation will be- 
come negative of the potential energy due to a Cl- 
ion Vel ( =7na) in addition to that of a usual ex- 
citon V(r). 

Then, we have 


he = + ts ~ 
5 AOr) + {V(r)+ Vealr—na)} or) = B90). 


The solution of the above equation can be obtain- 
ed by the ordinary perturbation theory or through 
a similar method to that in the hydrogen molecule 
iron problem. The numerical evaluation is now 
in progress. 
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The Multipolarity of y-ray Absorption in ’C(7, 3a) 
Reaction produced by (Li, p)r-rays 
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and Y. TSUNEOKA 
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The mechanism of the !C(y,3«) reaction for (Li, p)¥-rays has been 


estimated from a study of 576 stars in nuclear emulsions. 


By the 


analysis of the angular distributions and correlation of the a-particles, 
the multipolarity of the absorption process of (Li, p)y-rays by the 2C 
nucleus can be explained by the mixture of two sorts of interaction H1 
and #2. This result is consistent with Goward and Wilkins’ conclusion, 
but our experimental data of the angular distribution of the first a- 
particles show significant forward asymmetry contrary to their backward 


asymmetry. 


Introduction 


Soe 

The reaction ”’C(7y, 3a) has been studied 
by many authors (Hanni, Telegdi & Ziinti», 
1948; Nabholz, Stoll & Waffler”, 1950; Telegdi 
& Zinti®, 1950; Telegdi?, 1951; Chastel®», 
1954) by using the (Li, p)r-rays, and by 
others (Eder & Telegdi®, 1952; Goward & 
Wilkins?®, 1953, 1955; Liversey & Smith”, 
1953; Dawson & Bigham?, 1953; Havlicek & 
DoboviSek™, 1955) with the bremsstrahlung 
up to several ten MeV. 

These experimental studies have shown that 
the reaction is expressed by the cascade form: 
2C (7, a,)®Be(a,)a@3, and demonstrated the 
general predominance of transitions to the 3 
MeV level of ®Be for y-ray energy below 20 
MeV. For the multipole character of the 
initial y-ray interaction, Telegdi® determined, 
by the energy analysis of carbon star a- 
particles produced by (Li, p)r-rays, that it 
is the mixture of Ml and E2. On the other 
hand, Goward and Wilkins® concluded that 
the y-ray interaction is the mixture of El and 
E2, by analysing the angular distributions and 
correlation of cascade a-prongs of the star 
produced by the bremsstrahlung whose energy 
interval is from 17.0 MeV to 17.8 MeV. 

We have analysed the angular distributions 
and correlation of carbon star a-prongs in the 
emulsion produced by (Li, p)y-rays under the 
good geometrical condition, arriving at the 
conclusion that the multipolarity of 7-ray 
interaction is the mixture of El and E2. 
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§2. Procedure 

Nuclear emulsions were irradiated for about 
10 hours with y-rays produced by proton bom- 
bardment of lithium. The proton beam was 
accelerated to 500 KV by an accelerator of 
the Cockcroft-Walton type, and the intensity 
of magnetically analysed beam was 500 yA. 
The diameter of thick Li-target was 8 mm. 
1.5”x1” Ilford C2 plates (200 thickness) 
were used. Each plate was arranged in such 
a manner that a 1 in. edge was 12 cm apart 
from the target and the 1.5 in. edges parallel 
to the 7-rays, giving glancing incidence. 

Emulsions were processed by low pH amidol 
developer!”’, with the purpose of obtaining 
good discrimination between a-particles and 
protons, combined with a sufficiently low back- 
ground, and then located with 2 precent 
glycerine solution. 

The processed emulsions were scanned using 
“ Tiyoda” microscope and “ Nippon Kogaku ” 
microscope at a magnification of 600. Detected 
tracks were measured at a magnification of 
1350 or 1500. Each depth measurement (the 
mean of three readings) was subject to about 
+0:32 standard deviation. Errors in horizontal 
projections were +£0.95 4. 

The shrinkage factor was obtained by 
measuring the horizontal and vertical com- 
ponents of the lengths of Polonium a-tracks™. 

The range-enery relation in C2 plate used 
was obtained from the range-energy curve 
corrected with Py @. 
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By momentum-balance analysis? 769 stars 
(momentum . unbalance vector |4P|< 1.4 in 
(a. m. u. MeV)/2) among the measured 957 
stars were treated as C(7, 3a). Fig. 1 shows 


NUMBER OF STARS 


Fig. 1. Energy-release histogram for !C(‘%, 3a). 


the histogram of values of the energy-release 
(E7) for 769 stars. Then 606 stars, whose 
energies are 16.0 MeV<#,+Q<18.6 MeV 
(Q=7.28 MeV), were selected as ?C(y, 3a) 
stars produced by 17.6 MeV ;7-ray. 

Values of E defined by the equation: 


Ei= oP Py) 


were calculated for 606 stars, where P; and 
P; are the observed vector momenta of a; 
and a; (2, 7=1,2,3; ¢j). #3 is the energy 
released when the unstable *Be nucleus breaks 
up into a, and.a;. Fig. 2 shows the histogram 
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Fig. 2. H* histograms (three values for each star). 


of £* values. The histogram of Z* exhibits 
a pronounced peak at E*~3 MeV with half- 
width /~1.0 MeV. In order to assign the 
three a prongs of a star to a), @ and a;, 
the significant E* value, EX, was taken to 
be the value nearest to (2.95+-0.09) MeV, or 
the energy of a, was taken to be the value 
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Fig. 3. Microphotographs of carbon star involving 
the transition to ®B ground state (a) and the 
first excited state (b) (c) (d). 
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The mechanism of the C(y,3«) reaction for (Li, p)y-rays has been 


estimated from a study of 576 stars in nuclear emulsions. 


By the 


analysis of the angular distributions and correlation of the a-particles, 
the multipolarity of the absorption process of (Li, p)y-rays by the 2C 
nucleus can be explained by the mixture of two sorts of interaction 1 
and #2. This result is consistent with Goward and Wilkins’ conclusion, 
but our experimental data of the angular distribution of the first «- 
particles show significant forward asymmetry contrary to their backward 


asymmetry. 


§1. Introduction 


The reaction ’C(y, 3@) has been studied 
by many authors (Hanni, Telegdi & Ziinti», 
1948; Nabholz, Stoll & Wafer”, 1950; Telegdi 
& Zinti®, 1950; Telegdi?, 1951; Chastel®», 
1954) by using the (Li, p)y-rays, and by 
others (Eder & Telegdi®, 1952; Goward & 
Wilkins?®, 1953, 1955; Liversey & Smith”, 
1953; Dawson & Bigham’, 1953; Havlicek & 
Dobovisek™, 1955) with the bremsstrahlung 
up to several ten MeV. 

These experimental studies have shown that 
the reaction is expressed by the cascade form: 
2C (7, a@;)®Be(a,)a3;, and demonstrated the 
general predominance of transitions to the 3 
MeV level of *Be for y-ray energy below 20 
MeV. For the multipole character of the 
initial y-ray interaction, Telegdi? determined, 
by the energy analysis of carbon star a- 
particles produced by (Li, p)y-rays, that it 
is the mixture of Ml and E2. On the other 
hand, Goward and Wilkins® concluded that 
the y-ray interaction is the mixture of E1 and 
E2; by analysing the angular distributions and 
correlation of cascade a-prongs of the star 
produced by the bremsstrahlung whose energy 
interval is from 17.0 MeV to 17.8 MeV. 

We have analysed the angular distributions 
and correlation of carbon star a-prongs in the 
emulsion produced by (Li, p)y-rays under the 
good geometrical condition, arriving at the 
conclusion that the multipolarity of y-ray 
interaction is the mixture of El and E2. 


109 


§2. Procedure 

Nuclear emulsions were irradiated for about 
10 hours with 7-rays produced by proton bom- 
bardment of lithium. The proton beam was 
accelerated to 500 KV by an accelerator of 
the Cockcroft-Walton type, and the intensity 
of magnetically analysed beam was 500A. 
The diameter of thick Li-target was 8 mm. 
1.5’x1’” Ilford C2 plates (2004 thickness) 
were used. Each plate was arranged in such 
a manner that a 1 in. edge was 12 cm apart 
from the target and the 1.5 in. edges parallel 
to the y-rays, giving glancing incidence. 

Emulsions were processed by low ~H amidol 
developer», with the purpose of obtaining 
good discrimination between a-particles and 
protons, combined with a sufficiently low back- 
ground, and then located with 2 precent 
glycerine solution. 

The processed emulsions were scanned using 
“ Tiyoda” microscope and “ Nippon Kogaku ” 
microscope at a magnification of 600. Detected 
tracks were measured at a magnification of 
1350 or 1500. Each depth measurement (the 
mean of three readings) was subject to about 
+0.3y standard deviation. Errors in horizontal 
projections were =£0.95 4. 

The shrinkage factor was obtained by 
measuring the horizontal and vertical com- 
ponents of the lengths of Polonium a-tracks™). 

The range-enery relation in C2 plate used 
was obtained from the range-energy curve 


corrected with Po @. 
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By momentum-balance analysis? 769 stars 
(momentum unbalance vector |4P|< 1.4 in 
(a. m. u. MeV)/2) among the measured 957 
stars were treated as #C(y, 3a). Fig. 1 shows 
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Fig. 1. Energy-release histogram for C(Y, 3a). 


the histogram of values of the energy-release 
(E7) for 769 stars. Then 606 stars, whose 
energies are 16.0 MeV<&7+Q<18.6 MeV 
(Q=7.28 MeV), were selected as ’C(7, 3a) 
stars produced by 17.6 MeV ;-ray. 

Values of ES defined by the equation: 


Eg=7 (PP 


‘were calculated for 606 stars, where P; and 
P; are the observed vector momenta of a; 
and a; (@,7=1, 2, 3; 2327). ES is the energy 
released when the unstable ®Be nucleus breaks 
up into a, anda@;. Fig. 2 shows the histogram 
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Fig. 2. #™* histograms (three values for each star). 


10 MeV 


of &* values. The histogram of #* exhibits 
a pronounced peak at E*~3 MeV with half- 
width /’~1.0 MeV. In order to assign the 
three @ prongs of a star to &, @ and a;, 
the significant E* value, ES, was taken to 
be the value nearest to (2.95+0.09) MeV, or 
the energy of a; was taken to be the value 
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Fig. 3. Microphotographs of carbon star involving 
the transition to 8B ground state (a) and the 
first excited state (b) (c) (d). 
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nearest to {17.6~(7.28-+3.04)} MeV. Then 


976 stars were selected as stars involving the 
first excited state of 8Be. While 19 stars in 
the interval E*<0.9 MeV were selected as 
stars involving the ground state of 8Be. The 
microphotographs of representative types of 
carbon star are shown in Fig. 3. 

The angle 0; of emission of the a,-particle 
relative to the direction of the incident y-ray, 
as observed in the rest system of the ”C 
nucleus, the correlation angle @¢ between the 
direction of break-up of the recoiling *Be 
nucleus and the direction of a, in the ”C 
system, and the angle 0,3; between the di- 
rection of break-up of the *Be nucleus and 7- 
ray direction are given by the following 
equations respectively: 

iv ba Py sin Pr, ; 
6,=¢,+tan i tee hoe db, | ’ 
(ER — Es)” 
EX(2E%+ 2E*—E%) ” 

2p (P2cos $,—Ps cos 3)? 

cos? 423= yon ) 


where P; (¢=1, 2,3) is the momentum vector 


cos? 6¢= 
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Fig. 5. Angular distributions a 
theoretical results for a J=2 le 


0(0,, O¢ or A3) values within the interval 20°. 
The fraction of randomly oriented ”C(7, 3a) 
stars which escape from an emulsion of 200 4 
thickness is 10 percent at 0=90°. In Fig. 5 
the vertical lines indicate the purely statistical 
standard deviations. 

In order to compare the experimental results 
with theory, it was assumed that the 2.95 MeV 
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of a, Py is the momentum of y-ray and 
; (¢=1, 2,3) is the observed angle between 
a, and the y-ray. These are shown in Fig. 4. 


Fig. 4. Velocity vectors of 12C(Ya1)®Be*(a2)as3. 


4), 9c and 6,3 were calculated for 507 stars 
involving the first excited level of ®Be. 


§3. Results and Discussion 

The a-particle angular distributions and 
correlation associated with the first excited 
state transitions are presented in Fig. 5. 
These corrected distributions of / (@,, @¢ or 
#3) values are presented in the form: 


I(@)=N(Q@) cosec @ , 
where N(@) is the number of stars having 


ao) G0) NE) 


900 
(c) @23( degrees) 


30 60 
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nd correlation in the 2.95 MeV transitions. The curves indicate possible 
vel. and F1+ 2 (full lines) of M1+H2 (dotted lines) Y-ray interactions. 


level of *Be has spin-parity 2+, and the £1, 
M1 and £2 y-ray interaction were considered. 
The general theoretical expressions for 1(8;), 
1(6c) and I(@23) are given in Appendix. It is 
worth noticing that for mixed #1+ £2 inter- 
actions interference terms P;(cos ;), P3(cos 41) 
may be present in J(4), but £1+M1 or M1 
+2 mixtures have no such interference 
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Table I. Transition to 2.95 MeV level of *Be: Angular Distributions and Correlation Analysis. 


ratio 
eee, to unknown parameter (61) I(@ ) T(023) 
interaction 
H2 
g,=03=0.25 
do= 2= 01=0.3 : 7P» | 1.4+0.39P,—0.78P. 
wien | 12 Neosmm=28, cosme=1 |'* Ora et altace * 1.40.07 P.—0.66P 
COS Hou4= — 2 : : : | 
| COS Ya= —1/3 | 
om=0.5 
00 = 62> 04> 0.3 
M1+ £2 1/2 COS Ho2= 2/3 1.4-+0.68P2—0.06P; | 1.4-+0.39P,—0.84P, |1.4+0.48P2—0.66P, 
COS Ho4= — 2/3 
COS Ho4= — 1/3 
terms. in agreement with that of Goward and Wilkins», 


The three experimental curves (4), [(8c) 
and 1(@.3) could not be consistently explained 
by each pure interaction £1, M1 or £2 only. 
Therefore, it was considered that the 17.6 MeV 
y-ray is absorbed by mixed levels but not by 
pure level of ”C. Then the experimental 
data were approximated, as far as possible, 
by £14+M1, £1+£2 and M1+ £2 interaction 
mixtures. It was found, however, that F1 
+M1 mixtures are unsatisfactory. Each 
particular set of parameter values of the #1 
+#2 and M1+£2 mixtures are given in 
Table I. The percentage given in this table 
should be unreliable, since the assumed values 
for o and 7 may be considerably in error (see 
Appendix). Fig. 5 iilustrates that in J(@c) and 
I(@.3) the agreement between theory and ex- 
periment is good for two mixtures £1+£2 
and M1+£2, but in J(@,;) a good agreement 
is found only for the £1+£2 mixture. The 
strong experimental evidence of asymmetry 
in J(0;) about 0,=90° suggests at least a 
predominant #1+£2 mixture. This result is 


but our J(@,) distribution shows significant 
asymmetry contrary to their distribution which 
shows backward asymmetry in the region 
17.0 MeV <F,<17.8 MeV. 
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Appendix 


The general theoretical expressions for 
angular distributions and correlation in a 
three-stage nuclear reaction have been derived 
by Brinkworth™. This general theory was 
applied to following special cases. 

When the intermediate *Be state is 2* in 
C(7, &)’Be(az)a@3 reaction, then, for El y-ray 
interaction, we have 


I(9;)= (61 +63) +[ —0.100, —0.4003+1.47(0103)}/2 cos 913]P2(cos 9;) , 
[(9c)=(61 +63) +[0,+1.1403—0.71(0103)'/? cos 713|P2(cos 0.) , 
+[0.8603—4.22(0,03)"/? cos 713]|P1(cos Oc) , 
(23) =(61+63)—[0.500,+0.1403]P,(cos O33) , 


where o, and o; are proportional to the intensity of the angular momentum of the 7=1 and 
J=3 waves respectively, and 7,3 is an arbitrary (unknown) phase angle. 


For M1 interaction and 2+ 8Be we have 


I(0:)= 6 1, +0.500m1P2(cos 4;) , 
I(Oc)= 6 ui +0.710m1P2(cos 0¢)—1.71Pi(cos 9.) , 
123) = 6 u1+0.500 a1P2(cos O23) . 


For £2 interaction and 2+ 8Be we have 
I(0;)=(o9+0.+04) 


+[0.160,+1.9064—1.20(a90,)!/2 cos 702—0.01(6964)!/? COs 794—0.54(o204)'/? COS No4]P3(COS O;) 
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—[2.1402+1.610449.34(o904)!/? COS Qor—7.98(6204)1/2 cos %24|Ps(cos 0,) ; 


I(8c)=(69+02+04) 


+[0.31o,+1.0204—2.43(c902)"/? COS o2—1.10(0204)"/? COS Y24]P2(Cos Bc) 
+[0.800, +0.6004+3.52(0904)!/2 COS Hos —3.00(6204)!/? COs N24|Ps(cos Oc) 5 


I(823) = (9+ 62+04) 


+[0.71¢9—0.1502+0.2004]P2(cos 023) 
—[1.7109+0.49¢+0.0104]Ps(cos 6.3) « 
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Intensity and Energy Spectrum of Fast Neutrons 


in Cosmic Radiation 


By Saburo MIYAKE, Kensaku HINOTANI and Kan-ichi NUNOGAKI 
Institute of Polytechnics, Osaka City University, Osaka 
(Received July 9, 1956) 


The intensity and the energy spectrum of low energy neutrons at Mt. 
Norikura (2740 m above sea level and 25°N geomagnetic latitude) were 
obtained by observing recoil protons with the randomly operated high 
pressure cloud chamber filled with hydrogen gas at the pressure of 92 
atm. The differential energy spectrum for neutrons in the energy range 
from 1 Mev to 15 Mev was found to be expressed by 

(1.24402) x 10-8 x #-1-26#0'10 cm-? sec-? sterad~* Mev". 
The neutron flux is in conformity with what one would expect from the 


density of thermal neutrons. 


Connecting the present data with the 


others which were obtained by many investigations in different energy 
ranges, the energy spectrum of neutrons ranging from 1 ev to 10 Bev 


are discussed. 


Introduction 


The intensity of fast neutrons in cosmic 
radiation is related to the intensity of the 
primary radiation and the process of nucleon 


cascade of the N-component in the atmosphere. 
It should be noticed that as the low energy 
neutron component has the largest latitude 
effect among all others,” it is a good indica- 
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ter for the primary radiations of such energ- 
ies as to be influenced by the terrestrial 
magnetic field. On the other hand, one can 
obtain some information for nucleon cascade 
in the atmosphere from energy spectrum of 
greater than 10 Mev. 

The absolute intensity of the nucleon com- 
ponent has been derived from the data using 
a variety of detecting method”. Data of 
cosmic ray hard showers obtained in multipla- 
te cloud chamber or counter trays, and a 
positive excess of penetrating particles observ- 
ed in magnetic could chamber allow an 
estimation of the intensity of the nucleonic 
component which has the energy larger than 
serveral Bev. The data on stars observed in 
photographic emulsion® also give an estima- 
tion of the nucleon component for the energy 
larger than about 200 Mev, and the observa- 
tion by proportional counter gives the proton 
flux of this energy region”. 

The density of the thermal neutrons which 
have the energy lower than 0.4ev in the 
atmosphere has been measured by means of 
difference method between two geometrically 
identical BF3 counters one of which was 
shielded with cadmium sheet and the other 
with tin sheet®. Concerning the absolute 
intensity of the neutrons, however, it is very 
dificult to show the energy spectrum over 
the whole energy range because the measure- 
ment has been done for the energy range 
from about lev to 200 Mev, and some of the 
methods above mentioned are indirect for 
obtaining the absolute intensity. 

In this report, the observation of the neut- 
rons of 1 Mev to 15 Mev at Mt. Norikura 
(2740 m above sea level and 25°N geomagne- 
tic latitude) will be described and the absolute 
intensity of the neutron will be discussed 
making use of other energy ranges which 
were obtained already by many investiga- 
tions, considering latitude and altitude effects. 


§2. Experimental Apparatus and Procedure 


A cloud chamber® filled with high pressure 
hydrogen gas is suitable for measuring the 
intensity and the energy distribution of 
neutrons ranging from 1 to 10 Mev, because 
it has adequate stopping power and compara- 
tively long sensitive time. The proton tracks 
observed in our investigation were analysed 
as recoil protons by neutrons, because other 
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processes, for example, Compton scattering 
of protons by gamma rays or single prong 
stars of impurity nuclei are negligible. The 
experimental conditions of the instrument 
used are as follows: 
1) Effective volume 

The size of the high pressure cloud cham- 
ber which was used is 50cm in dia, and 20 
cm in depth, but the whole volume was not 
used in our experiment. From the stereosco- 
pic analysis, the positions of the tracks were 
determined and the distribution map of the 
positions were obtained. From the map, the 
volume in which the tracks were distributed 
uniformly, was determined. The volume was 
corrected considering the sweeped distance 
by electric field and the expansion ratio of 
the chamber. The effective volume was 15.1 
=E2/5 liter: 
2) Range-energy relation for proton 

The pressure of inner gas was 92-+3 atm, 
this value was estimated from the range of 
mu-meson of pi-mu-e decay and the stopping 
power of the hydrogen gas. The range energy 
relation in hydrogen gas was obtained from 
the range energy relation in air”? and the 
atomic stopping power ratio® of hydrogen to 
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Fig. 1. The range-energy relations for proton and 


pw-meson in hydrogen gas in NTP. The experi- 
mental value of u-meson range is obtained from 
the range of 4.1 Mev w-meson in r—y—e decay 
observed in the high pressure cloud chamber. 


air, and is shown in Fig. 1, in which an ex- 
perimental point of mz-meson is also shown. 
3) Sensitive time 
The sensitive time of the chamber depends 
upon the pressure, the kind of gas contained, 
the intensity of electric field and the ioniza- 
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tion density of the tracks. In the present 
work, since the recoil proton tracks are heavi- 
ly ionizing, the sensitive time could be deter- 
mined easily from the measurement of the 
track width. If MN, is the number of ions 
per unit length produced along a track, the 
ionization density J(#) at distance x from the 
track center after the time elapse of time ¢ 
from the beginning of the diffusion is given 
by: 
I(@)= (42. Di)-V?Ny exp (—-2?/4.D2) 

The 90% width of image, X, is given by: 


X=4.68(Dt)/?2 cm 


(1) 


(2) 
The width X> of the oldest track was estimat- 
ed from the relation between the integrated 
number of tracks and their width as shown 
in Fig. 2. It can be seen from the curve, 
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Fig. 2. Integral track width distribution of recoil 
protons. From the saturated width in this curve, 
the sensitive time of the chamber was deter- 
mined. 


that the track width is proportional to the 
square root of ¢, because the frequency of 
the recoil protons is assumed to be equal in 
each time interval. From the track width at 
the saturation point of the curve, the value 
of X, was determined to be 3.2+0.3 mm, and 
using D=1.2x10-?cm?sec"! (for hydrogen at 
92 atm.) the sensitive time was obtained as 
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3.4+0.6 sec. from Eq. (2). 


4) Effect of surrounding materials 

The observed neutron intensity is affected 
by the surrounding materials, which consisted 
of an iron wall of about 8cm thickness, and 
water and oil in fore and back section of the 
chamber, respectively». It was difficult to 
perform an exact correction owing to the 
complex geometry of the chamber. So an 
approximate procedure was taken by assum- 
ing the chamber to be a cylinder of average 
wall thickness, and assuming that the fast 
neutron in cosmic ray decrease with the 
absorption path of the geometrical path 
through the material as in the case of air 
nuclei!™. To obtain the intensity of neutron 
in the air, the correction of 80, 10 and 10% 
of the total flux for the absorption in the 
iron wall, water and oil respectively must be 
applied. Thus, the correction factor of the 
neutron flux in the chamber to that of out- 
side was estimated to be 1.25. Even if 2.5 
times of the geometrical path is assumed for 
the absorption path, the factor decreases only 
about 5%. 

The effect of the materials on the energy 
spectrum must also be considered. Little is 
known concerning this problem and only two 
facts are known. One is that! the difference 
of rates of production of low energy neutrons 
in carbon and in the iron by air shower is 
only 30% per unit weight, while the differen- 
ce amounts to 130% for carbon and lead, and 
the other is that there is no process which 
can be considered to cause a large change of 
the energy spectrum by iron of such thick- 
ness. Thus the observed spectrum can be 
considered to be nearly equal to that in the 
atmosphere. (This is acertained by compar- 
ing the spectrum with that of nitrogen 
stars™.) 


§3. Experimental Data 


1) Frequency of recoil protons 

252 pairs of the high pressure cloud cham- 
ber photographs were scanned and 375 tracks 
and 532 “‘ point tracks ’’ (this means the tracks 
shorter than 0.5cm) of recoil protons which 
have both ends within the sensitive region of 
the chamber. 

The observed frequency of the tracks must 
be duely corrected, since the detection efficien- 
cy varies according to the track length. 
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Considering four sections of the cylindrical 
volume as shown in Fig. 3, the density dis- 
tribution of the centers of the tracks, whose 
length is 27 and both ends are observed in 


Fig. 3. Cross section of the chamber. The cross 
section is devided into four sections by track 
length 21. The correction function is deter- 
mined in each section. « and 7 axes represents 
axial and radial directions respectively. 


the measurable volume, F(7, x, 7), for each 
section is easily shown as follows: 


IAG yl SrsSh for section 1 
d—«x : 
ENG) ie for section 2 
F(r, «, D3 = = for section 3 
Fr, x, l= otha, for section 4 


where 7 and x are radial and axial distances 
from the center of the chamber, and R and 
d are radius and half depth of the volume 
respectively. It was assumed that the angular 
distribution of the tracks was_ spherically 
symmetric, and the diameter of the cylinder 
was large enough compared to the track 
length. Error caused by this approximation 


Table I. The observed and corrected No. of 
the recoil proton tracks. 


areeat Obs. No. Corrected No. 
3.0- 4.0 94 97 
4.0- 5.0 86 93 
5.0- 6.0 48 54.6 
6.0- 7.0 32 39 
7.0- 8.0 21 27.7 
8.0- 9.0 18 26.7 
9.0-10.0 9 14.8 
10.0-11.0 ll 19.8 
11.0-12.0 9 18 
12.0-13.0 A 8.8 
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is about 4% for 10cm long tracks. 

Use of these functions leads to the correc- 
tion factor K(Z) as follows: 

I 1 
Kil) = Altace x, l) 2xrdr dx 

where V is the total volume. 

The observed and corrected number of the 
recoil proton tracks are given in Table I. 
2) Energy distribution of recotl protons 

The differential energy distridution of re- 
coil protons is shown in Fig. 4 and can be 


ce) 
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| 10 
Energy (Mev) 
Fig. 4. Differential energy distribution of recoil 


proton tracks. The solid line is #/-2-° obtained 
by means of the least square. 


expressed by the empirical formula RE-?-°° }, 
In this figure, it must be noted that the 
statistical error is small in the energy range 
lower than 3 Mev but the observed number 
may not be accurate because of the missing 
the tracks, as these are very short. 

3) Angular distribution 

As shown in Fig. 5 the zenith angle dis- 
tribution of recoil proton tracks seems to be 
isotropic. 

The direction of the motion of a particle 
can not be determined, unless the recoil pro- 
tons collide further with hydrogen nuclei in 
the chamber. The ratio of having the up- 
ward and downward directions is estimated 
to be about 1/4 from the observation of 14 
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Fig. 5. Zenith angle distribution of the recoil 
proton tracks. The lower figure shows zenith 
angle distribution per steradian. 


tracks (the tracks of order of 10 Mev). 

The angular distribution of primary neutron 
cannot be determined in detail, but it seems 
to be isotropic at least in low energy region. 


§4. Intensity and Spectrum of Neutrons 


The intensity and energy distribution of 
the neutrons were derived from the data of 
recoil protons as follows. 

When the velocity of the neutron is small, 
the energy, £,’, of the secondary proton in 
the laboratory system is related to the scat- 
tering angle, 0*, of the neutron in the center 
of mass system by the equation: 


1—cos 6* 


Z 


On the other hand the differential scatter- 
ing cross section dnp(En)p(O*), where onv(En) 
is the total cross section and £(6*)dw* repre- 
sents the probability that the neutron is scat- 
tered into the solid angle dw* at an angle 0* 
to the original direction of its motion, is 
nerely constant for the neutron energies be- 
low about 20 Mev™. If this circumstance is 
combined with Eq. (3), it can be shown that 
the probability o(Zn, Ey’)dEy’ that the energy 
of the recoil proton lies between Ep’ and £,’ 


LE EEA DT (3) 
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+dE,’, is related to the total cross section 
Onp(En) by the equation: 


slay Ig fee) 


nm 


(4) 


If the cosmic ray neutrons, whose energy 
spectrum is represented by N,,(E,), are scat- 
tered by protons, the energy spectrum N)(E,’) 
of the recoil protons is 


N»(E,’) =|" No(En)o(Em, Ey’\dEy. (5) 


Assuming that the energy spectrum of the 
cosmic ray neutrons can be expressed in the 
form of kEZ™, Eq. (5) is transformed into: 


Ny(By')=R| EZ” 6npdEn e ( 6 ) 
ie 


B 
The quantum mechanical treatment of 
neutron proton scattering was given by Wig- 
ner™, who show that the cross section as a 
function of neutron kinetic energy E, is 
given (in the limit of neutron wave length 
large compared to the range of the neutron 
proton force) by the expression: 


pues Arh? 
MQ/2E, +161)’ 
where € is the binding energy of the neutron 
proton system. The above expression was 
found to agree with the observed cross sec- 
tions for neutrons of 1 Mev and greater. 

In the present work, since N,(Ey’), was 
the observed as E,’-? for the energy ranging 
from 1 Mev to 15 Mev, the energy spectrum 
of the incident cosmic ray neutrons Nn(En) is 
expressed in the form of 
lé| 
Z 


(7) 


from Eq. (4) and (5). 

To simplify the expression, the cross sec- 
tion dnp is approximated to the form of 
E=> which is determined from the experi- 
mental data for the energy range 1 Mev to 
15 Mev. And therefore, Nn(En) is given by 
the expression k’/Ez'° which is nearly equal 
to the above result. 

In the practical 
value were used 


N,( Ey’) = RE,’ 
= 1.48 x 10-4E,’-2 cm-* Mev-! sec=? 


onp= 10-8 EB," cm? 


o(En, E,’)= iM ope ae 


computation, following 


(8) 
(9) 
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= 4.94 x 10-2 Ez4.9 cm? (10) 


and from Eq. (5) and (8), we obtained; 
Na(En)= 5" =E 


=6.0 Xx 10-3 x E-!'> cm-? sec! sterad-! 


Assuming that the angular distribution is 
isotropic, vertical intensity was computed as; 


9.5x10-!x E-1'> cm-2 sec-! sterad-! Mev-!. 


After the correction for the surrounding 
materials (described in §2. (4)), the vertical 
intensity of the neutron at 2740m above sea 
level and 25°N is obtained as 1.2x10-° 
x #-1'5+0-14-40% cm-? sterad-! sec“! Mev-1. 

If the energy distribution is expressed in 
the form of £/T? exp(—£/T), as well as in 
the case of evaporated neutrons from nuclear 
disintegrations, the mean temperature can be 
estimated to be about 2.6 Mev at 5 Mev to 10 
Mev as shown in Fig. 6. As described in a 
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Fig. 6. Energy distribution in the expression of 
N(E)~ Eexp (~ E/T). 
Ordinate: log N(£)/E in arbitrary scale 
Abscissa: FH in Mey 
The solid line is T=2.6 Mev. 


later section this mean temperature shows 
that of the original stars of neutrons, and it 
agrees with the data of nitrogen stars™ in 
the same energy region. 
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§5. Discussion 


1) Relation to the data in higher energy 
region 

There are, unifortunately, no direct observa- 
tion of the spectrum of neutrons in the ener- 
gy range from 100 Mev toa few Bev, though 
the spectrum for the energy region higher 
than several Bev is considered to be equal to 
that of protons. So we computed the neutron 
intensity in the following way. First, the data 
of the proton spectrum obtained at sea level 
and at mountain altitude at about 50°N were 
translated to our altitude (760g/cm?) using 
the absorption path of 140 g/cm? to 125 g/cm? 
for 100 Mev to 10 Bev. Secondly the intensi- 
ty ratio of the neutron to the protons is 
known to have the form 

U?/U?— (Mc?)? 

where U is the total energy and Mc? is a rest 
energy of nucleon. The form has been deriv- 
ed from emulsion experiments’) and was us- 
ed to obtain the neutron intensity. Finally, 
the latitude effect was considered and 20% 
decrease was assumed at 1 Bev and about 50 
% decrease at several hundred Mev was as- 
sumed to translate the 50°N values to those 
at 25°N. 

Even though the intensity of a few hund- 
red Mev neutrons by means of the above 
procedure is not reliable, the spectral curve 
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Fig. 7. Differential energy spectrum of neutrons 
at geomagnetic latitude 50°N and 25°N atmosphe- 


ric depth 760 g/cm, and energy of 1 ev-10Mey. 
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from 1 Mev to 10 Bev can be obtained by 
connecting our data to the above values with 
smooth curve as shown in Fig. 7. 

Rossi! has calculated the energy spectrum 
of cosmic ray neutron flux for the energy 
range from 50 Mev to 1 Bev, and obtained 
the function 


= Ax 
De 2) ~ (50-+E,)? 

It explains the energy dependence of the 
neutrons of 100 Mev to 1 Bev substantially, 
but it does not fit to the lower data than 
about 50 Mev. And the same tendency is 
shown by the well known expression of the 
similar type!; 

A exp (—2/ZL)(a+b+E)-*"1 
where @ and 6 are the constants which give 
the values of proton neutron difference and 
latitude effect respectively and @ is an numeri- 
cal constant equal to 1.8. 

A detailed discussion about the energy 
spectrum may be difficult because the experi- 
mental data on the nuclear interactions in 
these energy region are very few and the 
conclusions that one may derive from these 
data are of a crude and tentative character. 

Since the angular distribution varies rapid- 
ly in this energy region, total intensity is 
suitable for discussion rather than the verti- 
cal intensity. It is proportional to E#-!%~!* 
assuming that the angular distribution changes 
gradually from the isotropic one to the one 
proportional to cos®#@ as the energy changes 
from several Mev to 1 Bev. For the wide 
energy range from 1 Mev to 10 Bev the 
total intensity is approximated as; 

ie 8 Ge Bem? sec-? Mév™? (12) 
where K, a and 0b are constants 4.8x10-%, 1 
and 0.17 respectively. 

The energy spectrum at the depth 2 g/cm’, 
F(E, x), is represented by /(£) exp (—2/Z) 
from the fact that the absorption path is not 
so sensitive to energy, and F(£, x) must be 
a solution of the equation; 


exp (—2/Z) (11) 


dF(E, 2) —1 
ihe a Wi eS) 
+ an FUE, «’)9(E’, EE’ (13) 


where 2 is a mean free path for inelastic 
collision, and is thought to be a constant for 
the energy region. In this equation, proton 
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flux is neglected considering that it does not 
contribute so much to neutron flux unless the 
energy is higher than several hundred Mev. 

As the generation function g(E’, E) is ap- 
proximately proportional to E-! for given 
E"®), Eq. (13) is satisfied by f(Z)= AE”. From 
the initial condition of this equation (there is 
a data on the secondary protons from high 
energy stars at 50 g/cm?), f(£) is determined 
as AE-1 which is in accord with the present 
data. 

For the detailed expression, Eq. (12), the 
generating function is of the form E-: log E’ 
and it explains the tendency of prong num- 
ber and energy dependence of high energy 
stars. 


Concerning the latitude effect in the energy 
region of stars, the values of 6-7 obtained by 
Yagoda et al’ and by Kaneko et al do 
not agree with the values 2-3 which were us- 
ed here and are also shown to be in the low 
energy region. It is difficult to imagine a 
mechanism of such large latitude effect, and 
if we admit such large values we cannot 
smoothly connect the intensity curves from 
the present data to high energy data. 

2) Diffusion of neutron in atmosphere 

In the energy region of more than several 
Mey, in which inelastic collision occurs fre- 
quently, the neutron are created from high 
energy nuclear disintegrations, (7, 7), (Dp, 7), 
(m, 2m), and so on, and some of them are 
absorbed by the processes of (7, 7), (%, Dp), 
(m, a) and so on. Fermi’s theory of neutron 
slowing down» will be used as the first ap- 
proximation if we considered the foliowing 
circumstances. When the energy transfer is 
small in an inelastic collision (7%, 2), it may 
be treated as an elastic collision, and when 
energy transfer is fairly large compared with 
elastic collision, the process can be considered 
to be the one which the neutron is absorbed 
and a slow energy neutron is created. 

One dimentional age equation with absorp- 
tion is written as; 


@q(u,t) 1 

de. I? 
where z is the atmospheric depth, t the age 
parameter in Fermi’s theory, L/s Di Ey/3) 1 
is absorption mean free path and JZ, a colli- 
sion mean free path), and finally q is the 
slowing down density. 


dq, t) 


HOE (14) 
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Under following initial condition 
g(a, 0)= A(E) exp (—2/Lo) (15) 
where A(Z#,) is a neutron energy spectrum 
from the source, and LZ) is the absorption 
length of the neutron producing radiation. 
The solution of Eq. (14) is; 
g(a, tT) = A(Ep) exp (—2/L)—(1/E?—1/Ly")) (16) 
where 
(Meo aed & 
yy In E 
and &€ is a energy reduction rate per collision. 
Then the equation can be written in the fol- 
lowing form; 


di, E) = A(E9( at exp(—2/Z») (17) 


Assuming that A(E,)=ak,-™ for &) ranging 
from 5 to 10 Mev, we can obtain the expres- 
sion of neutron flux by integrating Eq. (17) 
over £, larger than &. As the flux is given 
by; 

Flux p(w, £)=density (#, E)x velocity 
ry 


= q(x, T) ER? (18) 
and since +m >1, we have; 
CLE, 
bw, E)=exp(—2/L))ak"\ ——~— 
A Diet ilies 
=a E-™ exp (—2/Lp) (19) 


where & is 0.14 for air nuclei and Z, is about 
18 g. 

Thus the observed spectrum is approximate- 
ly equal to the production spectrum from the 
source in the energy region which satisfy the 
assumption and the mean temperature describ- 
ed in the last of Section §4., may have such 
meaning. 

3) Relation to the intensity of low energy 
neutrons 

The absolute absorption rate of slow 
neutron in air per unit time and mass has 
been determined in several experiments”. 
From the difference of the density of neutrons 
whose energies are lower than about 0.4 ey 
observed by BF; counters which are shielded 
by cadmium and tin respectively, we can 
estimate the absolute neutron flux, assuming 
the spectrum given by Placzek22) which states 
that the density of low energy neutrons 
which suffer scattering and absorption by air 


nuclei is approximately expressed by the fol- 
lowing equation; 
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const. £-3/2 exp(—15.5)/°) (20) 
where E, is the energy which is Z,:=Z, and 
its value is 6.25x10-‘ ev in this case. 

The intensity at lev shown in Fig. 7 is 
computed from this spectrum and from Yuan’s 
data, and the points of the curve (25°N) con- 
tinued to the present data are obtained from 
Equation (18); 


Ay exp Cae exp ie 15.5)/ 2) (21) 
assuming that the source of low energy 
neutron is given as the intensity at 1 Mev in 
the present data and that there is no absorp- 
tion except for the absorption of 1/v low in 
the low energy region. 

The curves for 55° and 25°N in Fig. 7 shows 
good agreement with the latitude effect of 
2.9 obtained by Staker?® for thermal neutrons 
and of about 3 by Simpson” for fast neutrons. 

Concerning the source of the thermal 
neutrons, it may be said that most of them 
are produced with energies ranging from 1 
Mev to 4 Mev because the neutron slowing 
down density at 1 Mev agrees with that of 
slow neutrons through it is about one half of 
the value at 4 Mev. (most of the neutrons 
from stars have the energy of about 10 Mev, 
but they will collide with air nuclei about 12 
times during the process of slowing down to 
the energy of 1 Mev and most of them will 
be absorbed by (7, p) and (7, a) reactions) 


$6. Conclusion 


The energy spectrum of the neutrons were 
obtained over the energy range from that of 
the thermal neutrons to the neutrons of ener- 
gies of about 10 Bev, and the absolute intensi- 
ty of the different energy regions was dis- 
cussed. 

It might be considered that the origin of 
the thermal neutrons is the stars as they are 
seen in photographic emulsion, but low 
energy nuclear events as (7, #) reaction etc. 
must also be considered, since the contribu- 
tions may be comparable to those from the 
stars. 

The spectrum is smooth, and there is no 
rapid increase for about 10 Mey, that was 
expected from the data of stars. 

The calculation! and empirical formula!” 
for the intensity of cosmic ray neutrons were 
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checked, and it was found that they were 
not applicable for wide range of energy, and 
an expression of the form of RE-¢-%24, was 
found for the total intensity in the energy 
range from 1 Mev to 10 Bev. 

The integrated value of fast neutrons 
which originate in the air column of 1cm? 
is estimated to be about 5 at 25°N and it 
was thought to be one half of the value from 
the data of thermal neutrons. 

The authers express their sincere thanks to 
Prof. Y. Watase for his continual interest 
and encouragement. This study has been 
supported in part by a Grant in Aid for 
Fundamental Scientific Research from the 
Ministry of Education and from Cosmic Ray 
Observatory of the University of Tokyo. 
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Observation of Cosmic-Ray Neutron Intensity at 
Geomagnetic Latitude 25°N 


Part I. 


Atmospheric Effects 


By Masahiro KopAMA*, Kazuaki MuRAKAMI* and Yataro SEKIDO 
Physical Institute, Nagoya University, Nagoya 
(Received August 15, 1956) 


The intensity of cosmic-ray neutrons has been continuously observed 


at sea level and mountain. 


The value of absorption mean free path of neutron in the atmosphere, 
deduced from the barometer effect observed at each station, is 139+5gr/ 
cm?, while 136+2gr/cm? was obtained from the intensity difference 
between two stations at different altitude. 


$1. Introduction 

Continuous observations of cosmic-ray neu- 
trons were already carried out by Simpson”, 
Elliot?” and other authors®. The intensity of 
cosmic-ray neutrons was observed at Nagoya 
(geomagnetic latitude 25°N, sea level) from 
September, 1954 to July, 1955 and is being 
observed at Mt. Norikura (25°N, 2840m) since 
August, 1955. 

It is plausible that the atmospheric effects 
on cosmic-ray neutrons are chiefly due to 
mass absorption. Therefore, in order to con- 
firm this idea, it is important to investigate 
the atmospheric pressure and temperature 
effects and altitude dependence. 


§ 2. 


To measure cosmic-ray neutrons, four pro- 
portional BF;-counters (filled with normal BFs) 
were located in a paraffin and lead pile of 
Simpson’s type”, as shown in Fig. 1. 


Instruments 


| 
Yevovovie 


Z 
Liz 4 
BF; counter 


Paraffin 


? 10 20cm 


Fig. 1. Structure of lead and paraffin pile. 


At the beginning, several kinds of external 


cathode and internal cathode counters were 


* Now at Scientific Research Institute, Tokyo. 


made, whose walls were made of glass. Us- 
ing these counters, the following special fea- 
tures» concerning neutrons were confirmed, 
namely, gas multiplication for BF;, the effect 
of Cd, CH, and Pb surrounding a counter and 
the relation between intensities and distances 
from a neutron source. 

The counters used for continuous observa- 
tion of cosmic-ray neutrons have the size and 
the characteristics shown in Fig. 2, where the 
plateau slope is less than 1% per 100 volts. 


O-lmm Tungsten Wire 
stupakoff Seal stupakoff Seal 
95-2033 obs 13 ef 


stupakoff Seal 
95-2042 


Brass Tube 


is diameter 38-:Imm 
Length 882-S5mm 
Wall O-8mm 


High Voltage 
(~2500vol 


23 24 25 26 27 28 A 
X lO*volt 
Fig. 2. Construction and characteristics of neutron 
counter. 


The characteristics of our pulse amplifier 
are as follows. Gain: ~10°, rise time: 0.2~ 
0.4usec, clipping time: 2~3ysec. The vari- 
ation of gain is less than 0.3% per 1 volt of 
line voltage, but this variation has no effect 
upon the actual observation because of the 
flatness of the plateau of our counters. 

Before starting continuous observation of 
neutron intensity, it is necessary to measure 
disturbances from outer noise sources and 
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those due to spurious noise inside. No dis- 
turbance was observed in a continuous mea- 
surement during about half a year at Nagoya. 
But about 3 counts per hour of disturbances 
were recorded at Mt. Norikura, where instan- 
taneous heavy current was being used in some 
other experiments. 

Moreover, it is essential to use counters 
with constant, low background counting rates. 
The background rate measured at sea level 
with the counter surrounded by 2mm thick 


Barometric pressure 


ae 
Sue 


+10-0F Neutron intensity 


Se) 
October November 


Fig. 3. Daily variations of neutron 


Table I. Barometric pressure coefficients of cosmic-ray neutron intensity. 


Period Location 


June 5—June 7, 1954 Sea level 
June 8—July 14, 1954 Al 
Aug. 16—Aug. 20, 1954 ‘ 
Aug. 22—Aug. 24, 1954 5 
Sep. 3--Sep. 20, 1954 J, 
Sep. 24—Sep. 29, 1954 
Oct. 5—Oct. 31, 1954 9 
Noy. 1—Nov. 30, 1954 » 
Dec. 1—Dec. 31, 1954 » 
Aug. 8—Aug. 31, 1955 Mountain 
Sep. 1—Sep. 30, 1955 ” 
Oct. 1—Oct. 9, 1955 ” 


Since these coefficients were calculated as a 
simple correlation between the neutron inten- 
sity and the barometric pressure, it is possible 
that these values may contain an error due to 
other effects than the barometric pressure, for 
example, the variation of primary cosmic-ray 
intensity. In such a case, the obtained value 
|8| may be smaller than the true value of the 
coefficient. 

To obtain the true barometer coefficient, an 
empirical line was determined by the method 


cadmium is about 2.5%. 


§3. Atmospheric Effects 
(A) Barometric Pressure Effect 


In Fig. 3, the variations of cosmic-ray neu- 
tron intensity and barometric pressure P dur- 
ing a certain period are shown. To confirm 
the barometric pressure effect, the data before 
September, 1954 are added to the data men- 
tioned in §1. The pressure coefficients for 
each period are shown in Table I. 


ISZORZDESO Moms IOMISIR2ON 25130 NS mNIOMI5IN20reSNSO 


December 1954 


intensity and barometric pressure. 


Correlation Pressure 


coefficients coefficients 
—0.87 —0.61 (%/mb) 
—0.95 —0.65 
— 0.84 —-0.65 
~-0.99 —0.71 
— 0.94 — (0.66 
—0.91 —0.59 
—0.97 —0.64 
—0.96 —0.73 
—0.91 —0.58 
— 0.99 — 0.69 
—0.97 — 0.66 


—0.90 —0.56 


of least squares between the correlation coeffi- 
cients 7 and 8 obtained for various periods, 
and the true value was assumed to be the 


limiting value corresponding to r—1. The 
results are as follows: 


B= —0.72+0.03%/mb , 
Lp 3042p or / Cin... 
where ZL, is the absorption mean free path 


estimated from the barometer effect. 
(B) Temperature effect 
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Any atmospheric temperature effect on neu- 
tron intensity can hardly be expected theore- 
tically. This was confirmed from our data. 
The following quantities were used for the 
indicator of the temperature, 


Hy: difference of height between 300 mb 
and 100 mb isobar levels, 
H,;: difference of height between 1000mb 


and 300 mb isobar levels. 


The results of the multiple correlation 
among Jn, P, H3) and Hi; are shown in Table 
II, where J, is the neutron intensity not cor- 
rected for the barometric pressure P. This 
result seems to show that there is no signifi- 
cant correlation between neutron intensity and 
temperature. 
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Next, the meson intensity Im was added as 
an indicator of the variation of primary cosmic- 
ray intensity. The results of the multiple 
correlation between Im, H3), Hi; and J,(P) are 
shown in Table III, where J,(P) is the neutron 
intensity corrected for the barometric pressure. 
The results show that there is no significant 
correlation between neutron intensities and 
atmospheric temperatures. 

The same conclusion was obtained from the 
multiple correlation among In, P, Hz, M3 and 
De 
(C) Absorption mean free path 


By another method, the absorption mean 
free path Za, can be obtained from the altitude 
dependence comparing the intensities at Na- 


Table II. Partial correlation ceofficients between cosmic-ray neutron intensities and 
atmospheric temperatures. 
Coefficients Oct. 1954 Nov. 1954 Dec. 1954 
} 0.20 ) 
TT, H3)PHy3 +0.04 7 9"57 =0.047 5°57 - 0.007 9°58 
+0.2 
TT, H3PH 39 +0082 551 201835 577 —0.08 9°55 


Table III. 


Correlation between neutron and temperature using meson 


as an indicator of the 


primary cosmic-ray intensity (Nov.—Dec., 1954) 


Coefficients N +85° 
TT, H39*T pHs — 0.09 -0.11 
TT, Hy3* Tn H39 — 0.08 —0.06 
N: Nishina type ion chamber (Tokyo). 


+85°: Counter telescope, no absorber, aperture --85° (Tokyo) 


goya and Mt. Norikura. The mean values of 
barometric pressure and neutron intensity P, 


In, respectively, and Za. are as follows: 


Nagoya Mt. Norikura 
Tn 1508/hr 10560/hr 
12 1010.4 mb 745.4 mb 


Lat= 1362 gr/cm? , 


where the counts at both stations are in good 
agreement with the counts at Climax, con- 
sidering several factors which may affect the 
counts, i.e., the latitude dependence of neutron 
intensity, number of counters, content of B 
in BF and altitude dependence. 

Because of the good agreement between The 
and Za, we may conclude that the barometer 
effect on neutron intensity is due exclusively 
to the mass absorption in the atmosphere. 

Formerly, Simpson” concluded that Zy, has 


a 
fo) 
= 


cS 
fo) 


Pee as SS 
parece) 


Absorption mean free path 
Ww 
fo) 


i$) 
fo) 


O° 10° 20° 30° 40° 50°60° N 
Geomagnetic latitude 


Fig. 4. Latitude dependence of absorption mean 
free path of cosmic-ray neutron in the atmos- 
phere, where the range of atmospheric depth 
is 600 ~ 1000 gr/cm?, 


1957) 


no latitude dependence at the depth more than 
700 gr/em?. Similarly we can conclude that 
there is no latitude dependence of Ly by com- 
paring the values of Z» obtained by him and 
by us respectively (see Fig. 4). 


§4. Acknowledgements 


We greatly thank to Prof. Hayakawa for 
his many suggestions about BF,-counters. 
And we are grateful to the people of Scientific 
Research Institute for their co-operation with 
our observation and for supplying us with 
meson intensities. In performing the experi- 
ment at Mt. Norikura, we are indebted to The 
Cosmic-Ray Observatory of The University of 
Tokyo. 


Observation of Cosmic-Ray Neutron Intensity at Geomagnetic Latitude 25°N 


125 


References 


1) J. A. Simpson: Phys. Rey. 83 (1951) 1175. 

2) H. Elliot: Bagneres Meeting (1953). 

3) V. Cocconi Tongiorgi: Phys. Rev. 76 (1949) 
Silva 
N. Adams and H. J. J. Braddick: Z. Natur- 
forschg. 6a (1951) 592. 

4) J. A. Simpson, W. Fonger and S. B. Treiman: 
Phys. Rev. 90 (1953) 934. 

5) V. Cocconi Tongiorgi, S. Hayakawa and M. 
Widgoff: Rev. Sci. Instr. 22 (1951) 899. B. 
Rossi and H. Staub: Ionization Chamber and 
Counters (McGrow-Hill Book Company Inc. New 
York, 1949, Chapter 4). Bracci, Facchini, Ger- 
magnali and Zimmer; Nuovo Ciment 7 (1950) 
512. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 12, No. 2, FEBRUARY, 1957 


Electrical Properties of Nickel Doped Germanium at 


Low Temperatures* 


By Yasuo KANAI and Riro NII 
The Electrical Communication Laboratory, Musashinoshi, Tokyo 
(Received September 25, 1956) 


To study the anomalous phenomena of so-called impurity band con- 
duction in semiconductors, the electrical properties of nickel doped p- 
and n-type germanium have been measured from room temperature to 
liquid air temperature. The energy differences between nickel levels 
and the edges of conduction and valence bands are so large that the 
anomalous behaviour was found in the temperature range of liquid air. 
A systematic study was made for the samples with different carrier 
concentration in nickel levels, and it was concluded that Hung’s model 
was succesful to explain qualitatively the systematic change of the 
electrical properties of these samples. But to understand the experi- 
mental facts quantitatively, it seems to be necessary to develop further 


theoretical and experimental investigations on this problem. 


§1. Introduction 


a) Survey of the previous investigations on 
the so-called impurity band conduction. 
In 1946, Busch and Labhart” discovered 
anomalous electrical properties on the n-type 
single crystals of black SiC. They found that 
the Hall coefficient of their samples did not 
increase indefinitely as the temperature was 
* A part of this article has been reported as a 
short note in the Jour. Phys. Soc. Japan 11 (1956) 
83, 


lowered, but reached a maximum value at 
about 200°K and decreased thereafter by 
orders of magnitude. In the log resistivity 
versus 1/T curve, they also found a larger 
slope in the higher temperature range, before 
the Hall maximum was reached, and a much 
smaller slope at still lower temperatures. To 
explain these anomalous behaviours, they as- 
sumed that there was a simultaneous conduc- 
tion in two bands, one was the ordinary 
conduction band and the other the acceptor 
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band in n-type crystals. Unfortunately, im- 
formations about the nature of the impurities 
in their samples were insufficient to confirm 
their assumption. 

In 1950, Hung and Gliessman” observed 
similar anomalies on Sb doped n-type and 
slow neutron bombarded p-type germanium 
at the temperature range of liquid helium. 
To explain their anomalies, Hung® also as- 
sumed a simultaneous conduction in two 
bands, and in his case the second band was 
a donor band in n-type crystals or acceptor 
band in p-type crystals. Furthermore, as- 
suming that the impurity band was formed 
at the ground states of the impurity atoms, 
and the carriers in donor (or acceptor) band 
were electrons (or holes), he was successful 
to explain the systematic change of the elec- 
trical anomalies at low temperatures in the 
various specimens, containing different amo- 
unt of impurities. 

Thereafter, Fritzsche and Lark-Horovitz® 
carried out very careful and systematic stu- 
dies on n- and p-type germanium single cry- 
stals doped with Sb, In, or Ga to temperatures 
as low as 1.5°K. In this case, they observed 
that the magnetoresistance decreased sharply 
as the Hall coefficient went through its 
maximum. In their investigations, the gene- 
ral behaviour of the low temperature ano- 
malies was explainable by Hung’s model, 
although they found a more complicated 
behaviour of samples with impurity concen- 
trations between about 1x10!® and 1x10!"/cc. 

Anomalies similar to those discovered on 
SiC and Ge samples have been found recently 
on p-type indium antimonide® at the tempe- 
rature ranges of liquid helium. In this 
material, further anomalous behaviour, i.e. 
negative magnetoresistance (magnetoconduc- 
tance) effect has been observed in the low 
temperature ranges. Unfortunately, imfor- 
mations about the nature of the acceptor 
center in this material are also insufficient. 
More recently, similar anomalies were also 
found on the n-type single crystals of Cd, Cl 
or Ga doped CdS at about 50°K. 

Although the conduction properties of an 
impurity band have been discussed by several 
authors”, a detailed theory has not yet been 
worked out. In the case of Ge, the anomalous 
effect has been observed at impurity concen- 
trations below 10*/c.c. As the average dis: 
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tance between impurity atoms is much larger 
than the estimated orbit radius of the im- 
purity states at such low concentrations, it 
would be difficult to explain conduction in the 
impurity states. Atempts have been made to 
take into account exited impurity states” or 
random distribution of impurity atoms!™. 
But a theory which can be applied to the 
interpretation of experimental results men- 
tioned above with complete satisfaction has 
not been worked out so far. 

b) Objects of this work. 

As mentioned above, the mechanism of the 
so-called impurity band conduction is not 
clear. Under these circumstances, it seems 
worth while carrying out some experimental 
investigations on the low temperature ano- 
malies of semiconductors. There are two 
main aims of our work; The first one is as 
follows: The conventional idea about an im- 
purity band conduction tells us that the elec- 
trical anomalies are found when the current 
carriers are trapped to the impurity states as 
the temperature is lowered. Following this 
idea, if we use a semiconductor in which the 
impurity level is so far from the edges of 
the conduction and valence bands, the ano- 
malies will be found at rather high tempera- 
tures. As is well known, Au’, Fe, Co, Ni 
and Mn™ have deep lying acceptor levels in 
Ge. It may be expected, therefore, that the 
Ge crystals containing such materials as im- 
purities will exhibit the anomalous electrical 
properties at higher temperature than the 
case of previous investigators. 

The second aim is as follows: In the pre- 
vious investigations, there were systematic 
studies on many samples with different z- 
purity concentrations but systematic study 
on the samples containing different carrier 
concentrations in impurity state has not been 
worked out so far. As it is seen easily, the 
conduction properties in an impurity band 
would depend strongly on the population of 
carriers in the impurity band, and one would 
expect that in some cases the carrier in donor 
state will be holes and that in acceptor state 
electrons. On the other hand, the reversal 
of the sign of Hall coefficient has never been 
observed in any experiments. Hence syste- 
matic investigation of samples with different 
carrier concentrations in impurity state would 
be worthwhile to understand the conduction 
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§2. Experimental Procedures 


a) Preparation of the samples. 

As mentioned in the previous section, Au, 
Fe, Co, Ni and Mn have deep lying acceptor 
levels in Ge. Unfortunately, however, the 
solubility limit of these elements in Ge is so 
small’) that it is not easy to prepare Ge 
samples containing such an amount of these 
impurities as to expect the impurity band 
conduction. Especially, the concentrations of 
these impurities would be very small in the 
samples prepared by the usual Czochralski 
method, because of the annealing process 
which would occur after the growth of single 
crystals. Hence, to get the samples in which 
sufficient amounts of any of these impurities 
are contained, we must use the method of 
diffusion of these elements at high tempera- 
tures. To obtain a uniform sample by this 
diffusion method, it is desirable to use an 
impurity element having large diffusion con- 
stant in Ge. Fortunately, the diffusion constant 
of Ni in Ge is quite large™, so we decided 
to use Ni as the impurity element. 

The details of the preparation of our sam- 
ples were as follows: An ingot of As doped 
n-type Ge (about 50g weight), whose resisti- 
vity was approximately 1~0.050Q-cm at room 
temperature, was melted together with a high 
purity Ni plate (about 50mg weight), and a 
single crystal was pulled out from the melt 
by the Czochralski method. As mentioned 
above, the crystal prepared by the above pro- 
cedures contained rather small amounts of 
Ni, so the major part of the crystal was n- 
type. After cutting out the end part of the 
crystal, a thin plate whose thickness was 
approximately 2mm was cut with its longi- 
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tudinal direction parallel to the direction of 
crystal growth. This thin plate was etched 
by CP-4 and KCN solutions and then Ni plated 
by evaporation in vacuum. After heat treat- 
ment at 880°C for about several hours in 
vacuum, this plate was quenched as rapidly 
as possible. As the result of such treatment, 
sufficient amounts of Ni diffused into Ge, and 
converted the major part of the crystal to p- 


type. As it is seen in Figs. 1 and 2, there 
pon 
pours 
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Fig. 1. Schematic representation of the impurity 


distributions in Ni doped Ge. 


were four distinct parts in the crystal. In 
part I, the concentration of thermal acceptors 
(Nr), produced in the course of the thermal 
treatment (whose nature was not clear), was 
larger than the concentration of donor element 
As, Np, so a part of thermal acceptor level 
was empty, hence this part was p-type and 
the low temperature resistivity was small. In 
part II, Np was larger than Nz but No—Nr 
was smaller than the concentration of Ni, Nw, 
so a part of the lower Ni level was empty, 
hence this part was p-type and low tempera- 


I I fl WZ 
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Schematic representations of energy levels in Ni doped Ge at 0°K, 
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ture resistivity was high. In part II], No—Nr 
was larger than Ny but smaller than 2Nw, so 
a part of the upper Ni level was filled, hence 
this part was n-type and the low temperature 
resistivity was high. In part IV, N»—N7r was 
larger than 2Ny, so a part of the donor level 
was filled, hence this part was n-type and the 
low temperature resistivity was small. 

Then we cut the plate into many rectan- 
gular bars in shape approximately 10x2x1 
mm, with its longitudinal axis perpendicular 
to the direction of crystal growth, and these 
bars were numbered as shown in Fig. 3. 
Following the previous considerations, we 
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12-1 i3-2\14-4 14-2 
I3-l' 14-3 14=|" 15-2 
Fig. 3. Numbering of the samples. 


could expect that the samples cut from parts 
II and III of the crystal may show the low 
temperature anomalies, and the concentration 
of electrons in the Ni levels will gradually 
increase from the sample 12-1 to 15-2. 

b) Measurements 

After the surfaces of the samples were 
ground by No. 180 corundum paper, the both 
ends of them were electro-plated with Ni, 
and then current leads were soldered there. 
The resistivity and Hall probes were made of 
0.2mm diameter Pt wires and pressure con- 
tact was made. The measuring equipment 
consisted of a dc potentiometer, suitable cur- 
rent sources and standard resistances, etc. 
The temperature was measured by a chromel- 
alumel thermocouple soldered at one end of 
the specimen. The magnetic field strength 
was measured by a flux-meter which was 
calibrated by the method of radio frequency 
magnetic resonance of protons. Since the 
samples were photo sensitive, precaution was 
taken to keep them in the dark for all me- 
asurements. 

c) Preliminary check of the samples. 

Since the inhomogeneity of a sample would 
make very serious errors in our experiments, 
we paid our attention as much as possible to 
this point. Fig. 4 shows an example of the 
voltage drop along the long axis of a sample 
at low temperature, and from it one can 
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sample No 14-1 
T=-163 °C z 


—=> Voltage ir arbitrary scale 
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0,4 0,6 


0,2 


Fig. 4. Voltage drop versus distance in a sample. 
The sign x - + A indicate the different cases 
of measurement. 
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Fig. 5. Current versus voltage characteristics of 
a sample. 


expect that this sample is homogeneous. In 
Fig. 5, there is a typical example of current- 
voltage characteristics of a sample at low 
temperature, and this shows that there is no 
breakdown phenomena in this sample. 


§3. Experimental Results and Discussion 


a) Resistivity and Hall effect 

The resistivity, 9, and Hall coefficient, R, 
versus 1/T curves are shown in Figs. 6 and 
7. In Fig. 8, Hall mobility, “»=R/p, versus 
T curves of these samples are shown. These 
figures show that the anomalous electric be- 
haviours is found at about 170~120°K in our 
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= S=|Isp=iyps 


9 —b-o— 8 


12-1 p-type 


Fig. 6. The resistivity, 0, versus 1/7 curves. 


samples as we expected above. Further- 
more, as the upper Ni level is more apart 
(about 0.3 ev.) from the conduction band than 
the lower Ni level (about 0.22 ev.) from the 
valence band, the anomaly in n-type sample 
is found at higher temperature than the case 
of p-type samples. Hence these data suggest 
that our prediction done in section 1—8) is 
correct, and the first aim of our work was 
satisfied. 

Turning now to our second aim, it can be 
recognised, at a glance, that there is a 
systematic change of the slope in the log R 
versus 1/T curves of p-type samples in the 
normal behaviour ranges. These behaviours 
are well understood by considering the dif- 
ferent carrier concentrations in the impurity 
state in these samples, as Dunlap did’? in 


the analysis of the characteristics of Au doped 
Ge crystals. Then we shall determine the 
Ni density from these curves as follows; 
Consider the Hall curves of a series of p-type 
samiples,, ...13=1, 13-25 12-05, in) which the 
concentration of electrons (or holes) in lower 
Ni level is gradually decreasing (or increa- 
sing). Then, as one can see in Figs. 6 and 
7, the sample 13-2 is high resistivity at low 
temperature, while 12-1 is low resistivity. 
Hence we can expect that the density of Ni 
atoms is nearly equal to the hole density of 
the sample 13-2 at the exhaustion range 
(2.7x1015/cc.). This value is consistent with 
the value obtained by another method! 
(about 2.0 x 101°/cc.). 

We shall next determine the electron (or 
hole) concentrations in the upper (or lower) 
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Fig. 7. Hall coefficient, R, versus 1/7 curves. 
field was about 5700 gauss. 


Ni level at O0°K, m, (or ~)), by the next 
formula 
n(or Py) =37/8ceRex (3.1) 

where R.z is the Hall coefficient of the high 
resistivity sample at the exhaustion range. 
These values are listed in Table I. 

Following Hung’s model, p and R are given 
by the next formula; 

0= lem t+nini) 

R= (VyMy fey? + 114 11:7) C(t Lev Hei)? @22) 
where the suffices b and 7 refer to the nor- 
mal and impurity band respectively. In the 
above expression 7 is a numerical factor de- 
pending upon the statistics and the scattering 
mechanism of the carriers. Unfortunately, 
imformation about 7 is quite insufficient, we 
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10 xlo-s 


The applied magnetic 


have assumed 7=7=3z/8. Furthermore, if 
we consider the fact that 2+2:=%, then 
after simple calculations, we can see that the 
maximum value of R, Rn, occurs at the con- 
dition 2:41=4v.. Assuming “4: « “4, the fol- 
lowing simple relations are obtained at this 
temperature; 

Lp .TRm/ Om 

0.85 Rez/ 0 

m7 4X 10 / Re. 

Nv~1.85 x 10"/R,, (3.3) 


where the units of 0,R,u and » are ohm-cm, 
cm*/coulomb, cm?/volt. sec and no./cc. respec- 
tively. The numerical values of these quan- 
tities for our samples are listed in Table I. 
The values R.z/o of our samples at 100°K, 
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Fig.8. Hall mobility »=R/p versus T curves. 
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which are approximately equal to s at 100°K, 
are also listed there. In this table we can 
see that the carrier mobility in the impurity 
band is scarcely affected by the carrier con- 
centrations, and the temperature dependency 
of it is also small. 

Now we notice the shifts of temperature, 
Tm, at which the Hall maximum occurs, to 
lower temperature and Rm to lower value as 
M) increases. This tendency can be explained 
by Hung’s model as follows. As we men- 
tioned above, Tm occurs at the condition, 
1i/M»=Mo/ ui, namely, /%~i/. Since 
Table I shows that wi/u, has a nearly con- 
stant value independent of T and m, so »/2, 
should have a nearly constant value at Ty». 
On the other hand, as we can see in Fig. 7, 
the larger , the smaller is the slope of log 
F versus 1/T curve before Hall maximum. 
Hence we can expect that the larger m, the 
lower temperature is needed to fulfil the con- 
dition of #0/%%)~s:i/40, and in this case m» is 
also larger, Rm has a lower value according 
to the last equation of (3.3). 

b) Magnetoresistance 

Transverse magnetoresistance J4o;/0(0)=9 
(Af),/0(0)—1 versus 1/T curve of sample 14—1 
is shown in Fig. 9. As Fritzsche and Lark- 
Horovitz have pointed out, Hung’s model 
tells us that the next relation must hold in 
the temperature range of romou0?) NiLn:; 

40/0 0)~ BH? o/p» (3.4) 


Table I. 
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where go» is the value of 0 extrapolated to 
the low temperature region, and B is a 
numerical constant. In Fig. 9, this relation 
is checked for the sample 14-1, and it shows 
that Hung’s model is self-consistent. 

In Fig. 10, the angular dependency of ma- 


gnetoresistance of sample 14-1 at- low tem- 
perature is shown. One can see that the 
magnetoresistance is essentially constant for 
all directions, and this fact indicates that the 
energy surface in the impurity band is not of 
spherically symmetric form. 


132 


sample No |4-| 
H=5700 Gauss 


OF; 


253 4.546 7, SSOuIONOU 
TK 


Fig. 9) 
versus 1/T curve. 
by the Eq. (3.4). 
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Fig. 10. Angular dependency of magnetoresistance 
of a sample. The sign x - + indicate the dif- 
ferent cases of measurement. 


§4. Conclusion 


As discussed above, our work were carried 
out as follows: Firstly, as expected from 
the energy gaps of the Ni levels lying apart 
from conduction or valence band edges, the 
low temperature anomalies are found at 
rather high temperatures. This fact. indi- 
cates that the carriers in impurity state 
play an essential role in the anomalous be- 
haviours of semiconductors at low tempera- 
tures. Secondly, in spite of the variety of 
carrier concentrations in impurity state of 
our samples, we find no great differences in 
the character of low temperature amomalies. 
It seems to us that this fact implies that the 
impurity band is much narrower than AT, 
so the carriers populate randomly in the 
energy state of impurity. Hence, contrary to 
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the case of usual wide band, carrier concen- 
tration in impurity state may not affect 
strongly the anomalous electrical properties 
of the samples. However, even the above 
consideration does not answer the question 
why the carriers in donor state behave as 
electrons and those in acceptor state as holes. 
We have to conclude, therefore, that the 
carrier in impurity state plays an essential 
role in the phenomena of low temperature 
anomalies in semiconductors, but more detailed 
imformations than Hung’s model about the 
electronic state of these carriers would be 
necessary to understand these phenomena 
completely. 
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Peripheral Inhomogeneties of the Alloyed 


Germanium p-n Junction 
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It has been found out that the local photocurrent is not homogeneous 
on the periphery of an alloyed germanium p-n junction, but there appear 
peaks at some positions. These peaks appear even for relatively lower 
reverse bias voltages and some of them disappear when the voltage is 
increased. When the bias voltage exceeds certain value, there appears 


another peak at a new position. There is a remarkable difference among 
these peaks in the voltage dependency of local photocurrent. 
Experimental results on these peaks of photocurrent and other related 
phenomena are given. In the last section, the results are discussed and 
a physical picture for the understanding of the actual alloyed junctions 


is suggested. 


§1. Introduction 


In the course of recent development of 
power diodes and power transisters, it has 
become an important problem to make alloyed 
p-m junctions as perfect as possible in their 
characteristics, i.e., to make their electrical 
characteristics coincide with the theoretically 
ideal ones. But unfortunately, it turned out 
to be quite difficult to do it. For instance, 
the reverse characteristic of an alloyed 
germanium p-2 junction does not saturate 
perfectly as the theory predicts, but it shows 
ohmic current component, and moreover, it 
breaks down at much lower voltage than the 
theoretical breakdown voltage estimated from 
the bulk resistivity. 

Several reasons might be considered to be 
responsible for these discrepancies, e.g., lat- 
tice imperfections, inhomogeneities in the re- 


crystallized regions, etc. Among them, the 
surface inperfections which occur on and 
near the periphery of the alloyed In dot may 
be one of the most important factors. It is 
the main purpose of this work to observe such 
peripheral inhomogeneities and discuss their 
effects on the electrical characteristics of the 
actual p-2 junctions. 

Recently, Garrett and Brattain? observed 
local photocurrent, and measured its depen- 
dence on the position of the small light spot 
on the germanium surface. In the case of 
their work, the local photocurrent was 
measured by scanning the light spot in two 
dimensions on the surface. We have adopt- 
ed an improved method for doing this, as 


follows. 


§2. Experimental Procedures 
To measure the dependence of the local photo- 


current zp on the position of light spot, the 
light spot was moved along on the peripheral 
circle of the alloyed In dot as shown in Fig. 
1. Practically, the light spot was fixed and 


360 bear 
XN 
270 90 In DOT 
CS 
moor (eC ee os 
(b) (a) 
Fig. 1. Movement of light spot. Its position is 


read by the angle of rotation. 


the specimen was rotated about the vertical 
axis through the center of the dot. The 
position of the light spot was read by the 
angle of rotation as scaled in Fig. 1 (b). 

The light spot should have been made as 
small as possible, but the size of the spot 
was practically limited by the accuracy in the 
opitical system and the signal to noise ratio 
of the detecting circuit. The In electrodes of 
about 1.5-2mm in diameter were alloyed on 
n-type (pulled) germanium single crystals. 
The diode characteristics of these specimens 
were not necessarily good, but they served 
satisfactorily for the purpose of our experi- 
ments. 

Measuring apparatus is shown schematical- 
ly in Fig. 2. Light is chopped at 200 cps 


LIGHT SOURCE 


FOR ROTATING 
SPECIMEN 


Fig. 2. Schematic representation of experimental 
apparatus. 


by a rotating disc, and focused on the peri- 
phery. Local photocurrent is read by ampli- 


fying a.c. voltage drops across the series 
resistor. 
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§ 3. Experimental Results 


A. Distribution of local photocurrent on the 
periphery. 

Interesting experimental result which came 
out first is the fact that the local photocurrent 
Zé» is not constant on the peripheral circle of 
the In electrode, but it shows some peaks 
at some positions. Typical result of this 
effect on the sample No. 0 with etched sur- 
face is shown in Fig. 3. It must be noticed 
that the value of zp» is in arbitary unit and 
has important meaning only in relative 
magnitude. 


. LOCAL PHOTOCURRENT 
Up 

60 NO.O 
(ETCHED) 


50 


40 


30 


160 200 240 280 320 360 


oO] 49. 360 
POSITION ON THE PERIPHERY 
Fig. 3. Peripheral distribution of the local photo- 
current 2p. 


120 


As is shown in Fig. 3, zp» depends on the 
bias voltage only at the peaks, and it remains 
almost constant in the regions between the 
peaks. Since the measured values of Zp» is 
quite accurate and the curves are also quite 
reproducible, the experimental results will be 
shown by curves only, without plotting each 
points. When the surface is slightly etched 
and rinsed in de-ionized water, some of these 


peaks disappear, but some of them remain at 
the same position. 


B. Making peaks by surface treatments 


It has been found out that the above 
mentioned peaks of zp can be made to occur 
by certain surface treatments. First, a small 
drop of impure water was put ona position, 
where there was no peak before the treat- 
ment. Typical result is shown in Fig. 4. In 
this case, a drop of impure water is put on 
the position “270”. The peak appears there (as 
shown by the broken line), and it remains 
after the water is dried (dotted line). It must 
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be noticed that in any case, the sharpness of 


peak is softened by the finite size of the 


light spot and the wetted area, and the dif- 
fusion of holes. 


In the experiment of Fig. 4, the reverse 
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Fig. 4. Appearance of a peak of 7, by a drop of 
impure water on the periphery. 
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Fig. 5. Diode characteristis corresponding to the 
conditions of Fig." 4. 
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Fig. 6. Peripheral distribution of local photovol- 
tage v» before and after the water drop treat- 
ment of Fig. 4 and Fig. 5. 
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characteristic of the junction varies as shown 
in Fig. 5, where the curves I itand) Wilt cor: 
respond to the original, wet, and after dried 
conditions, respectively. 

Fig. 6 is the distribution of local photovol- 
tage vy before and after the surface treat- 
ment mentioned above, where the paek 
appears at the treated position. In the case 
of such surface treatments, the peak of vp ap- 
peared at the treated position. But we could 
not find out definite correlation between the 
distribution of the photocurrent 7» and the 
photovoltage v, in general. 

Other surface treatments were tried. The 
same results could be obtained by the copper 
nitrate solution, but it was impossible to 
make peaks appear by using de-ionized water. 
Anyhow, these peaks made by above-mention- 
ed surface treatments could easily be put off 
by rinsing with pure water. 


C. Variation of ty» distribution with bias 
voltage 

The distribution of local photocurrent 7» on 
the periphery has been found to be dependent 
on the bias voltage. The experimental results 
are shown in Figs. 7 and 8. In the case of 
sample No. 1 whose characteristic is as shown 
in Fig. 7, the distribution of z) is varied by 
the bias voltage as shown in Fig. 8. When 
the voltage reaches 25 volts, two peaks dis- 
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Fig. 7. Reverse characteristic of sample No. 1’. 


appear and a sharp peak appears at a new 
positions. This phenomenon is reproducible 
and these peaks appear at definite positions. 

It must be emphasized here, that the peaks 
in Zp distribution curve can be clearly classi- 
fied into two groups. These two types of 
peaks are different in the voltage dependence 
of 7» on the bias voltage. 

One of them is shown in Fig. 9, where 7» 
varies almost linearly with the voltage. This 
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Fig. 8. Variation of 7, distribution with the bias 
voltage. 
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Fig. 9. Dependence of zp on bias voltage at the 
“ohmic peak”, or “low-voltage peak ”. 


type of peaks are called “ohmic peaks”, or 
“low-voltage peaks”, since they appear for 
relatively low bias voltages. The peaks in 
Fig. 8 for bias voltages of 1.5V and 10V 
belong to this group. As is shown in Fig. 9, 
z» tends to saturate above 45 V. 

The other type of peaks are called “ava- 
lanche peaks” or “high-voltage peaks”, and 
a typical example is shown in Fige10: Gis 
remains almost constant below 25V, but it 
increases at about 30V quite sharply, the 
curve being strictly distinguished from the 
former type. It tends to saturate above 40 V. 
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Fig. 10. Dependence of i, on bias voltage at the 
“avalanche peak”, or “high-voltage peak ”. 
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Fig. 11. Lower voltage part of the 7,-V curve 


of the avalanche type. Solid line represents 
calculated curve from Eq. (1). 


The rapidly rising part of the curve of this 
type for sample No. 2 is shown in Fig. 11, 
where the solid line is a theoretical curve 
based on the avalanche mechanism, i.e., 


; A 

Sey T 
A is a constant, Vz is a critical voltage, and 
m can be put to be equal to 3 for 2-type 
germanium”. 


D. “Creep” phenomenon 


In actual diodes and transistors, it is often 
observed that the current under the constant 
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reverse voltage varies with time. This pheno- 
menon is called “creep” or “drift”. In our 
samples, some of them showed considerable 
creep as shown in Fig. 12(a). This is the 


O 1O SecO wd 30740) + 50. 
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<{0) 
Fig. 12. (a) Creep phenomenon in the reverse 
characteristic. (b) 7%, distribution for the con- 


dition I, before the creep. (c) 7%» distribution 
for the condition II, after the creep. 


result of creep under the reverse bias of 45 V 
for about 7 minutes. It has been observed 
that the ¢z, distribution varies during the 
creep is going on. Fig. 12 (b) and (c) cor- 
respond to the condition of before and after 
the creep, respectively. As is shown, the 
peak appears at different positions for two 
conditions. 

Fig. 13 shows other experimental results of 
creep phenomenon. In this case, 40 V of 
reverse bias is applied to the diode, and the 
diode current I and the local photocurrent 2» 
are measured for 4 minutes. 7, measured 
here (at position 105) corresponds to the 
“ohmic peak” and it increases, while the 
diode current I decreases with time. After 
switching off the voltage, local photovoltage 
is observed at the same position for 40 
The result is shown by the solid 
The broken line (A) in the 


seconds. 
line in Fig. 13. 
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Fig. 13. Creep phenomenon, variation of the diode 
current J and?» during the creep, and the reco- 
very of local photovoltage v». 


same figure represents the photovoltage vy at 
the position 220, which corresponds to the 
“avalanche peak”. In some cases, vp decreases 
with time also for the “avalanche peak ”. 


E. Effect of castor oil 

When the surface of the diode is covered 
with caster oil, the distribution of zp» varies 
as shown in Fig. 14. One of two peaks in 
the original disappears in the oil, and the 
Zp» becomes several times larger than the 
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Fig. 14. Distribution of ?» before and after the 


castor oil is put on the surface. 
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orignal at every point on the periphery. 
These results are in agreement with the 
results of Garrett et al”. 


§ 4. Discussion 

It has been confirmed that there exist some 
inhomogeneities on the periphery of alloyed 
In dot of germanium p-” junction. They 
are observed as the peaks of local photo- 
current, and can be classified into two types, 
i.e., the “ohmic” peaks and the “avalanche” 
peaks. 

In general, the reverse characteristic of 
actual diode differs from the theoretical one, 
and the reverse current seems to contain 
ohmic current component and rapidly rising 
current component. Hence, above mentioned 
experimental results will give some informa- 
tion to solve these discrepancies. 

First, we may consider that the dependence 
of Zz» on the bias voltage is the replica of the 
dependence of the local current flowing 
through that small spot on the periphery. 
“Ohmic” peak of z», therefore, arises from 
the ohmic charactor of that spot. These 
ohmic spots will contribute ohmic current 
components to the total diode current. 

In the same way, the spot of “avalanche ” 
peak of zp contributes local current whose 
characteristic is just like shown in Fig. 10. 
The breakdown voltage Vz of these spots are 
dependent on the local conditions of the bulk 
resistivity, surface energy scheme, some 
kinds of imperfections on the surface and in 
the bulk, etc. . 

One of the most important factors affecting 
these conditions may be the ions on and in 
the vicinity of the periphery of In dot, which 
are influenced or controlled by the surface 
treatments and ambients. As a matter of 
fact, we have observed “avalanche” peak, 
whose Vz was varied from less than 10 V to 
above 75 V by the surface and ambient con- 
ditions. Moreover, it may be considered that 
most of the deterioration of the junction 
devices occur in the same way as shown in 
Fig. 4 and 5. 

The results of Fig. 8 may be explained on 
the above mentioned physical picture. As 
the voltage is increased, one of the “avalanche” 
spots will break down at first, causing the re- 
adjustment of the distribution of the local 
currents. 


In the same way, the “ creep” may also 
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be explained taking such inhomogeneities 
into account. Under certain constant bias 
voltage, the distribution of ions on the peri- 
phery will be varied gradually, which in turn 


tends to change the distribution of local 
currents. 
In general, our physical picture will be 


modellized as shown in Fig. 15, where “ava- 
lanche ” spot A and “ohmic” spots B,, and B; 
are in parallel with ideal diode spots. The 
characteristic of these spots are shown in 
Fig. 16. Hence the total current I may be 
expresed in the form; 


T=) dajjaj (Vaj)+ Di An Jai +2 Aoj jos, (2) 
J J 


Fig. 15. 


A 


Physical model of the actual junction. 


TYPE .A 
(AVALANCHE) 


Va V 
te 
IWS 418 
(OHMIC) 
Wi 
6 
APIS UC: 
(IDEAL) 
== 
Fig. 16. Characteristic of local current at ava- 


lanche, ohmic, and ideal spots, respectively. 
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where 4.;’s are fractional area of the spots, 
Vz is the breakdown voltage of the spots, 
and ja;, je; and je; respresent the current 
densities of the avalanche, ohmic, and ideal 
diode components, respectively. Thus the 
problems of the discrepancies between actual 
and ideal diode characteristics may be reduced 
to the relative importance of the coefficients 
2’s in Eq. (2). 

The inhomogeneities which were observed 
in our experiments on the periphery of the In 
dot, may also exist in the junction area in the 
bulk. It was, however, not checked in this 
work. The discussions on the detailed 
mechanisms of the influence of surface ions 
on the characteristics of the alloyed germanium 
p-n junction are also kept untouched in this 
report. 
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§ 5. Conclusion 


Employing a measuring technique of the 
local photocurrent, it has been confirmed that 
there exist two kinds of inhomogeneities on 
the periphery of the alloyed In dot which 
cause the diode characteristic to be worse 
than the ideal one. 
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Observation of the Grain Boundary in Soap Bubble Raft. 


Part III. The Grain Boundary in Vibrating State 
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It was reported previously that the bubble raft model under mechanical vibration shows 
characteristics corresponding to the thermal agitation in the real crystals. With the same 
device, observations are made on the static as well as the dynamical features of the grain 
boundary in bubble raft under vibration. In the process of increasing the reduced temp- 
erature, the diffused hole (B-type) boundary transforms itself to the dislocation (A-type or 
The transformation temperature varies depending on 
In relation to these observations, it is 


C-type) boundary, and vice versa. 
the angle of misorientation between the grains. 
suggested that the marked correspondence between the dislocation theory and the experi- 
ment as to the grain boundary energy is but a natural consequence. Preliminary discussions 
are tried on the molecular mechanism of the transformation between the incoherent and 


the coherent boundaries, and on the probable causes of the hysteresis effect observed. 


§1. Introduction 


The grain boundary in the metal crystals 
has a structure depending on the angle of 
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misorientation between the neighbouring two 
grains and the orientation of the dividing 
boundary. 

The symmetrical tilt boundary of small 
misorientation angle is constituted of parallel 
edge dislocations, the seperation Z between 
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the constituent dislocations being given by 

Ee ASH Oi2)., Ge) 
a being the distance between the net planes. 
The angle of misorientation 9 is shown in 
Table I for some integer values of Z/a. As 
was suggested by Burgers” at first, this type 
of the grain boundary displaces itself in nor- 
mal direction to the boundary under shearing 
stress. Between the amount of boundary dis- 
placement D and the relative displacement S 
between the two grains parallel to the bound- 
ary, we have the relation 

S/D=2 tan (6/2) CZ 
due to Shockley and Read”. This relation is 
verified quantitatively by the experiment of 
Washburn and Parker® on zinc crystal. 

With increasing the misorientation angle @ 

the separation Z between the dislocations de- 
creases as shown in Table I, and the increased 


Tablet 
6 | 9°34" 11°30 14°28"/19°14' 29° | 60° 
aa | 6 | 5 | 4 | Silent alge 


interference between the dislocations results 
in the degeneration of the dislocation structure 
for the grain boundary of the angle of mis- 
orientation larger than about 20°. For the 
larger angle grain boundary, other types of 
the boundary structure are proposed, such as 
the diffused hole boundary® or the island 
boundary” constituted of regions in good-fit 
and those in bad-fit. 

The grain boundary in the soap bubble raft 
has been studied by Lomer and Nye® and the 
present authors®. Summing up the observa- 
tions of the latter, the grain boundary is 
classified as shown in Table II. It can be seen 
that the small angle symmetrical boundary 
(type A) is constituted of parallel dislocations, 
but that the larger angle grain boundary (type 
B) is constituted of diffused holes and that the 
unsymmetrical boundary of small angle of 
misorientation (type C) is constituted of re- 
gions in good-fit and those in bad-fit. Thus 
we have, in spite of the apparent defects of 
the two-dimensional bubble raft model devoid 
of the thermal agitation, the much expectation 
of good correspondence between the bound- 
aries in real crystal and those in the soap 
bubble raft. 

The bubble raft model, hithertofore used, 
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is to correspond to a state of the real crystal | 
at very low temperature, as the model lacks © 
the mode corresponding to the thermal vibra- 
tion in real crystals. On our recent observa- 
tions on the bubble raft in a vibrating state®, 
however, we could detect that the bubble raft 
under vibration proximates to the real crystal 
with thermal vibration. It was reported that 
the bubble raft under vibration expands itself 
and each type of the lattice imperfections, 
such as the vacant site, the interstitial bubble 
and the dislocation, takes more diffused struc- 
ture than in static state. Here, it is reported 
on the characteristics of the grain boundary 
in the bubble raft in vibrating state. 


§2. Experimental Method 


The iron base plate of 1.5 mm thickness is 
excited by an electromagnet by a.c. of 90 cps. 
The raft is set in vibration through the sus- 
taining soap solution. The diameter of the 
bubble used is about 1 222, the behaviour of 
raft of such a bubble size being said to cor- 
respond to the real crystal copper. We could 
set, by means of the thermal expanions of the 
raft, an experimental formula® 

T=1356 exp [—3.96 1— W/Wn)] (3) 
between the reduced temperature J°K of the 
raft under vibration at an input power W, Wm 
being the critical input power where the raft 
melts. Accordingly, the bubble raft excited by 
an input power W is to correspond to the real 
crystal copper at the reduced temperature T 
by formula (3). 

To obtain the neighbouring grains at desired 
relative angle of misorientation, two frames 
were used, each holding each raft grains. It 
is feared with the device if these frames, 
through constraints on the grain, might have 
unfavourable effects on the observed boundary 
structure and on the effect due to vibration. 
Repeating the observations, the one with 
frames and the other without the frames, 
however, we could check the effect of the 
frames negligible. In the respect, the. usage 
of the frames is but for experimental con- 
venience. 

The sustaining liquid is kept at constant 
real temperature as possible. The critical 
input power Wy, is read before and after each 
set of observations and the mean value of 
these is used in Eq. (3) to derive the reduced 
temperature for each input power W in each 
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set of observations. 


§3. Results Obtained 


(1) Transformation of boundary structure 
at elevated temperature 


The grain boundary shows the characteristic 
structure depending on the angle of misorien- 
tation @ and the reduced temperature T. For 
each angle of misorientation, comparative 
description is made between the structure at 
low temperature without vibration and the 
structure at elevated temperature of about 
800°C under vibration. 

For the angle of misorientation @ smaller 
than 15°, the boundary is of A-type, consti- 
tuted of parallel dislocations (011) | (011*, 
both at low temperature and at high temp- 
erature. The grain boundary of misorientation 
angle between 15°~20° is constituted of dis- 
locations and diffused holes at low temperature, 
but, increasing the temperature, the diffused 
holes transform themselves soon to the dis- 
locations and we have the boundary of type 
A, constituted of parallel dislocations only. 
In the case of the boundary with 6 exceeding 
20°, the B-type boundary at low temperature 
transforms itself to the A-type boundary at 
high temperature. Fig. 1 (a) and (b) show 
respectively the boundary at low temperature 
and that at high temperature for 9=25°. The 
separation between the constituent dislocations 


® 
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OG) 


~* About the notation, refer to the reference 
citedy(). 
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Fig. 1. Grain boundary with misorientation angle 
0=25° (a) at low temperature without vibration, 
showing B-type and (b) at about 800°C under 
vibration, showing A-type (d=1.0 mm). d is the 
diameter of the bubble. 


in (b) is two to three bubbles, in accord with 
Table I. Fig. 2 shows the A-type boundary 
for 0=32° constituted of dislocations of two 
bubbles separation at T=800°C. 

For @ exceeding 32°, the dislocation bound- 
ary at elevated temperature includes not only 
the parallel dislocations (011Y 1 (011) but also 
the non-parallel dislocations (011) 1 (110) and 


Fig. 2. Parallel dislocation boundary with @=32- 
at about 800°C. 
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(110) 1 (011), and°for @ exceeding 38°, the 
dislocation boundary has no (101)’ _L (011) dis- 
locations, thus forming the C-type boundary. 


5020 AOC} 
SOLS O BeOS 
Fig. 3. 


@=37°30' at about 800°C. Marks at the right 
side show the sort of dislocations. 


= 37°30 at T=800°C, the constituent disloca- 
tions marked at one side. 

For @ exceeding 45°, the boundary is of 
type C at low temperature as well as at high 
temperature. It is note-worthy, however, that, 
when kept for a long time at elevated temp- 
erature, in place of the alternating sort of 
constituent dislocations in linear alignment 
characteristic to the C-type boundary at low 
temperature, the constituent dislocations of 
the same sort each tend to coagulate to form 
a local symmetrical tilt boundaries, thus re- 
sulting to a zig-zag boundary in total. 


(2) Dynamical feature 

Under applied shearing stress to displace one 
grain relative to the other along the boundary, 
AC IST ety) OOOO SOF 
CO) OF AN ACIC) 
ease oateects 
OOS : SOOO. 
OOLSOOX 906 
BOSONS CSCO 
DS5OOSS 
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Fig. 4. Diffused hole boundary with 9=32° at low 
temperature; (a) before and (b) after upward 
displacement of the right grain, showing that 
the boundary remain stationary. The white 
bars are the standard to indicate the relative 
displacement between the grains. 


he 5 SPE SIPS: 


eC er OP 


26 ree © 9 


OLISOOG LOGO 
BIS6 OFOG2C0) 
DIe Cae 
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ALOR? 
(b) 


OG 
Ore 
Fig. 5. Dislocation boundary with @=32° at about 
750°C; (a) before and (b) after upward displace- 
ment of the right grain, showing the displace- 
ment of the grain boundary. 


each type of the grain boundary responses 
specifically, as shown in Table II. Now, the 
transformation of the boundary structure from 
the B-type to the A-type or the C-type in the 
heating process and the inverse transformation 
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in the cooling precess are expected detectable 
in the specific response of the. observed 
boundary to an applied shear stress. 

Fig. 4 shows the boundary for 0=32° at low 
temperature. (a) is the initial state and (b) is the 
state after upwards motion of the right grain 
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relative to the left one by five bubbles. The 
white bars are the standards to indicate the 
relative displacement between the grains. It 
is apparent that the grain boundary stays 
stationary and the two grains flow viscously 
along the boundary, typically to the B-type 


Table II. 
range of mis- aceite | behaviour under 
BreHENOn nomenclature constitution | shearing stress 
» a I 
0°~15° A parallel parallel displacement, 
| dislocations normal to boundary 
° ° diffused | viscous flow 
sitet B hole along boundary 
| ; slip along boundary, 
45°~60° fe | Ata | with dislocation 
reaction 
boundary. Fig. 5 shows, in contrast, the ature. The transforrnation between the types 


same boundary at elevated temperature (ca. 
750°C). Starting from the initial state (a), the 
right grain in the state (b) is displaced up- 
wards relative to the left one by 1.8 bubbles. 
In this case, the grain boundary moves in 
normal direction to the boundary orientation 
rightwards by 3.2 bubbles, typically to the A- 
type boundary. That each of the constituent 
dislocations move conservatively along the re- 
spective slip lines can be seen with reference 
to the slip lines marked 2,1, 0, 1 and 2 in the 
figure. Quantitatively, we have S/D=0.56 for 
S=1.8 bubbles and D=3.2 bubbles and 2 tan 
(6/2)=0.572, thus in comformity with Eq. (2). 
The boundary for # not exceeding 38° behaves 
substantially as the A-type boundary. 

The boundary for @ exceeding 38° behaves 
typically to the C-type boundary, where the 
grains flow relatively along the boundary, while 
the constituent dislocations change their sorts 
repeatedly, thus reflecting the underlying reac- 
tions between the constituent and the transient 
dislocations. The boundary for @ between 32° 
and 38° shows combined characteristics for 
the A-type and the C-type boundaries, where 
the relation (2) is no more satisfied quantita- 
tively. 


(3) 


Relation between the transformation 
temperature and the angle of misorien- 


tation 
The boundary for @=0°~15° is of A-type 


and that for 0=45°~60° is of C-type already 
without the vibration, that is, at low temper- 


of the boundary is characteristic for the 
boundary of 0=15°~45°. The reduced temper- 
ature of transformation, however, depends 
on the angle of misorientations between the 
neighbouring grains. 

The B-type boundary of @ near 20° and that 
of @ near 45° transform to the A-type bound- 
ary and the C-type boundary, respectively, at 
moderate temperature. But the B-type bound- 
ary of 6 near 30° does not transform to the 


Cc? 
900 


te) 
a0 50 9 


30 
Misorlentation angle 


20 


Fig. 6. The transformation temperature of the 
boundary for each angle of misorientation, full 
line showing the process from B-type to A or 
C-type and dotted line that from A or C-type 
to B-type. x-e Ist, @+ 2nd and a(_] 3rd ob- 
servation. 
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A-type boundary before an elevated tempera- 
ture is reached. The transformation tempera- 
ture of the boundary for each angle of mis- 
orientation is shown in Fig. 6, where the full 
line marks the point where the diffused hole 
(B-type) boundary transforms to the disloca- 
tion (A-type or C-type) boundary in the process 
of increasing the input power or the reduced 
temperature. The curve has a maximum of 
about 750°C. for @=32°. Thus we ‘have, ‘at 
temperatures exceeding ca. 800°C, the tilt 
grain boundary constituted of the dislocations, 
irrespective of the angle of misorientation and 
the orientation of the boundary itself. 

That the range of 0 between 15° and 20°, 
and the range between 40° and 45° are ex- 
cluded from Fig. 6 is merely because of the 
undetermined ambiguity in the initial stage. 
In realizing the diffused hole boundary or the 
dislocation boundary to start, an effect similar 
to a kind of local heating is unavoidable in 
process of forming the initial boundary by 
hand-manipulation with fine needle. 

In the process of decreasing the input power 
or the reduced temperature, the dislocation 
boundary transforms to the B-type boundary 
at temperatures lower than the transformation 
temperatures marked in the heating process. 
The dotted line in Fig. 6 marks the trans- 
formation temperatures in the cooling process. 
The amount of this hysteresis effect is most 
prominent for @ near 32°. At lower tempera- 
ture attained after a cycle of heating and 
cooling, the boundaries for 0=15°~20° and 
those for 6=40°~45° are of A-type and of C- 
type, respectively. 

Speaking in general, in spite of the relatively 
large scattering of the experimental points in 
Fig. 6, the transformation temperature between 
the diffused hole boundary and the dislocation 
boundary varies descriminatively with the 
angle of misorientation between the neigh- 
bouring grains. 


(4) Déscusstons 


(a) On the transformation between the 
hole boundary and the dislocation 
boundary 


The transformation between the diffused 
hole boundary and the dislocation boundary 
in the processes of increasing and decreasing 
the input power of exciting the vibration may 
be, likened to a sort of phase transformation 
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in the heating and cooling processes in com-_ 
mon sense. On the abnormal hysteresis nature — 
of the transformation, it will be discussed 
later. 

It was shown ina previous article that 
the mechanical vibration given to the bubble 
model has some resemblances to the thermal 
agitation of the real crystal, and that the ex- 
pansion of the raft and the increasing diffuse-_ 
ness of local imperfection characteristic to each | 
type of the lattice imperfections are qualita- 
tively in accord with the presumption of the 
characteristic frequency modified by the raft 
expansion and the degree of local imperfection, 
respectively. In thermodynamical language, 
the bubble raft in the vibrating state is realized 
in the state of minimum free energy. 

The boundary in a raft without vibration 
has its stable form as shown in Table II for 
each range of the angle of misorientation, 
which corresponds respectively to the state of 
minimum potential energy. But in a raft 
under vibration, as is apparent from Fig. 6, 
the stable range of the misorientation angle 
for each specy of the boundary types is diffe- 
rent from that in a static raft, thus reflecting 
the predominance of the state of minimum 
free energy. 

If we approximate a bubble along the 
boundary with a linear harmonic oscillator of 
characteristic frequency v at potential energy 
e, the free energy per bubble at a tempera- 
ture T°K is given, with the high temperature 
approximation hvy<kT, by 

Ff =e—kT log(kT|hy) , (4) 

k and h being the Boltzmann’s and the Planck’s 

constants, respectively. Specifying the quanti- 

ties for the incoherent (B-type) boundary by 

the suffix z and those for the coherent (A-type 

or C-type) boundary by the suffix c, we have 
Fi(T)=e-—-kT log(kT/hy:) 

FS AT)=ec—kT log(RT/hy-) i 

To these approximations, the transformation 

temperature T; between the incoherent and 


the coherent boundaries is determined by the 
thermodynamical condition 


(5) 


Si(Ti)=f (Tr) , (6) 
from which it follows 
ne ae vi 
ae ae ee 1 Gi) 


As to the potential energies «; and ec, it is 
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natural with reference to Table II to expect 
ei<ec for the range 15°<0<45° of the angle 
of misorientation. As to the characteristic 
frequencies »; and »,, however, our insight is 
too poor to estimate the ratio between them. 
To the effect of having the coherent boundary 


stable at higher temperature, it is required to 
presume yi >v¢. 


It goes without saying that the above treat- 
ment is too elementary to represent the real 
boundary system. While the relative sharp- 
ness of the incoherent boundary provides the 
convenience of marking the bubbles on surface 
of the boundary, the intrinsic breadth of the 
coherent boundary constituted of dislocations 
prohibits such conveniences, and we can not 
dispense with calculations of the characteristic 
frequency spectrum of such an imperfect crys- 
tals. In the present stage in short of such a 
knowledge on the frequency spectrum, how- 
ever, we are far from understanding the 
molecular mechanism of transformation bet- 
ween the boundary types. 

That the transformation temperature depends 
on the angle of misorientation as shown in 
Fig. 6 is due to variance with the angle of 
both the potential energies e,¢, and the 
characteristic frequencies »;, »-, but the rela- 
tive predominance between them is hardly to 
predict in the present stage. 


(6) On the observation of the grain boundary 
energy 

. The grain boundary in general has an ex- 
cess boundary energy over the perfect crystal, 
due to misfit of atoms along the boundary. 
As the interfacial excess free energy is equi- 
valent to a kind of surface tension, we have 
the convenience of measuring the relative 
value of the excess boundary energies of each 
set of three interfaces by the procedure of 


observing the angles between them in equili- 
ibrium”. Thus we can determine experimen- 
taly the excess boundary energy y per unit 
area varying with the angle of misorientation 
9. For a given angle of misorientation, the 
soundary energy varies in general but negli- 
zibly with the orientation of the boundary 
tself, except for such special @’s as corres- 
yonding to the case of two grains in twin 
elation to each other. 

On the other hand, on the supposition of 
he dislocation boundary, the boundary energy 
- per unit area of a symmetrical tilt boundary 


is to vary?»™ for small angle of misorientation 
0, according to 


7¥=7.0(A—log 6) , (8) 


where the term 7») A@ corresponds to the mis- 
fit energy in the cores of the constituent dis- 
locations, and the term —y)#long@ to the 
strain energy in short range. 

The theoretical formula (8) is shown in 
Fig. 7 with the experimental points on lead”, 


Relative boundary free energy 


°% io 15 20. 25 30, 35 
Difference In orientation © (degrees) 


Fig. 7. The relation between boundary free 
energy and misorientation angle; 1. theoretical 
curve; @ experimental value of Aust and Chal- 
mers on lead. 


where it is to be noted that the formula is in 
good accord with the experimental data 
throughout the whole range of the angle of 
misorientation. 

Now, the seperation Z between the disloca- 
tions constituting the dislocation boundary 
decreases with the angle of misorientation as 
shown in Table I, and the increasing inter- 
ference between the constituent dislocations 
unstabilizes the dislocation structure, to have 
in effect the hole boundary stable for the range 
15°<(8<45° (see Table II). Accordingly, from 
the viewpoint of the previous classification of 
the boundary type (Table II). stable for each 
range of the angle of misorientation, the good 
correspondense between the dislocation theory 
and the experiment throughout the whole range 
of the angle as shown in Fig. 7 seems rather 
fortuitous. 

The present observation with the grain 
boundary in the bubble raft under vibration, 
however, reveals that, at the higher tempera- 
ture, the dislocation boundary is the more 
favoured to the hole boundary (see Fig. 6). 
The circumstances suggest that the experi- 
mental condition in the process of determining 
the grain boundary energies was in favour to 
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the dislocation boundary than to the hole 
boundary. 

Recalling on the experimental procedure, 
we notice the annealing processes of specimen 
with grain boundaries at elevated temperature, 
that is to the purpose of setting the relative 
orientation between the grain boundaries in 
equilibrium under the relevant surface ten- 
sions. It is then of high probability that the 
grain boundary energy estimated from the 
measured angles in equilibrium at such a high 
temperature corresponds rather to the disloca- 
tion boundaries stable at the high temperature. 
Thus the good correspondence between the 
dislocation theory and the experiment as shown 
in Fig. 7 is but natural consequence of the 
grain boundary constituted of dislocations, 
stabilized thermodynamically at the higher 
temperature. 

(c) On the hysteresis of the transformation 


The hysteresis effect as to the transforma- 
tion temperature in the heating and the cooling 
processes is hardly avoidable in the present 
stage of our experimentation. It is of much 
interest to know if such a hysteresis effect 
might be characteristic for the real metal 
crystals too. 

In the respect, however, we must be modest 
to stress on the correspondence between the 
present model and the real crystals. We can 
indeed enumerate some factors as to the un- 
desired defects of our present model, such as 
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the viscous resistance between neighbouring 
bubbles in the process of relative rearrange- 
ment, the minute inhomogeneity in the bubble 
size issueing to the impurity effect, and the 
monochromaticity of the exciting vibration 
replacing the thermal vibration in real crystal. 
Among these possibilities, it can not yet be 
decided on the predominant origin of the 
hysteresis effect and accordingly on the cor: 
respondence between the raft model and the 
real crystal as to this effect. 

The authors are indebted to Mr. T. Zemp* 
for the earnest experimental assistance through- 
out the present work. This work was sup- 
ported by the Scientific Research Fund granted 
by the Ministry of Education. 
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An X-Ray Tube with a Rotating Anode and an Earthed Cathode 
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An X-ray tube with a rotating anode and an electro-static lens was 


constructed, 


in which the cathode instead of the anode was earthed. 


Each of the Cu and Fe characteristic rays is obtained without breaking 


vacuum. 


An adjustment of position of a camera can be made with quite 


security, since the total area on the side of a window emitting X-rays 
is earthed. By this tube, photographs of metals and oxides can be taken 
in 10 sec and 1 min respectively, using Cu radiation filtered by a nickel 
foil, the voltage and the current being 50kV and 30mA respectively, 
when the electron beam is focussed in an area of 0.25 mm x0.75 mm by 


a biasing voltage of about 600 V. 


Introduction 


§1. 
Recently the necessity of intense source of 
X-rays is increasing more and more in the 
research work of chemical physics, i.e., in 
the determination of crystal structure of orga- 
nic compounds, that of inorganic ones at high 
or low temperatures, the quantitative mea- 
surement of diffuse scattering by crystals, etc. 
Hitherto, we have had three methods of 
obtaining an intense source of x-rays)>>%), 
{n the first one, the power input to the unit 
area of anticathode is increased by its move- 
ment; in the second one, the specific load on 
the anticathode is increased by focussing the 
slectron beam attacking it and thus the effec- 
‘ive flux of x-rays passing through the slit 
s further increased” »®); and the movement 
of anticathode and the focussing of electron 
yeam are combined in the third one. Each 
yf these three methods has merits and deme- 
its respectively and especially the second one 
las its utility not only in increasing the in- 
ensity of a source of x-rays but also in in- 
restigating the structure of grain boundaries 
n metals, the inhomogeneity in crystals of 
1igh polymers, etc. 
The brightness of a source of x-rays is 
letermined not by the total load but by the 
pecific load on the anticathode. The first 
aethod increases the specific load by increas- 
ag the total load itself and the second one 
yy reducing the size of focus. Although in 
he first one we can increase the total load 
rbitrarily, at least in principle, by increasing 
he dimension of anticathode, then the ap- 
aratus must become very enormous. In the 


second one there is a defect that we can only 
supply extremely small total load on the anti- 
cathode if we reduce the size of focus too 
much. Thus the third method in which the 
merits of both of the first and second ones 
are utilized seems the most profitoble in ob- 
taining a high brightness by a relatively small 
apparatus. 

Electro-static or electro-magnetic lenses are 
usually used for the focussing of electron 
beam and Ehrenberg and Spear” showed that 
a high brightness was obtained in a small 
x-ray tube with an electro-static lens when 
its cathode instead of its anode was earthed— 
that is, they could take a photograph of ZnO 
in one minute by Cu radiation filtered by a 
nickel foil, using a Seemann-Bohlin type ca- 
mera, when the focus was reduced down to 
40u by a biasing voltage of about 50 V, the 
tube voltage and the electron current being 
50kV_ and 300-500 wA (the maximum specific 
load being 11kW/mm?)*. We can easily 
understand why the focussing is more easy 
in an earthed cathode type tube than in an 
earthed anode type one, if we compare the 
potential distribution in both cases. 

In all of the moving anode type x-ray tubes 
which have already been reported, the anti- 
cathode was always earthed, since it was 
rather troublesome to insulate the moving part 
from earth. Considering the above mentioned 
situation, however, it is expected that an 
enough intense source of x-ray would be ob- 
tained by a relatively small apparatus with a 


* The specific load is generally less than this 
in moving anode type tubes. 
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rotating anode in which the electron beam is 
focussed only by- an electro-static lens and 
the electron current is about 30mA, when not 
the anode but the cathode is earthed. We 
have constructed such type of x-ray tube and 
it has become clear that this tube has the 
expected ability. 


§2. Structure 

Fig. 1, 2 and 3 show an elevation, a plan 
and a side view in the direction of emission 
of x-ray, of our apparatus, where AA’, BB’ 
and CC’ are 500mm, 230mm and 320mm 
respectively. @ is a compound cylindrical 
anticathode of 60mm diameter and 22mm 
breadth. . The fixed right half is made of 
copper and the left half is attached to the 
right one by a screw through a rubber pack- 
ing and accordingly it can easily be substitu- 
ted by another one, especially of different 


metal. Now we have one made of iron at 
; @ ne 
ee 61). 60 A : 
e | we » ©O®@ L/o 2o @ 
Za 165 ae Lee : 
: that d . Ny Y \s 
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this position. @ is a brass tube supportins 
the anticathode, @) are bearings*, @ are stop 
of thrust, © is a thrust bearing and the anod 


Fig. 3. A side view in the direction of emission 
of X-ray. 


, is rotated by a d.c. motor (1/4 HE 
A and a pulley © through doubl 
belts** which are long enoug 
for insulation. | Cooling wate 


Lik Bcc flows in from @, goes throug 


SO 


[NUMMITITAISAES 
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\ 
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Fig. 1. An elevation. 
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a pipe concentric with @), i 
jetted upon the inner surface ¢ 
the lateral part of anticathod 
from a narrow gap between tw 
parallel. discs @, goes bac 
between @) and and flow 
out from 40. Cooling water i 
circulated through a tank an 
a gear pump which are mounte 
on an insulated table. Or w 
can use water works by the ai 
of vinyl tubes long enough fo 
insulation. @ and @ are Wilso: 
seals stopping leakage of water 

@ is a lid of vacuum and ha 
a two stage Wilson seal @. 
flange @ adapting to @® is fixe 


wh 


es) 
eR 


V ELI TELE 


LLL Lee) 


a 
pare 
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Fig. 2, A Plan. 


to a plank @® which stands on fou 


(7) * Plane bearing are used in orde 
to avoid vibrations. The amplitud 
of a vibration of the anticathod 
is kept less than 0.008 mm. 

** Since the anticathode is damag 
ed during a stop of rotation of onl: 
several seconds, double belts ar 
used to avoid an accident due to: 
break of one belt, 
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insulators. A plate 8 bearing the anode upon 
it can move back and forth along a rail engra- 
ved on the lateral sides of @. We can put 
the anode out of the tube, if we release three 
bolts on @ and let @ go back. 

@ is a hard glass tube for insulation and 
is fixed by rings @). @ is a body of tube 
surrounding the anticathode @ and has a 
leading pipe @3 to a vacuum pump, a cathode 
part @3, a viewing window @4 and a window 
@5) ejecting x-rays. @§ is covered by a cel- 
lophane film. @8) is a water-cooling pipe, @) 
is a lid of vacuum and two bars holding 
a horizontal fiilament and a pipe @ holding 
a grid 8 are fixed to @?, the former insula- 
tedly and the latter directly. The distance 
between the filament and anticathode can be 
changed by adjusting each plug at the middle 
of each and also the grid can be slided 
along @). 62 is a high tension terminal, 63) 
is an earth terminal and 64 is a leading pipe 
a to vacuum gauge. 


Fig. 4. Photographs taken by CuK radiation filtered by a nickel foil using a camera of 80mm dia- 
meter. (50kV, 30 mA). 
(a) Ni 
(b) Ni 
(c) PbThos; 


(a) PbThos 
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$3. Characteristics and Abilities 

By this apparatus each of Cu and Fe cha- 
racteristic rays are obtained by a displacement 
of @8, without breaking vacuum. The position 
of anticathode can be determined by a scale 
engraved on @ and further we can see it 
directly through @. @ is also useful in 
supervising the damage of anticathode. 

The other merit of this apparatus is that 
the total area on the side of the window @3 
is earthed and accordingly an adjustment of 
position of a camera can be made with quite 
security. 

The distance between the anticathode and 
the filament is 11mm and that between the 
filament and an aderture (3mmx9mm) of 
the grid is 1mm. These values, determined 
by taking account of published data until 
now”, seem to be adequate. 

The filament is a coil of W wire of 0.20mm 
diameter, the diameter and the length of 
3mm _ respectively. 


which are 1mm and 


(a) 


(b) 


(c) 


(d) 


10 sec. 
20 sec. 
1 min. 
2 min, 
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Electrons emitted from this filament is focus- 
sed on the lateral surface of the anticathode 
in an area of about 0.25mmx0.75mm by a 
biasing voltage of about 600 V and hence the 
dimension of x-ray source is about. 0.25mm 
x0.25mm, when the axis of camera makes 
about 20° to the lateral surface of the anti- 
cathode in a horizontal plane. 

Although the adequate number of revolution 
of the anode has not yet been studied thor- 
oughly, the usually adopted value is 1000 
rev/min. 

In Figs. 4 (a), (b), (c) and (d), we show pho- 
tographs of Ni and PbThO; taken by Cu cha- 
racteristic ray filtered by a nickel foil, using 
an ordinary powder camera of 80mm dia- 
meter, the voltage and the current being 50 kV 
and 30 mA respectively. The time of exposure 
were 10sec, 20sec, 1min and 2min respec- 
tively and no damage was observed on the 
anticathode. The present value of specific 
load is 6kW/mm? and is not so high. The 
result that the necessary time of exposure 
is very short, regardless the relatively low 
value of specific load, seems to show us that 
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the increase of total load rather than the 
extreme decrease of focus size (less than 0.2 
mm) is effective to the shortening of exposure 
time, as far as the diameter of slit is about 
0.5mm. 

It is expected that we would have a more 
intense source of x-rays if we increase the 
electron current up to about 100 mA by using 
a more large anticathode and oscillate it in 
the direction of its axis in addition to the 
ordinary rotation of it. Such type of apparatus 
is now under construction at our laboratory. 
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Polish layers of gold were examined by means of the transmission 
method of electron diffraction. Line breadths were measured at various 
stages of polishing. The mean grain size and the mean strain were 
determined using Hall’s method (Proc. Phys. Soc A 62 (1949), 741) for 
medium polish layers which produce broad ring patterns. The grain 
size was also determined from the electron micrograph and from the 
number of spots on a spotty diffraction ring obtained from a minute 
region of the specimen. The values obtained from those different methods 
agree in order of magnitude with each other. 

Even at medium stages of polishing, the specimen is polished so heavily 
as to gain grain size 80 A and strain 3.6%. The grain size rapidly 
decreases as polishing proceeds. At the final stage of polishing broad 
ring patterns change into the halo pattern composed of three haloes. The 
Bragg spacing corresponding to the most inner halo is 4.08 A, agreeing 
with the results obtained by Nonaka and Kohra by the reflexion method 


(J. Phys. Soc. 9 (1954), 512). 


Introduction 


Sle 


When polished metallic surfaces are ex- 
amined by electron diffraction at successive 
stages of polishing, normal sharp Debye- 
Scherrer rings initially given by an unpolished 
surface gradually become broader and finally 
change into a few haloes». The broadening 
of rings is usually observed in X-ray diffrac- 
tion patterns from cold worked metals and is 
attributed to small sizes of crystal grains and 
to inhomogeneous strains»®-®. The halo pat- 
tern, on the other hand, is not obtained from 
cold worked metals, but only from heavily 
polished layers of metal. This layer, called 
the “Beilby layer”, was supposed to be 
amorphous by Beilby before the discovery of 
electron diffraction». _ Many investigations 
have been done on the structure of the Beilby 
layer by the reflexion method of electron dif- 
fraction», Most workers have obtained 
diffraction patterns consisting of two haloes 
and have deduced some kind of amorphous 
structure for the polish layer on metals. 

Cochrane™ first obtained transmission pat- 
terns from polish layer of gold and observed 
another halo outside the two haloes mentioned 


= Now at Hritz Haber Institut der Max-Planck 
Gesellschaft. 
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above. Afterwards, Raether and his collabo- 
lator!» carried out extensive studies by means 
of the transmission method. They suggested 
that crystal size in the upper most layer of 
heavily polished metals is as small as one or 
two unit cells in dimension and pointed out 
from the line broadening that the distortion 
takes no appreciable role. 

It seems unlikely, however, to the present 
authors that crystallites subjected to heavy 
polishing are not appreciably distorted. In 
order to determine the distortion in crystal- 
lites, it is necessary to measure exactly the 
breadth of several Debye-Scherrer rings and 
particularly to examine their dependence on 
the scattering angle. This study cannot be 
performed on the Beilby layer obtained at the 
final stage, but on specimens at medium stages 
of polishing where at least several inner rings 
are clearly resolved. Nevertheless, this study 
will throw some light on the structure of the 
Beilby layer. For this purpose, the trans- 
mission method is adopted, since it is not 
only more appropriate for the quantitative 
analysis than the reflexion method, but also 
convenient for obtaining direct electron micro- 
graphs and selected area microdiffraction. 

In the present work, the grain size and the 
magnitude of strain in the crystallites are 
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obtained, and the values of the grain size are 
compared with those obtained directly from 
electron micrograph and from the number of 
spots on a spotty ring of the microdiffraction 
pattern. 

Recently, Nonaka and one of the authors 
(K.K.)! pointed out the occurence of another 
halo imside the two haloes by the refiexion 
method. This point is confirmed in the pre- 
sent work by the transmission method. 

A more direct method to study the structure 
of the Beilby layer is to determine the radial 
distribution function of atoms from measured 
intensities of halo patterns. In the second 
part of this work, the results of the study 
will be given and the structure of Beilby layer 
will be discussed in more detail. 


§2. Experimental 


Gold was chosen as specimen because of its 
chemical stability especially against oxidation. 
Thin polycrystalline films were made on zinc 
plates by the electro-deposition method follow- 
ing Kranert and Raether™. Thin single- 
crystal-like films were also made by the 
electro-deposition on single-crystal copper. 
The thickness of films was about 500A. In 
order to prevent specimens from oxidation and 
recrystallization by the temperature rise during 
polishing, the film was polished under benzene 
by chamois leather without any polishing ma- 
terials. Polishing was performed in the same 
manner as was done by Nonaka and Kohra™. 
During the polishing the whole area of the 
specimen was pushed onto the surface of the 
rotating disk with a uniform pressure 5 or 
200 g/cem?. The polishing speed varied from 
5 to 250 cm/sec. 

At various stages of polishing, films were ex- 
amined by means of the transmission method 
of electron diffraction. The electron diffraction 
camera is of a usual type with a focusing 
lens and the specimen-to-plate distance of 15 
cm. Two slits were used before the speci- 
men which was supported on a fine platinum 
or brass gauze. The first slit which was 0.1 
mm in diameter was used: for reducing the 
aperture of the incident beam and the second 
which was 0.5mm in diameter, for getting 
rid of the irregular scattering from the peri- 
phery of the first. 

The photometry was performed using a 
series of diffraction photographs of the same 
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specimen which were taken successively with 
different exposures. Intensity distribution 
curves were obtained from microphotometer 
traces by the method employed by Karle and 
Karle. 

Some of the specimens were also examined 
after various heat treatments. The specimens 
on platinum gauze were heated 72” vacuo in 
the diffraction camera or in air in another 
furnace. Electron micrographs of some speci- 
mens were taken, and a selected area (~ly 
x1) microdiffraction of each was obtained. 


§3. Result 


Upon slight polishing, sharp spots initially 
given by single-crystal-like films are replaced 
by Debye-Scherrer rings with arcings showing 
preferred orientations. On further polishing 
preferred orientations. rapidly weaken and 
rings become broader. Breadths of the rings 
are measured for lightly polished single-crystal- 
like films showing only slight preferred orienta- 
tions and for polycrystalline films polished to 
a medium extent. The. results are given in 
§ 4, 


Fig. l1.a. Broad ring pattern from the polish layer 


of gold. The polishing pressure is 200 g/cm?, 
and the polishing time, 8 hours. 


Fig. 1.b. Halo pattern from the polish layer of 
gold. The polishing pressure is 200 g/cm?, and 
the time, more than 15 hours. 
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At the final stage of polishing the film yields 
the characteristic halo pattern of polish layer. 
The Bragg spacing corresponding to each halo 
is listed in Table I together with the results 


Table I. Bragg spacings of halo pattern 


Beilby layer Crystalline gold 
p> | Nonaka _ ae or set 
: Bent Kohra_ | Cochrane 

ee remexion)| 

m.0S A} £2 A | .... A (4.07) A (100) 
| 2.35 (111) 

ee. 22 2.25 2.10 
2.04 (200) 
1.44 (220) 

al 24 1.24 1.30 
1.23 (311) 
0.96 1.18 (222) 


obtained by Cochrane!” and by Nonaka and 
Kohra™ and with the spacings of crystalline 
gold. As was already described, a new halo 
is observed inside the usually known two 
haloes. In addition to these three haloes, the 
innermost halo whose spacing was about 10A 
sometimes appeared around the incidient spot. 
This halo was especially visible during the 
process of annealing. It may be due to the 
small angle scattering from severely distorted 
crystals. A similar hump was observed in 
the intensity distribution of the pattern from 
a foil of supercooled gold by Suzuki™. 

Five specimens giving halo patterns were 
annealed in the diffraction camera at temper- 
atures 250° ,; 325° -and 400°C. At 325°C, for 
instance, annealing for more than twenty 
minutes began to barely reveal broad Debye- 
Scherrer rings in the obscure halo pattern. 
After about an hour the pattern became the 
broad Deye-Scherrer rings. The broadening 
of the rings implies the existence of crystal 
grains of about 100A in size with appreciable 
distortions. The rings became sharper as an- 
nealing proceeded. The Bragg spacings of 
these rings were confirmed to agree with 
those of gold within the experimental error. 


$4. Line Broadening 


Intensity curves of broad ring patterns were 
divided into individual peaks corresponding to 
sach of the reflexions, assuming a symmetrical 
profile for each peak (Fig. 2). We shall not 
concern with the line profiles of peaks, but 
with half value breadths of these peaks. The 
true breadth was obtained simply by subtract- 
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ing the geometrical broadening from the ob- 
served one; the former being determined ex- 
perimentally from sharp Debye-Scherrer rings 
given by the same specimen after prolonged 
annealing!» 18), 

Breadths of lines thus obtained correspond 
to grain size of about 15-20 A, if only the size 
effect is assumed to be responsible for the line 
broadening. However, this conclusion is not 
correct as is shown in the following. When 
line breadths are plotted against radii of the 
rings (Fig. 3), the points corresponding to 
each of the diffraction rings are scattered 


Fig. 2. Intensity distribution curve and _ line 
profiles obtained from the broad ring pattern. 
(Specimen no. 3) 


Breadth in cm 


23 4 
Radius in cm 


Fig. 3. Variation of line breadth with radius. 
Numerals in the figure are specimen numbers. 
(The breadth and the radius are expressed ina 
magnified scale.) 


along a straight line intersecting the vertical 
axis at a point apart from the origin. This 
is due to the fact that both the particle size 
and the strain are effective to the line 


broadening. 
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Hall 1 pointed out that if both causes of 
broadening were operative, the individual con- 
tributions to breadths could be added for a 
commonly occuring line shape*, thus 

Bcos@ _ i 27 sin 
A a a) 


where @ is Bragg ies of a reflexion; 4, the 
wave length of the radiation; ¢, the apparent 
particle size and 7, a coefficient relating to 
the strain distribution. In the case of electron 
diffraction, 0 is usually small and (1) becomes 


AL 


fee) 
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where B is the line breadth on the photogra 
phic plate, Z, the specimen-to-plate distance 
and 7, the radius of the ring. If the strair 
distribution is isotropic, 7 is independent 0: 
the indices of reflexion, and is given by 


n= (27 re)? (3 
where @rz is the tensile strain and the bat 
means the mean value. Straight lines in Fig 
3 imply that the strain rather than the stress 
distribution is isotropic in this case. If the 
stress distribution were isotropic, a straigh 
line would be obtained by plotting the breadtii: 


B= = +- QL ( 2 ) . , 
t against 7/Enx where Enxnw is Young’s moduli: 
Table II]. Mean size and strain in polished gold films 
: ; Heer : | Mean size Stal 
Specimen Polishing Polishing Time of = = : Bei Hea 
b ressure time observation | | form electron | rom 
number =p | from (2) micrographs : 
a i tl i) | 
1 | 5 g/cm? 2 hours | | 0.3% 
2 5 3 Immediately | Fee ON 
after R 
3 | 200 8 AOishine | 80 A 3.6 
4 200 8 80 Doe 
3° ~—s«|=« 200 | ee About two | 150 200 A 23 
| weeks after ‘ 
4! 200 | 8 polishing | 130 | 100 and 300 A Zeit 


in (hk/) direction. This plotting was tried. 
The points did not lie even on a smooth curve. 

The values of particle size and the root 
mean square of the strain obtained from Fig. 
3 for different specimens are tabulated in 
Table II. At early stages of polishing (speci- 
mens 1 and 2) the grain size is too large 
to be determined from line breadths and the 
mean strain is of the order of 0.1%. Ata 
more advanced stage (specimens 3 and 4), the 
grain size is reduced to about 100A and the 
mean strain increased to 2-3%. After being 
left at the room temperature for about two 
weeks (specimens 3’ and 4’) the films recrystal- 
lize to varying extent. 


§ 5. Electron Micrographs 


Some of the specimens giving broad rings 
were observed by an electron microscope. A 
typical micrograph is shown in Fig. 4a. Most 
of the grains appearing in a micrograph are 
of the same degree in size except specimen 4’. 
Selecting many grains at random, we directly 


* 


We have tacitly made use Of thie qadiarity. 


assumption in deriving the true breadth from the 
observed one. 


obtained their mean size which is. shown it 
Table II. Specimen 4’ is composed of two kind: 
of grains (Table II). 

At the same time, microdiffraction pattern: 
were obtained from minute portions, abou 
lux1y in size, of specimens. An.example i 
shown in Fig. 4b. It is seen that the ring 
are composed of many spots. The mean siz 
of grains can be obtained?» also from th 
number of spots on a ring. The estimates 
value is 200-300 A, assuming the spherica 
shape and the uniform distortion. 


§6. Discussion and Conclusion 


Hall’s formula (2) is derived under the as 
sumption that the size broadening 8» and th 
strain broadening 8; can be directly added t 
make the total broadening 8. This assumfz 
tion is proved to be valid when broadenin: 
functions are of the Cauchy form 1/(1+?2 
If these are of Gaussian form, the square o 
total broadening is expressed as B,?+ 832. A 
accurate determination, however, of the lin 
profile is difficult in the present experiment 
The results in §§4 and 5 have inferred tha 
the linear relation holds between the breadt 
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Fig. 4.a. Electron micrograph. (Specimen no. 4’) 


Fig. 4.b. Electron diffraction patterns from a 
minute portion (1 x1”) in the above micrograph. 


and the radius of rings and the values of the 
grain size obtained by three different methods 
do not show significant difference. On the other 
hand, the trial based on the assumption of 
Gaussian form showed that the grain size 
differs from the values obtained by the two 
other methods. It can be said, accordingly, 
that Hall’s method is reliable as the first 
approximation in the present case and the 
value of the strain obtained by this method 
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may be understood to be reliable as much as 
the value of the grain size. 


From the observation given in §§4 and 5, 
the following conclusions on polish layers can 
be deduced. Even at the medium stage of 
polishing, the grain size can attain the value 
of 80 A, and the strain, that of 3.6%. The 
value of size and that of strain are ten or 
hundred times smaller, and about five times 
larger, respectively than the values usually 
obtained from cold worked metals. Williamson 
and Hall, for example, have observed from 
the line broadening of Al that the value of 
the grain size is 0.2 yw and that of the strain 
breadth is 0.6%. This value of strain roughly 
corresponds to yield stress and may be regard- 
ed as the limit value in the usual cold work. 
The value 3.6% of the strain in polished films 
corresponds to the stress several times larger 
than the yield stress. Such a large strain can 
exist in a crystallite as small as are examined 
in the present experiment. 

The present result that the line breadth 
varies with radii so that a considerable amount 
of strain remains in crystallites at least in the 
medium stage of polishing differs to that of 
Kranert and Raether™. This point will be 
discussed further in Part II of this study. 

It is possible that the line broadening of 
the type similar to the strain broadening is 
caused by the presence of impurities making 
a solid solution with gold with varying local 
content. If this is the case, the position of 
the peaks will be shifted by approximately 
equal amount to the half breadth of the line. 
Such a shift was not found in any of the broad 
ring patterns, nor in the extremely sharp rings 
obtained from the specimen after prolonged 
annealing at 450°C. 

The authors thanks are due to Mr. T. 
Suzuki for his suggestions concerning experi- 
mental techniques, to Mr. K. Suzuki of the 
Tokyo Institute of Technology for the use of 
the microphotometer, and to the Hitachi Cent- 
ral Research Laboratory for obtaining the 
electron micrographs. 
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The formation of the ordered arrangement of the magnetic moments 
of cations (spin ordering or spin arrangement) in the crystal lattice of 
the nickel-arsenide type is studied theoretically with the molecular field 
approximation, taking into account interaction between pairs of cations, 
which form the first, second or third neighbours in the crystal lattice. 
Various types of spin arrangement in this structure with two kinds of 


cations are derived. 


Based on the results obtained the magnetic pro- 


perties of the compounds are discussed. The theory is applied as a 
typical example to the interpretation of the magnetism of the ternary 
solid solution of manganese-chromium-antimony system. 


S Ihe 


It has been known that a number of com- 
pounds formed from transition metals and 
the elements of V. or VI, group in the periodic 
table have nickel-arsenide type crystal struc- 
ture at or near the stoichiometric composition 
(1:1), and that many of them show interesting 
magnetic behaviours. As shown in Rigas 
the crystal lattice of the nickel-arsenide type 


Introduction 


* This investigation was supported in part by the 
Grant-in-Aid of the Ministry of Education (Ferro- 
magnetism of Metals and Alloys, 1955), 


is composed of a simple hexagonal lattice of 
metallic ions and of a close-packed hexagonal 
lattice of metalloid ions, both lattices inter- 
penetrating into each other. The magnetism 
in such a crystal structure may be considered 
to be attributed to the moments of metallic 
ions; in this case it may be necessary to take 
account of the exchange coupling between the 
third neighbouring cations as well as the first 
and the second. (cf. the positions of metal- 
loid ions as illustrated in Fig. 1) The relative 
magnitude of these interactions will be con- 
sidered to be the leading factor determining 5 
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the magnetic properties of the compounds. In 
the present paper, we shall discuss the spin 
ordering in the case of a stoichiometric nickel- 
arsenide type compound with two different 


© Ni (metal)...simple hexagonal 
© As (metalloid)...close-packed hexagonal 


a1, 81, -**, Y2....Sublattices of metal lattice 
I, II, and III. ...the 1st, 2nd and 3rd neighbours 
(c/a < 2) 
Fig. 1. NiAs type crystal structure and its sub- 


lattices. 


kinds of cations, and apply the results to the 
interpretation of the anomalous behaviours of 
magnetism which were observed in some 
nickel-arsenide compounds. 


Types of Spin Ordering in the Com- 
pounds with the Nickel-Arsenide Struc- 
ture 


In order to discuss the spin ordering (the 
ordered arrangement of the magnetic mo- 
ments of cations) in the crystal lattice of the 
nickel-arsenide structure, we divide the metal- 
lic iattice into six sublattices, a, 61, -°+- 72 as 
shown in Fig. 1, because here we have three 
kinds of interactions mentioned in the intro- 
duction and the hexagonal symmetry of the 
structure. 

According to Van Vleck’s and Smart’s” 
theory based upon the molecular field approxi- 
mation, the most stable type of spin ordering 
is determined by the relative magnitude of 


§ 2. 


Srd kind (3), 


d (2), 
aati (Antiferro.) 


(Antiferro) 


1-st kind, 
(Antiferro) 


O-th kind, 
( Ferro.) 


amas < is) 
> 
Ze 
e 
a 
o 
Cw 
A 


=) 
e 


Fig. 2. The stable spin orderings. 
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the three different interactions mentioned 
above. In the case of just one kind of cation, 
we have four types of spin ordering as shown 
in Fig. 2. If the crystalline magnetic an- 
isotropy is neglected, the ferromagnetic or 
antiferromagnetic Curie points for these types 
are given as follows. 


O-th kind To=c(r!+T?+TP3) 

Ist kind e=c(—Il147?—-T*) 

ond Mand Ta=e(r—7—7) (1) 
ec ind Ta=e(—1' a 7) 


In these expressions [’’=2z"J’(g8)-1 (v=1, 2 
and 3) means the molecular field coefficients 
due to the pair of y-th neighbour ions, 2” and 
J” are the coordination number and the ex- 
change interactions due to v-th neighbour 


respectively and o= OF s(s+1) is the ionic 


Curie constant. The stable types of ordering 
are specified by the values of different interac- 
tion coefficients between neighbouring cations. 
In Fig. 3 the stable ranges of these types of 
ordering are illustrated with respect to the 
values of these exchange integrals between 


Fig. 3. The types of stable spin ordering and 
(0/T¢i) values for the magnitude of each ex- 
change integral for neighbouring pair of cations. 


neighbouring pair of ions. The ratio 6/T ci 
is also shown in the same figure, where 
6=c(1+T?+T*) means the paramagnetic 
(asymptotic) Curie point. The transition be- 
tween different ordering types observed in the 
compounds such as MnAs and MnBi” (ferro- 
magnetic @ antiferromagnetic) should be con- 
sidered from the results indicated in Fig. 3. 


§3. Triangular Spin Arrangement Due to 
Mixing of Different Kinds of Cation 


In the compounds of nickel-arsenide type, 
it will occur that several kinds of metallic 
ions are found in the same cation lattice. 
For instance, the manganese atom in the 
compound MnSb can be substituted by chro- 
mium atom in any desired composition 
(Mn,-2Cr2Sb)”. Also the binary compound of 
nickel-arsenide type is not always composed 
at the stoichiometric concentration (1:1) of 
metal and metalloid element, but the com- 
pounds with off-stoichiometric concentrations 
are frequently found. In such cases, we may 
assume without introducing any serious error, 
that each anion has the same valence; thus 
it might be presumed that the mixed states 
of the two kinds of cation valence are present 
in the off-stoichiometric cases. In the case of 
pyrrhotite», FeS,.s, for example, both the 
ferrous and ferric ions will occupy the cation 
lattice. 

In the case of the substitutional type above 
mentioned, it will be shown that the resultant 
spin moments of cations on different sublat- 
tices are not necessarily parallel or antiparallel 
but they will sometimes form an angular 
coupling depending on the presence of the 
various kinds of exchange interactions. As- 
suming such angular arrangements of spins, 
Yafet-Kittel?, Kishi? and Lotgering® explain- 
ed the magnetism of ferrites, manganites*? 
and some sulphides and oxides. We shall 
now discuss the magnetic behaviour of the 
compound with nickel-arsenide structure above 
mentioned from the same point of view. 

For simplicity, it will be assumed that the 
two kinds of ions occupy the cation sites 
completely at random and further that no 
vacant sites are present in the lattice. If the 
mean magnetic moment of the a-ion on a- 
sublattice is denoted by s,%1 and so forth, then 
the molecular field acting on an a-ion on a,- 
sublattice, Ha™1, etc. are expressed by 


*) Dr. Kishi applied with success the concept 
of the triangular arrangement to the explanations 
of the magnetic properties of the compounds with 
perovskite structure, La-Ca manganite and La-Sr 
cobaltite. His results for the manganite system 
however disagree with the results of neutron dif- 
fraction study of this system recently observed by 
Wollan and Koehler [Phys. Rev. 100 (1955) 545]. 
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: Daa? 
Ho =F aa)8a%2+ Ose (SaP1 +8a71) 


Daa’ 


5 (802+ 80%) +1 an'80"2 
Latta 3 
EP" (ght +-0" 2 (syP2-+ 80%), ett; 


(2) 


-- 


+ 


and 


| 


sot =nese'Bal Ur 59 H+ HD | , etc. (3) | 


| 
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il 


In these expressions 2a, 2%» and Sa°, So® are the © 


concentrations and spin quantum numbers of 
a and b-ions respectively, and Bs[ ] means 
the Brillouin function. 

To obtain the coupling energy on the basis 
of equations (2) and (3), the orientations of 
Sa1 etc. must be expressed explicitly. If the 
orientation of the resultant magnetic moment 
of the a-ions on the a,-sublattice is expressed 
by polar coordinates 02, ga and that of b-ions 
by 4, @» respectively, then the orientations 
of other moments are expressed as given in 
Table I. The direction of the polar axis is 
taken arbitrary owing to the isotropic nature 
of the exchange coupling, although it is ac- 
tually determined by the crystalline magnetic 
anisotropy. Neglecting the terms of the mag- 
netic anisotropy energy, the magnetic coupling 
energy can be obtained as follows: 


E(Ga, Ay, Pa, ay ans 1 oy 


a a 
— 8a" a1 
2 6 wa 


1°°Y2 
i eS | so {Eea(T ae == Fac?) = Faa7| COS? Aa 
Paa* 

COS? Yag— ——— 

oa "8 ] 
eC SE Typ?) ac | cos? A, 

= = ae ae 
sh (Fm'— = ) cos? go— Poe sin? 0, 
2) 2 

Persea [Eo(I’ao! +I" av*)-+ Ee!’ a?] COS Oa COSO, 


3 
+|(ra! hes) COS (Gat >) 


Pax? 
2 


cos (@.—@9) fain 6,sin a | 2 (4) 
where €’s take the values +1 depending on 
the types of spin arrangement. 

The stable positions of 6 and ¢ are deter- 
mined by the minimum point of the coupling 
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Table I. The orientation scheme of the spins of a and b ions 


on sublattices. 


Sublattice | a-ion 
a1 0a Ga, 
2 
Ai \Oa, 3 tt ¥a; 
4 
an a, 7 T+ a, 
| uv 
a2 6a OY T—Oa, —Ya, 
Bs | 6a or ™— Oa, tae go) 
4 
oe Oa OY T—Ou, 3 Pa 


b-ion 
%, Pb, 
2 
9, 3 T+ Pp, 
4 
Oy, 3 T+Qp, 
6») Or ™ 055, = Ca, 
O OF T—O, —-n—@p, 
3 
@ OY T— 4p, - 3 tO. 


energy (4). A short calculation will show 
that the values of @’s and g’s for the mini- 
mum energy occur when 


7 
Cn—Cp=0 OF =e OF Se 


and 
0< %, and <2, 
or 
64=6=0 or +2 or oe 
and 
O0<g, and g<iz. 


In the former case the angular arrangement 
above mentioned occurs from the difference 
between 9, and 9,, while in the latter case, 
it is caused by ¢g’s. Now the case of the 
triangular arrangement in @ will be considered 


first. Using the following abbreviations 
pe ee) 

ZA Ee aE (Fae! fas )+5 Fads 

E Dy»? See 
B=6&,(F' v0! + I''yn°) — On (Fost— ss )+ 9! ob” , 
Cp =ELT oe! +1 ap?) +! T an? ’ 

T'av* , Lav 
Cr=8-( Tan "9? la Oc a A 

(5) 


and denoting spav/Sava by y, the energy formula 
(4) can be rewritten as the following equation, 


E(6a, 90) = =F setia'[ A cos? 04+ By? cos? 4, 


+-2y(C, cos Oa cos 0) +C, sin 44 sin M)]+-const., 
(6) 


where 0’s can take either of the values +1. 
The added constant does not depend on @ and 
gy. Then the extremum condition for the 
energy, 0£/00.=0E/00,=0, lead to the follow- 
ing simultaneous equations for @, and 0s, 


(A cos 9a+yC;, cos 0) sin Oa 


—yC, cos Og sin 0,=0 


> 


7 
—C, cos % sin 04 (7) 
+(yB cos 4)+C, cos 02) sin =0 . 
Of course these equations have the solutions 


6,=6,=0 or == or ioe but they have be- 


sides these another solution satisfying the 
following equation, 
AC, cos? 0,+-y2BC, cos? 4, 
+y(AB+C?—C,2) cos 64cos #=0. (8) 


From equations (7) and (8), @ and @% are 
obtained as follows; 


2 = y?— 
COS 6,= P—Q : 
p (9) 
cos? g=-— cos? G, , 
y? 
where 
1 
a —(AB+C?—C/? 
te OBC, | ( +C, 2”) 
+V/(AB+C#—Ci#)—4ABC], ¢ (10) 
A C, 
=——4—P, 
Q C, + C, 
In equation (9), y=P and y=@ gives I1=4=0 
or +z and Oa= = respectively. For 


the occurrence of the triangular arrangement 
in @ the signs of A and B should be different 
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from each other, and also PS ySQ (P, Q>0) 
should hold. In the ranges of y=2P, Q usual 
ferrimagnetic theory as developed by Néel? 
can be applied. 

In Fig. 4 the types of spin angular arrange- 
ment and the values of é’s and ¢’s for each 
type are illustrated. In the case of F;, all 
the resultant moments are parallel to each 
other (ferromagnetic), which in F, the resultant 
moments of a-ions are antiparallel to those of 
b-ions (ferrimagnetic). In the cases of A; 
and A;, the moments of a-ions on the sub- 
lattices 1(a;, 81, 71) are antiparallel to those 
of the same ions on the sublattices 2(a@2, 82, 72), 


@-arrangement; 
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and the same is said for those of b-ions, so 
that the system as a whole has no resultant 
moment (antiferromagnetic). 
TA,, TA, are the ferrimagnetic and antiferro- 
magnetic triangular arrangements respecti- 
vely, which are derived from Fi, Fz and A, 
A, states. The cone in the figure means three 
resultant moments with the same @ value on 
the triad of the sublattices (a1, B:, 71) Of (@s, 
Bs, Y2). The same can be said for the con- 
figurations f,, f2, a1, a: and their T-states of 
triangular arrangement in ¢ (antiferromagne- 
(8). 

It is to be noted that in such a case as the 


8, 12,a 12,a 
12,a & 1 2,6 
; 12,a ‘ 8a | A 
' 0 1 \ : 
112,6 126 \I ny | 
\ 12,6 12 H 
ft ys va | te 
21,6 . Y ¥ 
5 \ 
preg eee 2,2 e 
A TA2 
Type let Wits, F2 TFz <alies pd hy, aS 
Ea +7 tah = i : 
Eb +7 +7 “sal eo 
Ec wu au “ak a 
Ec’ suai rane bad 
Y-arrangement; 
Cc 
Cal re a 
4|t eae \ / 
she es — 
Bite Se yp ne y x 
r B N 
Type fr Wee Wc Tay, Ge DSRS, 
Sa + 7 Wy) =1/ = th 
Sb +7 +7 if = of 
Sc +7 = ij -—7 + 7 
Ge +7 = ieaih we 
Fig. 4. Types of triangular spin arrangements. 


nickel arsenide structure here discussed, dis- 
continuous transitions between each type of 
arrangement can occur with the change of 
the temperature or of the composition of the 
system, and the compound undergoes thereby 
discontinuous changes of magnetic properties. 


§4. The Magnetic Properties of Compounds 
with Triangular Spin Arrangement 


The change of magnetic. properties caused 
by the rise of temperature and the change of 
cation concentration in the crystal lattice now 
in consideration (§3) can be derived from the 
minimum condition of the energy due to spin 
angular arrangement as mentioned above. 
Neglecting the terms of the crystalline mag- 


netic anisotropy, we will proceed to work out 
expressions for some magnetic properties in 
the case of the triangular arrangement in @. 

a) Magnetization vs concentration relation 
at absolute zero. 

The spontaneous magnetization o(z) at ab- 
solute zero of temperature in the case of the 
triangular arrangement, is given by 


0) =Sa a COS Oa-ESy°xy COS Oy 


=(1P))/ isa) alata 


BAR) 


where + and — signs correspond to TF, and 
TF, respectively. 
b) Magnetization vs temperature relation. 
Based on the equations (2) and (3) the mole- 


TF, TF, and | 
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cular fields acting on a- and b-ion can be 
written as follows, 
Ha =(A cos? 04+4)Saaa 
+(C, cos 6, cos 0)+C, sin 6, sin On) Svar , 
Hy=(C, cos Oa cos 6)+Cy sin Oy sin Ov) Sa%a, 
+(B cos? A. +b)sptn . | 
(12) 


In these equations a and b represent the fol- 
lowing expressions, 


an2(Pat le") Tmt 
2 Zi a 
a, (13) 
b=9( Tn! — an oe 


Then (12) can be put in the following form 
by using the definition of y and (9), 


Ha= Sata ayy?+az) , a4) 
y= Soxo(Byy~?+ Bz) , 
where @, a, 8; and 2 are given by 
a@,=(A+PC,—QC,)(P?—@?)-} 
@=at+QC,—Q{ A+ PC,—QC,)(P?—Q?)"! , 
8, =—Q(B+P7C,—Q71C,)(P?—@?)"1 , 
B2=b+07C, 
+27(B+ P1C,—OQ CG? —-@)4. 
(15) 


Then the mean spin moments of a- and b- 
ions, Sa(T) and s,(T), are expressed by 


sa(T) = Bal of {(ayy? + @) reset H | ; 
Ais (16) 
(T=si'Bal 2 ((Biy?+Be)asi +H | 


respectively. Hence by putting H=0 and 
eliminating y, Ss, and s, can be determined as 
functions of temperature. The magnetization 
for TF type can then be written as 


o(T) =Sa(T)xa COS Oa(T)$0(T) a» cos 6(T) . (17) 


The magnetic susceptibility above the Curie 
point is obtained by the usual procedure. For 
the antiferromagnetic case the susceptibility 
below the Néel point will not be treated here, 
since the calculation requires the knowledge 
of magnetic anisotropy, for which we have 
not at present enough experimental data as 
far as the antiferromagnetic compounds with 
nickel arsenide structure are concerned. 
c) Curie point vs concentration. 
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The Curie temperature T; of this system 
can be obtained by the high temperature ex- 
pansion of the right hand side of equation 
(16) and by elimination of y. Thus it is deter- 


mined by solving the following equation for 
fhe. 


0,0,— Atay — Bx2%0q— (a,B, zr 2B») XaXr =0 (18) 


where @, and @, means 3kT{Ssa°(Sa°+-1)g8}"! 
and 3kT¢{s,"(s,°+1)98}-4 respectively. 


d) Specific heat. 

In this theory it is shown that the change 
of spin directions at the transition point does 
not introduce any entropy change of the sys- 
tem, hence the discontinuous transformation 
between each type of angular arrangement 
does not accompany any latent heat. 


§5. Applications 


As a typical example of triangular spin 
arrangement in nickel arsenide structure, the 
magnetism of Mn,-.Cr.Sb system will at first 
be discussed. According to the experimental 
results hitherto presented MnSb is a ferro- 
magnetic substance with the Curie point at 
587°K, while CrSb is an antiferromagnetic one 
with the Néel point at 713°K. It has been 
known that their type of spin ordering are 
of 0-th kind and of Ist kind respectively and 
that their easy axis of magnetization is the 
c-axis®»® for both compounds. According to 
the recent investigation”, both compounds 
form a homogeneous solid solution over all 
ranges of concentration. X-ray analysis shows 
that no superstructure of vacant sites in the 
crystal lattice are formed in these compounds. 
In this system the ferro-, ferri- and antiferro- 
magnetic phases have been found in the pro- 
per concentration and temperature rangs res- 
pectively. It has been reported that the 
ferromagnetism of manganese antimonide 
transforms into ferrimagnetic type when the 
manganese atom is substituted by chromium. 
With further increase of chromium content, 
however, an antiferromagnetic temperature 
range appears above the ferrimagnetic Curie 
temperature. With further addition of chro- 
mium the range of antiferromagnetic ordering 
becomes remarkably wider. 

The magnetic properties of this system 
above mentioned cannot be explained by the 
ferrimagnetic theory based exclusively on the 
antiparallel orientation of spins. Now such a 
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behaviour above mentioned will be reproduced 
theoretically by the results obtained in § 4. 
It might be reasonable to assume the spin 
arrangement of the following type with refer- 
ence to some experimental evidence: In this 
case the interactions between a pair of Mn 
ions and that between a Mn-Cr pair may be 
assumed to be both ferromagnetic and that 
of Cr-Cr antiferromagnetic. Hence it is to 
be expected that at the Mn rich side the tri- 
angular spin arrangement of TF; type (ferri- 
magnetic) appears and also at the Cr rich 
side, antiferromagnetic triangular arrange- 
ment, e.g. of TA, type, will occur. On the 
basis of the theory developed in the previous 
section, assuming the ionic states of mangnese 
and chromium in this system to be Mn?*(s°=0) 
and Cr?+(s?=3/2) respectively, some magnetic 
behaviours, such as the change of saturation 
moment with concentration, thermomagnetic 
curves and the magnetic phase diagram can 
be derived by the use of the above equations 
with suitable choice of the values of exchange 
interactions between neighbouring ions. In 
Fig. 3 the relation between the saturation 
moment and concentration is shown. The 
curves for TF, state in this figure is obtained 
by taking the values, P=1/12(2=0.1) and 

Q=3(=0.8) in equation (11). Also the mag- 

netic phase diagram as illustrated in Fig. 6 

is obtained on the basis of equations (16) and 

(18). In the antiferromagnetic region of this 
figure the types of spin arrangement TA; are 
assumed, and the values of constants in equa- 

tion (18) are taken as a,=0.97, 8,=0.68 and 


Sian SMn= Yr, Ser =, 
P=V2, Q=3. 
(We) 
Q6 
ORDVovo 
OY 


OG 
Mn Sb 


Gz 04 08 


—> ZX 


06 1.0 

CrSb 

Fig. 5. The saturation moments of Mn;-z CrzSb 
system. 
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a,6,=1.61 in the TF,-state and a,=25.0, 
B.=2.0 and @,8,=7.1 in the TA,-state in the 
unit of 3k7.{2(2+1)¢B}-1 (i.e. Te of MnSb). 
The normal ferrimagnetic theory holds for 
the F,- and A,-states in both figures. In these 
figures experimental data for the compounds 
Mn,-zCrzSb are shown. As they shows these 
points show satisfactory agreement with the 


theoretical curves. 


ro, 
--* 


a 
S 


400 


100 


oooe* 
ewe re ew re ne eww wow wn we wn ee ween en ee ene er se eenre 


ww ee enn oe we we oe ee eee ene eee 


[% 
Mn Sb 


02 


a4 


06 08 


10 
Mn Sb 
Fig. 6. The magnetic phase diagram of Mn,-z 
CrzSb system. 


It is to be noted here that, as discussed in 
§ 4, by the theoretical result above mentioned 
the discontinuous transition between different 
types of spin arrangement is also expected. 
As mentioned in §3, three stable or meta- 
stable orientation in g, and gy», namely 0, 
m/2, 7 are obtained. With the rise of tem- 
perature (or concentration change), the transi- 
tion between different orientation will occur. 
In such a case the values of @, and @, cor- 
responding to the value of g’s will change 
discontinuously. Thus the discontinuous chan- 
ge of magnetism will follow. Such a discon- 
tinuous change may explain the abrupt ap- 
pearance of spontaneous magnetization as 
found during heating the compound Cr§, 47! 
(for example TA@TF type transition) though 
a more detailed study is required before to 
be conclusive. 


Thus it is possible to explain various mag- 
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netic behaviours of the compounds with nickel 
arsenide structure from the present theory. 
However, in the actual cases, several factors, 
which are not taken into account in the pre- 
sent discussion, will affect the magnetic be- 
haviours of the compounds. The order-disorder 
change in the arrangement of vacant sites 
and ions has been confirmed to be present in 
some compounds of nickel arsenide type with 
off-stoichiometric compositions and such a 
change will affect the molecular field distri- 
bution. The magnetic anisotropy energy will 
also specify the direction of spin arrangement 
with respect to the crystallographic axes and 
will give an influence on the magnetic suscep- 
tibility as well as parasitic ferromagnetism 
of compounds. Recently, Goodenough™ has 
proposed an explanation of the magnetism of 
La-Ca manganite by using the concept of 
covalent bonding. This might be to be con- 
sidered also in our problem. Full studies of 
neutron diffraction analysis of spin arrange- 
ment of nickel arsenide type magnetic sub- 
stances are most desirable. 
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Theory of the Para-Ortho Conversion in Solid Deuterium 


By Kazuko MOTIZUKI 
Department of Physics, Osaka University 
(Received November 10, 1956) 


The rate of para-ortho conversion in solid deuterium (Dz) is calculated 
taking two types of interactions, i.e., the magnetic dipole-dipole inter- 
action between D, molecules and the coupling between the nuclear 
quadrupole moments of one D; molecule and the total quadrupole moment 


of the other molecule. 


It is found that both interactions make about 


the same contributions to the para-ortho conversion if only the inter- 


actions among para molecules are taken into account. 


However, the 


ortho molecules with J=2 also interact magnetically with para molecules 


and convert them into ortho molecules. 


The calculated conversion rate 


due to the para-para interactions is found to be 0.01 % per hour times 
c2. where ¢ is the para concentration, while that due to the para-ortho 
Wr eittions to be 0.01 % per hour times c(1—c¢), so that the c? termes 
eventually cancel each other, leaving a total conversion rate which is 


proportional to ce. 


§1. Introduction 
In a preceding paper? (quoted as (I)) the 
rate of ortho-para conversion in solid hydrogen 


(H.) was calculated taking magnetic dipole- 
dipole interactions between ortho-molecules 
into consideration. When an ortho-molecule 
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converts into a para-molecule, the rotational 
state of this molecule changes from J=1 to 
J=0, and the difference of the energies of 
these states is taken up by the lattice vi- 
brations. The Debye approximation was made 
for the lattice vibrations and it was found 
that the two phonon emission process was 
dominant. The result obtained (2 % per hour) 
was in good agreement with the experiment.* 

In this paper a similar calculation of the 
rate of conversion in solid deuterium (D2) will 
be given. One point of difference between H, 
and D, is the difference in their statistical 
characters. In the case of hydrogen molecule, 
the nuclei have spins of magnitude 1/2 and 
obey the Fermi-Dirac statistics. The ground 
state of the hydrogen molecule is para state 
(both the rotational and total spin quantum 
numbers are zero) and the first excited state 
is ortho state (rotational and total spin quantum 
numbers are both 1). On the other hand, in 
the case of deuterium, the nuclei have spins 
of magnitude 1 and obey the Bose statistics. 
The ground state of deuterium has zero 
rotational quantum number and its resultant 
spin quantum number is either zero or two. 
The energy splitting between these spin states 
([=0 and 7=2) is negligible compared with 
the energy splitting of the rotational states. 
The first excited state of D, has J=1 and 
I=1. The former states are called ortho and 
the latter state para. 

There are two types of interactions causing 
the transition between para and ortho states. 
The first type is the magnetic dipole-dipole 
interaction between D, molecules and consists 
of two kinds of interaction as in the case of 
H,: interaction between nuclear spins of one 
molecule and those of the other molecule and 
interaction between the rotational magnetic 
moment of one molecule and the nuclear spins 
of the other molecule. The second is the 
coupling between the nuclear quadrupole 
moment and the total quadrupole moment of 
the other molecule. Both are present in the 
interactions among para- “molecules, while there 


z ‘The « conversion rate of 0. 9: % per hour observed 
by Hill is for normal hydrogen, not for the reaction 
constant k, as was palsquored in paper (I). Thus, 
k is (3/2) times 0.9% per hour, i.e. 2.0% per 
hour. This comes in ane agreement with Polanyi 
and Cremer’s value (1.75%) and our theoretical 
value (1.94 %). The writer is indebted to Dr. R. 
Hill for calling attention to this fact. 
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is evidently only the first kind of interaction 
between para-molecules and the ortho-molecules 
with J=2. Therefore, the para-concentration, 
c, should change with time as 


dc _ Sl pe 
dt 


The result of the present calculation shows 
that the both interactions make about the 
same contributions to k and the value of it is 
0.01 % per hour, which is much smaller than 
the corresponding value for H, (2 % per hour). 
The value of Rk’ is found to be almost the 
same as that of k, so that we have practically 
dc/dt=—kc . 

Furthermore, the effect of a small amount 
of dissolved oxygen molecules is studied. As 
in the case of H., the conversion rate is 
greatly enhanced by the magnetic dipole 
interaction between the oxygen molecules and 
the nuclei of the hydrogen molecules. 


k’ca—e). (1.1) 


§2. Wave Functions and Interactions 


The lowest rotational state of D, is a state 
in which the wave function of the nuclear 
spins is symmetrical and the total spin angular 
momentum J is either zero or two. In the 
next higher rotational state, J=1, the wave 
function of the nuclear spins is antisym- 
metrical, the total spin angular momentum J 
being 1. The former states, J=0, 7=0 and 
J=0, Z=2, belong to ortho-D, and the latter 
state, J=1, J=1, to para-D,. The abundance 
ratio of ortho to para in normal deuterium 
gas is 6:3. 

The nuclear spin functions of a D nucleus 
will be denoted as ¢4:, #9 and ¢-,. The 
total wave functions ¢, ¢1,42 (M=0,1) and 
¢2,+u (M=0,1,2) of the states of total spin 
0, 1 and 2 are then given by 


Po= gl 1)@-1(2) — b0(1) b0(2) 


wis hy Sia d=0) = 2.1) 
Pi, es =[$0(1)b+1(2)— $ +11) 60(2)] (2.2) 
2150-7 y1b-s(1)bex2)—bar(1)O-a2)] 
@=1) 
Py mani 
Po, 73 S1b0(1)b41(2) +6411) 60(2)] (2.3) 


2, w= glob (2) +26 9(1)$o(2) 
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+ $-111)b41(2)] 
Rotational wave functions are 
for the state J=0 


(=2) 


o=1/2 (2.4) 
for the state J=1 
es bbe: my 1/2 , - 
iyi : (aa) sin bet 
3 \1/2 
bno=(F-) cos @ (2.5) 


Wf \UPs oe , 
ee -ig 
$y, -1 9 iggy sin e 


where 0, ¢ denote the polar and azimuthal 
angles of the molecular axis. The polar axis 
can be taken arbitrarily in the space. 

In the case of H;, the interactions which 
cause the ortho-para conversion are the spin- 
spin and spin-rotational magnetic dipole-dipole 
interactions between ortho-molecules. In paper 
(I), we denoted these two interactions by Hs 
and Hs, respectively, and their expressions 
were given by (2.5), (2.7) of the paper. In 
the case of D., the nuclei have nuclear quad- 
rupole moment, so the quadrupole interaction 
also contributes to the conversion. This quad- 
rupole interaction is the coupling between the 
nuclear quadrupole moments of one D. mole- 
cule and the electric field gradients at these 
nuclei produced by the total quadrupole momet 
of another D, molecule. 

The electric coulomb potential V at the 
nucleus 1 of the b-molecule due to the charge 
distribution of the a-molecule is 


where »; represents the sum over the charges 
elaine to the a-molecule and R; denotes 
the distance between that charge z and nucleus 
1 of the b-molecule. The potential V can be 
ear as pa ak 


= It on = eipPs (cos 6) 
a,b1 
a ox > e:0i7P2 (cos 0)... (2.6) 
OS 


For the notation, see Fig. 1. The first and 
second terms represent the potential due to 
the total charge and electric dipole of the a- 
molecule, which must vanish since D, molecule 
is neutral and has no electric dipole moment. 
The third term represents the potential due 
to the quadrupole moment of the a-molecule 
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and this is what we need. We write this as 
Ve. With the use of the angle @ defined in 


ID iy Dl 


Fig. 1, Ve can be written simply as 


=F eQn,(3 cos? 6— Daas , 


a,b1 


(2.7) 


where @Qp, represents the quadrupole moment 
of a D, molecule. The angle changes. with 
the rotations of the a-and 6-molecules. So, 
using the rotational coordinates of the @ and 
6 molecules, ps is rewritten as 


-[3(X1, 01 Sin Ou COS Ga 


@,od1 


Qn; = 


+ Ya. v1 sin 04 cos re t1 COS Oa) =e ol ; (2.8) 


where 
Xa,n=R sin § cos¢g+rsin J cos gy 
Ya,n=RFR sind sing+7sin@ sin ¢g, 
Za,011=R cos9+rcos & 
Ra, v1 =(XG it 3 ntZ, a, die 


R, 9 and g denote the polar coordinates of 
the vector joining the centres of the two 
molecules and (02, ¢a), (8, ¢») the polar and 
azimuthal angles of the molecular axes of the 
a-and b-molecules. 

Thus the quadrupole 
written 


interaction can be 


Ho= Hoa, 61) + Hola, 62) (2.9) 


where for instance AQ(a, b1) represents the 
interaction between the quadrupole moment 
of nucleus 1 in the b-molecule and the electric 


field gradient at this molecules due to the a- 
molecule. Each term can be represented as 


follows: 

Fid(a, bi)= %\Q,.(b1)pE_-.(a, bt) @=1, 2) (2.12) 
Th 

where Q, is the nuclear quadrupole moment 


operator and consists of the following five 
components: 
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ae eQp BY Grate | 
QAO =| yy [hue AEFDI 
mee 6 | 
Q+1(01)= Tier aes 1) [(Z01, xk2ty1, y)to1, Z 


+201, a(tv1, x Et2n, v)] Many 


Qzx(01)=V6 {, teep (natin ? 


In these expressions Qp is the nuclear quad- 
rupole moment of D and i the nuclear spin 
vector (¢=1), pE, is the electric field gradient 


where 
Ao= (Ra,o1)~7 (Ri, 11-9 Zi, 01) 


By — Caen) a” cos? ie, 
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and is a function of the rotational coordinates 
of molecules @ and 8, i.e., 


C= (Ra,n1)77(Xa,01 Sin Oa COS Pat Ya,n1 Sin Oa SiN Gat Za,01 COS a)Za,v1 COS Fa 
Dy=(Ra,o1)~°(Xa,01 SiN Ya COS Gat Ya,v1 SiN Oa SiN Pa+Za,01 COS Ga)*(RG 51-723, 01) 


Ag = (Roma! Labi Xa,n1-kt Ya,01) 


Ba, =(Ra,01)~ COS Oa(Sin Oa COS Pazk? Sin Oa Sin Ya) 
C41=(Ra,v1)7"(Xa,n1 SiN Ja COS Gat Ya,o1 SiN Fa Sin a+ Za,n1 COS a) 
x [(Xa,01 22 Ya,n1) COS a+ Za,n1(Sin Ba COS até SiN Ja SiN Ya)] 
Di, =(Ra,oi)~?(Xa,n1 SiN 8 COS Gat Ya,n1 Sin Oa SiN Pat Za,n1 COS Oa)?Za,m1(Xa,n1 2 Yani) 


Ase =(Ra,o1)-"(Xa,mtYa,01)” 


Bs. =(Ra,n1)~(Sin Oa COS Pa-E7 SiN Da SiN Ga)? 


Cs. =(Rajor)7"(Xa,n1 2 Va,01)(Xa,01 Sin Oa COS Pat Ya,n1 SiN Oa Sin a+ Za,n1 COS Ga) 


X (sin Og COS GazkZ Sin Ja SiN Ga) 


D9 (Ra,o1)79(Xa, 014 Va,n1)*(Xa,01 SiN Oa COS Pat Ya,ni SiN Oa SiN Ya+ Za,n1 COS Ba)? 


We expand each of (2.13) in powers of 7/R, 
where 7 is half the inter-nuclear distance in 
a D, molecule and R the distance between 
the centres of the two molecules; 7/R=10<1 
if we take for R the mean distance in the 
actual crystal. 

Since Hg is the sum of Ho(a,b1) and A(a, b2) 
and invariant against the inversion of molecule 
6 with respect to its centre, and since the 
matrix elements of z,; have opposite signs to 
those of z2, as seen from (A. 4), we have 
only to retain those terms of the expansion 
which change sign under the inversion of 
molecule b. The first terms of expansion can 
be discarded for this reason, the second terms 
adopted and the higher order terms will be 
neglected. 


§3. Result and Discussion 

We seek the matrix elements of Au+Ho 
(Hq: the dipolar interaction) between the state 
a=para and b=para and the state a=para 
and b=ortho. The details of the calculation 


i= on (3Ay+6By—60C)—15D,) 
Exi= Epona +6B41 
—30C21+105 D1) (2.12) 
Es. = VB coma IS Akd +6B..2 
—60Cx+105D+s) 
(2.13) 


of such matrix elements with respect to the 
rotational states and spin states will be given 
in Appendices. The change of energy of the 
rotational state of molecule b, which converts 
into ortho from para, must be balanced by an 
emission of phonons. If we denote by #7 and 
,’ the wave functions of the initial and final 
vibrational states of the lattice, the para-ortho 
transition probability is proportional to 


a = |<@=para, b=para,/ 2 | 


Hy+ Hg|a=para, b=ortho, T’>|?. (3.1) 
The summation in (3.1) runs over the initial 
81 and final 54 states. After calculating the 
matrix elements with respect to the rotational 
and spin states, the term due to the dipole 
interaction can be expressed as 


= BCl<TISIT >! (3.2) 


where /;’s are functions of the relative co- 
oridinates of the centres of molecules a and b 
and are given by eq. (A. 4) of paper (1) and 
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Ci’s are 
Co= 102 v4 [1+ (eer/e0)°| 
CQit+C,= 378 v4 [14 (ur/en)?I 
Cs+C,=4110 aS ]1+(er/ en)? I 
Co= 648 wt [1+(ur/u)"] 
Cot+Cr= 675 w$[1+(ue/“)?] 
CstCy= 648 uS[14(ur/pr)?] 
The other term due to the quadrupole inter- 


action can be expressed as 


it 
ar el Pee IT SP 


(<3) 


(3.4) 


where gi’s are given in (B. 3) and d;,’s are 


Psa i 9[ Beo0s, T 
grey roierart 
bat aed re sah COT 
dt ap ey a) 
fee eagle | eee | 
di +d; = Se | eee 
ditd;= S| ee | 


We express fi; and g# in terms of the lattice 
vibration coordinates by the same methods as 
that described in Appendix B of paper (I) 
taking the Debye approximation. We calculate 
the transition probability due to two phonons 
emission processes. The lattice constant of 
solid D, is a little smaller than that of solid 
H,. Assuming the same value for the lattice 
constant for D., as that of H., the Debye 
temperature is found to be 64.4°K (1/7 2 
times of H:), while the energy difference 
between the rotational states J=1 and J=0 is 
found to be 86°K (half that of H,). There- 
fore, the one phonon emission process is im- 
possible. The processes involving more than 
two phonons might be much less important 
than the two phonons emission processes, as 
they were in paper (I), and will be neglected. 
Necessary data for the calculation of the two 
phonons emission processes are as follows: 

Difference in rotational energy between J=1 
and J=0 (in temperature scale): £,=86°K 

Debye temperature: Op=64.4°K 

Sound velocity: v=0.722 x 10° cm/sec 
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Density: =0.179 gr/cm? 
Internuclear distance: 27=0.74A 
Deuteron magnetic moment: 
Mp=4.329 x 10-4 (erg/gauss)” 
Rotational magnetic moment: 
Ur=0.517 X wp (erg/gauss)” 
Nuclear quadrupole moment of D: 
Qp=2.738 x 10-27 cm? ») 
Quadrupole moment of D, molecule: 
Qp,= 0.232 x 10-16 cm?» 


We denote the transition probabilities due 
to the dipole and the quadrupole interactions 
by Wa(2) and W,(2), respectively. The theo- 
reticel results for the respective conversion 
rates are: 

12 Wa(2)=0.502 x 10-4 per hour 
12 W(2Z)=0.622 x 10-4 per hour 
total: 1.124 10-* per hour (3.6) 


Thus, in deuterium, magnetic dipole-dipole 
interaction and the quadrupole interaction 
contribute nearly equally to the conversion 
rate, when only the change of para-para pairs 
into para-ortho pairs is considered. The total 
conversion rate is about 0.01 % per hour which 
is very small compared with the correspond- 
ing value in solid H, (2% per hour). This 
difference is mainly due to the following. The 
magnetic moment of deuteron is about one 
third of that of hydrogen: The magnetic 
dipole interaction between two molecules is 
proportional to the second power of this ratio, 
and the conversion rate due to the magnetic 
interactions is proportional to its fourth power, 
eG, Ure 
Next we calculate the conversion rate due 
to the interaction between the para-molecules 
and the ortho-molecules with I=2. We have 
to seek the matrix elements of Ha between 
the states a=ortho b=para and a=ortho 
b=ortho with respect to the rotational and 
spin states. The result can be expressed by 
the same formula as eq. (3.2) except that C;’s 
are now replaced by 
CyS2710inF 
C:+G=630 4, 
C;+C,=6750 4%, 
C,= 1080 44, 
CoCr 1125 BS 
C,+C,=1080 ui, 


We denote the corresponding transition pro- 
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bability by W4’‘(2). The conversion rate is 
found to be 

12 Wa’(2)=1.106 x 10-* per hour. (3.8) 


The above calculations show that the para- 
concentration ¢ changes with time according 
to the equation 


dc 

ose == 262— 
dt 

where, according to (3.6) and (3.8) k=1.124 

x 10-4 per hour and k#’=1.106x10-* per hour. 

Since & and k’ are nearly equal each other, 

we find that c is determined by 


dc 
sa 


In all the above calculations, we neglected, 
as in paper (I), the interferences of the twelve 
interactions between one molecule and its 
twelve neighbours. This is, however, valid 
since the rotational substate of each molecule 
changes very frequently during the life time 
of a para D, molecule (ortho-molecule in the 
case of H,), so that the phase of the rotational 
substate of any one molecule becomes un- 
correlated with the phases of the rotational 
substates of other molecules.* 


k’c(l—c) (3.9) 


C—-Ci\Cm ee (3.10) 


§4. Effect of Oxygen Molecules Dissolved 
in Solid Deuterium 


The oxygen molecule has a magnetic moment 
of two Bohr magnetons in its ground state, 
so that the ortho-para conversion rate is greatly 
enhanced by oxygen molecules contaminated 
in the solid hydrogen. Already, in paper (1), 
this effect was treated assuming the oxygen 
spins to be at rest and self-diffusion of the 
hydrogen molecules to be negligible. In 
another paper” the effect of self-diffusion was 
discussed. We obtained the result that the 
rate of conversion of a hydrogen molecule at 
a distance R from each oxygen molecule is 
250 x (R)/R)” per hour, so that the ortho- 
molecules in the neighbourhood of each oxygen 
molecule change to para in a relatively short 
time. This initial increase of para-concen- 
tration reasonably explained experiments. 

In D, molecule, a similar phenomenon will 
occur. The coupling between the nuclear 
quadrupole moments of D, and the total quad- 
rupole moment of O, molecule may be negli- 
gible compared with the effect of the magnetic 


* The writer is indebted to Dr. M. Bloom of 
the University of Vancouver for this interpretation. 
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dipole-dipole interactions, as the quadrupole 
moment of O, may be of the same order of 
magnitude as that of D,. The transition 
probability for a D, molecule at a distance R 
from an oxygen molecule is calculated by the 
same method as that used in paper (I). Here, 
instead of previous C;’s given by (4.1) in 
paper (1), the following C,’s appear: 
Co=18 23, Mo, 
C+ G,=36 “59, 


C4+Ci=225 p32, Ho, (4.1) 
Cs=54 Mp Ho, 
The result of the calculation is: 
Wozy,(2)=35.9 x (Ro/R)? per hour (4.2) 
This value is 1/7 times that for H,. Com- 


paring this result with (3.6), we find that at 
R=3.54R, the effect of an oxygen molecule 
and the effect of the mutual interaction of 
D, molecules become comparable. 

The writer would like to express her sincere 
thanks to Professor T. Nagamiya for encourage- 
ment and helpful discussions. She is also 
indebted to Mr J. Kanamori for valuable com- 
ments and to Miss H. Kobayashi of Tohoku 
University for kind communications of her 
experimental results prior to publication. 


Appendix A. The matrix elements of the 
dipole and quadrupole interactions with 
respect to the spin states. 


(a) The matrix elements of the dipole inter- 
action. 

The non-vanishing matrix elements of the 
spin operators, of molecule 6 with respect to 
states J=1 and J=0 of molecule 6 are as 


follows: 
<1, 0]201,<10>= —2/Y 6 
<1, 1]¢01,2+#801,10>=2/Y 3 
{1,—1|t01,2—2001,y|0)=2/Y 3 


The matrix elements with respect to states 
f=1 and J=2 are: 


(1,1 }491,2|2, £15 =41/2 

<1, O|go1,2|2,0>=—l1/V 3 

CL #1 ]do1,2+2401,y12, O>=—1/Y 6 
<1, Oldo1,2-t¢%01,y|2,F1 > =F1/Y oD 
(1,F1[to1,2-£2%01,y|2,F2>=1 


The matrix elements of #2 have opposite signs 
to those of Zo. 


(A.1) 


(A“2) 
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The non-vanishing matrix elements of the 
Spin operators of molecule @ with respect to 
substates of 7=2 and J=1, respectively, are 
as follows: 

(2, 2] ¢a5,2|2,-+2>= +1 

(2, 1]t05,2|2,-1 >= +1/2 

eran EZ laj,ektlaj,y|2,+1 » — i 

< 2) all tase tiaj,y|2, yes SVs 6 

(2, Oléas,e-tas,y|2,F1>=3/Y 6 

«2,1 |tej,22b28a5,y|2,-2> =1 

<1 1(2,9,2/1,1> = 41/2 

C11 tnj,2ttas,y|1, 0>= sey Ne 

C1, Ojtas,2-bttas,y|1,F1>=F1/V 2 

(j=1, 2) 

The matrix elements of the quadrupole 
interaction. 

This interaction has no matrix elements 
between states of J=1 and J=0. The non- 
vanishing matrix elements between 7/=1 and 
I=2 of b-molecule are as follows: 

(1,£1138, a+ 12,41) =—3/2 
< ie ete 1 (001,2E2201,y)001,2 
+to12(201,2At01,y)|2, 0D0= FV 3 /V 2 
Cals O| (201,22 2201,y)b01,2 
+201 ,2(801,22001,y)|2,F1>=—1/V 2 
<1,+1 | (201, 22£1151,y)t01,2 
= 21 y2(Lo1,2 +1%01,y)|2,F-2> == 1 
C1, 41] Go1,22#2401,9)7|2,F1>=—1 
<1, 0] @o1,2£2001,y)?|2,F2>=FV 2 
The matrix elements of 2, have opposite sign 
to those of zo. 


(A.3) 


(b) 


(A.4) 


Appendix B. The matrix elements of the 
dipole and the quadrupole interactions 
with respect to the rotational states. 


The matrix elements of the dipole inter- 
action was given in (A.2) and (A.3) of paper (1). 

The non-vanishing matrix elements of the 
quadrupole interaction between the states J=1 
and J=0 of the b-molecule: Expanding eq. 
(2.13) in powers of 7/R, the second terms are 
the function of the rotational coordinates of 
the b-molecule and contain the terms cos % , 


sin, cos¢g, and sin@ sings. The matrix 
elements of these functions are: 
<1, O|cosA|0>=1/VY 3 
(1,+1|sin cos g.|0>=+1/V 6 (B.1) 
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¢1,+1|sin 4, sin g,|0> = —2// 6 


Using these relations the matrix elements of 
each of A, B,C and D in (2.13) with respect 
to the rotational states of the b-molecule can 
be calculated. 

The non-vanishing matrix elements of the 
quadrupole interaction between the sub-states 
of J=1 of the a-molecule: The second terms 
of (2.13), expanded in power of 7/R, contain 
the several types of the function of the ro- 
tational coordinates of the a-molecule. The 
non-vanishing matrix elements of these 
functions are: 


2 mars’ 
<1]Ca lec) = 5 
niqveel 
<0|€.2|05= F 
(£1lCaEactina)l0y=+Y 2 


COlGalEactine)|-F1) = V2 


(£1 |(Gackina)*|F1=— 
(t1lEettnetlt1) =< 

OlEat-+ 19310) = = 

(#1 lCalEEa tet SE a)Is1) = EE 

(£1 CalEEa + 72a 660)10> =F 575 (EFE) 
OlGalEEa tat Ce)|t1> =F 575 Exttn) 
(B.2) 


COlCalEEa tI EEa0= 3 


¢+1|(Eaxtina)(EEa+9%0+CCa)|+1> 
={F1](Eatina\(EEa+ Nat CFa)|F1 > 


= 2 (Eri) 
ro) 


(+1) (Eaktna(EFat9at+CFa)|0> 
=0|(Eaxkt9a)(EEa+ ya + FFa)|+1> 


=F ee 
(+1|(Eattya)(EEa+ ue + CCa)|F1> 
=—2 Fin) 
oO 


Ol Enctina) EEat 776 +C60I0) = 5 E£#1) 
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where 
Na=Ssin Og SiN Pa. 


b molecules can be obtained. The results are 
functions of the relative coordinates X, Y, and 
Z of the centres of molecules @ and 6 which 
we will not reproduce here. 
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gi are given as follows: 
go= Z(15R!—70R2Z? +63Z")7/R! 
gt =(X+tY)(R!—12R°Z?421Z4)7/R4 


CECE See : (2-02) 


C41 (EEat 1a tCCa0=% V2 CE sin) 


i g#=(X-LIY)?Z(R2—3Z2)7/R4 (B.3) 
(1|(EFa+09a+C€a)?| Fl = — : (Ein)? gt =(X#IY)*(R?—9Z*)7/RU 
isaluguit gi =(X4iY)'Z7/R® 
CO|EFa+ Wat 6a) lt1 >= + — = CE+tn) gt = (Ki Y)'r/R™ 
(0 EEat 10+ 660)!10>= = 1-426) ss jeetaes 
Ca COSiOme E,=sin0,cos¢, and 1) K. Motizuki and T. Nagamiya: J. Phys. Soc. 


Japan 11 (1956) 93. ; 
2) N. F. Ramsey: Molecular Beams, Oxford at 
the Clarendon Press, (1956) 168, 172. 
J. O. Hirschfelder, C. F. Curtiss and R. B. Bird: 
Molecular Theory of Gasses and Liquids, 
John Wiley Sons, Inc., New York (1956) 1028. 
4) K. Motizuki and T. Nagamiya: J. Phys. Soc. 
Japan 11 (1956) 654. 


Using (B.1) and (B.2), the matrix elements 
with respect to the rotational states of @ and 3) 


The functions 
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Electromagnetic Fields due to Current Flowing Parallel 
to Interface of Two Different Media 
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The electromagnetic fields due to the line and surface current flowing 
in one direction parallel to an interface of two different media are 
theoretically investigated. Whole problems are dealt with by integral 
equations of Wiener-Hopf type, and described from a relatively general 
point of view. Particularly, illustrative cases of a plane wave incident 
upon a conducting half-plane and a uniform line-current parallel to its 
rim are studied in detail, and the solutions are given in integral forms. 
The results may be applied to practical problems. 


§1. Introduction 


ly adapted to the wedge problem where the 
Exact solutions in diffraction theory are sel- physical discontinuities are in inclined planes, 
dom given, apart from the representation by 28 formulated by MacDonald”; and_ its 


an infinite series of suitable orthogonal func- generalization has recently been completed 
tions. The most classical exact solution in 
closed form has been obtained by Sommer- 
feld» for diffraction from a half-plane sheet. 
His basic concept lay in a multi-valued solu- 
tion of the wave equation, which was natural- 


by Nomura®. 

Since integral equations were introduced 
into the diffraction theory”, they have formed 
the basis of many modern investigations. 
Exact solutions can be obtained from these 
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integral equations only when they are suscepti- 
ble to the method of Wiener-Hopf®. Copson® 
published a solution for a half-plane problem 
based on this procedure for the first time, 
and its generality was appreciated by Sch- 
winger”. He pointed out that any diffraction 
problem might be formulated in the form of 
inhomogeneous Wiener-Hopf integral equations, 
in case where waves are incident upon a 
structure of parallel conducting plates or 
cylinders. On the basis of his suggestion, 
Carlson and Heins® solved the problem of 
scattering of waves by an infinite set of 
staggered semi-infinite plates, Heins® solved 
a similar problem with a pair of semi-infinite 
parallel plates, and Levine! solved the scalar 
problem of radiation from the open end of a 
circular cylinder. After that, Schwinger 
himself! made an effort for the extention of 
the Levine’s problem to the vector field, and 
lijima! gave independently a more detailed 
solution. 

The series of these investigations also 
forms a_ generalization of Sommerfeld’s 
problem, although it is different from Mac- 
Donald’s work. It is the special feature of 
this system that the physical discontinuities 
are in parallel planes. 

Moreover, there are several other similar 
but more complicated problems; namely, 
problems of reflection, refraction and diffrac- 
tion which occur from a half-plane in the 
interface of two different media. They are 
important in the theoretical treatment of 
radio propagation over an inhomogeneous 
earth. Clemmow!® suggested that for this 
problem appeal will have to be made to the 
general theory of Wiener-Hopf, although he 
could not solve it exactly himself.* His idea 
was concerned only with the plane wave 
incidence, but in this paper we shall investigate 
these problems from the most general point 
of view. If we consider the case that a half- 
- *In reference 13) Clemmow gave relatively elegant 
solutions for the above series of problems by the 
method of the angular spectrum of plane waves, 
but only this problem he did not because of its 
complexity. Afterwards he investigated the same 
problem by his own method, but his theory is as 
yet incomplete in the sense that he excepted the 
difficult factorization of some important functions 
from his work!4). Concerning this problem we 
will present a more complete theory in a separate 
paper. 


Electromagnetic Fields due to Current Flowing Parallel to Interface 


171 


plane conductor or a current distribution lies 
parallel to the interface of two media, then 
the problem has the same property as those 
described at the beginning, and, therefore, is 
susceptible to Schwinger’s method in its cur- 
rent form. In this case, however, it is 
necessary to extend the Sommerfeld’s re- 
presentation of the field due to a horizontal 
antenna over the earth’, for reasons of the 
inhomogeneity of medium. Under these 
circumstances the solutions are greatly 
complicated. 


§2. Formulation of Problems 


Let us first consider a uniform horizontal 
line current in the x-direction above the 
earth, at y=y%, 2=h-as shown .in Fig. 1. 
Then the fields are represented by the follow- 


z 


Yo ine current 


Olt boreal aarains 
k (Eo, Ho,0) h 
x 


earth 
Ke (Ee, ho, Te) 


Fig. 1. 


A line current above the earth. 


ing formulas by the Hertzian vectors in 2- 
direction 77; and Jz for the two media, 
respectively. 


Plies 5 Ter llixe ’ 
k? Olds ke? Olle ( 1 ) 
y=. - 2, bg =e ’ 
Zio Oz Zo Oz 
where 


R2= p2pEyo? +20 L900, Re? = MoEcW? +4H Lye , 
and it is assumed that the field-quantities 
have the harmonic time factor exp (— Zw?) 
which is suppressed throughout. These 
Hertzian vectors are obtained by extending 
the Sommerfeld’s solution for the horizontal 
antenna over the earth’™, as follows: 

TAY, 25 Yor m=\" is cos {A(y—Yo)} 

. { px@-1e ea Me — Le e7 tly ) : 
Lt Le 


0 22h 


rely, 23 Yor Ht) 
al dh 


eve-™ cos {A(y—Yo)}, Z<0, 
0 + He 


(3) 


Nn? 


where 
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WA)H=V PR, pe(d)=V 2—R,? 
and 
n=k.[k. 


The first term of Eq. (2) corresponds to the 
Hertzian vector for the line current located 
at y=Yo, z=h in free space, and, therefore, 
may also be represented in the form of the 
zero order Hankel function: 


(rc#/2) HyP{RV (2h)? + (y—Yo)"} - 


If we use the above representations of the 
Hertzian vectors, the fields (1) automatically 
satisfy the boundary condition F,=Eze, Hy= 
Hye on the surface z=0. 

When we wish to solve some problems of 
insertion of a third body into the system of 
two different media, e.g. air and earth, it is 
very convenient to consider an equivalent 
current distribution in place of the body. 
Particularly, if this current flows only in the 
x-direction, the aforementioned representa- 
tions of the fields are very useful. 

Let us consider, as an illustrative case, a 
surface current flowing only in the z-direction, 
whose distribution is subject to a function 
I(y) of the variable y, on the half-plane z=h, 
y >0, as in Fig. 2. Then, the fields due to 


surface current 


Fig. 2. A conducting half-plane above the earth. 


such a current distribution are easily derived 
from the Hertzian vectors in the form: 


I, (y, 2)=| Ky )Il, @. 2:9, Way 


where II, under the integration are the same 


xe 

with the formulas of Eqs. (2) and (3). These 
fields also naturally satisfy the boundary con- 
ditions at z=0 and z=h, but the discontinui- 
ty of H, occurs at the half-plane z=h, y >0 
because of the surface current distribution in 
the «direction. Since the density Jely) of 
this surface current is measured by the dis- 
continuity of Hj, as follows 
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ee ip ay Tey)” di cos (Aly—)}, 
Zo Jo 0 


(5) 
I(y) is related to the current density J.(y) by 
the formula 


Ty) = #82 aly). (6) 


27k 

Such a current distribution is immeadiately 
and conveniently applied for the problem of 
plane wave incident upon a conducting half- 
plane on the earth, and for the problem of 
the similar conducting half-plane and a uni- 
form line current parallel to its rim, and so 
on. We will investigate these problems in 
the following sections, in turn. 


§3. A Plane Wave Incident upon A Con- 
ducting Half-Plane on the Earth 

Let the half-plane z=h, y >0 on the earth 

be occupied by an infinitely thin, parfectly 

conducting sheet. Consider an incident plane 

wave £-polarized in which the electric field 

has only one component £;' in the z-direction 
given by 

E,=exp [tkr cos (@+a)] Ge) 

as in Fig. 3. Then on the conducting sheet 

a surface current in the z-direction is induced, 


earth X 
Biswce 


An incident plane wave upon the earth. 


which is subject to an unknown function J(y). 
This conducting sheet, therefore, may be 
replaced by the surface current distribution 
as described in the preceding section. 

In this case the fields consist of two parts. 
The first is the primary fields incident on, 
reflected from and transmitted through the 
boundary surface z=0, and always satisfies 
the boundary conditions at z=0. The second 
is the secondary fields produced by the sur- 
face current distribution on the conducting 
sheet. The latter also independently satisfies 
the condition of continuity at z=0 and z=h, 
provided the representations (4) are used. 
Thus, it is only necessary that the total 
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electric field vanishes on the conducting sheet 
z=h, y>0. This condition leads to the next 
integral equation: 


wl” ay Ky)\ cos {A(y—9’)} 


LM — Lo pon thy Cos aw 
Le + Me 4 ie 

-{e-tersin & _(] — Tetthsin er (0 ( 8 ) 
at z=h, y >0, where T is the transmission 
coefficient for the primary wave. Particular- 
ly, in the case h=0 the above equation is 
reduced to 


dh 


an dy’ ry)” ee cos {A(y—y’)} 
0 0 + Le 


= — Tetky cosa Gy SOs (9) 


These equations are inhomogeneous integral 
equations of Wiener-Hopf type: 


[, Le) dy =F) eo {C10) 


and, therefore, our problems are converted 
into one of solving these integral equations 
with respect to the unknown function J(y). 
Now we confine ourselves to the case of 
h=0. Then the functions / and K in Eq. 
(10) have the following forms, respectively: 


F(y) = — eke Cos & : 


2di ay 
Kw =| 208 cos (Ay), 
0 M+ Me 
for y>0. If we define the following functions, 
ef IY)» y>0, 
ie {5 é y <0; 
_fF®), y>%, 
(Ne y >, 
G(y)=4 (= : 
DE KV) dy 9 <0: 
0 
then Eq. (10) is replaced by 
[1a )Ku-y)dy =F)+G) 3) 


for —o<y<+oo. ‘Let #(S), 310), HC) and 
@(C) be the Fourier transforms of A(y), Jy) 
F(y) and G(y), respectively. Then the Four- 
ier transform of Eq. (13) formally becomes 
to 


3(0)-RO)=FO)+ GE) . (14) 
Now we easily find that 
R(E) =2n/{u(Q) + ue(O)} (15) 
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3 
which is regular in the strip region 
Si (pes Ihe (16) 
provided we assume 
|_4(R)|<|_Ge(Re)| » 
and 
BO)= pe /C- COS @) (17) 


which is regular in the lower half-plane: 
4,0) << %. (kcos a). The unknown func- 
tion 3(€) also is regular in the similar half- 
plane; z.é€., since we may assume for J(y), a 
behavior like exp(zcy) for large y, where 
4K) > 0, and then from the formula 


30= ("apes dy , 


we find that 3(€) will be regular in the lower 
half-plane _%.(€) << _%.(«), which starts above 
the real axis in the €-plane. The other un- 
known function G(€), on the one hand, is 
regular in an upper half-plane starting below 
the real axis. 

Next, let us consider a new function 


2u(C) 

= O+aO 
which is regular in the strip S. Since r(€) 
~1+0(1/€) in S as |€|>+ 00, In c(€) ~ O(1/€) 
in S as |€|—-+00 on an appropriate branch of 
the €-plane. Thus In7z(€) is regular in the 
whole strip-region S, and there we may apply 
the Cauchy’s integral formula as follows 


Inc(C)= $ Ine) de 
Gel ois 
= ee a—| Ine® iy (19) 
G4 PLS Oy #8 
where € is an internal point of the contour 


C, and Cys), Cr-) designate infinite straight} 
| 


| Ke 
MLL LLL Ne 


(18) 


Cr) | t-plane 


region: S__ 


| ° 
Cor) | 
ME TTT TATITT AT 
x 
-Ke | 


Fig. 4. Integration paths of Eq. (19), 
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line contours in the strip S as in Fig. 4. Let 
xca(O), xc-)(&) be the first and second integrals 
of Eq. (19), respectively, then exp {x)(2)}, 
exp {zc-)()} may be analytically continued 
over the all &-plane, and the former is regular 
and different from zero in the upper half- 
plane of € above the line Ci.) and the latter 
in the lower half-plane below C;-). Thus, 
we can represent &(€) as a quotient of func- 
tions ®4(f) and &:-)(€), which are regular 
and not zero in the upper and lower half- 
planes, respectively: 


RQ) =Ka (C/K OQ), 
Ray(C) =z? exp {x (O)}-/VE+R, (1) 
R-(QC)=2-V? exp {x9 (€)}- VER. 


It is easily shown that these new functions 
behave in the following manner. 


Ka(C) ~ O-¥?) as |€]> +00, 
AQ) > Falk) 
RC) ~ OC?) as [Cl >+0, 
Snl®) << G&A). 
If Eq. (20) is inserted in Eq. (14) and 
suitable manipulations are applied, it follows 
that 


(20) 


(22) 


9) TR") | 2 ie ety babe 
Ral(€) C—Reosa | Ra (OH) Ray (R cos a) 
IME sistFomyys 2 1 i! 
R-(€) k (€—kcos a)-K)(k cos @) * 


(23) 
The left-hand side of Eq. (23) is regular in 
the upper half-plane and the right-hand side 
in the lower half-plane. Since these half- 
planes overlap each other, both sides may be 
considered as analytic continuations of each 
other and together they define an integral 
function throughout the €-plane. For absolute 
convergence of Jy) and G(y) in the interval 
including the point y=0, one may assume 
that 


mc Ce gee 
~~ PPE ’ 

(C) << 4A) (24) 
SH), Ba, 


InlC) >— Kl) , 


as |€|>+0c. Thus it turns out that both 
sides have algebraic behavior of negative 
fractional degree at infinity, and the integral 
function above defined is zero by a modifica- 
tion of Zzouville’s theorem. Hence the left- 
and right-hand sides of Eq. (23) are identical- 
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ly zero, and this determines 9(€) and G(€) 
simultaneously; for instance 

OP f Rod) : s 1 
SO)= Rk? &u(kcosa) €—kcosa 
and, moreover, by the inverse transformation, 

= us inte R-y(€) - ety d 
Ky)= el Ru (Rcosa) €—kcosa o 
(26) 
where 7 <(_%(k). It is easy to obtain formal- 
ly the secondary fields produced by this current 
distribution J(y) from these formulas. 

In addition, since the function $(€) vanishes 
to the order €-1/2 as |€|>+0, it is to be 
noted that the density of the surface current 
behaves in the vicinity of its rim as follows 

Jy) ~ Oy-V4), as y— +0. (27) 


(25) 


’ 


§4. A Conducting Half-Plane in Interface 
of Two Different Media and A Uni- 
form Line-Current Parallel to Its Rim 


In this section we consider the case that a 
uniform line-current parallel to the z-axis is 
located at y=yo, z=h and the half-plane z=0, 
y >0 is occupied by a conducting sheet, as 
in Fig. 5. In this case, too, the fields are 
represented by the primary fields due to the 


line current 


earth x LA 


Fig. 5. A line current and a conducting half- 
plane on the earth. 


line-current and the secondary fields due to 
an unknown surface current J(y) in the e- 
direction on the conducting sheet, just as in 
the preceding section. 

Applying the representations in §2, we can 


obtain the function J(y) from the next 
equation 
a = 2aA 
dy’ Iy’)\ ~~~ cos {Ay—y’ 
\ y i ee {aty—y')} 
IG 
———— e-*# cos{ A(y—Yo) } = : 
\ Hi {A(y—Yo)}=0, y > 0; 


(28) 
which follows from the boundary condition at 
the conducting surface z=0, y>0. Let Ky) 
be the same as in Eq. (11) and F(y) be 
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Bi yi 7% 2dktals, 
Fy=—\ eget C8 Y= In)}, 29) 


then it is found that the above equation (28) 
has the same form as Eq. (10), which is the 
integral equation of Wiener-Hopf. If we con- 
sider that J(y) vanishes for y<0, whereas 
(y) has the bounded values throughout —oo 
<y<+oo, and if we define a new function 


{\ anKe-yyay— Fw, ¥<0, 
Gy aes 

0, y Soe 
‘then the integral equation above described is 
rewritten into the same form as Eq. (13). 
Therefore, its Fourier transform becomes 
equal to Eq. (14), provided the same notations 
are adopted. In this case, R(€) is given by 
Eq. (15) and has the same behavior as in the 
' preceding section, but 


=» 2n 
(ey ease 


is regular in the strip region S as same as 


EW Su TG) (31) 


R(€). On the other hand, we may assume 
| 
TG) ea aS ¥ SS ico , 
Vy i 
: (32) 
DP Bee A rcwt = Yt — 8a 


hence it is easily shown that 3(€) and GC) 


are regular in the lower half-plane —%,(©) 
<.%(k) and the upper half-plane —%,(C) 


>—%(k), respectively. 
Since &®(€) is now factorized in the form of 
Eq. (20), we have, from Eq. (14), 


GC) 
Rea) 


w(C) 
LG 
(33) 


an equation whose left-hand side is regular in 
the strip S, while the first and second terms 
of the right-hand side are regular in upper 
and lower  half-planes, respectively. For 
absolute convergence of J(y) and G(y) in the 
interval including the vicinity of y=0, we 
may assume the same behavior of 3(C) and 
G(C) at infinity as Eq. (24); hence the right- 
hand side of Eq. (33) has algebraic behavior 
of negative fractional degree at infinity. 
Thus, from transform theory, the inverse of 
the first term of the right-hand side of Eq. 
(33) vanishes for y>0, and the inverse of 
the second term vanishes for y<.0. The 
inverse transform of the left-hand side exists 


exp [—2€y)—hp|= 


1 
Re-(€) 
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over all y. Consequently, the inverse trans- 
form of the whole Eq. (33) becomes to 


Fee p- iS y0—hy, 7 a7 
| -e' dE =j(y)+9(y) , 


se -\G) 
—o Cyto, (34) 
where 
j(y)=0, for Yy 0;= |". S(¢) icy 
a RO ef de , 
\4 ieee 
a= ee ae porte for y <0; 
Falls (35) 


for y>0. 

Multiplying Eq. (34) by e-#” and integrating 
over positive values of y, we have 

eC) oh 1 (te e-yo- mm) 

Rez) pai (PES ee : 
which is regular in the lower half-plane 
46) > %(2). Hence the current distribu- 
tion J(y) is calculated from this formula by 
the inverse transformation as follows 


T)=5-\ azo. fe — dé 


— oo 


e~ 8% — pS) 


" (€=z)- RO)’ 


(36) 


(37) 


where 

eC GR), ele). ae 
It is the final expression for the current dis- 
tribution. 
§5. Final Representations of Fields 

In our cases, the 
formulated in the form 
IY; =| “ay ta) “dag{a; 2)cos{Ay—y)}, 

0 0 
(38) 


where g{4; z} is always an even function 
with respect to 4, as shown in §2, J(y) is the 


secondary fields are 


inverse transform of S(€) and also the 
integration 
Gly, =|" a g(a; z}.cos(ay) (39) 
0 


is the inverse transform of g{4; 2} multipli- 
ed by z. Hence we easily find, by the con- 
volution theorem of Fourier transforms, that 


fy, =|" ay Ty Gy-¥ 2) 


be ; \r a (A) -g{A; z}e. (40) 
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Thus, we can directly obtain the secondary 
fields from the transform %(€) of Z(y) rather 
than from J/(y) itself, calculating the integrals 
as Eq. (40). 


§6. Conclusion 


We have rigorously investigated, in this 
paper, the problems of the line and surface 
current flowing in one direction parallel to an 
interface of two different media. Whole pro- 
blems have been dealt with by the integral 
equations of Wiener-Hopf type, and described 
from the relatively general point of view. 

They are problems having a theoretical in- 
terest, but the results here obtained may be 
applied to several practical problems: wave 
propagations over the inhomogeneous earth, 
effects of snow in microwave transmission 
systems and diffraction of waves by a moun- 
tain-chain which divides the atmosphere into 
two parts whose meteorological properties 
are different, and so on. It is necessary, 
however, to give more detailed or rather 
numerical solutions, which we shall investigate 
in other paper. 

Particularly, the solution of § 3 is important 
because it leads to the analysis of the pro- 
blems of reflection, refraction and diffraction 
due to a screen which lies in an interface of 
of two different media. 
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In conclusion, it is a pleasure for the author 
to express his sincere gratitude to Professor 
T. Hirota and Assistant Professor T. Soejima 
who have given kind encouragements and 
helpful advices. 


References 


1) Sommerfeld: Math. Ann. 47 (1896), 317. 

2) MacDonald: Hlastic Waves, Cambridge, 1902. 

3) Nomura: Sci. Rep. Res. Inst. Tohoku Univ. 
B 4 (1952), 29. 

4) King: Proc. Roy. Soe. A 153 (1936), 1. 

5) Titchmarsh: Introduction to the Theory of 
Fourier Iutegrals, Oxford (1937) 339. 

6) Copson: Quart. J. Math. 17 (1946) 19 

7) Schwinger: Seminor on the Theory of Guid- 
ed Waves, M.I.T. Rad. Lab. 1944. 

8) Carlson & Heins: Quart. Appl. 
(1947) 313; 5 (1947), 82. 


Math. 4 


9) Heins: ibid. 6 (1948), 157. 
10) Levine & Schwinger: Phys. Rev. 73 (1948) 
383. 


11) Marcuvitz: Waveguide Handbook M.1. T.- 
Ser. (1951) 196. 


12) lijima: Res. Hlectrotechnical Laboratory 
(1952) 531. 

13) Clemmow: Proc. Roy. Soc. A 205 (1951) 
286. 


14) Clemmow: Phil. Trans. A 246 (1953) 1. 
15) Sommerfeld: Part. Diff. Hqs. in Phys. New 
York (1949) 236. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 


On the Hypersonic Viscous Flow past a Flat Plate 
with Suction or Injection 


By Michiru YASUHARA 
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The hypersonic viscous flow past a flat plate with suction or injection 
is dealt with by KArmdn-Pohlhausen’s method in special cases when 
Suction or injection velocity proportional to pei or w-1/4, especially 
for the region of strong interaction between the shock wave and the 
boundary layer, were pp is the pressure on the plate and a is the dis- 
tance measured along the plate from its leading edge. 

Several numerical examples are given, which shows similar effects of 
injection to those in the case of incompressible flow that the injection 
makes all the height of the shock wave, the thickness of the boundary 
layer and the pressure on the plate larger than those in the case of no 
injection. On the contrary, in the case of suction no remarkable change 
both in the height of the shock wave and the pressure on the plate can 
be seen and only the velocity profile in the boundary layer is affected 
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by the suction. 


Introduction 


Sai fp 


Recently various investigations have been 
made on the hypersonic viscous flow over 
slender bodies, and the results have led us to 
expect that the thickness of the boundary 
layer becomes larger and larger with increas- 
ing Mach number and at the same time the 
temperature on the body becomes higher and 
higher. Therefore it may be expected that 
strong suction will be necessary to keep the 
thickness of the boundary layer within a 
small amount, while the surface cooling or 
injection will be required to avoid the ex- 
tremely high temperature on the body. 

The purpose of the present paper is to 
estimate the effects of suction or injection on 
the region of strong interaction between the 
shock wave and the boundary layer. Either 
suction or injection may be used for the 
boundary-layer control and the surface cooling 
etc. in high-speed flights. 


shock wave 


Fig. 1. Flow model on a flat plate. 


As a preliminary, we first consider the 
hypersonic viscous flow past a plate without 
suction as shown in Fig. 1. As suggested 
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by various previous writers, a shock wave 
emanates from the leading edge of the plate 
and the boundary layer is also formed on the 
plate. In this case, the flow field between the 
shock wave and the plate can be divided into 
two regions: In region (A) extending from 
the plate part of the way to the shock wave, 
viscous effects are important but the pressure 
change across it is so small that boundary 
layer theory may be used to describe the flow 
within it. Between the shock wave and the 
region (A), which is nothing but the boundary 
layer, there is a region (B) in which the 
effects of viscosity are small, but large entropy 
gradients occur near the junction with the 
region (A). This region (B) is called the 
“inviscid layer.” 

A region far behind the leading edge of the 
plate was investigated by Lees and Probstein”. 
Shen, Li and Nagamatsu” investigated a re- 
gion in which the interaction between the 
shock wave and the boundary layer is strong, 
assuming that the shock wave coincides with 
the ‘outer edge of the region (A), and they 
found that there exists a similar solution 
throughout the region (A). Recently, Stewar- 
tson®) also discussed the problem more ac- 
curately by considering the existence of the 
region (B) and showed that there exists a 
similar solution in the region (B), too, which 
may be joined up to that in the region (A) 
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without inconsistency. 

Similar argument may be assumed to be 
valid also in cases when there is suction or 
injection on the plate, provided that the 
suction or injection is of moderate strength 
not to violate the boundary-layer approxima- 
tion, and the object of the present paper is 
to discuss the- effects of such a suction or 
injection on the height of the shock wave, 
the thickness of the boundary layer and the 
pressure on the plate. 


§2. Equations of Motion and their Solutions 
2.1 General Equations of Motion 

Taking a flat plate occupying the positive 
half of the z-axis, we assume that the fluid 
flows along it with uniform velocity uw. at 
infinity and that a shock wave emanates 
from the leading edge of the plate (Fig. 2). 


y Uco 
TO 


shock wave 


Fig. 2. Flow model on a flat plate with suction. 


We denote by p the pressure, p the density, 
vw the coefficient of viscosity, T the tempe- 
rature, y the distance normal to the plate, z, 
v the components of the fluid velocity in the 
2, y directions, respectively, and c, the specific 
heat at constant pressure of the fluid. Also, 
let the equation of the shock wave be 
Y=Y(), 
where Y is for the present unknown. 

Throughout this paper, subscripts ©, s, 
and w represent quantities at infinity, those 
just behind the shock wave, and those on 
the wall, respectively. 

We now assume that the flow behind the 
shock wave either inviscid or of the boundary- 
layer type in which the pressure is a function 
of « only, and then we consider the following 
system of equations: 


(1) 
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p[p.=pT/poTe , (6) 


where P, is the Prandtl number. Equation 
(2) is the equation of continuity valid every- 
where. Equation (3) is from the z-component 
of the momentum equation valid in the 
boundary layer regime and in the inviscid 
regime. Equation (4) is from the y-component 
of the momentum equation valid in the in- 
In the boundary layer its effect 
on p must be negligible. Equation (5) is the 
energy equation valid in both regions, and 
Equation (6) is the equation of state valid 
everywhere. There are many terms neglect- 
ed in these equations, but as shown by 
Stewartson, their effect is negligible if Y<z, 
and wz can be replaced by zw. in the inviscid 
layer®, 

Throughout this paper it is assumed that 
the fluid possesses the properties 


[El > 


Mae=Ciiihare 
e=( ay * (T+ S) 
1 ERG PE RS 
and S denotes Sutherland’s constant. 
Now, on the plate y=0, 2 >0, 

v=Uw, OT/Oy=0, 
taking it to be thermally insulated and with 
suction or injection velocity on the plate, 
where vu?<u.2. Then, the equations of 
motion have a simple integral 

r 

ie 
where a. represents the velocity of sound in 
the undisturbed flow, and v is neglected in 
comparison with zw. in the boundary layer. 


(7) 


where 


Vi==\ 0) 


= 14 2) ww) , 
2G x 


(8) 


2.2 Inviscid Layer 

Under above fundamentals, Stewarton dis- 
cussed the solution in the inviscid layer 
using a stream function ~ defined by 


Bes 
Poco Oy OU , 

a (9) 
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The results are as follows. If the equation 
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of the shock wave is assumed to be 
Y= 0825/4 (ltagW2..-.), (10) 
where the reason that 23/4 is chosen as the 


leading term will be discussed in Zoe ands aL 
the following expressions are used, 

4=$/UoY , 

v= {2u/(7 +1)}(dY/dx) Vim, x) , 
b/po= {27 M?./(7 +1) }(dY/dx)? P(y, x) , 

V = Vily) 2? [4aVi(m)/3 

+16V2(7)/9M?.08?]+--+ +, 
P= Py) —2#? [4a Py(4)/3 
+16P2(7)/9M?.. d?]+--+ , 

(11) 
the ordinary differential equations for Py, Vo, 
P,, Vi, +--+ are obtained, which were integrat- 
ed by Stewarton numerically, and it was 
found at 7=0 that 

Fo=0.599,, .P}=—1.64, | a2) 

Ve=0:711, Vi=—2.04, V.=2.49 , 
taking y=1.4 for air. Since ¢ is a measure 
of the mass of fluid confined between the 
shock wave and the plate, almost mass of 
fluid is contained between y=1 and y=0, 
that is, in the inviscid layer. Lastly, it is 
convenient to give the value of y instead of 
v at the end of the inviscid layer. From the 
definition of ¢ in Eq. (9), we find 
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and therefore 


Pe=1.285 , 


dy» 
ne 


yo=\" ce ae (13) 
un 


0 
where suffix E denotes quantities at 7=0 in 
the inviscid layer. As v at y=0 is obtained 
from Egs. (11) and (12) when 7=1.4, ya can 
be calculated by using Eq. (13), and the 
result is given by 


XL yo) 2 {4 avs 
eC 5 fF V0) 
16 


oat Voor te | . (14) 


2.3 Boundary Layer 

The dominant equations of motion in the 
boundary layer are Eqs. (2) and (3), with 
boundary conditions #=0, v=vw at y=0 and 
u=uy, outside the boundary layer, and Eq. 
(4) is reduced to 0p/0y=0, that is PSp@); 
where suffix B represents quantities outside 
the boundary layer. This boundary condition 
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can be replaced by u->2.. as y->yz, where YR 
is the thickness of the boundary layer and 
corresponds to y at 7=0 in the inviscid layer. 
The adoptability of the latter condition is 
shown as follows. 

4=0 corresponds to a stream line #=0 of 
the inviscid layer as seen from Eq. (11). 
While from Eqs. (2), (3) and (9) with the aid 
of Eq. (8) in which » must be neglected in 
this layer, the value of v at the boundary 
layer is reduced to 


y 
UB =| 0 | = Oe. ay | 
Ox Vay 0Uu B 


= 0 4 Deo trl Bit a2 
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where ¢» respresents the value of ~ at the 
wall and is a function of z The term unity 
in the bracket of the above equation can be 
neglected, since in the boundary layer 
1<{(7y—1)/2a?0}(u20—U?) . 
Futher, the upper limit of the integration can 
be replaced by co, since when ¢ is large on 
the scale of the boundary layer, #z—z.. is ex- 
ponentially small as shown by Stewartson. 
At the edge of the boundary layer therefore 
r—l1,,,. d ai (i u ) ) 
Vzg= M suse — dp, 
cs a dupe y\U Meo si 
(15) 
since p=P(z)=fw=phs and wu=u. there. In 
the boundary layer, the pressure will be re- 
presented by ps. In the same way, from Eq. 
(9), yx is reduced to 
= Cl et idee 6 U7 
Ys=Yys0= v lp? ( — \a. 
2 Ds \o,, 

Comparing the above equation with Eq. (15), 
the following relation is deduced: 
dx’ 
which shows that the outer edge of the 
boundary layer also corresponds to a stream 
line. From Eqs. (13) and (16), if a match of 
vy between the inviscid solution at ~=0 and 
the boundary-layer solution for ~= is 
effected, the value of y between both layers 
is done smoothly. 

In the present paper, Karman-Pohlhausen’s 
approximation is used to discuss the boundary 


(16) 


VB=U. 


layer. Integrating Eqs. (2) and (3) over the 
boundary layer, and combining these, the 
following momentum integral relation is 
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obtained: since V) and Py are functions of 7 only. | 
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mee so ( Pe \- (Ow0w (17) Power series of « begin with a constant term, 
7M?.. dz \. peo Detbes when v~=0. Therefore for consistency of ya— 
where 6 corresponds to yz approximated in and 6, we must have 2=3/2—m”, whence n=3/4. | 


Karman-Pohlhausen’s sense. The above re- The existence of such ™ in the boundary 


lation have been used by Shen, Li and Naga- 
matsu in their treatment of the hypersonic 
Shock wave boundary layer interaction prob- 
lems in case when v»~=0. 

As in the case of incompressible boundary 
layer, we now put 

Uluo= f(E), E=y/d, (18) 

where /f(&) is a polynomial of &€ of any 
degree. It is well known that in the case of 
imcompressible boundary layer, the quartic 
form of f(&), i.e. a polynomial of degree 
four, gives plausible results and that no 
more accuracy can be gained by considering 
a polynomial of higher degree. However, it 
is not certain whether the situation is similar 
in the present problem or not. 

In the present paper, the quadratic form of 
ft (), i.e. a polynomial of degree two, is used 


for reason described later on. Thus, 
1 
Ti) tik oh (19) 
Then, Eq. (2) is reduced to 
pudrttd ( di =) =— 0 as —LwloA , 
2 da 
(20) 


at the wall, taking the plate to be thermally 
insulated, i.e. (OT/Oy)y=0. 
Further, if we introduce a function F(A) 
defined by 
F(. =| —— 
o L+f(E) 
Eq. (17) is reduced to 
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(22) 

Now, we shall here confirm that the form 
of the shock wave as assumed in Eq. (10) is 
consistent. If Y~a”, we have from Eqs. (11) 
and (14) pa~2?@-Y and ya~a” when x is small, 


layer was first demonstrated by Li, Naga- 
matsu, and Stewartson showed that such 
also exists in the inviscid layer. Referring to 
Eqs. (20) and (22), it is easily known that if 
Owlw~a/*, the similar solution exists also in 
case when vy2<0. 

Next, the evaluation of the term ww will 
be discussed. From Eq. (8) we have on the 


wall 
Oo aa on De 
p.  G—DM. p-. 
and therefore if vw~z™, then pww~x-/2*™ 
and the similar solution exists when —1/2+m 
=—3/4 or m=—1/4. Whence vw~-/4~pz}/? 
garantees the existence of the similar solution. 
Recently, porous wall methods have been 
used as a transonic wind tunnel technique 
with great interest, which suggest that the 
flow velocity vw passing through the wall is 
proportional to (fw—pa) near the transonic 
range where pg represents the pressure in 
the plenum chamber, and Ww ~ (Pw—py)!/1:3 
at slightly higher Mach number range. 
Though these experimental relations have not 
yet been investigated in the high supersonic 
range, it seems to be plausible to consider 
the case when the power is equal to 1/2 as 
a model. This model just corresponds to 
Vw~P zi". 
Based upon the above discussions, it is as- 
sumed that there exists the following relation: 


~ aol ’ 
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where @ denotes a proportionality factor. 
the case of suction a< 0. 

In the case of injection (a#>0) we assume 
also that the injection velocity along the wall 
is proportional to p,'/2, or more directly to 
~V/4, Although its physical meaning is not 
clear, yet numerical calculations for this case 
have also been carried out for the purpose of 


(23) 


In 
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estimating the injection effect. 


2.4 Matching Procedure 


Now, a match between the inviscid solution 
at ¢=0 and the boundary layer solution for 
g—co will be effected. For the discussion 
about such conditions reference should be made 
to Stewarton’s paper. It was shown in 2.2 
that if the equation of the shock wave is 
given by Eq. (10), px/p.. and ya at the inner 
edge of the inviscid layer are obtained by 
setting 7=0 in Eqs. (11) and (14). On the 
other hand, p;/p. and 6 must be satisfied by 
Eqs. (20) and (22), and therefore solutions 


_ matching at the boundary of both layers can be 


obtained by making pa/p.=ps/p. and yo=d. 


_ By introducing the following relations 


2 6 53 / Gags wee 
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into Eqs. (20) and (22), equations for deter- 
mining # and A can be obtained. From these 
equations together with Eqs. (19) and (21), A 
and # are determined, where # is of the 


form 
v=0 ( Be \ "sob ' 
Peotlcs 


DO. = Uns 


Py(0)82-¥24++++,° (24) 
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mand Y, 0, vs/t.s, Ps/P. and tw/ pet? are ob- 


tained as follows: 
/4 
y=0( = \"e+0 (l)==Rs (2) tee, 
wv uv 
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(26) 


It is required to determine the region of 
validity of Eqs. (2) to (6) and of the division 
of the flow field into a boundary layer and an 
inviscid layer. Stewartson found that the 
region of validity is restricted by the condi- 
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tion (Y/x)?<1, and further that the flow 
field may be divided into inviscid and viscous 
fields if, in terms of #~, the thickness of the 
viscous layer is much thinner than that of 
inviscid field. The situation is the same in 
the present problem, too. For the detail of 
the reduction procedure, the reader may be 
referred to Stewartson’s paper. Combining 
above results and the condition of convergency 
of the power series, it is known that the 
results of the present paper should be taken 

to be valid in the range 
M?.. Choo <a< Moo Chtes_ 

Doo Ubon Oeste 

a=0 (1/M?..) , (27) 
The lower bound is also the lower bound for 
the validity of the assumption of a continum. 
Further, errors caused by K&arm&n-Pohlhau- 
sen’s approximation should be estimated, 
these are not discussed exactly in the present 
paper, but concerning the values of Y, 6, and 
ps/b. when a=0, comparison with Stewart- 


son’s results as shown in Table I may be of 
use for the present purpose. 


? 


Table I. Comparison of numerical values 
for the flat plate without suction 


Tes 4 Pry 


1.188 0.704 | 0.555 


Stewartson’s result 


KArm4n-Pohlhausen’s 


approximation 
Quadratic eee 1,245 | 0.738 | 0.602 
Otiacti Caen eae ere 1.387 | 0.822 | 0.756 
ie, TOE Rae 1.505 | 0.892 | 0.890 
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§ 3. Numerical Results and Discussions 


Numerical values for the present problem 
are compared with Stewartson’s ones in Table 
I in case when vw=0. From the table, it will 
be seen that polynomials of lower degree 
give more plausible values than polynomials 
of higher degree. Thus, our calculations 
have been confined only to the quadratic 
form of f(&). 

It is known from Eq. (26) that effects of 
suction or injection can be characterized by 
the term @ and A which are functions of 7 
and aM?,. Fig. 3 shows the values of 
2=6/0a-) and 2 for several values of aM?., 
when 7=1.4. Y, 6, and vz are proportional 
to z, and pz is proportional to 2%. Fig. 4 
shows the coefficient Sw of the shear stress. 
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Fig. 5. Velocity profiles in the boundary layer, 


Fig. 5 shows the velocity profiles for several 
values of aM?.. Fig. 3 shows that z does 
not diminish sensibly with increasing —aM?.,, 
the suction parameter, and therefore also ve 
0, vs, and pw=ps are not affected sensibly 


by the suction in contrast to the ordinary 
boundary-layer theory, while visible effects. 
can be seen in the velocity profile and the; 
shear stress as shown in Figs. 4 and 5. On 
the contrary, z increases with increasing 
aM?.., the injection parameter, and therefore 
Y, 6, vg and ps are also increased, while 
the shear stress decreased as expected from 
the ordinary boundary-layer theory. It should 
be remarked, however that these results are 
concerned with the leading term of each 
quantity, and further that our results are 
only valid in cases when vw~pzl/?~a-M4, 


| 
| 
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§ 4. Conclusion 


The hypersonic viscous flow past a flat. 
plate with suction or injection is dealt with — 
by Karman-Pohlhausen’s method in special 
cases when suction or injection velocity 
is proportional to pz? or wa -4, especially 
for the region of strong interaction between 
the shock wave and the boundary layer, 
where fz is the pressure on the plate and « 
is the distance measured along the plate from 
its leading edge. Several numerical examples 
are given, which show similar effects of in- 
jection to those in the case of incompressible 
flow that the injection makes all the height 
of the shock wave, the thickness of the 
boundary layer and the pressure on the plate 
larger than those in the case of no injection. 
On the contrary, in the case of suction no 
remarkable changes both in the shock wave 
and the pressure on the plate can be seen, 
and only the velocity profile in the boundary 
layer is affected by the suction. These re- 
sults are deduced by calculating only the 
leading term of each quantity. In addition, 
the results of the present paper are restricted 
by assumptions that the plate is thermally 
insulated, P,=1, and Cpy=const. 

In conclusion, the author would like to ex- 
press his gratitude to Prof. S. Uchida for his 
kind suggestion and valuable discussions dur- 
ing the course of the present investigation. 
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Experimental Studies on Laminar Sub-layer in Turbulent Boundary 


Layer involving Separation 


By Yutaka SHIGEMITSU 
Transportation Technical Research Institute, Tokyo 
(Received July 30, 1956) 


Observations were made on the mean and fluctuational velocities of 
the flow near a wall in turbulent boundary layer with non-zero pressure 
gradient. The edge of the sub-layer was defined as the maximum-point 
of the w-distribution curve. Important results obtained are as follows 
(suffixes 1 and 0 denoting here the values at the edge of the sub-layer 
and just outside the boundary layer): (i) In the field with constant 


pressure the curves of U/U, versus y/d, are similar to those in the field 
with a fixed value of U401/v equal to about 165, indicating that the well- 
known relation between U/U, and yU;/v holds near the wall, U, being 
the frictional velocity; (ii) The curve of U/U;, varies in such a manner 


that 62(U/U;)/4(y/d:)2 increases with dP)/dx near the wall; (iii) The 
laminar sub-layer persists until the boundary layer separates and the 
separation of the sub-layer seems to be equivalent to turbulent separa- 


tion phenomenon. 


Bi. 

One of the important purposes of the in- 
vestigation of turbulent boundary layer is to 
search for either theoretically or experimental- 
ly, the relation between the mean velocity 
distribution across the layer and the effect of 
pressure gradient of main stream. As is well 
known, the logarithmic law describes the mean 
velocity distribution approximately in the case 
of no pressure gradient. Observation of the 
mean velocity distribution in many cases in 
which there exists pressure gradient shows 
that the effect of pressure gradient seems to 
be conspicuous in the flow remote from a 
wall. As pointed out by Ludieg and Tillmann,” 
however, the effect of a wall is large in its 
vicinity and the logarithmic law can well be 
applied there even in the case of non-zero 
pressure gradient. 

On the other hand, since the pioneer work 
by T. E. Stanton” it has been widely believed 
that in the immediate vicinity of a wall in 
turbulent boundary layer there exists a region 
where the effect of molecular viscosity is very 
strong, and such a region has been called 
generally laminar sub-layer. The above de- 
scriptions are concerned with the turbulent 
region of the turbulent boundary layer above 
the laminar sub-layer. It is known that in 
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the laminar sub-layer with constant pressure, 
the velocity distribution is linear and the 
logarithmic law in turbulent region cannot be 
extended either logically or experimentally 
into the laminar sub-layer. As for the mecha- 
nism of this sub-layer, K. Suyehiro® proposed 
an important suggestion, based upon the con- 
ception of stability of Couette flow, that the 
Reynolds number at the edge of sub-layer 


U,6,/y is constant (suffix 1 denoting the value 
at the edge of the laminar sub-layer). Althouth 
this characteristic feature has been ascertained 
experimentally, yet it leads to a troublesome 
result that the logarithmic and linear velocity 
distributions in the two regions develop in- 
dependently, and therefore the whole velocity 
distribution in the boundary layer has no 
similarity character even in the case of constant 
pressure. We consider that this is a significant 
character which should not be overlooked when 
we study the turbulent boundary layer in 
general case. To search for the similarity 
character in turbulent region in the case of 
flow with non-zero pressure gradient, F. H. 
Clauser® has made an important investigation. 
However, the mechanism of flow in the laminar 
sublayer is different from that in turbulent 
region, and it is quite questionable whether 
the linear velocity distribution in the laminar 
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sub-layer may not be affected by pressure 
gradient as in the case of flow just above the 
sub-layer, or whether there may be another 
similarity law prescribing its effect apart from 
that in turbulent region. 

In connexion with this problem the writer 
has attempted», a few years ago, to develop 
Suyehiro’s supposition into the general case 
of turbulent boundary layer with non-zero 
pressure gradient and to formulate it mathe- 
matically. According to these interpretations 
the laminar sub-layer is one type of viscous 
flow under its lower critical condition of stability 
being affected by the Reynolds stress outside the 
layer, and to characterize the effect of pressure 


gradient in the laminar sub-layer we have 
: —l aP» 0,2 
introduced such a parameter 4=———— _~— 

ov dx U, 
where suffix 0 means the value in the main 
flow. Important results obtained from this 
formulation are enumerated as follows: (i) In 
the case of constant pressure the mean velocity 


distribution in the sub-layer has approximately 
a similar curve of U/U, plotted against y/d, 


for a constant Reynolds number U,6,/y; (ii) In 
case when there exists non-zero pressure 
gradient both the value of U,6,/y and the 
functional form of (U/U,)(y/0,) vary as the 
parameter 4; (iii) The function (0/U,)(y/6,) 
has such a character that 62(0/U0,)/0(y/0,)? has 
negative, zero or positive value near y/d,=0 
according as the value of 2 is positive, zero 
or negative; (iv) There is a negative critical 
value 4, at which the value of 0U/Oy vanishes 
at the wall. Based upon these interpretations 
we can also develop the decaying similarity 
law of isotropic turbulence or of turbulent 
wake into non-decaying form in turbulent 
boundary layer. 

In order to assert the validity of these 
results, however, more experimental verifi- 
cations are needed. So far, there have been 
only few measurements on the laminar sub- 
layer, especially for the case of pressure 
gradient. As will be mentioned later, the 
thickness 6, of the sub-layer becomes too 
small for usual Reynolds numbers, and the 
previous observations concerning the turbulent 
boundary layer have been carried out for such 
cases. Unless the undisturbed velocity is suf- 
ficiently low it becomes very difficult to survey 
the state of flow in the laminar sub-layer. 
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From this point of view, we have carried out 
observations on the mean and_ fluctuational 
velocities in the laminar sub-layer with non- 
zero pressure gradient, by making 0, to be 
about 0.4~1.0mm for undisturbed velocities 
of 3~12 m/sec. In this paper, some observed 
results will be presented for the purpose of 
understanding the fundamental character of 
the laminar sub-layer in general case and 
checking, at the same time, the above- 
mentioned theoretical results. 


§2. Preliminary Measurements 


The experiment was conducted in a small- 
scale low-turbulence wind tunnel with the 
test section of 20cmx30cmx200cm in our 


laboratory. Turbulence level wo/U) in the 
main flow is 0.01~0.05 per cent according as 


the mean speed Uj =1~30 m/sec. A lacquered 
iron plate was placed horizontally near the 
floor, and a tripping wire of diameter of about 
1mm was stretched on the plate 30cm down- 
stream the leading edge so as to produce 
fully developed turbulent flow in the boundary 
layer. Measurements were made along the 
centre line of the plate. If necessary, pres- 
sure gradient was given along the plate by 
placing a curved wall on the ceiling, and in 
order to make the boundary layer separate 
steadily, a curved bluff body was placed at 
the end of the plate. The pressure distributior 
was measured by a small static-tube of dia- 
meter of about 1.5mm which was slided on 
the plate. An example of the arrangements 
is shown in Fig. 1. 


SSDS s y 
S) ) 40 80 120 160 
X (cm) 
Fig. 1. Schematic diagram of arrangement of the 


equipments. S is a slit which serves to draw 
out the boundary layer upstream of the plate. 


Measurements of the mean speed U and 
fluctuational velocity w near the plate in 
turbulent boundary layer were made by a 
hot-wire anemometer for various undisturbed 
velocities as well as for various pressure 
gradients. In the measurements of velocity 
distribution, the constant-temperature method 
was employed. The moved distance of the 
position of the hot-wire was found by the 
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micro-screw reading, and the absolute value 
of its nearest location to the plate was measured 
by an optical height gauge which determined 
the distance between the tip of the hot-wire 
prong and its image on the lacquered plate. 
It is well known that when a_ hot-wire 
anemometer is used near a solid wall, the 
heat loss at a given speed is probably affected 
by the presence of the wall. To avoid this 
effect as far as possible, the hot-wire temper- 
ature used was made not so high. In stil! air 
the said effect became perceptible at a distance 
of about 0.5mm from the plate, but in moving 
air it became very small. At positions near 
the plate where the mean velocity was larger 
than 1 m/sec, the conspicuous effect was not 
found in the measurements, and any correction 
has not been made to the determination of 
the mean and fluctuational velocity distri- 
butions. Near the separation-point, however, 
this become remarkable owing to low mean 
speed, but these uncorrected values were 
rejected from the data. As an example of 


4 
Sy 
(mm) 
2 
O Z 4. 
U (m/sec) 
Fig. 2. Comparison of observed velocity distri- 


bution in the laminar boundary layer along a 
flat plate with the Blasius curve. The data were 
obtained upstream of the tripping wire in the 
case of no pressure gradient. 


these measurements, that for the laminar 

boundary layer, the velocity distribution of 

which is known theoretically, is shown in 

Bigs 2. 

§3. Similarity Character in the Case of 
Flow along a Flat Plate 


For the purpose of surveying general aspects 
of flow near a wall in turbulent boundary 
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layer, a field of zero pressure gradient was 
first made along the plate by taking away 
curved ‘obstacles from the test section. Fig. 
3 shows an example of observed distributions 


of U and u near the plate. They both tend 
smoothly to zero at the wall. But, was widely 
observed in turbulent boundary layer flow or 
in turbulent pipe flow (non-decaying turbulence) 
it is significant that the fluctuational velocity 
uw tends to zero rapidly through the maximum 
point very near the wall, while the mean 


U (m/sec) 
u (m/sec) 


3 
-05 ‘10 A5 


Fig. 3. Distributions of the mean velocity U indicated 
by the mark © and the fluctuational velocity u 
indicated by the mark @ near the fiat plate in case 


when the main-stream velocity Uy is 5.30 m/sec. 


velocity becomes zero gradually. Such a 
character has never been found in turbulent 
wake or free jet (decaying turbulence). We 
consider this maximum-point as an evidence 
of the appearance of the edge of the laminar 
sub-layer, where the stability of viscous flow 
begins to break down and small vortices are 
produced incessantly. Thus, it is supposed 
that the region of flow outside this point (near 
the mark D in Fig. 3) has a feature of com- 
plicated vortex chaos motion caused by these 
vortices. In the laminar sub-layer, however, 
the fluctuational velocity does not indicate 
vortex chaos motion, being only affected by 
vortex motions outside the sub-layer. The 
principal character of the sub-layer is deter- 
mined by molecular viscosity even if effects 
of fluctuational velocity cannot be neglected 
near the edge. Fig. 4 shows variations of 
the fluctuational velocity « outside and inside 
the same laminar sub-layer as shown in Fig. 
3. High-frequency harmonics outside the sub- 
layer tend to vanish in the layer by molecular 
viscosity, and the fluctuation becomes like 
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the laminar-boundary-layer oscillation in case 
when the main flow has a moderate degree 
of turbulence. According to the above dis- 
cussions, the thickness of the sub-layer can 
be defined as the distance of the maximum- 
point of u-distribution curve from the wall, 
and therefore other outer boundary conditions 
are easily surveyed experimentally. 
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BA al SAR LOSI ONIN 
ENN NNO ed RIN 


DESIR RE I 
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Fig. 4. Oscillograph records of w-fluctuation near 
the plate. States of flow are the same as in 
Fig. 3, marks A, B, --- indicating the correspond- 
ing positions of hot-wire and time-marks being 
0.01 second apart. 


As mentioned in §1, U,0,/y is considered 
to be constant in the case of zero pressure 
gradient under consideration. Through several 
series of measurements for various undisturbed 
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velocities ranging from 3 to 12 m/sec, this | 
constant value was ascertained to be about 


\| 


165, and no systematic variation of the value 
due to Reynolds number could be detected. 
These values are indicated in Fig. 5 with 
corresponding values of 6,. As another 
boundary condition prescribing the effect of 


Reynolds shearing stress outside the sub-layer, 


eee 2 
‘41 170 309 


0 ‘Lee ; 
a0, O 5 


t 


usu 


Fig. 5. Constancy of the Reynolds number Uj0;/v at 
the edge of the laminar sub-layer and similarity 
character in U- and w-distributions in the case of 
flow along a flat slate. Marks @, ©, @ @ @ 
and ®@ show respectively the observed values in 
cases when the thickness 6; of the sub-layer was 
1.35, 0.96, 0.85, 0.65, 0.52 and 0.41mm respectively. 
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Fig. 6. Universal velocity distribution in turbulent boundary 


layer along a flat plate. 
from the data in Fig. 5. 


The mark @ shows evaluated values 
Other marks correspond to the observed 


values by several investigators: 


() Ludwieg-Tillmann, 
 Klevanoff-Diehl, 


@ Schultz-Grunow, [] Freemann, 
A\ Klevanoff, 


w Tani-Hama. 


SS’ indicates the position of the maximum-point in w -distribution 


curve in our data corresponding to U,d;/v=165 , 


| 
| 
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Variation of the value of the quantity (07/dy), 


_(0,/U,)(=m) is important. Some of the observed 
values of this quantity are shown in Fig. 5. 
_ Theoretical estimation of the value of. this 
quantity seems to be very difficult. 


As mentioned in §1, the laminar sub-layer 
in the present case of zero pressure gradient 
is considered to have a similarity character 


approximately. To survey it experimentally, 


the values of U/U, and u/u, were plotted 
against y/d, in Fig. 5. It will be seen from 
this figure that no deviation from the simili- 
tude in U- and u-distributions can be detected 
experimentally. It is well known that when 


u* and y* are taken respectively as U/U, and 


| yU,/v where Ur=V v(OT/0y)y-0 , there exists 


in the 
layer with a constant 
In our notations they can be written 


Ss 
peer / Or i, 
“ y= U, ‘ 
where c=U,6,/y and a=(0U/Oy)y-0(6,/U;) . 
Then, the similarity character of the curve 


a universal relation between them 
turbulent boundary 
pressure. 
a 


pavers, -@.1) 
i! 


of U/U, versus y/d, subject to U,0,/y=c gives 
rise to the universal velocity distribution 
u*(y*) in the laminar sub-layer. In our data 
the values of U, are estimated by tangents 


at the wall in U -distribution curves, and these 
representations are shown in Fig. 6 compared 


with other observed values in the laminar 


sub-layer and in the turbulent region. 


§4. Variation of Similitude with a Pres- 
sure Gradient 

It is important that in the case of constant 

pressure, the observed similarity character of 


the curve U/U;, versus 9/6, subject to U,0,/y=c 


_ gives rise to the universal w*~y* relation in 


the laminar sub-layer and at the same time 
it belongs to the special case of 4=0 in our 
similarity character mentioned in §1 (ii). In 
the case of non-zero pressure gradient the 
interrelation between dP,/dx and the form of 
u*(y*)-curve has not been clarified in the whole 
turbulent region, besides the fact that just 
outside the sub-layer the logarithmic law is 
not affected by dP,/dz. Then, in the laminar 
sub-layer the effects of dPo/dx will be surveyed 
experimentally in the extended form of our 
similarity character, by which the form of 
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U/U, versus y/6; and the value of 0,6,/y are 
determined uniquely by the parameter A. 
Experimental equipments to produce non- 
zero pressure gradient along the plate are as 
mentioned in §2. Two sets of curved walls 
on the ceiling were used under several un- 
disturbed velocities. For instance, when the 


x(cm) 


O 40 80 


120 


Fig. 7. Pressure distribution along the centre line 
on the flat plate in the same arrangement of 
equipments as shown in Fig. 1, with undisturbed 


velocity U=11.51 m/sec upstream of the slit S. 
The values of abscissa are the same as in Fig. 1. 


era T 


8 U(sec) 12 
-2 Ul 566) +3 
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Fig. 8. Distributions of the mean velocity indicated 
by the mark © and the fluctuational velocity u 
indicated by the mark @ near the plate for 
various pressure gradients. The states of flow 
and positions of observation are the same as 


shown in Fig. 7. 
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velocity Uj) was made to be 11.51 m/sec in 
the arrangement as shown in Fig. 1, the 
pressure distribution became as shown in Fig. 
7. To get a general view of the effect of 
pressure gradient on the state of the sub- 


layer, U- and w-distributions were observed 
at four sections A, B,C, D. They are shown 
in Fig. 8. It is seen that the curvature at 
the maximum-point of the u-distribution curve 
increases or decreases respectively according 
as the pressure gradient is negative or positive. 
Such a tendency has been partly observed 
previously”. This character is considered to 
be an evidence of the accumulation or diffusion 
of vortices, which are produced at the up- 
stream edge of laminar sub-layer and are 
carried respectively with approaching or de- 
taching mean direction of the flow to the wall. 
At any rate, the thickness 0, of the layer 
can be determined by the measured w-distri- 
bution. 

Since it is difficult to realize experimentally 
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Fig. 9. Empirical results of the distributions of 
Uioi/y and (@U/ay),(61/T;) (=m) plotted against 
the parameter 2, and an appearance of the effect 
of pressure gradient on the mean velocity distri- 


bution in the laminar sub-layer expressed in the 
parameter in (4,1), 
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a pressure gradient with constant 4 along the | 
x-direction, the state of the sub-layer was 
surveyed with local values of 2 under several _ 
undisturbed velocities and pressure gradients. 
Fig. 9 shows the distributions of observed — 


values of U,0,/y and m plotted against 4. 
The observed points are fairly scattered | 
because of the difficulty of experimental 
measurement, but general view of these 
empirical results may be understood. The 
scattering of the observed points of 7 may . 
be caused to some extent by the character 
that it cannot be expressed essentially by the 
single parameter 2. 

Concerning the mean velocity distribution 
in the laminar sub-layer, any conspicuous — 
variation did not appear as in the case of the 
u-distribution curve. But, observed precisely, 


the variation of the form of the curve of U/U; 
versus 4/0, with a pressure gradient was found. 
As a method to examine this effect quantita- 
tively, a parameter s defined as: 


s=U(y)/U,, —-y’/0,=0.4 (4.1) 


was introduced. Experimentally evaluated 
values of. s are plotted against 4 in Fig. 9. 
These data are still scattered, but a tendency 
that s decreases with a negative value of & 
can be ascertained. In the immediate vicinity 
of the wall, the inertia force and Reynolds 
stress may be neglected, and the essential 
feature of the equations of motion is written 
as: 


—&=0(U/0,)/0y/8;)? « (4.2) 


The above-observed character is important as 
the effect of pressure gradient in the laminar 
sub-layer subject to the theoretical relation 
(4.2). But, by the above measurements it 
cannot be proved whether the similarity 


character of the curve of U/U, versus y/0d, 


under a constant U,6,/y may exist in the case 
of constant 2, as observed in the case of 
constant pressure. 


$5. States of Flow near the Turbulent 
Separation-point 


It is important to investigate the mechanism 
of turbulent separation phenomena experi- 
mentally, but because of experimental diffi- 
culties many observed results have not been 
presented. In the arrangement of equipments 


1957) 


as shown in Fig. 1, we can make the flow 
separate from the wall stationarily by keeping 
the vortex motion produced after the sepa- 
ration fixed in the corner of the plate and the 
bluff body. The picture in Fig. 10 shows an 
example of the flow pattern near the turbulent 
separation-point, where the pressure distri- 
bution along the centre line of the plate is 
also indicated. It is well recognized by these 
observations that the boundary layer separated 
clearly at a certain line on the plate. But, 
near this separation-line, it was very difficult 
to retain two-dimentionality of the mean flow 


-1-8 
Ke) I20 xX (cm) 


Fig. 10. States of flow near the turbulent sepa- 
The flow pattern was obtained by 
in the flow with 


5 


ration-point. 
kerosene-lampblack method 
U)=7.35 m/sec upstream of the slit S, using an 
arrangement of equipments other than that is 
shown in Fig. 1. The pressure-distribution curve 
was measured in this state of flow where une 
abscissa « is measured in cm from the tripping 
wire. 
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because of the small scale of the test section, 
and the data are not necessarily reliable to 
be compared quantitatively with the two- 
dimentional theoretical results concerning the 
sub-layer. 

Distributions of the mean and fluctuational 
velocities are shown in Fig. 11, which shows 
that the flow separates near the position D 
and the distributions at E are those of the 


back flow. From u- and U -distribution curves 
near the wall at A, B, C, it may be said that 
the laminar sub-layer exists until the boundary 
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Fig. 11. Distributions of the mean velocity in- 
dicated by the mark © and the fluctuational 
velocity uw indicated by the mark @® near the 
separation-line. The states of flow and positions 
of observation are the same as shown in Fig. 10. 
In this case the effect of heat loss by the wall 
appears clearly owing to the very low mean 
speed. Data in the cases D and # are not in- 
serted in Fig. 9. 


layer separates and the separation of the 
laminar sub-layer itself tells turbulent sepa- 
ration phenomenon. It is an important quali- 
tative result of the present observations, but 
owing to the lack of two-dimentionality we 
could not determine the critical value 2 at 
which the laminar sub-layer separates from 
the wall. 

In conclusion, the author wishes to express 
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his sincere gratitude to Professor I. Tani for 
his valuable advice and also to members of 
the Turbulence Research Group in Japan for 
helpful discussions. 
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Diffraction of Electromagnetic Waves by Ribbon and Slit. I 


By Yakichi Nomura and Shigetoshi KATSURA 
Department of Applied Science, Tohoku University 
(Received September 26, 1956) 


Rigorous solutions are presented of the problem of diffraction of plane 
electromagnetic waves by an infinitely thin, perfectly conducting in- 
finitely long ribbon and by an infinitely long slit in a plane conducting 
screen, where the plane of incidence is perpendicular to the edge of the 


ribbon or slit but arbitrary angle of incidence and polarization. 


The 


unique solution satisfying the edge condition is obtained from the elec- 
tric and magnetic type Hertz vectors, each of which has one scalar 
component, by the method of expansion in the hypergeometric polynomial. 
The expressions of the scattering coefficient, transmission coefficient, 
electric current on the ribbon, electric field in the slit, electric field 
at the distant place are obtained as a function of ka=2ra/. 


§1. 


The diffraction of electromagnetic waves by 
an infinitely long ribbon and slit are solved by 
Mathieu functions by McLachlan, and by 
integral equation method by Bouwkamp”, Hoénl 
and others™>)) Miller and Westpfahl'!® and 
de Hoop™. Most of their results, however, 
are restricted to normal incidence, and still 
far from numerical computation. Here we 
want to solve this problem in case where the 
plane of incidence is perpendicular to the edge 
of the ribbon or slit but arbitrary angle of 
incidence and polarization, by the expansion 
in hypergeometric polynomial. This method 
succeeds in many cases for problems of poten- 
tial, vibration, and of wave propagation®)-), 
Particularly the former papers “ Acoustic field 
by a vibrating source arbitrarily distributed 
on a plane circular disk!” and “ Diffraction 
of electromagnetic waves by circular plate and 


Introduction 


circular hole!” are referred to I and II re- 
spectively. 

In case of diffraction of electromagnetic field 
by circular plate and hole, the field is assumed 
to be derived by the electric type Hertz vector 
IIT which has two scalar components JZ; and 
IT,. In the present case the field is assumed 
to be derived by two Hertz vectors JJ and //*, 
of electric type and magnetic type, each of 
which has one scalar component. Then the 
diffracted field is described in terms of Weber- 
Schafheitlin integrals with unknown coeffi- 
cients, which are determined with the aid of 
hypergeometric polynomial expansion. In this 
method the expression of scattering cross sec- 
tion, transmission coefficient, electric current 
on the ribbon, electric field in the slit, electric 
field at the distant place are obtained. The 
numerical results and discussions will be re- 
ported in the subsequent papre. 
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In case of normal incidence our results agree conducting ribbon or infinitesimally thin per- 
to the work of Bouwkamp” and others!®:17). fectly conducting screen of infinite extent with 
Our method, however, has advantage to be a slit. A rectangular coordinate system is 
able to solve other kind of problems which chosen so that the ribbon or screen lies in the 
cannot be solved by other method®)-®, xy-plane and their edge is given by y=-ka. 

The theory of ribbon and slit corresponds We consider a plane wave incident from the 
each other by Babinet principle, so the formula 
for a ribbon and a slit are listed in the left 
and right side respectively. 


negative half space, with its plane of incidence 
yz plane, angle of incidence a. The electro- 
magnetic field of the incident wave (¢) and 


$2. General Solutions the reflected wave (7) is described by 


We consider an infinitesimally thin perfectly 


Case of ribbon Case of slit 
EO=(f,, —E, cosa, E, sina) EO=(B,, —E, cosa, FE, sina) 
x exp (—zkz cos a—zky sin a) , x exp (—7kz cos a—zky sin a) , 
Fie (E,, E,cosa, —E, sin &) Hons (Ey, E, cos a, —E; sin a) 
0) iO) 
Xx exp (—zkz cos a—zky sin a) , x exp (—7kz cos a—tky sin a) , 


EO=(—&, FE, cosa, E, sin a) ee 
x exp (4kz cos a—tky sin @) , 
H®= (B, E,cosa, E,sina) 
Xo) 


xX exp (¢kz cos a—zky sind) . 


for all space. for negative half space. 


Here k=27/2 is the wave number, the harmonic time dependence exp zwt being omitted 
throughout. The electromagnetic field is assumed to be derived in terms of the electric type 
Hertz vector and magnetic type Hertz vector both of which has only x-component. 


E=rot rot 1 —zpo rot I* ,  £=—ipeo rot I +rot rot I/* , (2.2) 
H=z2&o rot /7+rot rot //* , | H=rot rot 71+2&® rot H* , 
PEK ev fire Ow 0) | nell 9/4 Sf FiO nO leer) 

I*=1/é]u (f*© = f*, 0, 0). — aVelu(fO+SPF+F,0,0 @<0), 


| W*=(f*, 0, 0) @>09) 


where the upper and lower sign refers to | . ; 
cs = *(1) Cr) : 
positive and negative z respectively. | =f Ory * +7770, 0) eile) im 


The Hertz vectors of the incident and reflected waves are given by 


fou en ike cos @—iky sin @ ‘ 
k? 


| 
{Oe e7ikz cos a—iky sin & 2 | 
k? | 

E i | need Op) ikz cos@—iky sin @ 
LOE = 1 p-tkz cos a—iky sin @ | if ag e ; 


ke | (2.4) 


SO aE? gta cos o-ikey sia a ‘ 
2 


| pion gikz cosa—-iky sind | 
- 


| 2 
| 


The Hertz vector of the diffracted field is assumed to be given by 
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fata SS AnSn-*Yy, aes BrSn*Yy, 2) ) : 
k? n=0 n=0 ‘ (2.5) 
ey =3 COs a( s An ont Z) et » Bye; 2)) ’ 
2 n=0 n= 


where 
e In YE|@) Jon+mer/2{&) a_y2)i/2" \gE 
Su(y, 2) = {¥ ei _exp ( F(E?—7?) 
V2 VP? ( s 2.6) 
Som hay] Ef OHO bnem oxp (= ge rym 
where 
r=ka, m= +t. 


Here each of S,*¥%(y, z) and S,**'/*(y, z) is a solution of the two-dimensional wave equation 
0° /0y?+06/022-+k?6=0. The solution with superscript m=— is an even solution and that 
with m=% is an odd solution of y respectively. -F sign in the exponential corresponds to 
z=—0 respectively. 

Let z derivative of f and /* be gy and *¥9*, then 


Uf ae > AnTn-“V(y, a+> BuTn/*y, 2) ) 
Ra n=0 (Ze0) 
je = Ecos a ( SF An* Ty*-Y2(y, 2) SS Bu® Tu**/2(y, 2) ) . 
Ra n=0 a 


where 


Lame 2) yf UV" € Ine) JnanssiaB exp (FE 2)" Nae 


- £2 2 | (2.8) 
1 M4 = / y VE 72 Jm( YS /@) Jan+mas/a(E) peers 2__»2)1/2 z { 
Tetm(y, a= yf YE) VERT Fp ee exe FE ae 


Sr**/(y, 0) and Tn*/*(y, 0) are Weber-Schatheitlin’s integrals, and have the property to become 
zero for ya. By the use of this property several problems of potentials, vibrations, and 
wave equations have been solved®-!». Then it is found that on the plane z=0: 


the electric and magnetic field of the diffracted the tangential component of the resultant 
wave for y >a, are continuous electric field and the normal component of 
the resultant magnetic field are zero for y>a 
(perfectly conducting screen). The tangential 
component of the resultant electric field and 
_the normal component of the resultant mag- 
netic field are continuous for y< a. 


The condition for the conducting plate, that The other condition for the slit, that the 
the resultant tangential component of electric | tangential component of the resultant magnetic 
field and the resultant normal component of | field and the normal component of the re- 
the magnetic field are zero for y<a, is ex- | sultant electric fieldt are continuous for y<a@ 
pressed by is expressed by 


f+fM=0 (2.9) 


tT p. 287 in I], the second and the fourth lines from the bottom in the right hand side part, electric 
should be read magnetic, and magnetic should be read electric. 
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| and 


and 
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g* +0f*O/dz= 0) 


I for y¥<a, z=0. (2.9) and (2.10) are rewritten by 


=. AnSn-/*(y, 0)=— cos (ky sin a) , 


eS en 


x BrSn/*(y, 0)=7 sin (ky sin @) 


. An*T;,*-1/*(y, 0) =tka cos (ky sin a) , 


n=0 


ss Br*¥Tn*/(y, 0) =ka sin (Ry sin @) . 
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(2.10) 


(2.11) 


(2.12) 


Now we expand the both hand sides of (2.11) and (2.12) by the hypergeometric polynomials. 
By Appendix in II and by similar calculations, 


where 


and 


and x=(y/a)?. 


Let 


and 


then - 


In BY )=am/2 = (2m+4y+1) BGs 


= yin/2 = (2m+4v +3) Ha va) , 


uy"(2) saa Ns (Vx ers ) ag 


DC Ee) Bayle ate ee a 
~  2ulP(vtm-+1)* a) a ae) 


vm eye E Jnl a &) Jmsav+s/2(€)dE 


ao V 2 I'(m+y+3/2) —m 7 -1/2 dy ginty 1 —a)¥t1/2) 
St ey nee awe 4 


Thus the right hand sides of (2.11) and (2.12) are expanded. 


Soy, O)=S, (2m+4v 4+ )GRwr(x) 
v=0 


T#(y, 0)= Ss (Qm-+ dv + 3) GeO) , 


v=0 


ae Cae 
m=) Ee 
-i{" Jenin) Jrvemer®) ge : 
0 Ce ae 
Grn r arn) ores dé 
y 
+i’ (7? -E?)M? Janem+s/2(E) Jav+mes/2(€) dé. 


0 5 


(2.13) 


(2.14) 


(2.15) 


(2.16) 


(2.17) 


(2.18) 


(2:19) 


(2.20) 
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Substitution of (2.13) (2.14) (2.17) (2.18) with (2.19) and (2.20) into (2.11) and (2.12) gives 
An=—V n[2 >, Xn Jvlr sin a) 
Bu=t/ 7/2 by YnyJoveil7 Sin @) , 


° = Jover(7 SIN a) 
ves gat SES 
AS TV 7/2 pa ny y sina 


= ay+2(7 SIN a) 
Bk=yr y* Jav+ (7 sin @) » 
heme V n/2 a my 7 sina 


where Xn, Yn», X* and Y* are inverse matrices of Gj)”, GZ, G7? and Ge" tccpee, 


ny 
tively, that is 


Ms 
Ms 


Gy Xys= sn ) Gi? Veu=Osn ’ 


: (2.22) 
Gane ya: =Osn ; 


yn 


v 


Wl 
So 


i 


v 


Ms 


*K-1/2y * — 
= Ge i Xe = On ’ 


v=0 


Il 


where 0dsn is Kronecker’s symbol. 
In case of normal incidence, 


An=—-V 7/2 Xno 5 Br=0, 


a te (2.23) 
Any V 7/2 Xo + BreO . | 
The solutions (2.5) with coefficients (2.21) by (2.22) thus determined, satisfies the edge con- 

dition (Cf. § 5). 
$3. Calculation of G”, and GX” 

Imaginary part of G™ and GX" are given by I (15) and II (82). Results for the real part 
of Gf, in the former papers are not valid for half integer of m. Here we calculate the real 
Part of GH. 

Write 2y+m+e=a , 22+m+3=B8. The integral representation of the product of the Bessel 
functions is substituted and the integral representation by /’-function is used, then 


FG" =| ue dé 


(SE) 


my , 


y (2-72)? 


Z i 1 (-1/8+te0 1'(—s) cos a@+B+28Q ( Ea+B+2s 
20 a om apy gh (ge Nesom a. 
m Jo 271 }-1/3-t0 I'(a+B8+s+1) $y © (En pai (3.2) 


The contour in s plane is shifted to the straightline from —(a+)/2—1/3—ic to —(@-A)j2= 
1/3+¢c0, and the integration over € and @ are carried out, then 


1 Is) (@+ B+ 28-+1)P(—(@+B)/2—s)(r/2)**4%ds (3.3) 


=V 7/2 at Pa@+B+s+l@ts+ll(B+s+)l(—(a@t+h)/2—s+3) ’ 


where C is the contour consisted of the circumference in the right half plane and the 

straight line parallel to the imaginary axis at s= —(a+8)/2—1/3 in the clock-wise direction. 

The poles of the integrand are simple poles at s=—(a+)/2, —(a+B)/2+1, --< =2, —h 

and double poles at s=0, 1, 2,--- The sum of the residues of the former is denoted by i, 

and the latter by 7, respectively. As the residue of I'(—s) at s=n is —(—)"/n! we have 
eee 7p SARE) (hi Pat B)/2—w)l' (24+ 1)(7/2)" 

20 fl P(@+B)2+u+)r(a—A/2+a+)F(b—a2+a+hra—a ? &4 
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eva l | a uy ns 
2 2nt \o sin zs sin m((a+ B)/2+s) 
or L [(@7B 2541) G/2)er8 +2 
PU+s) (a+ B)/2+st+)P(@t+B+st Pat B+DI(B+s+Dr(— ee a 
Nas 7 d 
===) »> ee 
Sores Tat B+ 28+ 1)(7/2)er8 +28 
P+s)P (at B)/2+st DP (@+B-+s+)F (ats )l(B+s+)I"(—(a+B)/2—s+}) ake : 
= (— seen 2 S 
2 w=0 
7 PAE B22 4- DG 2/28 
ay + a)P(a+B)/2+u4)P(at+Bt+utDP(atut+Dr(Btut+br(—(a+B)/2—n4+3 : 


x [2 log 5 +2 a+b +2041) H+ 0)—o( yp tetL \— Wert Bb a+) 
ve aes +8 1 
d(a+pu+l) Btn) +9 ae =e >) ; (3.5) 


where ¢(z)=d log I'(2)/dz. 
Real part of G” can be calculated similary and the result is (2v-+m+3/2=a, 2n+m+3/2= 8) 


BG=\" (S?—7?)"? JalE) Je €) dé =1,*+1,* (3.6) 
ny ¢ £2 7 aoe : 
L*- =Ve 7 (e+ 82-1 (_)H P(at+B)/2—-pr( (24+ 1)(7/2)" = (3.7) 


fo gt! (a t1+(a—B)/2)0 (4+ 14 (B—@)/2)0 (Ut 1+ (a+ B)/2)1(— ashi 
=(— oo > 


P(at+Bt2pu+1)(7/2)2r0 He" 


“Tet DP (a+ By 2+et Dr (atet Dr (btutDr (a+B+e24+DI (—(@+ By2—n+3/2) 


x {2 log 5 4 2h(w-+ B+ 24+ D)—b(et+1)— (Prat) ) 


—patnt+)—o(B+u4)—Yat Beth +o( FP as 3 )} (3.8) 


The first a few terms of Gz/? and G%>/? are shown as follows. 
Gour= —+{2I08- P36) +45 )h+ 3 (5) {Ho 7 +2413) -59(2)+4( — J} 
re ) {2tog-5- +265)— 53) +4( —5 p> 
- ah(HGe"] 
Gi =Gqr=—5 (5) {2108 5-200) were (—5)} 


8 
oe ce ) {20g 4.26(5) —2(4) — $(3)— —242)4¢(—y)}- 
G 


cL 1 ara aa 
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; 1 Le gan? 
pee a ean | ee 
Ch aiid 


-i7 eit ae (3.9) 
2) 


{atog 7 /£bG)— 392)+4 (5 \—9a} 


wim 
SS 


‘log 5 - +$2$(5)—$(4)— 36@)+4( 5) TC) 
ALOA@ I} 


& ieee 
G*-1/3=G* ae ( ) 


+a(7) {toe +96)-H)-9@) +0(- 2-0) -4@)} + 


if Lai 1 
ay tae eee ee O(r8, 1 +10(78 (3.10) 
Gol = aoe sie (75, log 7)+-20(7*).:. 


The inversion of Gz? and Gx-/* gives the series representation of Xn», and X7,. The 
first a few terms are given by 


2 
64 Siete. 
al —2 log 7/2— a—7t 


a= —3h(1) + $(1/2) =2C—2 log 2= —0.23188 . (3.11) 


19 ees, 
se we Bra -log 
aay (J) (2108 5 2 tatni)+(5)| a5 4 tress a Die nD 
= ; (2 ioe ita) +f 4 7 +2nlog T+ na, | +008 
oe NG 7 NCS T Qe ok: a 
kK Vk . EN Ws aH O(7°) , 
eee Ace, (Sine log pty ioe i ce 

a= (3) -36(2)+ (1/2) (1) =2C—3/2—2 log 2= —1.73186 , 


as=2(5)—(4)—30(3) + $(—1/2)—- $2) 5 
a= $9) — $(4) — $2) + 4(—1/2)— PQ) — $08) . (3.12) 


ee 
> 


§ 4. Diffracted Field at Large Distances from the Ribbon 


Each of JT and J/* determined in §2 satisfies the two-dimensional wave equation. We 


express JJ and //* at a distant point by Green’s function in two dimensions and values of 
IT and O/7/0z on the ribbon, 


shee: (2) 7 Orr 0° Hy / / 
Ir 1 |e car) om = 2 Ay (eR’) Las’ (4.1) 


The same equation holds for J/*. 
ribbon and P at the distant point. 
ribbon, S, and S_. Evidently 


Here R’ is the distance between the point Q(y) on the 
The integration dS’ is carried out on both sides of the 
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: orl OlT 
(Ds,=(Ds_=f , eS -(% lise 
ot Ser On Js On J s_ a; 
Oo 
an AH, (kR’) = —k cos 0H,2(RR’) , 
hence 
, a OT 
| ee © Hy2(RR’ 
9 Ve an = (RR’)dy , (4.2) 
+ th / 
t=" cos 6\. _ TPH UR ay , (4.3) 


where @ is the angle between z axis and the semi-straight line joining the origin and P. 
When PQ=R is large enough, 


-ikR fa 
ey at iB \ eiky sind | oh AnTn Oy O)+ Ds By Lal (y, 0) Lay. (4.4) 


Integration of y yieldst- 


T E, ee 
2 BV ER 


=—e-m/4 


Ala, 9), 


where A(a@, #) is a scattering amplitude of incident direction a and observation direction 8, 
and is given by 


A(a, #—)= > (Xn Jov(y sin &) Jon(7 sin 6)+ Vay Jover(7 sin &) Jonei(7 sin 9) Bae (4.5) 


Similarly for //*, 


—(T*)s,.=(I")s_ = Elz f* Cay ee 63), | 


ae (4.6) 
* € p-xi/s ae ONT ae ie A* 6 
- / Lt 2 RPV RR Cen 
where 
a Jove sin a) Janei(7 Sit sin 8) 
= 5 SE I OL UNAS Oe ae pa ee LNG 
A*(a, 0™)=7 cos a-7 cos 9 = oo {Xe Se cerng 
Joves(r sina) Jons2(7 sin 9)) re 
* Zi ; ; 
+ Yn 7 sina 7 sind (4.7) 


When we neglect the smaller term, the electromagnetic field of the diffracted wave at 
distant point is given by 
E,=RT «; Eg=—R*7 plé MT c* , Ez=0, ! 
A, =k 1 2* , ern at ; Hr=0, 


(4.8) 


ea A 2 eerane) 
dé cos (oY sin «) V 9 EW2T_1 (8) Tanai E) = Y sin « 


+2(7 sin «) 
Ysin « 


co a 2 - 

do | dé cos (ov sina) Vp EJ —-1/2(8 Fant) Mie sina) , 
2 dons 

\ dé sin (pt sin a) Vp E?Si plE)Fon42(6) = ye 2 


i Sat 
dé sin (ov sin «) Vo Bey abel —y — a Sone 1(% sin a) ‘ 


198 Y. NoMuURA and S. KATSURA (Vol. 12, 


|A(a, 0)| and |A*(a, 0)| give the relative field intensity at the distant point. 
The energy flow from the surface of semi-cylinder of. radius R is 


4 / E! BEs|Ala, 0))+B 2A", 8))} . (4.9) 
AV wk 
The half of the scattering coefficient o of the ribbon, which is equal to the transmission 


coefficient ¢ of the slit, is given by 


| 
=f =e a *£ sin? | Ala, 9)|?-+c0s? $| A*(a, 9)|?}d6 , (4.10) 
7 COS Jo 


where L,=E sind, E,=E cos d. 
In case of electric type normal incidence (f=72/2, a=7/2), 


i 
ae [Xunl?— 5}, IXooXiul +99 [XonXeal +g ae (4.11) 


re 


(ite. bo SOs. 5. waked, x 
~ > @log (7/2)+a,2+n (4.12) 


It is noted that z tend to infinity when 7 tend to zero. 
In case of magnetic type normal incidence (b=0, a=7/2), 


jane [manele moan ](5) 
+| SerIKEP gg REX soy XEXBI+ 1h9 bene 12) + Ou) (4.13) 
=e l14(4)(- 2log 7 — a7) +01r9 | (4.14) 


(4.14) is qualitatively similar to the transmission coefficient of circular plate or hole. (4.14) 
agrees with those obtained by Bouwkamp” and others!®-19. 


§5. Electromagnetic Field on the Ribbon and Slit 
The electromagnetic field caused by the diffracted field on the ribbon and slit is given by 


gh ll x, E,=k1I* , 
; Olle 
te u és Pee uw Ol, 
a ne E O02 ’ shed iky/ oz” 
E.=ihy/ 2 OM , | E.=1 je OI» 
é S | A E dy ~ 51 
He= = =e | Hohn. one 
| -= 
Hy=F Ji =n fo a | Hy=te,/ £9 
| BL Oz 
= ih) SE Boe. | He=—iky/ © ORs 
| Bi, OU. 


Here the terms 0°/7/0y? and 6?/T/0y0z do not appear and hence it is evident that the edge 
conditions are satisfied, 


1957) Diffraction of Electric Waves by Ribbon and Slit 199 


The surface current density due to the dif- The electric field in the slit is 
fracted field and the incident field is 


f= a + e-tky sin & _ Ve COS @ E,,=E; cos a/ 


i> Sy Xx donly sing) Searay 9 xi xe Pont Sin 2) x dvary, 
fi n= ps Be Te sin @ y, ) be >, =x ot te sin & Y 
+7 > yx dor Jovex(7 Sin 1) rea acy, 0) I ee | ee S ss yx Jonl(t s sin ®) serjay, 0) 
n=0 v=0 If sin @ a | n=0 Y=0 7 SIN G@ 
= ©. [= COMA Cake ae 2 “4 / Ey=—E, ae he 
LU D Ve 2 
x | = Ss Ss Xny Jol sin a)r- AC 0) x = Ses Ph Xny Jo 7 sin (aad hoes GP 0) 
n=0 v=0 n=0 v=0 


a 


+2 x > Vow, Jover(7 sin A) Tas 0) | : 


n= 0v=0 


iS) 3 Yer Jon(r sin Tyr, 0) | 


Here the upper sign indicates the current | (9.2) 
density of the back surface of the ribbon and | 
the lower sign indicates that of the front sur- 


face. 
where 
2 2 . iy. 2: 
Sa YO) thee naa =n a1; : 0°), 
wy Ae crave e”) 2 
Sn ly, = y/ 2 od—or2F(—n, n+2; By 0°) ; 
7 2, 
> i (5.3) 
LAG; o=y/ 2 (1 —9)-12F (=n, UBS 0") ; 
7 \ 2 
THY, )=y/ 2 n+ toll py F(—m, ntl; 9; o*)  o=wla. 
7 
When the incident electric wave is parallel When the incident electric wave is perpen- 


to the ribbon, Jy=0 and J,oc(1—p?)-¥2A(p) | dicular to the slit, #,=0 and Eyoc(1— 0?) fi(0) 
and when it is perpendicular to it, J-=0 and | and when it is parallel to it, A,=0 and 
Jucc(1—0?)"?f2(0), Ecc (1— 9?) filo), 


SOS 
where f,(0) and fi(p) are regular function of p in 
The total amount of the diffracted energy flow on the upper surface of the slit is equal to 


the scattered energy for z > 0. 


cue 5 P(E, —EyHz) 


n=0 n=0 


eb ate cos? a AUS EO) +S BISHAG, 0)) 
a 


sae SAL ey, 0+ S BuT} L(y, 0) here Pie é 
re n=0 n=0 
where ~ denotes the complex conjugate quantity. The transmission coefficient is 


—~ *  ~F{sin? PA(a, a)—cos PA*(a, a} . (5.4)t 
27 COS a 


{+ de Hoop’s scattering eine As(4, ty refers to f (not to ID. 
2nA(a, 0)=Ar(8, %) ; —2nA*(a, 0:)=Ai(6, 4) « 


Hence 
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In case of normal incidence, the current density, field intensity, and the transmission 
coefficient are given by 


. co | ° co : 
ae E€ mers Pls = x, 1— 02)-1/2 | ee . ba s xX. (1—?)-1/2 
h=y - Bl #1 : p> o(1—?) abate =) 0 | 
1 
woo r(—mm 45 @), 
x F(—n, 1; 9° “') | 5 x ( n, nN; 2 > 0 6.5) | 
—= ER oS peed Sy x* I Al | E =) ar S x* 1 ie pe 
y= Tie Dy ORD | : 2 aso On 
1 | Re ss 
x (1 p)"F(—, nl: 9) a’) | : xF( =n, n+l; ce 0°) ‘ 


|Je| and |Jy| in (5.5) are qualitatively similar to Fig. 6 and Fig. 7 inl respectively. |Ey| 
and |E,| are qualitatively similar to Fig. 8 and Fig. 9 in II respectively. [v/a in Fig. 6, 7, 8 
and 9 in II should be read (7/a)?.] 
eas { sin? b"— cos* a | (5.6) 
2 i 4 

Substitution of series representation of Xoo and Xj}, into (5.6) gives the same results with 
(4.12) and (4.13). 

The numerical calculation of the results and discussions will be published in the subse- 
quent paper. 


$6. Summary placed in uniform flow. 


The authors have solved the problem of the 5) Y- Nomura: ibid. (1) 29 (1940) 22. The 
diffraction of electromagnetic waves by an forces on two parallel infinitely long plates 
: ; : ae placed in uniform flow. 
infinitely long ribbon or slit in case where the 6) Y. Nomura: ibid. (1) 29 (1940) 268. On the 
plane of incidence is perpendicular to the edge 


: ; none wave resistance of a plane plate. 
of the ribbon or slit and the angle of incidence 7) y Nomura: Proc. Phys-Math. Soc. Japanaae 


and polarizations are arbitrary. The diffracted (1941) 168. The electrostatic problems of two 
field is assumed to be derived by electric type equal parallel circular plates. 

and magnetic type Hertz vectors, both of 8) Y. Nomura: Sci. Rep. Tohoku Imp. Univ. (1) 
which have only one scalar component and 30 (1941) 363. Current flow in a parallel 
which are expressed in terms of Weber- plane conductor with circular electrodes. 
Schafheitlin’s integrals with unknown coeffi: 9) Y- Nomura: ibid. (D) 31 (1943) 133. The 
cients. These coefficients are determined by theory of two plane wings. 


The 10) Y. Nomura and N. Kawai: ibid. (I) 33 (1949) 
197. On the acoustic field by a vibrating 
source arbitrarily distributed on a plane 


hypergeometric polynomial expansion. 
expressions for scattering cross section, trans- 


mission coefficients, electric current density circular plate. 
of the ribbon, electric field intensity in the 11) Y. Nomura and N. Kawai: ibid. (I) 33 (1949) 
slit, electric field intensity at the distant point 208. On the radiation of sound wave from a 
are obtained. Numerical results and discus- vibrating plane circular plate with a fixed 

sions will be reported in the subsequent paper. nore. ues 
12) N. Kawai: ibid. (1) 35 (1952) 210. On the 
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Application of Variational Method to the Thomas-Fermi Equation 


By Teruo IKEBE and Tosio KATo 
Department of Physics, Faculty of Science, University of Tokyo 
(Received October 22, 1956) 


Variational method is applied to derive two inequalities giving rigorous 
upper and lower bounds for the initial slope Bo= —'(0) of the ordinary 
Thomas-Fermi function g(«), the solution of the non-linear equation 

ol =a-V2y3/2 


with the boundary conditions 
gO)=1, 


g(o)=0. 


Application of these formulas using simple trial functions leads to the 


estimate 


1.5865 < Bo < 1.5883. 


§1. 

In the Thomas-Fermi statistical model of a 
free neutral atom, we are to solve the following 
non-linear differential equation of second order” 
over the interval (0, ©) 


Introduction 


Q =a V2Q3/2 Gy) 
with the boundary conditions 
gO)=1, P(oo)=0. (1.2) 


The unique solution of the above problem, 
the so-called ordinary Thomas-Fermi function, 
can be shown to exist®). Practically, however, 
as has been done by a number of authors, it 


can be solved with the aid of numerical inte- 


gration method. Since the behavior of a solu- 
tion of (1.1) subject to the condition g(0)=1 
alone depends very sensitively upon the initial 


value of its derivative, it is important in nu- 


merical solution to determine the initial slope 
By=—¢’(0) as precisely as possible. 

It is noted that solution of (1.1) and (1.2) 
could be reduced to the variational problem 
of minimizing the functional 


[w= |, (« ns : wVadl \de 
0 


where the trial function (a) is positive and 
subject to the same conditions as (1.2). Eq. 
(1.1) is nothing but the Euler’s equation of 
J[uJ. On the other hand, the initial slope can 
be written in the following form: 


(3) 


Bee oO)=|" (oe 98)de eS AY 
0 


for 
\ ode = Py’ 
0 


-| “go da=—y' (0) 
0 


0 


is |= V2p5/2qy, 
0 


using (1.1) and (1.2). In case of linear dif- 
ferential equations, such quantities By, as 
required above often turn out to be the ex- 
tremal values themselves of the corresponding 
functionals J[z], but in our case it cannot be 
expected on account of non-linearity. 


By variational observation, however, we 
shall derive in §2 the relation 
6 
7 Bo=J\¢) , (1.5) 


which E. A. Milne deduced by partial inte- 
gration already in 1927”. 

In order to carry out the estimation of Bo, 
we shall transform the functional J[z] into 


its reciprocal form 
Mo} =—2040)—\" (08+ 190 de (1.6) 
0 


by means of the Friedrichs transformation”, 
and make use of the relation J[v] < J[uz] (see 
§2). Then with (1.5) we are led to the in- 
equalities 


(1.7) 


Tiel e Bee al 


a 
6 6 
estimating the initial slope. 


§2. Derivation of the Inequalities 

We shall denote by g(x) the ordinary Thomas- 
Fermi function, which is also the extremal 
function of j[z], and consider an admissible 
trial function defined by ¢ga(a#)=¢(Aw) with & 
sufficiently near to 1. Then the stationary 


value of 
Thoxl= ("| a2e' iat 5 area” |e 
0 


=[[ Leer sal gla? |e 
0 


(Az=2’) 


201 


202 


should be attained at 2=1; in other words 
(OJ[¢a]/O4)x-1=0. This immediately leads to 


5" oda =2 | ae U2p Ada . 
0 0 


In view of (1.4), therefore, we have the result 
(1.5). 

Now we shall perform the Friedrichs or 
involutory transformation? on the functional 
J{u| as follows: Put 


F(a, u, w)=u? + = a UP 4 (al) 


2, u, uw’ being independent variables, and 
| ae [n=O 
2uu’ +20'u—Fl(a, u, u)=O(@, v, v’) , 


(2.2) 
(2.3) 
where 2, uw’ solved from Eqs. (2.2) as functions 
of x, v, v’ should be substituted in (2.1) and 
(2.3). This is known as the Legendre trans- 
formation in the theory of differential equa- 
tions. The condition that this transformation 
could be carried out is 


OF 1 , Ee) 


Ou, w’) =FPyuwP wrur— Fun 


See We 


which in our case can be easily proved to 
hold, for 


Punk ura —Fuur? = 6a- V4? Es 0% (235) 


Thus we arrive at the following reciprocal 
functional form to J{z]: 


I |v] =20(0) (00) —20(0)u(0) — \a D(a, v, v')dx 


= — 2(0)— [ (e+ : Da (2.6) 
0 ‘ 


with 
aan 
= = 5 
dx 
where no boundary conditions are assumed on 
v(z). A sufficient condition that 


I{v| <= J[u] (25) 


is) 

Funk ura —Fuur > 0 ’ Pyras > 0 ry 
which is seen to be satisfied by (2.5) and 
Funur=2. The equality sign in (2.7) holds for 
u=g and v=¢=g’, so that we have 


Iv] < Jlg]=1[P] < Jfee] . 


This is noting but the inequalities (1.7) except 
for a numerical factor. 


In order to simplify further calculation we 
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shall carry out some transformations on (1.3) 


BHIGL (PAX): 
integration variable « by we, and find the 


First in (1.3) let us replace the | 


optimum value of “, which minimizes J[z] for _ 


the given u(a). Then we obtain 


J i =3( 2 ie ( [weae)"(\"arvousrede) F 
0 0 


If we want to remove the condition #(0)=1, 
u(x) should be replaced by w(x)/2(0), which 


results in multiplying the factor «(0)-7/* on | 


the above expression. A similar procedure 
can be applied to (2.6) with another trans- 
formation which replaces v(%) by vu(ua). The 
result is 


4/3 eS 
Hol="7(—) (-—v(0))" 


co ~1/3 ° } -1 
( wide ) (| spl lBy/'6/8 ) 
0 0 


By use of the above expressions and (1.5), we 
now obtain for By the following inequalities: 


«(\" v'de ) 
21m 
«(\" wide) “f rierde) (2.8) 


where uw, v are any smooth functions such 
that u(a) >0, v(x) > 0. 


co =il 
SN wilty/“Pde ) ae By 
0 


$3. Numerical Results 


Let us compute the bounds of By using some 
simple functions for « and v. Before entering 
into calculation, however, we remark that 
linear trial functions containing some vari- 
ational parameters will not do so well in our 
case as in linear problems, for the calculation 
will be, in general, more complicated than in 
linear cases. Therefore we shall choose our 
trial functions so that the desired integrals in 
(2.8) may be obtained analytically, and that, 
if possible, z(%) and v(z) may approximate 
g(a) respectively $(z)=9'(x) fairly well. 

If we adopt for u(x) the function 


u(e)=(+eV*)@ Ocerco), 
where a, 8 are variational parameters to be 


determined, then both the integrals |, de 


) 
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and | aVy45/*de can be, expressed in terms 
0 


of beta functions and we have 
i T 7 2 \8 
—-]/\u|= i 1/3 (92/3 
gJlI=5(5) ae 
x B2—a, 2B-+-a)B( 6 ; Bone at) . 
a 
Thus any pair of positive numbers a, 8 fur- 
nishes us with an upper bound of By. The pair 
of suitable values of a, 8 are determined 
from the simultaneous equations 
OJ {u] OJ [a] 
sak Beh 3 
Aa and ag OF 
But these values and also the corresponding 
value of the functional J[w] have been com- 
puted by K. Umeda and S. Kobayashi as 
follows: © 
a=1.08252 , 


So we have 


B=2.0892 , J[u]=1.3614 . 


By < 1.5883 . 


Next let us take for v(x) the function 
i ie ee ee 


(a, 8: variational parameters) . 


Coa co 
The integrals \ vedx and eY2y dr are 


0 0 
again obtained in terms of beta functions; 


4/3 
Crll= > eo ranges 


7 
5—a abe dN 


-1/3 
x Bla, 28-+1) B( — 


Application of Variational Method to the Thomas-Fermi Equation 
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Again, any pair of positive numbers a, B 
substituted in the expression gives a lower 
bound of By. Determining a, B from the equa- 
tions 
Ol[v]_ 
Oa ry 
we find a=1.831 and @=18. With these values 
we obtain for a lower bound of By 
By = 1.5865 . 
Thus we have estimated the initial slope By as 
1.5865 < By < 1.5883 (Sal) 
with an error less than 0.1 percent. 

Though (3.1) is a rigorous estimate of Bo, 
it is not sharp enough compared with the 
values obtained by other authors, especially 
those by Umeda and his collaborators®. How- 
ever, it should be remarked that a more de- 
tailed calculation by use of existing tables of 
the ordinary Thomas-Fermi function?» will 
lead to a much sharper and still rigorous esti- 
mate of By. 


and ei 0 


92s 
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A New Method of Electro-Machining of Hard Metals 


By Tasabur6 YAMAGUTI 
Physical Institute, College of Arts and Sciences, Chiba University 
(Received October 18, 1955) 


In the customary method of electro-machining of hard metals, it is 
necessary to initiate some condenced discharges or quenched sparks 
between the metal to the machined and the tool by incomplete contracts 
or repeated contacts, where the tool must be kept as the cathode in the 
circuit of direct current. 

In the present method, an ordinary alternating current is used, super- 
posed with some adequate high frequency electric oscillations. The 
metal and the tool are dipped in water and they are adjusted to keep 
a certain small separation. Thus, we can initiate favorable quenched 
discharges in every half cycle, in which the metal is in positive potential. 

A merit of the present method is that the developments of any cracks 
in the machined surface are perfectly prevented even for hard metals, 
such as tungsten. The time required for drilling a tungsten plate of 
3mm in thickness by a tungsten rod, 1.54mm in dia., is 4 minutes 
resulting a hole 1.75mm in diameter. Screw cutting through a quench- 
ed steel plate is proved successful by choosing a brass external thread 
as a tooling electrode. The mechanism of electro-mechanical machining 
due to quenched discharges is explained qualitatively; the drilling 
effect being ascribed to electric attraction working on the melt of the 
plate, and the consumption of the electrode to a bluster effect of 


positive ions. 


§1. Introduction 


In the usual electro-machining method, a 
plate to be machined and the tool are con- 
nected to a direct current circuit with a 
condencer parallel to it. The drilling per- 
formed by condenced discharge or quenched 
spark maintained by incomplete contacts or 
by repeated contacts of the plate and the 
electrode. There are, however, some _ dif- 
ficulties in this usual method. Deformation 
of the electrode often caused by machanical 
contacts with the plate and by stickings of 
the molten metal drops reduces the accuracy 
of the machining. Further, when the elect- 
rode is drawn back from the contact, very 
minute cracks are apt to be formed on the 
surface which was liquified and softened by 
heating action of large current flowing through 
the contact point. Furthermore, as the re- 
peated contacts of the electrode are required 
in this method, feed and rotation of the 
electrode necessary for the cutting of screw 
threads cannot be done with simple mecha- 
nisms. 

The objects of the present experiment are 
to avoid these difficulties and to perform the 


machining with the supply from commercial 
alternating current source. Discharges _be- 
tween the tool and the plate connected in the 
alternating current circuit are initiated by 
superposition of high frequency oscillations. 
The superposition, however, is limited to 
every half cycle, when the plate is in positive 
potential®. To get a quenched discharge, a 
condenser connected with a helical wire ,of 
small inductance in series is inserted parallel 
to the electrodes. 


§ 2. Experimental Method and Apparatus 


The electric circuit of the experimental ar- 


rangement is shown in Fig. 1, where E is a 


Fig. 1. Electrical circuit of the apparatus. 
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110 vlot, 50 cycle, single phase alternating 
current source. The electrode A and the 
plate B to be drilled are immersed in water 
and are connected to FE through a wave filter 
F. A condenser C and an inductance Z made 
of herical copper wire, arranged in series, are 
connected to A and B. Drilling of B is done 
by quenched discharges of C. One of the 
secondary terminals of a neon-transformer N 
is connected to the electrode A passing through 
a kenotron K, and another to the plate B 
through a park gap S. A condenser C’ 2000 
pF in capacity is inserted between one 
terminal of spark gap and the filament of K. 
By the rectifying action of K, C’ is charged 
up in every other half cycle and is discharged 
through the gap, causing high frequency 
oscillations in the circuit 1. These oscilla- 
tions initiate quenched discharges of the con- 
denser C in the space between A and B, 
when these are brought approach. The 
number of the initiations can be counted by 
the use of a cathode ray oscillograph inserted 
in the position O. Furthermore, the initia- 
tion of quenched discharges is limited only 
when the plate is in positive potential by 
adjustment of a phase shifter P inserted in 
the primary circuit of the neon-transformer 
N. The spark gap is made of two tungsten 
discs about 10mm in diameter facing each 
other at a distance 0.25mm. The secondary 
potential of N is about 2.3kv. Capacities of 
C are varied by several different combinations 
of condensers of 8uF. Inductance Z of the 
helical wire is also variable from 0 to 5 wH. 
Inductance of the lead wire in the circuit 2, 
excluding the helical wire, is about 2 “H, and 
this inductance increases with the capacity 
in the present experiment. M is a dc am- 
meter to measure discharge current. 

In the present experiment, time needed for 
drilling, loss of the electrode A and diameter 
of holes drilled in B are measured for several 
values of C and JZ, and thus favourable 
optimum conditions for the drilling are ob- 
tained. Thicknesss of the tungsten plates is 
from 2.82 to 2.97mm and the diameter of 
the tool of tungsten rod is 1.54 mm. 

Preliminary experiments on the electro- 
mechanical cutting of internal screw threads 
in steel and tungsten carbide plate are carried 
out. A brass screw, 8mm in diameter and 
1.25 mm in pitch, is used as the cathode and 
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is made to approach to the plate to be drilled 
guided by a screw of the same pitch. 


§3. Experimental Results 


The observed time interval to finish the 
drilling and loss of the rod are reduced to 
values for 3mm plate for the sake of com- 
parison of the results. The values are shown 
in Figs. 2a and b, where the absissa is 
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Fig. 2a. Effect of capacity and inductance inserted 
in the circuit on the working time for the 
electric discharge drilling of a tungsten plate 
3mm in thickness. Diameter of a tungsten 
electrode used as cathode is 1.54mm. Marks 
representing values of the inductance are illu- 
strated in the figure. 
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Fig. 2b. Effect of capacity and inductance on the 
loss of the tungsten electrode for the drilling. 
Marks representing the inductance are the same 
as in Fig. 2a. 


capacity of condenser C and the ordinate is 
the reduced time ¢ for drilling. The marks 
given in the figure represent values of in- 
ductance Z inserted in the circuit 2. The 
time ¢ excluding the case for large C de- 
creases with increase of C. The relation 
between ¢ and C is discussed in the later 
section. When the capacity is kept constant, 
the time varies with Z having a minimum at 
a certain value of Z as can be seen from the 
distribution of the marks along vertical lines 
in the figure. The discharge current measur- 
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ed by the dc ammeter M. increases with C 
and Z: from 1 ampere at 8uF, 2.5 4H to 3.2 
ampere at 1004F, 2.5 4H. The optimum 
conditions for drilling speed are Z=1.5 pH 
and C=40 uF. 

Loss of the electrode also varies with C and 
L, as-is shown in Fig. 2b. The absissa re- 
presents the capacity Cin “Ff and the ordinate 
the loss 41 in mm, which increases with C. 
At constant C, the loss decreases with the 
increase of Z and reaches nearly to a definite 
value for Z larger than 24H. The condi- 
tions for the least loss are C=8yF and 
h=f wal, 

Diameter of the drilled holes varies with 
width of the spark gap S, and depends also 
upon C and Z. In Fig. 3, the ordinate re- 


0) 50 
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Fig. 3. Variation of diameter ¢ of drilled holes 
wilh the capacity and the inductance. The 
marks are the same as in Fig. 2a. 


presents the diameter ¢ of holes drilled keep- 
ing the spark gap in 0.25mm and using a 
tungsten electrode 1.54 mm in diameter, and 
the absissa capacity C. Values of L are re- 
presented with the same marks as illustrated 
in Fig. 2a. As will be seen from the figure 
the diameter increases with C and Z. When 
C is small, difference between the diameter of 
the holes and of electrode are about 0.2mm, 
and even when C is increased up to com: 
paratively large value such as 64 y4F the 
difference is only 0.32mm _ for small Z. For 
C=40 vwF and Z=1.5yH, which are. the 
optimum conditions for the shortest time of 
drilling and for the least loss of the électrode, 
the difference is_0.30mm. Roughness of the 
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electro-machined surface is determined by 
magnitudes of minute hemispherical droplets 
of tungsten formed on the surface. Magni- 
tude of these droplets is about 0.02mm _ for 
small values of C and 0.05 mm for large values. 

If the plate is kept as cathode, contrary to 
the experimental conditions mensioned above, 
the drilling speed becomes slow, and rough- 
ness of the machined surface and the dif- 
ference between the diameter of the hole and 
of the electrode become increased. As the 
machining is. still possible even in this in- 
efficient case, it is attempted to shorten the 
working time by the use of alternating current 
discharges, which can be initiated by elimina- 
tion of the kenotron K in Fig. 1. Experiments 
show, however, that the time, the loss and 
taper of the hole increase remarkably com- 
pared with ones obtained by the above method. 
Thus alternating current discharges are not 
suitable for machining. 

To count the number of quenched dis- 
charges starting within one half cycle, a 
cathode ray oscillograph is inserted in the 
position O in Fig. 1. Oscillograms show nu- 
merous peaks, the number which are about 
15 to 30 depending upon values of C and Z. 
These number can be considered as ones of 
quenched discharges started during the half 
cycle. 

Cutting of screw threads by the present 
method is done in quenched steel (files) and 
tungsten carbide plates using brass external 
threads as the electrode. Fig. 4 shows a 


Fig. 4. A section (magnification: 4.1) of an inter- 
nal thread cut in a file with the use of a brass 
external thread, 8mm in diameter of the crest, 
6.38mm in the root and 1.25mm in the pitch. 


photograph of a section of a screw cut in a 
quenched steel plate 4.4mm in _ thickness. 
Diameter in crest and root of the internal 
thread cut are 6.90 and 8.19mm respectively, 
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and the values of the external ones used as 
cathode being 8.00 and 6.38mm. Thus gaps 
between the two threads are 0.10 and 0.26 mm 
at root and crest of the internal thread. 

§4. Interpretation of the Experimental 
Results 


As will be seen from Fig. 2a, time of 
drilling decreases gradually with the increase 
of C in a range from 8 to 64uF. Time for 
large C, however, seems to deviate from this 
mode of decrease. To interpret this fact we 
must notic that inductance of the leading 
wire and of condensers, hence the total in- 
ductance of the circuit 2, are increased in 
experiments with the use of large C even if 
inductance Z inserted is the same. Further- 
more, time for a definite C reaches minimum 
at a certain L. Thus it will be reasonable to 
consider that if we are able to shorten the 
leading wire in experiments with Large C, 
time for large C may be diminished more 
than that determined experimentally, and 
minimum time to be obtained at certain L 
will decrease regularly with increase of C. 
This decrease of time with increase of C 
merely means that the electric charge carried 
by the quenched discharge and thereby mass 
of the melt of the positive plate increases with 
C. The fact that the time shows a minimum 
at a certain Z, however, is explained as due to 
superposition of two effects. Before proceed- 
ing this explanation, the reason must be 
clarified why the drilling efficiency of the 
quenched discharges surpasses that by arcing. 

In our experiments on the initiation of arc, 
which will be reported in a short time, it is 
observed that, when the arc is initiated in 
methane gas (to diminish the oxidation of the 
electrodes), melt formed on a top of positive 
electrode is attracted towards cathode, some- 
times being elongated like a needle, and melt 
on negative electrode becomes flat on the top 
as if it is pressed by swift gas flow of posi- 
tive charges. As such phenomena can be 
expected to occur also in the present quenched 
discharges, the following explanation on the 
mechanism of the drilling may be considered 
to be reasonable. By a quenched discharge 
of the condenser C a minute portion of the 
anode is heated to a liquid state having a 
small round surface. The melt thus formed 
is further elongated towards the cathode by 
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attraction of electric force, until it is formed 
into a droplet and is blown off. These pro- 
cesses are repeated from 15 to 30 times in 
each half cycle as is shown by the cathode 
ray oscillograph above mentioned, and the 
drilling progresses efficiently. Whereas, if the 
discharge is the kind of arcing, which starts 
when Z is large or C is small, the arc current 
continues to flow during one half cycle. Melt- 
ing due to such arcing is not localzed upon a 
small region by conduction of heat, which is 
supplied slowly and continuously. As the 
mass and surface area of such melt are con- 
siderablly large, rounding of the melt is not 
remarkable and the attraction towards the 
cathode will not be large enough to produce 
a droplet to be sputtered. 

By the same consideration as the above, 
one of the two effects, which minimize the 
work time at a certain value of Z, can be 
explained. Namely, as duration time of the 
quenched discharge increases with increase of 
L, local melting suitable for formation of 
droplets to be blown off is hindered by slow 
supply of heat and by conduction of heat. 
Thus the time ¢ increases with the increase 
of Z. On the contrary of this, another second 
effect of Z diminishes the time. When Z 
is small, the high frequency current flows 
mainly through the branch circuit CZ and 
feebly through the branch AB. Therefore, 
in these Z ranges the initiation of the 
quenched discharge becomes uncertain and the 
working time increases with the decrease of 
L. By combination of these two effects, when 
C is kept constant, the time may be diminish- 
ed at first and then increased with the in- 
crease of Z passing through a minimum 
value at a certain value of Z. 

As the mode of loss of the electrode is 
quite different from that of the plate in the 
point that no maximum loss is observed with 
variation of Z, we must consider that mecha- 
nisms of the two losses are different. The 
following explanation may be allowed for the 
electrode loss. When the working is done 
with insertion of large 2, the surface of the 
electrode is liquified in a large area and 
simply becomes flat and is blown off scarcely 
by pressure of positive ions and of small 
particles imprining on the electrode. The 
loss in these states can be considered as 
being chiefly due to the evaporation, which is 
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proportional to the discharge current. When 
L is small on the contrary, although initia- 
tions of the quenched discharge may be not 
always certain, materials of the electrode can 
be sputtered in forms of minute solid and 
melted particles by collisin of positive ions 
produced by quenched discharges of large 
current density, as like some materials can 
be graved by a sand bluster. Thus, by the 
considerations stated above it may be said 
that the loss of anode plate is due to electric 
attraction acting on droplets of the melt 
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formed on the plate and the loss of cathodic 
electrode is due to a bluster effect of positive 
particles produced by the quenched discharge. 

In conclusion the author’s thanks are due 
to the Ministry of Education for financial sup- 
port, and to Mr. N. Kobayashi and Mr. Y. 
Sasada for their assistance. 
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On the Ricochet Motion of a Projectile Striking a Water Surface 


By Tikao HUZITA 
Faculty of Fisheries, Kagoshima University 
(Received October 13, 1956) 


Analysing the photographs of the ricochet motion, the following results 
were obtained. (1) The mean hydrodynamical impulsive force is practi- 
cally independent of the incident angle except for the blunt head pro- 
jectile. (2) The horizontal component of the force becomes smaller as 
the incident angle increases and the projectile becomes hard to ricochet 
as the component nears zero. (3) The point of application of the force 
recedes as the incident angle increases. (4) The vertical velocity com- 
ponent of the projectile after the ricochet is generally greater than that 


before. 


Furthermore a coefficient of retardation, a coefficient of ricochet, and 
a coefficient of slip were newly introduced in order to compare the rico- 
chet motion with the motion of repulsing upon a solid wall. 


§1. Introduction 

The experiments on the motion of a projec- 
tile striking a water surface were formerly 
carried out by Isobe”, by Hirata”, and by the 
writer» on a bullet, on a harpoon and on a 
projectile with tailplane respectively. The 
writer recently made an indoor experiment” 
in which the head shape and the incident angle 
were changed systematically. 

Four kinds of projectile used in this ex- 
periment are shown in Fig. 1 and each number 
of the projectile indicates the apex angle of 
the head cone. The symbol 60b indicates 
Proj. 60 with a resistance ring. Each pro- 
jectile is 15mm in diameter, about 62mm in 
length and about 28 ¢ in weight. 


The arrangement of the apparatus is shown 
in Fig. 2. The water tank T, 35cm deep, 23 
cm wide, and 140cm long, has a glass wall 
GW on one side. On the left side of the tank 
there is a spring gun G, its spring force be- 
ing about 10 kg and the projectiles being shot 


Fig. 2. Arrangement of the apparatus. 
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horizontally with the initial velocity of 6~11 
m/s. The trajectory of the projectile is 
photographed on a film and at the same time 
observed by naked eye through the finder of 
a reflex camera C. Furthermore, in order to 
illuminate the projectile, two spot light lamps 
L are placed obliquely upwards before the 


Pro ‘Proj. 6Ob. 
cm 


(XO), (ewiien 
OF Nee 


Fig. 1. Models used in the experiment. 


tank. Before the lamps, there is a rotating 
shutter S by which the light is intercepted 115 
times per second, and so the image of the 
projectile is intermittently photographed on 
the film and the posture of the projectile is 
clearly observed on the film. An example of 
the photograph of the trajectory of a projectile 
is shown in Fig. 3. According to the change 
in the height of the gun which was 2.5, 5.0, 
10.0, 20.0 and 30.0cm from the water level, 
incident angle of the projectile varied between 
BG? einvel Ala 
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As the results of this experiment, the mo- 
tion of the projectile was classified into four 
groups, namely, ricochet, swimming, straight 
forwards and reverse turn, each trajectory 
being indicated schematically in Fig. 4. Proj. 


Ricochet —_. 


Swimming 
“ 


Straight 


Reverse forwards 
urn \ 


xa 


Fig. 4. Classification of the trajectory. 


180 goes always straight forwards into the 
water independently of its incident angle. 
Other projectiles make the above mentioned 
four kinds of motion according as their inci- 
dent angles. The ranges of the incident angle 
corresponding to the various kinds of motion 
of each projectile are tabulated in Table I. 
Here in the present study, the writer, ana- 
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180 | Straight forwards 
: : rere hs. Boraicht 2 a ee po 
90 Ricochet Swimming :; Po ; Reverse turn 
; i : ; ve = 2 > Strai ht : ary 
60 Ricochet Swimming : Poe : Reverse turn 
a ine Ricochet ae Reverse turn 
BP cop . Ricecher” Straight forwards 


lysing the photographs which correspond to 
the ricochet motion, intends to make clear the 
ricochet motion observed in the indoor experi- 
ment. 


§2. Treatment of the Experimental 


Results 
In Figs. 5 and 6, let the path of the pro- 


jectile be in the ay-plane, x-axis the water 
surface, P,P:QP2P; the path of the projectile 


and ABC the cross section of the projectile 
head. h,, hz, Si, S:, $3, @1 and a, are measured 
from the photographs. The velocities of the 
projectile 7; and v, are calculated by the equa- 
tion of a projectile. Then non-dimensional 
coefficients: 


coefficient of retardation 
@iy) 


€x= 1—(V2 COS Ap/V1 COS @3) , 


coefficient of ricochet 
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(2) 


Cy = V2 SiN a,/V1 SIN A , 
coefficient of slip 
€s=S./d 5 

are newly introduced analogously with the 
coefficient of restitution e(=e,) and the coef- 
ficient of friction ~(=cot a,-e,/(1+ey). The 
third coefficient e; is necessary in order to 
obtain the mean force instead of the impulse. 


Fig. 5. Schematic diagram of the ricochet motion. 
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Fig. 6. Forces acting on the projectile. 


In Fig. 6 let the mass of the projectile be 
M, the moment of inertia about the center of 
gravity (G) be J (= Mk?), the rotational velocity 
about the center of gravity be w, the force 


exerted by water be F, the point of applica- 
tion of F on AB be D, the gravity force 
minus the buoyancy be M’g, the resultant force 
of F and M’g be F’, the arm length of F and 
F’ about the center of gravity be a@* and a*’ 
and the time interval during which the pro- 
jectile passes through the water be 4¢. The 
suffixes and the other symbols are used as 
indicated in Figs. 5 and 6. Then we obtain 


M(v, cos a2—v, COS @;)=—F,-4t, (4) 
Mv; sin a+; sin ay)=(F,—Mg)-dt , (5) 
To oje rae (6) 

At= 2s2](v, COS a, +¥y COS Ay) , Cr) 


in which — is used to indicate the time-average 
value during 4. 

In the case of a projectile with tailplane, 
@, and w, are nearly equal to zero (@, OF Oy 
x length of the projectile is always less than 
4% of v, or rv respectively) though the direc- 
tion of the projectile changes, therefore in the 
equation (6) P’a®*”=0 but a*’X0. For con- 
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venience sake, if we put F’a*’=F’a’, the 
simplest form of a which satisfies these con- 
ditions is as follows: 
a’ =a) (1—2t/dé) . (8) 
Then, integrating the equation (6) by using 
the boundary conditions, we get 
ay =6I(a, +a2)/{F’ - (4t)?}. Coy) 
From these equations F’, ¢’, 4¢ and a’ are 
obtained. The manner in which the arm of 
the moment about the center of gravity changes 
can be conjectured from a’. The non-dimen- 
sional expressions of these quantities are re- 
presented by @:, @y and és as follows: 


C’ =2F' |(0v:°d?) 
= {cos’a-é,”+sin’a,-(1+ey)?}\? 


x (At-v,/d)-!-(2M/pd?*) , (10) 
tan d’ =tan a,-(1+é,)/ez , (11) 
ay |d=12(M/0d*)-(k/d)- (4t-v,/d)-? 

x (a; +a,)/C’, (12) 
At-v;/d=2(s,/d)/{cos a,-(2—€z)} . (13) 


Let the intersecting point of the line of 
mean force with the surface of the projectile 
be D’ and let us denote the length of AD’ by 
b’ and that of AG by Jy. 

Then 
8 /lg=sin (f’ —a,)/sin (P’—a,+¢). (14) 

In the case of the restitution upon a solid 
wall, static forces are usually negligible to 
the impulsive force and F may be put equal 
to F’. But in this case, as they amount to 
about 20% of F, we must substitute sin a,- 
(1+e,)+(M’/M) - (dg/v,2)+(4t-v;/d) for sin ay: 
(1+e,) in the formulas (10), (11), (12) and (14), 
in order to obtain the pure impulsive quanti- 
ties C, tan ¢, a/d and bjl,. If Mg is used 
instead of M’g, the error due to this substi- 
tution is about 30% of Mg and therefore 6% 
of F. 

Now, we shall assume the relation between 
a, and each non-dimentional quantity to be a 
linear functional form. Then, the regression 
line and the correlation coefficient y are ob- 
tained by treating the results acquired from 
the above indoor experiment, and as for the 
significancy of the correlation y it is tested. 
These results are shown in Table II, and some 
of the plotted figures from which the results 
were obtained are shown in Figs. 7~12. Each 


Proj. C | - 
—— = a = a BH bx. Z 
90 0.72—0.073a- | —0.73 
60 0.51—0. 0120 ho ta 
30 0.53 —0.010x, ~0.24 
60b 0.45 ~0.00704 as 
Proj. | @ (deg.) | ip 
90 =. 26.6212. 640, 0.884) 
xe 
60 uk Oe OG. Ba 0.83 
30 = 11 One 8 Sle, 0.96" 
60b re AeELG 5On, 0.88" 
Proj. b/lg | r 
90 = 0 25800, 156x; 0.66 
x 
60 0.16 +0. 068: 0.86 
%K 
30 0.25-+.0.074ay 0.94 
x 
60b 0.12-+0.069a 0.86 
Proj. ao/d tp 
90 0.12+0.01744 0.51 
60 0.08 +0.025c, 0.28 
*% 
30 0.040.017 0 0.77 
| * 
60b 0.06 40.021 0.49 
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Proj. | Cx: Va 
90 0.97 0.1210, ~0.78 
60 0.70 —0.047 ~0.70 
30 0.71—0.062s > hig keer 

| *% 
60b 0.71—0.044, ~0.62 
Proj. | ey | r 
90 2.00—-0.147 0 eas 
60 2.12—0.100e, iy 
30 1.65 -0.0662, 0,81" 

* 

60b 1,48—0.041ay 0.67, 
Proj. a (deg.) r 
90 15 Psa dT 3 ~0.74 
60 12.01 -+0.486x; 0.28 
30 10.36-+0. 1414 0.17. 
60b 9.18-+0. 6010 0.38 
Proj. S2/d | r 
90 5.9+2.39.4 0.66 
60 13.3-€0, 554; 0.33 
30 12.7-+.0.150q 0.14 
60b 14,340. 560% 


The mark « denotes that 7 is significant and x» definitely significant. 


number distinguishing the kind of projectile 
indicates the head angle in degrees and Pro- 
jectile 60 b has a resistance ring”. 

Taking d (diameter 15mm) as a standard 
length, Reynolds’ number is 0.9~2.0x 10°, 
Froude’s number is 16~36, the ratio ov;’d to 
the surface tension (Weber’s number) is 0.7~ 
3.9104 and {((M—M’)/M} maz. is 0.3. 


§3. Discussion of Results 

Now, considering the above results, the 
writer will discuss the nature of the ricochet 
motion. 
a) Impulsive force 

G is shown in Fig. 7 and is about 0.4~0.5 
at a small incident angle. For each projectile 
except Proj. 90, C decreases gradually as 
increases, and for Proj. 90, C decreases rapid- 
ly. Therefore C is practically independent of 
a, except for the blunt head projectile. 

~ is shown in Fig. 8 and increases with 
and approaches to 90°. Therefore F., becomes 
smaller as a, increases and the projectile be- 
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Fig. 8. @ versus « for 
Projs. 90, 60, 30 and 
60b. 


Fig. 7. C versus a for 
Projs. 90, 60, 30 and 
60b. 

comes easy to slip or difficult to ricochet. 

Though @ is thought to be smaller than 90°, 
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the incident angles obtained by extrapolating 
the regression line up to p=90° are tabulated 
in the first line, Table III. 

a/d is shown in Fig. 9 and increases with 
a,, and the correlation is small except Projs. 
30 and 60 b. 


Cx 
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Toney 
Fig. 9. ao/d versus a; for 


Projs. 90, 60, 30 and 
60b. 


Fig. 10. ex versus a, for 
Projs. 90, 60, 30 and 
60b. 


bjl, increases with a, and this shows that 
the point of application of the mean impulsive 
force recedes from the top of the head cone 
towards the rear part of the projectile as a, 
increases and this tendency is seen markedly 
in Proj. 90. 
b) Comparison with a restitution upon a 

solid wall 

é, is shown in Fig. 10 and decreases up to 
zero aS @, increases, and the slope is steepest 
for Proj 90. This means that the projectile 
is apt to slip as a, or the head angle ¢ in- 


Tikao HUZITA 


Table III. Critical incident angles obtained by extrapolation or interpolation. 
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creases. The incident angles corresponding to 
the limiting condition e-=0 are obtained by | 
‘extrapolation and tabulated in the second line, — 
Table III. 

é, is shown in Fig. 11 and decreases as ay 
increases and approaches to 1. Contrary to the 
restitution coefficient and also to the usual 
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Fig. 12. se/d versus a for 
Projs. 90, 60, 30 and 
60b. 


Fig. 11. ey versus « for 
Projs. 90, 60, 30 and 
60b. 


conjecture, the ricochet coefficient e, is, gene- 
rally, greater than 1. It approaches to 1 and 
sometimes it is smaller than 1 but within the 
experimental error. As e,=1 seems to be 
the boundary between ricochet and restitution, 
the incident angles corresponding to e,=1 are 
obtained and tabulated in the third line, Table 
III. 

s,/d is shown in Fig. 12 and increases with 
a@,, and the slop becomes steeper as the head 
angle increases. This tendency to slip shows 
the same physical meaning as the tendency 


: - Projectile 
Line Critical condition, “== — a 
90 60 | 30 60b 
= ce - = = : = ) = a ae a 
1 | $=90° 9.3° 13.8° 11.6° 14.5° 
2 | ee = 8.0° 14.9° wI6y ' 16.2° 
3 ey=1 6.8° 1S 9.8° 2 10.6° 
4 ey=0 BGO 2S 24.9° ’ 35.2 
5 yr. say about 9° lee abOuce lila about 12° about 9° 
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@, increases with a, for Projs. 60, 30 and 
60 b, while for Proj. 90 it decreases as a; in- 
creases. 


c) Critical incident angle between ricochet 
and swimming 


The critical incident angles between rico- 
chet and swimming (a@;,sw.) obtained from the 
above indoor experiments are tabulated in the 
fifth line, Table III. 

The most intuitive condition for this critical 
angle ay sw, iS @y=0, but as is shown in the 
fourth line, Table III this is far from the cri- 
tical condition. The incident angles corres- 
ponding to 6=90°, e-=0 and ey=1 are close 
to the critical angle. Accordingly, it may be 
said that for Projs. 90 and 30 the conditions 
b=90° and e,=0, and for Projs. 60 and 60b 
the condition e,=1, are more suitable in this 
experiment. 

The conditions of ¢=90° and e,=0 mean 
that the projectile ceases to ricochet when it 
receives no horizontal force, i.e. when slips. 
In the case of a solid wall, this corresponds 
to the fact that the wall is perfectly smooth. 
Therefore it seems to be extremely interesting 
to carry out an experiment of restitution upon 
a perfectly smooth wall. In short, as for the 
critical condition, there seems to be much to 
be done. 

The regression lines of various coefficients 
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of Proj. 90 are steeper than those of the 
other projectiles and the regression line of Qs 
differs in sign from the others. These facts 
seem to indicate that the blunt head is dis- 
advantageous for ricochet. From this fact it 
may be conjectured that a projectile with 
resistance ring or Proj. 180 (flattened head) is 
advantageous to be driven into the water, the 
fact of which has already been verified by the 
writer») and by Hirata». 
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Short Notes 


This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 


7emx7cm will be counted as 150 words. 
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Effect of Plastic Deformation on the 
Dielectric Breakdown of Silver 
Chloride Crystals 


By Noriaki IroH and Tokuo SUITA 


Department of Electrical Engineering, College of 
Engineering, Osaka University 


(Received November 29, 1956) 


Effects of plastic deformation on the dielectric 
breakdown have been observed with alkali halide 
crystals by several authors and it has been shown 
that the breakdown strength was affected by 
plastic deformation to a considerable degree in 
some cases)2), We investigated these effects with 
locally deformed silver chloride which is more 
plastic than alkali halide and seems to be con- 
venient for the study of these effects. 

To obtain locally deformed specimens we 
pressed them in the [110] direction by adding 
weight through a thin cover glass of thickness 
0.15mm. This method is similar to the prismatic 
punching developed by Smakula and Klein3). 
Although the punching figure was not clearly 
observed in our AgCl specimens, it seemed to be 
evident that the stress under the puncher was 
larger than that in the other part of the specimen 
at the beginning of the application of stress. 
The strain would spread over the whole specimen 
with the application time, which is known as 
creep. 

The specimens we used were cut from a large 
block of single crystal grown by Kyropoulos 


(kV/m) 


breakdown strength 


30. 


20 
stress time (min.) 


Fig. 1. Dependence of the dielectric breakdown 
strength of AgCl on the stress time. 
©: Stressed on the negative side, 


@: Stressed on the positive side. 


method, their form and dimensions being as shown 
in Fig. 1. The puncher was applied just upon the 
edge of the hollow electrode and the breakdown 
voltage under the stress was measured in both 
cases where the strained part was at the positive 
electrode and at the negative electrode. The 
applied voltage was rectangular pulse repeated 10 
cycles/sec, which was raised at the rate of about 3 
kv/min until the breakdown occured. 

The dependence of the breakdown voltage on the 
stress time in the both configurations at room 
temperature is shown in Fig. 1. The weight of 
the load was 1.5kg and the shear stress was 
250 kg/cm?. It is clearly seen that the breakdown 
strength increases with the stress time and reaches 
to a same saturation value in the both cases. The 
increase of the breakdown voltage is more rapid 
when the shear stress is applied near the negative 
electrode. Therefore the strain seems to be more 
effective to the breakdown when it is applied near 
the cathode. 

If the applied voltage was raised much more 
rapidly (about 20 kv/min) the effects of the stress 
were almost negligible, that is, the increase of 
the breakdnown strength due to mechanical stress 
occured only when the applied pulse voltage in- 
creased slowly. As we have already shown the 
deposit of silver atoms seemed to play an important 
role in the dielectric breakdown even in pulse 
field®. Therefore we can conclude that a great 
deal of silver atoms deposited in the deformed 
region near the cathode mainly raise the dielectric 
strength in silver chloride. 

We wish to thank to Dr. E. Mizuki and other 
staffs of Fuji Photofilm Co. for supplying silver 
halide materials and for their valuable discussions. 
We also thank to Mr. C. Okazaki for investigat- 
ing the crystallographic orientation of our crystal 
blocks by Laue’s method. 
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The Energy Spectrum of Nucleons in 
the Air Shower 


By Y. TANAKA*, K. SuGA* and S. MITANIt 
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tFaculty of Science, Osaka University, 
Nakanoshima, Kita-ku, Osaka 


(Received November 16, 1956) 


A preliminary experiment on the energy spectrum 
of nucleons in the air shower was carried out at 
Mt. Norikura Cosmic-Ray Laboratory, University of 
Tokyo, (2840m altitude). Two piles of G-M 
counter trays, # and H, shielded by lead layers 
were set as shown in Fig. 1. Hodoscope records 


inp eal 
0 50 cm 


The arrangement of counter piles. 


Bignel: 


of both counter piles for the coincidences (AZ3)-+ 
(#\23) were obtained. Of these records the events 
satisfying the condition (B=3)+(C2Z1) were 
regarded as high-energy nuclear interactions inside 
the lead layer above Tray B caused by nucleons 
in air showers. Because the most part of the 
electronic component of the air shower may be 
absorbed by 20cm thickness of lead and the con- 
tribution of ~-mesons in these records is expected 
to be very small in this experiment. These were 
subdivided into two groups: (1) those with three 
or more struck counters in Tray 3, and (II) those 
with less than three struck counters in the same 
tray. Average densities of air showers were 
estimated to be several hundreds per square 
meter for (I) and several tens per square meter for 
(ID) respectively. 

Supposing that discharges of counters in Tray 
E were caused by high-energy electrons in the air 
shower, one may expect that the core of the air 
shower hit the ground as close as 10m for (1) and 
within the range extending from 10m to 100m for 
(II), respectively, in comparison with the results 
of Cocconi et al). And if one takes the events 
originated by single nucleons (A<1)+(&M, and 
H3=0)+(B=3)+(C=1) as group (III) which were 
observed separately by the same apparatus, these 
might be more than 100m apart from the core. 


Short Notes 25 


The integral multiplicity-distributions of struck 
counters in Tray C for these groups are shown in 
three curves in Fig. 2. There might be cases in 
which more than one nucleon struck counter-pile 


10 


1 


5 10 15 


Fig. 2. Integral muiltiplicity-distributions of struck 
counters in Tray C for groups (I), (II) and (III). 
The abscissa is the number of struck counters in 
Tray C, and the ordinate shows the integral 
number of events in percentage of the total 
number in each group. 


(H) simultaneously so that apparently higher mul- 
tiplicities were observed in Tray C. This effect 
is important only for showers of very high density 
in this experiment, and the correction was applied 
in Fig. 2. These curves can be considered as 
showing indirectly the energy distributions of 
nucleons, because the multiplicity in Tray C is 
the function of the energy of the nucleon on the 
If it is assumed that Curve (Ili) shows 


average. 
the energy spectrum of single nucleon, i.e. 
H/-1:5~1-382), the energy spectra H/-97~1'l and 


H/-9-9~1-4 are obtained for (I) and (II) respectively. 
The energy of nucleons in this analysis may ex- 
tend from 10 Bev to 100 Bev®). 

Of course, the above-mentioned assumption in- 
cludes several problems and further study should 
be necessary. However, Fig. 2 seems to show 
that the energy spectrum of nucleons in the air 
shower is flatter and, hence, the proportion of high- 
energy nucleon is larger at the point which is 
closer to the core than that apart from the core. 

In the end, the authors wish to express their 
heartfelt thanks to Prof. Y. Watase for his very 
helpful discussions and advice. 
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Effects of Shock Wave upon Gaseous 
Discharge 


By Shigeo NAGAO 
Engineering Faculty, Tohoku University, Sendar 
(Received November 27, 1956) 
In order to investigate the effects of shock 


wave upon gaseous discharge we constructed a 
shock wave-discharge tube as is shown in Fig. 1 


Insulator 


KA ASS [XSAN PASSES 


Y MI WEZZEZE ZEA Rez 


ee 
an 


SAGA AAAAALAUBBAR’ 


to vacuum pump Center electrodes 


Outer ring electrodes 
Fig. 1. Shock wave-discharge tube. 
of center electrodes: 1 cm. 


Gap length 


and measured the lowering of sparking voltages of 
gap attacked by shock wave. When the tube is 
evacuated enough, spark discharge induced by the 
application of impulse voltage upon the outer ring 
electrodes covers their whole surface and then the 
cylindrically converging shock wave generated 
thereby propagates towards the center electrodes, 
increasing rapidly its strength, i.e. its pressure and 
temperatureb»). Thus if a voltage well below the 
sparking value of the gap in normal state had 
been applied upon the center electrodes, sparking 
will follow suddenly at the gap when the shock 
front arrived at the center electrodes. 

Fig. 2 shows the circuit used for the measure- 
ment of sparking voltage mentioned above and 
the results are shown in Fig. 3. It may be clear 

igh voltage source 


Low voltage source 


Shock wave-discharge tube 


to oscilloscope 


Center 


os 
Outer ring 
electrodes 


electrodes 


Fig. 2. Circuit used for the measurement of spark- 
ing voltage of center electrodes. 


that the greater the capacity and voltage of the 
condensor used for the initiation of shock wave, the 
more intense will become the shock wave generated 


Short Notes 


(Vol. 12, 


by the sparking between the outer electrodes. In 
Fig. 3 it is worth noting that even very weak shock 
wave lowers the sparking voltage of center elect- 
rodes upto about the minimum sparking voltage in Pas- 
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Voltage of condenser Ci 
Fig. 3. Sparking voltage of center electrodes. 


chen’s law. ‘This fact may be due to the instantani- 
ous increase of pressure at the center of tube by 
shock wave, since the product of initial pressure 
times gap length is slightly below the value which 
corresponds to the minimum sparking voltage. Oscil- 
loscopic observation of discharging current gives 
the estimation of time lag of center sparking and 
shock velocity can be calculated assuming that 
Mach number of cylindrically coverging shock 
increases with inverse proportionality of one 
fifth power of the distance from converging center”) 
and rough estimation of temperature rise near the 


center electrodes will be possible therefrom. An ex- 
ample of the calculation is shown in Table I. Thus 
Table I 

Capacity of condensor C; 16 pF 
Capacity of condensor Cy 4000 pF 
Voltage of Ci SAY 
Voltage of Cy 400 V 

Mean discharging current of C, 1000 A, 


Mean shock velocity 
Temperature at the 
center electrodes (calculated) 


2.0 Km/sec. 


4500° K 


we may conclude that arc discharge without spark- 
ing follows immediately after the arrival! of an 
intense shock wave. 
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On the Electrical Properties of Degenerate 
Semiconductors 


By Eijir6 HAGA 
Department of Physics, Faculty of Science, 
Niigata University 
(Received November 14, 1956) 


In his recent theoretical work) on the electrical 
conductivity, the writer has succeeded in derving 
Griineisen’s formula for simple metals and the 
corresponding one for highly degenerate polar 
crystals by an elementary method, assuming that 
the high degeneracy criterion df9/de= —d(e—¢) is 
valid. Once this assumption is admitted, then we 
can easily deduce the so called Mattiessen’s rule 
for the cases where more than one kinds of the 
sources for the scattering of conduction electrons 
are present. On the other hand, Kohler) has 
given a general proof that the total resistivity 
should be in general larger than the simple sum 
of resistivities due to a single kind of scattering 
sources. It will, then, be worth while to investi- 
gate how the deviations from the Mattiessen’s 
rule take place when the conduction electrons are 
not perfectly degenerate. In this connection we 
will also see the relation between the Hall coef- 
ficient and the degree of degeneracy. 

In this note we treat, as an example, non polar 
semiconductors in which lattice vibrations and 
ionized impurities are predominant as the scatter- 
ing sources. Then, with the same assumptions as 
done by JL), we calculate the two ratios, F’= 
(0r+toen/o and r=R/(1/nec)=py/ua, which are in 
this case expressible as 


F=(1+6[1-§A@) Poe) 
x Ai e/(et +e)?-t/(EBu) +h) dt , 


r=(1+é)P Ae) Fy(p)/2k? 
x [" et/(et +er)04/E Bu) +8) dt , 


where 
w=C/kT, t=x/(1-~2), x= 0r/(0r+ 01); 
A(u)=8er/[In(ew+1)P, Bi) =3F2(-)/In(e" + 1). 

The calculation was carried out numerically using 
the numerical tables) of F2(u) and Fi,2(v). The 
results are shown in Figs. 1 and 2 as the func- 
tions of w for several » values. We see that the 
Mattiessen’s rule becomes a good approximation 
and the Hall mobility approaches to the drift 
mobility as the degree of degeneracy becomes 
high enough. We see also that minima of F' and 
r occur at the x values nearly independent on p. 
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Fig. 1. The dependence of F’ upon x 
for several pw values. 
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Fig. 2. The dependence of # upon « 


for several uw values. 


The case p=—o corresponds to the classical 
statistics previously treated by JL*). 
This work was supported by the Scientific Re- 


~ search Fund of the Ministry of Education. 
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Preparation of BaTiO; Single Crystals in 
Coal Gas Atmosphere 


By Kazuo KAWABE 
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and Shozo SAWADA 
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Several investigators have reported on methods 
of growing barium titanate single crystals using 
sodium carbonate as a flux.0-@ Sawada, Nomura 
and Fujii prepared their samples in a nickel 
crucible put in a kryptol furnace which had_re- 
ductive atmosphere. We have modified their method 
by using a resistance furnance (the main constituent 
of the heater is SiC) and a nickel crucible put in 
the stream of coal gas to avoid the oxidation. The 
nickel crucible used in the coal gas stream was 
hardly oxidized and had almost completely metallic 
appearance after operation. In air or nitrogen 
atmosphere nickel reacted with carbonate solution 
to become black, yielding black crystals which 
were not ferroelectric. 

The solute is the stoichiometrical mixture of 
TiO, and BaCO; of high purity. The molar ratio 
of the solute to the flux (Na,CO;, c.p.) is about 1 
to 4. The composition in volume of the coal gas 
used is as follows: Hy, about 30%, Ny. 30%, CHy 
20%, CO 15% and the rests 5%. The furnace 
is heated up to about 1200°C and is held at this 
temperature for several hours. A cooling rate of 
about 25°C/hr seems to be suitable, until a tempera- 
ture of 1050°C is reached, where the furnace is 
held for about twelve hours and then cooled again 
at a rate of about 20°C/hr down to 900°C. At this 
temperature the  still-liquid flux is sucked up 
through a nickel pipe by a rotary pump and the 
crystals are annealed by slow cooling down to the 
room temperature. The crystal plates can be 
separated from the flux by soaking the crucible in 
hot water which dissolves the carbonate rapidly. 

The thin platelike crystals produced in this way 
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are all tetragonal ones, having a Curie temperature 
of about 118°C. The size is about several mm on 
an edge and some one reaches 1cm and the thick- 
ness is 20~30y. They have a- and e-domains 
mixed showing strip patterns under a polarizing 
microscope. Single c-domain crystals are scarcely 
obtained by this method. 

The nickel crucibles employed were commercial 
ones of about 30cc in volume. Larger crystals 
might be expected by using larger crucibles and 
giving some favorable temperature gradient to the 
crucible. 

We have tried to use KF as a flux in this method. 
Potassium fluoride was successfully used with 
platinum crucibles by J.P. Remeika.©) We have — 
got some large crystals after the same manner as © 
above except the flux, all of them, however, being 
found to be dark colored. On heating them in air 
at about 1000°C for about 30~40 hr, they become 
light brown and have a Curie temperature of 122°C 
according to the measurement of the dielectric 
constant. In air atmosphere the nickel crucible 
was heavily attacked. 

This work was done during one of the author’s 
(K.K.) stay at Institute of Science and Technology, 
University of Tokyo as a fellow of the Yukawa 
Foundation of Osaka University. He wishes to 
express his thanks to Dr. S. Nomura of this In- 
stitute for valuable discussions, and to Prof. I. 
Nitta, Dean of the Faculty of Science of Osaka 
University and Prof. T. Horie for giving him 
this opportunity all through the 1955 school year. 
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A good example of a cascade shower in nuclear emulsions was analysed, 


and its energy was determined from its lateral distribution at successive 
stages of its development comparing with cascade theory, and was found 


to be 2.5x10U eV. 


It is possible to measure the energy of high energy 


Y-rays or electrons with an accuracy of a factor two. 


§1. 


For high energy events observed in nuclear 
emulsions in which it is impossible to measure 
the energy of particle by scattering method, 
it is very important to decide the energy by 
any other method. One method is to make 
use of the phenomena of cascade shower. 


Introduction 


Here, we described the method to determine 


the energy of the cascade from its lateral 

distribution at successive stages of its develop- 

ment through several radiation lengths com- 
paring with cascade theory. 


§ 2. 


Our stack, consisting of 48 4-inch by 6-inch 
Ilford G5 600 micron pellicles, was flown with 
- the emulsion surfaces vertical for 6 hours up 
to the maximum altitude of 8mb by a poly- 


Experimental 


t=2.5 cascade 


Fig. 1. Target diagram for the cascade shower 
at 2.5 radiation lengths from the origin. 
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ethylene balloon in Japan in 1955. The emul- 
sions were processed by the usual temperature 
development. Cascade showers were sought 
in the stack. For this purpose the emulsions 
were line scanned along the horizontal direc- 
tion at the time of exposure in the lower part 
of the stack. Several cascades were found, 
but many of them had great dips and did not 
develop so much, except the one which had a 
total length of 4.5 radiation lengths (a length 
of lcm per plate), and was suitable for 
analysis. We looked for the nuclear event 
from which neutral z meson, the origin of the 
primary photon of our cascade, would be 
emitted, but we could not find such an event. 

The electron tracks of the cascade were 
identified when they had the blob density of 
plateau value, ran nearly parallel to the core 


t=4.5 cascade 200 


Fig. 2. Target diagram for the cascade shower 
at 4.5 radiation lengths from the origin. 
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and had almost the same track lengths. 

For this cascade shower target diagrams 
were obtained at successive stages of its 
development. In Fig. 1 and 2 two of them 
were shown. In the figures the points repre- 
sent electron tracks projected onto a plane 
perpendicular to the shower axis, and the 
circles centered on the shower axis are of 50, 
100 and 200 microns radius, respectively. The 
shower axis was determined as the center of 
mass of particles. In Fig. 4 were shown the 
observed numbers of electrons within several 
values of radius 7 as a function of the distance 
Zin emulsion. 


§3. Theoretical 


In order to compare with the cascade theory 
the Nishimura-Kamata’s function»’» was used 
as the normalised structure function f(7/n, s), 


where 7 denotes the distance from the shower 
axis on the plane perpendicular to the shower 


axis and s the shower age. 
i f(rin, 8)2nrdr=1 ae 
0 
= c(s) i r -—a(r/ry)b 
ae elle S rye : 
c(s Er\s-2/ E \2 
bear oe 


Ss k 


F (7/7, 8) 


(2) 
where ™=k/€, k=21 MeV, € the critical energy, 
and c(s) is the function given in ref. 1). 

The number of electrons with all energies 
at a depth ¢ from the point at which a photon 
of energy Ey is incident in the stack is given 
by one dimensional cascade function® (approxi- 
mation B of ref. 3)) 


I(Eh, 0, t)= = eal 


M(s) 
6 R(s, 


a —s)e tds 

(3) 

Then the number of electrons lying within 

an annular ring between radii 7 and r+dr 

centered on the shower axis [/(E, 7, 0, t)2xrdr 
is given by the equation 


T(E), 7, 0, A2nrdr 


Ee = * (E\fER? RS) 
ani WE) \R eg ae 
x R(s, —s)e1'*ds2nrdr eh 


Integrating with respect to 7, we get the 
number of electrons JT which are contained 
within the circle of radius 7 and 
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pe IT (Eo, r, 0, t)2nrdr 


c(s) Lor ea 
ee i \ Sl k ) M(s)k(s, —s)e1©'ds 
(5) 


The integration with respect to s is calcu- 
lated by the usual saddle point method, and 


_V 2ne(8)(Eor/k MG)R(s, Set 


OE A (6) 
~ §8/2(2,/’(S)t+3/28?-+ (c’/c)’) 
where § is given by 
eee me Cay a In a 0 Co 


§ 4. Results and Discussion 

In Fig. 3, 4,5, and 6 were shown the results 
of the calculation using equation (6) for several 
values of the energies of the incident primary 
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Fig. 3. The radial distribution function for the 


cascade shower when the energy of the primary 
photon is 104% eV. 
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Fig. 4. The radial distribution function for the 
cascade shower when the energy of the primary 
photon is 2.5x 104eV, together with the observ- 
ed radial electron distributions. 
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io. 5: ‘The radial distribution function for the 
cascade shower when the energy of the primary 
photon is 5x10UeYV. 
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Fig. 6. The radial distribution function for the 
cascade shower when the energy of the primary 
photon is 10%eV. 


photon. Comparing with our experimental 
results, the energy of the primary photon of 
our cascade is estimated to be 2.5x10"eV, 
the tendency of the development of the cascade 
differing clearly if the energy is assumed to 
be 10%XeV or 5x10" eV. 

From the above result the energy of the 
cascade shower can be determined with an 
accuracy of a factor two. It would be signi- 
ficant that we can estimate the energy of 
particle in the very high energy region with 
such an accuracy, where it is impossible to 
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determine the energy by the oridinary scatter- 
ing method. 

It will be possible to justify the theory if 
we find the cascade showers developed by two 
photons which have their origin in 2° > 27 
event, in which we can estimate the energy 
of z°-meson more accurately from the opening 
angle between the two y-rays. In our case 
such a case has not been found. But as the 
studies with emulsion cloud chambers are now 
going on, it must soon be found. 

Making use of the approximation A of Rossi 
and Greisen applying the theory by Fernbach 
and Erges®, Kaplon and Ritson® also estimat- 
ed the energies of cascade showers in their 
emulsion cloud chambers. Their results agree 
with ours within the fluctuations. Recently, 
Pinkau® has also reported the analysis of 
cascade shower in nuclear emulsions in which 
he obtained the energy of y-ray by measuring 
the energy of each electron track by scattering 
method. His results are well in accord with 
ours. 

The authors wish to express their gratitude 
to Prof. O. Minakawa and J. Nishimura for 
their comments and suggestions. To the 
members of the Kansai Balloon Group go our 
sincere appreciation and thanks for making 
possible the balloon flight. 

This work was financially supported by the 
Grant for Scientific Research of the Ministry 
of Education for the 1955 fiscal year. 
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In most of the ferromagnetic oxides, the anion lattices are const- 
ructed by piling up two dimentional trigonal lattice layers in succession. 
Metallic ions locate on the proper interstices of these anion layers, 
forming themselves also several kinds of layers. It has been shown that 
the crystal lattices of these oxides can be constructed uniquely by 
assuming 1) the layer structures outlined above, 2) requirement of 
minimizing the sum of electrostatic energy and interionic repulsive energy 
and, 3) the numbers of cations locating between two neighbouring anion 
layers are all the same, e. g. equal to that corresponding to the mole- 
cular ratio notwithstanding that there may be several kinds of cation 
structures as such inter-layer cation arragements. From this considera- 
tion, 13 M—O-—M configurations are derived as possible configurations 


acting for the superexchange interaction in magnetic oxides. 


It is shown 


that the magnetic lattices also have layer structures. 


Introduction 


§1. 

The most of the crystal structures of mag- 
netic oxides are so complex that it seems 
difficult to understand these structures physi- 
cally; for instance the spinel structure contains 
fifty-six ions in a unit cell. However, it has 
been shown by the carefull analysis based 
upon certain assumptions, that each of these 
structures is a unique one which can be con- 
structed from the constituent ions having 
definite ratio of anions to cations. Since these 
assumptions are so simple and reasonable, by 
using these ideas, we can understand the 
crystal structures of various magnetic oxides 
more deeply than by the usual crystallographic 
representation. It would become easier to 
consider possible imperfect structures in these 
crystals (lattice defect, dislocation, stacking 
fault, etc.). These ideas can also be applied 
to many other compounds to elucidiate their 
crystal structures. 

An application of these ideas to the problem 
of superexchange interaction will be given in 
the last sections. 


§ 2. 


Oxides of iron group elements are generally 
discussed in this paper. It is well known that 
in almost all of these crystals anions make 
approximately close packed lattices (face 
centered cubic lattice or hexagonal close pack- 
ed lattice). The fact will be mainly due to 
the large difference in ionic radii between the 


Assumptions 


oxygen ion (O--=1.32A) and the metal ions of 
iron group elements (Mn**+=0.91, Fe*+=0.83, 
Fe+*+*= 0.67, Cot*=0.82, Ni**=0.78, etc.)P. It 
is also well known that the close packed lat- 
tices can be constructed by piling up plane 
trigonal lattices. The plane trigonal lattice 
has two kinds of interstices, each of which 
forms itself a plane trigonal lattice. These 
are shown in Fig. 1. We shall specify each 


Fig. 1. Mutual configuration of three 
plane trigonal lattices with phases 
A, B, and C. 


one of these with its phase A, B or C. Then 
a layer structure ABCABC--- forms a face 
centered cubic lattice and ABABAB--- forms 
a hexagonal close packed lattice. 

It is our standpoint throughout this paper 
that every crystal is considered as having a 
layer structure. Thus the following three as- 
sumptions can be derived semi-empirically as 
the guiding principles. 
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Assumption I. 

In these crystals, oxygen ions form close 
packed lattices. Therefore, the lattices can 
be considered as layer structures composed 
of plane trigonal lattices of oxygen ions*, 

Assumption II. 

In these crystals, cations locate on proper 
interstices of their close packed oxygen lat- 
tices. The arrangement of cations on vari- 
ous interstices are so determined as to 
minimize the sum of the interionic repulsive 
energy and the electrostatic Coulomb energy. 
The phase selection of the successive oxygen 
layers (ABC--- or ABA--- etc.) are also 
ruled by the same principle. 


Assumption III. 

Cations distribute equally in number to 
each interspace region present between every 
two nearest oxygen layers. Therefore, the 
ionic ratio of cations to anions is maintained 
as constant at between every two neighbour- 
ing oxygen layers; it is equal to the mole- 
cular ratio of the crystal. 

It seems at this stage that Assumption II 
requires quantitative calculations of the Madel- 
ung constant. However, it will be shown later 
that in almost all cases only qualitative con- 
siderations of this sort are enough to under- 
stand the actual arrangements of anions and 
cations. Assumption III might be supported 
by the requirements for the balance of elec- 
trostatic charge or by that for the maximum 
entropy. However, this assumption is derived 
here mainly from empirical facts. 


§3. Subdivisions “S’’ and “‘T”’ 

Before entering into the analysis of the 
actual crystals, several geometrical relations 
existing in the plane trigonal lattices A, B 
and C are studied. 

Now we consider first the possible ways of 
subdivision of a plane trigonal lattice. If we 
postulate that the sublattices after the sub- 
division should be all equivalent and be all 
nearest neighbours with each other, it is pos- 
sible to find three ways of such subdivision. 
These are shown in Fig. 2. The unit length 


respectively, where a is an unit length of the 


* In this stage, we disregard entirely the devia- 
tions from the geometrical lattice points that exist 
often in actual crystals. 
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“S” subdivision 


(a), Subdivision ‘‘S”’ (with three sub- 
lattices). 


“T ” subdivision 


(b), Subdivision ‘‘T”’ (with four sub- 
lattices). 


“U” subdivision 


Subdivision ‘‘ U’’ (with seven sub- 


(c), 


lattices). 


Fig. 2. Three ways of subdivision for a 
plane trigonal lattice. 


original lattice. These subdivisions subdivide 
the original trigonal lattice into 3, 4 and 7 
equivalent trigonal sublattices. We shall call 
these, subdivisions “S”, “T” and “U™” re- 
spectively. 
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We concern ourselves with “S” and “T” 
subdivisions in this paper. “U” subdivision 
is rather artificial. It should be noticed that 
if one sublattice in “S” subdivision is removed 
from the original lattice, then the remaining 
lattice forms a honey-comb lattice, and on the 
other hand in “T” subdivision, the remaining 
lattice forms a “kagome” lattice as shown in 
Fig. 3. For the sake of the later analysis we 


“S14+S2” 


(a), honey-comb lattice as composed of 
two sublattices in ‘‘S’’ subdivision. 


cae D ater 3 2 


(b), 
three sublattices in ‘‘ T ”’ 


“kagome ’’ lattice as composed of 
subdivision. 


Fig. 3. Plane trigonal lattices with va- 
cant sublattice. 


define the individual sublattices on the three 
plane trigonal lattices A, B and C as 


SA1 SA2 SA3 TA1 TA2 TA3 TA4 
SBl: SB2. SB3. or TB: TB2 TB3.TB4 
SC1 SC2 SC3 TCL UC2VEESEL CS. 


The mutual relation of these sublattices are 
shown in Fig. 4(a) or (b). In “T” subdivision, 
TA1+TB1+TC1 forms also a trigonal lattice 
and TA1, TB1 and TC1 form “S” subdivision 
in this trigonal lattice. TA2+TB2+TC2, 
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TA3+TB3+TC3, and TA4+TB4+TC4 also 
have the same relation. 

It should be noticed here that subdivisions 
“S” and “T” subdivide the trigonal lattices 
by completely different ways and there is no 
simple correlation between them. It has been 
found actually that the whole crystals in which 
some ions form close packed lattices can be 
classified into three groups, namely, 1) having 


“S” subdivision 
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in ‘‘ T”’ subdivision 
Fig. 4. Notation of individual sublattices 


on three plane trigonal lattices A, B, 
and C. 


no subdivision (NaCl, NiAs, ZnO, ZnS, Cdl., 
CdCl, types etc.), 2) obeying “S” subdivision 
(Cr.03, TiFeO3, NisS. types etc.), and 3) obey- 
ing “T” subdivision (MgAl,0,, BaFe,2.Oj9, 
Fe;Ss, LaMnO;, HFeO, types etc.)». If two 
crystal structures belong to “S” and “T” 
group respectively, there is no habit plane of 
good registry. At low temperatures, Fe;O, 
transforms into yFe,03; by further oxidation, 
and not into aFe,O3, in spite of the fact that 
the true equilibrium state is a@Fe,03. The 
phenomenon will be explained by the fact that 
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both Fe;O, and yFe,0; belong to “T” group 
and can transform continuously from one to 
another, while aFe,0; belongs to “S” group. 


§4. Iron-Oxygen Crystals 


Now the analysis of the actual crystal struc- 
tures will be given. For convenience, we 
explain first iron-oxides in detail. These are 
wustite (FeO, NaCl type), magnetite (Fe3Ox, 
MgAl.O, type) and @ hematite (Fe,03, Cr.O; 
type). 

1) FeO». 

According to Assumption I, a plane trigo- 
nal lattice of O-- ions is taken as the first 
layer. Let the phase of the layer be A 
(Diagram 1). Then Assumptions II and III 


4 @) G 

Fe B < 
3 Oo —— A 

Fe | Cc > 
2 O B 

Unit 

Be Cell A se 
1 O Cc 

Fe | B > 
0 O — A 
z Orth Fes Spin 

FeO 


Diagram 1. Structure of FeO. 


promise that the phase of next Fet* layer 
should be B or C, and Fe*t ions should 
occupy the whole lattice points of the same 
layer. If we assume the layer is B, then 
we must conclude the next O-- layer is C 
according to Assumption II. The diagram 
thus constructed is shown in Diagram 1. In 
the diagram, z means vertical distances of 
the layers. It will be easy to understand 
why wiistite has NaCl type structure. 
2) aFe,O3”). 

Like the previous case, we first set an 
O-- ion layer of phase A (Diagram 2). By 
Assumption III, the next Fet** ion layer 
must occupy two thirds of the lattice points 
of a plane trigonal lattice of phase B. Then, 
it will be required by assumption II, that 
the lattice should be subdivided by subdivi- 
sion “S” and two of the three sublattices 
be occupied. Let them be SB2 and SB3. 
They form an honey-comb lattice. T he 
next O-- ion layer must be C. The con- 
figuration thus obtained is shown in Fig. 5. 


2 
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Diagram 2. Structure of aFe.O3. 
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Fig. 5. Projection of a Fe,03 crystal as 
seen from <lll asis. It corresponds to 
a cross section at g=1 in Diagram 2. 


It will be clear that the positions SB1_be- 
come the positions with minimum energy 
for the next Fe+++ ions. Consequently, the 
next Fet*++ ion layer is SBl as shown in 
Diagram 2. But according to Assumption 
III, one more layer is necessary and the 
sublattice SB2 or SB3 seems most probable 
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for this. In this case, the existence of Fe*** 
ion layer on SB1 sublattice denies the pos- 
sibility of occupation of A positions for the 
next Fet** ions. Let it be SB2, the next 
layer should be an A layer of O-~ ions. 
Repeating these procedures, Diagram 2 is 
easily constructed, which shows that the 
structure is a hexagonal one. It should be 
noticed that the initial SB2+SB3 layer of 
Fet*+ ions must separate into two layers 
SB2 and SB3 by the influence of underlying 
SB3 layer of Fett*+ ions. Diagram 2 is 
drawn after the consideration of this effect. 
Oxygen ions also have small displacements 
from the geometrical positions. These are 
discussed in section 6. 
3) Fe;0,”. 

In this case there are two kinds of iron 
ion: Fe++ and Fet*+. But here we disregard 
the difference of the two ions®. By a simi- 
lar way to that of the preceding case, we 
can construct Diagram 3. Let the first O-- 
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Diagram 3. Structure of Fe;Qy. 


ion layer be of phase A. It is uniquely 
determined by Assumption III that the next 
Fe jon layer should follow subdivision 
“T” and one sublattice becomes vacant. 
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Let it be TB1+TB2+TB3. Then the next 
O-- ion layer must be C. The configuration 
constructed in this way is shown in Fig. 6, 
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Fig. 6. Projection of Fe3;0, crystal as 
seen from <11l> axis. It corresponds to 
a cross section at e=7/4 in Diagram 3. 


as seen from z axis. With the aid of the 
figure, it will be clear that the next Fe‘ 
ion layer is in TB4. However, because of 
Assumption III, more Fe‘ ion layers must 
be present. These are TA4and TC4. The 
occupation of Fe‘ ions on TC4 sublattice 
is caused by the electrostatic energy require- 
ment from Fe‘) ions in TB4 and TA4 sub- 
lattices. The next O-- ion layer must be 
B. Repeating these precedures we can con- 
struct Diagram 3. It represents the spinel 
structure. It should be noticed that in this 
case, the Fe‘) ions occupy two different 
interstices of the oxygen lattice; one is the 
tetrahedral position and the other is the 
octahedral position. They correspond to 8(a) 
and 16(d) sites of the spinel crystal respec- 
tively». 


oes 
yj 


§5. Other Examples 


By the explanation of the previous section, 
it will be understood that each one of the 
crystal structures of iron-oxygen system can 
be constructed uniquely by the assumptions I, 
If and HII. The reason why these assumptions 
are varid so simply for these crystals may 
be due to the fact that the cohesive energy 
of the crystals is of purely ionic nature and 
the oxygen ion has a larger ionic radious than 
that of the iron ion. The theory can be ap- 
plied to almost all oxides of iron group elements. 

It can be applied also to almost all magnetic 
compounds. Although some deviations from 
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our theory appear often in these crystals, it 
will be interpreted as showing the difference 
in the binding nature in these crystals from 
the simple theory; it can be ascribed partly 
to the variety in ionic radii of the component 


‘ions and partly to the covalent nature of their 


binding force. Several examples will be in- 
troduced hereafter. 
4) FeS”. 
The structure before the a transformation 
(T >140°C)* is shown in Diagram 4 and is 
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Diagram 4. Structure of FeS. 
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Diagram 5. Structure of Fe7Ss. 
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forms slightly®). 
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generally called NiAs type structure. The 
difference from the structure of FeO is that 
the two nearest iron ion layers do not elude 
overlapping in this crystal. This will be 
due to the homopolar binding tendency of 
S-- ions. Many of the magnetic compounds 
consisting of iron group elements and metal- 
loid elements (S, Se, Te, As, Sb, Bi, etc.) 
have the same crystal structure”. Various 
properties of these compounds would be in- 
fluenced by the mentioned homopolar binding 
tendency of this structure”. 
5) FeSs?. 

Bertaut has found by a X-ray study that 
a superstructure Fe;Ss exists. The structure 
is shown in Diagram 5. In this case, it is 
obvious that “T” subdivision should be used 
and it becomes also easy by using the same 
scheme to understand the structures of 
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Diagram 6. Structure of BaO-6Fe.03. 
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various polysynthetic twin crystals present. 
6) BaO-6Fe,0;®. 

The structure is called magnetoplumbite 
structure and is shown in Diagram 6. The 
structure can easily be understood by ap- 
proving the existence of close packed layers 
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Diagram 7. Structure of LaMnO3. 
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consisting of O--, Ba** and Fe*t* ions. Inj 
this layer, Batt ions occupy the special 
positions which are usually occupied by O-— 
ions. This fact will be due to the large 
ionic radius of Batt ion (1.38A). The 
layer lies between two spinel units and 
“T” subdivision is used. 
7) LaMnoO,%. 

The structure is called perovskite structur 
and is shown in Diagram 7. In this case 
also, the ionic radius of La*** ion is so 
large that O-- ions and La*** ions construct 
together a face centered cubic structure. 
Mn+t*+ ions locate on all the octahedral in- 
terstices which are surrounded only by O-- 
ions in this close packed lattice. “T” sub- 
division is used. 

8) KFe,01;. 

The structure is shown in Diagram 8. In| 
this case the ionic radius of K* ion is so) 
large that a K+ ion in TC4 position is con-- 
sidered to play the same role as three O-~" 
ions at TA1+7TA2+TA3 positions. 


§ 6. Discussion 


It should be remarked here that in the: 
actual crystals there are often some deviations 
from the geometrical lattice points which are 
mentioned above. These deviations are in- 
duced usually by the lack of certain symmetry 
existing occasionally in the original geometri- 
cal lattices, and the deviations occure so as 
to reduce the total cohesive energy, which 
are easily comprehensibe. Therefore, for in- 
stance, the presence of parameter zw in the 
spinel structure», and w, v in the rhombohedral 
sesquioxide (@Fe,O;)” can be expected a prioré 
from the original structures. These deviations 
occur normally so as to equate approximately 
all the contact distances between cation and 
oxygen ion for these cases. 

As an example, in Fig. 7, the atomic ar- 
rangement of aFe,O3; are shown in the actual 
proportions. (@=5.427 A™, a=55°16’, u=0.105, 
v=0.2951), 7(O--)=1.32 A, 7(Fet*+*+)=0.67 A). 
The projection to (110) plane is shown in (a), 
and that to (001) plane, in (b) (hexagonal co- 
ordination). The induced displacement of 
each ion from the geometrical position are 
illustrated in the figure. In the left side of 
Fig. 7(a), the original position of each layer 
is shown. As illustrated already in Diagram 
2, each Fe*** jon layer splits into two in 
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order to increase Fe-Fe distances, resulting in 
ithe simple displacements of Fet+* ions along 


<001> or <001) direction. The displacements 
of oxygen ions are understood easily as the con- 
|sequence of these cation displacements. The 
displacements of oxygen ions are shown in 
Fig. 7(b) by short lines. It will be also clear 


H 
; 


Fig. 7. Atomic arrangement in aFe.03. (a), 
as projected to (110) plane; (b), as project- 
ed to (001) plane. Short lines indicate the 
induced displacements of oxygen ions from 
the geometrical positions. All configura- 
tions are written in actual proportion. 


that the direction of each displacement is 
unique. In the figure, oxygen ions in C layer 
changes their positions such that they approach 
to the nearest SB2 positions in the same (001) 
plane. The contact distances between oxygen 
ion and iron ion become 2.07A or 1.97A in 
aFe,0;3!™. 

But there are several crystals in which the 
deformation occurs unusually which can not 
be expected from the symmetry of the origi- 
nal lattice. Tetragonal deformation of spinel 
structure (Mn;0,, ZnMn.0,”, CuFe,0.'), de- 
formation to MnP structure from NiAs struc- 
ture (MnAs,™, FeAs’”)), etc. are such cases. 
In these cases it will be necessary to make 
clear the driving force for such deformation. 
It will be necessary in such cases to introduce 
the consideration of covalency. However™, 
we do not concern ourselves with such topics 
in the present paper. 

It is well known that in the actual crystal 
growth from the melt or the solution, each 
crystal grows layer by layer probably with 
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the aid of screw dislocations in the center. 
At these circumstances each ion might sought 
its favouroble position on the surface of the 
mother crystal, in obedience to the law similar 
to the assumptions which we postulated in 
section 2. In the compound like as treated in 
the present paper, the growing surface coincide 
frequently with the layer surface being con- 
sidered now. This fact might indicate that 
there are some relationships between the idea 
developed in the present paper and the mecha- 
nism of the actual crystal growth. 

§7. Possible Types of Super Exchange In- 
teraction 


In the arrangement of ions discussed above, 
we can find thirteen kinds of super exchange 
interactions! with different cation-anion-cation 
configurations. These are shown in Table I. 
In the table, the first column indicates the 
interaction angle 7 M,OM:, (Mi, M. mean 
interacting cations, O means intermediate 
oxygen), and the second column, the M,-O, 
M.-O distances. The configurations in which 
M,-O and M.-O are contact distances are only 
listed. There are two contact distances p and 
q corresponding to tetrahedral and octahedral 
positions respectively. The third column in- 
dicates the corresponding configurations ex- 
pressed by our notations with the relevant 
oxygen ion layer having A phase, and the 
fourth and fifth columns indicate the possibility 
of each configuration in cubic and hexagonal 
sequence of oxygen. The last two columns 
indicate whether the interaction connects the 
cations at different side (upper or lower) of 
the intermediate oxygen layer or not. As is 
shown, most of the strong coupling (having 
large interaction angle) are of inter layer 
nature. Therefore, it can be supposed from 
this table that magnetic coupling also have 
often layer like structure. As will be shown 
in the next section, in the actual crystals this 
expectation is realized in almost all cases; 
their dominant interactions are those of inter- 
layer nature. However, it should be noticed 
that this does not mean that all the spin 
magnetic moments present between two adja- 
cent oxygen ion layers are parrallel. The last 
line of the table indicates the special super ex- 
change configuration appearing in BaFe:.0,.». 
It should be remarked that the interaction 
angles or the M-O distances shown in the 
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Table I. Possible M,-O-M, configurations in magnetic oxides. 
The tabulated configurations can be responsible for superexchange interaction. The 
interaction angles “M,OM, and the oxygen ion-metal ion distances M,-O, M,-O are those 
for the ideal geometrical arrangements in which oxygen ions make regular close packed 
arrangements. 
p= 3/8 a=0.612a, and q=y1/2 a=0.707a, where a means nearest O-O distance. 
The third column indicates the individual configurations. For instance, Tica) - 
A(0) — Teil +1/4) means two configurations, in which one is the configuration from My; at 
TBi position (Fig. 4(b)) with z= —1/4 (2 means the vertical coordinate of each ion measured 
by the interlayer distance of oxygen layers, i.e. »2/3a, to Mz at TCi position with z= +1/4 
intermediated by an oxygen ion at A position with z=0. The relevant oxygen ion layer 
is constantly assumed to be A phase at z=0. 
Cubic or Hexa. mean that the configuration may appear in the cubic or hexagonal 
sequence of oxygen layers (BAC and CAB, or BAB and CAC). 
Inter or Intra layer means the configuration in which M, and Mz belong to the different 
side or the same side of the intermediate oxygen ion layer. 
Soin [NEEENENIE Galnineamemmeeee ane = Ae 4 —s 
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Table I. (Continued) 
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table do not correspond accurately to the actual 
angles or distances in many cases. The fact 
is due to the presence of the induced displace- 
ment of each ion from each geometrical posi- 
tion, as we mentioned in the foregoing section. 


§8. Interpretation of Magnetic Coupling in 
Actual Crystals 

By using the result of the crystal structure 

analysis (Figs. 4(a), (b), and Diagrams 1, 2, 

, 8) and Table I, we shall give the inter- 


pretation of the structures of magnetic coupl- 2) 


ing in several actual crystals. It should be 
noticed that all these magnetic lattices also 
have layer structures in which the ions in 
such layer have the same spin orientation. 

by FeO. 

In this case, all cations are on octahedral 
positions and accordingly, all z in Table I 
are +1/2. Therefore configurations II and 
VII are only responsible for super exchange 
interaction. Interaction II should be domi- 


TCl, TA2+TB2+TC2, TA3+TB3+TC3, 
and TA4+TB4+TC4. There are two ways 
for the mutual spin relations among these 
four lattices effectively. One is cubic (Néel 
type) and the other is rhombohedral’. It 
should be noticed that the VIII type interac- 
tions are cancelled out in both cases and it 
does not contribute to select one from the 
two. Actually, rhombohedral structure is 
realized. Therefore, it has a layer structure 
as shown in Diagram 1. 

aFe,03*1), 

In this case also, all cations are on octa- 
hedral positions and configurations IV, VII, 
and XI should be responsible for superex- 
change interaction. It will be most reason- 
able to assume the interaction IV is domi- 
nant and negative. This interaction is also 
of interlayer nature and it predicts perfect 
antiparrallelism of successive cation layers 
as shown in Diagram 2. Here, it should be 
remarked in this case that the induced 


nant, having certainly negative sign. This 
interaction is of interlayer nature. Thus 


* Note added in proof—Quite recently Y. Y. LiD 


has pointed out that the interaction XI is important 
in aFe,03 and Cr,03. However, Li has missed the 


cations at TAi, TBi and TCi pesos oo presence of IV, interaction. We have given a 
struct an antiferromagnetic lattice of spins. getailed discussion in J. Phys. Soc. Japan. 11 (1956) 
There are four such sublattices TA1+TB1 1300. 
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deformation of crystal lattice from the geo- 
metrical arrangement changes the configura- 
tion IV into two slightly different configura- 
tions. Therefore, we consider the interaction 
IV as consisting of two different configura- 
tions: One, IV, has the equal M-O distances 
and the other, IV. has two M-O distances 
in which one is slightly different (longer) 
from that in the former. They correspond 
to SB3-C-SBl1 and SB2-C-SB1 at z=1 in 
Diagram 2. 

The spin arrangement in Cr,O; are also 
shown in Diagram 2. Though there are 
two cation layers between two neighbouring 
oxygen layers, it has also a layer structure. 
The structure can be understood by assum- 
ing that the interaction IV, has negative 
sign, whereas the interaction IV, has positive 
sign. 

3) Fe3Qx. 

In this case cations are on both octahedral 
positions and tetrahedral positions. This 
case was treated already by Gorter!” con- 
sidering the higher order interactions. In 
our consideration, the configurations present 
are Vand VIII. It should be expected that 
V interaction is dominant and has negative 
sign. The interaction V covers all. the 
magnetic lattice and results in the well- 
known ferrimagnetism™:>® in spinels as 
shown in Diagram 3. It will be clear that 
in this case also the magnetic lattice has a 
layer structure. 

In this case also oxygen ions displace 
slightly from their geometrical positions. 
Though these displacements distorts the 
configurations V slightly, the distortion is 
similar to every configuration V and, con- 
trary to the preceding case, all configurations 
V are equivalent after the deformation. 

4) BaO-6Fe,0;®. 

In this compound the oxygen layers which 
contain barium ions contain also iron ions 
and a new type of interaction is present 
which is named as IV’ in Table I. The 
interaction IV’ may be considered to be 
fairly strong. This interaction bind the 
spinel units present at both sides of the 
layer so as to result in ferrimagnetism. 


6) LaMn0O,%-20), 
In this compound configuration II is only 
responsible for exchange interaction. Nor- 
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mally it operates as super exchange interac( 
tion and antiferro-magnetism is realize : 
The manganese ions in this case are all ii] 
trivalency state. But, when lanthanum ion) 
are substituted partly by alkaline-earths ion) 
(Ca, Sr, etc.), the tetravalency state 0) 
manganese ions appears associated with the 
participation of double exchange interaction 
In this case the situation is very complex 
and the actual magnetic structures become 
beyond the scope of our scheme. 


7) FeS. 
In this case also all cations are on octa+ 
hedral positions. Therefore, configurations 
IV, VIII, and XI are present. It is doubtful 
whether we can extend Anderson’s theor 
of directional super exchange interaction © 
magnetic oxides to sulphides. However, if: 
we assume it can be applied to sulphide, 
the dominant interaction should be the in-- 
teraction IV, and perfect antiparrallelism of 
successive cation layers are expected. Ac-: 
cording to the Bertaut’s analysis», it is: 
expected that the configuration IV_ splits: 
into six different configurations after @ 
transformation (T< 140°C). 

If NiAs structure deforms to MnP struc- 
ture as has been suggested also in MnAs!, 
the configuration IV splits into two different 
configurations. 


§9. Conclusion 


By the analysis of this paper, it will become 
clear that the crystal structure of magnetic 
oxides are comprehensible by the model of 
layer structures on a purely ionic base, and 
the magnetic superstructure are also compre- 
hensive by the same model. Generally, the 
magnetic oxides often contain vacancies of 
cation or interstitial cations. It will be hoped 
to apply our theory further to the study of 
these point imperfections in crystal lattices. 
We hope also to extend our theory to the 
study of one dimentional or two dimentional 
imperfections in these crystals (dislocations, 
or stacking faults). 
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Anisotropy in Polarized Barium Titanate Ceramics’ 


By Masakazu MARUTAKE and Takuro IKEDA 
Kobayasi Institute of Physical Research, Kokubunji, Tokyo 
(Received October 18, 1956) 


Dielectric constants ¢,” and e3% (perpendicular and parallel to the 
direction of the polarization) and elastic compliance coefficients 81”, 833” 
and sy” of fully prepolarized BaTiO; ceramics are measured, and are 
compared with the dielectric constant ¢? and the elastic compliance coef- 
ficients 81,9 and s449 of the unpolarized ceramics. 


Anisotropy is small (a few percent). 


By semi-quantitative calculations, 


it is shown that the 180°-reversals of domains mainly remain after the 
poling process, and that anisotropy is due to the piezoelectric interactions 


among single crystals which constitute the ceramic. 


§1. Introduction 

In piezoelectric applications, BaTiO; ceramics 
are used usually after they are polarized in a 
d.c. electric field of about 20kV/cm. In this 
poling process, domain orientations are altered 
and there remains the remanent polarization. 
Meanwhile, BaTiO; single crystal is highly 
anisotropic in the tetragonal phase; for in- 
stance, €;7=4500 and €3;7 =200 for the dielectric 

+ Main part of this paper was read at the meeting 
of the Acoustical Society of Japan, held on May 14, 
1953. 
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constantsY, and s,,”=1.1x10-!2cm?/dyne and 
$33¥=2.3x10-"%cm?/dyne for the elastic com- 
pliance coefficients” at room temperature. 
Therefore, if 90°-rotations of domains remain 
after the poling process, the dielectric and 
elastic constants of the polarized ceramics are 
expected to be very different from those of 
the unpolarized ones. From this point of view, 
the anisotropy of the polarized BaTiO; ceramics 
was studied in the tetragonal phase. 

The unpolarized ceramic is isotropic, and 
has one dielectric constant €*°, two elastic 
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compliance coefficients su*° and sy*°, and does 
not show the piezoelectric effects. (Superscript 
* denotes the constant of the ceramic to dis- 
tinguish it from that of the single crystal”, 
and 0 denotes the constant of the unpolarized 
ceramic.) The polarized ceramic, on the other 
hand, has the symmetry of C,(m=0)”, and 
has the following matrix elements for the di- 
electric, the piezoelectric and the elastic con- 
stants. 


ees 0) 
( 0 6 0 a) 
O30 €" 
0 0) 0 0. dy* 0 
( 0 0 Ouida, Oh anO (2) 
ai as a. 0 0° "0 
SH eSieeSise 10) 0 0 
Bast “Guba Sew) 0 0 
Sign Sig” S357 0) 0 0 
0 0 Oo Sue 0 0 (3) 
0 0 Oe Sia* 0 
0 0 0 0 2(sy*—s12*) 


In this study, Gites Sa d3;*, 33" Siac 
$33%", Si*” were measured at the temperatures 
between 10°C and 80°C, and were compared 
WAGHEC IC Si On anG Sesto. 

Furthermore, for comparison, the dielectric 
constant €,*” and the elastic compliance coef- 
ficient s\,*" were measured under a_ biasing 
d.c. electric field. Though these measurements 
were reported by many authors?®”, we re- 
peated here especially to make clear the be- 
haviors in a weak biasing field. 


§2. Experimental Procedures and Results 


BaTiO; ceramics were sintered at about 
1400°C from the mixtures of BaCO, and TiO, 
(reagent-grade) in an ordinary way. These 
specimens have the Curie temperature at 115°C, 
and the density of about 5.5. 

(1) Dielectric Measurements 

The dielectric constants were measured with 
a Q-meter at 50 kc (far below the mechanical 
resonant frequency of the specimen), 

The specimen was polarized, first, along the 
z-axis (cf. Fig. 1) in a dic. field of 20 kV/cm, 
and €;*” was measured after the specimen was 
aged for 2 days at 75°C. Then, &,*7 along 
the x-axis was measured, by applying air-dry- 


and T, IKEDA (Vol. 12) 
ing silver electrodes (Pz) after old electrodes: 
(P,) were removed. Finally, €*° was measured) 
after the specimen was depolarized by heatings 
above the Curie temperature and was aged 


Electrode Pp 


Fig. 1. Specimen for dielectric measurements. 


again. &*9, €&*7 and &3*” are shown in Fig. 
2, and it is found that at room temperature | 
&,*7 and &*? are larger than €*° (e.g. (€;*™ 
—E*0) 6039 and (#7 —E*0)/E*0=12% at 
20°C), but that €,*” is smaller than &*° at the 
temperatures above 60°C. 


1,700 


Dielectric Constants 


20 100 


40 


60 
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80 
re) 
Fig. 2. Dielectric constants of the polarized and 

the unpolarized ceramic. 


Generally, the dielectric constant of ferro- 
electric materials is reduced by a biasing elec- 
tric field. We also measured the dielectric 
constant €3*” by applying various d.c. voltage 
at 27°C and 78°C. A rectangular plate of 10 
x8.1x0.6mm* was used as specimen. The 
results are shown in Fig. 3 and Fig. 4. 

On the virgin curve (ABC), it will be seen, 
€3*” increases at first with the biasing field 
(AB), and then decreases rapidly (BC). Next, 
returning to the zero bias (CDE), €3;*” increases 
smoothly with the decreasing field; and when 
the biasing field is reversed, &3*” decreases, 
first very rapidly (EF), and then slowly (FG). 
These cycles can be repeated in the same way, 
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and at the zero bias (E) &*7 js larger than at 
the starting point (A). 

Unsymmetrical curves like Fig. 3 and Fig. 

4 were previously obtained by Roberts» and 
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Fig. 3. Effects of the biasing field on &3*” (27°C). 
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recently by Mesnard and Eyraud”, and we 
shall conclude later (§ 3) that these phenomena 
are mainly due to the piezoelectric interactions 
among single crystallites. These phenomena, 
however, are relaxation processes, and the 
time during which the biasing voltages are 
applied changes the shape of the curve. Saku- 
do® has obtained a symmetrical butterfly-type 
curve (Fig. 5) when the biasing field is changed 
at the period of 1/50 sec., while in our measure- 
ments €,*” was measured after the biasing 
voltage was applied for about 5 minutes. 


a) 
ay 
— 
eS 
Le) 
Ss 
vy) 
(ex 
(@) 
ro) 
oO 
= 
= 
oO 
@ 
2 
a) 
O 
Biasing Field 


Fig. 5. Effects of the biasing field (short dura- 
tion) on &3*” (after Sakudo®). 


It is also noted that the aging process (in a 
larger scale of time) plays a great réle, and 
that the value at the starting point (A) is that 
measured after being aged for a day ai 80°C, 
while the value at the zero bias (E) is that of 
unaged state, so that the latter decreases con- 
siderably (from E to H) at the fully aged state. 
(2) Elastic Measurements 

The elastic compliance coefficients s,;*”, 
S33*", S4e*@3 Sy1*°, Syy*° were measured at the 
temperatures between 10°C and 90°C, and s\,*? 
was also measured in the various biasing 
electric field at 23°C. The elastic constants 
were obtained from the resonant frequencies 
of bars (with rectangular or circular sections), 
which were measured either by the self-reso- 
nance method (s,,*” and s33;*”) or by the com- 
posite-bar method (si*”, sac*”, Sii*°, Sya*° and 
the measurements under the biasing fleld). 

(1) Sy*” and d3,* 

Resonant and antiresonant frequencies fxr 
and f4 of the lengthwise compressional vibra- 
tions of the bar were measured (Fig. 6) after 
the specimen was polarized at 18kV/cm at 
room temperature and was aged for a day at 
80°C, 
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Fig. 6. Measurements of sy*” and d3)*. 


Sy*# and d3,* are calculated from the follow- 


ing equations: 


eel il ade ban 

SE= 2] V sate, ’ 

Tar Te hs (4) 
ae 4nds;*” : 

Ba = eng at? 


where op is the density and 7 is the length of 
the specimen. The results are shown in Fig. 
8 and Fig. 9. 

(ii) S33*” and d33* 

Resonant and antiresonant frequencies fr 
and f; of the lengthwise compressional vibra- 
tion of the bar were measured by applying 
the electric field along the direction of the 
length (cf. Fig. 7), after the specimen was 
polarized at 15kV/cm at room temperature 
and was aged for a day at 80°C. 


xc ~6=C Electrode 


Fig. 7. Measurements of 833*2 and d33*. 


$33*" and d3;* are calculated from the fol- 
lowing equations: 


gy ane Bat Ae 
21 V  ps33*#{1—(1 —8/7?) R537} 
4 
is a 72 Ress? co 
get Ards; 
53 ae Sygh 2S 5*! 


In these measurement, the capacity of the 
sample was small (about 5 uF), and accord- 
ingly, the errors due to the stray capacity (2 
uF) were corrected in determining the anti- 


T v. notes added in proof (1) at the end on the 
paper, 
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Fig. 8. Elastic compliance coefficients s*” $33*4 
and $1,*°. 
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Fig. 9. Piezoelectric moduli d3;* and d33*. 


resonant frequency f4. The results are shown 
in Fig. 8 and Fig. 9. 

(ili) $1,*° and s,,*” in a biasing electric field. 

The elastic compliance coefficient s,,*° of 
the unpolarized ceramic was measured by the 
composite-bar method (wv. ref. 10), and is shown 
in Fig. 8. By the same method, s,,*” was 
measured by applying the various biasing vol- 
tage, and the results are shown in Fig. 10, 
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Fig. 10. Effects of the biasing electric field on 
81374 (2326): 


Elastic Compliance Coefficient Si£(in 10 ém?/dyne) 


(iv) Sga*° and s,¢*". 

Sas*9 and Sis*2 were measured also by the 
composite-bar method (v. ref. 10), and the re- 
sults are shown in Fig. 11. 
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Fig. 11. Elastic compliance coefficients 844° and 


S44* “Ne 


(v) Results. 

In these measurements of elastic constants, 
following results were obtained. 

(a) At room temperature, Sag*2 and S4*" 
are larger, respectively, by a few per cent 
than s,,*° and sy4.*° (é.g. (S33* 29 —Sy1*°)/si1*° =3.5% 
and (S44*#—S44*°)/sig*°=4% at 20°C) erst, 
however, does not differ from sn*° within 
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experimental errors at room temperature, and 
the former is smaller than the latter at the 
temperatures above 60°C; these behaviors are 
similar to those of the dielectric constant &*”. 

(b) sSy*” shows the similar behaviors to 
those of &*” when the biasing voltage was 
applied along the z-axis. (A,B,C, ---,H in 
Fig. 10 corresponds, respectively, to those 
points in Fig. 3 and Fig. 4.) 


$3. Discussions 


Physical contants of the BaTiO; ceramics 
are certainly mean values of those of the single 
crystals which constitute the ceramic, but the 
evaluation of the mean values is very comli- 
cated, because (1) each single crystal is com- 
posed of domains, (2) each domain shows piezo- 
electric effects, and (3) internal strains in the 
single crystal may change its physical con- 
stants. We shall consider thses effects in the 
following. 

In the tetragonal phase, the unit cell of the 
single domain deforms from the cube and the 
length of the unit cell is larger along the z- 
axis by about 1% than along the z-axes. Ac- 
cordingly, when the ceramic passes through 
the Curie point, very large internal stresses 
will be produced in the single crystals the 
axes of which are uniformly distributed, if 
there exist no internal stresses in the cubic 
phase. These stresses are minimized when 
each single crystal splits up into three kinds 
of domains (the z-axis of each kind is perpendi- 
cular to those of other kinds) and the total 
volume of each kind of domains is 1/3 of that 
of whole the crystal. The existence of the 
herringbone type domains (Fig. 12), as observed 
recently by Kulcsar!? and Cook!», may sup- 
port these considerations, because herringbone 
type domains will appear at the place where 
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Fig. 12. Herringbone type domains (after Kulc- 
sar!) and Cook !™). 
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three kinds of domains coexist. Hence, in the 
tetragonal phase, the internal stresses may be 
reduced and may not play a great rdle. 

When the electric field is applied, 90°-rota- 
tions of domains will take place as well as 
180°-reversals in favor of the poling field, and 
the dielectric constant &;*” and the elastic 
compliance coefficient s,*% of the ceramic are 
reduced very much as was shown in Fig. 3 
and Fig. 10. 

In the non-biased prepolarized ceramic, how- 
ever, the remanent polarization is considered 
mainly due to the 180°-reversals of domains, 
because 90°-rotations are accompanied with 
mechanical strains and will not remain after 
the poling field is removed. If only 180°-re- 
versals of domains remain in the prepolarized 
ceramic, the anisotropy is caused by the piezo- 
electric interactions among the single crystals 
(or single domains) which constitute the cera- 
mic. Piezoelectric interactions are very im- 
portant in determining the dielectric and elastic 
constants in unpolarized ceramics, as was 
shown by one of the authors®, and they con- 
tribute also to the change of the dielectric and 
elastic properties in polarized ceramics. Name- 
ly, the dielectric constant of the unpolarized 
ceramic is a mean of those values which are 
intermediate between the free and the clamped 
dielectric constants of the single crystal. In 
the polarized ceramic, which is piezoelectric 
as a whole, the “freedom”, so to speak, of 
the single crystal is restored to a certain ex- 
tent, and the dielectric constant of the pre- 
polarized ceramic is raised because the di- 
electric constants of each single crystal ap- 
proach to the free dielectric constants. (In 
the case of the multi-domain single crystal, 
Drougard and Young") discussed such effects 
on the dielectric constant.) On the elastic com- 
pliance coefficients s*’s the situations are simi- 
lar—namely, the constant s’s of the single 
crystal approach to s®’s when the ceramic is 
polarized, while they are intermediate between 
s®’s and s”’s when the ceramic is unpolarized; 
and the constants s*“’s of the ceramic become 
larger when polarized than when unpolarized. 

The unsymmetrical curves shown in Fig. 3, 
Fig. 4 and Fig. 10 are also explained in the 
Same way. Namely, at the points F’s on these 
curves, the ceramics are depolarized and are 
non-piezoelectric, though 90°-rotations of the 
domains occur to some extent by the biasing 
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field. Accordingly, the curves show minima at 
the points F’s (also see the point F in Fig. 13). 
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Furthermore, to confirm above discussions, — 


the dielectric and elastic constants of the polar- 
ized ceramic were calculated on the assump- 
tion that the ceramic is made up of spherical 
single domain crystallites, in the same way 
as the constants of unpolarized ceramic were 
calculated®. 


| 


When the ceramic is perfectly polarized, al! | 
the 90°-rotations and 180°-reversals occur and | 


the z-axes of the crystallites are assumed to 
be distributed uniformly within the angle of 
z/4 around the direction of the polarizing field 
(Strictly speaking, this distribution is not cor- 
rect!®1!).), and the calculated values in this 
case at 20°C are as follows. 


E,*7/E*0=1 40, 
&4*7/E*0—0 58 ; | 
(6) 


Si*4/s11*"=0.74 , 
Seah S/S ig = een 
The observed values at 20kV/cm are (Fig. 
3 and Fig. 10): 
&4*7/E*9—0 76 , 
$18 /51,*9=0.93 . 


As will be seen from Eq. (6), the elastic 
compliance coefficient s3;*” is expected to. in- 
crease with the biasing field. From this point 
of view, the resonant frequency of the thick- 
ness compressional vibration of a circular plate 
(diameter: 30mm, thikness: 2.8mm) was 
measured by the self-resonance method, and 
the results are shown in Fig. 13. The pre- 
polarized and aged specimen is biased firstly 
at the positive (favored) direction (ABCDE), 
and then the field is reversed (EFG); the point 
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Fig. 13. Resonant frequency for the thickness 
compressional vibrations (24°C). 
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F shows the depolarized state. Although the 
frequency constant in this case does not give 
the value of s3;*" directly, we may conclude 
that s;;*” increases with the biasing field. 

If we can measure the dielectric constant 
€,*7, it will also increase with the biasing field, 
and it is to be noted that these effects should 
not be confused with the saturation phenomena 
as observed above the Curie temperature. 

Now let us continue the calculation. When 
only the 180°-reversals are perfect and any 
90°-rotations do not remain, the z-axes of the 
single crystals are distributed uniformly within 
the right angle around the direction of the 
polarizing field, and the calculations in this 
case show 

(E*” E640 494 , 
(Gat? — E*0)/ C40 10% ; 
(Sir*9 — 511*°)/511*9=0.7% , 
(Se sa om. 3 


(Saa* 7 Sq") [Sag =3% . 
Observed values of non-biased prepolarized 
ceramics are (Fig. 2, Fig. 8 and Fig. 11): 
(E,*7 —E*0)/E*0— 39 , 
(E3*7 —E*0)/E*0— 12% ; 
(Si1*? —$y1*°)/Su*9=0% , 
(S33* 7 —$11*°)/51)*9=3.5% , | 


(Ssa*" —Syq*°)/Sq¥9=4% . 


(9) 


These experiments are also in agreement 
_ with the measurement by Moseley! who 
measured s,,*”, S33*” and sii*° at room tem- 
perature, and with the measurements by Bech- 
mann! who measured all dielectric, piezo- 
electric and elastic constants shown in (1), (2) 
and (3) also at room temperature. 

From above considerations, we can conclude 
that in the poling process 180°-reversals of 
domains remain mainly and that anisotropy is 
mainly due to the piezoelectric interactions (Ge 
(8) and (9)). Some proportions of 90°-rotations 
of domains may also remain in the polarized 
ceramic, and it explains why &;*” and s,,*" 
are smaller, respectively, than &*? and s,,*° 
at the temperatures above 60°C (Fig. 2 and 
Fig. 8). 

Finally, we shall consider the aging effects 
studied by Mason”. He showed that the piezo- 
electric moduli in the polarized ceramic di- 
minish gradually after the ceramic is polarized, 
and that the dielectric constant and the elastic 
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compliance coefficients also diminish at the 
same time. The cause of these aging effects 
is considered to be the same as that of the 
anisotropy in the polarized ceramic which has 
just been discussed; namely the changes of 
the piezoelectric interactions among the crystal- 
lites cause the changes of the dielectric and 
elastic constants, as some part of the domains 
returns to the more stable orientations and the 
piezoelectric effects, hence, diminish as a whole. 
Mason also showed that the decrease of the 
piezoelectric effects reduces the dielectric con- 
stant and the elastic compliance coefficients in 
his phenomenological treatments”, and our 
conclusion is that it is mainly piezoelectric in- 
teractions that causes the changes of the di- 
electric and elastic constants in Mason’s theory. 

Also we shall point out here that the effects 
of the change of the orientation of domains 
due to 90°-rotation are considered to be smaller, 
because the dielectric constant &,*” and the 
elastic compliance coefficient s,,;*" of the polar- 
ized ceramic are smaller at the aged state than 
at the unaged one (cf. E and H in Fig. 3, Fig. 
4 and Fig. 10), while the reverse is the case 
if the orientations of domains are predominant 
in determining the dielectric and elastic con- 
stants. 

Piezoelectric interactions discussed above, 
however, do not explain all of the aging effects, 
because aging effects appear also in the un- 
polarized ceramics, which show no piezoelectric 
effects, when the temperature is reduced 
through the Curie temperature. There may 
be an unstable state, so to speak, when the 
crystal structure changes suddenly from cubic 
to tetragonal and the crystat splits up into 
multi-domains, and the dielectric constant, for 
instance, may be raised because the domain 
boundaries are movable even in a weak field 
in such an unstable state, as Mason suggested 
in his paper. We cannot, however, discuss 
in more detail here, because further infor- 
mations will be necessary about the nature of 
the behaviors of domains as studied by Little. 


§4. Summary and Acknowledgements 


In this study, following results were obtained. 
(1) In the prepolarized ceramic (in the te- 
tragonal phase), the change of domain struc- 
tures is, in the greater part, due to the 180°-re- 
versals, and most of 90°-rotations of domains 
do not remain after the poling field is removed. 


340 M. MaRuTAKE and T. IKEDA 


(2) The anisotropy in the prepolarized cera- 
mic is within several per cent, and is mainly 
due to the piezoelectric interactions among the 
single crystals which constitute the ceramic. 
The piezoelectric interactions also make the 
dielectric and elastic constants unsymmetrical 
as functions of biasing field. 

(3) The aging effects are also due to the 
piezoelectric interactions in some part, but 
other causes must be considered to explain the 
aging of the unpolarized ceramic. 


In conclusion, the authors wish to express 
their hearty thanks to Mr. A. Takeda for 
helpful discussions and to Mr. K. Utino for 
the aid of the preparation of the specimens. 
Their thanks are also due Mr. T. Sakudo of 
the Electrotechnical Laboratory who showed 
them his unpublished data. This work was 
supported by the Scientific Research Expendi- 
ture of the Ministry of Education. 


Notes added in proof: (1) The derivation of 
Eq. (5) is shown in detail in C. V. Stephenson’s 
paper (J. Acoust. Soc. Amer. 28 (1956) 1192). (2) 
In the previous paper!9), we calculated the elastic 
constants of the porous materials, and were not 
aware of J. K. MacKenzie’s work (Proc. Phys. Soc. 
(London) 63B (1950) 2). Our results are identical 
with his formulae, though the derivation and the 
expressions are different. For this carelessness, 


10) M. Marutake and T. Ikeda: 


11) F. Kulcsar: 
12)" Wi ResGooke 


17) R. Bechmann: 


18) E. A. Little: 
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one of the authors (M. M.) is responsible. 
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The lattice energies of the 20 binary compounds composed of Bett, 
MoeerCattaSrt+ Batt. O--,S~--,Se-- and Te-- have been computed 
by previously well-tested procedures. Because of lack of sufficiently 
reliable compressibility data, the computations have been made with two 
different assumptions regarding the magnitude of the constant a in the 
exponent of the repulsion energy term. These two assumptions yield 
lattice energies which differ, in most cases, by about 20 kcal. 

In general, a single value of the ‘‘ constant energy radius’’ suffices for 
each type of ion. For the beryllium compounds, however, it was neces- 
sary to use different radii for the Be++ ion for each compound. In 
MgTe also, a slightly different Mg++ radius from that deduced for the 
other magnesium compounds was required. These irregularities may be 
related to the fact that these crystals have ‘‘ tetrahedral’’ structures, 
unlike the others, with significant but unknown amounts of covalent 
bonding. 

The characteristic constants deduced should be useful in the theoretical 
treatment of many properties dependent on interactions between ions, 


both in these crystals and in other systems. For these crystals, the 
interionic distances, compressibilities and maximum infrared lattice- 
vibration frequencies have been computed, 

By combining the computed lattice energies with thermochemical data, 
electron affinities (for the addition of two electrons to each of the electro- 


negative atoms) have been computed and compared. 


Based on these 


results, the authors’ best estimates, in kcal/mole, are as follows: O, 
SG eilise Sy Series Se, SilySeiloe ater, Sey se74ye 


§ 1. Introduction 


This paper reports the results of calcula- 
tions of lattice energies and several related 
properties for the alkaline earth chalcoge- 
nides”, i.e., the oxides, sulfides, selenides and 
tellurides of beryllium, magnesium, calcium, 
strontium and barium. These results are more 
extensive and presumably more accurate than 


* Communication from the Faculties of Science 
of Osaka and Hirosima Universities and from the 
Research Laboratories of the Eastman Kodak Com- 
pany (Comm. No. 1857). Presented at the Kyoto 
Meeting of the Chemical Society of Japan, April 
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M.L.H. at the Rochester Meeting of the American 
Chemical Society in September, 1937. 

** Fulbright Visiting Professor, Osaka University 
and Kyoto University, 1955-1956; on leave from 
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those previously published for some of these 
substances by Mayer and Maltbie”, de Boer and 
Verwey”, van Arkel and de Boer?, Fowler”, 
Kapustinskiy and Yatsimirskii® and others. 

The theory underlying the calculations is 
that of Born and Mayer”. The general pro- 
cedure followed that of Huggins and Mayer® 
and Huggins” for the alkali halogenidesV. As 
an important step in the work, a set of 
“constant energy radii”!™, characteristic of 
the ions concerned, was calculated. Using 
these, lattice energies, equilibrium distances 
between the centers of closest ions, compres- 
sibilities, characteristic maximum _ infrared 
lattice-vibration frequencies, and electron 
affinities were computed. 

It may be noted that Brauer!?, from a con- 
sideration of elastic constant and dielectric 
constant data for MgO, has concluded that in 
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that crystal there are noncentrosymmetric, 
hence noncoulombic, forces of considerable 
magnitude, the coulombic forces being reduced 
to those corresponding to effective charges of 
+1.83 electron charge units per ion. Since 
the significance of this is not clear and since 
the data needed for similar calculations for 
the other crystals with which we are con- 
cerned are lacking, the previous treatment, 
in which centrosymmetric forces were as- 
sumed, has been adopted in the present work. 


§2. The Lattice Energy Equation 


The lattice energy at 0°K was assumed to 
be given by the following equations: 


By = 10-9 (040), (1919 
ou — *eMaae’__ Cap _ Das 
Yo roo ro° 


+bce.-M exp [a(ra+ra—%)| 


aE vee -exp [a(27p—k27%)| 


bc++M’ 
2 
The symbols in these equations have the fol- 
lowing significance: 
Ey, =lattice energy per mole, in kilocalories. 
Nay=Avogadro’s number=6.02283 x 102%. 

J=joule equivalent=4.1840 abs. joule/cal. 
(defined). 

@=average potential energy per “ mole- 
cule”, in ergs. 

Y=zero-point energy per “molecule”, in 
ergs. This is? approximately equal 
to 9hymax/4, where 
h=Planck’s constant =6.6242 x 10-""erg 

sec., and 
Ymax=Maximum infrared frequency, for 
oscillation of the lattice of positive 
ions relative to the lattice of nega- 

tive ions. 
@Mad=Madelung’s constant, referred to %, 
for univalent ions. (The value given 
for the B4 type in Table I is for the 
ideal values of the axial ratio and atom- 


a exp [a(27a—hy%)] . (2). 
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ic parameter, corresponding to close-_ 
packing of spheres. Use of the ex- | 
perimental axial ratios and parameters 
leads to results which are only slightly 
(0.0001 to 0.0005) larger.) 
e=electron charge=4.8024 x 10-" e.s.u. 
y)=equilibrium distance between closest | 
ions. (7% chosen for the B4 type: 7% 
(eff.)= (9a?c)'/3/4, where a and ¢ are the | 
lattice constants.) 
Cap, Dap=van der Waals constants, calculat- 
ed as described below. 


6=l0s ere: 
M=number of closest unlike neighbor ions 
(Table I). 
M’=number of closest like neighbor ions 

(Table I). 


a=repulsion constant, equal to the recip- 
rocal of Born and Mayer’s” 0. 
ya=constant energy radius for a_ positive 
ion (Table III). 
rp=constant energy radius for a negative 
ion (Table III). 

C+, C++ and c_- are factors to allow roughly 
for the dependence of the overlap re- 
pulsion energy between two ions on 
their charges and the numbers of elec- 
trons in their outermost shells. They 
are taken, respectively, as 1.75, 3.00 
and 0.50 for the beryllium compounds 
and 1.00, 1.50 and 0-50 for the others. 
These values were obtained by sub- 
stituting into an approximate equation 
given by Pauling™. They may be 
very inaccurate, especially for the ber- 
yllium compounds. Trial calculations 
showed, however, that, although the 
assumption of quite different values 
(even putting them all equal to unity) 
led to slightly different values of the 
constant energy radii, approximately 
the same interionic distances and lattice 
energies were obtained. 

k,=ratio of the shortest distance between 
like neighbors to that between unlike 
neighbors (Table I). 


Table I. Constants Pertaining to Structure Type. 

Structure | aa wi er eter 
“type | Compote a) ee 
B3 ZnS(cubic) BeS, BeSe, BeTe! 1.6381 | 4 | 12 22/73) 4.354| 0.762 4.104 0.253| 3.079 
B4 ZnO | BeO, MgTe _1, 6413 4 12 BY 2]W3) 4.354 | 0.762 | 4.104) 0.253 3.079 

Bl NaCl | All others | 1.7476 | 6/12) v2 | 6.5952 1.8067 6.146 | 


0.800 2 


1957) 


§3. The Repulsion Constant “a” 


Experimental compressibility data have been 
reported by Bridgman'-! for 11 of the sub- 
stances dealt with; Durand!® has published a 
value for MgO; and Parodi has quoted, 
without reference, experimental values for 
CaO and BaO. It was hoped that these data 
could be used, as by Born and Mayer” for 
the alkali halogenides, to determine what 
value of the repulsion constant @ to employ. 
However, the experimental values are quite 
inaccurate. Bridgman’ writes: “The nine 
compounds of calcium, strontium and barium 
-are probably the least satisfactory [of the 
substances measured]. The compressibility of 
the sulfides of these is probably too high be- 
cause of the presence of a comparatively large 
amount of amorphous material, and the sele- 
nides and tellurides had a tendency to chem- 
ical instability.” Moreover, the measure- 
ments were all made with powdered samples, 
except that in the case of MgO a single crys- 
tal was also studied. The experimental com- 
pressibility of the crystal powder was 67% 
larger than that for the single crystal. Be- 
cause of this very large discrepancy, it seems 
unwise to trust any @ values deduced from 
the experimental compressibilities. 

The calculations reported here were made 
with two values of @: 3.00 and 2.50 x108cm7}?. 
The differences between the two sets of results 
indicate the magnitude of the errors which 
“would be produced by an incorrect choice of 
this constant. The first value is the same as 
that used by Huggins” for the alkali halo- 
genides; the constant energy radii in the two 
series of compounds are therefore strictly 
comparable and should be applicable, for ex- 
ample, to crystals such as CaF», containing 
ions from both series. The second choice of 

a is close to that (2.55108) deduced from 

Bridgman’s’ compressibility measurements 
on the MgO single crystal. 

Since this paper was essentially completed, 
new compressibility measurements of the pow- 
dered oxides have been reported by Weir 
The results are included in Table IV. With 
the aid of approximations which should not 
introduce much error, he has computed values 
of Born and Mayer’s repulsion constant p for 
all but BeO. The reciprocals, a, are as fol- 
lows: MgO, 2.4; CaO, 2.5; SrO, 3.0; BaO, 
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1.9 (in units of 10®cm-!)*. The barium oxide 
data are of doubtful value since the specimen 
used was not very pure. 


$4. Van der Waals Attraction Constants 


The van der Waals attraction terms con- 
tribute relatively little to the lattice energies, 
but, in the calculation of other properties dealt 
with here, they are far from negligible. The 
constants Cap and Dag for the crystals are 
related*» to the constants (caa, daa, etc.) for 
the interaction between pairs of ions by the 
equations 


Cap=So’Cap+S¢’’(caatcpp)/2 (3) 


and 
Dap=Ss'dapt+Ss’(daa+dpp)/2. (4) 


The magnitudes of the S constants for the 
Bl) and B38 structures, as given by Mayer2)»2”), 
are listed in Table I. For the B4 structures, 
the same values as for B3 have been as- 
sumed. This should be a close approximation. 

Theoretically?» *), for ions having the same 
effective number of polarizable electrons, the 
van der Waals c constants should be propor- 
tional to the 3/2 power of the polarizability 
and, hence, to the 3/2 power of the atomic 
or ionic refraction, Rk. For an isoelectronic 
sequence, such as O>-, F=, Ne, Nat, Mot 
it seems reasonable to assume a rectilinear 
change of the ratio c/R*/?. Thus, the constant 
CMgMg bas been computed from the relation 


CMgMg _ 3 CN Na _ 1 Crr(in NaF) 
Rog? 2 Rn? 2 Re*/*(in NaF) 


and likewise the constant coo, for the inter- 
action between two oxide ions in MgO, has 
been computed from the relation 


coo(in MgO) _ 3 crrGn NaF) — 1 CnaNa 
Ro*/in MgO) 2 Rr*/2(in NaF) 2 Rna’/?’ 
(6) 
The values of cmm and cxx, for the alkali 
and halogenide ions, have been taken from 
Mayer». The Rm and Ra values, for the 
alkali and alkaline earth ions, have been taken 
from Pauling». Each is assumed to have 
the same magnitude in all crystals containing 


» (5) 


* Our recalculated values, with F’7, p (in Eq. 19) 
=1, are 2.6; 2.4; 3.0; 1.9 (with 7p2=1.7, A and 
ro=1.1; A), resp.; and BeO, 3.4 (with 7pe=0.34 A 
and 79=1.41 A) (The use of “3.4” leads to the 
electron affinity value of —245 units, which, how- 


ever, is hardly probable). 
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the ion in question. The values of Rx and 
Rp have been obtained by subtracting the ap- 
propriate Rm and Ra from the Rmx and Rap 
refractions published by Spangenberg”? and 
Haase”. 

For the interaction between unlike ions, 
Kirkwood”) has deduced the relationship 

aA 


can=Karncts /| ( we eG yea Pele hy) 


where @a and ap are the polarizabilities, 2a 
and 7p are the effective numbers of polarizable 
electrons in the two species, and K is a con- 
stant. From the relationship 


Dor eee 
# E AnNay ’ 
one then obtains the equation 
2 Ra Rp 


cap. Rpcaa Racpp 


(8) 


(9) 


From equations for the c and d constants 
given by Mayer’, with Eq. (8), the following 
relations are readily derived: 


87zN av CAR? 

d = ——— , —— 
oh IN a Ra : 0) 

87x7Nay CBB 

Fie Se 
ee Np e? lke” Uy 
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4zNavy [{ CAA CBB \ 
Teh ke eae ans eA oF 
Although there are 8 electrons in the outer- 
most shell of each of the ions, except Be*t, 
with which we are concerned, Mayer?» has: 
computed 3.2 as the effective number fori 
chloride ion in NaCl and KCl, and 4.0 for 
iodide ion in KI. Herzfeld and Wolf? have 
computed 4.6 for argon and 5.6 for xenoli. 
In the present work, a value of 5.5 has been 


AaB 


taken for all the ions. Then 
dxaa=0.1 x1044caa?/Ra ; (13) 
dpp=0.1 X10**cpp?/Re , (14) 
a =0.05%108( CAA aN ae 
AB Rat Re CAB ( | 


The isoelectronic sequence procedure, de-- 
scribed above, is inapplicable to the beryllium 
compounds. For these, CBeBe, CBeB, @BeBe and! 
dpep were taken as zero, and coo, doo, Css; . 
dss, etc. were estimated by extrapolation 
from the values of these constants in the: 
series BaO, SrO, CaO, MgO, etc. 

The Cag and Dap values, computed with 
the aid of the relationships just given, are 
listed in Table II. 


AB OU Gs Cnn (NS 
10-6 erg cm® 

BeO 0 24 0 9 
BeS 0 120 0 46 
BeSe 0 180 0 69 
BeTe 0 290 0) 110 
MgO On.0 — BO 75) 47 
MgsS 0.7 140 aA AGS 
MegSe 7 Ads: GrOzes 
MgTe OR o02 (ale AG 
CaO 12 oy) 18} 135 
CaS 12 160 26 327 
CaSe 12 LEP PAE) 400 
CaTe 12 Shee 32 507 
SrO 34 ARGS 2h 231 
SrS 34 177 48 505 
SrSe 34 Zoom mOO 631 
SrTe 34 SOMOS 780 
BaO 97 48 40 394 
BaS 97 198 83 725 
BaSe 97 261 87 897 
BaTe 97 359 100 1071 


| (4 6 
10-76 erg cm® | 10-5.deg-! 
Q) ued t7eben'p 2 1.6%),3)| 2,92 
Goll aBoMmtite 19 3 2.06 
0 250 0 32 4 1.68 
oo aarON Nh 59 5 1.41 
OF gf AA a7 3.13,3)| 1.76 
0.2 173 4.2 95 4 1.46 
0.2 277 bis 149 4 1.29 
0.2 483 28 89 4 1.28 
13: eae 83 3.58) 1.38 
1391938) $299. 261 4 1.18 
189/280 33, “825 4 1.12 
ig” “aer® 40 Way 5 1.10 
54° 12697 0 g67 4 1.21 
54 gar! “ez eps 4 1.13 
54. | 1857 ga ENG 4 1.07 
54 599 100 ~—-874 5 1.05 
87 ta Toe CO 27 4.03),3)) 1.12 
237 227 150 1109 4 1.07 
237 317 160 1207 4 1.04 
237. 495 192 © 1475 5 1.03 
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| $5. Interionic Distances 


Energy Radii 


and Constant 


For each of the two assumed values of a, 
sets of values of 7, and 7g were computed 
by successive approximations from the ex- 
| perimental 7 values and the equation 


aln—(ra+rg)|=—In ln (bc+-Ma) 
0 


+1n {1+S exp [(1—k,)ar]} , 


(16) 
with 
es 4amade?” 6CaB 8Daps One 

mR ry 7,6 = rs z 3TOR, B To° GY) 
and 

RoW 
es ee 0 OX —T A 

2Mc. {c-- exp [a(7z—7a)] 


(18) 


These equations are like those previously 
used for the alkali halogenides®, except for 
the introduction of the factor @ in the rela- 
tively small last term of Eq. (17). This fac- 
tor, designated as (l+c—f)v by Sakamoto 
(Ref. 12, Eq. 22), results from a more pre- 
cise theoretical analysis of the variations of 
the zero-point energy (¥) and the thermal 
energy with temperature®**, Estimated 
values are given in Table II. 

This table also lists the values used for the 
expansion coefficient, ~=(0V/0T)p/V, entering 
into the last term of Eq. (17). Except for 
the cases for which references are given, these 
are estimated values. 

For the compressibility, @=—(@V/0P)z/V, 
estimates, based in part on the experimental 
values listed in Table IV, were used until the 
final approximation, when the computed values 
were employed. TJ was taken as 298°K. The 
constant &,, defined as V/Nav7’, has the 
values given in Table I. 

The va and 7p values obtained are collected 
in Table III. 

These radii and Eqs. (16), (17) and (18) were 
then used to compute the calculated interionic 
distances given in Table IV. These are seen 
to be in substantial agreement with the best 
experimental values. It should be noted that 
this agreement is but little affected by uni- 
formly increasing (or decreasing) all the posi- 
tive ion radii by a few hundredths of an 
angstrém unit, and simultaneously decreasing 
(or increasing) the negative ion radii by the 


+¢++ exp [a(ra—rg)|}. 
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Same amount and making a few minor adjust- 
ments. 

It was impossible to obtain good agreement 
for the beryllium compounds with a constant 
value of 7pe. This may be attributed to various 


Table II]. Constant Energy Radii. 


| ra or rg in 10-8 cm 


ES ieeas aero 
cour ek 10 cmt x 10ers 
Be++ in BeO O75 ool e Ouse 

BeS 0.66 0.44 
BeSe 0.64 0.42 
BeTe 0.62 0.40 
Mg++ in MgO 1.10 0.93 
Megs 1.10 0.93 
MegSe 1.10 0.93 
MgTe eS OROY 
Ca** 1.31 lee 
Sree 1.44 13H 
Bat+ 1.58 1.46 
Ome I 2%e uel 1.35 
See | 1.62 1.69 
Ser= | leeydll | IL 7hs' 
Tea= | 1.86 1.93 
causes. It may result primarily from the 


(probably incorrect) assumption that the same 
value of the repulsion constant @ is applicable 
to all the compounds. The neglect of covalent 
bond contributions in these “ tetrahedral” 
crystals may also be important. Incorrectness 
of the Pauling c+-, c.. and c_- factors may 
cause some error, and inaccuracies in other 
approximations may contribute. 

In the case of MgTe also, the calculated 
and experimental values of ~ differ consider- 
ably (by 0.04 to 0.05 A), if 7mg is taken to 
be the same as in the other magnesium com- 
pounds. 

Pending better knowledge of the true mag- 
nitudes of @ in these crystals and of the other 
factors just mentioned, a@ has been assumed 
to be the same for the beryllium compounds 
and MgTe as for the others, and values of 
7Be and 7mg have been computed which lead 
to agreement between the experimental and 
calculated interionic distances. These have 
been used in the calculation of the lattice 
energies and other properties. 

Constant energy radii are given in Table 
III to two decimal places only. Although 
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Table [V. Interionic Distances, Compressibilities and Lattice Frequencies. 
vy) (in 10-8 cm) UI B (in 10-2 barye-!) Vmax (in 104% sec-1) 
ia) ee *./ ee 
| len. oA’ (saa ; estd. calcd. calcd. calcd. _ exptl. | calcd. calcd. exptl. estd. 
LOC 22250 F 320 NZ. Pano 2c Veron 
— = = } —_— -— — —— — — ——— ——- , —— = a —— — = j 
BeO 1.643 1.648 1.64939),40) | Gra) TOLSS 7 10RS7 0.2720) | 23 
BeS 2.104 2.109 2.1054) | 13. 0.94 0.66 0.7347) | 18 
BeSe | 2.293 2.228 2.225%) | 1D LOVE NO io 15 
BeTe 2.436: -2),485 2.436 | 20) Asser WOs9L 12 
39) 14 0.61 0.48 0.421% 0.601) 5S sh ae aA 
MgO ZelO2me 2a O 22106 oe 
0.5970) 
MgsS 2.60 2608) 2.60243),29)) 21 107 ORS, ee 3 11 12 Vist 
| 0.8349 
Mgse Qo Ze (30) Zao) 23 IEZOS ORO SOR i5:2) | 9 10 10 
MgTe | 2.770 2.768 2.7704);46)| 23 20 62 10 
CaO 2.399 2.396 2. 405%9),43), 19 0.86 0.69 0.714% 4.715) 13 152 1 Ee? 
0.887) 
CaS 2.848 2.848 2.84643),40 27 | 1.39 1095 10298) 2228), 0 a 8 
CaSe 2.969 2.969 2.962%) 20 |. 1.55 Legh, VQse razz Zi) 8 9 ff 
(CAINS | Se) Badly Sel. 35 eye 1) AG 2.415) 7 ii 6 
SrO 2.586 2.575 2.58039) | 25 | 1.03 0.84 0.8320 11 13 6.419) 9 
SrS_ | 3.009 3.007 3.01043),44), 27 | OLS E28: 3.815) 8 7) i 
Groen | Sel23 Sto 120) <1 30. (Mates Peo 2.515) 6 7 5 
SrTe | 3.328 3.322 3.331% | 38 2.14 1.68 3.115) 5 6 4 
Bad | 2.786 2.767 2.770%) 27 | 1.24 1.00 L742) | 1018 5.7 7 
BAS wo RISSuL Se lOO mom ose!) 29 Heeetot lla G10) 2.915) | 7 8 5 
BaSe | 3.299 3.298 3.30242 31 PAO NS 2.915) 5 6 4 
BaTe 3.497 3.493 3.5004) 40 2.46 1.96 3.315) 4 5 4 


slightly better agreement between calculated 
and experimental 7) values could be obtained 
by using some radii to three decimal places, 
this was considered to be without significance. 
The probable error of many of the experi- 
mental values is not much less than 0.01 A. 


§6. Compressibilities and Lattice Fre- 


quencies 
By using the constant energy radii of Table 
III and the calculated interionic distances of 
Table IV, compressibilities have been com- 
puted by means of the equation» 


ve 9ky 7° Fr, P 
na a 
72 

where Fr, » is a complex function involving 

a, B, the variation of B with temperature and 

pressure, and the heat capacity. As for the 

alkali halogenides, F7,> has been taken as 


(19) 


unity. In further justification, its value for 
MgO, for which the requisite experimental 
data are available, was computed to be 1.0, 
using the equation given by Huggins”, or 
1.01+0.04 using the refinements introduced 
by Sakamoto (Ref. 12, Eq. 23). 

The compressibilities calculated for MgO 
(especially that obtained with the smaller 
value of @) are in good agreement with the 
experimental single-crystal data. There is 
also good agreement with the new experi- 
mental data of Weir for the oxides, except 
in the case of BeO, for which our calculated 
values were expected to be too large, because 
its Fr,p might be smaller than unity like 
LiF’s (0.85) or covalency contributions were 
ignored and the magnitude of @ might have 
been underestimated for the tetrahedral crys- 
tals, and in the case of BaO, for which his 
result is of dubious accuracy, because the 


\{ 1957) 


material used was not of high purity. As 
was to be expected, the computed compressi- 
bilities are somewhat smaller than the other 
experimental values obtained from crystal 
powders. 

The calculated compressibilities agree rea- 
sonably well with those deduced quantum- 
mechanically for six compounds by Briick*® 


pa = 
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and for two compounds by Zdanow, et al’ 
There is rough agreement also with the results 
of calculations by Fowler®, using methods 
similar to those used here, but less refined. 

Characteristic maximum lattice frequencies 
for the B1 (sodium chloride) type crystals 
were computed from the relationship” 


(56dap \/ 


30caB 
8). ae 7,19 


Yo 


Vinee a = 


where 


" Ma Mp 
Nay(Ma+Mp) 


and Ma and Mg are the atomic weights of 
A and B. 

Very few experimental values have been 
published for the lattice frequencies for these 
crystals, and they are rather contradictory. 
Those which appear to be most reliable are 
listed in Table IV. 

The calculated values of 8 and ymax in this 


[AL 


‘ 


(21) 
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Table V. Lattice Energies at 0°K (in kcal). 


; (20) 
table, are for room temperature. Estimates 
have been made for the change of ymax on 
cooling to 0°K, by using the derivative of Eq. 
(20) with respect to temperature. This change 
is negligible, in comparison with other errors. 


$7. Lattice Energies 


Lattice energies at 0°K have been calculat- 
ed, using Eqs. (1) and (2). ¥ was computed 
from the characteristic frequencies of Table 
IV, Col. 13. These were estimated from the 
directly measured values (Col. 12), specific 


. Van der Overlap Total Lattice Energy 
Coulomb Waals Repulsion ma ae "| ees Ba. eae. = : 
Attrac- 10-8a = Pers 10-8a= Ref. Ref. Ref. Ref. Ref. 
Bei. ation 2:5 3.0 NOTE | a5. «3x0 (2) (3,4) (5), “Copa® 
Peo |) —1323 any 298 242 5 1026 1082 1080 
BS | -1035 - 8 185 146 4 854 893 | 907 
BeSe — 980 ESD) 166 130 3 820 855 | 
BeTe — 895 = 8 138 106 3 763 795 | 
MgO riper meee | S202 170 4 Wi-807 938 939 936 976 934 
MgS — 894 ees 135 ll 3 764 788 800 790 766 807 801 
MgSe — 852 eo) 124 101 2 734 757 743 
MgTe — 789 = 113 93 2 678 699 
ae eee eee 3 816 841 831 830876 = 845 
CaS ~ 818 ~10 119 99 2 707 726 3T-T10.2"714. “740 
Casew Pe 7a PUL 9 Te) 93 2 | 2683 701 700 704 
Oneness 8 Bun 77 a tn pargaaeen cee es ie 
SO \2 e8 Mice © 1ohey | 784 829 789 
SrO_ — 902 +13 14 7 12% 2 | 769 792 | 766 78 
Sr ali. 455-773 201 108 90 2 675 692 686 680 688 696 
SrSe ~— 746 21H 101 85 1 654 671 675 664 
SrTe ~ 699 9 88 mi 72 1 620 635 626 
Davee me gh 45 129 107 2 ei enges 746 72h 740.8780. 781 
Bae. ede “729 Sh. 12 Spr EOI, 1 Mets aco!) OF 640 602) 669 
BaSe | % 705 “ai 91 76 1 624 639 652 638 
pares Alt 81 67 1 594 608 609 
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heat data, and the trends shown by the data 
for the alkali halogenides® and by the calcu- 
lated frequencies (Cols. 10 and 11). Correc- 
tion was made for the difference between 7% 
at room temperature and at the absolute zero, 
by means of an equation given by Sakamoto 
(Ref; 12, Eq54).. See Table lV,Col. &, “its 
correction makes no difference larger than 3 
kcal in any of the computed energy contribu- 
tions (Cols. 2-6 of Table V), nor larger than 
0.3 kcal in their sum (Cols. 7 and 8). 

Table V shows the negatives of the computed 
contributions of the different kinds of energy 
to the total lattice energy, together with the 
algebraic sum of these contributions. For 
comparison, the best of the previously pub- 
lished values are included. There is general 
agreement, but, in view of the more precise 
treatment of various pertinent factors, the 
present results are believed to be more relia- 
ble than the earlier ones. 

The molal lattice energies computed on the 
basis of a=3.0x10%cm-}, like the corres- 
ponding repulsion energies, are generally about 
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20 kcal higher than those computed using the? 
smaller a. The probable error of the average: 
of these calculated lattice energies can rea- 
sonably be assumed to be of about half this. 
magnitude, except for the “ tetrahedral ” crys- 
tals. Covalent bond energy contributions in 
the latter may be far from negligible™. The 
neglect here of such contributions may thus 
result in considerable error. | 


§8. Electron Affinities 
The heat content increments for the reaction 


ABer eer Agas** ete Bgas ae 2€gas” (22) 


at 298°K and 1 atmosphere have been com- 
puted (Table VI, Col. 2). The heats of for-— 
mation of ABc, used for this, except for CaS, 
are those considered best by Kubaschewski 
and Evans®». In most instances, they are 
based directly on experimental measurements 
and are identical with, or very close to, the 
values adopted by Rossini, et al.°», of the 
U. S. National Bureau of Standards. For 
MeSe, CaTe, SrTe and BaTe, however, the 


| Electron Affinit 2 
AB 4Hae for | Brot | (cpap 4H for | mary 
of AH e° 0 10=a= Lattice 
Eq. (22) | gor AB, | for ABer | Eq. (22) |— —_—— | Average | Energy 
| | | 205 3.0 (+ Inacc.) 
BeO 916. 751-53) | 3 0.6954) ON a. |. eats —i7t ) as | seem 
MgO 764.66%,58) | 0.2 1.2355) 760.0 LAT ee = (62 0* 
CaO 674. 752), 53) | 0.5 1.6755) 670.4 — 146 —~171 —158 | 4 
SrO 627 . 962),53) | 1.5 2.045) | 624.0 —145 — 168 ~156 | 6 
BaO 587.99),8) | 2.5 2.375) | 584.3 | —140 = 161: | por dbl 12 
BeS 823.582),09" |) ge NT | Biete PR, ee 
MgS G98: Oy 2 ess | 698.7 = 70 — 94 — 82 17 
CaS 632. 253) 2.158 |e 628.4 P78 = 98 oss 11 
SrS | PES8OsUeD ape) | 8 2.3 je” 585 25 = 89 | +107 — 98 u 
BaS | 555.052),53) | 5 | 2.6 551.6 = 191 = 107 ~ 99 | o* 
MgSe 675 . 453),52) 4 1.9 671.3 = 168 Lhe Pe Tad ee 
CaSe 586 , 752);53) 6 2.4 583.3 — 99 2118 —108 8 
SrSe 554 , 952),53) 4 (a:2..6 551.6 i102 =119 111 6 
£ BaSe | 518.395). 5 28 515.1 —109 —124 = 17 0x 
: 3 ae = ) 
MgTe | 659.45%,58) | 5 1.9 655.4 Sra te Caen ar 64 
CaTe | 576.28).82) | 8 2.5 572.8 zt Ma ae oa 2) — 80 17 
SrTe 536.89),52) | 8 27 533.7 — 86 ~ 102 — 94 3 
BaTe | 506.85%.52) | 8 2.9 503.8 — 90 —104 = 07 o* 
S| z N a . ae. “eo | 


* Assumed. 
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[heats of formation given are merely estimates, 
based on assumptions regarding series regu- 
| larities. In the case of CaS, the experimental 
| value has been used here, in preference to 
| Kubaschewski and Evans’s estimate, which 

| -is 5.3kcal lower. The probable errors of the 

heats of formation, estimated by these authors, 
are given in Col. 3. For the heats of forma- 
| tion of Agast* and Bgas, on the other hand, 
| the values selected by Rossini, e¢ al. have 
| been used exclusively. The probable errors 

_of these values are a few kilocalories. 

| From the figures in Col. 2, by subtraction 

/ of 10 RT and addition of the heat capacity 

| integral, en 

; 0 

(Col. 5) the corresponding heat change at 0°K. 

| Experimental data are available for the eval- 

_uation of the heat capacity integral for six 

of the compounds. For the others, estimates 
have been made, with the aid of the (esti- 
mated) ymax values and an equation given 
by Sakamoto (Ref. 12, Eq. 57). 

The lattice energy is the increase in heat 
content for the reaction 


ABer ae Pape ete Brag = (23) 


The electron affinity (for the addition of fwo 
electrons to the B atom) is the decrease in 
heat content for the reaction 


Bgas +2é€gas~ (24) 


It is thus the difference between the 4H values 
for reactions (22) and (23). 

The electron affinities so calculated for the 
chalcogens are all negative. For each of the 
two assumed values of a, they are reasonably 
consistent, at least for the Bl type compounds, 
but show definite trends. The two sets of 
electron affinities, like the two sets of lattice 
energies and the two sets of repulsion ener- 
gies, differ by about 20 kcal, in most cases. 

To estimate the most probable true values 
of the electron affinities, several factors must 
be considered. In the first place, the probable 
errors of the heat of formation data, on which 
they depend directly, are, in most instances, 
rather large, as mentioned above. 

A second factor is the neglect of overlap 
repulsion energies between like ions, other 
than those which are closest together. This 
factor might be appreciable for crystals con- 
taining small ions. 

‘Avthird tactor 1s the etror introduced by 


CrdT, for the crystal, one obtains 


a Beas” 
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assuming the constant @ to have the same 
value for all the compounds. 

In the fourth place, the lattice energies 
computed for the tetrahedral compounds are 
doubtless too low, by unknown amounts, be- 
cause of the neglect of covalent bond contri- 
butions. This neglect tends to make the 
values of the electron affinity, calculated from 
BeO, BeS and MgTe too negative. 

Finally, there may be errors due to _polari- 
zation (departure from spherical shape) of the 
larger, more deformable ions, when combined 
with much smaller ions of the other kind. 
(This is the “ primary polarization ”, previously 
discussed by Sakamoto (Ref. 12, Note 13)). 
From this consideration, the lattice energies 
and electron affinities computed for compounds 
(MgO, CaO, SrO, BaO, SrS, BaS, SrSe, BaSe 
and BaTe), composed of ions having radii 
which do not differ much, would be expected 
to be somewhat more reliable, other things 
being equal, than those computed for com- 
pounds of ions with very different radii. 

On the basis of these ideas and the com- 
puted electron affinities in Table VI, the 
authors propose the following, as their best 
estimates of the true electron affinities: 


O; —162+15 Ssh eas oy) 
Se? —=h7+15 Tez, =90220 « 


The differences between the electron affini- 
ties are believed to be somewhat more pre- 
cisely known than the individual values, since 
the differences do not change much with a 
change in the assumed value of a, nor with 
mutually consistent changes in the assumed 
values of the constant energy radii. 

The irregularity in the series is thus believed 
to be real. It was also shown by the earlier 
calculations» ®»°®), 

In the final column of Table VI are the 
differences between the calculated electron 
affinities (Col. 8) for the individual compounds 
and the authors’ best estimates, just given. 
The large values of this difference for BeO, 
BeS and MgTe can probably be attributed to 
neglect of the covalent bond energy. It seems 
unlikely, however, that this is of importance 
in MgSe, which has the NaCl type structure, 
with coordination number 6. The large value 
of the “supplementary lattice energy” for 
this compound and the fact that the trend in 
the series MgO—+BaO is opposite to that 
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in the other series (MgS—>BaS, MgSe—> 
BaSe, MgTe—>BaTe) suggest that these dif- 
ferences are due largely to the energy of 
polarization deformation of the larger ions by 
the smaller ones (primary polarization energy). 

There seem to be no experimental data with 
which the calculated electron affinities can be 
directly compared. 

The first electron affinities of oxygen and 
sulfur (for addition of ome electron) have been 
studied by many experimental and theoretical 
methods, but different investigators still do 
not agree, even approximately-*). Further 
discussion and comparison with the present 
results do not seem profitable at this time. 
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Note added Feb. 7, 1957 


In the foregoing calculations, as in former 
calculations»: *)»7- of this sort, noncoulombic 
repulsion energies between pairs of ions other 
than those closest together (unlike ions) and 
those which are next closest (like ions) were 
neglected. To determine whether this is justi- 
fiable, we have computed the effect of in- 
cluding terms for repulsions between third 
nearest neighbors—for the Bl type, for ex- 
ample, those between unlike ions which are 
at diagonally opposite corners of each eighth- 
unit cube. 

Better agreement with the experimental in- 
terionic distances is now obtained, if the fol- 
lowing new constant energy radii are used 
(7 in 10-'cm; a in 108cm-}): 

Fora=2)5: 

TRe=0.72, 0.64, 0.63 and 0.61, in BeO, 
BeS, BeSe and BeTe, resp. 
ro=1.26 (Note the new 7) (calcd., BaO): 


2.781.) 
For a=3.0: 
7pe=0.50, 0.43 and 0.41, in BeO, BeS and 
BeSe, resp. 


N.B. 7(new)—%(old)=9 to —5x10-12cm. 
The only new values of compressibility, 8, 

overlap repulsion energy, ORE, total lattice 

energy, TLE, electron affinity, EA, and sup- 
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plementary lattice energy, SLE, which differ 
from those previously listed (in Tables IV-VI) 
by more than one unit in the last place, ares 
those given below im italics (in the same! 
units as before). 


p ORE TLE -EA_ SLE} 
wrasse i ae 

a: 2.5. .3.0°2.5 3.0 2.5 9310"2.5°3.0 Avo 
BeO 0.47 0.35 286 237 1038 1088 127 176 152 10 | 
BeS 0.90 0.65 181 144 858 895 39 76 58 41) 
BeSe 1.05 0.74 165 128 857 
BeTe 1.32 136 765 
MgO 0.60 0.47 172 936 176 
MgS 137 112 762 69 81 18 
CaO 0.84 0.68 158 135 818 840 147 170 3 
SrO_ 1.02 0.83 142 771 147 157 4 
BaO 1.22 127 108 726 142 152 16 


The changes from the previous results are: 
thus very minor ones. They are certainly neg-- 
ligible, relative to other inaccuracies, except pos- 
sibly for the case of BeO. Our best estimates 
of the (two-electron) electron affinities remain 
as before, except that for Se we now prefer 
the value: —116+15 kcal/mole. 

The values in the footnote in §3 now be- 
come, resp.: 2.5, 2.3,---1.15,---0.32, 1.40,--: 
and —25l. 
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The electrical resistivity and Hall coefficient of p-type synthetic PbTe 
crystals and those after heat treatment in the air were measured at 


various temperatures down to liquid air temperature. 


By heat treatment 


at moderate temperature in the air the resistivity and Hall coefficient 
of the crystals increased. An analysis of the data on Hall coefficient 
shows that the intrinsic energy gap is about 0.3ev. and the mobility 
ratio b=pe/un is about 2.5 at 300°~400°K. The activation energy of 


the acceptor levels is very small. 
mately proportional to T'-5/2. 
presented. 


§1. 


PbTe crystal is similar to PbS and PbSe 
cristals. This group of semiconductors has 
been investigated recently by many authors)-. 
These materials are known to have the fol- 
lowing properties. They become 7-type or p- 
type according not only to the condition during 
preparation but also to the heat treatments. 
This change in type depends upon what 
atmosphere arrounds the crystal during the 
heat treatment. Even if the heat treatment 
does not change the type of conduction it is 
often the case that it changes the numbers 
of denors and/or acceptors. Accordingly it 
has happened frequently that the crystal 
undergoes an irreversible change during the 
measurements at higher temperatures, and the 
results obtained have some uncertainties. The 
discrepancy between the intrinsic energy gap 
reported earlier® and that reported later?»® 
is considered to be attributed to this phenome- 
non”, 

The resistivity and Hall coefficient of p-type 
PbTe crystals and their changes introduced 
by heat treatments are reported in this paper. 
The measurements were made in the tempera- 
ture range from 450°K to liquid air tempera- 
ture. An anomalous reversal of the sign of 
Hall coefficient, which was reported by Putley” 
to have taken place in the extrinsic tempera- 
ture range, was carefully looked for during 
the heat treatments, but we could not observe 
it. The matter relating to the sign reversal 
will be described in a separate paper. By 
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The mobility of the hole is approxi- 
Discussions concerning this question are 


heat treatment in air at about 400°K, the 
resistivity and the Hall coefficient increased. 
The experimental results are analyzed and 
some characteristic values are obtained. 


§ 2. 


Preparation of Crystals. The crystals used 
were synthetic single crystals. The method 
of preparation is similar to that of Lawson™. 
The lead was zone-refined in vacuum several 
times and the tellurium was distilled in vac- 
cum. The resultant materials were mixed in 
the proportion of atomic equivalents. They 
were put into a fused silica tube crucible, 
which had a conical bottom in order that the 
crystal began to solidify at the bottom. Then 
the crucible was evacuated and sealed off. 
After being heated at about 1000°C for 8 hours 
in a furnace, the crucible was lowered slowly 
through the region of high temperature gradi- 
ent in the furnace, the speed of lowering 
being about 1 mm/3 min. 

Measurements. The crystal obtained by the 
above procedure was shaped to a rectangular 
parallele piped of 10x 4x 1mm’ in size. 
Platinum wires of 0.3mm in diameter were 
attached to the both ends of the specimen as 
the current leads. The platinum wire was 
bent to form a sharp edge and heated by pass- 
ing a current through it, then the edge was 
pressed to the end of the specimen to be 
welded. The ends of the specimen to be 
welded were covered by paraffin wax before 
welding'». The potential probes were plati- 
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num wires of 0.1mm in diameter whose tips 
were sharpened. They were attached to the 
specimen by condenser discharge through their 
contacts™. The specimen was held ina cage 
by the current leads and potential probes as 
shown in Fig. 1. The diameter of the cage 
was 15mm. 


measurement. 


The measurements were made by usual d. 
c. method. In determining the Hall coefficient 
sets of four measurements were made in or- 
der to avoid associated electromotive forces 
such as due to IR drop and thermoelectro- 
motive force: the four measurements were 
done by reversing the directions of both d.c. 
currents flowing the specimen and the coil of 
the magnet separately. In measuring the 
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resistivity the average values for both direc- 
tions of the current were used, although the 
values obtained in the two directions were 
practically the same. 

The specimen was placed in a furnace which 
had non-ferromagnetic wire as a heater, when 
the measurements at higher temperatures 
were made. In measuring at low temperatures 
a Dewar vessel and a furnace within it were 
used and liquid air was used for lowering the 
temperature. The temperature was measured 
by copper-constantan thermocouple put closely 
to the specimen. 


$3. Experimental Results 


The resistivity o and the Hall coefficient R 
measured are shown as a function of tempera- 
ture in Figs. 2~5. Figs. 2 and 3 show the 
curves for various specimens. The curves 
labelled Cu are for the specimens cut from 
the same ingot which was doped with 0.01% 
copper. The curves Cz-132 and Cuwu-133 are 
those for the specimen Cz-131 after being heat 
treated in air at about 440°K for 5 hours and 
10 hours respectively. Figs. 4 and 5 are for 
a series of measurements carried out on a 
specimen, and show the change of the elect- 
rical properties of the specimen produced by 
heat treatment in air at 400°K. Table I indi- 
cates the total time duration of heat treat- 


Tabie I. 
* ain S| Pll P12 P13 P14 P15 

Time duration 

of | 0.5 days 3.5 days 9.5 days 24.5 days 
heat treatment | 

Na-N, | 

Calculated 2.5 x 1018 1.2 x 1018 7.8 x 1017 5.9 x 101" 4.8 x 101" 

from Rean | 


ment, which the specimen was subjected to 
before each measurement. 

The Hall coefficient in the extrinsic tempera- 
ture range is almost constant as shown in 
Figs. 3 and 5. For impure specimens the 
Hall coefficient increases slightly at tempera- 
tures a little below the transition temperature 
to the intrinsic range. For copper-doped 
specimens with higher Hall coefficient which 
are considered to have so-called compensated 
impurities, the Hall coefficient begins to de- 
crease at a lower temperature and continues 


to decrease, without kink (Knick), to the in- 
trinsic values with increasing temperature. 
These figures show that the activation energy 
of acceptor levels is very small. The transi- 
tion temperature to the intrinsic range is 
about 500°K. As the temperature rises the 
Hall coefficient inverts its sign before the 
temperature reaches the intrinsic range, though 
Figs. 3 and 5 do not show the whole of their 
behaviours. This indicates that the mobility 
of electron is larger than that of hole, at 
least in this temperature range. As the heat 
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treatment proceeds, the extrinsic Hall coeffi- 
cient becomes gradually larger. 

The temperature coefficient of the resistivity 
at the extrinsic range is positive, as expected 
from the constant Hall coefficient independent 
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Fig. 3. Hall coefficient of various specimens. 


of temperature in this range. The variation 
of the resistivity with temperature is pretty 
large, especially at higher temperatures. The 
mobility “, of the hole calculated from R/o 
is plotted as a function of the temperature in 


Figs. 6 and 7. From these figures it is seen 
that the relation pnccT-*/? holds almost for 
the whole temperature range of our experi- 
ments. As easily seen, this strong temperature 
dependence corresponds to the fact that the | 
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Fig. 4. Variation of resistivity of a certain speci- 
men induced by heat treatment. 
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Fig. 5. Variation of Hall coefficient of a certain 
specimen induced by heat treatment. 


temperature dependence of the resistivity is 
large as shown in Figs. 2 and 4. 


$4. Analysis of the Hall Coefficient Data 
In this experiment the data in the intrinsic 
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Fig. 6. Mobility (I), corresponding to Figs. 2 
and 3. 
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Fig. 7. Mobility (II), corresponding to Figs. 4 
and 5. 
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temperature range could not be obtained, be- 
cause in the measurements at higher tempera- 
tures there was a fear that the properties of 
the specimen might change irreversibly and 
consequently the measurements of the change 
of the properties introduced by heat treatments 
would be disturbed. The intrinsic energy 
gap, therefore, cannot be obtained from the 
slope of the intrinsic curves. The resistivity 
curves are especially steep at the tempera- 
tures slightly below the intrinsic range, and 
it should be noticed that the resistivity be- 
comes larger at these temperatures than those 
expected from the Hall coefficient and the 
temperature dependence of the mobility. This 
is, perhaps, due to the fact that the mobility 
becomes abnormally small. Therefore we shall 
content ourselves, in this section, only with 
analyzing the data of Hall coefficient putting 
aside those of resistivity. 

We assume that acceptor levels, whose 
number is Ny per unit volume, exist within 
the forbidden band. The activation energy of 
the levels is very small, as is deduced from 
the variation of Hall coefficient with tempera- 
ture. It is assumed that the number / of the 
holes in the full band and the number » of 
the electrons in the conduction band are re- 
lated by the equation 
The mobility ratio b=/e/“4, is assumed to be 
constant in our temperature range, where /4e 
and “4, are the mobilities of the electron and 
the hole respectively. The Hall coefficient is 
generally expressed by 

damnanls 

woiesratt 
Here 7 is assumed to be 1 for the sake of 
simplicity. From the above two equations, 
we obtain 


(2) 


Ns =a 1 20D paces if 
(3) 
where 
CH]Ranl Rie Regn LleN sg : 

Denoting the term on the right hand side of 
Eq. (3) by f(e, 6), we can write 

n=fNa . 
On the other hand 
pn=CC’T? exp (—Ea/kT) , 


(4) 
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C’ =2(2xmrkRT/h?)?” , 

(5) 
where Ez is the width of the forbidden band, 
me and mm, are effective masses of the elect- 
ron and the hole. Then from Eqs. (1), (4) 
and )) 


FR) 


C=2(2nm-kT/h?)*/", 


42=CC’T% exp (—Ea/kT) (6) 
and 
In(N .2/T.2)=1n CC’ —In f(f+1)—Ee/kTe . 
(7) 
We denote a temperature by Tv, at which 
the ratio of the value of a Hall coefficient 
curve to its exhaustion value becomes 1/c, i.e. 
Reg»/R=c. For givencand given Reen or Na, 
T. is obtained from the curves of Fig. 8. 


100 


Hall Coefficient R (cm¥coul) 


20 25 


3:0 35 

10°/T 

Fig. 8. Hall coefficient near the intrinsic reversal 
temperature. 


When curves of In (N4/T?/2) vs. 1/T are plot- 
ted for various values of c as a parameter, 
they must be a group of straight lines whose 
slopes are to give a value of Ey. They are 
shown in Fig. 9. The linearity of the curves 
is fairly good, and the value of E« is deter- 
mined as 0.34 ev. 

The values of CC’/f(f+1) for various 
values of ¢can be obtained from the intersec- 
tions of the lines and the ordinate axis in 
Fig. 9, thus we can get In CC’/f(f+1) vs. ¢ 
relation from the experimental data. This 
relation is to be compared with the curves 
calculated from Eq. (3) for various values of 
b as a parameter. If, among the above theo- 
retical curves, we find the curve which re- 
presents the experimental points well, the 
value of b corresponding to the curve must be 
one looked for as the mobility ratio. The 
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theoretical curves and the experimental points 
are shown in Fig. 10. From this procedure b 
is estimated to be about 2.5, though this can 
give merely approximate value. The value of 


20 Zo 


3-0 35 


10°/T 


Fig. 9. Curves for determining the volue of Hg. 


#(#+1) 


1-0 


O02 04 O06 O08 
17C 


Fig. 10. Graph for determining the value of b, 
comparison between the theoretical curves and 
experimental points. 


Mem»/m? can be determined from the inter- 
section of the curve and the ordinate axis in 
Fig. 9 after the value of b is determined. It 
is estimated to be 0.67. 


§5. Mobility 


As is well known, this group of semiconduc- 
tors has mobility proportional to T-5/2, Pet- 
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ritz and Scanlon attempted to explain the 
mobility of PbS from the standpoint that it 
was affected principally by the optical mode 
of lattice vibration. However their attempt 
were not successful for higher temperatures. 
Difficulty of their interpretation at higher 
temperatures, they thought, was due to an 
inadequate expression of scattering cross sec- 
tion for electron whose energy was greater 
than kO,@ being the characteristic tempera- 
ture. 

Formerly they! analyzed the mobility of 
PbS using the equation 


1 il T3/2 

vp Aexp(O/T)—1 Bo 
where the first term is related to the optical 
mode of lattice vibration and the second the 
acoustical mode. They found that O was 
about 1100°K and the effective mass was 0.17 
m. On the other hand Hirahara and Mura- 
kami® analyzed their mobility data of PbSe 
crystal by the equation 

1/u=aT-?/2+bT?/2+clexp (9/T)—1}-} , 

(Ged) 
where the first term represents the reciprocal 
of the mobility when scattering of ionized 
impurity centres only disturbs the motion of 
the carriers, the second concerns the acousti- 
cal mode of lattice vibration and the third the 
optical mode. They found that for characte- 
ristic temperature lower than 800°K Eq. (9) 


(8) 


_ cannot represent the experimental data well. 


An attempt to make Eq. (9) fit to our 
experimental data is made, and leads to the 
results that the characteristic temperature 
must be of the order of 1100°K in order to 
fit in the whole temperature range. This 
result is similar to the case of PbS'. The 
characteristic temperature obtained is higher 
than the expected one. It was reported to be 
194°K for PbS. As to PbTe approximately 
150°K was given as the Debye temperature, 
which was deduced from specific heat measure- 
ment™. In the above procedures the simple 
model of energy band structure is assumed 
tacitly. A consideration based on complicated 
band structure should be made in connexion 
to this point. 

If the motion of the hole is affected mainly 
by the optical mode of lattice vibration and 
the value of mm/m? obtained in last section 


is assumed, the effective mass Me of the 
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electron in the conduction band is 0.51 m and 
m, of the hole in the full band 0.94 m. Then 
the mean free path of the hole is estimated 
as shown in Fig. 11. 
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o 10 
[aX 
® 
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~ 
LL 
5 
© 2 
= 

105. 
5 
500 200. 100 +50 
T°K 
Fig. 11. Mean free path, corresponding to Figs. 

4, 5 and 7. 


§6. Discussion 


It has been reported by many authors that 
this group of semiconductors undergoes an ir- 
reversible change of the electrical properties 
when it is heated above a certain temperature. 
This change depends upon the atmosphere in 
which the crystal is disposed during heat 
treatment. For instance, PbS changes to p- 
type in the sulphur vapour and m#-type in 
vacuum. Our experiments showed that a 
crystal melted in the hydrogen atmosphere 
was of #-type and that heating of a p-type 
crystal to higher temperature in air causes 
the decrease of its Hall coefficient. These 
facts indicate that acceptors are principally 
due to excess tellurium or oxygen atoms or 
deficient lead atoms and that denors are due 
to excess lead or hydrogen atoms, though 
their precise situations in crystal structure 
cannot be known. 

Heat treatment at moderate temperature, 
e.g. 400°K, even in air makes the Hall coe- 
ficient of a p-type crystal higher. And this 
effect is reported by Putley» to be indepen- 
dent of the atmosphere. This may be due to 
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reduction of some crystal imperfections such 
as defects or irregularities, hence a part of 
denors or acceptors may be due to the crystal 
imperfections in many crystals. 

The activation energy of the acceptor levels 
is very small. This is thought to be connect- 
ed with the high dielectric constant of this 
material. The refractive index, which is to 
be the square root of high frequency dielect- 
ric constant, is given to be 51%. The energy 
gap of the forbidden band was not determined 
from the data in the intrinsic range, but it 
was estimated from other results of this ex- 
periment to be 0.34 ev., which proved to agree 
with those obtained from optical data! and 
the recent data of intrinsic experiments», 
while its variation with temperature was left 
untouched in this paper. The mobility ratio 
was determined in this paper. Smith” stated 
that the mobility ratio was not constant but 
increased by fairly large amount with tempera- 
ture. The value of the ratio calculated in this 
paper was obtained by using the data above 
3002K. 

The strong dependence of the mobility up- 
on temperature has been already reported by 
many authors and is also verified in this pa- 
per. An explanation based on a conception 
that the mobility is affected by both acousti- 
cal and optical mode of lattice vibration gives 
good agreement between experimental and 
theoretical values, but it leads to a difficulty 
that the characteristic temperature must be 
assumed as high as 1100°K, as in the case of 
PbS. Difficulty might be removed if we 
introduce a consideration that the complexity 
of the band structure has some contribution 


to the temperature dependence of the mobility. | 

In conclusion, the writers wish to express _ 
their sincere acknowledgements to Professor 
Y, Sakaki and Professor K. Ariyama for their 
kind guidances and encouragements throughout 
the course of the work. 
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The structures of the ordered copper-palladium alloys in the composi- 
tion range from 15.5 to 28.5 atomic per cent Pd were investigated by 
X-ray diffraction, using both single crystals and power specimens. The 
alloys with the composition of 20.8 to 25.8 atomic per cent Pd have an 
anti-phase domain structure in a fully ordered state cooled slowly from 
450°C to room temperature in four months. This structure is formed 
from the elementary face-centered tetragonal lattice, in which the atoms 
arrange themselves as in the ordered alloy Cuz;Au but step-shifts occur 
at a definite period along the tetragonal axis. On the other hand, the 
alloys of 27:3 and 28.5 atomic per cent Pd were confirmed to possess a 
more complicated anti-phase domain structure characterized by the two 
kinds of out-of-step, which was already elucidated by the electron diffrac- 


tion study in Part I. 


Variation of both the lattice parameters and the 


periods of anti-phase domain with composition were also studied. 


Introduction 


$1. 

The copper-palladium alloys in the vicinity 
of the composition Cuz3Pd have a disordered 
face-centered cubic lattice at temperatures 
above about 470°C. Below this temperature, 
according to Jones and Sykes”, the ordered 
_ phase is in equilibrium and is subdivided into 
a and a’ phases. According to them, the 
structure of a’ phase, which exists in the 
composition range from about 8 to 18 %* Pd, 
_ is the face-centred cubic lattice with the atomic 
arrangement of the Cu;Au type, while a” 
phase, existing in the composition range from 
about 18 to 28% Pd, is built up from the 
face-centered tetragonal cells in terms of the 
original disordered face-centered cubic cells. 
But the arrangement of atoms in this super- 
lattice could not definitely be determined by 
them. In Part I2, Watanabe and one of the 
present authors (S.O.) studied the super- 
structure of this alloy by electron diffraction, 
and elucidated a complicated anti-phase domain 
structure present stably in a’’ phase. Recently 
Schubert, Kiefer, Wilkens and Haufler® studied 
the ordered structures with large periods of 
anti-phase domains in many binary and ternary 
systems, and reported that the structure of 


* A short communication concerning this work 
has been published in Acta Cryst. 8 (1955) 510. 
* In the present paper, all percentages refer to 


atomic per cent, 


the ordered alloy Cu;Pd seemed to coincide 
with the model proposed in our short com- 
munication. On the other hand, Geisler and 
Newkirk® concluded that the Cu-Pd alloy, 
containing 20 % Pd, has an ordered structure 
of the modified Ni,Mo-type. This structure 
was supported by the recent work of Jaumot 
and Sawatzky®. 

The present work was undertaken to examine 
the ordered structure of a’ phase by X-ray 
diffraction study, using single crystals mainly 
and powder specimens. In the present paper, 
it will be shown that the observed results es- 
sentially agree with those of the electron dif- 
fraction study, and then our results will be 
compared with the previous works and discuss- 
ed. 


§2. The Proposed Models of the Super- 
structure of a’’ Phase 


First of all, for the sake of interpretation 
of the results of the X-ray diffraction study 
described in §4, we show several models of 
the structure of the ordered a’”’ phase proposed 
by various workers. Fig. 1 reproduces the 
model of the superstructure elucidated by the 
electron diffraction study in Part I». This 
model is a two dimensional anti-phase domain 
structure, namely, as mentioned in Part I, this 
is thought of as formed from the elementary 
face-centered tetragonal lattice, in which the 
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Fig. 1. Model of the two-dimensional anti-phase 
domain structure with Mj=5 and M3=4. Out- 
of-steps occur at places indicated by arrows. 


il 


(Otllew 


We , \ hyd 
{7 | we = 
he " %  (NO)cun, 
(O2O)cub. ey 


(Oe, 


Fig. 2. Intensity distribution in reciprocal space 
for the actual crystal with the two-dimensional 
anti-phase structure. This figure is six-fold 
super-position of the fundamental reciprocal 
lattice corresponding to the model of Fig. 1. 


atoms arrange themselves as in the structure 
of the ordered alloy CuzAu but “the first kind” 
and “the second kind” of step-shift, +-(a,;--a.)/2 
and --(a3-:a,)/2, occur at every M;-th atom 
and M,-th atom along the z and x directions 
respectively. a,, a, and a; are the fundamental 
lattice vector along the wz, y and z axes in 
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terms of the fundamental cells, and the funda- 
mental tetragonal axis coincides with the z 
direction. Fig. 2 is the intensity distribution 
in reciprocal space corresponding to an actual 
crystal of a’ phase. In this figure the splits 
of the superlattice reflections have two distinct 
values of separation, m and m’, being given 
by (1/M;)a;* and (1/M,)a,* respectively. a” 
and a;* are reciprocal lattice constants cor- 
responding to a, and a; respectively. 

Fig. 3 shows the model of the structure of 


e, xX: Cu Pe 12a 


Fig. 3. The ordered structure of the alloy Cu,Pd 
proposed by Geisler and Newkirk. Original 
cubic unit cell is shown by the dotted lines. 


the fully ordered alloy Cu,Pd, proposed by 
Newkirk and Geisler». This structure belongs 
to the space-group Ci,—P./m, containing 20 
atoms arranged in a tetragonal symmetry (a 
=5.826 A, c=7.328 A). It is easily seen that 
the intensity distribution in reciprocal space 
given by this structure is entirely different 
from that of our model depicted in Fig. 2. 
Schubert ef al.», on the other hand, reported 
that the ordered alloys containing 18 to 25% 
Pd have one-dimensional anti-phase domain 
structure, characterized by the first-kind of 
out-of-step, as shown in Fig. 4. The step- 
shift is lined up along the tetragonal axis of 
the fundamental cells. This structure has 


e=Cu, o=Pd 


Fig. 4. The one-dimensional anti-phase domain structure with the 


period M3=7. 


The arrow indicates the occurrence of step-shift. 


1957) 


also been reported for the alloy of 22 % Pd 
in our short communication® and resembles 
that found in the partially ordered states of 
CuzAu”. The intensity distribution in recipro- 
cal space given by this structure is shown in 
Fig. 5(a), in which the tetragonal axis lies 


(020) 


Fig. 5 (a). Fundamental intensity distribution in 
reciprocal space induced from Fig. 4. 


(b) 
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Fig. 5(b). Three-fold superposition of the intensi- 
ty distribution in (a), corresponding to the 
actual state of the ordered alloy. 


along the h; direction. For the actual case, 
since the tetragonal axis will distribute along 
the three original cubic axes, the reciprocal 
lattice has to be given as Fig. 5(b). 


§3. Experimental Procedures 


a) Preparation of specimens 

Seven specimens of the copper-palladium 
alloys, which possessed 15.5, 16.3, 20.8, 25.2, 
25.8, 27.3 and 28.5 % Pd, were prepared from 
electrolytic copper (99.9 %) and pure palladium 
(99.9 %), each alloy weighing approximately 
5 gr. The metals were melted in an evacuated 
thin quartz tube. The large crystals were 
oftén easily grown by slow cooling of ingots, 
but the single crystals were grown by the 
Tammann-Bridgman method in ceramic tubes, 
as previously reported®. After homogenization 
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at temperatures below the solidus in vacuum, 
the single crystals were etched by HCI+CrO, 
aqueous solution or aqua regia and reduced 
to about 0.2mm in diameter. The filed powder 
specimens were also used to determine the 
lattice parameters in both disordered and 
ordered states. 


b) Heat treatment 

The ordering process of the alloy of Cu;Pd 
takes place so slowly that a very long period 
of heating below the transition temperature is 
necessary to obtain the fully ordered stateY». 
To investigate preliminarily the well ordered 
state, the single crystals were annealed for 
two weeks in the temperature range between 
450°C to 200°C, as follows; the specimens 
were initially brought to the disordered state, 
then heated at 450°C for 2 days, at 400°C and 
350°C for 3 days, and at 300°C, 250°C and 
200°C for 2 days respectively, and slowly 
cooled down to room temperature. In order 
to obtain the specimens in the completely 
ordered state, they were annealed over a 
period of four months, i.e. at 400°C for 23 
days, at 350°C for 17 days, and at temperatures 
between 350°C and 200°C for 90 days, then 
slowly cooled in the furnace to room temper- 
ature. During the ordering treatment all 
specimens were sealed in evacuated glass 
ampules. 

c) X-ray examination 

Keeping either a [100] or a [110] direction 
of the original cubic crystal as the vertical 
axis, oscillation photographs were taken, and 
some series of stationary-crystal photographs 
were sometimes also taken to investigate in 
detail around certain reciprocal lattice points. 
With Cu or Fe radiation, X-ray diffraction 
patterns were recorded on the cylindrical films 
(Fuji non-screen 200 Type) of 10cm or 8cm 
in diameter. In the study of polycrystalline 
specimens, the lattice parameters were deter- 
mined by means of the graphical-extrapolation 
method, using a 114.6mm_ Debye-Scherrer 
camera. In some cases, in order to study the 
weak superlattice lines, a focusing camera 
was used together with a curved quartz mono- 
chromator. 


§4, Experimental Results 

a) Two weeks annealed state 

The preliminary investigation was done for 
the two specimens, containing 20.8 and 25.2 % 
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Pd, after being annealed for 2 weeks. The 
observed results for the former crystal will 
be mainly described below. Photo. l(a) and 
(b) are the oscillation photographs of the alloy 
of 20.8% Pd. These patterns show that the 
superlattice reflections (010), and (110)cu», 
split apparently into three and five spots, re- 
spectively. By comparing these photographs 
with Fig. 6(a) and (b), which are respectively 
the (100) and the (110) planes of the reciprocal 
lattice depicted in Fig. 5(b), it is clearly shown 
that the splitting of each superlattice reflection 
can well be interpreted by assuming the 
presence of one-dimensional anti-phase domains, 
characterized by the first kind of out-of-step 
and lined up along the tetragonal axis, as 
already given in Fig. 4. Therefore, indices 
of the splits of (110)u». group in Photo. 1(a) 
are (1 0 1+1/2M;), (0 1 1£1/2M3) and (110), 
as described beside this pattern. Also the 
satellites of (010).u», correspond to (0 1 1/2M3) 
and the central spot (001) is superposed by 
another pair of satellites (1 0 -:1/2Ms;)*. 
While, in Photo. 1(b) the satellites of (010)cu». 
group are (1 0 +1/2M3), and the central spot 
(001) is superposed by (0 1 +1/2M;). 


Table- I, 

Superlattice Separation of Period of 

reflection satellites aut-of-step 
_ “nN eC il otrern. is 
ieee 0 0.062 6x7; 
it al @) 0.060 (a0 
Zalwn 0 0.060 G0 
Are al 0.056 G5 
Sh OG 0.060 (a0) 
fy AN 0.058 2, 
oh dh) 6) 0.058 hed 
5} se 1) 0.058 Wo? 
AL al 30) 0.060 7.0 
Dew 0.060 x0, 


Mean value=7.1 


The period of out-of-step or the domain 
length, M; , was determined from the splittings 
of certain superlattice reflections. For the 
alloy of 20.8 % Pd, Table I lists the separation 
of satellites in reciprocal space and the domain 


* Since the axial ratio c/a of this alloy is 0.993, 
the separation due to the tetragonality is so small 
that (001) is hardly distinguished from (1 0 +1/2Ms3) 
in this photograph. 
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lengths determined from them. The mean _ 
value of M; is 7.1 and agrees quite well with 
that obtained from the powder photographs, 
using monochromatic focusing camera. 

Further, the relative intensities of these 
splitting reflections were photometrically 
measured for both single and poly-crystal dif- | 
fraction patterns and were compared with | 
those calculated from the structural model — 
shown in Fig. 4. Table II gives the observed | 


Table II. Relative intensities of satellites of 
superlattice reflections of the alloy containing 
20.8 % Pd. 


Relative intensities 


hk l | calculated 
observed with Mise 7 
| 

1 0 —1/:M3 0.25 0.23 

0 0 1 

0 1 +3/.M3 : ; 

1 0 +1/.M3 0.20 ORZ3 

1 0. 1=yere Vos 0.46 

0 1 1-—1/2M3 0.32 0.46 

Ina” ¢ i! 1 

0 1 1+1/Ms3 | 0.25 | 0.37 

1 0 144/2M3 | 0.28 | 0.37 


and calculated relative intensities of the satel- 
lites of (001)en, and (110)u», groups, in which 
the intensity of either (001)+(0 1 --1/2M3;) or 
(110) reflection is taken as unity. The calcu- 
lated values were obtained from (L.P.)F?-G;?, 
where (L.P.) is the Lorentz-polarization factor, 
F the structure factor, and G; the Laue 
function along the 2 direction, being given by 
Guinier and Griffoul® and by Raether®. The 
values calculated with M3;=7 agree almost 
well with the observed ones. 

The alloy of 25.2 % Pd gave analogous dif- 
fraction patterns to those of the 20.8 % Pd 
alloy, except that the period of out-of-step 
was determined as 5.1 and the ratio c/a was 
0.991. 


b) Four months annealed state 

Five single crystals containing 20.8, 25.2, 
25.8, 27.3 and 28.5 % Pd were studied in the 
fully ordered state, cooled slowly in four 
months. In this state, the splitting manner 
of superlattice reflections was investigated to 
confirm in more detail the intensity distri- 
bution in reciprocal space. Photo. 2(a), (b) 


| 1957) 


and (c) are the parts of oscillation photographs 
of the crystal of 20.8 % Pd using Cu radiation, 
showing split of some superlattice reflections. 
From these patterns, it was elucidated that 
the five splitting spots of superlattice reflections 
(110).up. and (011)eu. lie on the (001) and (100) 
telplanes respectively, as just was represented 
in Fig. 6. In Photo. 2(a), the (031l)eu». reflection 


[001] 
ee 024 tsa o. 
oe 033 043 
he 032 52, 
Photo.2() : ese 
33 
cod os! 04 
000 030 040 [O10] 
Photo.1|(b) 
(a) 
Photo. 4(a) 


d -ig° Photo3 


Photay220 330 C110) 


(b) 


Fig. 6(a) and (b). (100) and (110) planes in the 
reciprocal lattice of Fig. 5 (b) respectively. The 
lune-shaped areas are sections through the rel- 
planes swept out by the oscillating sphere of 
reflection of Cu Ka radiation, and each corres- 
ponds to each of Photos. 1~4. Full and open 
small circles show schematically the split super- 
lattice points lying on and not on the planes 


concerned respectively. 


plits appreciably in five spots lying on the 
100) relplane, owing to the tetragonality, 
Ithough the (011), reflection in Photo. 2(b) 
plits only in three spots. Since the axial 
atio decreased to 0,991 at this stage, it 1s 
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clearly seen, by comparison between Photo. 1 
and Photo. 2(c), that the satellites of (001)cun. 
reflection displace towards the lower angle 
side than the central spot (001). Thus all 
these patterns are well interpreted by the 
anti-phase domain structure described in Fig. 
4, as well as the pattern in Photo. 1 of the 
two weeks annealed state. 


Table III. Relative intensities of the (112)cun, group 
in Photo. 3. 


Relative intensities 
hk l : 
obs. | cal. 
1 2 1-—1/.M3 0.47 0.45 
Dh Nee |. ale 0.45 
in lee? 1 | 1 
1 2) eM, 0:87) 7) Roney 
271) teu 0.19 | 0.41 
Table IV. Indices of the (012)eyy, and (013)cun. 
groups in Photos. 5 and 6. 
No. of spots in Index 
photographs | h k l 
l { 1+'/oM, 2 —1/2M3 
2 1 —1/.Mz3 
> |{ ltthM: 2 +1/Ms 
| | 2 1 +1/2M3 
= 2 0 eC e 
1+34/sM,; 0 2-—1/2M3 
ae” 12 eeu 
(012)eun, group ( 1i%Mi 0 2+1/2M3 
5 2—1/sM, 0 1 
6.) 9 222M, 0 een 
7 0) esi 2a 
Se SAN Oi 
\ 48) 2 0 1 
| 10 | Laue spot 
7 ee 1 0 3-1/:Ms 
i +1/2M, 1 3-1/2M3 
Z, 1 0 3-—1/2M3 
i +12M, 1 3-—1/.Ms 
3 3 0 1—1/.M3 
3! +4oM, 3 1—1/2M3 
(013)euv. group A 3 0 14+1/2Mz 
4’ +4/2M, 3 14+4/2Ms3 
5 | 3-1hM, 1 0 
6 ets Ven: 0 
7 | Ut,Mi 3 y 0 
8 341M, 1 0 
9 1 3 0 
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The alloys of 25.2 and 25.8% Pd also give 
closely analogous splitting of superlattice re- 
flections to that of the 20.8% Pd alloy. In 
Photo. 3, which shows the superlattice re- 
flections of (112)eun, , (22l)eun, and the high 
angle side of (110)cu», of the 25.2% Pd alloy, 
it should be noticed that the intensities of the 
two pairs of satellites of these reflections are 
considerably different from each other. The 
relative intensities of the splits of the (112)euy. 
group were photometrically measured, and the 
observed results are listed in the second column 
of Table III. This table shows that the rela- 
tive intensities of the one pair of the satellites 
(1 2 1+1/2M;) to the central reflection (112) 
agree almost with the calculated ones, in which 
M; is assumed to be 5, but the other pair 
(2 1 1+-1/2M;) has fairly less intensities. Hence 
we can conclude that the c axis of the ordered 
face-centered tetragonal lattice, i.e., the di- 
rection of line-up of anti-phase domains, is 
distributed not equally to three principal axes 
of the original cubic lattice. This circumstance 
is, however, special, and a uniform distribution 
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Photo. 1. Oscillation photographs of the 
alloy containing 20.8% Pd annealed 
for two weeks. 

(a) (010)eun. and (110)cuy, reflections. 
[110]env. is vertical; crystal is oscil- 
lated by 14~24° from [001]eup, axis. 

(b) (010)cun. reflection. [100]cup, axis 
is vertical; crystal is oscillated by 
7~17° from [001]eup, axis. 

(c) Illustration for (a) and (b). 


(b) 


of the tetragonal axis was observed in many 
cases. 

Photo. 4(a) and (b) are the oscillation photo- 
graphs of the alloy of 25.8 % Pd, giving some 
splitting groups of superlattice reflections, 
such as (110 )ean. ’ (221 ).ae ’ (223 can, 5) (O12) sans 
and (013). , besides the normal reflections. 
The vertical splittings of the normal spots, 
such as (222)eu., (224)eun. and (004)eun., seem 
to mean the occurrence of polycrystallization 
of the specimen caused by lattice distortion 
accompanying the ordering reaction. 

From the following diffraction patterns of 
the alloys containing 27.3 and 28.5 % Pd, the 
complicated two-dimensional anti-phase domain 
structure depicted in Fig. 1 was confirmed to 
exist stably. Photo. 5 is a series of the 
stationary crystal photographs for the (012)eu». 
reflection of the alloy of 27.3% Pd, with 


* Tt is undeniable that the electron diffraction 


results do not compromise with the present X-ray 
diffraction results about the stable region of the two- 
dimensional anti-phase domain structure. The rea- 


son for this is, however, not clear at the present 
stage, 
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(a) 
Cub. Cub. 
Photo. 2. Oscillation photographs of the 20.8 % Pd 
(b) : alloy annealed for four months. 

. : : ee (a) Superlattice reflections, (110)cun. , (120)eun, and 
(031)eub., and main lattice reflections, (020)cup. 
and (13l)cun.. [109]cun, axis is vertical; crystal 
is oscillated by 18~33° from [001 ]eun. axis; 
filtered Cu radiation is used. 

(b) (Oll)euv. reflection. [100]eun, axis is vertical; 
a : crystal is oscillated by 18~33° from [001]eun.; 
(c) filtered Cu radiation is used. 


D> 
20° 


(c) (OOl)euv. reflection. [110]cu». is vertical; 
crystal is oscillated by 73~83° from [100]eun. , 
unfiltered Cu radiation is used. 


T t t 
(221). 5, Or aes OE ean; 


Photo. 3. Oscillation photograph of the ordered alloy of 25.2 % Pd. 
[110]eup. is vertical; crystal is oscillated by 18~28° from [001 ]cun. 


axis. Unfiltered Cu radiation is used. 


[OO01]Jeun, axis vertical. The (012)cu». reflection 
bears a resemblance to the (110)cu», reflection 
in the electron diffraction pattern in Fig. 8(a) 
of Part I and shows a double splitting of the 
satellites, whose indices are given in Table IV. 


Although the central spot, No. 9 in this table, 
has been observed also in the electron dif- 
fraction patterns, it can not be expected from 
the anti-phase domain model alone such as 
shown in Fig. 1. This fact, however, may 
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incident (110) Sacearans, (Ca) (2) 
beam y CUP ae increment 


' - a (b) 


t f i 


(O12) (O13) (004) 
Cub. Cub. Cub, 


Photo. 4. Oscillation photographs of the ordered alloy of 25.8% Pd. Unfiltered Cu 


radiation is used. 
(a) [110]eu, is vertical; crystal is oscillated by 9~19° from [001]eu». axis. 
(b) [100]cyn. is vertical; crystal is oscillated by 25~35° from [001]eun, axis. 


poate 


& 
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Fhoto. 5. Series of stationary crystal photographs of the (012)cuv, reflection group of the alloy con- 
taining 27.3 % Pd. Unfiltered Fe radiation is used; [100]eun, axis is vertical; [001]eun, axis makes 


34~36° with beam direction. Indices of split spots are to be referred to Table IV. 
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be interpreted by considering coexistence 
of both the one-dimensional and the two- 
dimensional anti-phase domain structures, since 
the former type of anti-phase structure can 
give rise to the central spot, as mentioned 
before. Photo. 6 is an example of the oscil- 
lation photographs of this alloy, using un- 
filtered Fe radiation, and it shows the (OPS). 
reflection flanked by a new type of satellites. 
The difference between diffraction patterns of 
the one-dimensional and the two-dimensional 
anti-phase domain structures will clearly be 
seen by comparison between Photo. 2(a) or 
Photo. 4(b) and Photo. 6; namely in the last 


Photo. 6. Oscillation photograph of the alloy of 
27.3% Pd. Split (013)cun, reflection is shown. 
[100]cub, is vertical; crystal is oscillated by 11~ 
21° from [001]eun, axis. Unfiltered Fe radiation 
is used. Indices of split spots are to be referred 
to Table IV. 


pattern the weak split spots, indicated by 1’, 
2’, 3’ and 4’, are seen above and below the 
equatorial line, in addition to the spots on this 
line, while in the former two only five splits 
lying on this line are observable. The splits 
of the superlattice reflection in Photo. 6 can 
entirely be explained by the intensity distri- 
bution in reciprocal space as given in Fig. 2, 
and the indices of all splits are also given in 
Table IV. The two periods of anti-phase 
domain, M,; and M;, were obtained from the 
two kinds of separation of the satellites, being 
respectively 4.0 and 3.2 atomic distances. 
The alloy containing 28.5 % Pd gave quite 
similar diffraction patterns to those of the 
alloy of 27.3% Pd and possessed the super- 
structure characterized by both kinds of step- 
shift with the periods M,~3.8 and M;~3.5. 
In X-ray diffraction patterns of any specimen, 
there have never been found such satellites 
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flanking the normal reflections as observed in 
electron diffraction patterns. 

Next, the data obtained from the present study 
will be summarized as a function of composi- 


tion. Fig. 7 gives the periods of anti-phase, 
o 
c 9 
- 
28 
U 
e) 
€ ie 
BE 
f 5 
m 
= 2 ~ 
& PS) 
53 
= 
B 
20 23) 30 
Pd atomic % 
Fig. 7. Variation of the periods of anti-phase 


domain, M; and M;, with composition. Open 
and full circles represent the values of M3 and 
M, respectively. 


domain M, and M;, as a function of composition 
for four months annealed state. Both values 
of M, and M; seem to agree well with the 
results of Schubert e¢ al.» rather than with 
those of the electron diffraction study». The 
periods of anti-phase domain decrease con- 
tinuously with the increasing concentration of 
Pd atoms. These values in atomic distances 
are in general not integers. This fractional 
property of M’s values is considered to prove 
that the different periods of anti-phase domain 
are mixed uniformly but probably with some 
irregularity. On this point, detailed discus- 
sions and calculations were recently develop- 
ed! in the course of study on the alloy Ag;Mg 
in our laboratory. 

Fig. 8(a) show the variation of lattice para- 
meters with composition for the ordered and 
disordered states. The lattice parameters of 
the disordered alloys quenched from 600°C 
appear to be approximately linear with com- 
position, but to deviate positively from Vegard’s 
law. In this figure, (@c)!/* is also plotted, in 
addition to @ andc, for the ordered tetragonal 
cell. These lattice parameters agree fairly 
well with the previous investigations 910, 
The lattice contraction due to ordering is very 
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Table V. Comparison between observation and calculation for superlattice line 
positions and relative intensities of the 20 % Pd alloy. 


Calculated data 
Ce ll peter hi inverted 
eisler-Newkir Anti-phase domain model NiMo-type model 
We 1/2 be hk 1. Aa F?-p 
0.0761 M 0.0743 110 10 +14 0.0748 19 
0.0748 73 00 1 0.0778 24 
0.1400 M 0.1385 47 10 gees 0.1370 20 
0.1488 M 0.1478 62 jiggle 0.1479 30 
0.1601 MW 0.1597 45 £ Onteer, 0.1666 18 
0.1863 Vw 0.1842 | 1 [ © T43h 0.1978 | 18 
| 0.2274. alts 
| 0.2553 | 16 
0.2849 14 
0.2865 14 
0.3154 | VVW 0.3122 | L 4) Sones 0.3144 | 13 
0.3224 VVW 0.3161 | 13 
0.3544 Vw 0.3522 | 12.) ou) hy Om oat, | 0.3583 3 
eet fe 0.3699 24 7 1 EG 
0.3704 32 21 1 0.3705 40 
0.3962 Vw 0.3947 | 12 1-50 2a, 0.4031 | 24 
0.4048 12 
0.4363 Vw 0.4341 16 (ee hen eee 0.4344 12 
0.4474 Vw 0.4470 | 21 1A a 0.4470 36 
0.4545 VVW 0.4553 15 Pee 0.4640 1 
0.5510 10 
0.5590 VVW 0.5527 20 
0.5856 10 
0.6102 
0.6152 9 
0.6506 Vw 0.6478 8 Peta Sy 0.6414 9 
0.6655 4 3.00 aah 0.6662 28 
0.6675 Ww 0.6660 1 2s O° wal 
0.6732 3 no 2 0.6730 7 
0.6860 vw 0.6903 8 9° Vac Out Wy 0.7006 9 
0.7172 Vw 0.7152 4 1, One 0.7039 | 9 
0.7297 3 3-0 ue, 0.7335 |) a3 
0.7427 Vw 0.7392 G7 dls! AS ee ao 0.7393 | 26 
0.7509 4 3) Oley 0.7631 8 
0.7793 4 1.0) 32 0.7876 16 
0.8763 16 
| 0.9076 8 
0.9372 14 
0.9405 
0.9460 | Vw 0.9434 3 a2 Oven 0.9456 
0.9622 Vw 0.9611 Pe slips, 0.9650 7 
0.9685 Vw 0.9688 8 iy 8 0.9687 23 
| 0.9701 7 
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Table V. (Continued) 


l 
Cal 
Observed data by je ee ee re Ra sd ee — ——— 


Geisler-Newkirk 2-hi inverted 
NiysMo-type model 


Anti-phase domain model 


yaar oe tee ee Wea |. Duta hy cae 


| F?..Gs pre 
| | 0.9859 3 39:0 24k 25 0,97518Y ieee 
| 09997 7 Stner 
aO128 mh) | hearW 1.0108 5 122° Ba 1.0242 ane 2 az 
im 1.023 | vvW | © 1.0253 5 3. 2eadeth 1.0259 | 7 
) Te VINES | AECL B84 15 autiphire2 1.0384 | 14 
) POPs 465 5 hoary oa siowe 7 
| 1.0716 | VVW 1.0675 5 ee sates 1.0639 | 
| 1.0833 7 
| [nt 1737 ee 
; 1.2016 6 
| 1.2067 | 
1.2117) eee 
1.2280 a. he le Cae, 1.2312 eee te 
1.2391 Sel eae Re 1123001 Pens 
| | 1.2567 6 4 1 4's 1.2363 12 
1.2565 | MW | 1.2572 8 1-0. Oey 1.2625 12 
| 1.2600 8 | D8 2 1.26442) lene 
| 1.2815 6 Duo Dee lihe, 
“1.3079 | Ww | 1.3064 3 3.0 8= Yu 
| 1.3136 3 Onde i 
| | 1.3209 | 6 Teen beg tie, 
1.3284 Wis lin wal <3802 4 SOE 10 1.3308 9 
1.3395 evan delsoAe! 6 eer rere 1.3443 18 
| 1.3446 By Amon aia in 4 1.3495 
| 1.3512 6 
1.3671 VW. tac || 1h EB7O6L al ele CR Kim R 1.3808 11 
1.4678 5 
| 1.4974 5 
1.5062 5 
| 1.5075 5 
1.5229 | MW 1.5236 13 9 SAS 
1.5309 vw 1.5426 13 Dera (Pant 5370 5 
1.5486 M 1.5555 35 eho ake eee! ae te" 
| 1.5565 10 
ezine hs. VW 1.5638 43 lal east peuadaeie 1.5861 10 
1.5999 Ww 1.6020 | ed ee a ee 1.6173 5 
1.6092 | 13 1 Oo 4iy, 
1.6249 | WwW | 1.6294 OS bie ae? | 1.6299 15 
| | | 1.6469 5 
1.6590 W 1.6662 | 50. Gat 3 2 341 | 1.6553 | 10 


** Relative intensities in this column were normalized on the basis of the intensity of the (200) 


reflection taken as 1000, while in the last column the intensity of the (200) reflection was taken 


as 840. 
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small, but it seems to reach a maximum 
value, about 0.08 %, in the vicinity of 25 % Pd. 
This value is greater than the value, 0.02 %, 
observed by Jaumot and Sawatzky®, but agrees 
roughly with the result, 0.057 %, of dilato- 


20 


2S 30 
Pd atomic Yo 


Fig. 8 (a). Lattice parameters as a function of 
composition. 
©: quenched state, 


four months annealed state, 

(a2c)1/3 values, 

x: after Jones and Owen, 

Vergar’s law 

Variation of the ratio c/a with com- 


(b). 
position. 

@®: present results, 

x: after Jones and Owen. 


metric study by Sato!™. In Fig. 8(b) it should 
be noticed that the c/a values have a minimum 
near the composition of Cu;Pd rather than 
that of Cu,Pd. The observed data plotted in 
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Figs. 7 and 8 are summerized in Table VI. 


The variation of the periods of anti-phase 


domain with temperatures was not completely 
examined, but it was found that the value of 


M; of the 25.2% Pd alloy increases with 


temperature of annealing. 


§5. Discussions 


As already mentioned in §1, Geisler and 
Newkirk® have proposed that the lattice of 
the fully ordered alloy CusPd has a “2-hi | 


inverted Ni,Mo-type” structure given in Fig. 
3. Now, their data obtained from Debye- 
Scherrer patterns should be interpreted in terms 
of the present anti-phase domain model. In 


doing this, we assume that the ordered alloy — 


of 20% Pd possesses such a superstructure 
as characterized by the first kind of out-of- 
step with the period of 7 atomic distances, 
and that the dimensions of the elemental face- 
centered tetragonal cell are taken as a=3.685 A 
c=3.664 A according to Geisler and Newkirk. 
In Table V the first and the second columns 
list the values of 1/d? and visual relative in- 
tensities of superlattice lines observed by them. 
The predicted positions, relative 
and Miller indices of superlattice lines given 
by the present model are listed in the third, 
fourth and fifth columns of this table. The 
superlattice line positions and the relative in- 
tensities calculated by Geisler-Newkirk’s model 
are also listed in the sixth and last columns. 
It is clearly seen that the experimental data, 
except two diffraction lines with VVW _ in- 
tensities, can quite well be explained on the 
basis of the one-dimensional anti-phase domain 
structure. The interpretation of Geisler and 
Newkirk is also good but not fully satisfactory, 
especially, two diffraction lines with W and 


Table VI. Lattice parameters in the ordered and the disordered states of the 
copper-palladium alloys. 
Composition aides Me ' Cad ee. (a montas ae Period of aut-of-step 

v2 (Oh (Oe (Mies (a2e)¥/3 ix c/a M, M3 . 
1555 3.656 ; 7 -- it 
16.3 3.660 1 
20.8 3.673 3.684 © | & 3.652 3.673 0.991 7.0 
25.2 3.688 | 3.700 | 3.658 3.686 0.989 4.4 
25.8 3.689 3.701 | 3.653 3.686 0.987 4.2 
iB 3.692 Bok | 3.670 3.692 0.990 4.0 3.2 
28.5 3.694 ors, | | 3.675 3.694 0.992 wits) 355 


intensities © 


explained by their model. 
| be said that the agreement between the 


0 ESS ee ee ee 


| model. 
_ explain the diffraction patterns of single crystals 
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MW intensities, marked with*, can not be 
Therefore, it can 


observed data and the calculated results is 
better for the present model than for their 
Furthermore, their model can not 


represented in the present paper. And, in 
the present experimental study, there is no 
evidence to support the fact that the Cu,Pd 
composition is the most favorable composition 
for ordering. 

Thus, it is concluded that the superlattice 
in the vicinity of 25 % Pd possesses in equili- 
brium state the anti-phase domain structure 
characterized by the first kind alone or both 
the first and the second kinds of out-of-step. 
The latter type of the anti-phase domain 
structure was observed over the composition 
range from 21 to 30% Pd according to the 
electron diffraction study in Part I, while in 
the present X-ray study this structure was 
found only at the composition of 27.3 and 
28.5 % Pd*. If the two-dimensional anti-phase 
domain structure is the same as the “ Kom- 


_ plexe Verwerfungsstruktur ” called by Schubert 


et al.*»), the results of the present study seem 
to support the stable region of each type of 
anti-phase domain structures proposed by them. 
Taking the results of the electron diffraction 
study into consideration, however, the region 
of the two-dimensional anti-phase domain 
structure should extend to less content of Pd 
at higher temperatures. Hence it can safely 
be said that the two-dimensional anti-phase 
domain structure is stable at higher temper- 


‘atures and at higher concentrations of Pd than 


the region of the one-dimensional one, although 
there seems to be no discrete boundary between 
the stable regions of both structures. The 
presence of a well marked maximum at about 
400°C in the specific heat-vs.-temperature 
curve obtained by Jones and Sykes? might 
probably correspond to the transition from the 
one-dimensional to the two-dimensional anti- 
phase superstructure. Both types of anti-phase 
domains gradually fade away with decreasing 
Pd content and completely vanish at about 
18% Pd together with the tetragonality of 
the fundamental lattice. To determine un- 
confirmed points in the phase diagram of this 
alloy, more detailed and conclusive investiga- 
tions seem to be necessary. 
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§6. Conclusion 


According to the present X-ray diffraction 
study on the ordered Cu;Pd crystals, it was 
confirmed that the two-dimensional anti-phase 
superstructure characterized by two kinds of 
step shift, proposed in Part I, exists stably in 
the compositions of 27.3 and 28.5 % Pd after 
slow cooling from 450°C to room temperature 
in four months. The alloys containing 20.8 
to 25.8% Pd, which were also annealed for four 
months, have the one-dimensional anti-phase 
superstructure. This structure is entirely 
different from the “ 2-z inverted Ni,Mo-type ” 
structure proposed for the alloy Cu,Pd by 
Geisler and Newkirk, but agrees with the 
result of Schubert eft al. . 

The lattice parameters as well as the periods 
of anti-phase domains were obtained as functions 
of Pd concentration. It is pointed out that 
changes of physical properties accompanying 
the order-disorder transformation and cold- 
work of this alloy should be considered on the 
basis of such rather unusual superstructures 
as mentioned above. 

The authors wish to express their sincere 
thanks to Mr. D. Watanabe for his kind dis- 
cussions. 

This work has been supported in part by 
the fund of the Ministry of Education in Aid 
of Scientific Researches. 
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Proton Magnetic Resonance in Chain Polymers 
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Proton magnetic resonance absorptions have been studied for several 
chain polymers. The experimental second moments of the absorption 
lines in the glassy state were compared with the calculated ones for the 
model of (-CH,-CHX-), type. 

The temperature variations of the line widths were observed from 
room temperature to about 160°C. For PMMA and Polystyrene having 
large side chains, the line widths were found to narrow in two steps as 
temperature was raised. The first step of narrowing occured in neigh- 
bor of the glassy transition temperature J, and is assigned to the onset 
of the “hindered rotation” of the side chain. The second step of rapid 
narrowing started at the higher temperature than 7’, and is assigned to 
the “segmental rotation” of the main chain. 

In contrast with these cases, the line width transition of PVC and of 
PVAc occured in a single step narrowing at the higher temperature 


than 7’, which is assigned to the onset of the segmental motion. 

Referring to another observations information of the movements and 
of the configurations of the side chain which was obtained from the 
proton magnetic study was discussed in the last section. 


Introduction 


§1. 


During the past few years much work has 
been done in the field of proton magnetic re- 
sonance study of long chain polymers. The 
main object of these this researches was in 
the investigation of the molecular structures 
and, especially, of the molecular movements. 

A number of polymeric materials have been 
found to show merely amorphous diagrams 
under X-ray and electron diffraction examina- 
tions». Therefore, the knowledge of the 
molecular structure of these materials is ob- 
tained less exactly than in the case of crystal- 
line substances. It seems possible, however, 
that the proton magnetic spectroscopy permit 
a further insight into the structure of polyme- 
ric systems, for example, the relative position 
of the side chains to the main chains which 
is determined by examining a resonance line 
width which is due to the interactions between 
the neighbouring nuclear spins. 

On the other hand, it is well known that 
all polymers consisting of flexible long chains 
show the apparent second order transition 
which separates the soft “ rubbery” state from 
the hard “glassy” state. An explanation of 
this characteristic property based on the as- 


sumption of “ quasi-free rotation” in the long 
chain molecules. However, concerning the 
existence and the nature of such internal mo- 
tions we have only unsatisfactory knowledge. 
Hitherto, in order to study the characteristics 
of polymers in the transition region, various 
physical methods were employed, such as 
thermal”), dynamical®, and dielectrical mea- 
surements. Especially, the latter two are very 
useful in studying the molecular behaviors 
responsible for this transition. 

While, the proton magnetic resonance method 
demonstrates directly internal motions of the 
main chains and the side chains®), this method 
is one of the most useful means of studying 
various inner motions of linear polymers in 
the transition region. Concerning the polymers 
having large substituents the possibilities of 
diversity in the transition are expected, for 
example, the possibility of the rotation of the 
side chains under circumstances which prevent 
the segmental motion of the main chain. 
Thus, it seems to be interesting to investigate 
how the side chains in polymers relate to the 
onset of the rotation of the main chain, and 
how they behave with each other in the “glassy” 
to “rubbery ” transition in polymers. 
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Taking into account the relations between 
the side chains and the main chain, we have 
studied the line width of the proton magnetic 
resonance absorption for several chain poly- 
mers of the vinyl compounds and acryl ones, 
which are of similar construction except for 
the different nature and the size of the side 
chains. Moreover, we have tried to obtain 
information concerning the relative position 
of side chains and the nature of their rotational 
motion more accurately than in the past, and 
the semi-quantitative investigation described 
in the following has been developed. 


§ 2. 


Experimental Procedure 
Apparatus 


Autodyne detector was used for observing 
the proton magnetic resonance line. The 
detector used was a cathode follower type” 
which has high sensitivity and is the most 
useful of those so far tried. A block diagram 
of the whole apparatus is shown in Fig. 1. 


Block diagram of apparatus. 


Fig. 1. 


The magnet used in this work was an elec- 
tromagnet with 15cm diameter pole face. 
The current to the magnet was supplied from 
storage batteries. The gap of the pole faces 
was 3cm, and at this gap the inhomogeneity 
of the field was less than 0.3 gauss over the 
area of the sample used. 

The experiments were performed at a fixed 
frequency with a variable applied magnetic 
field of about 3100 gauss. The linear varia- 
tion of the magnetic field was accomplished 
through an electronic regulator extending over 
about 50 gauss range. The magnetic field 
modulated at 50 cycles was applied and its 
intensity of less than 1.5 gauss was sufficient 
to obtain adequate signal strengths. 
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The narrow band amplifier and balanced 
mixer was used to observe the derivative of 
the absorption line as a function of the appli- 
ed field. The line shapes were recorded by 
the automatic recording system. 


Sample 
The various samples used are shown in 


Table I. All samples have no plasticizer and 
Table I. 
Average 
Poly 
Sample meriza Structure unit 
tion 
degree 
Polyvinyl chrolide 1300 | -CH,-CHCI-* 
Polystyrene 4200 |-CH,-CHC;H;-* 
Polyvinyl Acetate 2000 | -CH,-CHOCOCH3-* 
Polymethyl -CH,:-CH3 
Methacrylate COOCH;3-** 
Polymethyl Acrylate -CH,-CHCOOCH;-** 


* These samples were manifactured by the Seki- 
sui Kagaku and Co. 
** These samples were supplied through the kind- 
ness of Dr. S. Iwayanagi and Mr. M. Hidejima, 
Scientific Research Institute. 


are neither stretched nor orientated. 

These materials do not crystallize except 
PVC, and the crystallization of PVC is in such 
a small degree» that it is not considered to 
affect the results of our experiment. 

For the measurement, the powder or granu- 
lar samples, of about 1 gram, were contained 
in a small glass tube of 1cm inside diameter. 
And the radio frequency coil into which the 
glass tube was inserted was 1.1cm inside dia- 
meter and 1cm long, and was surrounded by 
a cylindical shield of 2.8cm outside diameter. 
The temperature of the samples was measured 
with the copper constantan thermocouple 
embedded in the sample. The 3cm gap of 
the available magnet prevented insertion of a 
heater, so heating was effected by conduction 
through the brass rod, the upper end of which 
was in contact with Ni-Cr heater placed too 
far above the magnetic pole to disturb the 
field homogeneity. And the shield tube con- 
taining the samples was thermally insulated 
from the surroundings. Thus the temperature 
of the samples was varied from room tempera- 
ture to about 160°C. Within this extent satis- 
factory temperature control was obtained. 
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Hygroscopic samples were further desiccated 
in the vacuum desiccator for two days, and 
after this treatment they were desorbed by 
evacuating at 10-*mmHg, having been kept 
in a heat bath of appropriately high tempera- 
ture (100°C ~160°C) for about 20 hours. 


§3. Line Shapes and Line-width Changes 


The derivatives of the absorption lines at 
room tempereture are shown in Fig. 2. All 
resonance lines are single-humped showing no 
fine structure. The second moments, half- 
widths and maximum slope widths are respec- 
tively listed in Table II. The experimental 
values of second moment <4H*>,, and half- 
width 4Hi/. of absorption lines are calculated 
through a graphical integration of the deriva- 
tive curves replotted in a rectangular coordinate 
from the recording paper. 

If the curve is the Gaussian type, there is 
the following well known relations”. 


4H 2=2.35¢4H ay¥?, 4Hm.si. =2(4H*) ay”. 
(1) 
Thus we obtain the ratio of 4H, to 4Hmsi. 


(b) Polystyrene 


A. ODAJIMA, J. SOHMA and M. KOIKE 


(Vol. 12, 


(d) PVAc 


Fig. 2. Derivatives of the proton magnetic absorp- 
tion line in PMMA, PS, PVC, PVAc and PMA 
at room temperature. 


as 1.175. Referring to the experimental results, 
the line shapes for PVC and Polystyrene seem 
to be similar to the Gaussian type. On the 
other hand the line shapes for PMMA and 
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PVAc indicate sharper absorption line than 
the Gaussian type, in spite of the glass-like 
state at room temperature. 


Table II. 
4Hi/2 4Hya.si. |4Hy/o/4H msi. <H> ay ei 
gauss} gauss) gauss? gauss? 

PMMA6.2 3.8 1.6 9.0 | 6.9% 
PS Sale a ieeeyeell Le 11.9 OP 
PVC 10.6) 9.5 tel | 14.4 
PVAc 7.4) 4.7 ie dao 
PMA 6.8 3.5 2.0 

Pirates. 

Pte atellO5nC. 


The line width behaviors as the temperature 
rises, are shown in Fig. 3 and 4. In each 
observation the values of the line width in 
the higher temperature region may be some- 
what greater than the true ones because of 


a Hmsi{gauss) ir] 


|e Seren) Laem) ESS Pe Se ee el Oe Oe ee n 


Fig. 3a. Max. Slope width vs. temperature curves 
for PMMA and PS. 


Fig. 3b. Max. Slope width vs. temperature curve 
for PVC. 


the modulation broadening and the inhomo- 
genity of the field. 

Under the circumstances of thermal equili- 
brium, which was achieved by sufficiently slow 
variation of temperature, no hysteresis was 
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apparent on the time scale of these experi- 
ments. The line width change for each 
material will be discussed in detail in a later 
part of this section. 

(a) PMMA. The observed maximum slope 
width, 4Hm.s1. of the absorption lines is plotted 


5 


| 4H (gauss) 

+8 PS 

if PMMA 

+6 

r4 

r2 

i" 50 100 50 T(°C) 
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Fig. 4a. Half width vs. temperature curves for 
PMMA and PS. 


Fig. 4b. Half width vs. temperature curves for 
PVC, PVAc and PMA. 


against temperature in Fig. 3a. The line 
width 4Hm.s1. begins to narrow at about 60°C, 
which corresponds to the apparent second 
order transition temperature which is called, 
hereafter, 7”, and this result is consistent 
with that reported previously®. 

On the other hand, the observed half-width, 
4H, vs. temperature curve is shown in Fig. 
4a. In this case the line width transitions 
occur in two steps. At first step the narrow- 
ing of 4H,/, starts at about 65°C and is only 
26% of the initial value of 4Hi,, even at 
about 110°C, and after the first narrowing the 
curve enters into the second step of an abrupt 
decreasing at about 130°C, followed by the 
leveling off. 

(b) Polystyrene. The maximum slope 
width and half-width vs. temperature curve 
are shown in Fig. 3a and Fig. 4a, respectively. 
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In this case the line width transitions also 
are shown to occur in two steps. The initial 
narrowing starts at about 80°C, which corre- 
sponds to the transition temperature T,”. 
After this narrowing the curve enters into 
the second step of an abrupt decreasing at 
about 120°C followed by the leveling off. 

(c) PVC. The line width vs. temperature 
curve for this material, given in Fig. 4b, 
shows typical one-step narrowing forming a 
contrast with those for the above two samples. 
That is, when the temperature rises the line 
width 4H, shows little change until about 
85°C, which is higher than the transition 
temperature 7T,, 75°C”, and then it begins to 
fall rapidly to the leveling off. 

(d) PVAc. The line width 4H. vs. tem- 
perature curve, given in Fig. 4b, begins to 
drop at about 50°C, and this temperature is 
higher than the transition temperature T, of 
about 30°C”. 

Considering that PVAc has similar structure 
to PMMA, the line width transition might be 
supposed to occur in two steps as in the case 
of PMMA. Nevertheless the line width vs. 
temperature curve, shown in Fig. 4b, decreases 
not in two-steps but in one step. 

(e) PMA. Although the unit of PMA is 
the isomer of that of PVAc, the line shape 
for this material at room temperature was a 
little different from those for PVAc and others. 
That is, even at room temperature the line 
shape, of which derivative curves are shown 
in Fig. 3, appears a little sharper than the 
shapes for PVAc, and the line width narrows 
at about 40°C being much higher than T, of 
3°C”. Considering that the transition tem- 
perature ZT, of PMA is lower than room tem- 
perature, it seems not to be surprising that 
the above stated line shape appears for this 
material. For the purpose of studying whether 
the temperature variation of the line width 
shows another narrowing in the lower tem- 
perature region, the observation of the line 
width behavior in the lower temperature region 
seems to be interesting. Our results in this 


region, however, are not enough to draw any 
conclusion on this point. 


$4. Second Moments for Rigid Chain Poly- 
mers 

. The second moment <4H®)a, of absorption 

line for the rigid lattice is given by Van Vleck. 
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In case the chain axes in a material distribute 
at random in all directions, the second moment 
is given by the following equation”: 
6 Id+1) 
GH) ay= 9 ME Se 
2 
+ + 2 Ly) Tan (2) 

In this equation 7 is the distance between 
nuclei j and k, » the magnetic moment of 
proton, I the proton spin and N the number 
of protons in the elementary cell over which 
the sum is taken. And the subscript f refers 
to all other nuclear species in sample. If the 
structure of a molecule is known and the lat- 
tice can be assumed rigid, Eq. (2) makes pos- 
sible the calculation of the second ment. 

The samples used in this experiment are 
the chain polymers of relatively simpl vinyl 
or acryl compounds of which chemical for- 
mulae are shown, respectively, in Table I. 
In the calculation of the second moment for 
the polymers in question (-CH,-CHX-)n, we 
consider two cases which are in the state of 
the planar zigzag chain and in the state of 
the randomly coiled chain respectively, as 
shown in Fig. 5. And we assume that the 


(a) the trans form (b) the cis form 
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Fig. 5. Configurations of PMMA. 


C-C and C-H distances are taken as 1.54A 
and 1.094 A, respectively». Then the intra- 
molecular contributions to the second moment 
are found to be 12.64 gauss? in the case of 
the planar zigzag chain or 12.78 gauss? in the 
case of the randomly coiled chain, the neces- 
sary calculation for which being carried out 
in Appendix I. 

The chain molecules having large substi- 
tuents are supposed not to be coiled up but to 
bend gradually on a scale of several bond 
lengths along the chain». Therefore, in the 
following we will calculate the second moment 
based on the planar zigzag chain model. 
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The analysis» of the X-ray and electron 
diffraction pattern for such polymers in stretch- 
ed state suggests that steric hinderances are 
so great as to prohibit segments getting close 
to each other. Considering that the second 
moment is the inverse sixth power of the 
internuclear distances in Eq. (1) the contribu- 
tions from the nuclei in external molecules 
are considered to be not sensitive to the inter- 
molecular configuration. 

This permits us to take the long chain 
molecule itself as the elementary cell in fairly 
good approximation, though the elementary 
cell should, in principle, include the neiboring 
molecules. Since all samples except PMA are 
glass-like at room temperature, they are sup- 
posed to be in a rigid state. Then a good 
estimate of their second moments can be ob- 
tained by adding up the contributions of each 
of the various structural groups in thern. 

(a) Pvc. The monomer unit of PVC has 
3 protons and a chlorine nucleus as the foreign 
nucleus. Considering the zigzag chain model, 
shown Fig. 5, Eq. (2) gives 12.7 gauss? as the 
second moment of PVC, of this only 0.1 gauss? 
is caused by chlorine nucleus. 

The difference of 1.7 gauss? between the 
theoretical value and the experimental value, 
may come from the intermolecular interaction. 
This values would seem to be reasonable, 
though exact calculation of the intermolecular 
broadening is not possible. 

(b) Polystyrene. Polystyrene shown in 
Fig. 6 contains 8 protons in its monomer unit, 


(a) the planar zigzag chain 
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(b) the random coiled chain 
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of these 5 are in the phenyl group of the side 
chain. CH, and CH groups in the main chain 
contribute 4.76 gauss? to the second moment. 
The phenyl group is a plane hexagon of carbon 
atoms, whose carbon-carbon length is known 
to be 1.39A and the CH bond length is taken 
as 1.08A®. Thus the contribution to the second 


moment is obtained as 3.32=1.65 gauss”. The 


experimental value is 11.9 gauss? being far 
larger than the sum of the contribution of 
the contribution of the above mentioned 
groups, 6.41 gauss?. Moreover, it is neccesary 
to take account of the dipole interactions be- 
tween the protons of the main chain and of 
the phenyl group, and between the protons of 
the different phenyl groups. In the Appendix 
II the broadening due to these interactions is 
calculated for the planar zigzag chain model 
and then (3.97/8+1.87/4+1.27/4)=1.28 gauss? 
is to be added to the second moment. How- 
ever, the theoretical value which is combined 
with each of the above contributions is still 
less than the experimental value. This dis- 
crepancy seem to suggest that the planar 
structure does not represent the true picture 
of Polystyrene molecule™. 

(c) PMMA. The monomer unit of PMMA 
has 8 protons, of these 6 are in 2 methyl 
groups which are found to rotate about their 
C3; symmetry axis fast enough at room tem- 
perature. In the case of such rotation, the 
contribution of the methyl group to the second 
moment would be reduced by a factor of 1/41. 


Fig. 7. The structure-model 
for Polystyrene. 


Fig. 6. The zigzag and random coiled chains. 
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Then the contribution of two methyl group 
to the second moment become 6/8 x (22.1/4)= 
4.14 gauss?. Combined with the contributions 
of the CH, group, we have an estimated second 
moment for PMMA of 6.90 gauss’. 

Another calculation can be obtained from 
the following consideration. The absorption 
line for PMMA can be interpreted to be a 
superposition of the line of the CH, group and 
the line of the CH; groups, because both 
groups are at a long distance from each other 
and because there is little interaction between 
the protons of each group. It is self-evident 
that the central part of the absorption line 
comes mainly from the line of the CH3 group 
having the smaller second moment than the 
CH, group. Therefore, the maximum slope 
width of the line for PMMA is given by the 
broadening due to their external interactions. 
In the Appendix II, the relation of these 
broadenings to the meximum slope width of 
the CH; groups is calculated. As the result, 
we obtain a?=3.35 gauss? as the additional 
broadening of the CH; group, as shown in 
Fig. 8. We have then a predicated second 


AHmsi.(qauss) 


Fig. 8. Max. Slope width vs. external second 
moment for CH; group. The dashed line is the 
calculated curve based on the Eq. (9) of which 
the second term is neglected. 


moment for PMMA of (4H?) ay=6.90+3.35 


=9.41 gauss’. Comparing this theoretical 
value with the observed value agrees approxi- 
mately with that predicted by adding the 
absorption of the various groups. 

(d) PVAc and PMA. The each unit of 
PVAc and PMA has 6 protons, of these 3 
belongs to the CH; group. The ambiguous 
distances of protons between those belonging 
to the side chain and main chain prohibit us 
to estimate the difference of the second mo- 
ments for these materials. 

The contribution from CH3, CH, and CH 
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are 2.76 gauss’, 3.68 gauss? and 1.41 gauss’, 
respectively. Adding up these values, the 
resultant value is 7.85 gauss?. For PVAc, 
the difference 3.15 gauss? between the calcu- 
lated value and experimental one comes pre- 
sumably from the interactions between external 
protons. 

For PMA in the rigid state, the accurate 
experimental value is not yet obtained. It is 
desirable to observe experimentally the differ- 
ence of the second moments of PVAc and of 
PMA. 


§5. Motional Narrowing 

The line width of absorption is affected, in 
general, by both spin-spin relaxation time T; 
and spin-lattice relaxation time Ty. 

But the effect of JT, on the line width is 
considered to be negligible in the case of 
polymers’, and we are able to confine our 
discussion to the effect of TJ, on the line width. 

Bloembergen et al. theoretically predicted 
how T, and the line width varies at the onset 
of the motion. It is pointed out, however, 
that as a measure of the line width, the maxi- 
mum slope width or the root second moment 
are unable to be applied, since both quantities 
represent not exactly T, at the motional state. 
On the other hand Kubo and Tomita™ derived 
the following equation predicting narrowing of 
half-width for motions. 

4] 


(4H)? = a 108 2p tan-1 ( f25 
7 4 log 2 


74H /2) 
(3) 


where <4Hy)*ay stands for second moment of 
the rigid state, + for the correlation time of 
the nuclear motion and y for gyromagnetic 
ratio. 

Therefore in this paper we adopt 4H, as 
the measure of the line width. 

It is well known that motional narrowing 
of proton occurs when the correlation time of 
its Brownian motion is of the order of 10-5 
sec. Comparing narrowing temperature 
with the transition temperature Tj, given in 
Table IJ, it is found that the narrowing tem- 
perature are higher than the transition tem- 
perature T,. This suggests that the segmental 
motion, of which rate is more rapid than 10-5 
sec., occurs at the higher temperature than 
Ty. It is worthy to note, however, that apart 
from the narrowing to occur at the higher 
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temperature both 4Hj,.’s of PMMA and of 
Polystyrene gradually narrow at first in the 
neighbourhood of JT, and show two-step nar- 
rowing, and that these polymers have large 
side chain containing several protons. The 


| transition temperature T, in the polymer could 


be associated with an 
volume”), And it 


increase of “free 
is likely that in the 


vicinity of T,, the free volume is too small 
_ to permit the rotation of the main chain as a 


whole, but may be sufficiently large to permit 


2 the localized rotation of the side chain itself. 


If the correlation time of the latter rotation 
is of comparable order to the spin-spin relaxa- 
tion time T:, the line width of the absorption 
signal begins to narrow. 


: (1) Gradual Narrowing 


(a) PMMA. For the sufficiently rapid rota- 
tion in the system containing a methyl group, 
the reduction of the second moment by this 


rotation is given by the following equation™ 


aD a= Zac) cos? 1) , (4) 


where # is the angle between the rotation axis 
of the side chain and Cs symmetry axis of 
the methyl group. Referring to the structure 
of PMMA, shown in Fig. 5, two rotations 


about different axes except for C3 axis, that 


is, C-O and C-C axis might be excepted to 
occur in a carboxyl group of the side chain 
as temperature is raised; there is however, 


evidence that the rotation about C-O axis is 


prohibited and that the only possible configura- 
tion of the carboxyl group in the side chain 
is approximately the cis form’. In this con- 
figuration the rotation of the side chain with 
increasing temperature is restricted to about 
C-C axis. As electron diffraction indicates 
that C-O-C plane is 25°+8° out of the cis 
planar configuration in methyl acetate, 
becomes about 25° for this rotation axis, and 
then the reduction by this free rotation is 
estimated as 2.7 gauss? throug Eq. (4). The 
experimental value of narrowing is obtained 
as 2.1 gauss? at 103°C*. Since the actual 
motion seems to be a kind of oscillation, the 
reduction of this motion of the side chain is 


* For simplicity, we use the second moment as 
the measure of narrowing when we considere how 
the rotation of the side chain affect narrowing, 
though the second moment is known to represent 
narrowing not exactly. 


Proton Magnetic Resonance in Chain Polymers 


279 


expected to be less than the above calculated 
value. 


(b) Polystyrene. Following the similar 
procedure the reduction of the second moment 
for PS by the rotation of the phenyl group is 
theoretically expected to be 0.79 gauss? from 
Eq. (4), based on the assumption of the rapid, 
free rotation. The experimental value of 
narrowing is obtained as 2.8 gauss? at 105°C. 
In addition to the narrowing above calculated, 
the rotation also reduces the broadening con- 
tributed from the protons not in the same 
phenyl group but in the external group. How- 
ever, the some part of narrowing must come 
from the reduction of the broadening contri- 
buted from the interaction of the protons in 
the main chain. 

Simply speaking, the first narrowing may 
be closely related to the onset of the rotation 
of the side chain, and besides may be affected 
in some way by the motion of the main chain. 
That is, it is reasonable to assume that the 
rotation of the side chain is not completely 
independent of the motion of the main chain 
because of the steric hinderance, and that the 
rapid rotation of the side chain is accompanied 
by the localized motion of the main chain. 
Thus, this localized motion of the main chain 
is expected to contribute appreciably to the 
first narrowing. 


(2) Rapid Narrowing 

For PVC having a small side chain the nar- 
rowing as the temperature appears not in two 
steps but one rapidly narrowing due to the 
rotation of the segment in polymer. This fact 
supports quantitatively the above stated inter- 
pretation concerning the gradual narrowing. 

On the other hand, the activation energy of 
the segmental rotation seems to be possibly 
estimated through Eq. (3) using the observed 
curve of the half-width. It should be noted, 
however, that in this equation the correlation 
time of the rotation is assumed to be only one 
kind, but for polymer the correlation time of 
the rotation is considered not to be one but 
to be distributed over some extent. Therefore, 
it is considered not to be correct way that the 
activation energy is estimated by Eq. (3) in 
which no distribution of the correlation times 
is included. We are now trying to estimate 
the activation energy assuming a reasonable 
distribution of the correlation times. 
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Although PVAc has the larger side chain, 
this material alone shows one step narrowing. 
This exceptional line width transition for PVAc 
could be explained by assuming the hinderance 
of the independent motion of side chain. In 
this point we will discuss in the next section. 


§6. Discussion 


It is found that some polymers showing 
two-step transition of the line width, such as 
PMMA and PS, also show the secondary loss 
peak in the elastic» or dielectric properties 
as temperature changes. 

These anomalies would be interpreted by 
the movements of the side chain rather than 
the moyement of the main chain. Concerning 
the details of the rotation of the carboxyl 
group, which is in the side chain of PMMA, 
some studies have been carried out with the 
substances containing the same group through 
the various experimental techniques. For ex- 
ample, it is known that for the carboxyl group 
in acetic ester two configuration (forms (a) 
and (b) of Fig. 5) are supposed to be possible 
in view of the possibility of resonance, though 
one has higher energy than the other. And 
the anomalous absorption and dispersion of 
the ultrasonics for the above substance!” sug- 
gest the existance of the transition to the 
higher energy state. 

It is seen, however, from the infrared spectra 
study that the population of the higher energy 
level is very small for substances like these, 
because of the steric hinderance in the acetate. 
As a result it may be concluded that such a 
transition like this may not be detectable 
through the proton magnetic study. On the 
other hand, about the methyl methacrylate, 
that is the monomer of PMMA, the rotation 
about C-C axis is affirmed to be possible even 
in the crystalline state through the Raman 
spectra study, 

On the other hand, measureing the dielectric 
loss for PVAc and PMA, Mead and Fuoss” 
found that the dielectric loss curve for PVAc 
is sharper and larger than that for PMA. And 
they pointed out that the side chain in PVAc 
may rotate more freely than PMA at the tem- 
perature higher than Ty. 

The asymmetry of Cole-Cole diagram for 
PVAc also suggests the existance of the fast 
rotation of the side chain. Through our 
observation of the nuclear magnetic resonance 
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line, the movements of the side chain and the | 
main chain are in separable, and they are | 
strongly coupled to each other and show rapid 
narrowing, as it was stated. It is worthy to 
note, however, that the large and sharp die- 
lectric loss curve for PVAc would also seem | 
to be interpreted to come from the simultane- _ 
ous occurance of the rotations of the side and | 
main chain. | 

For PMA, the line width vs. temperature — 
curve shows one-step narrowing in the tem- . 
perature region of our measurement. But the 
fact that the half-width appeared to reduce at 
room temperature suggests one more transi- 
tion in the lower temperature region. 

It is plausible from the molecular structure 
that steric hinderance for the rotation of the 
side chain in PMA may be smaller than that 
in PVAc, and that the rotation of the side 
chain is more independent from the motion of 
the main chain than in PVAc. These con- 
siderations lead us to the interpretation that 
the broad dielectric loss curve for PMA results 
from the rotation of the side chain under the 
circumstance of the hinderance of the move- 
ments of the main chain. And besides, this 
consideration may explain why the transition 
temperature 7, of PMA is lower than that of 
PVAc. 

It is interesting to note that the line width 
transitions in proton magnetic resonance begin, 
in general, at a lower temperature than the 
temperature at which the dielectric or elastic 
anomaly occures in the same order of time 
scale. 

This can be explained by the following con- 
sideration. Generally speaking, the tempera- 
ture of the transition or of the anomaly in 
polymer is given the relation t=r) exp (E/RT) 
in which t means the averaged correlations 
time. 


In the case of dielectric properties the cor- 
relation time should belong to the resultant 
motions of each dipole vector. 


On the other hand, in the case of the nuclear 
magnetic resonance it is known that the short 
range interaction is predominant for the line 
width. Therefore, the correlation time r for 
the nulear magnetic resonance is supposed to 
be smaller than the dielectric relaxation time, 
and then the transition of the line width oc- 
curs at the lower temperature. The detailed 


1957) 


discussion concerning these problems will be 
published later. 
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APPENDEX I. 


For the chain polymer of (-CH,-CHX-)n 
type, the contribution of the intramolecular 
interaction to the second moment is readily 
obtained in the following-two cases. 


(1) Planar Zigzag Chain 


equation of the second moment (2). 


In the case of the planar zigzag chain, that 
is the configuration of the stretched out chain 
polymer, distances between each proton in a 
chain are estimated by assuming the tetrahed- 
ral distribution of the chain skelton. Taking 
into account the interaction of the protons, 
each distance of which is less than about 3.5 
A, the intramolecular contribution is found to 
be <4H®)}a,y=12.62—3.97/n gauss? from the 
But it is 
possible to neglect the second term in the 
above expression because of the large » for 
polymer. Therefore <4H?)ay is assumed to 


_be 12.62 gauss?. 


(2) Randomly Coiled Chain 


We shall now discuss the case of the ran- 
domly coiled chain, in which chain segments 
orientate at random with the tetragonal bond 
angle. In this case, the distances between 
each proton have to be statistically averaged, 


excepting the constant distance of the proton 


pair in CH, group. 

The distance rj, between the proton Hn,1 
and the proton Hy,» and the distance rj3_be- 
tween the proton Hn,; and Hr,3, as it is illust- 
rated in Fig. 6(b) are determined by the 
following relations, respectively, 


é 1 oe 
Tyo2=b?+ 2ar(1 Rey cos oY, _ sin @) (Al) 


1132== b?-++ 2a2(1+cos ¢) 
where a is 1.03 A and b is 2.20A. 
Using these two equation, we get in the 
average 
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il 
Cri =0.673A-*.  (A2) 
Tig Y43 Av(g) “ 


The distance rp,nz1 between the proton Hn,» 
or Hn,s and the proton H@si,2 or Hmen,s 
belonging to the next monomer is determined 
by following equations, 

Tn, m1 =2{(X1—x)?+(Yi—y)?+(Z,—z)"} , (A3) 
Xi=R cos 8 cos g\+7 sin 0 igi COS 


and Y,=Rsing, , y=Rsin g 
Zi=—R cos ¢, sin@+rcos6+7. (A3’) 
Therefore, we get 
1 at 
— =() 366, A5o. (A4) 
r / ax) 


In the case of the randomly oriented chain, 
the proton, that is to say Hn,nim, belonging 
to the monomer labelled (w--m) being far 
from the monomer 7 in question, it is possible 
for the proton Hmsmy,i to get close to the 
proton Hn,; in question. Thus we have to 
take this into account. If the m is large 
enough, the statistics of the random flights 
chain™ with fixed bond lengths and fixed 
valence angles, tells us that the distribution 
of fn,nam is Gaussian, and is given by the 
following equation 


S48.) ore 
£O=(5.—2) XP (—z—s) (AD 
were R?, the average of 7”, is, 
R2=N,2(1+ cos #)/(1—cos 8) . (A5’) 


Using this distribution, one can approximately 
evaluate through 


1 Tmax | 
DN vie 
Capayt la as 


Tn, nem 


(A6) 


Table III. 


Planar | Random 
Zigzag coil 
(gauss?) | (gauss?) | 


Gaussian (gauss?) 


4.85 


<AH2> 3.85 

<4H»> 3.63 | 2164 

<4Hj39> | 1.43 Aas 
0.90 (6.8A) 


<4Hia4"> | 


Actually, the lower limit of the integral in 
the above equation is somewhat arbitary. It 
may be reasonably assumed, however, that 
the proton is not possible to come close 
together within its Van der Waals redius and 
then the lower limit it taken as 2.4A*. The 
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values of the second moment for m=3,4 as 
well as the previous results are listed in Table 
Ill. 


APPENDEX II. 


The Interaction Between Side Chain and 
Main Chain. 


(1) 

At first we assume that the main chain is 
fully stretched and it is in the state of- polanar 
zigzag. The proton pairs which are consisted 
of protons in the phenyl group, protons in the 
main chain and a proton in a neighbouring 
phenyl group are H,—H;, H3—H, and H3—Hs, 
as it is shown in Fig. 7. We can certainly 
object to this assumption on physical grounds: 
however, it leads to the equations which given 
us the characteristic of the configuration in 
the rigid state. As protons in the phenyl 
groups are not possible to come close together 
within their Van der Waals radius 1.2 A, the 
groups do not orientate freely but presumably 
within the range of about 30°, thus the value 
of g should be taken within this extent. For 
each proton pair Hi:—H; the distance 7:; is 
given respectively as follows. 

1122 =9.92—4.26 cos ~ 

736°?=11.29—10.78 sin ¢ 


138° = 23.14—3.05 cos ¢1 COS ¢» 


Polystyrene 


+4.28 sin ¢) sin @» 
+10.79(sin gi +sin ¢2) 
—6.85(cos 91 +C0S ¢2) 
+4,95(sin g,+sin g.)? . 
Therefore we get in the average, 
(42 avy = 3.94 gauss? 
(AH 362) avcy) = 1.87 gauss? 
«4H 39") avcoy= 1.27 gauss? . 


(2) PMMA 


The absorption line for the triangular group 
is given by Andrew et al?). For the rotating 
triangular group the absorption line is given 
by the following expression 


S@)=5 jon exp (-3,,) 


ae ‘ P4(2) exp {—(a—2)?/2a} ; 


(A7) 


(A8) 


(A9) 


where a means the additional second moment 
due to the external broadening, and P:(zx) of 
the shape function of the triangular group is 
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Dia ees eee 1 = -1/2 
Ps(2)= 8/38 (1 +2/8) 


for —B<tae<ap. 
As a result the second moment due to the 


external broadening is determined by obtaining 
the maximum slope width of the absorption 


(A10) | 


line (A9). This relation is given by the solid | 


line shown in the Fig. 8. For example, 


group (@=4.4 gauss). 


a? is | 
3.35 gauss? at 4Hmsi. =3.8 gauss for CHs_ 
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Nuclear Magnetic Resonance in Some Crystalline Polymers 
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Nuclear magnetic resonance absorption was studied for some linear 


crystalline polymers in the temperature range from liquid air tempera- 


| ture to the neighbourhood of the melting points of the samples. 


The 


second moments of the absorption curve observed for the rigid samples 
were in well accordance with the calculated moments about their assu- 


| 
med crystalline forms. 


Recently the line width transitions of cry- 
stalline linear polymers such as polyethylene 
P.E.) and polytetrafluoroethylene (P.T.F.E.) 
qJave been studied using the nuclear magnetic 
sesonance technique by several workers.'!-» 


gauss 


ic lia) e ELE, 22°C. 


4 +——+ 
lO 2 4 6 8 10 12 14 16 gous. 


Fig. 1(b). Polyethylene annealed for 30 min. at 
100C° 


We have studied these polymers and poly- 
trifluorochloroethylene (P.T.F.C.E.) in further 
detail by nuclear magnetic resonance in wider 


temperature range from liquid air temperature 
to the neighbourhood of their melting points. 


Preliminarily, the polyvinylchloride (P. V.C.) 
has also been studied. 

The derivatives of the absorption curves at 
room temperature are shown in Fig. 1~3 
which show the composite structure with the 


Ee el Eel One 


Wige oan bash C@olamion Cs 


sharp peak and long tail for P.E. and P.T.F.E., 
and broad bell shape for P.T.F.C.E. and P.V.C. 
Temperature dependences of the line widths 
defined as the separation between the 
maximum slopes 4H,, and the half maximum 
height width, 4Hi,2,, of the absorption curves 
are shown in Fig. 4~6. 

The magnitude of 4H, or 4H,,. of the an- 
nealed samples of P.E. are comparable to 
those of the quenched specimen. In some 
cases, we observed the shoulder part pointed 
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out by Wilson and Pake® in the annealed 
specimen as shown in Fig. 1(b), whereas not 
in the quenched ones. With increasing tem- 
perature, the difference between 4H, and 
4H,/. becomes larger. This is assumed to be 
due to the onset of the segmental motions of 


chain molecules. The tendencies of the 
: il Annealed | Quenched : 
4Hy | —©—-@— | —@—e 
AHy1/s | x x | A A 


Line Width (Gauss) 


(2) 4 ——aaae o 4 
-200 -I50 -I0O0 -50 
Temperature (°C) 


Fig. 4. Polyethylene. 
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changes of the line widths are very similar in 
P.E. and P.T.F.E. According to the results 
of Fig. 4, the “freezing temperature” of the 
segments, where the thermal motion of the 
segments begin to be stopped, is assumed 
around —100°C for both samples. With in- 
creasing temperature above this critical region, 
the line width decreases gradually in certain 
temperature range of —100°C~0C°, and then) 
drops markedly to a small value in the room 
temperature. Then the width continuously: 
decreases with temperature from the roora 
temperature to the melting point. On the 
other hand, P.T.F.C.E. has relatively mone- 
tonous decreasing curve as seen from Fig. 3 
and the segments are frozen in about —30°C,, 
but this temperature would depend upon the; 
crystallinity of polymer. The behavior of: 
P.V.C. are in well accordance with the: 
results reported by Odajima.” 

The observed second moment at the rigid 
state are shown in Table I. Assuming para- 
ffine-like structure of plane zigzag molecule 
and further assuming that the expantion 
coefficient and axial ratio a/bof P.T.F.E. 
and P.T.F.C. are equal to that of P.E., 
we calculated the intra- and inter-mo- 
lecular contribution to the second moment 
on the basis of the data of P.E. at liquid 
air temperature, and obtained the results 
shown in Table I, which are in well 


1 


accordance with the observed values. 
These results may be considered to sug- 
gest that the chain molecules of these 
crystalline polymers have short range 
order in their rigid state. 


200 100 


Temperature (°C) 


Fig. 5 (up) P. T. F.E. and 6 (lower) P. T. F.C. E. 


Table I. Observed and calculated second moment at the rigid state. 


] . 2 
Substances IWETS)) Observed (gauss?) — = ina sat eae 3 
= ae intra | inter total 
EE. ~189 D6 B07) | 1 ies 7.7 25a el 
E.THESeY | ~173 11.7 ane Fe | ey 11.6 
Bal Pacey ~172 ree (a) a | 0.6 lee 
i : Cpe ia 0.5 6.9 
Peavec ~ 30 14 (a wela,% hye ae aoa ae 
| a (b) 12.1 


(a) same side arrangement of F or H with Cl atom. 


(b) alternative arrangement of F or H with Cl 


atom, 
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Self-consistent Field without Exchange for Doubly Ionized Cobalt 


By Masataka ARIYAMA, Kunihusa KAYAMA and Masayoshi SUGIMOTO 
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A self-consistent field without exchange for Co++ ion has been calcu- 
lated and the tables of the results are given. 
were carried out with the aid of the differential analyzer, and the final 
results were obtained by the numerical integration. 
mation, the difference between estimated and calculated values of the 


Preliminary calculations 


In the final approxi- 


contribution to Z, from each subshell does not exceed 0.01 at any 


radius. 


§ 1. Introduction 


For the analysis of the atomic spectra, for 
the quantitative discussion of the properties 
of the fluoride, oxide, complex salts and 
intermetallic compounds of cobalt, and further 
for the calculation of the electronic structure 
of the metallic cobalt, it is desirable to know 
the atomic wave functions for Co as ac- 
curately as possible. The rough estimates of 
these atomic wave functions may be obtained 
by the interpolation between the wave func- 
tions for the atoms for which the calculations 
of the self-consistent field have already been 
carried out. The self-consistent field for Fe? 
and Cu*” are available, and they may be 
used for the interpolation for Co. However, 
the interpolated wave functions are not suf- 
ficient for some applications. Therefore, it 
seems to be worth while to carry out a com- 
plete calculation of the self-consistent field 
without exchange for the paticular ion Co**. 
The results of this calculation are reported 
in this paper, and they may be used for some 
applications which are mentioned above. 
Further, if it is found necessary to obtain the 
self-consistent field for the other electron 
configuration or the self-consistent field with 
exchange for this atom, the results for the 
Cot*+ ion will provide useful starting esti- 
mates of the wave functions. 


In the present calculation, the electron con- 
figuration of the Cot*+ ion was assumed to be 
(1s)? (2s)? (2p)® (8s)? (3p)® (3d). Simultaneous 
integro-differential equations for six radial 
functions have been solved by the well known 
iterative method devised by Hartree”. 
Numerical work has been carried out partly 
with desk machines and partly with the 
diffferentical analyzer, which was recently 
designed and constructed in the Institute for 
Industrial Science, University of Tokyo. In 
using the differential analyzer, we followed 
in the technique used by Manning and others, 
who worked out several self-consistent field 
calculations with the aid of the differential 
analyzer in M.I.T.Y>*© 


§ 2. Method and Procedure 


As the detail of the practical procedure of 
calculating the Hartree field is reported in 
many literatures»: , only the outline of the 
method will be described here. In this paper, 
atomic units are used for all quantities ex- 
cept the eigenvalue for which the Rydberg 
unit is used. 

The total wave function of the many elect- 
ron atom is written as a product of one 
electron wave function of the type 


_ Pm(r) (0, @) . 


nt = (a 
Pri r ( ) 
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The radial factor Pni(7) is the solution of the 
wave equation 
PP nt + 20% == Ey 
dr? 
where €&n is the aw and uv) is the 
effective potential which is due to the nuclear 
charge and averaged charge distribution of 
that atom: 


nl = () 


all occupied subshells Lis (nl; 1) 


pend) — 7 {itet 24 ZW 57) — ae a, 
(3) 
where c is the degree of ionization and Na: 
is the number of electrons in the subshell 
(nl). Zp(nl; vr) is determined by the following 
relations. 


dZ,(nl; r)_ Z,(al; r)—-Zl; rv) 
dr *? r : 


LZ(nl; )=Nuf eae tee ar /\ Pri? ar} ‘ 
0 0 

(5) 
Z(nl; r) is the contribution to the effective 
charge from Nn: electrons in the subshell (72) 
and the corresponding positive charge on the 
nucleus. Z,(vl; 7) is the contribution to the 
effective charge for potential, from Nn: elec- 
trons in the subshell (#7) and the correspond- 
ing positive charge on the nucleus. 

It is convenient to start the self-consistent 
calculation from the estimated Z»p(ml; 7)’s for 
each subshell. Then, v is calculated by 
(3) and the set of equations of the type of 
(2) is solved. The eigenvalue is determined 
by integrating the wave equation outwardly 
from v=0 and inwardly from large 7 with a 
trial values of &::, and adjusting the value 
of En; so as to make the logaritymic derivatives 
of the solutions fit at a certain intermediate 
radius. 

For the integration of Eq. (2), it is con- 
venient to introduce a new independent vari- 
able p=log 10007 and new dependent variables 


(4) 


Vni=Pmr-¥? and Qn=—5- a , as has 
been suggested by Hartree®. With these 


variables, Eq. (2) is transformed into the fol- 
lowing forms: 


2Y,, ; 


(6) 
rh pl 9 ‘ LG 5 
- =| Out +272y600 Er? G ; 3} ‘ ’ ( (S) 
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where 2)" =7v ._ Eq. (6) is used for the out: 
ward integration from 7=0, and Eq. (7) is suita; 
ble for the inward integration from larger 7.. 

When Pnailv)’s are known, Z(ml; 7)’s are 
calculated by (5) and the Z,(u/; 7)’s are ob) 
tained by solving Eq. (4) subject to the con; 
dition that Z,(ml; 7) 0 at large values of r. 
These calculated Z,(2l; 7)’s are compared wit! 
the estimated Z,(nl; 7)’s which are used t 
construct v@’s. The difference between the 
calculated and the estimated Z,(a/; r) for each 
subshell will be denoted by 4Z,(/; 7), and itl 
is considered to be the measure of the con- 
sistency. These procedures form the one cycl 
of the interative process of our self-consistentt 
field calculatirn, and it must be repeated untill 
an estimate of the set of Z,(nl; 7)’s which 
makes the resulting 4Z,(mnl; 7r)’s sufficiently’ 
small is found. 

In the present calculation, the consistency) 
aimed at was 0.01 in Zp(ml; 7), i.e. AZp(nl;7)) 
<(0.01 at any radius and for any subshell.. 
The initial estimates of Zp(nl; 7)’s for Co**' 
were obtained by an interpolation” between) 
Zy(nl; 7r)’s of Fe? and those of Cut”. To) 
find the eigenvalue and eigenfunction for ai 
paticular subshell, Eq. (2) was integrated for: 
five different trial values of &n: which were: 
spread about the expected eigenvalue of that. 
subshell.* For a chosen value of €&n:, in-: 
tegration was carried out by the following: 
procedure. 

F " a 

or small values of 7, — nae Yn (can be 
expanded into a power series of 7**», The 
“| Xm at e=0 (r=0.001) was 


value of 


found by this power series expansion, and 
from p=0, Eq. (6) was integrated outwardly 
with the aid of the differential analyzer. On 
the other hand, Eq. (7) was integrated in- 
wardly with the aid of the differential analy- 
zer. The starting point of this integration 
was taken well outside the range in which 
Pn is appreciable, and the initial values were 
determined by the expansion of Qn, in the 
power series of 1/7.** 


*) This estimation was made from the X-ray 
term values for neutral Co. See, Manne Siegbahn; 
Spektroskopie der Rontgen strahlen, Berlin, 1931, 
p. 348. 

**) As to the power series expansion, see Re- 
ference 1). 


(1957) 


The eigenvalue was determined by graphical 
nterpolation as follows. At a certain radius 


t aYn 
6, both | ee = y Yn1 He obtained from 
pide: 


outward integration and Qn(01) obtained from 
imward integration are smooth functions of 


] aYn, ‘ 
€n. Thus bay ‘Seer each sof 
0 pie 


the five values of €,: were plotted and a curve 
of ae # y . oe mil 
, do a hee vs. En1 was drawn. Simil- 
arly a curve of —Qni(91) vs. €n, was drawn. 
ie value of & with which ae Ee Yn | 
: do Pp =P, 
I= —Qni(pi), was found from the intersection 
f those two curves. This procedure was 
carried out at two different values of the 
radius to check the accuracy of the determi- 
mation, and it was confirmed that the eigen- 
value can be determined to four or five sig- 
nificant figures by this crude graphical method, 
if trial values of &n:’s were chosen properly. 
- The eigenfunction was determined by an 
interpolation, with respect to the value of 
Eni, between the solutions which had already 
been obtained for several trial values of En. 
From the obtained eigenfunctions, Z(nl; 7)’s 
and Z,(nl; r)’s were caclulated. Using p as 
the independent variable, we have the ex- 
plicit representation of the solution of Eq. (4) 
as follows, 


ere p)=er|" penn) EP ao! 


These calculations were carried out with desk 
machines. 

The maximum value of 4Z,(ml; 7) was not 
less than 0.4 in the first approximation, and 
eight approximations were needed to obtain 
the consistency aimed at. 

- In the second and the third approximations, 
the calculated Z,(nl; 7) of the preceding 
approximation was used as the estimate of 
Zp(nl; 7) for the next approximation. This 
simple iterative process converged for inner 
shells, but oscillated for 3s and 3p shells, 
and diverged for 3d _ shell. Therefore, a 
revised estimate of Zp(nl; r) for 1s, 2s, 2p, 
3s, and 3p electrons were made by averaging 
the results of 1st and 2nd approximations, 
and fixing these Zp (ml; 7)’s, Zp(3d; 7) which 
was consistent with these revised estimates 
of Zp(nl; r) for other subshells was sought by 
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the trial and error method. As had been 
reported by Manning and Goldberg,» once 
this approximate self-consistent field was 
found, the iterative process converged rapid- 
ly. From the 4th approximation, the average 
of the estimated and the calculated Zy(nl; r)’s 
of the preceding approximation was used as 
the estimate of Z,(vl; 7)’s for the next 
approximation. This method of estimation 


Jeeap — fvap — §S¥ dp [tarzp-eePPaerd FP ldp 
Fig. 1. Schematic diagram of the differential 


analyzer for solution of equation: 


d?y 5 LV )y_ 
a +[2rZp—er®—(1+ ; ) ]x=0. 


fee2hdp 


fQda 


\(o?+2rZe-er2(esd Pde 


Fig. 2. Schematic diagram of the differential 
analyzer for solution of equation: 


d 


d 


TaN? 
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Table I. Values of 2Z%y Table I. (Continued) 
| | | | 
p | (1s)? | (2s)? | (2p)® | (38)? | (8p)® | (3d)* | Total 0 | (1s)? | (2s)? | (2p)6 | (38)? | (3p)8 | (3d)* | Total 
0.0| 3.894) 3.978|11.933) 3.993 11.980, 13.983| 49.761 7.2 | | 0.028, 0.155) 1.030/ 1.213 | 
1 3.883, 3.975)11.925) 3.992] 11.978, 13.981, 49.734 3 | | 0.013' 0.084 0.759} 0.856 | 
2) 3°870 3.973 11.918) 3.991) 11.976) 13.979 49.707 4 | 0.006 0.042 0.541) 0.589 
3) 3.857) 3.970/11.909| 3.991) 11.974) 13.977] 49.678 5 | | 0.002 0.019) 0.371) 0.392. 
4) 3.842) 3.967/11.900| 3.990) 11.971) 13.975, 49.645 6 | 0.001! 0.008) 0.243) 0.252 | 
5| 3.825| 3.963 11.889) 3.988) 11.968 13.972) 49.605 7 ' 0.000! 0.003) 0.152) 0.155 _ 
6 3.807 3.959 11.876) 3.987) 11.964] 13.969) 49.562 8 0.001 0.090 0.091 
7, 3.787, 3.955|11.864| 3.986] 11.960) 13.966) 49.518 9 0.000 0.050, 0.050 
8 3.764 3.950/11.850| 3.984) 11.956, 13.962) 49.466 8.0 | 0.026] 0.026 
9| 3.739 3.945/11.835] 3.983] 11.952) 13.958} 49.412 1 0.013 0.013 
1.0| 3.712, 3.939/11.817| 3.981) 11.947) 13.953) 49.349 2 | 0.006, 0.006 
J| 3.682) 3.933/11.798| 3.979] 11.941! 13.949) 49.282 3 | 0.002 0.002 
2| 3.649) 3.926/11.777| 3.977] 11.935] 13.943} 49.207 4 0.001; 0.001 
3 3.612) 3.918)11.753) 3.974] 11.928) 13.937) 49.122 5 | 0.000 0.000 
4| 3.572) 3.909/11.727| 3.971] 11.920] 13.931) 49.030 6 | 
5) 3.528 3.900/11.698) 3.968] 11.912) 13.923) 48.929 7| | 
6| 3.479) 3.889/11.666| 3.965) 11.903) 13.915) 48.817 8 | 
7| 3.426) 3.878/11.631] 3.961] 11.892] 13.906) 48.694 | a ! 
8, 3.367) 3.865/11.593) 3.957) 11.881) 13.896) 48.559 
9) 3.302) 3.851/11.550 3.953) 11.869) 13.885) 48.410 
2.0| 3.232) 3.836]11.502) 3.948) 11.855] 13.873) 48.246 
1| 3.154! 3.819 11.450) 3.943] 11.839 13.860] 48.065 pe a ace a 
2) 3.070) 3.800/11.392) 3.937] 11.823] 13.845] 47.867 7 ; 
3) 2.979| 3.780/11.327| 3.930] 11.804] 13.829 47.649 © | (ls) | @s) | (2p) | (3s) | (3p) | Gd) 
4| 2.880) 3.757/11.258| 3.923) 11.783] 13.811] 47.412 4 5 
5| 2.772) 3.732|/11.180) 3.915] 11.760| 13.791| 47.150 9.0; 1000 1000 10.00; 1000 10.00| 0.0100 
6| 2.657) 3.705)11.093] 3.906) 11.735) 13.769] 46.865 1; 1048, 1048 11.60) 1048 11.60 0.0128 
7| 2.533) 3.676)10.998| 3.896] 11.707] 13.745) 46.555 2) 1099) 1099) 13.46) 1099 13.46 0.0165 
8| 2.400 3.644/10.893) 3.886] 11.677] 13.718] 46.218 3) 2151) D151) 15.61) S15 15.6 On0 Zit 
9} 2.260) 3.609)10.776| 3.874) 11.643) 13.689) 45.851 4) 1205 1205 18.10 1205) 18.10 0.0271 
3.0| 2.112) 3.571/10.648| 3.861) 11.606) 13.656) 45.454 5| 1262} 1262, 20.99; 1262} 20.99} 0.0347 
1) 1.957) 3.529/10.506] 3.847] 11.564) 13.620 45.023 6| 1320) 1320) 24.33} 1320) 24.33) 0.0445 
2) 1.797| 3.484}10.349| 3.831] 11.518] 13.580) 44.559 7| 1381) 1380 28.19) 1380) 28.19) 0.0570 
3) 1.633) 3.435/10.176] 3.815] 11.467] 13.535] 44.061 8} 1443 1443) 32.66) 1443) 32.66 0.0731 
4| 1.466) 3.383) 9.985) 3.796] 11.411) 13.486) 43.527 9} 1508) 1507; 37.82) 1507 37 .82 0.0936 
5| 1.299] 3.326) 9.774) 3.776] 11.349] 43.433) 42.957 1.0) 1574, 1573) 43.79) 1573) 43.79 0.1200 
6| 1.134} 3.264) 9.542! 3.753) 11.281] 13.373] 42.347 1} 1642) 1641; 50.68) 1641) 50.68) 0.1536 
7| 0.973) 3.197) 9.286| 3.729) 11.206] 13.307] 41.698 2). 1712) M710) -58e64) 1710), 58568 0.1967 
8| 0.820, 3.125) 9.005] 3.702] 11.123] 13.234) 41.009 3} 1782| 1781) 67.81; 1781) 67.80; 0.2518 
9| 0.677| 3.047] 8.697] 3.673) 11.032] 13.149] 40.274 4| 1854) 1852) 78.38) 1852) 78.37| 0.3222 
4.0| 0.546) 2.961) 8.360) 3.640] 10.931] 13.064) 39.502 5| 1927| 1924) 90.54) 1924, 90.53) 0.4122 
1| 0.429 2.867) 7.992, 3.605] 10.821] 12.966! 38.680 6) 2000) 1997, 104.5! 1996 104.5 0.5270 
2) 0.327) 2.764) 7.593} 3.565 10.700| 12.857) 37.806 7| 2074; 2069} 120.6 | 2068 120.6 0.6736 
3, 0.242) 2.650, 7.161) 3.522] 10.567] 12.737] 36.879 8) 2146) 2140| 139.0 | 2140) 139.0 0.8605 
4| 0.172) 2.525) 6.697| 3.474] 10.422) 12.604] 35.894 9| 2218) 2210} 160.2 | 2210) 160.1 1.099 
5| 0.118] 2.386) 6.203] 3.421] 10.264] 12.4581 34.850 2.0) 2288) 2278] 184.4| 2277 184.3 1.402 
6| 0.077| 2.234) 5.681) 3.362] 10.093] 12.295) 33.742 1) 2356, 2343) 212.0 | 2342) 211.9 1.788 
7| 0.048! 2.066] 5.137] 3.298) 9.907] 12.117] 32.573 2| 2420) 2403; 343.5 | 2402) 243.4 2.279 
8| 0.028) 1.885] 4.577| 3.228] 9.707] 11.920] 31.345 3] 24801 2459! 279.4 | 2457| 279.2 2.901 
9| 0.016) 1.692) 4.009} 3.151) 9.491] 11.702) 30.061 4| 2534) 2508) 320.1] 2506) 319.9 3.691 
5.0) 0.008) 1.489) 3.445] 3.067] 9.259 11.461] 28.729 5| 2582) 2550) 366.2] 2546) 366.0 4.692 
1| 0.005) 1.282) 2.895] 2.978) 9.010) 11.198) 27.368 6| 2623; 2582) 418.3] 2578| 418.0 5.958 
2) 0.002) 1.074) 2.373] 2.882) 8.742) 10.907| 25.980 7| 2655) 2603) 476.9| 2598) 476.5 7.557 
3) 0.001} 0.874) 1.892) 2.779! 8.453) 10.586) 24.585 8| 2676) 2611) 542.7 | 2605] 542.2 9.572 
4, 0.000, 0.687| 1.460 2.669) 8.139] 10.233) 23.188 9} 2685) 2605) 616.3 | 2597| 615.7| 12.11 
5 0.520) 1.087) 2.550) 7.797] 9.848121.802 3.0} 2682) 2582) 698.3] 2572) 697.3] 15.30 
6| 0.377| 0.777| 2.422! 7.421] 9.427| 20.424 1| 2664) 2541| 789.2] 2528) 787.8 | 19.29 
7 | 0.260) 0.532) 2.281, 7.006 8.970' 19.049 2) 2631) 2479) 889.5 | 2462) 887.4| 24.28 
8 0.170! 0.345) 2.126! 6.548] 8.478] 17.667 3) 2581) 2394) 999.4 | 2374) 996.4] 30.51 
9 | 0.105] 0.212) 1.955, 6.044] 7.955| 16.271 4) 2515) 2286) 1119 2261) 1115 38.25 
6.0 | 0.060) 0.122) 1.767) 5.494) 7.394) 14.837 5} 2430] 2151) 1249 2122) 1243 47 .84 
1| 0.032) 0.066 1.564) 4.904 6,810! 13.376 6} 2328) 1990) 1387 1955) 1379 59.68 
2 0.016 0.033] 1.349 4.284) 6.205) 11.887 7| 2209) 1802) 1535 1759} 1523 74.24 
3 | 0.007} 0.015) 1.129) 3.651) 5.587] 10.389 8} 2073) 1587) 1689 1536) 1673 92.08 
4 | 0.003, 0.006 0.914) 3.024, 4.966 8.913 9} 1923) 1346] 1849 1287| 1827 113.8 
5) | 0.001) 0.002) 0.711) 2.426 4.352 7.492 4.0] 1761) 1080) 2013 1012) 1982 140.2 
6 , 0.000 0.001) 0.531, 1.879 3.756) 6.167 1}° 1590| 794} 2177 716) 2135 172.0 
7 0.000) 0.376] 1.401) 3.188) 4.965 2| 1413) 491) 2337 A04| 2281 210.2 
8 | 0.253) 0.999] 2.657] 3.909 3} 1234) 177) 2490 82| 2416 255.6 
9 | 0.161) 0.680) 2.171) 3.012 A| 1057| ~142) 2631 —242) 2532 309.3 
7.0 0.096} 0.440) 1.736) 2.272 5| 886) 456) 2753 559] 2623 372.2 
1 0.054} 0.270) 1,354| 1.678 6| 726| 758| 2853 858| 2682 445.4 
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Table II. (Continued) Table IV. Values of 2Z. 
p | (1s) | (2s) | (2p) | (3s) | (Bp) (3d) 0 | (1s? | (28? | (2p)8 | (8s)? | (3p)® | (3d)" | Total 
4 580 1038 2923 1127| 2702 529.7 0.0) 4.000, 4.000/12.000| 4.000 12.000) 14.000) 50.000 


450) 1286) 2959 1355) 2674 625.7 
339} 1493) 2956 1529) 2594 734.0 
246| 1651) 2911 1638) 2455 854.4 
172); 1756) 2822 1675) 2253 986.6 
116) 1802) 2690 1632} 1989 1130 


oa 


© 


17 0 
8 1 
9 2 
.0 3 
1 4 
2 5 
3 74| 1790) 2517 1508) 1664 | 1282 6| 4.000,» , . ‘ ” | 50.000 
4 45) 1724} 2309 1306) 1283 1440 7| 3.999)» y ” a y 49.999 
5 26 1609 2072 1032} 857 | 1602 8) 3.999)» ” - 7 | 49.999 
6 14; 1454 1816 700) 398 1762 9} 3.999) » Yi 1 1 7 | 49.999 
i 2550 —326| —78 L015 1.0) 3.998) » ” 1” " 7 |49,998 
8 5| 1074) 1287 +67} 550 2056 1) 3.998) 7» 1 1" Y, It 49 998 
9 2 875) 1035 456| 997 | 2177 2| 3.997) » , he enrh » | 49.997 
6.0 1) 685) 805 816] 1397 | 2273 3) 3.996» ” ; 7 |49.996 
1 0} 514; 603 | 1125! 1731 | 2338 4) 3.994 4.000, » - r » |49.994 
2| 369) 433 | 1363) 1983 | 2366 5} 3.992] 3.999» , ” | 49.991 
3 252) 298 | 1519] 2142 | 2357 6 3.990! 3.999» 7 5 » | 49.989 
4 163, 195 1588} 2206 | 2310 7| 3.987] 3.999] » i » | 49.986 
5 100 121 1574) 2179 | 2998 8, 3.982] 3.998)» ; i » | 49.980 
6 a7ine 71. 1488) 2072 | 2115 9} 3.877] 3.998,» y ” 9 | 49.975 
7 31] 39 1346 1901 | 1979 2.0) 3.970 3.997, 7 | 4.000 7 | » | 49.967 
8 15, 20 1169| 1685 | 1824 1] 3.960| 3.996 +» | 3.990 » » | 49.955 
9 7 10 974, 1445 | 1659 2| 3.948, 3.995, » | 3.9901 1» 7 | 49,942 
7.0 Bienes Al 779| 1199 | 1488 3| 3.932| 3.994, » | 3.999 » » | 49.925 
ail [hae 598, 961 | 1318 4) 3.912} 3.9921 » | 3.999 + » | 49.903 
2 Gee ot 439| 744 | 1151 5| 3.887| 3.9901 7» | 3.999 » v | 49.876 
3 0 309! 555 991 6) 3.855) 3.987 1 3.998 i Y 49.840 
4 207|. 399 840 7| 3.815) 3.984|12.000) 3.998 Va 1” 49.797 
5 131} 274 700 8) 3.764) 3.979}11.999) 3.997 1” 49.739 
6 79 180 572 9 3.702) 3.974/11.999| 3.996,» r |49.671 
7 45| 113 457 3.0} 3.626) 3-968) 11.998) 3.995 y »  |49,587 
8 24, 67 356 1) 3.534} 3.960/11.997| 3.994) 12.000 7 | 49.485 
9 12) 37 269 2) 3.424) 3.951/11.996] 3.993/11.999 + | 49.363 
6.0 5| Sago 197 3) 3.293) 3.941/11.994| 3.992) 11.999 1» | 49.219 
1 | a} 9 139 4 3.141) 3.930/11.990 3.990 11.999, » | 49.050 
9 | 1 4 94 5, 2.966) 3.917)11.985) 3.988, 11.9981» | 48.854 
3 | 0 9 60 6| 2.767) 3.904/11.977| 3.986|11.997, +» | 48.631 
7 | lay Pai 37 7| 2.547} 3.890|11.965| 3.984/11.995 » | 48.381 
5 | 0 21 8 2.308) 3.876/11.947, 3.982} 11.993, » | 48.106 
6 ll 9 2.054) 3.864/11.920| 3.981/ 11.9891 +» | 47.808 
6 4.0) 1.790) 3.854/11.882) 3.979/11.984, 7» | 47.489 
E 3 1} 1.523] 3.846/11.827| 3.978111.977/ 7 | 47.151 
8 1 2} 1.262) 3.842/11.748] 3.978|11.967, 7 | 46.797 
2 0 3} 1.014} 3.841/11.639] 3.9781 11.953) 1» | 46.425 
0 4) 0.787) 3.841/11.489) 3.978] 11.934! 14.000] 46.029 
: 5| 9.588} 3.839/11.286] 3.977| 11.908 13.999] 45.597 
Z 6 0.421) 3.830/11.017) 3.976] 11.876! 13.999] 45.119 
A 7, 0.287) 3.806|10.668) 3.971) 11.834! 13.998] 44.564 
4 8 0.186) 3.759|10.227) 3.964) 11.784] 13.996] 43.916 
5 9) 0.113) 3.677) 9.682) 3.951) 11.725] 13.994] 43.142 
5.0 0.065 3.548) 9.028] 3.932] 11.660 13.989) 42.222 
1) 0.034] 3.364! 8.265! 3.906] 11.590, 13.982! 41.141 
2} 0.017) 3.119} 7.403] 3.875] 11.520) 13.970] 39.904 
3| 0.008! 2.815] 6.465] 3.841] 11.457] 13.951] 38.537 
4) 0.003) 2.460] 5.481) 3.808) 11.407) 13.921) 37.080 
5} 0.001) 2.070] 4.492] 3.780] 11.375] 13.876] 35.594 
6| 0.000) 1.668) 3.541) 3.761] 11.361] 13.809) 34.140 
f 7 1.280 2.671] 3.753] 11.359] 13.710! 32.773 
Table III. Expansion formulae of Y(7) for 8 0.930] 1.917| 3.752] 11.336! 13.570) 31.505 
r<0.001 9 0.635] 1.302] 3.748) 11.314| 13.376] 30.375 
- — idee ati: 6.0 0.405! 0.831) 3.724) 11.201] 13.114] 29.275 
yz Yni(r) 1 0.240 0.495] 3.659| 10.969] 12.770 28.133 
see rear 2 0.130! 0.273] 3.528) 10.571 12. $34 26 836 
~ Q0r 2 | 065) 0.138] 3.315) 9.973) 11. 
Ma ie ge glheng, ihetens ; ; Sepa cue Birl Sans nee. 
28 Yos(r)=32490.5x 72 x {1— 277 +292.3r°} 5 0.012) 0.027, 2.635. 8.161 10.416 21.251 
gy41-13- 2 | -004| 0.010] 2.201! 7. 
EE Oa at a aac eps ie , 0: 001| 0003 1.747| 5.789| 8.693| 16.233 
, 2 0.000! 0.929 3. .783| 11.1 
3p Y3p(r)=32052.3 xr? x {1-13.57+ Oguri : 3 AE Mow ET Or Saco 
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Table IV. (Continued) 

o | (1s)? | (2s)? | (2p)® | (38 | (8p)* | (3d) | Total 

4 2 0.218) 1.059) 4.003) 5.280 
3 0.115] 0.629) 3.192) 3.936 
4 0.055] 0°348! 2.468) 2.871 
5 0.024) 0.177} 1.843) 2.044 
6) 0.010} 0.083) 1.323) 1.416 
7 0.003) 0.035) 0.907) 0.945 
8 0.001) 0.014; 0.591} 0.606 
9 0.000} 0.004) 0.363) 0.367 

8.0) 0.002) 0.209} 0.211 
1 0.000% OnE SOR 12 
2 0.055} 0.055 
3 0.024) 0.024 
4 0.010; 0.010 
5 0.003) 0.003 
6 0.001) 0.001 
ii 0.000} 0.000 
8 
9 

9.0 


quickens the convergence, and at the same 
time, has a merit of preventing the divergence 
which is apt to occur for the outer subshells. 


=) 


—co 


Table V. Values of €nz, | 


M. AriyAma, K. KAYAMA and M. SuGIMOTO 
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In the 7th approximation, the consistency 
aimed at was obtained. The 8th approxima- 
tion was carried out entirely by desk | 
machines to refine the results and to check 
the systematic error of the differential analy- 
zer. The systematic error was found to be. 
very small, and if careful set-up is used, 
relative error of the solution will be less, 
than 1% except at some singular points. 
The schematic diagrams for the set-up of the’ 
differential analyzer for the solution of the, 
Eqs. (6) and (7) are shown in Fig. (1) and 
CAs: 


§ 3. Results 
Tables are given of the values of Y, 2Z, 
and 2Z, for each type of electrons as a func: 


tion of o. Tables of Enz, \" Ye? do, —2uy(ml),. 


and the maximum value of 42Z,(nl; r) are: 
also given. In the actual integrations, one or’ 


Yn? do, —2vo(ml) and 24Z,(nl; 7) 


(18) (28) (2p) (38) (3p) (3d) 
ss 567.07 67.357 59.558 8.7897 6.2520 2.1216 
‘ Yni2e?? do 13869 15502 x 10 31552 x 10 10636 x 102 23205 x 102 39143 x 102 
Pe (nl) 106.1 Vilas 67.3 7.04 19.66 ee 
24Z (nl ; r) <0.001 <0.006 <0.007 <0.006 


<0.014 <0.002 


Vo(ml) is the contribution from N,,, electrons in the subshell (zZ) to 


position of nucleus. 


two more significant figures have been re- 
tained in the calculations than are tabulated. 
Slater Intetegrals F,, Fy, spin-orbit separation 


Table VI. Fy, Fu, ¢3¢ and intermultiplet 
separations 
Galeulated Estimated from 
BPeS lie. observation 
Fy 1685.2 cm-} 1598.8 * cm-} 
Fy S32: ASCH 
(34 519.8 BZA 
4Pp—4f 16630.5 14697 .2 
2G — 4" 16541.3 16918.9 
2-4 


22084.8 21817.9 


* The values of Fy and F, are estimated by the 
least sequare method. 

** The value of ¢3¢ is estimated from the average 
of fine structure separations of ‘F' levels. 


the potential at the 


parameter (34! and several intermultiplet 
separations are calculated from the values 
tabulated in Tables II and IV, and are com- 
pared with those values estimated from 
optical data.‘ These results are tabulated 
in Table VI. The discrepancy between the 
calculated and estimated values is less than 
5% of the magnitude of each of these quan- 
tities, but *P and °G levels are obtained in 
wrong order. These discrepancies would not 
be reduced even if more convergent solutions 
of Hartree equations were used for the calcu- 
lation. 
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The Forces Experienced by Two Circular Cylinders in a 


Uniform Flow at Small Reynolds Numbers 


By Shinji KUWABARA 
Department of Physics, Faculty of Science, University of Tokyo 
(Received December 7, 1956) 


Using Imai’s general method of solving two-dimensional Oseen’s equa- 
tions, the drag and lift coefficients for one of two parallel circular 
cylinders in a uniform flow at small Reynolds numbers have been 
calculated. The general expressions for these coefficients become very 
simple when the two cylinders are placed symmetrically with respect to 
the uniform flow. Numerical calculations have been carried out in several 
cases for various values of the parameters. 


§1. Introduction and Summary 


As is well known, the motion of an incom- 
pressible viscous fluid past obstacles at small 
Reynolds numbers can be described by Oseen’s 
approximate equations. With the aid of these 
Oseen’s equations the viscous flow past a single 
obstacle such as a sphere, a circular cylinder, 
etc. has been studied by several authors, but 
there have been few works concerning the 
case of two obstacles. Here, the case of two 
circular cylinders placed in general configura- 
tions in a uniform flow, will be investigated 
with a,d,aand Ras parameters, where @ is 
the radius of the second circular cylinder (the 
radius of the first circular cylinder is nor- 
malized as unity), d the distance between the 
centres of the two cylinders, a the angle be- 
tween the direction of the uniform flow and 


the vector drawn from the centre of the first 
cylinder to that of the second and FR the Rey- 
nolds number based on the diameter of the 
first cylinder. 

Prof. Imai proposed an elegant general meth- 
od of solving Oseen’s equations by introduc- 
ing complex variables [1], and we shall make 
use of his method in our study. We calculate 
the drag and the lift coefficients of one of the 
two circular cylinders and then the resultant 
drag, lift and moment coefficients of the sys- 
tem of the two circular cylinders are related 
to these coefficients of each cylinder. 

Numerical calculations were carried out in 
the following cases; (i) @=1; d=5, 10, 20; 
a=0°, 90°, 180°; R=0.04—1.0. (ii) a=1; 
d=5; a=0°—180°; R=0.4, 0.8 and (ili) a=0 
—3.0; d=10; a=0°, 90°, 180°; R=0.4, 0.8. The 
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qualitative results obtained from these calcu- 
lations are as follows: (i) the drag coeffi- 
cients for one of the two cylinders are smaller 
than that for a single cylinder at the same 
Reynolds numbers; (ii) the mutual interaction 
is attractive when the central line is parallel 
to the uniform flow and is repulsive when it 
is perpendicular; (iii) the force acting on the 
first cylinder is roughly in the direction of the 
flow induced when the second cylinder alone 
is in the uniform flow and (iv) if the two 
cylinders of the same radius connected rigidly 
are falling in a viscous fluid, there exists a 
tendency that the central line becomes per- 
pendicular to the direction of fall. 


Imai’s Method of Solving Oseen’s 
Equations 


§ 2. 


Oseen’s approximate equations and the equa- 
tion of continuity for the two-dimensional 
steady motion of an incompressible viscous 
fluid can be written as 


1 Op 
——— = ——_ + yf : 
F eimiey Peis ee 
Ov 1 Op 
——— = — — + yf \ 
Us. aay tes (2.2) 
and 
Ou’ 0D ’ 
On BUwies ‘ (2.3) 
where 4=0?/02?+02/0y?, (x, y) are the cartesian 


co-ordinates, (a, v) the velocity components, U 
the velocity at infinity of a uniform flow in 
the direction of the z-axis, p the pressure, p 
the density and » the kinematic viscosity. 
Eliminating p from (2.1) and (2.2), we have 


0M _ 


4w — 2k =0, (2.4) 
Ox 
where w is the vorticity defined by 
“EM e 
and 2k=U/v. 
Introducing complex variables 
z=a+ty, Z=2-2y, (2.6) 
and 
W=u-—i0 , (C7) 
we obtain from (2.3) and (2.5) 
ae ie . (2.8) 


The general solution of (2.4) satisfying w=0 
at infinity can be expressed as 


Shinji KUWABARA 


| 
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o=K 3 Cre®™*Kn(knye® , (2.9) 
where (7,4) are polar co-ordinates, Kn is the: 
modified Bessel function of the second kind, 
Cn is a complex coefficient and # signifies: 
‘‘the real part of ”’ 

Inserting (2.9) anys (2.8) and integrating with 
respect to z, we have 


| 
| 


| 


W= - eke | AsKalkr) 


+3 Anne Ane) Kale) +7, 
n=1 


(2.10) 


where A,= 1 Cp is a new complex coeffi-: 
pH=n 


cient and f(z) is an arbitrary analytic function 
of z. In Oseen’s approximation, f(z) can be 
expressed in general as 


f@=U; 4 inz+O( ale (2.11) 


where m and 7’ are constants. 


§3. Application of Imai’s Method to the 
Case of Two Circular Cylinders 


Since Oseen’s equations are linear, the sum 
of the complex velocities (2.10) is also their 
solution. In the case of two circular cylinders 
we assume the following form for the complex 
velocity 


Wai, 22)= Wile) + Wala2)t+U, (3.1) 


W= 5,01) A K,(kr:) 


+3 (Ane Pertti Anema), } 


m+1l; diy dis 
pee = rr : (3:3) 
w= 5 otf AK ah r) 
i > (Ana @erite— An emit) Kallen} 
Matis 1 
DE Nate a ; (3.3) 
where 


Z=ey+2yi=7M1E'1, Z=ay+tyo= 1E%2 


(3.4) 
are vectors drawn from the centres of the 
circular cylinders C,; and C, to a point P 
in question srespectively. The radius of the 
cylinder C, is normalized as unity and that of 
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the cylinder C, is a. de‘* is a vector connect- 
ing the centres of C, and C, (ef. Fig. 1). 


C\ 


| Fig. 1. The general configuration of two circular 
_ cylinders. 
The boundary conditions are 
W=0 
at the surfaces of the cylinders C,; and C;, or 
W,(e!*) + W2(—de*+e")+U=0, (3.5) 
W,(de'* + ae’®) + W.(ae®)+U=0. (3.6) 
Expanding these equations (3.5) and (3.6) with 
respect to e’®, we have 
+++ be{A,OT(k)Aa(k) + O(R?)} 
+A PI (k)Ko(k)— Ar L(k) K(k) 
+ e-FA cos Te)? A, Ky(kd) + AK, (kdje-*} 
., M2.+tl', e~*% 
| ae = d 


+ O(R?) 


se AOL HKG ib™ Ts +000} 


+---=2¢kU , (3.7) 
--- + et A, ])(ka) Ky(ka) + O(k?)} 
+ ob], (ha)?{ Ay? K(k) — A, Ki(ede-'*} 
+ A,PIo(ka) Koka) — AyD, ka) K (ka) 


py el eS 2) 
T d 


ent {Ah (ha) K(ka) 
etl s i+ owe) + 1s 25h. (3.8) 
7 


Here we have assumed that k<1, a=1, kd 
=Q(1) and therefore A,=O(k"). Retaining the 
terms of the order 1 and & and neglecting 
those of higher order in (3.7) and (3.8) as the 
first approximation, we have six algebraic 
equations for the complex numbers A,®, A”, 
A,®, A,™, m,+21"; and m2+tI"s; 
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A, IR) Ki(k)=0 , (3.9) 
AIR) Koh) — AOD (R)K(R) + €- #4 °° “I (h)? 
x {A Ko(kd) + A, (kd)e-**}. 


My + 21's CE 


+ th— oa 26kU , (3.10) 


r 
~ZF,On( Ke — te 20, B.11) 
7 


A,I)(ka)Ky(ka)=0, (3.12) 


ert cose Tha) A, K,(kd) —A, Ky (kd)e-**} 
+A,I]y(ka)Ky(ka)— A,1,(ka) Ky(ka) 


(3.13) 


= Aika) Kea) ap Es 1 9. 
7 a 


(3.14) 

Now the drag coefficients Cp, Cp and 

the lift coefficients Cr, C,;“™ for the cylinders 
Ci, C, are respectively defined as 


xX. WG 
COS (CEOs 
PTT TP eas NSS BETO Team 
(3.15) 
Xx, Ng 
oO--s COs 
= 4pU?x 2a’ : 40U2 x 2a’ 
(3.16) 


where X,, X, and Yj, Y, are the drags and 
the lifts for the cylinders C,, C. respectively. 
As is well known, the drag X and the lift 
Y of a cylinder are given by 
X=pUm, Y=oUl , (3.17) 
where m and I’ are constants which appeared 
shan 7b, 
If C® and C® are defined as 
CO =CpOM+4iCM, CM=CpO+iC , 
(3.18) 
we have, by (3.15), (3.16) and (3.17) , 
m,+ir;=UC®, m,+1l,=auC® . 
(3.19) 


Since k<1 and ka<1, we can make use of 
the following approximate formulae; 


Ky(k)=—In(ak)—7 —(1/4)R*(In GR) + 7 —1} 


+O(#), (3.20) 
K,(h)= 4h) +1R(In(ak)+7—3}4 OF) , 
(3.21) 


and similar formulae as obtained by putting 
ka in place of & in (3.20) and (3.21), where 
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y=0.57721--- is Euler’s constant. Then we 
can rewrite (3.10)—(3.14) as follows: 


ae 4 ‘ 
3CM +5,C® —a( Ki @7 CRa/4)cos a epee 
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+akye-®u) 008 yO (2) = oe ; (3.22) 


4 


(Keo cosa * e-?#CO + KyeBa/Heos C7 @1e>) 
R 


8x 


+3aC®+aS,C® = at (3:23) 


where 
8 
S,=In5— yr, Sing —r, (3.24) 


R=4k=2U]/y is the Reynolds number based on 
the diameter of the cylinder C,; and the argu- 
ment kd=Rd/4 of the modified Bessel function 
K,(kd) is omitted for brevity in (3.22), (3.23) 
as well as in the following lines. (3.22), (3.23) 
and their complex conjugate equations deter- 
mine C®,C®,C@® and C™. And then we 
obtain the drag and the lift coefficients by 
means of taking their real and imaginary parts 
of these coefficients. We consider, for exam- 
ple, only the coefficients of the first cylinder 
C, for brevity: 


Br Ax™ 


Cp = 7 (3.25) 
) 
CY aa ' (3.26) 


with 
J=0,0,0304+ (Pi b2—i?)( D3 4— Gn?) — 0103 Po D3 


— 0201 D1 D4 +0104Q192 + 02039142 , (3.27) 
Ax =0,0303+ Po bs Ps—Qz?) — 03 Da Ps 
—0204P.+04QiGr ; (3.28) 
Ay = —Q( ps bi—Ga”) + 03 Psi + (01— P1)04d2 
(3.29) 
where 
OA=Si+3, (3.30) 
0.=S,—3, (3.31) 
0s=S2+2, (3.32) 
04=S,—-3 , (3.33) 


Bas Kaetsarovme +( 1erna/iene ans a, 


(3.34) 


Do = Ka eC Ra/4) cos a __ (Kiere/ocom rae ee 


(3.35) 
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Ds _ Ae sie 2h (Kier COSH ___ waa) a, | 


(3.36) 


p= Kye- PU) se — (Keroro COS @ __ 08 a, 


(3.37) 

n=(K e(Ra/4) con. eas ee (3.38) | 
| 

hae (Kiercrssomre sin a (3.39) 


Making use of the asymptotic form of Kn(kd): 
a OES. * WT a Bd tel SQ ) 
Kolled)=( 573) : (1+ lista 
we have the limiting form of (3.25) and (3.26) 
for kd—co (R<1) as 


8x ik 
C,On 2s 
 pORRSoe 


which are the same in the case of a single 
circular cylinder. 

(3.25) and (3.26) can be simplified in a few 
special cases, that is; 

(i) a@a=1 (two circular cylinders of the 
same radius); a=90° (cf. Fig. 2a). 


CxO =0) G40) 


(a) 
Or 
U 
> 
FD © 
(b) 


G, Ce 


Aig Oo Gg 
Co C, 


Fig. 2. Special configurations. (a) a@=1, «=90°; 
(b) a=1, «=0°; (c) a1, «=180°. The drag 
and lift coefficients are concerned with the 
hatched cylinders. 
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Cp =8% Sed 3G) ee. ; 
ee , (3.41) 
Cc, 8% —(4/Rd) a 
RGFHEIS 1K) +(K RD} OES) 
(ii) @=1; a=0° (ef. Fig. 2b). 
Coma bE S.+3—(Ko— Ky )e-/9 — (4/Rd) 
R (Si+4(S+3)— —{(Ko-+Kye@a/4) — (4/Rd) }{ (Ky —Ky)e- CRa/4) 4 (4/Rd)}? (3.43) 
and no lift. 
Un) @=1; @=180° (ef. Fig. 2c). 
Gos == Soti—(Ko+ Kieu + (4/Rd) (3.44) 


R (Si+3)(Si+4)—{(Kot+ Kie@4 —(4/Rd) }{ (Ky — Kye“ @Y9 + (4/Rd)} ’ 


and no lift. 


(iv) If a=1 and k<kd<1, we can make use of (3.20) and (3.21) with respect to kd instead 


of & so that we have 


CJO= - 2S,—3—In d—cos’a 
R (2S:+4—In d+cos’a)(2S,—3—In d—cos’a)—cos? a sin? a (3.45) 
COs _ 82 COs &@ sin @& 
Especially, for a=0°, 90°, 180°, we have: 
8x 1 
= Oo. (@ (1) = ¢ = 
aii fee Seren aera eat) 
a=0° and 180°; Cp oie Silent C,Y =0 (3.48) 
‘ R 2S,+-%#=Ind’ ; : 
which may also be obtained by expanding (3.41)—(3.44) in terms of kd. 

If we are interested in the resultant drag Grek a (3.54) 
X, lift Y and moment M of the system of the 30U?d’ : 
two circular cylinders with respect to the M : 

ae (3.55) 
(geometrical) centre of gravity, we have 30U22d 


KeaX Xe (3.49) 

Y=Y,4+Y2, (3.50) 
M=d,(X;sin a— Yj, cos @) 

—d,(X,sina—Y,cosa), (3.51) 


where 
2 
gaaiyd,, © Eel 
A, Te 
so that 
ad d 
eT adiedye = ‘ 3252 
Pld Oa vases. Poe) 


If we define the resultant drag, lift and 
moment coefficients of the system of the two 
circular cylinders as: 


X 
ee 3.53) 
Cp joU*d’ ( 


we can relate these resultant coefficients to 
those coefficients of each cylinders as follows: 


Cy= 


2a 


hee Cp + d Cp® , (3.56) 
2 2a 
= C,O+ Q) , : 
C= L —C;,z (3:07) 


a . 
ae {Cp sin a—C_™ cos a 


—(1/a)(Cp™ sin a—C;,™ cos a)}. (3.58) 


In case when a=1, we have 


Cu= 


Ges (Co + Cp) , (3.59) 


= (CED ACOs (3.60) 


4{ (Cp —Cp™) sin @—(C, —C_) cosa}. 
(3.61) 
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Since, in this case, 
Cp®(a)=Cp(x—a@), C,(a)= —Cr(x— a), 


we have 
Cy(a@)=Co(x—@) , (3.62) U 
Ciaj=—Cina) , (3.63) sane 
Cu(a)=—Cu(n—a@) , (3.64) 


that is, Cp is symmetric about a=z/2, while 
Cy, and Cy are antisymmetric about it. 


§4. Numerical Discussions 
Numerical calculations have been carried 
out for the casés? -(1)° a=} <d=5, 10; 20; 
a=0°, 90°, 180°; R=0.04—1.0 by using (3.41) 
—(3.44), (ii) a=1; d=5; a=0°—180°; R=0.4, wi 
0.8 by using (3.25)—(3.39) and (3.59)—(3.61) Bere (>> <C) 
and Gu) @==0—3:0; d=10; a=0°, 90°, 180°; 
R=0.4, 0.8 by using (3.25)—(3.39), (3.41) and Fig. 3. The mutual interaction of the two cir- 
cular cylinders in the case of a viscous fluid. | 


Table I. Calculated values of Cp and C,™ 
for various values of R. 


@r a1. d=5 


a (jo oe 90° 180° 


R CoO) | Coes leanO:Ge iss oe 
= sf = — 

04 | 72.742 | 75.316 | 6.146 | 61.766 
8 | 44.631 | 45.044 5.980 34.168 


0.0. 

0.0. 

0.2 25.026 | 24.106 | 5.698 15.457 
0.4 17.092 15.860 5.481 | 8.322 
0.6 14.014 12.744 | 5.419 | 5.685 
0.8 12.336 11.049 | 5.468 | 4.247 
1.0 11.285 9.956 | 5.622 | 3.297 


(b) a=1; d=10 


R Cpo® Cy@) | 9E | ce U 
0.04 78.473 80.025 6.683 | 66.647 


we a ae | hee | 5.555 | 17.878 Fig. 4. The mutual interaction of the two cir- 
06 | 14 666 14-731 rer ae cular cylinders in the case of an ideal fluid. 
0.8 | 12.721 STM thls (a Nye ¥ < 

1.0 11.492 | (04.541 | 94.004 | 5.322 (3.42). They are shown in Figs. 5—7 and 


= a tabulated in Tables I—III. 
The qualitative results obtained from the 
— numerical calculations are summarized as fol- 
a. 0° 90° 180° lows: 
ne Hh ee (1) The drag coefficient of the first cylin- 
CNG der is smaller than that for a single cylinder 
04 | 95.776 | 89.835 | 8.153 | 70.845 at the same Reynolds numbers. The greater 
ue 53.282 | 55.273 | 7.229 | 40.889 or the nearer the second cylinder is, the small- 
4 | 19.423 | 20.940 eee oa oa er becomes the drag coefficient of the first 
6 15.411 16.074 3.188 | 9.487 cylinder (cf. Figs. 5 and 7). 
0 | 11,859 | 12.294 | 97413 | 6.942 (2) Companing thyee cases nen sagas 
second cylinder is downstream of the first (cf. 


(c) a=1; d=20 
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Table Il. Calculated values of Cp, C,, CpO+Cp®, C,Y+C,@ and Cy 
for various values of « . 


(a) a=1; d=5; R=0.4 


‘to the uniform flow (cf. Fig. 2a), and (iii) the 
second cylinder is upstream of it (cf. Fig. 2c), 
it will be seen that the drag coefficient in the 
case (iii) is the smallest and those in the cases 
(i) and (ii) are almost of the same order (cf. 


fo 


Cope mnoein0S' 1 OR 


| | 
0 C50) | 20 | CroY+Cp® =6,0.6,© | Ge 
0° 17.092 0 25.414 0 0 
18° 16 . 786 1.669 | 26.240 LA Maes 1.425 
36° 16.108 3.340 28.162 3.988 2.281 
94” 15.582 4.850 30.090 3.506 2205 
72" 15.560 5.4755 | Slsole 1.942 1.383 
90° 15.860 | 5.481 Ble7Z20 0 
108° 15.761 3.813 © | 312322 —1.942 — 1.383 
126° 14.508 1.344 | 30.090 —3.506 —2.255 
144" 12.053 — 0.648 28.162 —3.988 —2.281 
162° 9.455 —1.054 26.240 — 2.723 —1.425 
180 8.322 0 25.414 0 | 0 
(b) a=1; d=5: R=0:8 
aE EEE = = : —_ at ae = : = ee = 
a Cp® 26,0 CpD+Cp@ 2026-0) | Ga 
| | 
O° 12.236 0 | 16.583 | 0) 0 
US 12.018 Lb 23 M2515 | ZOU: 1.260 
36° 11.330 2.959 19.459 BAY | 2.010 
54° 10.751 4.304 | 21.100 2.407 1.985 
(0% 10.672 5rooo 21.886 1.102 1.220 
90° 11.049 5.468 | 22.097 | 0 | 0 
108° eae! AL ZEAL 21.886 —1.102 | —1.220 
126° 10.350 | 1.898 21.100 EO iim iP See: 
144° 8.130 = 0.316 19.459 —3.274 ~2.010 
162° 5.497 — 0.991 OLS —2.514 —1.260 
180° 4.247 0 | 16.583 0 | 0 
Fig. 2b), (ii) the central line is perpendicular Fig. 5). The former statement can be recog- 


nized by the fact that the first cylinder is in 
the wake of the second. 

(3) The mutual interaction of the two 
cylinders is attractive when the central line 
is parallel to the uniform flow and is repulsive 


(b) 


005 Ol 


298 


Shinji KUWABARA 


(Vol. 12, 


Calculated values of Cp and C,© 
for various values of a. 


Table UI. 


(a) d=10; R=0.4 


Peoag Viliel 90° 180° 
a Cp Cp —C,@® Cp® 
0 21.529 | 21.529 0 21.529 
0.1 | 19.844 | 19.762 2.591 | 15.923 
0.2 | 19.549 | 19.478 3.010 | 14.942 
0.5 | 18.953 | 18.920 3.833 | 12.958 
1.0 | 18.193 | 18.237 4.848 | 10.429 
1.5 | 17.497 | 17.628 5.755 8.113 
2.0 | 16.797 | 17.026 6.659 5.783 
2.5 | 16.060 | 16.393 7.613 3.330 
3.0 15.263 | 15.699 8.666 0.677 
(b) d=10; R=0.8 
a oe 90° 180° 
0:05" O11) 20:2 O lO R (ThGip@ | Cp 4-2 G,@ | Cz® 
BiggowneC, (and ©, Olive. (a) a= 18d = 55 Fy 
i dsl: 8 ge 0 14.117 | 14.117 0 Miz 
ia poe ome igo O.1 089.483 | 13.553 2.026 10.544 
we 0.2 4O4S-358 | 18.436 2.392 9.843 
oe 0.5. PIs. 092" | 15.182 3.146 | 8.343 
ee > a ee «=180° 1,0 OS. Tor | “aves 4.145 6.257 
as ae ee the d PRS ce cical i 1.5 | 12.347 | 12.333 5.118 4.150 
SOE SS SER Ee CU as 2.0 | 11.932 | 11.692 6.201 1.811 
der in a uniform flow. 2.5 | 11.445 10.594 7.576 | —0.929 
3.0 , 10.851 7.844 9.928  —4.274 


Fig. 6. 
(bya=1, d=5, R=0:8. 


when it is perpendicular (cf. Fig. 3). 
These tendencies are opposite to the same 
cases of an ideal fluid (cf. Fig. 4). 


(4) The force acting on the first cylinder 
is roughly in the direction of the flow induced 
when the second cylinder alone is placed in 
a uniform flow (cf. Fig. 6’). 


Cp, CO, 1p) Cy, C,Q+- C,, 


and Cy vs. a. 


(ajeo=l d=55 =O 


(5) The resultant lift of the system of the 
two circular cylinders is positive (or negative) 
when a@ (the negative of the angle of attack) 
is negative (or positive). While, the resultant 
moment is negative or positive according as 
a@ is negative or positive, i.e., there is a tend- 
ency that the central line becomes perpendic- 
ular to the uniform flow (cf. Fig. 6). 


| 
. 
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(a) 
U 
— > 
C2 Cy Co 
(b) 
U 
—> 
Ce Ci Co. 
Fig. 6’. The force vectors experienced by Cz, 


compared with the drag in the case of a single 
cylinder which is shown on Cy. (a) a=1, d=5, 
Fe— Oras (Gb) iG nd =), fe = 0.8). 
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20 3-0 
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Theory of the Ultrasonic Absorption in Aqueous Solutions 
(IL) Aqueous Solutions of Some Alcohols* 


By Otohiko NOMOTO . 
Kobayasi Institute of Physical Research, Kokubunzi, Tokyo 
(Received May 31, 1956) 


Anomalous parts of the ultrasonic absorption coefficient have been 
calculated for aqueous solutions of methanol, ethanol and -propanol as 
functions of the concentration by employing the result of the general 
theory described in part (I) of this paper (J. Phys. Soc. Japan 11 (1956) 
827), which is based on the assumption that the pressure change of the 
sound wave accompanies a change in the existence ratio between the 
single and the associated molecules of water, that there takes place a 
molecular rearrangement among the single and the associated molecules 
of water and the solute molecules, accompanying changes in configura- 
tional entropy of the system, and that the irreversible entropy production 
takes place in the stage of energy transfer from the thermal motion to 
the configurational degree of freedom and vise versa. Calculations have 
been performed for two simplified model cases: (a) ignoring the dif- 
ference in sizes of the single water molecule and the solute molecule, 
and (b) taking into account the difference in sizes of these molecules 
by approximating them by linear polymers each consisting of one kind 
of atoms. The value of the absorption peaks and the location of them 
have been found to be in semi-quantitative agreement with experiments, 
the agreement being somewhat better in case (b) as compared with (a ). 


§1. Introduction the number of moles of the associated water 
Anomalous parts of the ultrasonic absorption Molecules May and that of the single water 
coefficient are to be calculated in aqueous Molecules 9 in pure water is given by 
solutions of three sorts of alcohols (methanol, Nso/Nao=exp (—4F/RT) (2ck)} 
ethanol and propanol) by.vemploying{ethe 2a qyt BaWig@ish), corneveas in iene meen 
result of the general theory developed in ‘ ' 
ference in free energies (per mole) of the 


ee ied as 0) i hero lowing) . ane single and the associated molecules of water, 
paper». It becomes necessary for this pur- : : 
: ; i Ie R the universal gas constant and T the ab- 
pose to estimate various quantities involved 
in theoretical formulas. These estimations Soe p 
: i : ; 
The value of 4F is to be obtained from the 


aie ay : 
arenpretorined. in 20785. By emploung expression given by Hall for the relaxational 
the values of the constants evaluated, we Be 

compressibility of pure water: 


have calculated the values of the function ff 
of the entropy of molecular rearrangement, Peek ee (Mare) jntete 
apparent specific heat Cn, and the sound ab- 2vRT{1-+cosh (4F/RT)}’ 
sorption coefficient (a@/»?) as functions of the 
concentration. These calculations are execu- 
ted in §6~8§ 8. 


(2.2) 


where 8) and 8. mean the static and the 
instantaneous compressibility respectively, v 
the molar volume and vw, and vs the molar 
volumes of the associated and the single mole- 
cules of water respectively. This equation is 
easily to be obtained from (I), eq. (3.12). 
Hall has estimated the value of 4F to be 
According to Hall’s theory® on ultrasonic 500 cal/mole. It depends, however, also on 
absorption in pure water, the ratio between the temperature and on the assumed values 
* The text in Japanese of this paper will be Of 4v and 8.. Hall has determined the values 
published in “Bulletin of the Kobayasi Institute of the constants.so as to afford the ultrasonic 
of Physical Research” somewhat in detail. absorption coefficients in agreement with ex- 


§2. Ratio Between the Numbers of Moles 
of the Associated and the Single Water- 
Molecules in Pure Water 
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periment, the values at 20° being as follows: 
Bo=45.8 x 10-2 cm2/dyne , 1 8 =(30.8~27.8) 
Bo=(15~18)x10-2 7 : {x10-2 cm?2/dyne; 
Vs=10.4cm3 , 
Va=18.0~19.6 cm! , 


By employing various values for Ce, Ghaxel Whe 
the values of 4F were computed. These 
values are tabulated in Table I, together with 
the existence ratio 


4v=7.6~9.2cm? . 


1a] Mag = — tn ES — , 
NatnNs 1+exp (4F/RT) 
We have calculated the absorption coeffici- 
ents corresponding to various values of the 
existence ratio tabulated, but adopted the value 
M3/Nw=0.175 (the smallest one) for final calcu- 
lation, because this gives the greatest absorp- 
tion coefficients, i.e., the nearest to experi- 
mental results. 


(2.3) 


Table I. Difference in free energies per mole 
(4) between the single and the associated 
molecules of water, and the existence ratio 
Ms/N» Of the single molecules as functions of 

Va and Bo (20°C). 


Va=18.0cm? vag=18.8cm? v_,=19.6cm? 


a 
Boo 4EF Ns/Nw 4F Ns/Ny AF Ns[Nw 
cal/mole cal/mole cal/mole 
15x10-22 296 0.376 613 0.259 808 0.200 
16.5 7 3 OM Eos OREO enOn2 SOO san. 187, 
18 +7 482 0.305 


(2350-22345 904 


0.175 


Hall has assumed the associated molecules 
of water to be in a state of lower free energy, 
while the single molecules are in a state of 
higher free energy. On the contrary, Lito- 
vitz and Carnevale have recently deduced 
from the pressure dependence of the ultrasonic 
absorption in pure water that the associated 
molecules are in the state of higher free energy 
and the single molecules are of lower free 
energy. If we adopt this latter view, the 
existence ratio of %s:”, becomes reversed and 
we have s/7=0.825~0.624. For example, 
Ns/N»=0.759 for average value of @.. and that 
of vz. This however, gives an absorption 
maximum only about 1/3 the experimental 
value for the ethanol-water mixture, when the 
magnitude of the associated molecule is so 
assumed as to give a relaxation time in agree- 
ment with the experiment. Also the estima- 
tion of ”;/2, from the molar volumes of water, 
solute and the solutions deviates widely from 
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the estimation from  Litovitz-Carnevale's 
theory. The existing various estimations are 
not in accord with this, too. 

So we have assumed, after Hall, the single 
water molecules to be in a state of higher 
free energy and the associated molecules to 
be of lower free energy, and adopted the 
following values of the parameters (at 20°C) 
in the following: 


Vs=10.4 cm? , 


egtio ee AV=9e2iem=s (2.4) 
4F=904 cal/mole , (2.5) 

and 
Nsq/Nwy=0.175 , Nao|Nwo=0.825 , (2.6) 


where the suffix zero indicates the values at 
zero concentration of the solvent, i.e., the 
values for pure water. 


§3. Concentration Dependence of the Num- 
ber of Moles of the Associated Water- 
Molecules in Solvent Water 


The number of moles of the associated 
water-molecules in aqueous solutions is to be 
estimated from the concentration dependence 
of the adiabatic compressibility in aqueous 
solutions. The procedure was described else- 
where (Nomoto) and we will employ the 
result in the following. The number of moles 
of the associated water-molecules (7) and that 
of the single water-molecules (7s) in one mole 
of the aqueous solutions, of methanol, ethanol 
and #-propanol are represented as functions 
of the concentration (molar fraction of the 
solute mr) in Fig. 1. As is to be seen in the 
figure, the value of m_ in aqueous methanol 
solution decreases monotonously with increas- 
ing concentration, while in ethanol-solution 
the decrease of 4 with increasing #7” becomes 
slow in the intermediate concentration, and 
the m-propanol solution shows even a slight 
minimum and a nearly flat region in the curve 
of Ma. 

Although it may be supposed from these 
curves that the slowing down of the reduction 
of % in aqueous solutions of ethanol and »- 
propanol with increasing concentration may 
be due to the mutual association between 
water and alcohols, this idea must be rejected 
because the absorption curves, and especially, 
the relative heights of the absorption peaks 
and the concentrations for the absorption 
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peaks, widely deviates from experiments if 
this view is adopted. 


09 


"a0 
a8 


07 


as 


f 
ag 0 


02 


0 a 03 0d. 05 

Fig. 1. Number of moles of the associated water- 
molecules (z,) and that of the single water- 
molecules (7s) in aqueous solutions of methanol, 
ethanol and m-propanol as functions of the con- 
centration (20°C). 


§4. Physical Constants of the Aqueous Al- 
cohol Solutions 

All calculations were performed for 20°C. 

(a) density 0 

Jacobson’s data? were employed for the 
values of the density. The values of the 
density are represented in Fig. 2 for the three 
alcohol solutions here considered as functions 
of the concentration. 

As the data of Jacobson, however, are re- 
presented as functions of the volume fraction 
@ (ratio between the volumes of the solute 
and the solution), we have to transform the 


volume fractian into molar fraction. First 
we obtain the weight fraction p by 
p=$¢0:/0 , (4.1) 


where p, means the density of the solute and 
o the density of the solution, and then obtain 
the molar fraction 2, by 


Ne=Mel/(Mw+mp) , (4.2) 


where 
My=1—p)/Mv; mr=p/Mrp . (4.3) 
Here M, and My mean the molecular weight 
of water and that of the solute respectively. 
(b) thermal expansion coefficient 3 


This was computed from the density data 
of ICT (=International Critical Tables) and also 
shown in Fig. 2. As is to be seen in the 
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figure, the methanol solution shows an irre- 
gular behaviour with respect to the thermal | 
expansion coefficient, and it seems that the | 
smoothed values indicated by arrows are the 
Also the computed values | 
of y and cy become irregular by this effect, 
although the influence on the values of Cn, ¢p | 
and (a/v?) are not large, being masked by | 
other irregularities due to the estimation of — 


more reliable ones. 
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Fig. 2. Density and the thermal expansion coef- 


ficient in aqueous alcohol solutions in depend- 
ence on the concentration (20°C). 


(ce) sound velocity V 
Jacobson’s data were employed. 


(d) specific heat at constant pressure ¢» 
and the ratio of the specific heats 7 


Cp was obtained from ICT by interpolation. 
Fig. 3 shows the concentration dependence of 
cy and y. The interpolation, however, is pre- 
sumably not so exact because of the non- 
monotonous variation of cp with temperature, 
Cy at lower concentration having a maximum 
at a certain temperature. Cy, involved in the 
absorption formulars (I), (6.7) and (6.8) mean 
the molar specific heat at constant pressure, 
given by 

C= Vcwr (4.4) 


where M means the average molecular weight 
of the solution given by 


M=(1—nr)My,+nyMfp . (4.5) 
The ratio of the specific heats y is to be 


(Vole; 
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|.calculated by (I), (5.8) from the known values 
lof V,% and cy. Then we have €, {fom Cy 
and 7. The values of y are also shown in 
mig: 3. <As is to be seen, the calculated 
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Fig. 3. The values of cy and Y in aqueous solu- 
tions of methanol, ethanol and m-propanol as 
functions of concentration (20°C), 


values of 7 in methanol-solutions are scatterd 
by the influence of the scattered values of v. 


(e) 

The values of the diffusion coefficient are 
not so well investigated. Concerning the 
three alcohol solutions here considered, ICT 
gives the concentration dependence of D only 
for the ethanol solution at 10°C. The tabu- 
lated values are as follows (with indicated 
errors +10%): 


diffusion coefficient D 


c (mole) Se Osi Wea» OAoSd (0) 


The value at zero (=infinitesimal) concentra- 
tion D) was obtained here by extrapolation. 
By reducing the molarity c into the weight 
fraction by 

p=Mrc/1000p , (4.6) 
‘and then transforming p into the molar frac- 
tion mr by (4.2) and (4.3), we can obtain the 
concentration dependence of D as indicated 
in Fig. 4, where D/Dp is represented vs. %r. 
Although this corresponds to the ethanol solu- 
tion at 10°C, we have assumed that this curve 
is also valid for the aqueous solutions of 
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methanol, ethanol and »-propanol at 20°C. 

Now the ICT gives the diffusion coefficient 
at zero (=infinitesimal) concentration for the 
aqueous solutions of three sorts of alcohols at 
15°C. This is reproduced in the third column 
ot Table II (accuracy -+-7%). 


Table II. Diffusion coefficient at zero concentra- 


tion (Do in 10-5cgs) for aqueous alcohol solu- 
tions. 


Solute d bed): 


OM 15° 


20° (estimated) 
(extrapolated) (ICT) es 
ia (a) (b) 
methanol ZS 1.47 1.46 
enthanol (0.87) 1.00 L1G 1.14 


-propanol 0.87 1.01 0599 


Two estimations were made from this for 
the values of Dy at 20°C. In the first place, 
if we assume the theoretical formula 

D=kT/6zx7a , (4.7) 
where 7 means the viscosity coefficient of the 
solvent, a the molecular radius of the solute, 
and k the Boltzmann constant, we have 
DoT/yn. This gives the values tabulated in 
column (a). In the second place, if we make 
graphical extrapolation from the extrapolated 
value of Dy at 10° (for ethanol solution) and 
the ICT value at 15°, we obtain column (b). 
As both estimations are nearly in accord, we 
employed the results of (b) in the following. 
The diffusion coefficients at any concentration 
were obtained by multiplying this value by 
D/Dy obtained from Fig. 4. 


ethanol 


7] Q/ 02 Q3 04 05 06 QO7 08 09 10 
Fig. 4. Concentration dependence of the diffusion 
coefficient in aqueous ethanol solutions (10°C). 


§5. Concentration Dependence of the Size 
of the Associated Molecules of Water 
in Aqueous Solutions 

The only parameter in our theory to be 
determined directly from acoustic absorption 
experiment is the size of the associated water- 
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molecules in aqueous solutions. This is to be 
estimated from the relaxation time by the 
relation, t=0.78372/D (cf. (I) (7.14)), where 
D means the diffusion coefficient and 7 the 
radius of the groups of single water molecules 
produced under excess pressure by the collapse 
of the associated molecules. This radius is 
given by r=s(3v;/42N7z)? (cf. (I) (7.27)), where 
IN; means the Loschmidt number and s the ratio 
between the radius of the associated water 
molecules and the effective radius of the mo- 
nomers constituting the associated molecules. 

By employing the value of (2.4) for vs, we 
have 


7=s X1.60 x10? cm (on) 
and accordingly 
t=2.005,x10-" cm? s7/D . (5.2) 


The relaxation frequencies are known ex- 
perimentally in the neighbourhood of the ab- 
sorption maximum for aqueous solutions of 
ethanol, #-propanol and phenol, as cited in 
(), (1.2), (1.3) and (1.4). In the first place, 
we have for aqueous ethanol solution from 
Storey’s measurements (cf. (I), (1.2)) by inter- 
polation: 


Ym= 137 Mc/sec 
and accordingly by 
My 27m (5.3) 
the experimental value of the relaxation time: 


at 20°C, 25% (nr) , 


Caen = J 16 x1 0s? Sec 
(ethanol solution, 20°C, mr=0.25) (5.4) 


Then we have from Sette’s absorption data 
at 24.5°C and 13.9% (mr) the relaxation fre- 
quency yn=53.6 Mc (cf. (D, (1.3)), for propanol- 
solution, and this gives t=2.85x10-9sec 
(24.5°C). The value of ct at 20° was estimated 
from this by employing (5.2) and assuming 
the diffusion coefficient D to be proportional 
to T/y and ignoring the temperature depend- 
ence of s. This was calculated to be 


Fexp=o.2ox10 sec 
(n-propanol solution, 20°C, m»=0.13 (5.5) 
Finally, we have from Cevolani and Petra- 
lia’s absorption data at 70°C for aqueous phe- 
nol solutions vm=35Mc (cf. (I), (1.4)). This 
gives 
t=4.55x10-* sec (70°C) . 
Correcting for the temperature dependence of 
D, but not for s as before, we have from this 
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(t*exp=13.210-% sec) (hypothetical phenol 
solution, 20°C, #r=0.06) (5.6) | 
Then the values of s were calculated by’ 


(5.2) corresponding to these values of Texp, 
at 20°C, and found to be 


S52 92 (ethanol solution, #7=0.25) . 
s=9736 (m-propanol solution, #*7=0.13), | | 
(s*=19.1) (hypothetical phenol solution, | 


Nxr=(.06) 
(5.79% 

The phenol solution, however, is known te 
separate into two phases below the critical 
mixing temperature at about 68°C, and there 
is no solution of the concentration mr=0.06 | 
at 20°C. So the values with asterisks are 
only extrapolated values corresponding to hy- 
pothetical solution. (The value of s* was” 
computed by employing Dy=0.84 (at 20°C) 
and assuming D=(2/3)D) at mr=0.06.) 

Also the mechanism of sound absorption 
may be somewhat different for critical mix- 
tures. The mechanism is certainly different 
for non-aqueous mixtures near the critical 
point, the cluster formation playing an im-— 
portant role in this case. The mechanism, 
however, may not be so widely different for 
aqueous critical mixtures, from that for ordi- 
nary aqueous solutions. These points must 
be investigated in a separate research. Here 
we assumed the mechanism of the excess 
sound absorption in aqueous phenol solution 
near the critical solution temperature to be 
the same as in ordinary aqueous solutions. 

Although it is not clear as yet what are 
the quantities which determine the seize (s) 
of the associated water molecules, it is to 
be seen from the above result that s decreases 
rapidly with increasing value of mr. As we 
have no sufficient data to investigate the 
dependency of s on concentration in each of 
the aqueous solutions, we have assumed s to 
be a function of , but not dependent on 
other quantities, and obtained the relation as 
indicated in Fig. 5. As the data for phenol 
solution is not exact, we assumed the curve 
a rather arbitrarily. The curve connecting 
ethanol and m-propanol gives straight line b. 
Here we adopted the curve a@ for further cal- 
culations because the experimental absorption 
curves at different frequencies seem to indi- 
cate that the concentration dependence of the 
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relaxation time is only slight, at least in the 
neighbourhood of the absorption peak. The 
coincidence of the calculated absorption curves 
with experiments is also better for curve a 
than for curve J. 


OD OS TAOL OSS OO m O7, MOB. 09 


0 Ol 


Fig. 5. Relation between s, the quantity propor- 
tional to the radius of the associated water 
molecules in aqueous solutions, and the molar 
fraction of the associated molecules (20°C). 


As is to be seen in the figure, the value of 
+ for pure water is comparatively large, be- 
coming 
$)=20 (5.8) 
n case of curve a. Accordingly, the number 
£ monomers constituting an associated mole- 
tule becomes 


gXlartsec 


ee 
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Fig. 6. Relaxation time of the molecular rear- 
rangement in aqueous solutions of methanol, 
ethanol and »-propano! as functions of the con- 
centration (20°C). 
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Z=8000 (5.9) 


by (I) (7.15). 

In order that a molecular diffusion may 
take place, it is necessary that the diameter 
(2r) of the groups of single water molecules 
produced by the sudden collapse of the asso- 
ciated water molecules under excess pressure 
are larger than the mean distance of the solute 
molecules in the solution (/,), i.e., 


(5.10) 


This, condition, however, is always satisfied 
except at extremely low concentrations. 

Fig. 6 shows the values of the relaxation 
time as functions of the concentration, calcu- 
lated by (5.2) for the three sorts of alcohol 
solutions here considered. 


Vie, 


§6. Entropy Change Due to the Molecular 
Rearrangement (Functions f and f*) 


Now we have all the quantities required to 
calculate the function /=Td4S/4p (cf. (1), 
(4.6)) proportional to the entropy change of 
the molecular rearrangement. In case when 
the difference in seizes of the various kinds 
of molecules are ignored, this function is 
given by (1), (4.7), i.e., 
f= Wave log (1+ e/Ms) 

{1+exp (4F/RT)} 


Fig. 7 shown the values of f as functions of 
my for the three sorts of alcohol solutions 
here considered. 


(6.1) 
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Fig. 7. Entropy function f in aqueous solutions 
of methanol, ethanol and -propanol as functions 


of the concentration (20°C), 
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In case the effect of the difference in mag- 
nitudes of the molecules are taken into ac- 
count, by regarding the single molecule of 
water and the solute molecule as linear poly- 
mers, each consisting of one kind of atoms, 
the entropy function becomes f* given by 
(I), (4.13), 

There may be problems as to the number 
of the nearest neighbours z surrounding an 
atom in an aqueous alcohol solutions. The 
number, however, cannot exceed 12. The 
number z may be also dependent on the kind 
of the atoms, and there are reasons to sup- 
pose that z is presmuably far smaller than 
12 for carbon atoms in alcohol molecules. The 
increment of the configurational entropy 4S, 
however, is not so largely dependent on the 
value of z, increasing slightly with increase 
in z. So we assumed 

Zonk (6.2) 
in this calculation. The calculation gives, 
therefore, the upper limit of the entropy 
change under this liquid model. 

The values of the constants 7s, gs and rr, 
qr in eq. (I) (4.13), become by (I) (4.9) and 
(4.10) as follows: 


water: WED Gs—=/3% 
methanol: 7r=6, Qr=31/6; 

(6.3) 
ethanol: rr=9 , Qr=23/3; 
m-propanol: 7r=12, qr=61/6. 


Here v; and 7» mean the number of atoms 
constituting the molecules. By employing 
these values we obtain from (I) (4.13) the 
following expressions of the entropy function 
for the aqueous solutions. 

methanol solution: 


x _ (Vas) Ma 31 Mr 


"exp orien e108 (1+ 16m, ) 


15108 (2 42 all 
Ns 


ethanol solution: 


(6.4) 


«— __ Va—Us) Na (230 MP 
1-+exp (4F/RT) {16 log (a+ 8 Ms ) 


Zip ioe (1 4.9 Ze } 
Ns 


m-propanol solution: 


(6.5) 


K (Va—Vs)Na 61 mr 
pe ee ee ae eee 
ees er ene (1+ 16. ) 


me (1 ah (6.6) 
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§7. Apparent Specific Heat Due to Mole- | 
cular Rearrangement Cn 


Once f is known, we can calculate Cn by. 
(DL); COypares, | 
Cu=plrpi ioe (7.1) | 
Fig. 8 shows the values of Cn as functions 
of the concentration, for the three alcoho! 
solutions here considered. The dependence of | 
Cm on concentrations is widely different ac- 
cording to the kinds of the alcohols, methano! — 
solution exhibiting higher values of Cn at 
low concentration as compared to other solu-— 
tions. | 
In case the difference in sizes of the mole- 
cules are taken into account we have 


CH =pent fio oO 


(7.2) 


4 Joul/mole 


Al 
0), OF W024 03 N04 05. 06C7 ROSE Doma Oo 
Fig. 8. Relaxational specific heat Cp, due to the 
molecular rearrangement in aqueous solutions 
of methanol, ethanol and propanol in depend- 
ence on the concentration (20°C). 


$8. Ultrasonic Absorption Coefficient 


The ultrasonic absorption coefficient at suf- 
ficiently low frequency is to be calculated by 
(DG. Die 


a Page OA (Ox 
( aes Col CaGe Me 
In case we take into account the difference in 
seizes of the molecules, we have to replace 
f with f* and Cy with C,*. The corres 
ponding value of a is to be written as a*. 
The relaxation time being of the order of 
10-* sec, the equation (8.1) holds true within 
an error of 1% up to about 20 Mc/sec. 

Fig. 9 shows the values of (a/y)) for the 
three sorts of alcohol solutions here consi- 
dered, and Fig. 10 shows (a*/y?)). Table III 
summarizes the experimental and the theore- 
tical results concerning the height and location 
of the absorption peaks. 


(8.1) 
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Table III. Experimental and theoretical values of the height and location of the ultrasonic 
adsorption peaks in aqueous alcohol solutions. 


Solute methanol ethanol Corepanel 
| PP esey: 
: NE _ (a/v? )o rr (a/v?)o uF (a/v*)o 
. (in 10-17) (in 10-17) (in 10-17) 
Baperinente ( 25~27°C (—) (—) 0.27 190 0.14 960 
SAE 0.3 110 = 
Calculation 20°C 
( (a) point molecules 0.05 60 0.39 125 0.28 435 
| | (b) linear polymer molecules 0.05 85 0.38 155 0.27 640 
5 rn ES ea “tx ao, Teas. yo OPT Se i oa 
As seen in the table, the theoretical result location of the absorption peaks remains 


is in qualitative agreement with the experi- nearly the same. 
ments. The tendency that the absorption 
= increases in height with increase in 
| 
| 
| 


seize of the solute molecules, is in agreement 
| with experiment. The values of the absorp- 
_tion peaks, however, are not in agreement 
: with the observed ones, being about half the 
experimental value for propanol solution, 2/3 
for ethanol solution and somewhat heigher 
for methanol solution, in case of Fig. 9 (cal- 
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Fig. 10. Absorption curve of sound for aqueous 

solutions of methanol, ethanol and m-propanol 
10 (20°C). Calculation by taking into account the 
effect of the difference in magnitudes of the 
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Fig. 9. Absorption curve of sound for aqueous 
solutions of methanol, ethanol and »-propanol 
(20°C). 


molecules. 
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height of the absorption peaks, though the 
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An Empirical Regularity of Energy 
Gap in Semiconductors 


By Takeshi M1YAUCHI 


Junior College of Engineering, University of 
Osaka Prefecture, Neyagawa, near Osaka 


(Received January 8, 1957) 


Fundamental properties of a semiconductor that 
determine its characteristics are width of energy 
gap and mobilities of electrons and holes. If their 
regularities could be known, these would be very 
useful and convenient to the study of semiconduc- 
tors, specially, in the field of their applications. 
According to Goodman), the energy gap of the 
compound with the zincblende structure increases 
with the increase in melting point and also with 
the increase in electronegativity difference between 
elements. However, this method has numerous 
exceptions in practice. For example, the melting 
point of GaSb (720°C) is lower than of InAs (936°C), 
but the gap of the former (0.8ev) is greater than 
of the latter (0.47 ev). 

In this paper, a trial will also be made for this 
purpose. The method is almost empirical as fol- 
lows. A ratio (7/72) is dopted, where 7; is half of 
the distance between the neighbouring elements in 
the crystal lattice and 72 is average of the positive 
ionic radii of elements. For example, in the case 
of InSb, the distance between neighbours is 2.80A, 
the ionic raddii are: In*3 0.81A, Sb*® 0.62A, and 
therefore the ratio (71/72) becomes 1.96. When we 
examine dependence of the energy gap to this ratio, 
an unexpected simple relation results. 

The results for several groups of compounds are 
shown in Fig. 1, where values of ionic radii are 
those by Pauling?. The relation is satisfactorily 
linear, if it is taken into consideration that the 
values of gaps used in the figure are gathered 
from many literatures®) and that they show small 
differences even in the similar measuring methods. 
Besides, they have temperature coefficients of the 
order of —10-4 to —10-%ev/deg. It is interesting 
to get such a simple regularity although the phy- 
sical reason is not known to the author. 

In the figure, Si deviates from Sn-Ge line. A 
similar phenomenon also occurs in the case of 
Mg2Si of the antifluorite lattice type group. This 
may be due to a chemical peculiarity of silicon. 
This method essentially involves that in the same 
group the band structures, as well as chemical pro- 


perties, have resemblances to each other, and it 


The reports should not exceed 800 words in length. A figure of size 
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may be desirable that the deviation is associated 
with their considerable variation. In fact, some 
workers) have pointed out remarked differences 
between band structures of germanium and silicon. 

As to the zincblende type family including the 
diamond type the slope of the curve increases and 
the curve shifts to the left from the Group IV 
elements through the Al BV group to the Al BVI 
group with the increasing ionic character of bond- 
ing, corresponding to the electronegativity difference 
between elements mentioned by Goodman. 

The utility of this regularity is to presume the 
energy gaps for several compounds, whose proper- 
ties are unknown or uncertain. It seems that this 
method can be applied to other groups of com- 
pounds, but no systematic study in this field has 
been carried out up to now. 
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Nuclear Magnetic Resonance in 
Solid Solutions of Transition Metals 
in Copper and Aluminum 


By Tadashi SUGAWARA 


The Research Institute for Iron, 
Steel and Other Metals, Tohoku University, 
Sendai, Japan 


It is known that the magnetic properties of the 
dilute solide solutions of transition metals in non- 
transition metals can be interpreted in terms of 
the localized 3d-state picture of the solute atoms). 
When the localized 3d-electrons have unpaired 
spins, the nuclear magnetic resonance absorption 
of the solvent nucleus will have the following 
characteristics. (1) The line width. At low 
temperatures each nucleus will be subjected to a 
local field arising from the magnetization of the 
solute atoms which is given by» 


Aioc = Dingn2pp? Ho 


a 26. *..—3d 
3k(T - 0) (1—3 cos?6;x)71K73 . 


CP), 


The line shape and the width will be determined 
by the distribution of the local field. (2) The 
Knight shift. The Knight shift of the alloy will 
be expressed by 


(0H/A).=(x1/x0)(GH/H) , (2) 


where X, is the spin susceptibility of conduction 
electrons in the alloy, yo and (@H/H)) is the spin 
. susceptibility and the Knight shift of the pure 


metal. (3) The spin-latlice relaxation time. The 
relaxation time 7, will be given by 
1/T:=(1/T)ce+(1/Ti)s , (3) 


where (1/T:)ee and (1/T1)s are the contributions 
arising from the interaction of the nuclear spins 
with the conduction electron spins and with the 
localized 3d-spins, respectively. Explicit expres- 
sion for (1/T;)s is given by Bloembergen”. 

The experiments were made on fine powders of 
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Fig. 1. The line width of Cu® resonance in Cu- 
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Fig, 2. The Knight shift of Cu resonance 
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Fig. 3. The spin-lattice relaxation time of Cu® in 
Cu-Mn and Cu. 


Cu-Mn, Al-Mn, Cu-Fe and Cu-Ni at frequencies of 
about 8 Mc/sec. Variations of the line width, the 
Knight shift and 7, with temperature are shown 
in Figs. 1, 2 and 3. The line widths in Cu-Fe and 
Cu-Mn showed the behavior expected from eq. (1). 
Temperature dependence of the Knight shift of Cu- 
Mn seems to support the prediction made by Owen 
et al). J, at helium temperatures in Cu-Mn was 
smaller than that of pure Cu, showing the effect 
considered above. In Al-Mn, the width, the shift 
and 7; did not show appreciable changes as com- 
pared with Al. 7, in Cu-Ni with 1.5. and 3.5% 
Ni could not be determined owing to the anomalous 
saturation behaviors of these alloys, though 7 in 
0.07% alloy was the same as that of pure Cu. 
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Multiplication of Charge Carriers and 
Breakdown in Ge p-n Junction I 


By Chiyoe YAMANAKA and Tokuo SUITA 
Department of Electrical Engineering, 
College of Engineering, 

Osaka University 
(Received November 26, 1956) 


We have studied the relation between the current 
multiplication” and the breakdown voltage of Ge 
p-n junction at various temperatures. The junctions 
were prepared by alloying indium at 550°C onn 
type Ge, doped with arsenic, the resistivity of 
which was 52cm. The crystallographic direction 
of specimens was [100]. 

The drift of the current with time is shown in 
Fig. 1. At low voltage the collector current did 
not show any drift. At the voltage of about seven- 
ty percent of the breakdown value, the current 
decreased to a certain lower value in a period of 
ten minutes. At ninety percent, this drift disap- 
peared. A little increase of voltage across this 
critical point provoked a current rise with time 
which turned itself to the breakdown. 


OF 5b S0;4as5e Commo 
time 


min. 
Fig. 1. The time dependent collector current. 
The real line indicates the collector current. 


The dotted line indicates the applied voltage. 
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Fig. 2. Voltage-current characteristics. The ar- 
rows show the decrease in current with time. 


As for the effect of temperature, at lower tem- 
peratures the breakdown voltage was higher and 
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the current jumped more sharply at this critical . 


point than in the case of higher temperature. In 
fact, the junctions were restorative at room tem- 


perature by a prompt cut of the after-current, but — 


at —170°C they were non-restrative.. In Fig. 2, 


we show the characteristics of current and voltage 


where the arrows indicate the drift with time. 
These results seem to show that at higher tempera- 
ture the current multiplication and the breakdown 
process are much more influenced by the thermal 
effect. The mechanism of time dependent creep is 
not clear, but a possible interpretation might be as 
follows. As the applied field is increased, the sur- 
face current begins to appear. As the surface state 
is so changeable by the current, the surface leakage 
tends to decrease with time. 
voltage, the avalanche current has a dominant role 
and masks the behavior of surface component. 
The distribution of current pulses was measured 
by using an amplifier and a discriminator. Fig. 3 
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Fig. 3. The distribution of current pulses. 


shows these results. At lower current density the 
distribution obeys the Furry-Wijsman’s» formula 
which is observed in gasous ionization. But at 
higher current density the distribution was quite 
flat. This means the intermittent discharges which 
consists of rather large pulses of the same magni- 
tude are prevailing. These phenomena may be the 
Same ones as those observed by McKay») The 
mechanism of them may be the on-off process in the 
different discharge paths in junction which have 
nearly the same firing voltage. 

More experiments concerning the directional ef- 


fect by using impulse voltages are being carried 
out. 
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Molecular Sound Velocity of Aqueous 
Sugar Solutions 


By Otohiko NoMoTo and Tadashi KISHIMOTO 


Kobayasi Institute of Physical Research, 
Kokubunzi, Tokyo 


(Received January 10, 1957) 


One of the authors) has reported that Rao’s 
molecular sound velocity» R=(M/o)V/? becomes a 
linear function of the molar fraction (7) in most of 
the liquid mixtures. Here WM is the mean molecu- 
lar weight, 9 the density and V the sound velocity. 
Deviation from linearity has been observed in aque- 
ous solutions, R becoming higher than the value 
corresponding to the straight line connecting the 
R-values of the both component liquids. This was 
attributed to the breaking of the bydrogen bonds 
of water in aqueous solutions by the influence of 
the solute molecules». As some of the aqueous 
solutions show deviation from linearity rule of R, 
while others do not, we intended to investigate the 
behaviour of R also in other aqueous solutions 
than hitherto investigated. 

Sound velocity (at 1.43Mc/sec, by ultrasonic 
interferometry) and density were measured for 
some aqueous sugar solutions at various concen- 
trations (0~20% weight) and temperatures (5° 
~30°C), and the values of R were computed. R& 
was found to be a linear function of m for all the 
sugar solutions investigated within the accuracy of 
the experiments (cf. Fig. 1.). 
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Fig. 1. Molecular sound velocity vs. molar frac- 
tion of the solute for aqueous sugar solutions 
(20°C). 


When the linear relationship is extrapolated to 
n=100% we obtain the values of R for the pure 
solutes (corresponding to the supercooled liquid 
state). These values (average values over the tem- 
perature range 5°~-30°) are indicated by Rexp in 
Table I, while Rea indicates the values computed 
by assuming the additivity rule of R for the atomic 
increments and employing Rao’s values of the 
atomic increments (C=10, H=92.5, and O=74). As 
is to be seen in the table, Rexp is always lower 
than Real. This may presumably be due to the 
branching of the sugar molecules. 

If the linear relationship of R holds true up to 
100% concentration, we may conclude that the state 


Table I. Molecular sound velocity of saccharides obtained by extrapolation from aqueous 
solutions and that calculated by employing the atomic increments 
Sugars Chemical formula Molecular weight Rexp Viger exp) local 
erythrite CHO 122.08 1129 1261 0.895 
fructose Cs5H1205 180.09 1452 1614 0.900 
mannite CgHy40¢6 182.11 1553 1799 0.862 
rhamnose CgH205-H2O 182.11 1644 1799 0.914 
sucrose CyH20i1 B42 ek 2692 2969 0.907 
lactose CyeH22011 : H,O 360.19 2883 3228 0.893 
raffinose C1gH320i6-5H2O0 594.33 4540 5619 0.808 
of association of water molecules are effectively Rng oe are Peeetoneee 


nearly the same as in pure water. This may pre- 
sumably be due to the fact that the effect Oro ne 
solvation (combination by hydrogen bonds of water 
molecules to the sugar molecules) on compressibili- 
ty nearly compensates the effect of the partial 
destruction of the associated water molecules (dest- 
ruction of hydrogen bonds) by the influence of the 
solute. 


1) O. Nomoto: J. Phys. Soc. Japan 8 (1953) 953. 
2) Rama Rao: Indian J. Phys. 14 (1940) 619. 
3) O. Nomoto: J. Phys. Soc. Japan 11 (1956) 1146. 
4) Rama Rao: J. Chem. Phys. 9 (1940) 682. 
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Kawasaki-shi, Kanagawa-ken 


(Received December 15, 1956) 


Fairly large single crystals of In.Se3 grown by 
means of the double furnace techniques” in this 
laboratory were confirmed by X-ray examination to 
have the hexagonal lattice at room temperature, 
where a=4.01 A, c=19.2, A, and c/a=4.80, in good 
agreement with those reported by Hahn’). This is 
one exception among III,VI3 type compounds almost 
crystalizing in wurtzite, zincblende or their related 
structure, where the symbol III represents one of 
the third-B metals from aluminium to indium in 
Periodic Table, and VI one of the chalcogene ele- 
ments that is sulphur, selenium or tellurium. It 
is therefore expected that the material shows differ- 
ent features from other families. 

In the course of observations of several pro- 
perties about these crystals, it was found at nearly 
200°C that In,Se3 has a remarkable phase transi- 
tion which might be first order. As shown in Fig. 
1, electrical conductivity along (0001) plane of the 


InoSez (1C-axis) 


o-(OHM*+CM')+R(CM3 COUL") 


25 30 35 

Te ig (T(°K)3 
Fig. 1. Discontinuous changes of conductivity and 
Hall constant due to phase transition of In,Se3. 


crystal abruptly decreases by two orders of 
magnitude at the transition temperature 7',, while 
Hall constant* which is nearly constant up to 7, 
increases about sixfold discontinuously. Though it 
is not illustrated, thermoelectric power also jumps 
at T, from 150~200 nV/deg to 600~700 nV /deg. 
These changes are accompanied by extraordinary 


volume contraction of the crystal. This is obvious 
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from Fig. 2, where thermal expansion measured in 
the direction perpendicular to the ¢ axis is shown. 
One can see that the specimen does shorten by 
0.5 percent in its length at T,. Meanwhile, the 
thermal expansion appeared to be anisotropic and 
it was disclosed that in one case the rate of con- 
traction along the c axis was about four times 
larger than that along (0001) plane. 


20 


INo Sez (1 C-AXIS) 
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Fig. 2. Thermal expansion of In:Se3 charac- 
terized by marked contraction at TJ, with 
increasing temperature and by striking su- 
percooling with decreasing temperature. 


O 50 


Differential thermal analysis carried out on 
powdered sample, provided that temperature is 
slowly increased, indicates a sharp heat absorption 
process at 7, which may correspond to the latent 
heat. Supercooling is always characteristic to all 
quantities observed. As for the thermal expan- 
sion, for example, recovery to the lower tempera- 
ture phase, when temperature is decreased, takes 
place below 100°C as seen in Fig. 2. Of course, 
simultaneous recovery of electrical quantities is 
confirmed. 

Since the crystals easily cleave along (0001) plane 
somewhat like a mica sheet, it is difficult to cut 
out a specimen along the e¢ axis which is long 
enough to set probes for electrical anisotropy 
measurements. However, it appears that current- 
voltage characteristics observed along the ¢ axis 
suggest large anisotropy in conductivity, which is 
especially striking at the lower temperature phase 
and slightly diminishes at the higher temperature 
phase. 


Further results and discussions will be published 
later. 
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* The sign of Hall constant is negative in both 
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The Generation of EMF During Melting 
and Freezing of Ionic Crystalline 
Substances 


By Kiyoshi AZUMA and Hiroshi KAMETANI 


Department of Metallurgy, Faculty of 
Engineering, Tokyo Univ. 


(Received September 20, 1956) 


The emf studies on ionic crystals during melting 
and freezing were carried out with the apparatus 
illustrated in Fig. 1. Ina silica tube two platinum 
electrodes are placed 20mm apart. A _pre-heating 
coil is wound around the silica tube. This set is 
put in an electric furnace which is movable at a 
constant velocity. The pre-heating coil raised the 
temperature of the salt and maintained it at least 
over 660°C. This pre-heating method reduced the 
error due to the internal resistance of the KCl sys- 
tem to below 10%, and minimized the possibility 
of the damage to the tube by the expansion-cont- 
raction of the salt accompanying melting and 
freezing. 
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The KCl (Guaranteed Reagent) in the tube was 
melted and allowed to solidify. The furnace was 
moved from left to right, melting the salt. When 
the melting phase reached the electrode A, the emf 
appeared. The emf persisted as long as _ the solid 
phase existed between the electrodes A and B and 
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disappeared when the melting phase reached the 
electrode B and only molten material remained 
between the electrodes. A freezing phase followed 
the passage of the furnace. When this freezing 
phase reached the electrode A, the oppositely po- 
larized emf was developed which continued as long 
as molten salt remained between the electrodes. 
Fig. 2 illustrates the development and magnitude 
of the emf in the above sequence. The maximum 
emf obtained for KCl and similar substances are 
listed in Table I. A similar phenomenon has been 
noted for silicates such as glass, ferrous silicates 
etc). 


Table I. 
Substance | EMF V Substance | EMF V 
KCl | 0.3340.03 | NaCl -0,36:40.03 
KBr _0.3140.03 | AgCl  0.29+0.03 


KI —0.28+0.02 


The solid generally had a positive charge against 
the melt. Futher experiments show that the magni- 
tude of the emf is independent of the shape of the 
electrodes, the distance between them and the rate 
of movement of the melting and freezing phases in 
the range of 0.3 to 3.4cm/min., assuming that they 
travelled at the same velocity as the furnace. This 
was also true when the cooling rate was increased 
to 30cm/min. by quenching the tube with water. 

In another experiment the electrode B was main- 
tained at 740°C and the electrode A at 830°C. 
When the temperature gradient was kept constant 
between the solid at one electrode and the melt at 
the other, the measured emf was negligible. It 
appears, then, that the emf is generated only when 
a phase change is taking place. 

Workman and Reynolds?) and Gill®) have noted 
that the potential difference as great as 230 V ac- 
company the freezing of dilute aqueous solutions. 
This phenomenon may be analogous to the one we 
have studied. However, there is a difference in 
the bonding nature of the water solution and the 
ionic crystals, and at high temperatures the deter- 
mining factor is not ‘‘structure-sensitive lattice 
defects’’ but thermal vibration of atoms or ions. 
Taking into account the Schottky defects existing 
on the surface of the NaCl crystal in contact with 
its vapor, Lehovec* calculated the surface potential 
to be —0.28V. Though we are dealing with the 
solid-melt interface, it may be of some meaning 
that his calculated value is comparable to our 


result. 
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Frequency Shift in Ammonia Absorption 
due to Self-broadening 


By Kiyokata MATSUURA, Yoshikazu SUGIURA 
and G. M. HATOYAMA 


Electrotechnical Laboratory, Nagata-cho, 
Tokyo 
(Received December 25, 1956) 


Although it is well known that the resonance 
frequencies of molecules in visible and infrared 
regions vary with pressure, and the amount of the 
shift is proportional to the line width, the corres- 
ponding shift in microwave region has not yet been 
observed. Theoretically, the shift due to collision 
broadening is expected to be much smaller in 
microwave region than in visible or infrared region. 
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Fig. 1. 


For example, Townes estimates a shift of less 
than 5x 10-2 Mc per Me width. 
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We have observed during the course of resear- 
ches on atomic clock the shift in resonance frequ- 
ency of ammonia (3,3) line with pressure. 

An example of the measurements is shown in 
Fig. 1, where the apparent resonance frequency is 
plotted against the line width between half-power 


points. If the line-shape is assumed as 
= "9 
(v —vo9 — AAvo)2 + Avo? ; 
where, 
1—e-Y’=Y: absorption per cm for a plane wave, 
24\v9: line width between half-power points, 


v: frequency of the incoming wave, 
vo: resonance frequency of an iso’ated 
molecule, 
we can estimate the value of a from the above 
measurement as 
a=(-32.05)) 10525 

The error given includes those coming from the 
uncertainties in the measurements of the resonance 
frequency and the line width. Errors from other 
sources such as coming from the purity of the gas 
should also be considered. 

It has also been observed that the apparent re- 
sonance frequency varies with the foreign gases 
contained. Studies on such effects are now going 
on. The frequency shift reported previously”) may 
come from either or both of these effects. 
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Crystal Structure and Phase Transition of 
Some Metallic Halides (IV) 
On the Anomalous Structure of qa-AglI 


By Sadao HoSsHINO* 
Department of Physics, Tokyo Institute of Technology, 
Oh-Okayama, Meguro-ku, Tokyo 
(Received September 22, 1954) 


Intensities of X-ray diffraction from a-AgI at various temperatures 
were measured in the absolute scale by using a G-M counter spectro- 
meter with the crystal monochromated Cu Ka radiation. Measurements 
of the specific heat and the thermal expansion were also performed. 
A drastic temperature dependence of the intensities of Debye lines and 
the presence of a comparatively strong diffuse background were detected. 
The observed intensities of the Debye lines could be explained well by 
the disordered structure model (or the “averaged structure”) proposed by 
Strock (Z. Physik. Chem., B31 (1936) 132.), assuming fairly large 
Debye factors for silver and iodine atoms. The intensity of the diffuse 
background from such an averaged structure was calculated in the simi- 
lar way as in the case of binary alloys having short range order, as- 
suming appropriate probability functions for the presence of atoms in 
different sites. It was confirmed that the intensity curves of the diffuse 
background measured at 250° and 400°C were in fair agreements with 
the theoretical ones. The nature of the “averaged structure” having 
the random arrangement of silver atoms and the origin of the large 
displacements of atoms from their equilibrium positions were discussed. 


§1. Introdution 

Silver iodide (AgI) has three solid phases 
a,f8 andy. The crystal structure of the a- 
phase for the highest temperature range, from 
148°C to the melting point 555°C, was in- 
vestigated by Strock”, and is famous as a 
typical example of the “averaged structure”. 
According to his X-ray study, a@-Agl has a 
cubic unit cell in which two silver atoms are 
distributed statistically over fourty two sites 
around the body centered arrangement of 
iodine atoms. He considered that the silver 
-atoms may behave almost liquid-like, in ac- 
cordance with the remarkably high ionic con- 
ductivity of this phase. However, since his 
result is still qualitative, further studies of 
the structure of this phase seems to be 
desirable. 

The present author has studied @-AgI by 
thermal and X-ray methods, in which the 
intensity of Debye lines and also of the diffuse 
background of the Debye lines have been ac- 
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curately measured in absolute scale by the 
use of a G-M counter spectrometer. Results? 
of the intensity measurements have been 
compared with some possible models of the 
a-AgI structure. 


§ 2. Experimental 


1. Preparation of Specimen 
The sample was prepared by the following 
chemical reaction. 


AgNOsaq.+ KI aq.—KNO;aq.+Agl | 


As was reported by Bloch and Moller”, Agl 
samples prepared by this method at room 
temperature contain sometimes coexisting 
phases 7 and 8. When the amount of AgNO; 
in the solution is in excess over the stoichio- 
metric proportion the solution tends to pre- 
cipitate the cubic y-phase of ZnS type. On 
the other hand, when the amount of KI is in 
excess the hexagonal #-structure of ZnO type 
tends to precipitate. The cubic y-phase is 
stable at room temperature, while the hex- 
agonal #-phase is only metastable since the 
stable range of the 8-phase is from 136° to 
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148°C. In fact, the metastable hexagonal 
state at room temperature was found to 
transform readily to the cubic 7-phase by 
grinding the samples. It was confirmed that 
the structure of the a-phase is not affected 
by the forms of the precipitate at room tem- 
perature. We used, however, the sample 
obtained from the solution containing slightly 
excessive KI, because the sample prepared 
with excessive AgNO; showed a tendency to 
separate gradually free metallic silver at the 
surface of specimen. 


2. Specific Heat Measurement 


In order to confirm the transition tempera- 
ture and to obtain some information about 
the phase transition of AglI, the temperature 
change of the specific heat was measured. 
AglI sample (14 gr. in weight) sealed in a hard 
glass vessel (3 gr. in weight) was set in an 
adiabatic calorimeter of modified Sykes’s 
type». The heat input given to the specimen 
was about 0.05 cal/sec. The specific heat vs. 
temperature curve (Fig. 1) shows only one 
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Specific heat vs. temperature curve. 
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Fig. 1. 


transition peak at 148°C corresponding to the 
8—a transition, wanting the peak correspond- 
ing to the 7-8 transition at 136°C. This is 
because the sample was used for which the 
hexagonal $-phase was metastable at room 
temperature. The transition energy 4Q and 
the entropy change 4S obtained for the B>a 
phase change are as follows: 


4@=1.53 Keal/mol. 
4S=3.6 cal/mol. degree. 


3. Thermal Expansion 
The measurement of the lattice constant a 
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of cubic a-Agl at various temperatures was 
performed by the analysis of X-ray photo- 
graphs from Agl powder coated on a Pt wire. 
Because the intensities of the reflexion lines 
of a-Agl decrease rapidly with diffraction 
angle especially at high temperatures, we 
were obliged to use the line (821) at a com- 
paratively low angle of reflexion. The Pt 
wire served as the standard specimen. The 
result of this measurement is shown in Fig. 2. 


30550 200 300 400 500 
Temperature (°C) 
Fig. 2. Change of lattice constant a, with 


temperature. 


In addition to the measurement of the lat- 
tice constant by X-ray method, we measured 
the thermal expansion by the ordinary dilato- 
metric method. The sample used in the 
dilatometry was shaped to a cylinder of dia- 
meter 10 mm and length 35mm by four ton 
weight press. As the crystal of a-AglI is 
highly plastic, we must avoid the deformation 
at the top of the sample caused by the 
weight of the silica tube touching there. To 
prevent this influence a very thin and light 
silica tube was used and a thin mica plate 
was inserted between the sample and the 
silica tube. The change of the linear expan- 
sion with temperature obtained by this method 
is shown in Fig. 3, where black circles show 
the values by the X-ray method. The results 
by the two methods show general agreement 
except for high temperatures. 


4. X-ray Intensity Measurement 

In the X-ray measurement a rotating copper 
anode X-ray tube?) having a fine focus was 
used as the X-ray source, because the X-ray 
diffraction intensities from powdered specimen 
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of a-Agl, especially the intensity of diffuse 
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from A1 foil set behind the first slit. 
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Scheme 


background, are very weak and, moreover, it of the measurement is shown in Fig. 4. 


was desired to use monochromatic beam in 
the present study. The tube was opetated 
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Fig. 3. Thermal expansion vs. temperature 
curve. 


with electron current about 70~80 mA and 
voltage 20~25kV. Cu K radiation generated 
from this tube was momochromated by the 
(200) reflexion from a LiF crystal monochro- 
-mator. Comparatively low tube voltage was 
-applied in order to prevent the participation 
of higher harmonic terms. 

_ Measured values were standardized by using 
a monitor counter whicn detects the change 
-of incident intensities by measuring a reflexion 
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By pressing slightly the powder specimen 


in a metal case, a plate shape sample of 
i5mmx1l10mmx1mm was made, and was set 
in a furnace made of isolite. 


Temperature 


Al-foil 


X-ray tube 


monitor counter 


Fig. 4. Schematic diagram of X-ray 
intensity measurement. 


of the sample was measured by an alumel- 
chromel thermocouple. The accuracy of tem- 
perature measurements was within about 
=£5°C even at high temperatures. 

Values of the height 7 and the breadth 0 
of the slit B and the distance R from the 
center of the sample to the slit were chosen 
as inscribed in the following figures explain- 
ing each measurement. The slit breadth 6 
was taken sufficiently wide to cover the whole 
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Fig. 5. Intensity 


curves with monochromated CuKa radiation. 
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width of each line so as to obtain the inte- 


grated intensity of the Debye lines. 
Fig. 5 is the intensity curves obtained by the 


roe 
one 
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ordinary self recording method. 
from B-AgI at 140°C and KCl at room tem- 
perature are also shown for comparison. 
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Fig. 6. 
chromated CuKa, as functions of sin @/2. 


is readily seen in this figure that the diffuse 
background of @ and f-AglI is considerably 
prominent compared with that of KCl. 

More precise intensity measurement was 


400 
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Fig. 7. Intensity change of Debye lines with 
temperature. 


performed by measuring the counts in a con- 
stant time-interval for the diffraction angle 
20 from 10° to 110°. Intensity curves 


Intensity curves at 250°C and 400°C measured by counting with mono- 


obtained were transformed into an absolute | 
intensity scale by the measurement of line 
intensities from standard specimens such as 
KCl, NaCl and Cul powdered crystals. The 
background proper to the apparatus, such as 
the scattering from air and the slit A and 
natural counts of the counter tube was sub- 
tracted. The intensity curves thus obtained 
for 250° and 400°C are shown in Fig. 6, in 
which the length of vertical lines represents 
the integrated intensity of Debye lines. 

The integrated intensities of several Debye 
lines were measured at various temperatures. 
The result is shown in Fig. 7. 


§ 3. Structure Model and Temperature 
Effect 
1. Intensities of Debye Lines and Structure 
Model 


In the structure model of a-Agl proposed | 
by Strock (which is referred to as Model A), | 
two silver atoms in the unit cell occupy the 
the following fourty sites of the space group 
Im3m with an equal probability: 


: 


med .* 
in the case of a-Agl, 
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(000, 1/2 1/2 1/2)+ 
6(b) 0 1/2 1/2 o; 
12(d) 1/4 0 1/2 ©, 3/4 0 1/2 oc; 
24(h) 0 1/8 1/8 ©, 0 7/8 7/8 ©: 
0 1/8 7/8 ©, 07/8 1/8 ©. 


Strock showed that the relative intensities 


of Debye lines can be well explained by this 


model. On the other hand, the present 
author» has previously proposed an alternative 
model of a-AgI which, referred to as Model 
B, is also in accordance with the observation 
so far as the relative intensities are concern- 
This circumstance implies the fact that 
for which only several 
lines are observable on occount of a rapid 


intensity decrease with scattering angle, the 


relative intensties of the Debye lines can not 
supply a deciding information for the struc- 


ture determination. 


However, the difficulty 


of finding the correct structure may be much 
reduced when the comparison of calculated 


and observed values is performed with re- 
spect to the absolute intensity. 

The intensities of Debye lines, J(hk/), re- 
flected by a powdered block is calculated by 
the formula 


Lhkl) 


1+ cos? 26 cos? 2€ 
sin? 0 cos 0 


129) 


ssylf 2N 
gerne) oo 327 Ray 


isla 
(1) 


where J, is the total intensity flux of the inci- 


dent beam, Ny the number of the unit cell in 
unit volume, 7 the height of the slit B, ~ the 
linear absorption coefficient, @ the lattice 
constant, R the distance from the sample to 
the slit B, 7 the multiplicity, and € the Bragg 


bine proposed model is a partially disordered 


structure between a perfectly ordered and a per- 


‘tributed statistically over the 12(d) sites. 


fectly disordered structure. The perfectly ordered 
structure has the tetragonal unit cell with the 


axial ratio c/a=1 and the space group 14m2; 
iodine stoms are at (000), (1/2 1/2 1/2), and 
sliver atoms at (0 1/2 1/4), (1/2 0 3/4). The per- 
fectly disordered structure has a cubic symmetry 
and belongs to the space group Im3m;_ iodine 
atoms are in the same positions as in the ordered 
structure, whereas the two silver atmos are dis- 
The 
relative intensities of Debye lines could be explain- 
ed well when the parameter of the degree of order 
S was put as 0.8 and values of the Debye factors 
were appropriately assumed. 
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angle for the monochromator crystal. F is 
the mean structure amplitude of the satistical 
structure, which is expressed as 


=< x Fx exp [—Bi(sin 0/2)?] 
exp [272/A(s—so-ri—ri-)| > 
(2) 
where B; is the Debye factor for the zth atom 
in a unit cell. 
The results of calculations for the inten- 
sities of several lines are shown in Fig. 8 in 
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Fig. 8. Observed and calculated values of 
Debye line intensities. 


In this 
to the 


with the observed values. 
figure the solid curve corresponds 
observation at 250°C, and the broken curves 
a and b show the calculated values for the 
structures of Model A and B respectively. In 
these calculations the Debye factors, B;, were 
chosen so as to bring the best agreement 
between the calculated and the observed re- 
lative intensities of the lines. They were put 


Biy=8, Br=8 for Model A, and 
Bio=3,.b;—2 tor Model B: 
In Fig. 8, it is seen that the intensity values 
of Model A are in a good agreemenl with 


observation (with the reliability index R= 
0.09*) not only in the relative values but also 


comparison 


eT The index adopted here is defined as 
> | Zovs = Zeatc] 


R= 
>Lovs 
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in the absolute values. On the other hand, 
Model B fails decidingly with respect to the 
absolute intensity.** 


2. Temperature Dependence of Line In- 
tensity 

In the previous section we found that Model 
A isa more favourable model than model B for 
the structure of a-Agl. To get this agree- 
ment, however, we had to assume _ the 
anomalously large Debye factors in the cal- 
culation. Moreover, as seen in Fig. 7, the 
line intensities decrease drastically with in- 
creasing temperature, so that far larger Debye 
factors should be taken into account at higher 
temperatures. These facts seem to show that 
in a-Agl crystal the displacements of atoms 
from their mean positions are very large. 

The Debye factor B; in the equation (2) 
was introduced formally without accounting 
for its physical implication, assuming only the 
statistical displacements of atoms from their 
mean positions. It is natural to consider that 
the thermal vibration of atoms is the most 
important cause for the statistical displace- 
ments of atoms. However, since the ano- 
malously large Debye factor assumed for 
a-Agl is in the outside of the scope of the 
ordinary theory of thermal vibration, we can 
not exclude some other origins of the 
statistical displacements. For instance, ir- 
regularities of the atomic positions associated 
with the disordered structure supposed for 
a-Agl might contribute to the large Debye 
factors. 

The experimental result shows that the 


B-factor is the function of temperature 
whatever its implication may be. The change 
of the mean Debye factors, B, can be 


deduced by the relation 
In [Jv exp (—2Br, [sin 0/2]?) 
+I» exp(—2Br, [sin 6/A]?)] 
=2(Br,—Br,)(sin 6/4)? , 


where J» corresponds to the intensity for a 
hypothetical state of crystal in which atoms 
are frozen in their equibrium positions, and 


Br, and Br, are the mean Debye factors at 
temperatures 7, and T, respectively. Fig. 


** Model B fails also in explaining the absolute 
intensity of the diffuse scattering (§ 4). 
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9 shows the temperature dependence of 


(Br,—Br,) calculated from the intensity 
change of (110), (200) and (211) shown in 
Fig. 4; J; is fixed at 160°C. If the origin of 
the ordinate in Fig. 9 is displaced so as the © 
value at 250°C becomes 8 in accordance with 
the result in the previous section, we can | 

| 
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Fig. 9. (Bp, — B 0°c) vs. temperature curve. 


find B value at any temperature. The calcula- 
tions for the Debye line intensities with these 


B values at various temperatures showed fair 
agreements with observations up to the temper- 
ature of about 350°C. Above this temperature 
the deviation begins to appear, indicating the 


inadequacy of the use of the mean factor B 
for the two kinds of atoms. 


§ 4. Interpretation of Diffuse Background 


In addititon to the absolute intensity mea- 
surement of the Debye lines, another helpful 
information is available for the structure 
determination of a-Agl. That is the measure- 
ment of the diffuse background due to the 
disordered structure supposed for a-Agl. 

The intensity of the diffuse background J, 
scattered by a crystal of a disordered structure 
may be written as 


Ip=IpntI1s+TJincon, ’ (3) 


where Jp is the diffuse term due to the dis- 
ordered structure, Zs the term due to the 
statistical displacements of atoms from their 
mean positions caused by thermal vibration — 
and other origins, and Jincon. the term due to © 
the incoherent scattering. 

Since the first term in (3) is most important 
one in the present study, let us obtain a 
general expression of Jp for the “averaged 


1957) 


Structure” in which the number of atomic 
sites is more abundant than that of atoms and 
the atoms are distributed statistically over 
these sites. It is conceived that in the structure 
of w-AglI only one kind of atom, silver atom, 
has the statistical arrangement. If this is 
the case, the disordered term J» is solely due 
to the scattering from silver atoms, and may 
be expressed as 


In=Ik >; Dy exp [272(6-Rs—Rs-)|4f s- Af s-, 
C2) 


where & is a constant depending on the ex- 
perimental conditions, Rs is the position 
' vector of the sth site in the crystal and 
summation is taken over the unit volume of 
the crystal. 4Afs is defined as the deviation 
of the scattering amplitude fs; at the sth 


site from the mean scattering amplitude f, 
namely 


Ny (Mei ae 


If all the sites are equivalent, the probability 
of finding the atom in any sites, W, is equal 
to the ratio of the number of atoms to the 
number of sites in the crystal, and we obtain 


F=W hay 
~ and 
Afs=fs— Waa , (9) 


where fuy is the atomic scattering factor of 
_ silver atom and fs is either fag or 0. 

The equation (4) can be treated in the 
similar way as in the case of binary alloy 
having short range order. The equation (4) 
in written as 


In=Iok [2G4Fs)+ > BVA fod fe 


x €Xp [272(6-Rs—Rs-)|I, ( 6 ) 
in which the prime added to the summation 
symbol in the second term means to omit the 
term ofs=—s’. Since, from (5), 4fsis(lL-W)f 49 
or — Wag, thus 
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(A fs)? =(1— W)? fag? or We ee u 


The probabilities for the two cases are W 
and (1—W) respectively, so we have 


((Afs)? >= W(1— W)? fag? + W2(1— W) fag? 
=W1-W) fas? . 


Thus the first term of the summation in (6) 
is given as 


2 < Afs))=PNoW 1 — W) faa? (7) 


where p is the number of sites in a unit cell. 

In order to calculate the second term in (6), 
let us introduce the probability functions a(7) 
and §(7) as follows: a(7) gives the probability of 
finding an atom at a site apart by a distance 
y from a site occupied by an atom, and (7) 
the probability of finding an atom at a site 
apart by 7 from a vacant site. By the use 
of these two functions we can obtain 


CAfs-Afs9= WA-W) lars, s:)—B(7s, s*)| Fao? » 
(8) 
where 7s, s- denotes the distance between the 
sth and the s’th sites. Thus, by the use of 
atomic scattering amplitudes taking account 
of Debye factors, the disordered term of the 
diffuse scattering may be expressed as 


© 12(d) 


@ 24 (h) 
Fig. 10. Structure of a-Agl. 
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Ipa=IbkNop W A—W)S a9? exp [— 2B 4q(sin 6/A)?] E Sapa al Dee exp (2ni(B-Ro— Re) | 


As mentioned in a previous section, 


PN S$ Ss” 
(9) 


the fourty two sites for silver atoms in Model A are 


classified into three kinds of positions (0), (d) and (hk) (Fig. 10). Thus the summation in (9) 
for Model A is given by the three terms as follows: 
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where the index s(b) specifies the sth of the (6) type sites and p, is the number of the (0) 


type sites per unit cell, and so forth.” 


Expression (10) can be simplified in the case of powder samples. 


sin(4zr sin 6/4) 


Arr sin [A 


=S,, 


If we write 


then the disordered term of the diffuse scattering from a powder sample is given by 


Ip=ThkNon(1— W) fag? exp [—2B.4y(sin 6/A)?] [1+ do/b >: 250), s (a— Py aan a 
tdalD 2 2x0), 2" (4—B)r sca), » Sina e/t bald Z Zits la Brgy oS rscn), 8"! 


where »(=pW) corresponds to the number 
of silver atoms per unit cell and Zs), 5 is the 
number of sites belonging to the s’th neighbor 
around a (8) type site. 
The factor (@—-B)r,. ¥ 


function to the distribution function of the 
short range order in alloys. Let us consider 
two sites s and s’ which are apart by the 
distance 7. The probability of finding an 
atom in s and a vacancy in s’ simultaneously 
is W(1—a,), while the probability of finding 
a vacancy in s and an atom ins’ is (l—W)f8,. 
Since these two probabilities should be equal, 
we find a relation 


W(1—a,r)=(1—W)B8; . (12) 


This equation gives a relation between a, 


is an analogous 


T$(b),'87 


(11) 


and $8, and will be used later for the calcula- 
tion of Jp. 

The kind and the number Z of neighboring 
sites around each kind of positions and the 
neighboring distances are as listed in Table 1, 
in which the distance is expressed by a frac- 
tion of the lattice constant, namely, by 7s/z, 
where #=a)/8. The values of 7; at 160°C 
are given in Table 2. 

The possibility of the simultaneous presence 
of silver ions in closer neighboring sites 
should be excluded on account of the finite 
radius of the siver ion. The ionic radius of 
Ag* has been given by Goldschmidt and by 
Pauling and their values are 1.13 A and 1.26A 
respectively. In our consideration Goldsch- 
midt radius was adopted, though Pauling 


Table I. The kinds and the number 7 of neighboring sites around each kind of positions 
and the neighboring distances 73. w=ao/8 . 
neighbor Ist Ond ard°  dipqerdenes MEmaaaa | 6th | 7th 
Z Tht WZ riv Z riu | 2% rlu | Z riu | Z ru Z riu 
(bs) [hog | a4 va [h8 v0 | bavig fas am | 
(d) ha ,72 692 wk GA VS | hk Ayo ee Sana | D2 VANG 
(h) i al v2 li. B v4 ha “6 an v8 oe 10 | ada4 “14 | h10 18 
ee | | ; 
Table Hl. The values of 7s at 160°C. 
ru | v2 | al’ VG vy 8 10 y 12 14 Vv 16 | V18 | 20 
; | Eases | ee ee ee ee 
P(N) | OB) |) ae | iL Sy! 1.78 1.99 ls VAY) 2EOL | 2.00 2.81 
: | 
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radius gave almost the same result. By the 
mutual interference due to the ionic radius, 
a, should be put zero for the following 
| neighbors; 

from the Ist to the 3rd neighbors around 

the (6) type sites, 

from the lst to the 4th neighbors around 

the (d) type sites, 

from the lst to the 5th neighbors around 

the (h) type sites, 
From the relation a-=0 for these neighbors 
and the eqation (12), we have 
(a—8),=—B,= —W/(1—W)=—1/20, 
where W=2/42. 

The functions of (a—§), for the other 
neighbors are difficult to estimate unless some 
approximations are introduced. For large 7, 
both a, and $8, may be equal to W and 
consequently (w—8),=0. Thus, we assume 
(a—£),=0 for the neighbors farther than the 
5th neighbor for the (6) type positions, the 
6th one for the (d) type positions and the 7th 
one for the (h) type positions. Finally, the 
functions for the 4th neighbor for (0), the 
5th one for (d) and the 6th one for (hk) can 
be given by the condition that the total of 
the probability functions, = (a—B)r, ,,, is 
-—1. Thus, they are determined as —1/20, 
—3/80 and —3/40, respectively. 


0-2 0-3 
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We can now calculate the diffuse scattering 
In by using the above values of the pro- 
bability functions. Jp is expessed as 
In=NhkNon(l— W ) fag? exp [—2Bag (sin 0/2)?| 

6 4 4 3 

x[1-( a5 ouv2 zc a5 uv + 3S u v8 7 a uve 


8 2 


ik 
+ apSuvat gpSuvat 35s) (13) 


where m=2 and 


bl 1+cos? 26 cos? 2€ 
k=(e2 oO Sees hee ae 
alge 21R? 2 


It is known that the diffuse background Js 
from the powder sample is approximately ex- 
pressed as 


Is=IhkNo> fi?(1—exp [—2Bi(sin 6/4)?]). 
In this equation, the correlations among the 


displacements of different atoms are neglect- 
ed. In the case of a-Agl, Ly is given by 


Is=NhkNon| fr2d—exp|—2B,(sin 6/)?]) 
+ fag?(1—exp [—2B ag (sin 6/A)?]) (14) 
The intensity of the diffuse background Jz 
from a-AglI is given by the sum of J» ((13)), 
Is ((14)) and the incoherent scattering Jincon. 


When the influence of the anomalous dis- 
person is taken into account, the atomic 


scattering factor f is expressed as 


0-4 0-5 0-6 


—= sinO/r 


Fig. 11. Observed and calculaed intensities of the diffuse background of a-Agl. 
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to 
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f= fot Af +isf”. 


In the present study in which the Cuka@ 
radiation is used, the imaginary term 4/f” 
for both the iodine and the silver atoms has 
an appreciable influence on the diffuse back- 
ground, especially on the term Js. The 
amounts of |\4f’ are 7.2 for iodine and 4.7 
for silver at 0=0, while the values of fo are 
53 and 47 respectively. The square.of 4/” 
is not so large compared with that of fp at 
#=0, but at high diffraction angles its con- 
tribution to f2 becomes important, because 
the value of 4f’ does not decrease appreciab- 
ly with increasing angle. The real term 4/’ 
is negligibly small. Thus, Zs was calculated 
by using the corrected scattering factor 
f=fotiaf’’. 

In Fig. 11 the calculated and the observed 
Tz/Ip curves (drawn by the thick broken and 
solid curves respectively) are compared for 
250° and 400°C. The thin broken curve in- 
dicates [y-+Jincon. Consequently, the difference 
between the thick broken curve and the thin 
broken one corresponds to the theoretical 
values of J». In the calculation, the Debye 
factors B are taken as 8 and 15 for 250° and 
400°C respectively. In Fig. 11 we can see 
that, for both temperatures 250° and 400°C, 
the curves of the calculation and the observa- 
tion are in a fair agreement in the smaller 
range of the diffraction angle, although the 
deviation of these curves increases gradually 
with increasing diffraction angle. The devia- 
tion seems to result from the rough approxi- 
mation in the calculation of Js neglecting 
the correlations among the displacements of 
atoms. In addition, as mentioned before 
(§ 3), there is some doubt about the use of 


the mean Debye factor B above 350°C. 
However, it seems to be difficult to give 
more refined expression for Zs in the present 
step of study. 


§ 5. Discussion 

As described in the foregoing sections, the 
result of the intensity comparison of the dif- 
fuse background as well as of the Debye lines 
in the absolute scale seems to favor Model A 
(or Strock’s model) for the structure of a- 
Agl. This structure has the two remarkable 
features as follows: 
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(a) Statistical distribution of silver atoms 
over many sites. 


(b) Large statistical displacements of silver | 


and iodine atoms from their mean 
positions. 

In model A, the probabilities of finding the 
atom in the sites (6), (d) and (hk) are assumed 
to be equal. However, it is not appropriate 
to accept this assumption strictly, since we 


can obtain a good agreement of the intensity 


of diffuse background even when the as- — 


sumption is properly modified. For instance, 
let us suppose that the two silver atoms in 


unit cell take only 12 (d) sites, but the pro-— 


babilities of finding the atoms in (6) and (h) | 


type sites are zero (Model C). The calculated 
intensity of diffuse scattering J» due to this 


structure is shown in Fig. 12 by the dotted | 


Wig 


Model C 
(B= 8) 


O2 03 O04 


sin@/n_ 


0:5 


Fig. 12. Comparison of Jp curves for Model 
A and Model C. 


curve, in comparison with the curve for Model 
A. We can see by this figure that the as- 
sumption of different probabilities of finding 
atoms in the different kinds of site influences 
the intensity of diffuse scattering only little. 
Although Model C can not explain well the 
intensities of Debye lines, it is probable that 
we can find an intermediate structure between 
Model A and Model C which is capable of 
explaining the intensities of Debye lines as 
well as the intensities of diffuse background. 

In the case of the intermediate structure as 
above, it may be expected that the degree of 
disorder of the distribution of silver atoms 
over possible sites becomes larger with in- 
creasing temperature. If this is the case the 
specific heat in the a-phase will increase with 
rising temperature. However, since no such 
tendency can be found in the specific heat vs. 
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temperature curve shown in Fig. 1, the temper- 
ature change of the degree of disorder, if 
any, is supposed to be very small. 

There is the following well known relation 
between the Debye factor B; and the atomic 
displacement from the equilibrium position, 
Ei; 

=S8n" Gi?! 


If the atomic displacement in a@-Agl is as- 
sumed as isotropic on the average, the tem- 
perature change of the mean atomic displace- 
ment € for iodine and silver atoms is obtained 


experimentally by using the B values for 
various temperatures. Fig. 13 shows //<&) 


(A) 


O-2 


500) 300. 400 ~ 500 


Temperature (°C) 


Fig. 13. Temperature change of <>. 


thus obtained. We can see that the atomic 

displacement from the equilibrium position at 
high temperature is very large, being com- 
parable with the nearest neighboring distance 
between the sites of silver, about 0.9 A. 

We have studied previously the structures 
and the phase transitions of Cul®, CuBr”, 
CuCl, Ag»Hgl. and Cu.Hgl..* In_ these 
crystals, only a-CuBr (which is stable in the 
temperature range from 470°C to the melting 
point 488°C) seems to possess the same 
structure as that of @-Agl, and the others 
have cubic ZnS type or hexagonal ZnO type 
structures. However, all of these crystals 
show a common nature that very large Debye 
factors for the metallic atoms must be intro- 
duced in order to explain the intensities of 
Debye lines at high temperatures so that the 
large amount of displacements of the metallic 
atoms is expected tovocounsiihhe origin of 


us ‘In ‘these substances only CuCl has a single 
solid phase”). 
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such common characteristic seems to be due 
to the thermal vibration mainly. On the other 
hand, in the a-AglI crystal the large value of 
B should be applied also to the iodine atom. 
This suggests that the large atomic displace- 
ments in a@-Agl may be caused not only by 
the thermal vibration but also by the disordered 
structure. In fact, large local displacements 
of atoms are conceivable for the structure 
like a-AgI in which atoms are situated random- 
ly and many sites in the lattice are left as 
vacant sites. Thus, we can consider that the 
liquid-like state of silver atoms as suggested 
by Strock may be an allowable picture of the 
structure of a@-AglI in view of high random- 
ness of the silver atoms due to the statistical 
distribution over many sites and the large 
statistical displacements from the mean posi- 
tions of atoms. 

In Fig. 3 showing the thermal expansion of 
Agl, the disagreement between the results 
from the ordinary dilatometry and the X-ray 
method is noted at high temperatures. From 
this fact, we may expect a possibility that a 
large number of vacancies of the negative ions 
are formed at high temperatures. However, 
this can not be concluded to be sure at pre- 
sent because the dilatometry might contain 
appreciable error due to the plastic deforma- 
tion of the sample at these temperatures. 

To study further details of the anomalous 
structure of a-Agl, the use of a single crystal 
seems to be necessary. The single crystal 
of a-AgI has not been obtained so far, while 
the single crystal of 8-AgI can be prepared 
at room temperature in a solution of Agl 
with hydroiodic acid, by diluting gradually the 
solution with alcohl. When the single crystal 
of B-Agl was heated very slowly up to the 
temperature range of the a-phase in the 
furnace of the high temperature X-ray camera, 
it was found by Laue and rotation photographs 
that the crystal changed to an assembly of 
comparatively large grains of a-Agl orientat- 
ing in nearly the same direction. This obser- 
vation suggested that more perfect single 
crystals of a@-Agl may be obtained by the 
similar method by refining the technique of 
thermal controle. 

In conclusion the author wishes to express 
his best thanks to Prof. S. Miyake for his 
kind guidance and also to Dr. M. Takagi for 
her helpful discussions. Thanks are also due 
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thermal expansion and the specific heat 
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The consistency of several approximate radial distribution functions 
of fluids is examined in the sense that the pressure and the internal 


CINGR 


ae. WE, 
energy derived from them satisfy the thermodynamical relation ~ (m)= 


) 


sae , where 7, p, V and F# have the usual meanings. It is found 


that the original form of Green’s linear theory is the only one which 


satisfies the above relation. 


It is also shown that Green’s theory can be 


improved further without breaking the above relation. 


Introduction 


$1. 

The pressure # and the internal energy E 
of a classical fluid of volume V’ and tempera- 
ture T which is composed of N molecules can 
be expressed in terms of the radial distribution 
function g(7) as follows”: 


cS d 
iF a rsa yn) TP andr (1) 
0 
1a ae 0 re 2 
cee bese [sno nbnrrar (2) 
2 


where oe is the number density N/V, k the 
Boltzmann constant and ¢(7) is the potential 
energy of interaction between two molecules, 
which is assumed to be a function of the dis- 


tance yalone. The radial distribution function 
is normalized as 


lim’ ¢yv=T; 
T00 


and we have the following relation”: 


RT| i Hp saith +0 “lo(r)—1dertdr , (3) 


It is seen from these equations that the 
thermodynamical properties of a fluid can be 
obtained from the knowledge of the distribu- 
tion function g(7). However, when some ap- 
proximate g(7)’s are made use of, it often 
occurs that self-consistency of the theory is 
broken, since certain thermodynamical relations 
exist among the quantities on the left sides 
of Eqs i(1), ¢2 )\and:@39) iw facts itmhas 
been pointed out by several authors») that 
Eqs. (1) and (3) cannot be consistent if (7) 
based on Kirkwood’s superposition approxima- 
tion is used. Rushbrooke and Scoins®) showed 
that this inconsistency can be reduced by 
adopting the so-called ‘‘ netted-chain approxi- 
mation’’ which can be used in place of the 
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superposition approximation. It is not the 
purpose of this paper to investigate this in- 
consistency. Rather it will be pointed out 
that there is another inconsistency which is 
| Supposed to be more serious. 


There exists the thermodynamical relation 


LORPIPI On (ie 
Tegel = 
| between p and FE. It is needless to say that 
relation (4) is satisfied by the values of p and 
FE, which are calculated from Eqs. (1) and 
(2), if the exact distribution function g(7) is 
used. If, however, some approximate g(7) is 
used to calculate p and £, relation (4) is not 
always satisfied. It is the purpose of this 
paper to examine whether relation (4) holds 
or not for the approximate g(7)’s hitherto 
derived and to improve the approximations if 
relation (4) is found not to be satisfied. 

If and £& are known as the functions of 
T and V, the Helmholtz free energy A can 
be obtained by integrating 


ANP STONE At NE: 
a(7)=~ Fav Zar. 


Then Eq. (4) is the condition that the right 
side of the above equation is integrable. 
Therefore it can be said that our aim is to 
examine whether or not the free energy can 
be derived in a consistent way. 


et) 


§2. Notations 
It is convenient for our purpose to express 


a= an" rax(ndr=(2ny'\" 


Z=2n\" palrastrdr=(n)'\" 
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the pressure p, the internal energy F and the 


radial distribution function g(7) as power 
series in the number density 0. 
Thus, 
p =1+Bo+Co?+Do*+-:-- , (5) 
okT 
E 3 
a =1+ Bot Bot Esp? +---, (6) 
“9 NET 


gn =e FOr ta(notgpnnor+---]. 

(7) 
Equation (5) is the virial expansion of p/pkT 
and B,C and D are the second virial coeffi- 
cient, the third and the fourth respectively. 
The expressions of these coefficients are found 
in many text-books®. Equation (7) is due to 
Mayer and Montroll®. The expressions. of 
coefficients of Eq. (6) can be derived from 
those of Eq. (5) by the use of Eq. (4). Only 
D, FE; and g.(7) will be shown here, since these 
will play important roles in the following 
deductions. (The expressions of B, Cand 9,(7) 
will be found in Eq. (24).) 


eee 
p=—25_3p_- 8 
-o-27-<m, (8) 
ite? ‘Moco il sesge 
Bs= a9 T gpit & FP gp4t 367 are: 
(299) 
a 1 1 
g(n=C1+2| dane EA +, kx : (10) 


The symbols written in the form of figures 
represent expressions as shown below: 


uB*(u)du , 


uw? B?(u)y (udu , 


: (11) 
|| a raa(rrsa Taare Taras) Oredredr. , 
VVV 
a Bath Bu) md 
Ay Be sin Ur d 4 
l= ae(7) , 


=| laridatrsdatrualralalrs)drsdri , (M=7), 


VV 
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where 
a(r)=e- PORT _] , 


uB(u)= Sis: "ran sin ur dr , 


(13) 


ras(r)=2n\ uB?(u) sin ur du , 


— oo 


uy(u) =- : ip ra(rn)a(r) sin ur dr . 
(27)? J— es 

The function ¢(7) and hence a(r), B(u), a(7), 
y(u) are defined also for negative values of 
the arguments, being assumed to be even 
functions. The notations in Eq. (13) as well 
as in Eq. (11) are the same as those used by 
Rushbrooke and Scoins®”. 

If Eqs. (5), (6) and (7) are inserted in 
both sides of Eqs. (1), (2) and (4) and the 
coefficients of o* are compared, the following 
relations are deduced: 


Die OAL) 
= — . 2 : 15 
E, ; jie a ginrdr, (15) 
DF SOND) 
es 16 
ae 9 CaT : io! 


It is necessary for the validity of relation (4) 
to satisfy the relation (16). In the next section 
it will be examined whether relation (16), 
instead of relation (4), holds or not when 
some approximate g,(7)’s are used in Eqs. (14) 
and (15). 

When D and &; are expressed in an appro- 
ximate way in terms of B(#),a,(7) and 7(w), 
it is sometimes difficult to see whether rela- 
tion (16) holds or not, since these functions 
are not independent of each other. In such 
cases the difficulty will be avoided if D and 
Fs; are calculated explicitly in terms of a 
simplified interaction potential such as: 


n=4 (<r<a) 


=O (7a) t, (17) 
that is 
a(r)=—z (0<r<a) 
=0 (ay, 
where 


2=1—e-A/kT 


This potential leads to the following expres- 
sions for B(z), a,(v), B,C and D: 
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upgneai/ 2 Ae 
UN Ate 


be = (812027 +16a*) 0<r<2a) 


Ty (r>2a) , 

B=, 
‘ i | (18) 
b=- 504-48 

= a= “abizt=0.97 140%! 

Bm — GA oat —1 41670 

: [X]=0.1584b%2° , 

where 
b= 5 


and the value of (1/8)X] is calculated converse- 
ly from the value of D in the case of hard 
spheres where it is known that D=0.2869b3 ®»). 
If we put z=1 in the above expressions, they 
are reduced to the case of hard spheres. 


§3. Discussion of Several Approximate 
Expressions for g(r) 


The following fact is important in examin- 
ing an approximate distribution function. It 
can be seen from Eqs. (8), (9) and (10) that 
the function g.(7) has four terms of different 
types which are expressed as [_], [7, KX, where- 
as the quantity D or #3; is composed of three 
terms , WM, & or dL/aT, dY/dT, dX/aT. 
When g,(7) given by Eq. (10) is inserted in 
Eq. (14) or (15), the term [.] in g.(7) corres- 
ponds to the term [J] in Dor &3, 2/)/+(1/2)4 
to [4, and [X] to XX]. These correspondences 
may be expressed symbolically as 


rec) Pe ariel, De (19) 
Thus the function g.(7) can be expressed asa 
sum of three terms [1], 1 + and ], when 
used in calculation of D and &; and each of 
these terms contributes separately to the esta- 
blishment of relation (16). Hence, as shown 
in later examples, relation (16) is valid even 
if use is made of some approximate g»(7)’s 
with one or two of these terms omitted. 

The following four kinds of approximations 
to g(7) will be examined. 


Lal oe 
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1. The solution of the Born-Green non-linear 
tntegral equation») 

This integral equation is based upon Kirk- 
wood’s superposition approximation. Its solu- 
tion will be denoted by g(r), The integral 
equation is given by 


ae =rof"( (em tt? 
ie Wah Jee is 
x [gP(t+7n—1]dtg® pas 
lg v)—1]|dtg or aah 


log g(r) + 


2. Rodriguez's improved form of Green’s 
linear theory) 


The distribution function obtained in this 


theory will be denoted by g@(7). It is given 
g(r) =exp [—o7)/RT +f OM] , 
where 
eins ee BAe) ee 
) XG = ee | eee sin urd, 


4 =n), 


eis" rf (7) alr) ar /\" ra(r)ar. 
(21) 
3. The netted-chain approximation® 
The radial distribution function in this 


approximation is obtained by selecting parti- 
cular terms from the right side of Eq. (7) 
and by smming them up. This will be denoted 
by g@ (7). It is given by 

gn) =e HO + FO] , 


where 
r(u) P 
E Cra ] 


1 (22) 
oy) = Vi A abe “1 _ Be) _r(u) 
A 


oe 


xusin urdu. 
4. The original form of Green’s linear 
theory 
The distribution function obtained in this 


theory will be denoted by g(r). It is given 
by 
gM =e POUL FON) , 
where 
1 (@ © 2(u) .. (23) 
(4)( sin ur du , 
Os ras a0 eta) 


e=constant. 
Expansion of the above four approximate 
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y(r)’s into power series in p in the form of 
Eq. (7) leads to the four approximate expres- 
sions for g2(7), which can be used in calculation 
of D and &; by Eqs. (14) and (15). Each way 
of approximations will be shown by super- 
script figures. For example D®, F,@ and 
g2(r) express D, &; and g(r) based on the 
netted-chain approximation, respectively. 

The expressions for B, C and g,(7) in these 
approximations are expressed as follows: 


ee ie 


BO=PO=]PpO—~PO=p= -B(0), 


CORCOS(EOS (C= cone uB(ujdu , 


CO e26 ., 
MN =NON=MON=NN=aly , 
MON =H7G(7) . 
(24) 
It is seen that, except for Green’s linear 


theory, 9:(”)’s and hence C and &, are cor- 
FECU, 


The functions 9,(7)’s for these approximations 
can be expressed as: 


gO”N=(4+271430 cola dsa(s) eae) 
x \ dt - ay duB(u) sin ut Snr : 
(25-1) 
pOD=OHE+ al), 25-2) 
gOM=C]+241 , (25-3) 
gO(n=2l] . (25-4) 


Comparison of Eq. (10) with Eqs. (25-2), (25-3) 
and (25-4) shows clearly that they are not cor- 
rect and hence cannot give the correct expres- 
sions for D and #3. The last term of Eq. 
(25-1) corresponds to 4] of Eq. (10). It dif- 
fers, however, essentially from 4x], since the 
former has only four pairs of molecules in its 
integrand while the latter has five pairs. 
(Note that a(v) and B(u) correspond to one 
pair of molecules and a,(7) to two pairs.) 
Therefore g,(7) can give no correct expres- 
sions for D and £;. This conclusion for D 
has been already pointed out”. Relation (16) 
between D® and F£;™ fails to be valid due to 
the presence of the last term of g.(7). (See 
Eq. (26).) It fails to be valid also for D@ and 
E;© and for D® and F;@. It is due to the 
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fact that, in g.(”) and g,(7), one of [4 and 
is either missing or substituted by another 
term, since, as explained at the beginning of 
this section, it is necessary that both 1 and 
are contained as one group. In g,“ (7) 
these terms are missing completely and this 
makes relation (16) between D® and &£, 
hold again. Actually, it is not necessary to 
examine relation (16) as shown above so far 
as Green’s linear theory is concerned, because, 
in this case, Green! has already confirmed 
relation (4) and calculated the free energy. 
After “el: it is found that, eons the four 
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| 
approximations examined above, the original | 
form of Green’s linear theory is the only one: 
which satisfies relation (4). It seems that. 
the above conclusion remains valid, even if 
the solution of the integral equation proposed 
by Kirkwood! is added to these four cases, 
though this is not examined here. | 
Finally, the expressions for D and £3 basec | 
on the above-mentioned approximations are 
shown in the following, first giving the ex-_ 
pressions for the general form and then for. 
the simplified form, Eq. (17), of the interaction — 
potentials: 


DO= (- : Og oae ; =e aa) a(7) ae (7) oat ds s?a,(s)) 
Bees Se) Spe 
=(Gis 4002") Pa awe ie 1 
Pit : oro siete ve 
-" biZt- #8. bit Viger 
EiO= Te | "are any ToD _ 5 Tae oe 
= sis OT a p60! are ar 
aa wa 
D®= -,o-42)- s\ a ype 0) anG) 
Ces $8) Boe 
Oa(r) 
OT es) 


_ 6347 
pigs 0347 
15° * 4032 
D®) 

ip 


-}--———_ 


dT 20160: 


og: Wawa: 


bet) T dz | 6347 


E38) + — 


5040 ar 


E 
By =( 9 Te eal 4 Te a)- |e dr Pa? (r) T 
ai 
2 
9 


dz 
an 


po=— > 8p = 34,9529 
1 d 972 dz 
E.©= a AU cy yey Ors 
4g * apo 315 OT ap 
2 dD® 
Eee = pO 6. 
aT 


Each of third equations of Eqs. (26), (27), (28) 
and (29) gives the values of E; + (2/9)T 
_x(dD/dT) for the simplified form of the 
interaction potential. As stated above, they 
should be zero if the theory is self-consistent. 


$4. Attempt to Improve the Approximation I 


As shown in the preceding section, only 
Green’s linear theory satisfies relation (4). 
However this theory is not satisfactory from 
the quantitative point of view. It will be 
desirable that some approximate procedure 
will be found, which, while satisfying relation 
(4), gives better quantitative results than 
Green’s theory. 

In the following discussion, the free energy 
will be expressed in terms of g(v), and g(7) 
will be determined so as to minimize the free 
energy. Then the internal energy / and the 
pressure p will be derived from the free energy 
so that relation (4) will be automatically 
‘satisfied. 

The configurational part S; of entropy is 
defined by 


log Pi(ri)=2i(11) » 
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Bf] 
Vr 
v Vv 
xX Pw(1i, 12,°++, rw) log Py(1, r,°++,Krw) (30) 


x dr, dr,---dry , 


where Py(m, f%,-°--, rw) denotes the distribu- 
tion function at the point (rm, m,---,rw) in the 
configuration space of N molecules and is 
normalized as 


1 


a 56 |Pain, hones rv dr,drz- --dry=1. 
ie 


V 


The reduced distribution functions Pi(n, r, 
-++, 1m) for 2 molecules are defined by 


Prlri, To,°° a9. re) =n | oe | 


V V 


log P2(ri, 2) =22(11, Fe) F211) +21(12) 
log Ps(r1, Te, 3) =23(11, Te; 3) +20(11, 12) +22(T2, 13) 
+22(r3, M1) +21(11) +21(12) +21(13) 


or conversely 
2,(1r1) = log Pyn) ; 


x Py(r, Te,° °°, Vn, Vn41,°° >, Pw )d¥n+1° 4 -drw ’ 

R= 1, 2,3) seco) 

Then the function P,(r,, rm) is the same as 

9(|m—re|). The functions 2n(r, r,°-+, Mm) are 
defined in terms of P, as follows: 

(32) 


2.(Ti, %)=log Pa(11, r2)/Pir) Pil); 


P3(r1, 12, 3)Pi(r) Pure) Pils) 


Z3(N1, Ta, r;)=log 


P(r; 12)P2(ro, r3)P.(rs, ry) 


oeee 


From Eqs. (30), (31) and (32) S, is written in terms of Pn’s and ZS as 


a N! r 
S1= hk Sn ni(W—n)! \ | 
x Prlti, Ye, ** “Tn)2n(11, V2s°**> rn)dnare 
(33) 


---dIn c 


If use is made of the ‘‘ generalized superposi- 
tion approximation’’, which was adopted by 
Mayer’, that is 

Zn(T,, Tact) ¥n)=0 for m23, 


Eq. (33) becomes 


(34) 
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k N(N-1) 
Seek a Ppa(rdr —4 NOT 
V 
x | Py(r,, ratry, r)dridr, 
VV 
or 
Se WN?) JP lon Pdr 
V 
2 Vv? 


Tay: 
SOEA Cae T2) log TENG Ri r.)dr, dre 5 


Now the configurational part , of the inter- 
nal energy is expressed as 
1 NW) 


ip = 


Z Vy? [loon r,)P.(r1, r2)drdrs 


VV 
(36) 
without any approximation. The configura- 
tional part A, of the free energy is obtained 
from Eqs. (35) and (36) as 


A,=£E,—TS, 


=r we?) [pm eRe 


vv 
x [O(n %)+RT log Po(ri, re)] 
x Ps; r.)dr,dry 5 


N(N—1) 


1 
2° 


(37) 


It is clear that the form of the function 
P,(r,, rf), which minimizes A, under the con- 
dition P,;=const.=1, is given by 


P11, F2)=9(|M1—Le|) cen PCr rad/Kr (38) 


This is the simplest form of the approximate 
expression for g(v). Thus in our case the 
approximation has been found to be very poor, 
and it means that our attempt on the above 
line has not been successful. This is an exam- 
ple which shows that, if Mayer’s superposition 


fe FO) 
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approximation (34) is adopted, it must be done 
with much care. 

Recently Richardson™ obtained the integral 
equation for g(7v) by a similar procedure as 
above. In place of the approximation (34) he 
used the approximation 


aA wOewe4|. (Ge) 


Although the order of magnitude of y is 
O(1/N?), yet the term containing z3; on the 
right side of Eq. (33) cannot be neglected, 
since this term is multiplied by the quantity 
of the order of O(N). Retaining this term, 
Richardson obtained the integral equation for 
g(r) similar to the Born-Green non-linear in- 
tegral equation. It is not clear at present how 
far his approximation is successful, but it 
seems to be necessary, if his idea should be 
carried out thoroughly, to apply similar pro- 
cedures not only to z; but also to 2,2; and 
so on. 


23—CONnSU.———i 5 


$5. Attempt to Improve the Approxi- 
mation II 


In Green’s linear theory the parameter e¢ 
appears, as shown in Eq. (23), where e is sup- 
posed to be independent of T and V. In order 
to improve Green’s theory, Rodriguez™ deter- 
mined e by the equation 


Pea \- f (yar) dr ih |" raenar , (40) 


considering that in Green’s theory e—1 is an 
average of the function f(7) near r=0. Since 
ft (7) itself depends on ¢, the parameter ¢ is 
given implicitly as a function of T and V. As 
shown in §3, however, Rodriguez’s procedure 
violates relation (4). To avoid this difficulty, 
it will be attempted to determine ¢ as a func- 
tion of T and V in such a way that relation 
(4) remains valid. 

The expressions of the pressure and the 
internal energy, when approximate expression 
(23) for 9(7) is inserted in Eqs. (1) and (2), 
become respectively 


A?B(u) see log (1 = Btu) ) hurd A 


| 


ey A—eplu) 
22 OB(u) 
Bie bee. ORO). al Vo Shih a eae oe ae , (41) 


where the superscript figures are dropped and_ the thermodynamical variables T and 
A={(27)*/20}-! are used instead of T and V. Relation (4) is satisfied by these expressions 
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when ¢ is assumed _ to be independent of T and 2. 


and 4, it is found from Eqs. (4) and (41) 


O61, 4) OFT, 4, &) 
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If ¢ is supposed to be a function of T 


that ¢ must satisfy the differential equation 


(42) 


OA OT i 


$a) 2 BO) ed 


eB() ap 


and OF/0T (or OF/02) is the derivative of F with respect to 7 (or 4) under the condition ¢ 


=const. The general solution of Eq. (42) is 


SUE), 


where U(x) is any arbitrary function of 2. 


(44) 


Equation (44) determines ¢ implicitly as a func- 


tion of T and 4, F itself depending on ¢ as seen from Eq. (43). 


If the function F(T, 4, ¢) is defined by 


Fy ia 7) |akioriB(2e) Bu)  B(u) |, 
F(T, 4, ¢) =F— EN es Ll 2 
‘ . Pe A—eB(u) € A ye ae 
eae Bau) 2 
=|" hig 5) ~ eg log € ay Btu) fuse 5 (45) 
the expressions (41) become respectively 
A Pee pees rapa ew 
okT 2. 22a © ay | 
E =j/ 4b T OBO) 1 eT OFT, Ay 2) ¢ (41’) 
3 ver 31 OT  3V On aT | 
2; 
where OF/OT and OF/02 have similar meanings as OF/OT and OF/02 in Eq. (42). By the 
relation 
A Se dl il p 
a( ; \=— : ile ( | aa, 
pT SD r( 4 ME | A\ okT 
where A denotes the Helmholtz free energy, we finally obtain 
A 3 1 a [ = ie dU (x) | 
— =) —— —_— = soe 0 i el Fi he A, 7 dd; C . 4 
Ara log a 5 log T Bs as ef( Mer a ot +Cy (46) 


In this equation C, denotes a constant independ- 
ent of T and 4 and hence of T and V. Ex- 
pression (46) for the free energy coincides in 
form with the one derived by Green’ apart 
: Nd 
from the term with the integral { Dano 
0 
Since f(7) should tend to zero as po tends to 

zero or 2 to a very large value, it is required 
that ¢ should have the property 

line EA) 1S 

A> oo 


It is found from Eq. (43) that lim ECT A452) 39. 


Therefore, the function U(x) of Eq. (44) must 
have the property that U(0)=1. The equation 
which determines ¢ becomes finally 


e=U(F), U(O)=1. 


However, « still cannot be determined uniquely 
since the form of U(x) is arbitrary except for 
its initial value. It turns out that it is im- 
possible to determine the function U(z#) so as 
to minimize the free energy. We have not 
yet found a method appropriate to the deter- 
mination of U(x). A similar situation occurs 


(47) 


334 


in Rodriguez’s procedure as well, because 
there could be other expressions than Eq. (40) 
which have the meaning of the average of 
f(r) near r=0; for example, 
Shes \; f(na(n) dr y a(r)dr , 
0 0 

If it is assumed that U(a) can be expanded 
in a power series in x, Eq. (47) gives, when 
o is small, 

e=1+0(¢?) 

Thus e¢ does not vary so long as the first 
power of o is concerned, and the expression for 
g(r) becomes equal to Eq. (25-4) with e=1. 
If other forms of U(x), for example, U(z) 
=1+VYyz, are used, the term of the first 
power of o can appear in the expression of 
e and hence the expression for g,(7) can be 
made more accurate. 


§6. Conclusion 


Many attempts have been made thus far 
to obtain theoretically the radial distribution 
function of fluids. It may be said that one of 
their objects is to obtain the distribution func- 
tion itself and hence to obtain the knowledge 
about the structure of fluids, especially of 
liquids, which can be compared with the 
structure determined experimentally by the 
method of X-ray scattering. The other object 
is to calculate the thermodynamical functions 
of fluids with the use of the distribution 
function obtained theoretically. 

In either case the solution of the Born- 
Green non-linear integral equation has been 
supposed to be most preferable among different 
approximations and many authors have at- 
tempted to solve the integral equation analy- 
tically or numerically. However, it has been 
found in §3 that this solution does not lead 
to relation (4) and hence is not suitable for 
use in the calculation of the thermodynamical 
quantities. We could say strictly that, for ex- 
ample, even if this solution is obtained exactly 
and used in Eq. (1) in the calculation of the 
pressure, it is doubtful whether the calculated 
one can be called the ‘‘ pressure’’. This fact 
does not necessarily mean that the above 
solution is not a good approximation for the 
radial distribution function. On the contrary, 
it seems to be the most preferable approxima- 
tion in the present stage of the theory. 
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Rushbrooke and Scoins showed that the | 


inconsistency between Eqs. (1) and (3) can 


be reduced for the case of hard spheres by | 


adopting the netted-chain approximation. As 
shown in §3, this approximation violates 
relation (4). Moreover, it is not certain that 
this approximation will reduce the incon- 
sistency between Eqs. (1) and (3) for more 
general forms of interaction potential. 


The procedure proposed in §5 may be said © 
to offer an improvement of Green’s linear © 


theory, because the dependence of ¢ on tem- 
perature and volume is taken into account. 
At the same time our theory can be said to 
be an improved form of Rodriguez’s theory, 
since relation (4) holds in the former while 
it does not in the latter. It is, however, de- 


sirable that more appropriate approximation © 


will be found, in which relation (4) is satis- 
fied, giving, at the same time, better quanti- 
tative results. 


The author wishes to express his apprecia- — 


tion to Professor A. Harasima for his conti- 
nual encouragement in the course of this work. 
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Note on Some Properties of Gamma Brass* 


By Takao SaTo and Seiichiro NoGcucui 
Department of Physics, Tokyo Metropolitan University, Tokyo 
(Received November 20, 1956) 


Electrical resistance and magneto-resistance of gamma brass were 
measured at liquid helium, liquid nitrogen and room temperature. More- 
over, Hali coefficient and thermoelectric power of gamma brass were 
measured at room temperature. Data of the electrical resistance are 
presented for several samples having various concentrations. In the 
relation between specific resistivity and concentration, a minimum occurs 
at about 34 wt.% copper in the curve of resistivity vs. concentration. 
The value of the Hall coefficient and of the thermoelectric power are 
comparable to the values of pure metals. The magneto-resistance is small 
at room temperature but becomes large at liquid helium temperature. 
Differences of the physical properties between gamma brass and bismuth 


are discussed. 


Introduction 


§ 1. 

It is known as a Hume-Rothery rule that 
the crystal structures of the intermetallic 
compound are specified by their electron con- 
centration. Especially, the intermetallic com- 
pound whose electron concentration is 21/13 
possesses a crystal structure of gamma brass 
type. On this gamma brass type structure 
Westgren and Phragmen” carried out the 
structure analysis by means of X-ray dif- 
‘fraction and found its structure to be very 
similar to the body centered cubic structure 
except that 52 atoms are included in its unit 
cell. 

Jones» discussed about the stability of 
gamma structure on the basis of the facts 
that alloys of gamma structure are usually 
brittle and have a large diamagnetic suscep- 
tibility and a large Hall coefficient. In his 
theory, alloys of gamma structure were re- 
garded as analogous to bismuth which has 
nearly filled band. In this paper we shall 
‘demonstrate the dissimilarity between gamma 
brass and bismuth, on the basis of the 
specific resistivity versus concentration curve 
of gamma brass and other properties. 


§ 2. Experiment 
a) Specimens and Procedure 


Purity of zinc used in the present investiga- 
tion was of 99.95% and that of copper was 


* This work performed by the equipments of 
very low temperature in the Research Laboratory of 
Iron, Steel and other metals of Tohoku University. 


of 99.98%. These alloys were melted under 
flux, mixture of sodium chloride and potassium 
chloride and were sucked up into quartz 
tubes of 1~2mm diameter. Although a 
gamma brass is exceedingly brittle and im- 
proper to the machining, we have easily 
prepared a good shaped specimen by this 
sucking method. These specimens were sealed 
into quartz tubes with argon gas, and an- 
nealed for 50 hours at 550~600°C. The 
tubes were then cooled slowly down to room 
temperature. After this treatment one part 
of them was used for measurement and others 
for chemical analysis. It was confirmed by 
X-ray photography that each specimen con- 
sists of a homogeneous gamma phase. 

Electrical resistance was measured by 
ordinary D-C method with potentiometer. 
Specimens for the measurement of Hall coef- 
ficient were about 10x20x0.5 mm in size. 
Since the Hall coefficient was unexpectedly 
small, an apparatus with sensitivity of 7x 10~° 
volt was used, the details of which are the 
same as already reported.” 


b) Experimental results 
(1) Relation between specific resistivity 

and concentration 
Specific resistivity of the specimens of 31.5, 
33.3, 35.3, 38.0 and 41.6 wt.% copper were 
measured. The results of these experiments 
are given in the Fig. 1, which shows an oc- 
minimum in resistance at 
Moreover, the specific re- 


currence of a 
gamma _ phase. 
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sistivity is of the same magnitude as those 
of ordinary metals. 
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Fig. 1. Electrical resistivity vs. concentration 


curve of gamma brass. 


(2) Relation between specific resistivity 
and temperature 

Temperature dependence of the resistivity is 
shown in the Fig. 2. In the range from 
4.2°K to 1.5°K the resistance of each speci- 
men become almost constant. In the higher 
0 
pQ2em 
15 
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Fig. 2. Electrical resistivity vs. temperature 


curve of gamma brass. 
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temperature range, the temperature coefficient 
was positive. 


(3) Hall coefficient 

The Hall coefficient of gamma brass was 
very small. The Hall potential of the speci- 
men (69 wt.% zinc) of 10x 200.5 mm in size 
was about 2.3x10-® volt for the magnetic 
field of 5000 gauss at room temperature. 
From this result +2.9x10-‘cgs. emu. of Hall 
coefficient was obtained. This value is the 
same order of magnitude as those of ordinary 
metals. 


(4) Thermoelectric power 
Thermoelectromotive force of gamma brass 
was also very small. For instance, absolute 


thermoelectric power of 69 wt.% zinc at room © 
temperature was +1.7x10-® volt/deg which © 


was comparable to the values of pure metals. 


(5) Magneto-resistance 
The magneto-resistance of gamma _ brass 
was so small that it was hardly possible to 
measure it at room temperature. It was re- 
cognized, however, that the sign of the effect 
is negative at very low temperatures.” 


§ 3. Discussion 


In order to discuss about the electronic 
structure of gamma brass and that of bis- 
muth, we must be concerned with following 
physical properties: Diamagnetic suscepti- 
bility, de Hass-van Alphen effect, Hall coef- 
ficient, thermoelectric power and magneto- 
resistivity. It is well known that these 
properties of bismuth are extremely peculiar. 
Diamagnetic susceptibility of gamma_ brass 
has been measured by several investigators,°:®) 
and turned out to be about the same value as 
that of bismuth. De Haas-van Alphen effect 
and the Hall effect have not yet been observ- 
ed for the gamma brass. Hall coefficient of 
the gamma phase of copper cadmium system 
was measured by Richard and Evans,” and 
was found to be of the same order of 
magnitude as those of normal metals. In 
observation for gamma brass, the Hall 
coeficient was about +2.9x10-* cgs. emu., 
although the large value is errorneously cited 
in some text books of metals. Absolute 
thermoelectric power is also very small and 
has the value +1.7x10-® volt/deg. 

Since Hall ..coefficient and thermoelectric 
power are proportional to electronic charge, 
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holes and electrons have the opposite con- 
tributions to both effects and cancel out with 
each other. The small magnitude of the 
values would be caused from such reasons. 

Basing upon the fact that the magneto- 
resistance effect was very small at room 
temperature, it may be concluded that the 
anisotropy of the energy surface of this sub- 
Stance may be negligibly small, since this 
effect is an important measure of the an- 
isotropy of energy surface in this phase. An 
anomalous magneto-resistance effect observed 
at low temperature are similar to that observ- 
ed in other substances, for instance, p-type 
indium antimonide® and the alloys of gold 
or copper containing a small amount of 
Manganese or chromium.” However, it is 
difficult to interprete it on the present theo- 
retical ground. 

Thus the gamma brass does not resemble 
to the bismuth with respect to the various 
properties except diamagnetic susceptibility. 
Both of gamma brass and bismuth would 
have nearly filled band, but the behaviour of 
conduction electrons at Fermi surface would 
differ very much from each other. 

These circumstances may be_ recognized 
when one compare the shapes of the Brillouin 
zone of bismuth and gamma brass. The 
Brillouin zone of gamma brass (Fig. 3) is 36- 
hedron and a sphere-like shape but the 


Fig. 4. The prominent 
zone boundary for 
bismuth. 


Fig. 3. The prominent 
zone boundary for the 
gamma structure. 


Brillouin zone of bismuth (Fig. 4) is not the 
same. According to this difference, the be- 
haviour of positive holes in the first zone and 
the behaviour of electrons in the next zone 
would be nearly equal in the case of gamma 
brass, so that physical quantity which is pro- 
portional to electronic charge +e, may cancell 
out with each other. However, in the case of 
bismuth the contribution of the holes and the 
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electrons to the conduction mechanism would 
be different very much. 

It is usual that a minimum occurs in the 
curve of resistivity vs. concentration in cases 
of superlattice, whereas a maximum occurs in 
the case of intermetallic compound. The 
measurement of the resistivity of gamma brass 
has been performed by Puschen and Rjasch- 
sky! who have found a maximum of resis- 
tivity at gamma phase on the contrary to our 
results. From our result it may be overhasty 
to conclude that gamma brass is superlattice- 
like. The reason of the occurrence of a 
minimum in resistivity might not be attributed 
to the ordered arrangement of atoms but to 
the special electronic structure of the material. 
Therefore, the measurement of Hall coefficient 
in various composition of gamma brass may 
be desirable, but it is not so easy to prepare 
a specimen for Hall coefficient. 

The fact that the gamma brass, though it 
is a typical intermetallic compound in a 
certain sense, shows interesting anomalies as 
mentioned above, may play a significant role 
in future progress of our knowledge. 


§ 4. Conclusions 

1. It has been considered that gamma 
brass is similar to bismuth in electronic 
structure. Main experimental confirmation 
for this opinion is due to the fact that gamma 
brass has a large diamagnetic susceptibility 
and is very brittle. However, in other point, 
i.e. with respect to Hall coefficient, thermo- 
electric power and magneto-resistance, it is 
not similar to bismuth. 

2. A minimum in the resistivity vs. composi- 
tion curve of gamma brass was found. This 
result is opposite to the ordinary opinion for 
intermetallic compounds but rather similar 
to the superlattice alloys. However, it could 
not be attributed to the ordered arrangement 
of atoms but to the situation of its electronic 
structure. 

With respect to the problem of the mini- 
mum in resistivity-composition curves, we 
have been studying other intermetallic com- 
pounds and also investigating the relation 
between intermetallic compound and _ super- 
lattice alloy. 

Moreover, we have observed the negative 
magneto-resistance effect in several gamma 
structures other than gamma brass, and so 
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we want to investigate it in details in future. 
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On the Melting of Ionic Crystals 
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Comparing the data of AgCl and NaCl crystals, it is suggested that 
the contribution of lattice defects is more important than that of lattice 


vibrations, for the melting of ionic crystals. 


The coulombic interaction 


between defects can cause a sort of phase transition, and the transition 


temperature is near the melting point. 


Several experimental evidences: 


melting point, latent heat, viscosity and ionic conductivity of liquids, 


are also discussed on this ground. 


Introduction 


Sil6 

The structure of liquids has been studied 
by many authors, but the knowledge about 
it is not so much and accurate as about 
solids and gases, owing to the complicated 
nature of liquids. Usually we regard liquids 
as the limiting case of the imperfect crystal 
or that of the imperfect gas, because of the 
difficulties accompanied to deal with the 
liquids as they are. The former picture 
seems to be appropriate to the liquid near the 
melting point, and the latter near the critical 
point. If the picture of the imperfect solid 
is a good approximation, we may expect that 
our knowledge about the imperfections in 
solids is useful for the study of liquid struc- 
tures, especially of the mechanism of melting. 
The melting of the solid is to be explained 
by the abrupt increase of some kinds of 
imperfections. These imperfections may be, 


for instance, lattice vibrations, lattice defects, 
dislocations, grain boundaries or more com- 
plicated disorders which are often found in 
polymeric substances. Although such a classi- 
fication of the imperfections in solids has not 
clear meaning in the case of liquids, it is an 
important problem to find which of them 
performs the main role in the melting 
process. 

Above all, the pictures of lattice vibration 
mechanism have been investigated by many 
authors, e.g. Lindemann, Braunbek,2 Born 
and Thompson. On the other hand, Lennard- 
Jones® and others have developed the so- 
called “hole theory of liquids,” which is 
somewhat similar to the picture of lattice 
defect mechanism. Mackenzie and Mott» 
regarded liquids as the limiting case of poly- 
crystalline solids, and derived a relation on 
the basis of this picture. It is rather a dif- 
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icult problem to decide which of these 
nechanisms is the most important one in a 
eal liquid, because each kind of liquids has 
ts own characteristics and the truth should 
lot be a simple one, but a mixture of these 
mechanisms. This question can be answered 
only by detailed comparisons between the 
theory and experiments in each case, And 
nversely such considerations will give some 
nformations about the imperfections in solids. 
Thus, we see that the study of the melting 
nechanism is important for those who have 
much interest in the liquid structure and 
also in the imperfections in solids. In this 
daper, we shall consider ionic crystals and 
shall suggest that the lattice defect mechanism 
may be most reasonable in ionic crystals. 


$ 2. Lattice Vibrations and Lattice Defects 
The melting of ionic crystals has been 
attributed to lattice vibrations. As its evidence 
it has been quoted that the Lindemann rela- 
tion is satisfied in ionic crystals. If we 
consider alkali halides only, the Lindemann 
relation is really satisfied. However, if we 
consider alkali halides and silver halides at 
the same time, we find that this relation is 
no longer satisfied. As an example, let us 
take NaCl and AgCl crystals, which are 
known as nearly ideal ionic crystals and are 
the typical example of alkali halides and 
that of silver halides. Some data concern- 
ing these crystals are shown in Table I, 
where w: and w; are the angular frequencies 
of long transversal and longitudinal waves of 
the optical mode respectively, mw is the 
reduced mass, 9» is the Debye temperature 
determined from the specific heat at low 
temperatures, o is the density, wo is the fre- 
quency of the sphere which vibrates homo- 
geneously®, eC is the coefficient of the 
repulsive force when both ions displace 
relative to each other”, and K is the com- 
pressibility. Thus, 1/2 4? means the hard- 
ness for the optical waves and p@,* means 
the hardness for the comparatively long 
acoustical waves. 

These data suggest that AgCl is harder 
than NaCl, that is, AgCl has smaller am- 
plitudes of lattice vibrations at the same 
temperature for most of the vibrational modes. 
The additional amplitude due to the quantum 
effect must be larger in NaCl, because of 
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the smaller mass. Neverthless, NaCl has 
higher melting point. This fact seems to be 
contradictory to the view that melting occurs 
when the amplitude of thermal vibration 
reaches a certain fraction of the inter-atomic 
distance. 


Table I. Comparisons of NaCl and AgCl. 


NaCl AgCl 


a Dex Pehl SAO Gian 
Lattice NaCl NaCl 
K 5.62 12.30 
Ko 2 205) 4.01 
poe 1.10 1.05 x 10' erg/em? 
ia 
wl 2.76 3) 28 y 
2 
pO p? 1.00 1 10% 
Ps 1.98 2.46 x 10! erg/cm? 
eC DD 2.56 I 
K(0°K) ~3.3 
(20°C) 4.16 2.40 x 10-2 cm3/erg 
a(20°C) 12.0 9.2x 10-5 deg-1 
Tm 1073 728°K 
H 1.8~2.0 0.8~1.0 ev 
Wo Pale Le |e 
a: Lattice constant. 
*: in arbitrary unit. 
a: Volume expansion coefficient. 
Tm: Melting point. 


On the other hand, if higher derivatives of 
the interionic potential of AgCl were much 
greater than that of NaCl, it would be pos- 
sible that thermal vibration and thermal 
expansion make AgCl unstable at lower tem- 
perature Such mechanisms of melting have 
been suggested by Born and Thompson”. 
However, the comparison of the thermal ex- 
pansion coefficients @ does not support this 
assumption. The fact that a of AgCl is small 
comes from the smallness of the higher (the 
third) derivative of the potential energy com- 
pared with the second one, and decreases the 
effect of making the lattice unstable due to 
the thermal expansion. For a rough estima- 
tion, we use the Griineisen relation 


Olnw av 
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where V is the molar volume and C, is the 
specific heat. In this relation we substitute 
the values of a, V, K at 20°C, and for G 
6R. Then we obtain 


7y=1.6 (NaCl), 1.9 (AgCl) . (2.2) 
ay | 1.9x10-4 deg-! (NaCl) 
| 1.8x 10-4 deg-1 (AgCl) 
(2.3) 


In fact, the problem is so complicated that 
such a simple estimation gives no definite 
conclusion. However, it is evident that the 
explanation of melting on the basis of the 
conventional lattice vibration mechanism is 
not convenient to interpret such differences 
between NaCl and AgCl crystals. 

In the next place, we consider the lattice 
defect mechanism. For this purpose, we 
compare the data in Table I again. In Table 
I E is the activation energy for ionic con- 
duction, and W, is the formation energy of 
a pair of the Schottky or Frenkel defects, 
they are connected by a relation; 


Wo 
2 


where U is the activation energy of migration. 
Although the values of Wy) and U are not 
well known separately, the experiment of 
Etzel and Maurer® for NaCl gives the value 
of Wy as 2.02ev. On the other hand, any 
conclusive experiment is absent for AgCl, 
though Koch and Wagner” reported that the 
value of Wy) was about 1.08 ev and Brecken- 
ridge 1.2ev, which are appreciably smaller 
than that of NaCl. In NaCl the Schottky 
defects may predominate, and in AgCl the 
Frenkel defects may do so. The reason 
for the smallness of the formation energy 
of the Frenkel defects in AgCl may be as 
follows: (1) Strong van der Waals force 
between Ag* ions diminishes the formation 
energy about lev, that is, when the Agt 
ions are at the normal sites, the distance 
between neighbouring Ag+ ions is / 2a@ and 
the van der Waals force is not so effective, 
but if one of the Ag* ions enters into 
an interstitiai site, the distance becomes 
(V/ 3 /2)a and the energy becomes (21/2 /1/3) 
~19 times larger. (2) « is larger in AgCl, 
and the polarization energy diminishes the 
formation energy. In other words, for small 


Bae (2.4) 
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displacements of ions about the equilibrium 
position the larger energy is necessary i 
AgCl, but for larger displacements such as 
defects the circumstances are not the same. 

Generally speaking, there is a paralle 
tendency between E and Tm. . These fact 
seem to support the assumption that ioni 
crystals melt when the concentration of 
defects reaches a certain amount. 


§3 Interaction Between Defects 


The concentration of defects in the state of 
equilibrium is given by 


f =c exp (—W,/2RkT), (3. 


where f is the fractional density of defects, , 
W, is the formation energy of a pair of] 
defects at 0°K, and c is a factor of the order’ 
of 10~100. If we give the values 2.1 ev and) 
1.2 ev for Wy of NaCl and AgCl respectively, 
and 30 for c, then we have the values of Fy 
at the melting point to be about 3x10-‘ and 
2x10-3 respectively. These values may be. 
too small to cause a large change such as_ 
melting. Moreover we can not understamall 
why the mere increase of the number of 
defects leads to the discontinuous change at 
the melting point. 
The defects interact each other with the 
potential --e?/k7, r being the distance between 
defects. This interaction causes such a 
tendency that a defect is surrounded by a 
cloud with the charge of the opposite sign, 
as an ion in a strong electrolytic solution. It} 
causes an apparent decrease of the formation © 
energy, and this effect becomes appreciable - 
at high temperatures. If we take into account 
this effect according to the Debye-Hiickel’s@D 
theory, the equilibrium condition without the 
interaction, 


W+2kT In f =0 (3.2) 
is replaced by 
W+2kT! pee ale 2=0 
+2kT In f 21H ae f 
(3.3) 


where W is the formation free energy per 


pair of defects, and if we assume that 
W=W,-—B6T , (3.4) 
we have 
G=ex 


8/2k). (3.5) 
We can see from Eq. (3.3), that the ex- 
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}stence of the third term works to increase f, 


Jind causes a sort of phase transition. To see 


his more clearly, we transform Eq. (3.3) into 


e? 
me “Ve (Ar) see = wns. 


(3.6) 


Fig. 1. The both hand sides of Eq. (3.6) for NaCl. 


The results of numerical calculations for the 
case of NaCl are shown in Fig. 1, in which the 
full lines denote the left hand side of Eq. 
(3.6), the dotted lines are the right hand side 
and the broken lines are the left hand side 
without the second term, at several tempe- 
ratures. We used the values W)=2.lev and 
c=30. The points of intersection are the 
equilibrium concentrations at each tempera- 
ture. From this figure, we can see that 
there is no solution above a certain critical 
temperature T,, and this temperature is about 
1000°K for NaCl, nearly equal to the melting 
point 1073°K. The values of W) and ¢ have 
some ambiguities, but the change of Ty, is 
not so large with the change of W, or c 
over a reasonable range. For instance, if the 
values W,=2.02 ev and c=5.4 are used ac- 
cording to Etzel and Maurer,“ JT, becomes 
1170°K. 

We must notice here that the true transi- 
tion temperature should not be J, but be 
somewhat lower temperature, where the free 
energies of two phases are equal. Since we 
do not know about the other phase, it is 
impossible to calculate this temperature. We 
expect, however, that this true transition 
temperature may be nearly equal to Ty. 
Although it is not certain if such a transition 
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exist really and corresponds to the melting, 
several experimental evidences, which are 
discussed in the next section, lead us to such 
a conclusion. 


§ 4. Comparisons with Experiments 
(1) The melting point and the formation 
energy of defects 


If we denote the left hand side of Eq. (3.3) 
by F(f, T), then T, is given by the equations 


Ff, T.)=0 (4.1) 
and 
OF (f, T) a 
[ af ea (4.2) 
that is 
W(L.)=2kT}in fa Seat ) +21 (4.3) 
and 
2 Wer! 4 (cakT, 
fo=c exp — a exp (—2) =(- a 


=exp(—2)f(Te) , 


where f- is the fractional density of defects 
which is extrapolated to TZ, from the values 
at lower temperatures. We calculate f, or 
W, from Eqs. (4.3) and (4.4) under the ex- 
pectation that T;,=Tm, instead of solving TJ, 
from Eq. (4.3). This procedure is rather con- 
venient, because the values of Wp ) are not 


(4.4) 


Table II. The values of fe and Wp. 

| ~f,(10-4) Wi(ev) 
Crystal | Tn(°K) -— 

| | ea ) | (Exp. Di We ) | exp.) 
LiF 129 | 3.8 |5.209 | 2.2 | 2.70% 
NaF 1259 | 2.0 2.5 

8) 

Nach 4) 107321 71.8 1a 2.2 | 2.0208) 
NaBr | 1018 | 2.2 2.0 
KCI FO | 1.3 ).0,7009) IM a 
KBr 1002 | 1.5 2.1 
RbCl 989 | 1.6 | 2.0 
RbBr 955 Y HL.6 | 1.9 
AgCl 723 | 5.7 1.2 (@=4k) 
AgBr 605 lane 1.1 (@=4k) 
MgO 3070 | 1.5 | 6.3 | 
CaO 2850 | 3.0 88 
SrO 2700 | 4.5 5.0 


* This value may be rather f(7',) than fo. 
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known in most substances. The calculated 
and observed values of Wy) and f, are listed 
in Table II for several substances, where 
we put in general B=6k, or c=20 arbitrarily 
except for silver halides. We used the values 
of « and @ at room temperature. These 
calculated values have only approximate 
meaning, because the Debye-Hiickel’s theory 
may not be valid at high concentrations near 
T.. Neverthless the agreement is satisfactory 
when the experimental values are available. 
The calculated values are also reasonable even 
when the experimental value is not available. 
It is to be noted that the values of f¢ are 
always of the order of 10-* in alkali halides 
and of 10-3 in silver halides. 

The KCI-KBr system has the lowest melt- 
ing point for the composition containing about 
75 mole per cent KBr, where the ionic con- 
ductivity of the mixed crystals has the 
highest value’. The explanation for this 
fact is very easy from our view point. 

According to Eq. (4.4) the real concentra- 
tion at J; is about seven times larger than 
the value extrapolated from the low tempera- 
tures. As mentioned in § 3, however, the 
real transition temperature is somewhat lower 
than T,. Therefore we may expect that the 
difference is not so large as predicted by Eq. 
(4.4), 


Fig. 2. 


In f vs. T for NaCl. 


In Fig. 2, f is plotted as a function of T 
for NaCl. Due to the interaction between 
defects, the relation of In f vs. 1/T is no 
longer linear. Such a behaviour has not 
been observed in most experiments on the 
ionic conductivity except for a few cases. 
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Although the reason of this discrepancy is” 
not clear, this may be explained partley by 
the fact that the melting point is lower than 
T. and the curvature of In f vs. 1/T 7 


— 
ES 


is rather small. 


(2) Latent heat and volume change at 

melting 

According to our theory, the melting of 
ionic crystals is to be explained by the 
abrupt increase of defects, and this abrupt — 
increase may be the main structural change | 
at melting. If this is true, the latent heat is 
to be close to the energy necessary to increase 
the defects. 

When the concentration of defects is large, 
we estimate the interaction energy between 
defects by —(aye?/ka)f'/*?, which is the in- 
teraction energy between defects in cubic 
array, where ay, is the Madelung constant. 
Thus the energy necessary to increase the 


Sg ET EP ee 


concentration from fs to f: (the concentration — 
of defects in solid and liquid respectively) is k 
Gi a 
be arimaaiat id 

= Wo fi— fa) — 2 8 (Foss fs) | 

4 Ka 


(4.5) 
Because fi >/s, we neglect fs, and in virtue 
of the above discussion, we put 


Tn ~Wofh- (4.6) 


4 
where Zm is the latent heat of melting. 

On the other hand, if the volume change at 
melting is mainly due to defects, and the 
defects are predominantly Schottky defects, 
fi; may be nearly equal to the fraction of the 
volume change 4V/V. Hence we have 


AY 3 ane? AV 4/3 
Lin & W a —_ ‘a SS 
(7) 4 aaa me 


In Table III the values of 4V/V and Zm 
are listed, the data of the density and the 
latent heat are taken from “International 
Critical Tables”. Since the density of solids 
at melting point is not known, we are 
obliged to use the extrapolated values from 
the room temperature. NaCl is the exception, 
for which the thermal expansion coefficient 
up to the melting point has been measured.” 
Although the walues of 4V/V and W, are 
not accurate and the formula (4.7) is only ap- 


proximate, the agreement between theoretical 
and experimental values of the latent heat 
is comparatively good, especially for alkali 
halides. And the difference may be still more 
reduced, if we consider that the true interaction 
energy is less (algebraically) than the estimated 
value in Eq. (4.5). The agreement is less satis- 
factory for silver halides, where the calculat- 
ed values are smaller than the experimental 
values. This may be explained as follows; 
in alkali halides the Schottky defects pre- 
‘dominate, and it is a good approximation to 
take fi=4AV/V, but in silver halides the 
‘Frenkel defects may be dominant, so that 
fi >AV/V and the calculated latent heats 
become too small. As we see in Table III, 


Table III. The latent heats. 


| Dm(ev) 
merystal | Vz/Ver:| Ver/Ve Aviv | eS sa 
| | | Cal.) (Exp.) 
LiF | 1.47 | (0.9) |(0.33)| 2.7 |(0.66)| 
NaF 1.45 | (0.87) |(0.26)|(2.5) |(0.43)|0.34 
NaCl 1.40 | 0.88 | 0.23 | 2.02] 0.30 /0.31 
NaBr 1.37 | 0.90 | 0.24 |(2.0) | 0.32 | 
KF 1.34 | (0.89) |(0.19)|(2.2) |(0.30)|0.27 
KCl $311990: 90") 017°) 2.4 -|10:29° 1014 
KBr 1.30 | 0.89 | 0.16 |(2.1) |(0.22) 
RbCl 1.33 | 0.91. | 0.21 |(2.0) |(0.27)|0.20 
AgCl 1.14 |<0.96 |<0.09) 1.1 |<0.08 He 
AgBr 1.17 |<0.96 |<0.11/(1.1) |<0.09/0.10 


V,: the molar volume of liquids at melting point. 

Vs: the molar volume of solids at melting point. 

Vs’: the molar volume of solids at room tem- 
perature. 

Wo: experimental values if available, otherwise 
calculated values in Table II. In the latter 
case, we show them enclosing. 


the values of 4V/V are about 20% in alkali 
halides but less than 10% in silver halides, 
this fact is consistent with the view that the 
former melts by the defects of Schottky type 
and the latter by the Frenkel type. 

It is interesting to see that, generally the 
value of 4V/V in alkali halides is very large 
compared with that in the other types of 
solids, for instance, in alkali metals 2~3%, 
in noble metals 4~5% and in molecular 
crystals 5~10%. This seems to suggest that 
the mechanism of melting appreciably differs 
in the ionic crystals from the other crystals. 
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Especially in alkali metals the defects will 
play no role because of the lack of such a 
strong interaction between defects as in ionic 
crystals. 


(3) Viscosity and electrical conductivity in 

ionic liquids 

Since ionic liquids contain a great amount 
of defects, very frequent migrations of ions 
are expected through or by these defects, and 
these will cause the fluidity and the high 
electrical conductivity of ionic liquids. First, 
we consider the viscosity on this line. 

In most ionic crystals, positive ions are 
more mobile than negative ions, so that the 
fluidity of ionic liquids will be limited by the 
mobility of negative ions. In ionic liquids, 
the concentration of defects f, is near to 0.2, 
and an ion or a defect is surrounded by 
6f(=1) vacancies in average. Therefore, 
the migration of the negative ions in liquids 
will be similar to that of the pair vacancies 
in solids, rather than that of single vacancies, 
because the activation energy of migration is 
far smaller in the former. 

Then the jump frequency of a negative ion 
to any one of the like neighbours will be 


2f 2vz-exp(—Q_/kT) , =e SB) 


where z is the number of like nearest sites, 
12 for NaCl type crystals, fz of them are 
vacant, 2f is the probability that the jump 
to a like nearest vacant site is of the pair 
vacancy type and Q- is the activation energy 
of migration, which will be more or less 
smaller than that of pair vacancy in solids. 
Here we neglected the complicated correla- 
tions between vacancies. Hence the diffusion 
constant of a negative ion is 


D=8y f 2a? exp (—Q_/kT) , (4.9) 


and the mobility » is 

tes! DE OA Net 

ema ie 

The simplest but somewhat doubtful way to 
connect this “ with the viscosity 7 is as 
follows. We regard the motion of a nega- 
tive ion under an external force F as the 
motion of a macroscopic ball of radius FR in 
a viscous fluid, and use the Stokes’ law 


exp (—Q_/kT). (4.10) 


F=62Ryv=— (4.11) 


Thus we have 
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kT 


gon (4.12) 
487 f?*v Ra? 


2 


exp( ir) ; 


If we take the values, T~1000°K, »~3x 
10! sec-1, a8 < 10-2 cm, R&E2Zx104 cm and 
f=~0.2, we obtain 


9~4.3 x 10-4 exp [on (poises) . (4.13) 


On the other hand, the experimental values 
of y are fitted by a formula 


Qn 

==) exp( ~~), 4.14 

7=7No p( RT ( ) 
Table IV. The values of 7 and Q». 
Liquid _70(10-“ poises.) Q,(ev) 
NaCl | 2.11 0.40 
NaBr 2.85 0.35 
KCl | 4.29 0.33 
KBr | 2.92 0.35 


and the values of 7) and Q, are tabulated in 
Table IV}. The values of wy) are in rather 
good agreement with the calculated values in 
the order of magnitude. We expect that Q, 
is nearly equal to the activation energy of 
the pair vacancy and somewhat smaller than 
that in solids. For KCl, this energy is 
calculated by Dienes,’ and his result gives 
0.375 ev, which is in good accord with Q,. 
The values of Q, for other liquids are also 
reasonable on this view. Although our estima- 
tion is very crude, the qualitative feature 
may be correct. 

In the above discussion, we neglected the 
temperature dependence of the former factor 
of Eq. (4.12), especially of f, but we can 
expect that this factor may have little tem- 
perature dependence, i.e. 


din 7 Qe= 


Es dinv d\n f 
pid ORT 


Cin ee rae 
(4.15) 
The last two terms may be estimated as 
follows. The thermal expansion coefficient of 
liquids is about 3x10-‘deg.-!, this may be 
divided approximately into two parts, that is, 
the part due to the increase of the vacancies 
ay, and that due to the increase of the lattice 
constant a, which is the origin of the thermal 
expansion in solids. The value of a in 
solids is about 1x10-‘deg-! at room tempe- 
rature and 2x10-* deg-! near the melting 


jee 
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. point. | 
liquids, @ may be at most 1x10~‘deg~? and 
On the other hand, 


i} 
(Vol. 12, 


As we expect that a is larger in 


din f/dP oe sxlodess: 


— GRY wag T= +0.5, 
so that the sum of the last three terms is 
about +0.5, which is much smaller than 
Q_/kT (about 4~5). 

In the next place, let us consider the ionic 
conductivity of liquids. It is mainly determin- 
ed by the mobility of positive ions in most 
ionic liquids. 
we can derive 


pias 4ey f? 
ae 


(4.16) 


exp (- os as 


Inserting the same numerical values as (4.13), 


eM erreces © 


oe 3) exp(— RT 


In the same manner as above, — 


or 


(4.17) | 


(4.18) © 


eee 


The experimental values are fitted by a 


formula 


(4.19) 


and the data are tabulated in Table V. In 
this case Q. is small, so that the temperature 


Table V. The values of op and Qc. 


Liquid | a9(2-1em-}) Qo(ev) 
NaCl | RS 0.10 
NaBr | 10.0 0.08 
Nal | (230) (0.27) 
KF | 201 0.32 
KCl | 28.4 0.18 
KBr | 11.9 0.13 
KI | 10.1 0.13 
RbCl | 11.6 0.14 


The experimental values are taken from “ Inter- 
national Critical Tables”. 


dependence of the former factor can not be 
neglected and the meaning of Q, becomes 
somewhat obscure. However, as the general 
tendency of Q., it is reasonable that in the 
case of larger negative ion or smaller positive 
ion Qs is smaller. The values of o) are also 
acceptable. 


§ 5. Discussions and Conclusions 


At the beginning of the above discussions, 
we have assumed that the melting of ionic 


957) 


rystals is due to defects, and the interaction 
etween them is essential. We took the 
nteraction into account by the Debye-Hiickel’s 
cheory. At the high concentrations near Ty, 
1wowever, the Debye-Hiickel’s theory is no 
onger correct. 

_ According to the second approximation 
of the Debye-Hiickel’s theory’, the third 
term of Eq. (3.3) is reduced by a factor 


{ 1ty/ _ Ane f- ah where d is the closest 
( kkTa® : 


distance of approach between defects theo- 
retically, that is, in our case a for NaCl 
type crystals. If we consider d as an ad- 
justable parametre, the theory agrees well with 
experiments in the case of electrolytic solu- 
tions, but d becomes generally very small and 
even negative. Then we should not expect 
) that the inclusion of d with the real value a 
would give a better approximation than the 
calculation by means of Eq. (3.3). For the 
case of the high concentrations near ZJ,, all 
the theory can not be reliable quantitatively. 

Neverthless, it has some meanings to cal- 
culate the equilibrium conditions according to 
the second approximation of the Debye- 
Hiickel’s theory for several values of d. 
The results for NaCl at 1000°K and 1100°K 
are in Fig. 3 and Fig. 4. The meanings of 
the figures are same as in Fig. 1. Roughly 
speaking, for d<0.5a@ the transition can 
occur. 


af 
. ~ - 
Tere 10° nex lO! 


Fig. 3. NaCl 1000°K. 


An electrolytic solution with «=5.6, T= 
1073°K and Z=1 corresponds to a solution 
with the same concentration and «= 80, 
T=300°K, Z=2. On the other hand, the 
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aqueous solution of bivalence ions obeys the 
Debye-Hiickel’s theory up to considerable con- 
centrations (above 0.1 mol./lit., which cor- 
responds to f/~3x10-3 in our case, and « of 
water at 300°K is 78), so long as we consider 


ror 


hOv 
Fig. 4. NaCl 1100°K. 


d as an adjustable parametre, and the values 
of d are very much smaller than the real 
values generally. Then we may expect a 
similar trend for the defects in ionic crystals. 

Although the theory contains several dif- 
ficulties, it may be true that the apparent 
formation energy of defects decreases ap- 
preciably owing to the interaction between 
them, when f becomes of the order of 10-‘, 
and that f approaches this value near the 
melting point. Then the defects may play an 
important role in melting, though we may 
not deny the role of the lattice vibrations. 
And on this assumption, we can explain many 
facts, which can not be explained by the 
lattice vibration mechanism, at least qualita- 
tively. | 

The author wishes to express his sincere 
thanks to Professor J. Yamashita for his 
helpful discussions. 
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Rotational Lrttice Vibration in Complex Crystals* | 


Part I. Vicrational Modes and Specific Heat 


Sumitada ASANO and Yasuo TOMISHIMA 
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(Received January 12, 1957) 


In complex crystals which contain groups of atoms bonded strongly 
with each other such as anionic radicals, complex ions and hydrated 
cations, low-frequency rotational vibrations of these groups of atoms 
may ,be expected to exist in addition to low-frequency translational vib- 
rations, aS in the case of ideal molecular crystals. By using an one- 
dimensional lattice, the modes of these vibrations are analysed. According 
to the results obtained, we may conclude that new additional modes 
appear, which is related to the rotational vibrations of the groups of 
atoms, and they may be classified, in general, into the optical and acous- 
tical branches just as in the case of the translational vibrations. In 
addition, the effects of the introduction of these new modes upon the 
specific heat at low temperatures are investigated, by using the results 
of the analysis for the one-dimensional lattice. 


$1. Introduction 


In molecular crystals, in which the intra- 
molecular forces are much stronger than the 
intermolecular forces, there may be a set of 
3.N modes (NV: total number of molecules) 
of low-frequency tortional vibrations as well 
as 3N modes of low-frequency translational 
vibrations». On the other hand, in complex 
crystals**, such as sulphates and phosphates 


etc., the ions constituting the radicals [SO,]?- 
and [PO,]*- may be considered as strongly ' 
bonded with each other, compared with the 
forces binding the radical groups with each 
other and that binding the radical group and 
the partner cation». This is evidenced, to 
some extent, by several experimental facts: 
For example, the peak wave-length in vibra- 
tion spectra of most of the isolated radicals 
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The results given in this paper were presented in part at the Tokyo Sectional Meeting “of ‘the 


A complex crystal means here broadly a crystal containing groups of atoms (or ions) which are 


bonded with each other more tightly than with the lattice, such as anionic radicals, complex ions and 
hydrated cations (aquo-cations), whereas a simple crystal means an‘ordinary one consisting of single 


atoms (or ions). 
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are of the order of several microns®), whereas 
che Reststrahlen wave-lengths of usual crys- 
tals are of the order of several tens microns. 
The absorption maxima characteristic to the 
nternal vibrations of a particular radical in 
various types of complex crystals are nearly 
constant and are hardly affected by the binding 

They often per- 


with cations in the lattice. 
sist even in solution®. These complex crystals 
ire dissociated into radicals and cations when 
they are dissolved in suitable solvents. The 
size of one particular radical is nearly constant 
segardless of the kind of the partner cation”. 
Therefore, the radical in such a complex 
crystal may suffer a _ rotational vibration 
iround the equilibrium orientation except at 
1 high temperature, besides a_ translational 
notion as a whole. (cf. Fig. 1) At a high 
‘emperature the radical may wander from one 
squilibrium orientation to another one passing 
through a potential barrier, when the coordi- 
jation of the ions in the radical has a central 


symmetry. 


OROR 
OX 


Fig. 1. A packing drawing of the atoms in a 

~ monoclinic unit cell of LigSOs crystal. The small 
hatched spheres are the lithium ions, the large 
spheres the oxygen ions; sulphur ions are hidden 
at the centers of the tetrahedra of their sur- 
rounding oxygen ions. Further, among the ions 
belonging to this unit cell two lithium ions and 
two oxygen ions are not seen also behind the 
oxygen ions. They are shown by the spheres 
with dotted outlines. The sizes of the spheres 
are proportional to the ionic radii®. 


In this part the vibrational modes in one- 
jimensional complex lattice are analysed and 
‘urthermore the deviation of its specific heat 
it low temperatures from that of the Debye 
nodel is discussed by making use of the re- 
sults of the analysis. 


-2. Rigid Rotor Model 


For the sake of simplicity the following 
sSsumptions are made: 


(1) The radical is regarded as a rigid 
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rotor. Hence the additional high-frequency 
vibrational modes, i. e. the modes of internal 
vibrations which may be excited within the 
radical are ignored. The translational vibra- 
tion of the radical as a whole may be separat- 
ed from the rotational vibration and regarded 
as concerning with ordinary translational 
phonons, as stated later. 

(2) Each ion constituting a radical is re- 
garded as a point charge with the atomic 
mass, and furthermore the coordination of the 
ions in a radical has a central symmetry 
around the central ion such as tetrahedral or 
octahedral one. 

(3) The motion of a radical consists of 
the translational motion and the rotational one 
around its center of mass. The radical at the 
equilibrium orientation may be brought into 
an arbitrary one by a single rotation, and if 
the angle @ of this rotation is small (to the 
extent that the square of @ is negligible for 
unity), we can define a vector 6 called angular 
displacement, which has the magnitude equal 
to 0 and the direction pararell to the axis of 
rotation, satisfying the right-winding screw 
relation. The @ determines the orientation of 


the radical uniquely and @ is identical with 
the angular velocity of the radical. 

The effective potential energy @ of the con- 
stituents i. e. the radicals and the cations of 
the crystal is given by 

O=O(ualk), On(R)) , (2.1) 
where wa(k)(@=1, 2,3) is the component of 
the Cartesian displacement of the center of 
mass of the kth constituent (R=1, 2,---, 2) 
referring to its equilibrium position and 6,(k) 
(p=1, 2,3) is the component of the angular 
displacement of the kth constituent. When 
the kth constituent is a cation, 0,(R) should be 
omitted in (2.1), since the cation is regarded 
as a point charge. Let us introduce the no- 
tation 

Ok) =(00/0ua(R))o, 0 ,(k)=(00/00,(R))o 
Dap kk’ )=(0?0/Oualk)Oug(R’))o , 
Dap RR’ )=(0?O/Orta(R)OO »(R’))o ; (2.2) 
and 
OD na(RR’)=(0?O/08 »(R)OOa(R’))o , 
where the index 0 signifies the configuration 
Ua(k) s=0, O,(k)’s=0. 
Then 


O.(k)=90(k)=0 . (2.3) 
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So we may write 


o-1 | SY Dap hh’ utah) up(R’) 
2 k, k’ @,B° 
+S Oap(RR a(R) (RP) 
a@yp 
+ 3 Ol RI) By 00(R) | (2.4) 
p,q 
We introduce the notations 
if 5 
ee Dup(kk) , 
Dug RR’) = eT a(kR) 
es 1 : 
Deay( RR = ( ly)? Day( RR’) ; 
1 
PN = Oa (Rae 25 
Dy RR’) pl)? pa(RR’) (289) 


and 
Odk)= My Utalk) , 
op(k)=Te0,(R) , 
where 7 and J, are the mass and the mo- 
ment of inertia of the kth constituent respec- 
tively. 
From the assumption (3) it may be deduced 
that the variable defined by 


L(k)=1,0(k) (2.6) 
is canonically conjugate to 6(k), and then 
Lyk), and 0,(k) satisfy the commutation re- 
lations quite similar to those which are satis- 
fied by the components of the linear momentum 
and coordinate conjugate to one another. 
Therefore, ZL(k) may be replaced with the 
differential operator 


L,(k)=—tho/06,(k) . (2.7) 
Furthermore, the rotational kinetic energy of 
the kth radical may be written in the form 

(L(k))?/2Iy, « (2.8) 

If wa(k)’s and w,(k)’s are rewritten by the 
notations wa-(k)’s with the newly labeled in- 
dices ,@/s.swhich aré, l¢2.3 08. 12a 6 
according as the kth constituent being a cation 
or a radical, and similarly Dag(k,k’), Dun(R, k’) 
and Dyk, k’) by Durs-(k,k), then the kinetic 
and potential energies T and @ for the motion 
of the constituents can be written as follows: 


= ESP®), 
k a 


iL 
O= > XD Darp(RR \oa(k)op(k), (2.9) 


2 kk! a, B/ 


where 


: 
Pa(k)=—th 0/Owa’ (kr) . 
By introducing the normal coordinates qs 


which are given by the appropriate linear 
combinations of wa(R)’s, we obtain the usual 


expressions”? 
1 
ee | 
weal 1, Danae (2.109) 
ae 
where | 
P;=—th 0/0q; , 


and the Hamiltonian of the system is given) 
by ¢ 
He T+0=— S Pi+0;4,"). 2.11) 
Thus the energy of the lattice vibrations inh 
cluding the rotational energy) may be quantized | 
as so-called phonons. , 


§3. One-dimensional Complex Lattice . 


In order to clarify the aspects of the rota-- 
tional vibration of the radicals, we investigate» 
the simplest model i. e. a chain of two diffe. - 
rent types of constituents occupying alternate? 
sites, one is a sphere with finite radius a 
mass M and moment of inertia J, and the: 
other a point particle with mass ». The: 
former corresponds to the radical and thel 
latter to the partner cation. (cf. Fig. 2) If. 


<-- So > 


Fig. 2. One-dimensional complex lattice. 


we consider only the transverse vibration of 
the chain, the displacement of each constituent 
may be refered to one transverse direction 
and the axis of rotation of each sphere may 
be taken as perpendicular to its displacement 
and the chain. 

We assume two kinds of potential functions 


between nearest-neighbours in the /th unit 
cell | 


¢\(00))=$\(V (ut: uy’)? +-(s/2)? as 
ba PO') = $(V (au uP? ) . (3.1) 
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[he meanings of the notations in (3.1) are o{(1+o)a—B(B+<)} 
Illustrated in Fig. 2. Then the forces acting [1 a (1 -+0)%4( ei eto i 


m the sphere from the adjacent particle are 
tiven by —0¢,/Ou, and —0¢./0u,’’; the former B 
‘epresents a central force acting on the radical = [z]yx» =2- g 
ind the latter a non-central one. When a, u’’ a 
ind w’<s/2 and s/2—d’, and @; is small, E 2 a(a—B) 4 

mae lie camila oie lie wee? 
a —0¢,/0u= —c,(u—Uu,/') , (3.7c) 

~ 062/00!" =—ex(tu+d'O—wi’), (3.2) Where 
l'=o(1—B)+(B-a)(1 = 2 

where c; and c, are the force constants for a Nl ag SS 
he central and noncentral forces given by a) 
1=$1'(5/2)/(5/2) , = 0’ ((s/2)—d’)|((s/2)—a’) . The first two branches, (3.7a and b), corres- 
| pond to the usual acoustical and _ optical 
branches in translational mode which contains 
no rotational energy at y=0 (abbreviated as 


(3.7b) 


Phen the equations of motion of the consti- 
tuents in the /th cell are written as 


— Mw=(o, +02)’ —m)—-(m—m_1)] , TA- and TO-branches respectively), whereas 
! muti’ =(€,+62)| (tr+41—U’)— (ur! — Mm) | in the last one (3.7c) the rotational energy oc- 
ated Br deO2)% cupies, in general, the large portion of the 


total mechanical energy and the frequency 


Tali “a Meco vo) 2 (3.3) depends less strongly upon wave-number, as 
By the following special substitutions stated later, therefore we will call this the 
u=U optical branch in the rotational mode (abbre- 
| ut =u'\ x exp (2riyl—iot) , (3.4) viated as RO-branch). When ¢,=0, the TA- 
branch disappears and when c,=0,_ the 
1=0 RO-branch does not exist. 

3.3) is reduced to At short wave-length limit: y=1/2 (3.6) can 

[Mor 2c,+e,)e+(c.+e.(1 te)’ =0, be solved simply as 


(e, +e,)(1+ e?*)u + [Mo?—2(c,+c.) |’ 
+o,d/(1—ev)9=0 , 
Cd (1—e-2*)y’ + [Tw?—2e.d’7|0=0 . 
(3.5) 


*#rom (3.5) we obtain the secular equation to 
jetermine w 


B=0-8, =03 _ 


{a?—2(1+oa)a+4a sin?ny}( x an) 
Be sin? ry=0% 10 B.6) 
a 


—A(x—20) 


Frequency wW (arbitrary units) 


where 
2=(0/0)? , 07=(c,+¢2)/m 
B=o./(\+c:), o=m/M, a=I/Md? 


(3.6a) 
At long wave-length limit: y0 
, (1—B)o 
2 Figad sys aie ; : ; 4 05 
[r]-2 l+o oe 0.403 0201 0 O01 02 03 0 ns 
[1 ibid i , ¥ +O(y*) ] , (3.7a) Fig. 3. Variation of frequency with wave-number. 
(+o) Dotted curves: rotational optical mode. 


Chain curves: translational optical mode. 
Real curves: translational acoustical mode, 


[zlv20=2(1 +0) 
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[t]y-1/2=20 , (3.8a) 
and 
[2] ym1/2= Va [((@+0B)+V (a—oB)?+4B?ao] , 
(3.8b) 


which correspond to these three branches. 

We can solve (3.6) for given values of B, 
o,aand y. Fig. 3 shows the actual depen- 
dence of » upon y(wave-number = |y/s|,—1/2< 
y<1/2) for various sets of B,o anda. The 
values of w at y=0 in the TO- and RO-bran- 
ches are adjusted in such a way that they 
coincide with those in the case o=1, a=0.3, 
by multiplying an appropriate factor proper 
to each case. In general, the constancy of 
the frequency of the TO-branch a, is realized 
for small values of o, as in the case of the 
one-dimensional simple lattice (consisting of 
point particles), and that of the frequency of 
the RO-branch, w,, also for small values of @ 
and a~B. 


p= 
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In the model stated above, the rotational) 
vibration of a radical is mainly due to the} 
forces exerted by the adjacent cations. There-- 
fore, in the RO-branch where the rotational | 
vibrations of the radicals have the main contri- | 
bution in the lattice vibrations, their frequen-- 
cies are less dependent on whether the radicals: 
in adjacent unit cells vibrate with the a 
| 


or with the different phases, in other words 
on the wave-number y. 
From (3.5) we obtain 


~ = —(1+e-) hls at 2) , 
uU (3) 

FO _ _ Bea ws (« ee 2B) . 3. 
nu! : 


The real parts of (3.9) give the amplitude: 
ratios of the actual displacements in the lattice: 
vibration. Therefore, the ratio o of the rota-- 
tional energy to the total mechanical energy) 
is given, for each branch, by 


Fig. 4 shows the dependence of o upon y. 
We can conclude that the contribution of the 
rotational energy in the TA- and TO-branches 
are considerably smaller than that of the 


0.4 05 


Fig. 4. 
Chain curves: 
Dotted curves: 
Real curves: 

(GQ) B= ONS Rr =SONSe oO ee 


Dependence of 9 upon y. 
rotational optical mode. 
translational optical mode. 

translational acoustical mode. 


(2) UAB eaiic =n 0% 
(3) a 


aOR ia =O87, 


quar RRS Sere TY ¥ 2 OAM we 
AE Sioa (4 —2) +o+4aB? sin‘ zy (a re —2B) 


(3.103 } 


translational one, in particular, for a long: 
wave-length range, whereas in the RO-branch: 
the large portion of the mechanical energy is: 
contributed by the rotational motion of the: 
radicals except for the intermediate values of! 
a and o. Moreover o tends to increase with 
increasing wave-number in all branches. 
From (3.7b and c) we obtain 


‘ Tt oe 
[(@,/a+) nae 
Since BYa@ and o~1 in order of magnitude, 
O,~o, at y=0. According to the assumption 
(2) in §2, the moment of inertia J of the 
radical around the axis passing through its 
center of mass i. e. the central ion is inde- 
pendent of the orientation of the axis relative 
to the radical and given by 
l=M.R.d*, (3.12) 
where M, is the mass of a coordinated ion, d 
the distance between a coordinated ion and 
the central ion of the radical, k a numerical 
constant peculiar to the symmetry of the 
coordination in the radical, i. e. 8/3 or 4 res- 


pectively according as it being tetrahedral or 
octahedra], 


(3.11) 
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In identifying the sphere in our linear chain 
model with a real radical, we may put 
s, M=M,+2.M. 
and 
@=a; (3.13) 
where M, is the mass of the central ion of 
she radical and m, the coordination number. 
Putting (3.12) into last equation of (3.6a) and 
taking into account of (3.13), we obtain 

a=k,(ne+M,/M.)"}. (3.14) 

Its values are listed in Table I for some 
anionic radicals with tetrahedral and octahed- 
ral structures. 


Table I. 

Radical | Molecular weight a 
= (BF.P- 86.82 0.58 
im {SO,)2- 96.00 0.44 
Pr iCi0,)- 99.46 0.43 
[MnO,|- 118.94 0.36 
[PO,)- 94.98 0.31 
[Mo0,]2- 159.95 0.27 
[WO,]2- 247.92 0.17 
[SiF6]2- 407.97 0.53 
5 


[PtClg]2- 247.92 | 0.35 


Since «6 may be expected to be considerably 
small, unless the partner cation is an ex- 
tremely heavy metal, it would be reasonable, 
in general, to assume a small value of o and 
a for a real complex crystal. Hence the as- 
sumptions on the constancy of the frequency 
and on the concentration of the rotational 
energy in the RO-branch would be allowable. 


§4. Specific Heat at Low Temperatures 


In this section, we will treat again only the 
isotropic complex crystals consisting of point- 
like cations and rigid anionic radicals. Then 
we have no need to take into account of the 
RA-branch (accoustical branch in rotational 
mode), as stated in App. II. 

Blackman has used the linear chain model 
to discuss schematically the behaviors of the 
specific heat of simple crystals and shown its 
deviation from the Debye’s continuum appro- 
ximation®). Let us investigate now how af- 
fects the additional introduction of the 
rotational lattice-vibration the behavior of the 
specific heat at low temperatures, by using 
the results of the linear chain model calculat- 
ed in §3. Although there are 3(7—2) additio- 


Rotational Lattice Vibration in Complex Crystals 


351 


nal high-frequency modes of internal vibrations 
of each radical (7: the number of atoms in 
a radical), their contribution to the specific 
heat, which may be given by the sum of the 
Einstein functions, would be negligible at low 
temperatures. Therefore we may ignore these 
internal vibrations. 
For a finte chain of Z cells, there are 


Edy = 21 GP dy (4.1) 
vibrations in the frequency range (vy, y+dy) 
with respect to each one of the three branches, 
i. e. TA-, TO- and RO-branches; the factor 2 
in (4.1) takes account of the dual ranges for 
the y-value. 

Accordingly the heat capacity Cy at T°K is 
given by 


_ el /kT hy 


(2) (2), +(Qfo an 


where 2zvy=o and the suffixes appended to 
(dy/dv) correspond to the three branches. 

If we will apply Debye’s approximation to 
this case, the relation between the frequency 
and y is given by, (cf. (3.7a)) 


pe: 1/2 
vanv=0 G a) | Ue (4.3) 


In the case of ideal molecular crystals, whose 
one-dimensional analogue was treated in App. 
I, 6N continuum modes will appear (NV: the 
number of molecules), if we take into account 
the 3.N translational modes and 3 WN torsional 
modes. Load et al” have calculated the 
specific heat of crystalline benzene taking into 
account these 6.N modes and found that the 
observed molar heats are fitted by the single 
Debye function with @»=150°K even in fairly 
low temperatures. Since the RA-branch dis- 
appear in our case in which the cations are 
assumed to have infinitesimal size, the RO- 
branch have no corresponding continuum 
branch to be related with Debye’s approxima- 
tion. (cf. App. I and II) Accordingly we will 
determine the maximum frequency vp» by the 
following normalization condition. 


’D OFT Bee (eee 
al paral ea 


or 


=O) oat) es ce (4.4) 


2(1+0) 2 


oa) 


Then the heat capacity in the continuum ap- 
proximation is given by 


T \(®njr =&eé 
= a =____ q 
(Cy app a ( ae (e&—1) 6 
(4.5) 
where 
On=hyok . (4.6) 


Cy given in terms of (4.2) may be numeri- 
cally computed using the results in §3. 
(cf. Fig. 3) Therefore, if we simply equate 
the accurate expression (4.2) to the approximate 
one (4.5), we can calculate a value for @p for 
any particular T and then obtain the O»,—T 
curves for various sets of values of B,o and 
a, which are analogous to those in the Black- 
man’s computation». We expect that the 
values of 9» calculated in this way will agree 
exactly with (4.6) only for very small 7, and 
that for only this limiting case the Debye 
formula (4.5) is exact. These curves are 
actually shown in Fig. 5, in which the maxi- 
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(C) Continuum approximation 
In A-group B and a are constant and o variable, 
whereas in B-group B and o are constant and a 
variable. The curves (Al), (Bl) and (B2) have 
minima, whereas the curves (A2), (A3), (B3) and 
(B4) have not. 


mum frequency rf = . Vem ) corresponding 
7 

to the largest one, am, of the six roots of (3.6) 

at y=0 and 1/2, which are given by (3.7) and 

(3.8), is chosen in each case so_ that 
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hvm/k=200°K by adjusting the constant Q. 


Referring to Fig. 5, we note in para 


the following points: 

(1) @p is far from being independent of 
temperature and shows marked variations at 
low temperatures. 

(2) At high temperatures, Op tends to a 
fairly constant value proper to each case but 
it is considerably different from the low-tem- 


perature limit at T=0. That is, the specific | 
heat at high temperatures can be fairly repre > 


sented by means of the Debye formula with a 
suitably chosen value for the parameter @p. 


(3) 


three-dimensional crystals, is 


tangent at T=0. 


r 


— 


| 


The region for the linear law CyecT, 
which is the analogue of the T°-law in actuai _ 
extrememely _ 
narrow and only recognized as a horizonta! | 


(4) Curves (A1), (B1) and (B2) have minima, 


where @>» is stationary. Since the correspond- 
ing temperatures are sufficiently low compared 
with @», we have in the neighbourhood of the 
minimum spurious TJ*-variation quite unrelated 
to the real T*-region at T=0, as observed — 
always in real simple crystals. 

(5) The remaining curves have no minima, 


increase of T. 


| 
although the curves rapidly increase above the | 


low-temperature limit of Oy» at T=0 with | 


All the above features would be retained in — 


the real three-dimensional cases in somewhat 
less exaggerated way. 


$5. 

According to the above results we may 
assume that the frequency in the RO-branch 
is nearly independent on the wave-number and 
of order of magnitude comparable to the 
frequency of the Reststrahlen and that the 
mechanical energy of lattice vibration in this 
branch is considered as the rotational energy 
of the radicals approximately. A vibrational 
mode in RO-branch is characterized by the 
motion such that the rotational vibration of the 
radicals is much more conspicuous compared 
with the translational motions of the radicals 
and cations. 


Conclusions 


In the three-dimensional case, where a unit 
cell contains ” radicals and ” partner cations, 
3 x 3n=9n branches i. e. three TA- and 3(2n—1) 
TO-branches and 32 RO-branches will appear. 
w;'s in §2 miay be classified into these 9n 
branches. Therefore, the quantized energies 
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of the lattice vibration in complex crystals 
ay be classified as the TA-, TO- and RO- 
phonons. If the crystal structure of a complex 
crystal were an ideal one, the RO-phonons 
jwould be classified into transverse and longi- 
jtudinal ones, as in the case of the TA- and 
‘TO-phonons. 

_ When the binding forces between ions con- 
stituting a radical is not so strong that it is 
hardly regarded as a rigid rotor, then our 
model is not available. On the contrary, if 
the forces between radicals and cations and 
between different radicals are considerably 
weak and , has a value small enough to be 
‘treated as a free rotor, it would be irrelevant 
to take into account the rotational vibration, 
‘since such a low-frequency vibration will give 
only a constant contribution to the specific 
‘heat even in a relatively low temperature 
range owing to the validity of the equipartion 
law. However, w, would be expected to have 
a fairly large value, since the binding forces 
between radicals and cations and between dif- 
ferent radicals would be considered as too 
large in actual complex crystals to allow a 
nearly free rotation of the radicals, although 
they are much weaker than the intraradical 
forces. 

In the complex salt crystals, which contain 
tetrahedral or octahedral complex ions such 
as [MCl.]”- or [M(CN).]”- (M: metallic ion), 
the binding forces within these complex ions 
may be expected to be stronger than those 
with the lattice. Some crystals preferably 
take water of crystallization by forming the 
solid salts hydrates. The tendency of the 
hydration is comspicuous, in particular, for 
the metallic cation of small ionic radius and 
high ionic charge i.e. large polarizing power™. 
In the case such as BeSQ,-4H.O, NiSO,-7H,O 
and CrCl;-6H,O the water may be coordinated 
to the cation of the salt, not only in crystal- 
lographical sense, but to form a coordinated 
complex ion in the sense of Werner’s theory, 
and we have actually the salts of hydrated 
cations (aquo-cations) [Be(H:O),]SO., [Ni(H20)«] 
SO,H,O and [Cr(H.0).JCl;. In aquo-cations 
[Be(H,0),}?+, [Ni(H20).]?* and [Cr(H20)<]** the 
coordinated water molecules would be strongly 
polarized by the central metallic ion. Accord- 
ingly the present theory would be applicable 
not only to the complex crystal containing 
anionic radicals but also to those containing 
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complex ions or aquo-cations, if the binding 
forces within these complex ions and aquo- 
cations are considerably tight as in the case 
of anionic radicals. Only in the ideal complex 
crystals, whose unit cell consists of » rigid 
anionic radicals and # rigid aquo-cations, the 
three RA-branch of the lattice vibrations will 
appear. (cf. App. II) 

The features on the 9y-T relation (except 
the item (5)), stated in § 4, are quite analogous 
to those in the case of simple ionic crystals, 
where the rotational mode is not necessary to 
be taken into account. As the striking diffe- 
rence caused by introducing the rotational 
modes we may mention that the @»-T curve 
has no minimum occasionally at an _ inter- 
mediate temperature, even when the curve 
rises towards higher temperatures beyond the 
@» value at T=0. (cf. curves (A2), (A3), (B3) 
and (B4) in Fig. 5) The @Op-T curve of a 
simple ionic crystals, in such a case, always 
has a minimum, although the minimum lies 
very close to T=0 and its existence may be 
not marked in some cases!). 

This is due to the fact that the factor 7’ in 
the coefficient of the second terms in (3.7a) 
may take a positive value for appropriate 
values of the three parameters B,o and a, 
whereas the corresponding coefficient in the 
case of a one-dimensional simple lattice is 
always negative. Referring to Fig. 5 and 
(3.7a), a positive coefficient occurs for small 
values of o and a. Accordingly we could 
infer that in some actual complex crystals the 
@,-T curve has no minimum and that they 
do not have the spurious T*-region in the 
temperature dependence of the specific heat. 

Unfortunately we cannot find suitable ex: 
perimental data on the specific heats of com- 
plex crystals at low temperatures which are 
to be compared with the present theoretical 
conclusion. If the measurement. is made ac- 
curately for complex crystals in the future, a 
clew for the problem mentioned above may be 
given. 

In conclusion, the authors express their 
sincere thanks to Professor K. Umeda who 
read the manuscript and gave them valuable 


advices. 


Appendix I. 


Vibrational Modes in One-dimensional 
Lattice Consisting of Spheres of One Kind. 
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For the lattice consisting of spheres of one 
kind with finite radius d, mass M and moment 
of inertia 7, the secular equation to determine 
the frequency as a function of the wave-num- 
ber is given by 

ae*—4(B cos*zy +a sin?y)x 

+16 BU—B) cos*zy sin’zy=0, (A-1) 
where 

2=(0/Q)?, 02=(c,+¢2)/M , 

a=I/Md?, B=c,/(Ci+¢c2) . 
Then two branches appear, namely TA-branch 
and RA-branch (that is, accoustical branch in 
rotational mode), whose frequencies depend 
upon y as shown in Fig. 6a. 


w (arbitrary units) 
w (arbitrary units) 


0.5 
(a) y 


Fig. 6a and b. Schematic diagrams of the w-—y 
relation. (—1/2<y<1/2) 


If we expand (w/Q)? at o~0, we have in 
the TA-branch 


(@/0)?74=4(1—B)n?y?+O(y*) — (A-2a) 
meeve pss). 
and in the RA-branch 
(w/O)*ra=4(1—B) Blayn(—v) 
1 4 
+0((4-¥)) near y=1/2. (A-2b) 


Appendix II. 


Vibrational Modes in One-dimensional 
Lattice Consisting of Spheres of Two Kinds. 

In the case of the lattice consisting of spheres 
of two kinds occupying alternate sites, whose 
radii, masses and moments of inertia are d, 
d’; M,M’; and IJ, I’ respectively, the secular 
equation is given by 


[~?—2(1+o)¢+4o sin*zy| 
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x [aa’2?—2B(a+ oa’)x+4B?o sin?zy] 
—[(e—20)(a’x—2B)+ (x—2)(ax—2Bo)] 
x4B?’o sin?’zy 


+16 Bto? sin2zy(sin?zy+2 cos*zy)=0 , 


where 
e=(0/0)?, OF=(c,+e,)/M’ , 
a=I/Ma , av=l/M'd", 
B=02/((:+¢2), o=M’/M. 
In this case four branches appear as shown} 
in Fig. 6b. Inthe TA- and RA-branches near 
y=0, w? can be expressed such as 


(0/Q)pat= “GP ary Oy!) (Ata) 
and 
2(1—B)Bo 
ce ee ee 4 
(@/Q)ra rhb Ppa Og 
(A-4b) | 
respectively. When a@’—.co, (A-3) coincides: 


with (3.6) and RA-branch disappears. 
4b)) This is the case treated in §3. 


(cf. (A 
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The electrical resistance and nitrogen sorption at liquid oxygen tem- 
perature were measured for barium films evaporated and heat-treated 


under various conditions. 
of the film were: 


The conditions which provided the properties 


1. Temperature of substrate during deposition, Ta, 

2. Temperature of substrate at annealing, 7,1, and 

3. Pressure of residual gas during deposition, Py. 

Comparing the temperature variation of electrical resistance with sorp- 
tion property for nitrogen, the authors reached the following conclusions: 

1. Granular structure plays an important role in resistance as well as 


in nitrogen sorption, 


2. The contribution of the imperfections included in each crystalline 
lattice is also remarkable at low temperature, but decays easily at 


higher temperature. 


Discussions are also given on the mechanism of nitrogen sorption 


on barium film. 


§1. Introduction 

The complexity of the physical properties 
of an evaporated metal film can be more or 
less attributed to its structure-sensitivity, 
which is easily affected by treatment condi- 
tions. From this point of view, relations be- 
tween factors during evaporation and the 
resulting film structure must be studied ac- 
curately, and the effects of the treatment 
conditions should be connected with the unified 
atomic model of the film construction. Recently, 
information on lattice imperfections has been 
markedly accumulated, so that the detailed 
results given here are able to be investigated 
systematically by the model of lattice imper- 
fections. 

Among the properties of evaporated barium 
film, the reaction with various gases» is most 
extensively investigated because of its practical 
application, and few is reported on the struc- 
ture and the resulting adsorption properties 
of the barium film. Reimann” was the first 
investigator who pointed out the large capacity 
of the gas-evaporated film for various gases. 
He attributed this excess capacity to the large 
surface area of “black” deposit. The same 
phenomenon was found by Ehrke and Slack” 
and later by Haase’. 

On the other hand, investigations of evapo- 
rated metal films by the measurement of elec- 


trical resistance have been often reported®-®. 
The resistance is known to be sensitive to the 
condition of evaporation and the subsequent 
treatment. To interpret this, ideas»! have 
been proposed that in an evaporated film dis- 
ordered parts contribute to the resistivity and 
the heat treatment diminishes such disorders. 

Furthermore, a number of studies by elec- 
tron diffraction!» and electron microscope!”)-!) 
show that evaporated metal films have a granu- 
lar structure with a variety of crystallines. 

The present series of studies were under- 
taken to illustrate the micro-structure of 
evaporated barium films produced and treated 
under various conditions. 


§2. Electrical Resistance of Evaporated 
Barium Film 
2.1. Experimental 


Test tubes used in this measurement are 
shown in Fig. 1, in which two platinum elec- 
trodes are enamelled on glass wall for resist- 
ance measurement. As a barium source com- 
mercial barium tube getter was used and 
directly heated by passing electric current. 
To secure the uniform thickness and size of 
the film, a nickel cylinder with a slot was 
mounted around the source. After thorough 
glass baking and outgassing of metal parts 
by the ordinary vacuum techniques, the system 
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was evacuated to 10-’mmHg and the evapora- 
tion was carried out under a prepared condi- 
tion and then evacuating to high vacuum 
again the bulb was sealed off. When neces- 
sary, another getter was evaporated previously 
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shield 


Fig. 1. Test tube for electrical resistance 
measurement. 


in order to maintain the high vacuum during 
measurement. The weight of the evaporated 
amount or the thickness of the film was kept 
almost the same from sample to sample. The 
electrical resistance was measured by a Wheat- 
stone bridge, where the power consumed in 
the film was below 10-* watts on the average. 
When the fast change must be followed, an 
electronic automatic recorder was also used. 
Temperature was varied by using the fol- 
lowing baths; liquid oxygen for —183°C, dry 
ice-propyl alchohol mixture connected to vacu- 
um pump for about —110°C, dry ice-toluene 
mixture from -—78°C to room temperature, 
transformer oil up to 100°C and small electric 
furnace for higher temperatures. When the 
temperature must be changed continuously, 
the rate of temperature change was controlled 
manually in the range 0.5~2 degrees/min. 


2.2. Results on 


Coe fficéent 

As will be introduced later, the resistance 
characteristics of an evaporated film are com- 
pletely reversible so long as the temperature 
is varied below the highest one ever experi- 
enced by the film. Moreover, so far as the 
films maintain metallic character (positive 
temperature coefficient), the resistance vs tem- 
perature curves show themselves almost paral- 
lel with each other. In Fig. 2 are shown 
curves for films of various histories, to say, 
with reduced resistance by stabilization or by 
recrystallization, or with increased resistance 
by slight aggregation. 

One can see that for this case a rule similar 


Reststance-Temperature 
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to the Mathiesen’s holds good irrespective of 
the histories, and that the properties of the 


film may be infered from the residual resist- 


ance. Moreover, from these curves we can 
obtain the temperature coefficient of resistance 


Resistance (ohms) 


—200 


-l0O O exe) 
Temperature 


200 300 
(°C) 
Fig. 2. Electrical resistance vs. temperature rela- 
tions for various films. 


for barium; a@=0.0035 is almost the same as 
the usual temperature coefficient of bulky 
barium metal. 


2.3. Recovery of Electrical Resistivity at 
Low Temperatures 
Barium films produced at low substrate 


temperature have large residual resistivity. 
However, when the film is brought to higher 
temperature, the excess resistivity decreases 
irreversibly. The rate of decrease increases 
at high temperature, and after long annealing 
near room temperature, the resistivity attains 
the lowest equilibrium value. We name this 
process as “stabilization” following Harris 
and his co-workars®. As will be proved later, 
this process is attributed to the disappearance 
of lattice imperfections, existing in the evapo- 
rated film. An example of this stabilization 
process is shown in Fig. 3, where the tem- 
perature is raised stepwisely. Up to above 
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room temperature these treatment is continued 
nd the resistance attains to its lowest value 
so far as the recrystallization does not occur. 
To analyse this process, both rates before and 
fter the sudden change of temperature are 
obtained. The analysis will be given in 3.2. 
Furthermore, the degree of such stabilization 
is affected by the residual pressure during 
evaporation Py. The result is shown in Fig. 
4, where we take the ratio of the resistance 
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Fig. 3. Stabilization of a low-temperature evapo- 
rated film. 
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Fig. 4. Effect of residual gas pressure during 
evaporation on the stabilization of low-tempera- 
ture evaporated film. 


value immediately after the evaporation to 
that after the annealing at 20°C for an hour. 
The result is underestimating, since the tem- 
perature coefficient is not taken into account. 
However, it is clear that the increase in Pa 
makes the unstable imperfections in the film 
richer. 


2.4. Process of Recrystallization and Ag- 
gregation 

For the films already suffered the stabiliza- 

tion at or below room temperature, the resist- 
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ance-temperature characteristics are completely 
reversible. However, when this film is heated 
to higher temperatures a new irreversible 
decrease of resistance regarded as recrystalli- 
zation is observed above certain temperature. 
However, if the heat treatment is continued 
further, an irreversible increase regarded as 
oxidation or aggregation takes place. In Fig. 
5 these tendencies are shown. 

The recrystallization occurs in a narrow 
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Fig. 5. Change of electrical resistance with ag- 


gregation (or oxidation) at high temperature. 


temperature range and has a different feature 
from the stabilization process. However, such 
a phenomenon is observed only in a few cases 
in total several tens of the experiments and 
at temperatures ranging from 100° to 300°C. 

The oxidation or the aggregation is observed 
between 100°C and the softening point of glass 
(~500°C), and we will call them as aggrega- 
tion for convenience sake. The film, subjected 
to slight aggregation, keeps a metallic charac- 
ter in the plot of resistance vs temperature 
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Fig. 6. Change of resistance with temperature. 
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as shown in Fig. 6 and the Mathiesens’ rule 
still holds. 


NSB 
As shown in Fig. 7, the aggregation (or 
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Fig. 7.  Semi-conducting character of the film 
after extensive aggregation. 


oxidation) proceeds further until the film resist- 
ance becomes infinity, under the constant tem- 
perature. In such a case when the aggregation 
proceeds extensively and over some limits, the 
temperature dependency deviates from the 
metallic character to a stable semi-conducting 
one. When the film is further subjected to 
the aggregation at higher temperatures, an- 
other different semi-conducting character ap- 
pears. The activation energies are shown in 
Fig. 8 and usually lie between 0.08 and 0.003 
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Fig. 8. Activation energy of semi-conducting film. 


eV. The point of inflextion lies, if exists, 
around 150°C. 

When the film is very thin, to say below 
50 A, the temperature dependency of resistance 
shows the similar semi-conducting properties, 
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even evaporated at lower temperatures and 
without any heat treatment. This should be 


attributed not to the oxidation of film by re- 
sidual oxygen but to the characteristics of the | 


thin films, because the outgassing has been 
carried out extensively. 


§ 3. Discussions 


3.1. Irreversible Decrease of the Low Tem- 
perature Evaporated Film 


In general, the factors contributing to the 


electrical resistance of the metal can be divid- 
ed into; 


1. temperature-independent component (re-— 


sidual resistivity), and 

2. temperature-proportional component. 
As mentioned above, the resistance of the 
evaporated barium film changes irreversibly 
by the heat-treatment at temperatures to which 
the film is not yet subjected. The nature 
of such a decrease in resistance is found to 
relate to the residual resistivity alone. 

Furthermore, the temperature-independent 


component is, in our case, divided as follows; 


1. electron scattering at grain boundaries 

and surfaces, 

2. electron scattering at imperfect points in 

crystal lattice. 
By the measurement of Hall coefficient it is 
roughly proved that the number of conduction 
electrons does not change so much as to ex- 
plain such a large change of resistance. 

In the evaporated metal films the irreversible 
decrease of resistance consists of two distinctly 
different processes. The first is the stabiliza- 
tion, which for barium with intermediate melt- 
ing point according to the classification of 
Levinstein™, occurs below room temperature. 
The second is the recrystallization, which is 
very similar to the sintering process of metal- 
lic powder. These two processes are not joined 
continuously, but are different in the tempera- 
ture range and reaction rate. According to 
Wilkinson and Birks®, in the temperature 
range of stabilization on gold film, there is a 
little change in X-ray diffraction pattern, but 
in the region of recrystallization at higher 
temperatures significant sharpening of the 
lines is observed. We may define here that 
the slow decrement process at lower tempera- 
tures is a recovering process in which imper- 
fect lattice region tends to disappear and that 
the fast decreasing process at higher tempera- 


/ 
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Wtures corresponds to the growth of the crystal- 
line particles in the film. Since the latter 
} process will require a higher activation energy, 


‘it is reasonable to appear at higher temper- 
atures. 


3.2. Stabilization 


The kinetics of the stabilization for evapo- 
ated metal films have been already studied 
by Harris et al with gold. They assumed 
that in all recovery region only one mecha- 
nism is prevailing, and that the imperfections 
can diffuse out to grain boundaries, where they 
disappear. However, refering to the recent 
data on the recovery of imperfections in 
metals, these assumptions is found to be 
incorrect. As the method of Vand™ is also 
doubtful, another method of analysis fol- 
lowing Overhauser’ is employed. Let / be 
the density of imperfections in question, and 


-@ an activation energy of recovery, then by 
the usual notations we can set 


df 
—{ -=—} =const e-@/*r (1 

Cs ), Sad 
Let 7 be the residual resistivity at the final 
equilibrium, then 7—7) denotes the excess re- 
sistance due to the imperfection at any instant 
¢t. When 7, and T, does not differ so much, 


ara OA aed ll 
(2) 


For convenience we take R as a resistance at 
any time and at any temperature, 


(GS) 
dt )r, 
weg anon) oe) 


Thus we can calculate the activation energies 
of recovery as a function of heat-treatment 
temperature irrespective of the recovery 
mechanism. In this case, it is assumed that 
in small temperature range from T; to T, the 
energy is nearly constant. The results are 
shown in Fig. 9, where, curves 1 with peak 
near 0°C correspond to the sample produced 
with high evaporating speed, and curves 2 
without peak to the sample with low speed. 
In the case of noble metals many reports 
are found on the recovery of residual resisti- 
vity induced by radiation damage or cold 
work!”»18), Comparing these results with the 
stabilization of evaporated metals™»*, it is 
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supposed that nearly the same recovery mecha- 
nism is prevailing in both cases. If this is 
accepted, the energy corresponding to the flat 
portion of the curves in Fig. 9 can be attri- 
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Fig. 9. Change of activation energy with heat 
treatment temperature. Curve 1; fastly evapo- 
rated films, curve 2; slowly evaporated films. 


buted to the migration of interstitial atoms or 
lattice vacancies. 

Following Overhauser’? one can get theore- 
tically 


df ’ 
eS ee meBS 4 
where m is the true reaction order, and the 
last exponent a_ stress-induced extra term. 
This extra term makes the apparent reaction 


ae 


order larger. Plotting log | at any 


temperature against log(7—7)) one can esti- 
mate the value of 2. The values of m thus 
obtained are abnormally high, for instance 
38 :O.at —78°C, 17.9.at. 20°C and 10.8 ate50_C, 
whereas with copper films? the values are 
9.6 at —78°C, 4.0 at —8.5°C and 1.26 at 
31.5°C. In the latter case, reaction order ap- 
proaching unity indicates that this recovery is 
due to one agent, at least below room tem- 
perature. For barium, however, the reaction 
order is very high, indicating that this reac- 
tion is not an unique process, but readily 
affected by stresses induced by the deforma- 
tion of lattice, probably because barium is 
softer than copper. 

Furthermore, the fact that the activation 
energy is not constant shows that the diffusion 
process in barium is very complicated and 
different from noble metals. In f.c.c. metals 
vacancies are more readily created and more 
stable to diffusing out than interstitial atoms. 
In b.c.c. metals as barium, however, there 
are no large differences in mobilities between 
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vacancies and interstitial atoms and hence 
combined processes may take place easily in 
a complicated manner. These facts afford 
facilities for discussing the recovery mecha- 
nism. 

The possibility that imperfections other than 
point defects, to say dislocations or grain 
boundaries, play some roles in the stabiliza- 
tion, is almost negligible. In general, recovery 
of dislocations seems to occur at such high 
temperatures as recrystallization occurs. In 
addition, dislocations contribute very little to 
the resistivity than point defects?» and are 
hardly possible to cause a large change of 
resistance ranging some hunderds per cents 
of the final equilibrium value. 


3.3. Recrystallization 


As shown in 2.4 the decrease of resistance 
due to the recrystalization takes place in the 
temperature range 100° to 300°C. On the 
other hand, non-transition metal of similar 
melting point, to say silver, has a recrystalli- 
zation temperature of about 200°C, after cold- 
working. Empirical formula of Tamman”»?, 
semi-empirical formula of Kramer2, and 
theoretical formulas?) give recrystallization 
temperature of metal as roughly 40 per cents 
of its melting point (absolute). The value 
estimated for barium is about 150°C and 
lies in the range of observed one. Electron- 
micrographs for other metal films show that 
the recrystallization makes the grain large. 

However, such a _ recrystalization is not 
usually observed because of chemical reactivity 
of barium, that is, the minute oxidation pro- 
ducts on the surface prevent the sintering of 
grain boundaries. Such influences of impuri- 
ties or occluded gases on the recrystallization 
temperature after cold working is widely 
accepted. In other evaporated metals, for 
instance nickel films”, the chemical reactivity 
is much lower, so recrystallization temperature 
has been easily observed. Furthermore, in a 
very thin film the aggregation of particles 
may also mask the contribution of recrystalli- 
zation to the film resistance. 


3.4. Aggregation, Oxdation, 
Conducting Property 


and Semit- 


The resistivity-increasing tendency is defined 
here as the process of aggregation, or oxida- 
tion of the film. In this temperature range 
either the migration of metal atoms or a 
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chemical reaction with the gas evolved from 
glass wall will take place. By any means, 


conducting character. In barium films, it is 


difficult to decide which mechanism is prevail- | 


ing. However, in view of the experimental 
condition, it seems probable that the aggrega- 
tion process is predominant, and only near 


the softening point of glass (~500°C) the | 
oxidation by the gas evolved from glass wall | 


becomes significant. 
The activation energy of such a semi-con- 


these processes increase the film resistance | 
and when exceeding some limits, give semi- 


ducting property is too small to be interpreted — 


in terms of an energy-band model of normal 
oxide. Even in case of both a very thin 


barium film without suffering any oxidation © 
and a film of noble metal??-2®, which have © 
suffered appropriate heat treatment at and " 


above room temperature, such a low activation 
energy also appears. By continual processing 
of aggregation the film resistance can reach 
any large value up to infinity without chang- 
ing other properties appreciably, to say acti- 
vation energy and visual appearance. All 
these facts indicate that the thin barium film 
has a granular structure composed of fine 
crystalline particles, and the contact between 
them becomes poorer with either aggregation 
or oxidation. The evidences for such a granu- 
lar structure are also given by electron dif- 
fraction™, electron micrograph®® and by the 
gas sorption property described below. This 
semi-conducting property of metal film has 
been discussed theoretically by Mostovetch*®). 


§ 4. 
4.1. 


The vacuum apparatus comprised (i) a con- 
ventional pumping system, using Hickman 
pump and mechanical fore pump by means of 
which pressures below 10-°’mmHg were ob- 
tained, (ii) gas dosing systems and (iii) a sorp- 
tion system containing a evaporation bulb and 
a Pirani gauge which was protected by a 
liquid oxygen trap and could be isolated by 
mercury cut-offs. Barium was evaporated 
from a commercial tube getter heated elec- 
trically. By changing the temperature of the 
glass wall during evaporation (Tz), and the 
residual gas pressure during evaporation (Pz) 
the structure of evaporated film was varied. 
Ta was provided with liquid oxygen, water 


Nitrogen Sorption at Low Temperature 
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bath and an electric furnace and P, with the 
‘admission of argon. previously purified by 
another barium getter. After extensive evacu- 
ation and glass baking, the trap was cooled 
with liquid oxygen and the evaporation source 
was outgassed carefully and then evaporation 
was carried out under prepared conditions. 
After immersing the bulb in liquid oxygen, 
under extensive evacuation, the sorption sys- 
tem was closed and pure nitrogen, prepared 
by thermal decomposition of BaN,, was ad- 
mitted and then the pressure change was fol- 
lowed. After the sorption experiment evapo- 
rated amount was determined mainly by the 
chemical analysis. 

To examine the influence of the speed of 
evaporation, a new barium source appropriate 
for this purpose was designed. As shown in 
Fig. 10 metallic barium was loaded in a iron 


melted Ba 
with protective film 


Qi 
LP Ni~—W 
thermoelement 


Fig. 10. Barium evaporation source convenient 
for controlling the rate of evaporation. 


Ni wire 


boat and covered with a protective film of 
nickel. The distance between evaporation 
source and the substrate was changed twofold, 
whereby the density of arriving atoms could 
be changed fourfold. Furthermore, the rate 
of evaporation was varied 100 times with the 
source temperature changed from 470° to 
780°C. 

To investigate the influence of nitrogen ad- 
sorption on electrical resistance of the film, 
another type of bulb having two liquid plati- 
num electrodes enamelled on the inner wall 
was used. Connecting this to the adsorption 
apparatus and after the same procedure as 
above, the electrical resistance of the film was 
recorded in the course of nitrogen adsorption. 
Gas pressure was measured by a McLeod 


gauge. 
42. Rate and Amount of Nitrogen Sorption 
at Low Temperature 


When the nitrogen is admitted to the film 
at liquid oxygen temperature, a very fast 
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sorption is observed initially and then followed 
by a slow one, which reaches an equilibrium 
gradually after an hour or more. No more 
sorption takes place with added nitrogen. 
Some examples of the sorption for the films 
previously treated at different conditions are 
shown in Fig. 11. 
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Fig. 11. Rate of nitrogen sorption at —183°C on 


films evaporated under various conditions. 


The rate of sorption can be expressed by 
the following equation, 


GaP 
er =kP(P—Py;) 
where P is a nitrogen pressure, Py is a pres- 
sure after sufficiently long time. Integrating 
this equation, a linear relation between log (P 
—Py;)/P and ¢t is obtained, thus making possible 
to calculate the rate constant Rk from the slope 
of the line RP;. 

The saturation amount of sorption S, is 
found to be almost independent of the equili- 
brium pressure and so we can take this amount 
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Fig. 12. Relation between deposited amount and 
sorption amount. Evaporation condition; Pa= 
2.5x10-2mmHg, Tg=-— 183°C. 
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as a measure of the effective area of barium 
film. Following Beeck®»*%, the low-tempera- 
ture adsorption isotherm of nitrogen on evapo- 
rated metal films shows a long plateau in such 
a range of equilibrium pressure; hence the 
sorption amount in this range may be treated 
as a characteristic quantity of the film. 

The relation between the amount of nitrogen 
sorption at low temperature and the weight of 
the film, which is evaporated at some fixed con- 
dition (Pa=3.5~5x 10-2 mmHg, Ta=—183°C) 
is almost linear as shown in Fig. 12. In the 
following, therefore, we take the saturation 
amount of sorption divided by the film weight 
as a characteristic value intimately connected 
to the evaporation condition. 


4.3. Influence of the Residual Gas Pressure 
at Evaporation (Pa) 


The low temperature sorption of the film 
evaporated in various argon pressure is shown 
in Fig. 13. Vacuum-evaporated film shows 
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Fig. 13. Relation between the residual gas pres- 


sure at evaporation (Pz) and sorption amount. 
aC: 


rather poor sorption, whereas for the film 
produced in an atmosphere of inert gas S, 
increases markedly. The value for the film 
evaporated at Pa=1.8mmHg is 9 times as 
large as that for the vacuum-evaporated film. 
The gas-evaporated film above 0.8 mmHg has 
a visual appearance of lamp-black. 


4.4. Influence of the Substrate Temperature 
(Ta and le) 


Setting Pa in the pressure range from 1x 
10-7 to 5x 10-2, nitrogen sorption is measured 
as a function of wall temperature during de- 
position. The result is shown in Fig. 14 by 
circle. Since the film evaporated at —183°C 
(Ta= —183°C) is very unstable, we examined 
the variation of sorption with stabilization. 


Fig. 15 shows the decrease of sorption with 
time when the film is kept in a bath of room: 
temperature. Also crosses in Fig. 14 show) 
the result when the film produced at Ta; 
= —183°C was annealed at each desired temper- ; 
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Fig. 14. Relation between the wall temperature 
at evaporation 7'g and sorption amount (circles) 
and its change with annealing temperature T\, 
(crosses) at Pzg=1~5x 10-2 mmHg. 
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Fig. 15. Change of sorption amount for low- 
temperature evaporated film with stabilization 
at room temperature. 


ature (T.) for an hour in high vacuum prior 
to adsorption. The higher the temperature, 
the smaller becomes the distance between 
these two curves; this fact suggests that at 
high temperatures the stabilization becomes 
faster and almost accomplishes in an hour, 
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4.5. Reversibility of Nitrogen Sorption 


: Nitrogen sorption on barium film is not re- 
iversible. When the newly prepared film is 
saturated with nitrogen at —183°C (S,) and 
‘then evacuated for an hour at that tempera- 
ture, some fraction of sorbed gas can be de- 
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Fig. 16. Change of sorption rate after sorption- 
desorption cycles has been carried out. 
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Fig. 17. Plots of Eq. (5) applied to first and third 
types of sorption. 


30 


sorbed only in the early stage. Admitting the 
gas again at the same temperature, the film 
takes up only a smaller amount (S,) than that 
in the first. Although the first sorption cannot 
be repeated twice, thie second sorption Sais 
completely reversible and can be tried many 
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times. On the other hand, when the evacua- 
tion is carried out at room temperature (for 
an hour), larger desorption occurs and the 
capacity of low temperature sorption recovers 
partly. This third sorption S; can be also 
repeated. Always the relation S,;>S;>S, 
holds. The rates of these three sorptions are 
shown in Fig. 16 and 17 where Eq. (5) can be 
fairly applied to the first and the third type 
of sorption, but the second type is generally 
too fast to be followed. 

Sorptions of the first and the second type 
measured for the film produced under various 
evaporation temperatures Zz are shown in 
Fig. 18. We see that the unstable large capa- 
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Fig. 18. Variation of first and second sorption 
with wall temperature 7’. 


city of the low-temperature-evaporated film 
corresponds to the difference between the first 
and the second type, that is irreversible slow 
part of sorption. 


4.6. Influence of Evaporation Rate 


The influences of evaporation rate and 
density of arriving atoms for the room-tem- 
perature-evaporated film are shown in Figs. 
19 and 20, where solid marks correspond to 
the bulb with the evaporation source near to 
the substrate wall, blank marks to the bulb 
with the source further, triangles to the eva- 
poration condition of P.=0.1~0.13mmHg, and 
circles to the condition of high-vacuum evapo- 
ration. In this temperature range the evapo- 
ration changes 100-folds according to the data 


364 


for vapor pressure of barium. While the tem- 
perature of evaporation source, i.e., the rate 
of evaporation has no effect on the sorption 
for the vacuum-evaporated film, there is a 
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Fig. 19. Effect of evaporation rate on the first 
sorption amount. 
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Fig. 20. Effect of evaporation rate on the second 
sorption amount. 


conceivable influence on the gas-evaporated 
film. In addition, these figures show that the 
density of depositing atoms has no influence 
on both films. 


4.7. Nitrogen Sorption and Electrical Re- 
sistance of Film 


To know how nitrogen sorption affects on 
the electrical resistance of the film, simultane- 
ous measurements of the two quantities were 
attempted. In Fig. 21 is shown the behavior 
of both nitrogen pressure and resistance for 
low-temperature high-vacuum-evaporated film, 
which has not been stabilized. Firstly, sorp- 
tion were carried out at —183°C, and secondly 
stabilization applied and then the gas was 
admitted. Fig. 22 shows the behavior when 
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the gas was admitted to a film previously 
stabilized at room temperature. From these 
curves one can see the following features: 

1. Nitrogen sorption results in the increase 
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Fig. 21. Change of electrical resistance of film 


with nitrogen sorption at —183°C. The. film has 
not been stabilized. 
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Fig. 22. Change of electrical resistance of film 
with nitrogen sorption. The film has been 
stabilized prior to sorption at room temperature. 


of resistance which does not recover with 
desorption at low temperature. 

2. The rate of sorption and the rate of 
resulting resistance-increase fall with the 
degree of stabilization and increase with 
nitrogen pressure. 

3. Nitrogen, once sorbed at low tempera- 
ture, prevents the stabilization signifi- 
cantly even in high vacuum. Therefore, 
nitrogen should be regarded as_ being 
occluded in the film. 

4. Room-temperature evacuation partly re- 
covers the sorption-induced resistivity, 
in quite a parallel manner with the be- 
havior of sorption already mentioned in 
45s 


5. When the film, which has been already 


saturated with nitrogen at low tempera- 
ture, is brought up to room temperature, 
an instantaneous desorption and subse- 
quent re-sorption take place with remark- 
able increase in resistivity. This fact 
suggests that the room-temperature sorp- 
tion is of different nature from the low- 
temperature sorption. 


5. Discussions 


5.1. Effects of Various Evaporation Condt- 
tions on the Gas Sorption Capacity 


Among many factors which may prescribe 
he film structure, the following is considered 
a this paper: 

1. Rate of film growth (Density of arriving 
atoms), 
2. Rate of evaporation (Temperature of the 
| evaporation source), 
3. Temperature of glass wall during evapo- 
ration Tz and annealing temperature 7T,. 

4. Residual gas pressure during evaporation 

Pas 
\s described in 4.6 the first and second factors 
re almost insensitive to the low-temperature 
litrogen sorption in our experimental condi- 
ions, and so no comments are made hereatter. 

The large sorption surface of low-tempera- 
ure-evaporated film is very unstable at high 
emperature and decreases with time. In the 
neasurement of electrical resistance the same 
hhenomenon has been already observed, and 
his similarity was also confirmed with nickel 
ims”), leading to the conclusion that the 
ame mechanism can be applied both for the 
ecay of adsorption capacity and stabilization 
f the film. Therefore, it may be possible to 
onsider that the unstable part of sorption is 
ue to crystal imperfections. If so, this is due 
ot to dislocations as discussed previously, 
ut to lattice vacancies (or their combinations), 
thich can absorb nitrogen molecules. The 
ywer the substrate temperature 7a, the more 
mperfect the deposited crystal structure be- 
omes. The imperfections thus produced can 
1duce excess resistivity and absorb molecules. 
* the vacancies trap nitrogen molecules, the 
ibsequent stabilization may be hindered 
iarkedly because of the reduced number of 
‘ee vacancies. 

On the other hand, the large sorption capa- 
ty of the gas-evaporated film seems to be 
iused by another mechanism. Since this film 
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is very stable even at room temperature; it is 
unreasonable to attribute this large capacity 
to lattice imperfections mentioned above and 
so other interpretation is made in the next. 


Oa 


As reported by many investigators?»®)»2, 
evaporation in an atmosphere of inert gas 
makes so-called metal black. The origin of 
this black may be mainly due to the loss of 
kinetic energy of barium atoms by the colli- 
sions with gas molecules during flight. Fol- 
lowing the calculation of Tsukagoshi*?, even 
in such a low pressure as 0.1mmHg thermal 
energy of an evaporating atom is lowered to 
that of gas molecules by collisions of 100 times 
or more. However, the experimental results 
show that the black is formed only above 0.8 
mmHg of inert gas, and that the film produc- 
ed at 0.l1mmHg has already large capacity, 
whereas its appearance does not differ so 
markedly from that of vacuum-evaporated 
film. Furthermore, as shown in Fig. 19, when 
the kinetic energy of evaporating atoms is 
decreased by lowering the temperature of 
evaporation source, the sorption becomes 
rather smaller in contrast to the above impli- 
cation. Therefore, the effect of the residual 
gas is not considered simply as to carry off 
the kinetic energy of barium atom. 


Structure of Gas-evaporated Film 


On evaporating gold in an argon atmosphere 
of high pressure (~10 mmHg), one can observe 
a cloud of particles originating near the source 
and diffusing around away. Perhaps this may 
occur also in the case of barium. Near the 
evaporation source, evaporated atoms suffer 
sufficient collisions with argon atoms to pre- 
vent the tight binding of metal atoms and 
form aggregates, which diffuse onto the wall. 
Then the aggregates should stabilize corres- 
ponding to the temperature of the substrate 
or the gas. By means of electron microscope 
the metal black is revealed as large particles 
of irregular shape piled up randomly, and by 
electron diffraction, each particle is proved to 
be a fairly large crystalline and not amorph- 
ous as is easily imagined from its visual ap- 
pearance. The average size of unit particle 
does not differ markedly both in gas- and 
vacuum-evaporated films. But the definite 
difference is found in the state of accumula- 
tion; in case of vacuum-evaporated film each 
particle has not always free surface and con- 
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nected with each other, and in case of metal 
black each particle is isolated and has large 
free surfaces. This situation may explain the 
large and stable sorption capacity of the black. 


5.3. The Nature of Nitrogen Sorption at 


Low Temperature 


It has been generally considered that at 
—183°C nitrogen molecule adsorbs on a solid 
surface by the van der Waals forces, and this 
character has been used to the measurement 
of surface area of solid. However, nitrogen 
sorption on barium film cannot be regarded as 
simply physical adsorption due to van der 
Waals forces because of its slowness and ir- 
reversibility in the first sorption. However, 
the second sorption is instantaneous and com- 
pletely reversible with rather smaller amount. 
The difference between the first and second 
sorption indicates the irreversible part at low 
temperature. The third sorption which occurs 
after evacuation at room temperature suggests 
that the heat of sorption for this irreversible 
part is not so large as for usual chemisorption. 
The capillary condensation is not responsible 
for this irreversibility, for it occurs at rather 
higher pressure and does not remain after 
evacuation in high vacuum. 

Arizumi and Kotani®® studied the sorption 
of carbon monoxide on barium film, and found 
that below —70°C the sorption was of physical 
nature and the gas partly diffused into crystal 
with slow rate. Their theoretical expression 
for the rate of sorption is 


Oa Ni a! Gk 
= KuP\N arPs pt 


(6) 


where Ku, Ks, No, P; and Py are constants. 
The last term expresses absorption into in- 
terior. By a suitable abbreviation, Eq. (6) 
can be reduced to our empirical formula (5). 
This formula defines at first the fast sorption 
on the surface and then the succeeding slow 
absorption. The fact that this slow stage is 
not found at —183°C on many metal films 
other than barium*®)»3 may be due to the 
exceptionally large interatomic distance of 
barium, rather larger than the size of nitrogen 
molecule (~4.0 A); owing to this special feature 
of barium the slow absorption into the crystal- 
lite may be very easy. According to our esti- 
mation given in the Appendix of this paper, 


—KsP(KaNot+ es ) 
P, 
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the van der Waals heat of trapping at lattice 
deficiency is so large as not expected in an usual 
physical adsorption. This may bea reason why 
the irreversible sorption of nitrogen occurs on 
barium film at temperature. From this idea, 
it can be concluded that the irreversible part 
of sorption represents the absorption into lat» 
tice imperfections and results in the increment 
of electrical resistivity, but the reversible one 
represents the pure physical adsorption on the: 
surface with almost no influence on electrical’ 
resistivity. However, in view of the feature 
of the adsorption of argon at —183°C and 
10-? mmHg, which takes place almost instan- 
taneously with very small amount, it may be 
necessary to consider that this irreversible 
nitrogen sorption is, at least partly, of chem#-- 
cal nature, which is concluded by previous: 
authors*®), 87,88) for other metals. 


5.4. Quantitative Study of Imperfection 


Up to date the quantitative measurement of! 
lattice imperfection in metal is very scare. 
Hence we attempt here some discussions on} 
the number of imperfections in evaporated! 
barium film. If we assume that each nitrogen) 
melecule occupys each barium vacancy, then) 
for a film evaporated at —183°C there exist 
2.5 x 1071 vacancies/cm*, and for a film evapo: 
rated at room temperature, about a tenth of 
that. While these values for vacancy density 
seems too high, such a large value has been 
proposed in case of Kirkendahl diffusion®. 
Especially, when evaporated at low tempera- 
ture, the barium film has a large stress in it 
and therefore it may be rather probable to 
consider that nitrogen molecules enter not only 
into lattice vacancies but into strained inter- 
stitial positions, combined pairs of imperfec- 
tions and others, so as to give apparently such 
a large value for lattice vacancy. 

The measurement of specific resistivity due 
to imperfections could not be exactly consecut- 
ed, but under the assumption of the same 
contribution from vacancy and_ interstitial 
atom, the resistivity of the vacancy is roughly 
estimated as 0.30Qcm/per cent vacancies. This 
is qualitatively in agreement but slightly 
smaller than the one theoretically estimated 
for copper™. If imperfections other than lat- 
tice vacancies are taken into account, the 
agreement will become fair. Because the 
presence of such a large number of imperfec- 
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ions will cause a large stress in the low-tem- 
erature-evaporated film, effects of stress 
hould be considered in a kinetics of recovery 
»S described in 3.2. 


»6. Conclusion 


) 1. Evaporated barium film exhibits a charac- 
‘er of granular structure in gas sorption and 
electrical resistivity. 

| 2. When evaporated at low substrate tem- 
erature, the crystal structure becomes imper- 
‘ect and this induces excess nitrogen sorption 
is well as excess resistivity. 

3. At and below room temperature marked 
ecreases of electrical resistivity and of low- 
temperature sorption of nitrogen take place 
with the recovery of imperfection. 

, 4. Semi-conductive characteristics at high 
temperature is probably caused by aggrega- 
tion or oxidation. 

5. Gas-evaporated film has a large sorption 
area due to the special construction of the 
film. 

The authors wish to express their sincere 
thanks to Mr. T. Ichimiya for his earnest 
guidance and discussions. 
$7. 

Energy of van der Waals adsorption at 
vacancy. 


Appendex 


Suppose a simple situation, in which a nitro- 
gen molecule occupies a vacant lattice point 
substitutionally in an infinite metallic lattice 
at 0°K. The centre of the nitrogen molecule 
is taken as an origin of polar coordinate. 
Smaller terms can be neglected such as zero 
point energy, change of distribution energy of 
electron after absorption, and that of thermal 
energy of lattice. We take into account three 
terms, that is, van der Waals attraction be- 
tween the nitrogen molecule and the metal, 
repulsion between the molecule and the near- 
est-neighboring metal atoms, and the stress in 
the outside medium caused by the relaxation 
of metal atoms. 

Van der Waals energy has been calculated by, 
for example, Margenau et al.‘? and Bardeen. 
Their calculations assume the adsorption on a 
flat surface and therefore their integrals must 
be modified to spherically symmetrical way. 
The calculation is simple and the result shows 
that each term is increased 6 or 8 times larger 
than in their original equations. As a defini- 
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tion of metallic surface, one must take the 
relaxation of atoms into account. 

For a repulsive term, we apply 7-™ potential 
and its coefficient is calculated analytically by 
an usual method from compressibilities. For 
simplicity m is taken as 12, an average ex- 
ponent for N., Ba and Ni. Following Hirsch- 
felder*») the coefficient can be taken as a 
geometrical mean of both metal and liquid 
nitrogen. For nitrogen molecule Kihara’s 
potential‘ with rigid core is used. Total re- 
pulsive potential is calculated against the 
number of repulsion between nitrogen and 
nearest-neigboring atoms. 

Thirdly, in the medium outside the nearest- 
neighboring atoms, a stress is caused by the 
relaxation of them. This potential is calculat- 
ed with a model of continuous medium of 
spherical symmetry, and can be expressed 


simply by —— -(7—7o)?, where B is a com- 


pressibility, 7 is an original interatomic dis- 
tance of the nearest-neighbors. Thus the total 
potential is given by 

—A(r—ry)-?+7/ B,B,(r—0.47)-? + Cr—1m)? 
The result of numerical calculations for barium 
is shown in Fig. 23, where energy minimum 


° 
Nearest neighbor distance ¥ (A) 


42 44 45 


40 4l 


Energy/nitrogen molecule 


Fig. 23. Potential energy diagram for a nitrogen 
molecule trapped in a vacant lattice point of 
barium. 


exists below zero, showing the possibility of 
van der Waals adsorption in a lattice vacancy. 
In this case the trapping energy is high be- 
cause of loosely packed structure and large 
interatomic distance of barium, which insure 
less error of calculation than for other metals. 
With a rough approximation for the compres- 
sion of electron cloud in nitrogen molecule, 
the same calculation is carried out for nickel, 
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which gives the value of 11 Kcal/mole, which 
is consistent with the calorimetric heat of 
adsorption by Beeck*®, 10 Kcal/mole. 

In general, the heat of adsorption larger 
than 20 Kcal/mole is said to prevent the de- 
sorption of adsorbed gas at room temperature. 
In the cases of nickel and barium which ex- 
hibit the complete and imcomplete desorption 
of nitrogen respectively, the calculations are 
in good accordance with the experimental 
situations by sorption and electrical resistance 
measurements. 
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Studies of High Polymers by Radioactive Method (11) 
Self-diffusion of Polystyrene in Its Dilute Solution 
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Self-diffusion of high polymer in dilute solution was studied by use of 


C!-labelled polystyrene. 


Especially the dependence of the self-diffusion 


coefficient of polystyrene upon its molecular weight was determined. 
Then, from the results, the molecular extension, the shielding ratio, and 
other molecular quantities of polystyrene molecule in the dilute solution 
were calculated by use of the diffusion theory of Debye and Bueche, 
and compared with the data obtained by other methods. 


§1. Introduction 


The molecular extension of the polymer in 
its dilute solution is one of the most impor- 


' tant molecular quantities of the polymer solu- 


tion. Therefore, many workers have recently 
attempted to study the molecular extension 


in the polymer solution from various mea- 
surements, mainly from viscometric and opti- 


cal ones®. However, self-diffusion studies in 


dilute solutions seem to be, also, a very sui- 


table method for the discussion of molecular 
extension and molecular form, because the 
most natural form of the polymer molecule 


in the solution can be investigated only by 


means of this method. 

In the case of viscometric measurement, 
the molecular form is distorted by the shear 
stress. Similarly, in the case of optical mea- 
surement, the electronic excitation of the 
molecule is given by the light, and then varia- 
tions of natural form and extension of the 
molecule seem, also, to be possible results. 

On the other hand, self-diffusion of the 
molecule is caused only by its thermal mo- 
tion, therefore self-diffusion studies are pro- 
bably the most suitable method to use in 
making research on the molecular natures. 

However, unfortunately, this appropriate 
method has never been employed, except in 
a few cases”. This is probably because the 
process of manufacturing the radioactive poly- 
mer was usually very difficult. 

In the present studies, the self-diffusion of 
polystyrene in its dilute solution has been mea- 
sured using C'*-labelled polystyrene made in 
England for the purpose of preparing the 
standard f-ray source, and then the natural 
extension and other molecular quantities of 


polystyrene molecule in its dilute solution have 
been calculated by use of the sphere model 
of chain polymer. 


$2. Experimental Procedures 


C-labelled polystyrene made in England 
was, firstly, fractionated by the ordinary 
method. Unfortunately, the specific radio- 
activity of the sample in the present case was 
considerably small, so carriers could not be 
added to it, and also sharp fractionation of 
itself could not be employed. 

The average molecular weights of the frac- 
tionated radioactive polystyrene have been 
determined from the intrinsic viscosity mea- 
surements in their dilute benzene soiutions®. 

Then the fractionated radioactive polymer 
in its benzene solution, whose concentration 
is 1 gr/lit., was diffused into the same non- 
active fractionated solution. 

Nonactive polystyrene was fractionated by 
the same method as is used in the case of 
the fractionation of a radioactive one. 

However these two samples were not of 
the same molecular weight distributions, and 
moreover the specific radioactivity of the pre- 
sent radioactive sample was very small as 
noted above, therefore it was very difficult to 
obtain the nonactive polystyrene fraction hav- 
ing the same average molecular weight and 
the same molecular weight distribution as 
the radioactive one. 

In the present case, by fractionating the 
nonactive sample very sharp, approximately 
the same average molecular weight fraction 
as the radioactive one was obtained, although 
the molecular weight distributions of the two 
samples were probably different. 
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A diffusion cell of sintered glass type was 
employed. The average diameter of the 
sintered glass hole was 0.05cm. The upper 
limit of the molecular extensions of polysty- 
rene used in the present case seems to be 
approximately 1500A, then the polystyrene 
molecule is considered to diffuse freely through 
these holes. 

The schematic diagram of cell is shown in 
Pig. 1. 


Sintered glass 


Fig. 1. Schematic diagram of the diffusion cell. 


If, at the beginning of the experiments, 
radioactive solution is put into the left side 
compartment of the cell, and nonactive one 
is put into the right side compartment, then 
the self-diffusion coefficient D of the polysty- 
rene molecule can be calculated by measuring 
the radioactive concentration of the two com- 
partments after diffusion for the given dura- 
tion of the time 7¢:° 


log {((Cy!—C,*)/CY} = —KD1A/Vitl/V;) (1) 


where C,’ and C,' are respectively the radio- 
active concentration of the left and right 
compartments at time ¢ and C,? is the initial 
radioactive concentration of the left compart- 
ment. 

Furthermore, A is a cell constant and, pre- 
vious to the experiments, should be deter- 
mined using standard substances. 

In the present case, AK was determined from 
the diffusion of the aqueous solution of pota- 
ssium chloride. 

V, and V, are respectively the volume of 
the left and right compartments of the cell. 

The values of diffusion coefficient D deter- 
mined by such a method, however, did not 
exactly coincide one with another as the dura- 
tion of time ¢# of the diffusion varies, therefore 
the average value of D at various times had 
to be calculated. 

The radioactivity of the solution was mea- 


sured by the same method as was previously 
described”. 
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$3. Experimental Results and Discussion 
The experimental results of the self-diffusion 

of polystyrene in the dilute benzene solution | 

at 30°C are indicated in Table I, in which 


Table I. Self-diffusion coefficient of polystyrene 
in its dilute benzene solution at 30°C. 
| aes 
Bel a 
M Solution 2 cosity 
105% 
10° gr/lit.| 10-%poise cm?/sec 
eet 1.0 6.08 55 4.0 
25 y 6.36 100 Pa 
8.0 4 6.72 212 2 
10.5 I | mGeS2 255 1.0 
0 (solvent) | O29) 


the viscosity and the intrinsic viscosity of the — 
solution are included. ; 

Viscosity of the solution was measured by 
Ostwald type viscometer, at the same tem- 
perature, under a small shear stress. 

However extrapolation of the shear stress 
to zero was not employed. 

Generally speaking, diffusion coefficient D 
of the molecule in the dilute solution can be 
expressed in the term of the frictional con- 
stant F of a polymer molecule as follows: 

D=kBE @2) 
where k and T have a well known meaning. 

Of course, the viscosity of the solution 7 
is related, also, to the frictional constant F. 
Therefore an important relation is judged to 
exist between the self-diffusion coefficient of 
the polymer molecule in the solution and the 
viscosity of the same solution. 

R. L. Saxton and H. G. Drickamer have in- 
dicated such a relation in the case of poly- 
meric liquid sulfer”. 

P. Debye and F. Bueche have checked si- 
milar circumstances even in the cases of some 


solid polymers®, and pointed out the following 
empirical relation: 


Dy»/o= constant (3a 


where 7 is the bulk viscosity of the solid 
polymer and 9 is its density. 

If Debye’s free draining model is used, dif- 
fusion coefficient D of the polymer molecule 
in the dilute solution is simply expressed in 
terms of the intrinsic viscosity of the solution 
and the molecular extension: 
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D{7\/0-M/<7*>av= constant (4) 
rhere [7] is the intrinsic viscosity of the solu- 
on, M is the molecular weight of the poly- 
rer, and <7),»/? is the root mean square 
ad to end distance of the polymer molecule, 
nat is, the molecular extension. 

As for a solid polymer, the diffusion theory 
jzems to be able to be developed by the same 
rgument as that in the case of the dilute 
olution. 

F. Bueche has employed such procedure”, 
nd obtained Eq. (3) by accepting the idea 
hat the relation <7?)a»/M is nearly constant 
aa solid polymer. 

In the present case, D[y|/o is not exactly 
onstant, as shown in Fig. 2. 


Dm)/pP 
| 
; 2-0 
1-0 
x10 
O 5 lO M 


Fig. 2. Values of D[y]/o at the various molecular 
weights. (Unit of D[y]|/o is arbitrary.) 


Then, the polystyrene molecule cannot be 
considered to behave as a free draining ran- 
domly coiled chain polymer in the dilute ben- 
zene solution. 

To analyse the molecular extension of 
polystyrene in the solution from the present 
results, therefore, the more generalized poly- 
mer models have to be employed. 

By the way, many authors have previously 
attempted to develop the theory of high poly- 
mer solution™. In the present case, the 
sphere model devised by P. Debye and A. M. 
Bueche was used. 

This was done because their theory is not 
essentially different from the other typical 
theories of polymer solution, and a more ge- 
neralized application is possible. 

P. Debye and A. M. Bueche have derived 
4 theoretical relation between D and mole- 
cular weight M valid over a limited range 
M): 

D=AM= ) 


(5) 
€=1/2-+1/4-0/-dg/do J 
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and also a relation between D and the visco- 
sity of the solvent 7: 

D=kT/6rRsyof(o) (6) 
where o is shielding ratio, #(¢) is a certain 
function of o, and R; is the radius of polymer 
sphere. 

Applying Eq. (5), the average values of & 
and o of the present case can be determined 


from the dependence of log D upon log M as 
shown in Fig. 38. 


Fig. 3. Dependence of log D upon log M. 


Then if such a value of o and the viscosity 
of the solvent are used, Rs can be calculated. 
The results are presented in Table IJ, in 
which molecular extension <77>,,»'/2 of poly- 
styrene is determined from Rs, using the well 
relation of randomly coiled chain polymer as 
known follows: 
Rs=(1/6¢7? dav)? Ci 
However, it should be noted that the above 
value of o is an average one, and also, gene- 
rally « must depend upon M. 
Moreover, Eqs. (5) and (7) are based on the 
randomly coiled chain polymer, therefore in 
molecular extension in Table II the volume 


Table II. Molecular extension and average shield- 
ing ratio of polystyrene in benzene solution 
calculated from Eqs. (5) and (7). 


Mol. Weight | Shielding Ratio) | esr 
M o 
10> | | A 
1.1 | 3.2 | 0.62 364 
2.5 | ” | " 627 
8.0 i (a a7 1378 
10.5 | " | ” 1647 


exclusion effect of chain elements of the mo- 
lecule and the effect of interaction between 
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the chain elements and the solvent molecules 
are not taken into consideration. 

In order to investigate such circumstances, 
in the present case, the theory of intrinsic 
viscosity of Debye and Bueche has been com- 
bined with their diffusion theory. 

According to Debye and Bueche’s model, 
the intrinsic viscosity of the polymer solution 
is given by 

[n]=CRs*$(o)/M (8) 
where ¢(c) is also a certain function of o. 

From Eqs. (6) and (8), in which the assump- 
tion of randomly coiled chain polymer is not 
used, one has 

(D2 =C’ oo) /{Y(o) 8: RT)?/M [a]? 
where C’ is a numerical constant. 

Therefore, from measurements of D, 7% and 
[y] of the solution, and from Eq. (9), the 
value of $(c)/{(c)}3 is calculated as a func- 
tion of M. 

The values of 4(c)/{¢(c)} as a function of 
o are listed in Table III. 


(9) 


Table III. Values of (0)/{¢(o)}°. 


0 C2) (9) {e(a)}® | b(@)/{¥(o) 8 
1 0.0947 0.176 0.00545 | 173.7 

2 0.327 0.432 0.08062 4.056 

3 0.600 0.600 0.2160 PITT 

4 0.857 0.701 0.3447 2.487 

6 1.07 0.770 0.4565 2.343 

8 atey4 0.858 0.6316 2.406 
10 1.70 0.890 0.7049 2:40 
oo 2.50 1.000 1.000 2.500 


In Table IV are shown the molecular radius 
Rs; and the shielding ratio o determined from 
Eqs. (9) and (6). 

However, in this case, the molecular ex- 
tension cannot easily be obtained from the 
value of the radius of polymer sphere by Eq. 
7): 

On the other hand, recently, many authors 
made theoretical studies on the relation be- 
tween FR; and other molecular quantities con- 
sidering the volume exclusion effect and so 
on’), 

For example, B. H. Zimm et al have pro- 
posed the following equation™: 


Rs?= Ry? +0.0572A,M2/NoRy+--- (10) 


where Ry is the molecular extension of ran- 
domly coiled chain polymer, A; is the second 
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virial coefficient, Ny is Avogadro number and 
M is the molecular weight of the polymer. 

However, it could be easily examined tha 
the second and higher terms are considerabl 
smaller than the first main term R,? of the 
right side of Eq. (10) by using the value of 
A, for polystyrene-benzene pair’, then th 
molecular extension can be considered to 
connected, at the first approximation, wit 
the polymer radius Rs by Eq. (7) even in th 
present case. 

In Table V, the molecular extension calcu4 
lated from the radius Rs in Table IV, b 
using Eq. (7), is shown. 


Table IV. The radius of the polystyrene sphere — 
Rs and the shielding ratio ¢ in the benzene 
solution determined from Eqs. (9) and (6). 


F. 


Mol. Weight M| BOY) | o Rs 
108 | | A 

1.1 | Za) Ly Seas 146 

2-5 | 2.65 | SED Ye) 
Table V. Molecular extension of polystyrenall 


<r?2yqy/2 in the dilute benzene solution determin- 
ed from Rs; in Table IV and Eq. (7). | 


<rQ ay? | 


Mol. Weight Me 
\ | 
10° A | 
la 358 
2.5 | 571 


Table VI. Molecular extension and shielding ratio 


of polystyrene in the dilute solution determined 
by various authors. 


Mol. 
Weight Solvent <7 >ay!/2|  o Author Method 
10° A 
10.0 |benzene| 1125 seis qu) | Viscosity 
% 1110 Bueche! light 
scattering 
1 1030 ” viscosity 
Y 914* | 3.92 |Debye!2) 1 
1.05 1 383 Mizutani) ” 
3) 518) ” 569 ” 1 
2.5 e: a7 (uss Sugai and diffusion 
Furuichiljand visc. 
LO a5 ” WEY || Rise? diffusion 


This value was calculated by the assumption 
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| The value of <7*),»!/? in Table V is perhaps 
more exact than that in Table II. 

Finally, the data obtained by other methods, 
for instance viscometric and optical ones, are 
shown in Table VI to be compared with the 
present results. 

: 
84. Conclusion and Acknowledgements 

| Self-diffusion of polystyrene in the dilute 
benzene solution was measured by the radio- 
active method. 

Self-diffusion coefficient depends approxi- 
mately upon the molecular weight of the 
polystyrene so that the free draining ran- 
domly coiled chain approximation is not simply 
satisfied. 

Therefore, using the general sphere model 
of the polymer molecule introduced by P. 
Debye and A. M. Bueche, the molecular ex- 
tension and the shielding ratio are calculated 
‘as a function of the molecular weight of 

polystyrene from the present experimental 
results, and they are compared with other 
authors’ data. 

The present authors are exceedingly grate- 
ful for the discussion by other members be- 
longing to the Research Institute of High 
Polymer Physics in Hokkaido University and 

‘also for a grant of financial aid from the 
Ministry of Education of the Japanese Gover- 
ment. 
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An Investigation of the Dynamic Mechanical Properties of 
Glassy Polymers by the Composite Oscillator Method 


By Keiji YAMAMOTO and Yasaku WADA 


Department of Applied Physics, Faculty of Engineering, 
Tokyo University, Tokyo 


(Received December 18, 1956) 


The dynamic Young’s modulus and loss factor are determined by the 
composite oscillator method for several glassy polymers: phenol resin, 
polymethyl methacrylate, polystyrene, nylon 6 and polyester, in the 
temperature from —70° to +90°C at frequencies 50, 100 and 200kc/s. 
The loss factor curve of polymethyl methacrylate shows an anomaly at 
ca. — 20°C which is concluded to be due to the 7-transition, the activa- 
tion energy being estimated as 7 kcal/mole. The moisture dependence 
of this transition is also shown and the molecular process involved is 
hypothetically proposed. For polyethylene a peak of loss factor is ob- 
served at 10°C. A procedure to eliminate the false attenuation peaks 
observed in applying the composite oscillator method to high polymers 


is described. 


$1. Introduction 


In studies of viscoelastic properties of poly- 
meric materials, it is advisable to measure 
the dynamic modulus and loss factor over a 
wide range of temperature. At frequencies 
of the order of one hundred kilo-cycles the 
composite oscillator method» has a_ special 
advantage for this purpose, since the speci- 
men used can be designed in a very small 
size and consequently the temperature of the 
specimen can easily be conditioned. 

Though a few authors?“ have attempted 
to apply his method to high polymer research, 
no extensive results along this line have so 
far been available. In the present paper the 
data obtained by this method in our labora- 
tory will be given for several polymers, toge- 
ther with possible interpretations on the mole- 
cular process of the observed viscoelastic 
behaviors. 


§2. Experimental 


The apparatus employed has been described 
previously”. Essentially, it consists of a de- 
vice for applying voltage of variable frequen- 
cy to a composite oscillator system and for 
observing the frequency dependence of the 
resultant current. A composite oscillator 
system is made by cementing a specimen rod 
of 3mm square cross section to an X-cut 
quartz transducer of identical cross section by 
the use of Araldite cement and is set into 
longitudinal vibration, the nodal point of the 


3 


quartz being supported. The dynamic Young’s — 


modulus and the associated loss factor of the 
specimen can be deduced from analysis of the 
current-frequency relation. 

The composite oscillator technique has suc- 
cefully been applied to a dynamical test of 
low loss materials, e.g., metals and inorganic 
glasses. In applying this method to high 
polymers, however, one has to take some 
additional cautions as in what follows. 

In carrying out this method, the length of 
a specimen should be adjusted so as to make 
the resonant frequencies of the quartz(/q) and 
the specimen (fs) lie within about ten percent. 
Otherwise, the damping of the whole oscilla- 
tor system would become abnormally large, 
thus causing an experimental error. In case 
of high polymers which often have a strong 
temperature dependence of elastic modulus, 
fs for the specimen of a given length varies 
fairly rapidly with temperature and hence the 
discrepancy between f; and fs; is apt to in- 
crease above the limit in both upper and 
lower sides of the experimental temperature. 
In the measurement over a wide temperature 
range, therefore, it is required to use speci- 
mens of different length, each of which being 
adapted for each temperature subdivision. 

A further source of experimental errors 
takes place when fs closely approaches to fy. 
In this case a spurious increase of loss factor 
is generally observed, probably owing to the 
following reason: Since, in this case, the 
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quartz/polymer interface nearly coincides with 
an antinodal plane, the appreciable difference 
in acoustic impedance between aan will Bive 
Tise to such an anomaly. This ‘‘ spurious’ 
peak of loss factor shifts along temperature 
axis if the specimen is slightly varied in length 
fand thus can readily be distinguished from a 
““true’’ peak associated with material pro- 
perties. 


In the previous paper®, a peak of loss fac- 
tor was reported at 30°C for phenol resin. 
This peak, however, was found to correspond 
to the above-mentioned spurious one. The 
corrected, new data obtained for this polymer 
will be given in detail in the next section. 

In the composite oscillator method the 
length of the specimen should be large enough 
in comparison with its cross-sectional dimen- 
sion. Since the sound velocity is of the order 
of 2x10%m/s for glassy polymers, a_ half 

wavelength is estimated as ca. 1cm at 100kc 

/s. In most of the present experiments, 
specimens in length of three half waves are 
used. For high loss polymers such as _ polye- 
thylene, however, a specimen of one _ half 
wave length is used in order to avoid experi- 
mental difficulties, because, otherwise, the 
damping of the composite oscillator would be 
so large that the resonance might hardly be 
observed. In this case calculated values of 
both modulus and loss factor are thought to 
have some errors. No correction, however, 
is made to them, since the only effect of the 
correction is to change the results by a small 
factor, the over-all behavior remaining the 
same, while the temperature dependence of 
the properties is of particular interest in this 
research. 

The composite bar with its holder is placed 
in a test tube which is immersed in a Dewer 
vessel containing a liquid—water above 0°C 
and alcohol-dry ice mixture below. The tem- 
perature in the test tube is measured by 
means of a mercury or pentane thermometer. 
Measurements are made after a steady state 
has been reached at each temperature. 

All the specimens used are pure commerci- 
al products, including neither plasticizer nor 
filler and are annealed at 100°C for more 
than ten hours so as to remove unreacted 
monomers, other volatile impurities and, if 
any, residual thermal stress. 
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$3. Phenol Resin 


In Fig. 1, a family of curves of loss factor 
are illustrated in case of phenol resin, being 
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Fig. 1. Examples of erroneous measurements for 
phenol resin, fs(kc/s) shown beside each experi- 
mental point. 


computed from the measurements without 
any consideration to the error sources dis- 
cussed in the preceding section. Each curve 
corresponds to a specimen of different length 
respectively, fs (kc/s) being shown beside each 
experimental point. As above predicted, a 
spurious increase of loss factor is found in 
the temperatures where fs deviates too far 
from fy or fs closely approaches to fy. 
Elliminating erroneous data from Fig. 1, the 
temperature dependence of the modulus and 
loss factor for phenol resin is presented in 


Fig. 2. As is seen, the loss factor increases 
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Fig. 2. Young’s modulus (solid line) and loss 
factor (broken line) for phenol resin and nylon 
6 at 100 kc/s. 
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monotonously with temperature and thus 
shows no anomalous maximum in the tem- 
perature range studied. 

The results presented in the followings 
have all been obtained by taking care of the 
error sources before stated. 


§4. Polymethyl Methacrylate 


The data for polymethyl methacrylate (PM- 
MA) are illustrated in Fig. 3, where the 
modulus is brought into a single curve since 


o 50 KC/S 
o 100 KC/S 


* 200 KC/S 
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Fig. 3. Young’s modulus (solid line) and loss factor 
(broken line) for polymethyl methacrylate. 


it does not vary with frequency within the 
experimental error. 

Dynamic studies for PMMA in low frequen- 
cy range®-!) have related that, besides the 
glassy transition (or a@-transition as is fre- 
quently called®), this polymer has a second 
(or B-) transition at lower temperature and 
the possible mechanism responsible for the 
latter is believed to be allied to the mobility 
of the side group (-COOCH;) of this polymer®”. 
In the ultrasonic measurement as is our case, 
however, the f-transition is expected to shift 
to a higher temperature and become undis- 
tinguishable from the a@-transition, because 
the activation energy involved in the former, 
ca. 20kcal/mole as generally accepted, is 
much smaller than that in the latter. As a 
consequence, the anomalous behavior of the 
loss factor observed at about —20°C in Fig. 
3 should be regarded as not the #-transition, 
but a third (or y-) transition. 

While several investigators®-! have discus- 
sed on the y-transition for PMMA, there ex- 
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ists so far no conclusive evidence whether or 
not this type of transition could be observed 
in this polymer. Among them, Hoff and 
others” have concluded a lack of this transi- 
tion for PMMA on the basis of their audio- 
frequency dynamic data, which however have 
been presented only in an extremely small + 
figure and probably may be too scattered to- 
distinguish so small an anomaly as has been ~ 
observed in our experiment. Recently Ka- 
wail, on the other hand, has suggested the 
existence of this transition in PMMA from 
the dielectric loss data. 

Anyway, the apparent activation energy 
AH for the y-transition can be evaluated from 
the present data as 7 kcal/mole, assuming the 
frequency of measurement is proportional to 
exp(—4H/RT), where R is the gas constant © 
and T the absolute temperature of the loss 
maximum. This estimate of 4H, being much — 
smaller than that of the #-transition, does — 
not seem unreasonable to the hypothesis that — 
the 7-transition of PMMA might be due to 
the rotation of a portion of the side group. 

Fig. 4 illustrates the moisture dependence — 


al 


Ped 


MOISTURE % 
O 
O15 
0-25 


Ol £ 


LOSS FACTOR 10% 
ine) 


ACO" Oe 2Or eG 


TEMPERATURE °C 


20 40 


Fig. 4. Moisture dependence of loss factor for 
polymethyl methacrylate in the transition region 
(100 ke/s). 


of the loss factor in the transition region. 
As can be observed, the transition shifts toa 
higher temperature with increase of moisture. 
Taking into account the above hypothesis, it 
might be said that the absorbed water makes 
hindrance to the rotation of the side group. 
In fact, Maeda™ recently has reported that 
the absorbed water in PMMA, especially at 
low temperatures, occupies the free space 
between adjacent chains and consequently 
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as a hindering effect on kinetic motions of 
ie polymer chain. 

Much more extensive data will be required 
2fore the above hypothesis on the 7-transi- 
on can be considered anything more than 
‘mtative. 


5. Polystyrene 


) 


The experimental results for polystyrene 
re shown in Fig. 5. It can be seen that the 
ss factor curve tends to rise gradually with 
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Fig. 5. Young’s modulus (solid line) and loss 
factor (broken line) for polystyrene. 


lescending temperature and indicates the pos- 

ible existence of a peak below the test tem- 

erature. A similar behavior has been obsery- 

d for this polymer by other authors!™, 
The loss curve in Fig. 5 appears 


o exhibit a peak also at room tem- (2 
erature. This anomaly seem difficult 7+ o HIGH POLIMERIZATION DEGREE | 
© explain, since polystyrene mole- X LOW POLIMERIZATION DEGREE i 
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ule has no movable side group in 
ontradistinction to PMMA. In fact, 
he observed peak is so slight as to 
ye reasonably ascribed to an ex- 
verimental error, but it may be 
vorthy to note that the curves here 
resented have good reproducibility. 
Nothing more can be said about this 
iomaly in the present stage. 
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6. Polyethylene and Other Ply- 
mers 

The modulus and loss factor of 
yolyethylene are illustrated in Fig. 6. It is 
vell established® '*© that this polymer has a 
oss peak at room temperature when measured 
t ultrasonic frequencies. Also in the present 
tudy, a prominent peak is found in loss factor 
t 10°C. Combining this result with those in 
ther reports®’®, a value of 28 kcal/mole is 
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evaluated for the apparent activation energy. 
The molecular process involved in this transi- 
tion. is, as Mason! has. stated, probably as- 
cribed to the mobility of polymer chains in 
the amorphous region. 

In the case of nylon 6 (see Fig. 2) which is 
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Fig. 6. Young’s modulus (solid line) and loss 


factor (broken line) for polyethylene (100 kc/s). 


also partially crystalline as polyethylene, the 
loss factor curve indicates the existence of a 
peak above room temperature. 

Finally, the data are presented in Fig. 7 
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Fig. 7. Young’s modulus (solid line) and loss factor (broken 
line) for two polyester samples. (100 kc/s). 


for two polyester samples of different cross- 
linking degree. While softening occurs at 
different temperatures for each sample, the 
modulus as well as the loss factor of both 
samples fall into a single curve respectively 
below the softening temperature. This indi- 
cates that, at the glassy state at least, the 
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dynamic elasticity of high polymers at ultra- 
sonic frequencies almost energetics in nature, 
as has been discussed in detail in the pre- 
vious paper®. 


§ 7. 


In conclusion, the authors express their 
sincere appreciation to Prof. Y. Suge for his 
continuous encouragement throughout this 
study. They also wish to thank to Dr. S. 
Iwayanagi and other members of the high 
polymer laboratory in the Scientific Research 
Institute for their valuable discussions. 
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On the Effective Diffusion Tensor of a Segment in a Chain 


§1. 


The molecular theory of the intrinsic vis- 


Introduction 


Viscosity of Polymer Solutions 


By Yuichi IKEDA 
Kobayasi Institute of Physical Research, 2431 Kokubunzi, Tokyo* 
(Received December 27, 1956) 


The effect of hydrodynamic interaction between segments in a chain 
molecule plays an important role in the theory of the intrinsic viscosity 
of high polymer solutions. In this paper, the effect of hydrodynamic 
interaction is reflected into the concept of the effective diffusion tensor 
of a segment in a chain molecule. In performing the calculation, 7i¢, 
the distance from the centre of gravity of the chain molecule to the 
cited segment, is considered as a parameter. In result, each segment 
has an anisotropic effective diffusion tensor, the radial component of 
which is about 10% larger than the transversal ones on the average. 
With this anisotropic diffusion tensor, the shear gradient dependence of 
the intrinsic viscosity of polymer solutions is deduced, making use of 
Rouse model. The agreement with experiments is satisfactory. 


completed by Zimm”, 
efforts following Huggins”, 
Debye”. 


Molecule and its Application to the Non-Newtonian 


after many authors’ 
Kramers» 
The viscoelastic properties of dilute 


and 


cosity of polymer solutions is now almost 


* Present address: Fuji Spinning Co., Ltd., 2 
Chome 1, Honché, Nihonbasi, Chid-ku, Tokyo. 


polymer solutions in alternating shear gradi- 
ent are also‘well explained. However, the 
shear gradient dependence of the intrinsic 
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viscosity is not satisfactorily explained, although 
some theories’ have been given. Zimm’s 
theory, the most exact one ever established, 
Zives no shear gradient dependence of intrin- 
sic viscosity, perhaps because of the complete 
linearity of the diffusion equation. It should be 
noted that in his theory the hydrodynamic 
affect is completely averaged using the proba- 
bility distribution function in equilibrium. On 
che other hand, Kuhn and Kuhn” are the first 
who derived non-Newtonian intrinsic viscosity. 
They introduced the concept of internal vis- 
sosity into the dumb-bell model of the macro- 
molecule, and in result, the dumb-bell model 
chey took has an anisotropic diffusion tensor, 
which causes the non-Newtonian viscosity. 
However, the idea of ‘‘ internal viscosity ’’ is 
tot clear. If it really exists, we might be 
ible to derive it making use of Rouse model, 
sonsidering hydrodynamic interactions. 
Having these circumstances in mind, we 
will attempt to estimate the effective diffu- 
sion tensor of a segment in a chain molecule, 
with specified position 7¢ apart from the cen- 
re of gravity of the chain. In this case, 
when the effect of hydrodynamic interaction 
s taken into consideration, the effective dif- 
‘usion tensor of a segment becomes an an- 
sotropic one because of the anisotropic dis- 
ribution of other segments around the cited 
segment. With this anisotropic diffusion ten- 
sor, we can get a higher approximation of 
he hydrodynamic interaction effect than 
Zimm’s, in the theory based on a Rouse 
model. In result, we can get the non-New- 
onian intrinsic viscosity of polymer solutions. 


;2. The Effective Diffusion Tensor of a 
Segment 
We will take a Rouse model with WN identi- 
al segments, each of which is designated by 
in index z running from 1 to N. The root 
nean square of distance of neighbouring seg- 
nents is 7. The diffusion tensor D’/ can be 
lefined by 
fiscally a 
y 
vhere 7 is the velocity of the zth segment 
ninus the velocity of the unperturbed flow of 
olvent, and F, is the force acting on the 7th 
egment. The components of the diffusion 
ensor can be rewritten as 
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1 rij 
D=kT\ ae [3+ ae ale 2 
oO Beneris Forel ae 
as Kirwood” has shown*. D/J (¢ <j) vanishes 


when the hydrodynamic interaction can be 
neglected. 
Firstly, we will consider the case where 


F, has a value of F independent of 7, then 


we have 


ji'=(S DOF , (3) 
4) 

so we may define the effective diffusion ten- 

sor D‘trans of the zth segment in the transla- 

tional movement of the polymer as follows: 


Ditrans= DO +<& D+); ’ (4) 
Wea 

where < >; means the average taken over 
all other Tia (Gg=1,---, 7-1, 7+1, 7 NOW ex: 


cept We. where 7i¢ is the vector running from 
the centre of gravity to the zth segment. 
Strictly speaking, Eq. (4) does not give the 
exact definition of D*trans, because in the 
translational motion, the movement is repre- 


sented not by F.=F but by j’=constant vector 


j. However, the treatment for describing 


D‘trans Starting form prj is rather difficult. 
Fortunately, it is seen from some papers?:9)10 


that F; does not so much depend on 2, and 


it is natural to think that F,’s acting on two 
segments have almost same values when they 
are near each other, because the circumstances 
around each segment are nearly the same. 
Moreover, we can justify the definition Eq. 
(4) in another way. When we assume each 


segment has its diffusion constant D'trans which 
is given by averaging D'trans Over Vie, We 
obtain the translational diffusion constant of 
a chain molecule Dirans in rigorous way as 
follows: 


Tt Sema -» 2 WOLe\ = 
Re Fy; or Fi=( os ae (5) 


so consequently we have 


* Eq. (2) is not so general as Kirkwood con- 
sidered. Eq. (12) in his paper cannot be written 
generally, because Fj is determined not only by 
ves and g@’s in the chain space but also by the 
components of vw perpendicular to chain space. 
However if we take a Rouse model, the configura- 
tion space is identical to the whole space; so we 
may adopt Eq. (2) in this case®). 
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pte Table I. The values of F(x) and xF\wx), where — 
4s 4 = =* 
i Fac =)-} _ (NaN72P¢ 7 ss 1/2- 
» Sh RT Jj transJ F(@)= "36Mino [7] and «= AgN1/2: 
(6) Ao= ¢/{(6n3)¥/?7 01} - 
or iy ; j =f 
| F(x)=(1+ 2) after Ririey oars 
wo Zwanzig-Plock™ 
Darsna=| 5(7 48" ) | 4 a (Eq. (15) 
F(a) aF(e) | F(a) wF(«) 
We can show that the value of Dirans calculat- = oh ie nan 7 wn Ai 
ed from Eq. (6) is in good agreement with Y 5 ; ; ane Me i 
the exact one! irrespectively of the degree Oa Oni ee } ee } 
of hydrodynamic interaction effect. This seems 1.0 0.60 0.60 De e , 
to justify the applicability of Eq. (4). 2.0 0.43 Me 0.38 0. aa 
Now we will consider the effective diffu- 3.0 0.33 1.00 0.29 | 0.88 
sion tensor of a segment in the rotational 4.0 0.27 1.09 0.24 0.96 
motion of a polymer. In this case, the 5.0 0.23 1.15 0.20 1.02 & 
circumstances are analogous to the translational 10.0 0.13 1.30 0.12 1.17 t 
case; when the value of Tie is near rie, F 20.0 0.07 1.40 0.07 aa if 
F > oo 0) pet? 150 0) A {} 
does not differ so much from F;. However, | 4 
as the chain rotates around the centre of ._. . : : & ; 
intrinsic viscosity, [y]’, employing Rouse 


gravity (strictly speaking, around the centre 
of resistance), F; will be nearly equal to 
= oF when Fiery. Consequently, we may 
define D*rot by 


D‘,o¢= Di + ax y D*5»,, (GG) 
ject 

where @ is a constant factor which can be 

determined from more detailed analysis. We 

will now take 1/4 for a, tentatively. Now, 

using the diffusion constant which is obtained 


by averaging Eq. (7), we can calculate the 


model. The result is shown in Table I, com- 
pared with Kirkwood-Zwanzig-Plock’s result! 
The agreement is good through all degrees of 
hydrodynamic interaction effect, and hereafter) 
we may use Eq. (7) as D?'rot, where a= 1/4, 
More precise theories” give a little smaller’ 
values then Kirkwood-Zwanzig-Plock’s. So, the; 
value of a should be taken a little smaller’ 
than 1/4. However, as our theory is not so) 
strict, it will be meaningless to decide the: 
value of @ in detail. 


We will now estimate Eq. (7) as a function of 7. Substituting Eq. (2) into Eq. (7), with 


a=1/4, we have 


vege 


D‘ot= sZL ai = ( £2 


1 
aly iS ck Ly | Miueed 
ae! GOrens \F nla wae 


The probability distribution functions Zw(tis; Tie) of Tis with 7i¢ fixed is given by! 


£,3/2 
(270)3/?(titi; ro bing 


Zy(n5; ne)= 


where 


ean Led Tees 

eS NN ON re 
ate 

2 6 \N N/AN 

Dex hy ts q 


i. 


ij” @isYiz VisZiy \\ 
Yoseis Yas? Yas sre (8) 

Bijtis ZisYis Zz? a 
th >) lta Ne 4 
P) (1 — ! 9). 
Carmen thi w) | "] 
(10) 
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Using Eqs. (9) and (10), Eq. (8) can be rewritten as 
it Aral ie alan = 0 0 
127271 5d; 
Rd; C 27ic? 
Dee ST IH il See 06 
om ms Soa eee ze \h+ 0 (11) 
0 0 "as x ria? ae 
a bet 12 ryt +B(1 5ti a ; 
where we take x-axis parallel to Tie, and © 
Bee 1/2 1/2 
any U(2-2)" (242) 
™ 2 2 ( rea Meal (12) 
_ 71 NP (1/2—2)'P+(/2-+0)? ane 3) 


Eq. (11) can be interpreted physically as fol- 
lows: the hydrodynamic interaction effect 
causes a segment to move easily, if there 
are many segments moving in the same direc- 
‘tion. The smaller the distance 7i¢ is, the 
‘more closely crowd the segments, and so the 
larger become the components of the effective 
‘diffusion tensor. Moreover, when the position 
‘of the ith segment from the centre of gravity 


chain. If the diffusion constant of each seg- 
ment remains constant, the non-Newtonian 
viscosity does not occur when we use the 
Rouse model, as is already pointed out?515, 
But if the diffusion constant of a segment be- 
comes an anisotropic effective diffusion tensor 
with variable components, non-Newtoninan 
viscosity may occur. However, Eq. (11) can- 
not be used in the above form. Under the 


shear flow, the chain is deformed, so that the 
distribution function in equilibrium (Eq. (9)) 
used to calculate Eq. (8) is to be replaced by 
the one of non-equilibrium. This circums- 
tances make it difficult to apply the idea of 
effective diffusion tensor to the calculation of 
non-Newtonian intrinsic viscosity. So, here- 
after, we may only use the anisotropic pro- 
perty of the effective diffusion tensor, which 
is essential whether the chain is deformed or 
not. Thus, we will average the component 
of the tensor in Eq. (11) on 7c, then we have 


‘is specified previously, the density distribution 
‘of other segments around the zth segment 
becomes anisotropic, with the result that the 
‘radial component of the effective diffusion 
‘tensor becomes larger than the transversal 
‘ones on account of the effect of hydrodyna- 
mic interaction. 

If a polymer chain in a solution is under 
‘the shear flow, the chain will rotate and be 
deformed. In this case, we can calculate the 
intrinsic viscosity of a polymer chain mole- 
‘cule, solving the diffusion equation of the 


(tt 5®) 
AB 0 0 
id daa “tins 
kT ‘S ( 1 ) 13 
t ot=— 1 PAlphaoe= le 0 (13) 
Dirot i : Baa i 5 
Care) 
A= = B 
eT EEEN, 5 


As A and B are slowly varying functions of z, we will again average Eq. (13) through 7, to 
avoid the complexity which will occur otherwise in carrying out the calculation. Consequent- 
ly, the averaged effective diffusion tensor, Drot, becomes in its final form 


1+0.71A,NV2 0 0 
Drot =| 0 1+0.642,NV/? 0 ; (14) 
0 0 1+0.642,N1/? 
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where Ag=C /{670?) 2m 1} : 


The average of the three diagonal elements is RT/€(1+2/3-A)N¥/”). 
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If we take this mean 


value for the diffusion constant of each segment, we get the intrinsic viscosity, [7]’, as follows: 
NaN?eP?E 1 

Pk, SOs Se Vie a ee 15 

Cl 36 Ming 142/3-ANY? ’ 19) 


the value of which is shown in Table I as a function of 2)N?/2. 


§ 3. Non-Newtonian Intrinsic Viscosity 

We will now treat the non-Newtonian in- 
trinsic viscosity of polymer solutions. Here 
we will adopt the Rouse model. In this case, 
it is convenient to use the normal coordinates 
Ei, m, Ci (¢@=1, ---, N—1) (the same ones for 
free-draining case in Zimm’s paper”, non- 
free-draining effect being taken into account 
in a different way in our paper), which are 
linear combinations of wie, Yie, Zia (@=1,---, 
N). The coordinates representing the posi- 
tion of the centre of gravity, &o, 70, €o, do 
not enter in the following calculation. It is 
desirable to calculate the effective diffusion 
tensor in normal coordinates ge But 


the Aunetional font of 1/7; in normal coordina- 
tes is so complex, that we will try to derive 
the diffusion tensors in this case from the 
ones of ordinary wie, Yio, Ziq Coordinates. 
Though it is troublesome to seek the exact 
new form of diffusion tensors, it will be 
intuitively understood that the diffusion ten- 
sor of Eq. (14) can be used without changing 
its form for the new coordinates, when we 
consider the simple rotation of a chain around 
the centre of gravity, or the uniform radial 
deformation of the chain. 
for each set of coordinates &:, y:, Ci the dif- 
fusion tensor to be of the same form as 
is given in Eq. (14). 


Taking a laminar flow (gy, 0, 0), where g is the shear gradient, we have 


Em) = a 


it 
(ne) == 


rot 


G) 2 2 2 
S Eee) + 3Ee 1 


oe >+3¢Ee)(1— 


at prt \Eenloe) (16) 
= prt \eneloe), 


rot 


So we may assume 


where D’;ot and D";yo¢ are the radial and transversal components of effective diffusion tensor, 
respectively, o:?=&?+7?+€.?, and ¢ > means the average in equilibrium. ( ) means the 
average in the steady state. Eqs. (16) are derived from the diffusion equation of Rouse 
modified by anisotropic diffusion tensors, by multiplying &iy; and v;2 to it and averaging, and 


<&?> is introduced in Eqs. (16) because it comes from the spring constant of Rouse model _ 


given by equilibrium mean square separation. If (1—D*rot/D’ror)=0, non-Newtonian viscosity 
disappears, and we will calculate (£:7:) in a power series of (1—D'rot/Drot). We may sub- 
stitute (Ei7:/0:7)o and (7:7/0:7)o into (Eryi/p.2) and (7:2/0:2) on the righthand term of Eqs. (16) 
respectively, for the first approximation. The subscript 0 indicates the value evaluated wheal 
we assume that (1—D'rot/D’ror)=0. So we have 


ees | 
(Gini/0%? w= es ‘Ete ee I czy 1 ag 

Ss = ge — 

ae ea Oe (s 2 Tare, 
Coe laird rsa % (18) 

and 
3 Dt 
Gen) =F boy hit (1 ete 71 Se ee 
IDI x: +) 1D 5¢ fi Dro 2 ei Aal 


From (&7), we can get in a usual way the intrinsic viscosity [y], that is 


|. 09 | 
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12 N? : 
_where one has <&2)= a Gam which leads immediately 


Sa DS, ct P 2 
as CE,» =a" ; (21) 
and 
wéry= 3 (a ce) (22 
i 35 ' 22) 
Then, Eq. (20) can be rewritten as 
= [ = 48 —_ D' yot M \? 2 
ln] [7]o-o) 1 945 ( Det) tnle-o7 pp) 2+ ae (23) 
Remembering Eq. (14), we have 
1—D' rot] D’rot = (1+ 0.07 ApNY?)/(1 +0.71A, NY?) . (24) 


When Ay, (1—-D'rot/D’ rot) ~ 0.1. [y]os0 is nearly the same as [y]’. [7]o¢s0%1/D"ror{1+3/51— 
DE DR) + Sad } and In|’ ce 1/D*rot{1 +2/30 —D'yot/D" rot) + eS) Ne where 0 <(il —D*,o4/D Tas) <a) il : 


§ 4. Discussion 


Recently, Peterlin-Copic!® proposed a theory of the non-Newtonian viscosity of dilute 
polymer solutions. Their idea is essentially similar to that of this paper. But they started 
from the dumb-bell model, and discussed the anisotropic diffusion tensor according to it. On 
the other hand, we have started from the concept of the effective anisotropic diffusion tensor 


of one segment in a chain. In result, Peterlin and Copic obtained the following result, 


53 Dt M \ 
= => jee 1—— 2ee Gs = Of pease 
[yl=la]o | = pr)( tal 020 a PH i: (25) 


our result is shown in Eq. (23), where Rouse model is employed. 
It is to be noted that [y]/[y]oso is a function of [y]yson.My/RT, this corresponds to the fact 
that [y]/[yjos0 is a function of [y]g07.Mw/RT in the oscillating field. Though we cannot 
a0 a0 


clarify the behaviour of a chain in the full range of shear gradient, we mayn ow suggest a 
formula for [7] as follows: 


[nVrlowo=(1— l=) Oe Sp Se eee at AL (26) 
[y]gs0 / 2? i=1 +8) 5 Cae N0 M | [Joo 
a? 1? IRIE 

presuming the Philippoff-type non-Newtonian viscosity formula. Eq. (26) fits to Eq. (24) with 
the parameter 8=6/7(11—D'rot/Drot)1—[y]o+~/[7]o+0)"1, if gis small. This formula is suggest- 
ed considering of many normal coordinates representing the configuration of a polymer chain. 
We will now compare Eqs. (24) and (26) to the experimental data. Eq. (24) with AyN/?-> 00 
is applied to Copic’s data!” and Wada’s data! of non-Newtonian intrinsic viscosity of poly- 
styrene and polymethylmethacrylate, respectively. Broadly speaking, the agreement is satis- 
factory. Eq. (26) is applied to Sharman-Sones-Cragg’s data™ where g=0 ~ 10‘ sec-?. Many 
Sharman-Sones-Cragg’s data are plotted in log 7,/e vs. g, but approximately holds the relation 
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[7] (1—1/%,°) al 1 ) 
log ple et EAM) + Nog gtfe— —(1- =), 
Ble C La]o—o Bail c 9r° 


where 7, is the relative viscosity, 7,° is 7, at g--0, and c is the concentration of polymer 
solution, and hence Eq. (26) can be roughly compared with their data. Though the agree- 
ment with each experimental data is not so good, the trend of experimental curves, i.e., the 
fast decrease of [7] followed by slow one with increasing shear rate is reasonably explained 
by Eq. (26). The tendency of dependence of non-Newtonian viscosity on molecular weight is 
also satisfactorily explained. 
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The thermomagnetic properties of chromium sulfide CrSj).17 were 
studied. The spontaneous magnetization of this compound, which is 
probably of the ferrimagnetic origin, suddenly disappears during cooling 
at —120°C. A slight heat absorption was observed at this transition 
point. By X-ray analysis excess diffraction lines besides those of the 
ideal crystal lattice of the nickel arsenide type were observed at room 
temperature, which shows a super-lattice structure with parameters of 
twice c and 2,’ 3 times of a, a and ¢ being those of the original lattice. 
It was also found by X-ray analysis that there was no change of the 
crystal lattice at the magnetic transition temperature, —120°C. This 
compound showed a ferrimagnetic behavior with the asymptotic Curie 
temperature at 150°K. A peak in susceptibility vs. temperature curve 
was found by the thermomagnetic measurement in the temperature range 
from the liquid helium temperature to —120°C. Basing on these data, a 
short discussion on the nature of the above-mentioned transition is given. 


Introduction 


Bil 


It was reported by Haraldsen and Neuber? 
that chromium sufide with the composition 
CrSi.17 is ferromagnetic with the Curie tem- 

perature of about 30°C and its spontaneous 
magnetization disappears suddenly during 
cooling at —120°C and the compound becomes 
paramagnetic below that temperature. As to 
the mechanism of the abrupt disappearance 
of magnetization at —120°C many possibilities 
could be proposed, e.g. the change in crystal 
structure, the formation or vanishing of 
ordered arrangement of cations or vacancies 
im» the crystal lattice, or that of ordered 
arrangement of spins. Because of the lack 
of thermal and crystallographic data, however, 
it is difficult to distinguish the most probable 
one from these possibilities. Hence, in the 
present studies magnetic, thermal, and X-ray 
analyses of this compound were undertaken. 
In the following pages the results of the 
measurements and a discussion of the nature 


* A part of this report is based upon the dis- 
sertation (Master Course (1955), Tohoku University) 
presented by Motoyoshi Yuzuri. This investigation 
was financed in part by the Grant-in-Aid of the 
Fundamental Scientific Research of the Ministry of 
Education. 


of the magnetic transition mentioned above 
are given. 


§ 2. 


The specimens used were prepared by the 
usual ceramic method. Chromium powder 
(99.3%) and sulfur (99.99%) were mixed in 
the desired ratios and sealed doubly in an 
evacuated quartz tube and then heated in an 
electric furnace. To avoid explosion during 
heating, the mixtures were heated slowly 
during 24 hours till 400°C and held at this 
temperature for 24 hours, then heated till 
1,000°C during 24 hours and kept at this 
temperature for 24 hours. After the reaction 
was completed, the specimens were cooled at 
the rate of 30°C per hour down to the room 
temperature. Sometimes, slight cracks oc- 
curred at the inner quartz tube during cooling 
due to the difference in thermal contraction 
between the specimens and the quartz tube, 
but the doubly sealed container mentioned 
above prevented the specimens from oxidation 
or decomposition. In order to obtain homo- 
geneous specimens, the reaction products were 
crushed once more, mixed well and then 
pressed in a form of small bar under the 
pressure of about 1.5 tons per square cm and 
again heated above 900°C for more than 24 
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hours. Every portion of the specimen thus 
obtained showed the same thermomagnetic 
behavior. 


§ 3. Thermomagnetic Measurements 


An automatically recording magnetic balance 
was used for the measurements of the 
magnetic susceptibility». The change of the 
susceptibility, ~, with temperature was mea- 
sured with samples of various sulfur contents 
at the magnetic field of about 3,500Oe. The 
susceptibility of the compound CrS,..7 as 
measured in the temperature range from the 
boiling point of liquid nitrogen to 600°C, is 
shown in Fig. 1. As seen from the figure 
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Fig. 1. The thermomagnetic curve of CrS;.17. 


the reciprocal susceptibility decreases linearly 
with the fall of temperature in the high 
temperature range, and then falls rapidly just 
above the Curie point, below which the 
saturation in magnetization is observed. Such 
a behavior suggests that the magnetism of 
this compound is of ferrimagnetic origin. 
From the Curie constant obtained from the 
slope of the 1/x-T curve, the effective Bohr 
magneton number per Cr ion was calculated 
to be 4.8. Assuming Lande factor g as 2, 
the mean spin quantum number S becomes 
3.9/2. This observed value of S is considered 
to be a resonable one, since it may be sup- 
posed from the ionic picture of this compound 
that two kinds of chromium ions, Cr2+ and 
Cr**, whose spin quantum numbers are 4/2 
and 3/2 respectively, coexist in the substance. 
The specific magnetization at 3,000 Oe below 
the Curie temperature is also shown in the 
same figure, which hows that the magnetiza- 
tion disappears suddenly at —120°C as stated 
above. The change of the specific magnetiza- 
tion o with the magnetizing field obtained 
with the sample of CrSj..7 is shown is Fig. 
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2, from which it can be seen that the com-_ 


plete saturation is reached at the field of 
8000 Oe. 
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Fig. 2. The curves of specific magnetization 
versus magnetic field. 


measurements at various temperatures is 
shown in Fig. 3, which indicates that the 
saturation magnetization varies linearly with 
T?/2 below 250°K*. The saturation value at 
the absolute zero of temperature obtained by 
extrapolating the linear part of the o;—T?/? 
curve, 1s 0.35 Bohr magneton per Cr atom. 
The behavior of the susceptibility below 
the transition temperature is shown in Fig. 4. 
As can be seen from the figure, there appears 
a maximum of susceptibility at —170°C. 
The emergence of this peak, however, was 


O 50 100 


150. 200250 
T 3/2 


Fig. 3. The saturation 
(temperature 7/2), 


magnetization versus 


accompanied by a relaxation of the order of 
an hour. If the specimen was cooled rapidly 


to the boiling point of nitrogen and then 
heated without delay, such a peak did not 


appear. The necessary condition for observ- 


* Such a procedure for obstaining absolute satu: 
ration value with Bloch’s 78/2 law is justified in 
the case of ferrimagnetism by Prof. Kubo. 


A os—T*/? plot made, based on such — 


957) 


ag this peak was to keep the specimen at 
he boiling point of liquid nitrogen for a few 
ours or to cool it until the liquid helium 
emperature was reached. The origin of such 
relaxation phenomenon, however, is not yet 
lear. 


4. Thermal Analysis 


The measurement of specific heat in the 
yw temperature range was carried out by 
yeans of an adiabatic method, the detailed 
escription of which was given by Nagasaki 
nd Takagi». In this case a cylindrical 
essel made of paper was used as the speci- 
ten container. The result of measurement 
3 shown in Fig. 5. An anomalous peak of 
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Fig. 4. The curves of susceptibility versus tem- 
perature. 
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Fig. 5. The curve of the specific heat versus 
temperature of CrSj,.17. 


specific heat at about 30°C corresponds to the 
Surie point of this compound, and the total 
eat absorption due to the vanishing of fer- 
‘jmagnetism is 30 cal/mol.* In addition, a 
ery small peak was observed at about 
~120°C, corresponding to the vanishing point 
f magnetization at low temperature side. 


3 Meath molecular weight 89.9 for CrS,.17 is 
dopted here. 
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The total heat absorption under this peak is 
7 cal/mol, the excess entropy change at this 
point being only 0.044 entropy unit. 


§5. X-ray Analysis 


For the purpose of detecting any change of 
crystal structure corresponding to the magne- 
tic transition at —120°C, powder diffraction 
photographs were taken at room temperature 
and below —120°C. A _ modefied X-ray 
camera of the Ubbelohde® type was used, 
the detail of which is as shown in Fig. 6. 


Fig. 6. The low temperature X-ray camera. 

A, copper rod; B, copper container for cooling 
medium; C, copper rod; D, heater; E, cellophane 
sleeve with glass stiffing; F, corke table; G, 
thermocouple; H, Dewar vessel; I, cassette; J, 
glass tube for supply of cooling medium; S, 
specimen. 


The diameter of the camera was 70 mm. 
Rotating specimen S was cooled by both the 
cooled copper rod A attached at the bottom of 
liquid air container and the flow of cooled 
air evaporated from it. The control of the 
temperature of the specimen was made by 
adjusting the contact between the copper 
rods C and A as well as the flow of cooled 
air. The evaporation control of liquid air 
was made by means of adjusting the power 
supply in the heater D in B, thus the adjust- 
ment of temperature of the specimen could 
range from —100°C to —150°C. As the X- 
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Table I. The result of X-ray analysis at room temperature. 
Intensity | Scattering angle hkl sin? 6 
| @ | NiAs-type | Super structure | Observation Calculation” | 
Ts ae Ree eee ok 002 / 0.0401 0.0398 
w 14°30’ 201 | 0.0589 0.0585 
vw 17° 1 | 210 0.0858 0.0850 
w 18°00’ 211 | 0.0955 0.0949 
w 21°45/ | 203 0.1373 0.1380 
S 22°30’ | 100 220 | 0.1465 0.1450 
vs | 25°30’ | 101 222 | 0.1853 0.1848 
be fraongme 004 | 0.1590 
vw 33°00! | | 205 0.2966 0.2967 
vs 33°30" 102 | 224 0.3046 0.3090 
vs | 41°27! 110 600 0.4434 0.4390 
S 45°00" | 103 226 0.5000 0.5030 
vw | 49°54! | 200 440 | 0.5852 0.5830 
s | 52° 7! | 201 | 442 | 0.6227 0.6228 
| 112* | 604 0.5980 
s 52°30! | 004 008 0.6295 0.6350 
vs | 59°24! 202 444 0.7408 0.7420 
vw 61°45’ 104 | 228 0.7760 0.7810 


Notation of intensity; vs=very strong, s=strong, w=weak, vw=very weak. 


* not to be observed. 


ray scattering occurred by frost adhered to 
the circumference of the specimen, the freez- 
ing of frost was avoided by setting a cylind- 
rical wall of selophan E and flowing cooled 
air in the direction of arrow sign in the 
figure. The result of X-ray analysis at room 
temperature is as shown in Table I. As it 


Table IJ. The result of X-ray analysis at —140°C. 


NiAs-type 20°C — 140°C 
hkl 0 | sin? 9 | 0 | sin? @ 
100 PEPIN! 0.1465 TIER! 0.1475 
101 20,30" 0.1853 25208" 0.1871 
102 So eOUL 0.3046 B3288) 0.3068 
110 Ale2T! 0.4434 ASO! 0.4449 
103 45°00! 0.5000 AS? 12! 0.5035 
201 Le el! 0.6227 52°29' 0.6290 
004 OKI! 0.6295 52250/ 0.6351 
202 59°24! 0.7760 59°56’ 0.7489 
temperature a © c/a 
20°C 3.45°A 5.76 A 1.67 
— 140°C 3.44 A 5.74 A 1.67 
2 . = 4 . | 
Aa/a=0.29%|4e/e=0.35% 


structure of NiAs type and the unit length 


shows the compound CrS;.;; has the crystal 


| 


of @ and c axes are 3.45A and 5.764 rem 


spectively, its axial ratio c/a being 1.67. 


These results coincide with those of Harald- 
sen. The result of X-ray analysis below 
—120°C is as shown in Table II; any ap- 
preciable change of crystal structure from 
that at room temperature was not recognized 
and it was ascertained that the lattice con- 
tracts 0.29% and 0.39% along the directions 
of @ and c axes respectively. Such a con- 
traction is probably due to the ordinary 
thermal contraction, as the thermal expansion 
coefficient 1.8x10-° in the direction of @ axis 
and 2.2x10-° in that of ¢ axis are sufficient 
to reproduce such a contraction. 

A power photograph at room temperature 
was also taken by using an X-ray camera 
with the diameter of 114mm and the above- 
mentioned results in Table I were confirmed. 
However, several diffraction lines besides the 
proper lines of this crystal lattice were re- 
cognized in the range of small diffraction 
angles. These, correspond to a super-lattice 
structure, whose ¢ axis and @ axes are, re- 


spectively, twice and 21/3 times greater 


an those of the original nickel arsenide 
pe lattice. According to Haraldsen, the 
me super-structure* exists the composition 


ar CrSj.o9 but not at the composition of 
Sy.17. 


3. Discussions 


‘Now we discuss the mechanism of abrupt 
jange of magnetism at —120°C. The pos- 
dility of the structural change of crystal at 
is transition point may be excluded because 
the negligible difference of the X-ray 
ywder patterns found above and below the 
ansition point and the very small heat 
sorption observed at this temperature (only 
cal/mol, cf. § 4 and 5). 
It was suggested by Haraldsen and Neuber, 
tat the ordered structure of ions or vacancies 
as found at the composition CrS;.o (para- 
lagnetic), while, such super-lattice lines 
anished at the composition CrS;.47. They 
msidered from these results that the dis- 
ppearance of the super-structure is respon- 
ble for the appearance of ferrimagnetism. 
lowever, as reported in section 5, the same 
iffraction lines corresponding to the above- 
1entioned ordered structure were found by 
s both for paramagnetic and ferrimagnetic 
ompounds, and hence such a super-structure 
; considered to have no direct relation to 
ae observed ferrimagnetism and the magnetic 
ransition at —120°C. 
As for the cause of the magnetic transi- 
ion mentioned above, some kind of the 
riangular arrangement of the magnetic 
1oment of cations may be considered. In 
ne compound CrS;.17 two kinds of cations 
r2+ and Cr’+ coexist in the same crystal 
uttice. In such a case it was concluded pre- 
iously basing on the molecular field theory” 
qat the magnetic moment of each kind of 


= The coincidence of the intensity distribution 
f the extra-lines with those reported by Haraldsen 
ould not be confirmed by the present investigation. 
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cations orient to different directions respective- 
ly, making the so-called triangular spin 
arrangement in the crystal lattice. It was 
also inferred from the same theory that more 
than two stable or metastable directions of 
the resultant magnetic moment of each kind 
of cations will occur at a certain temperature 
during heating or cooling, and an abrupt 
change of total magnetic moment of the sub- 
stance will be expected owing to the dis- 
continuous change of the angle between the 
magnetic moments of cations. The resultant 
magnetic moment of each kind of cations 
remain unchanged while the total magnetic 
moment of the crystal is largely changeable; 
such a magnetic transition will not be 
accompanied by any latent heat or heat 
absorption, this theoretical result coinciding 
with the fact that a very small heat absorp- 
tion was observed at the transition. It was 
also shown previously that a ferrimagnetic 
behavior of the crystal can be expected from 
the model of the triangular spin arrange- 
ment, and then the above-mentioned abrupt 
decrease of the reciprocal susceptibility during 
cooling just above the Curie point is expected 
from the same point of view. 
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Preliminary Report on an Electromagnetic Isotope Separator 


By Jun OKANO 
Department of Physics, Faculty of Science, Osaka University 
(Received October 16, 1956) 


As a first step towards constructing a high intensity electromagnetic 
isotope separator, the focussing characteristics of the Smythe type magne- 
tic lens was investigated. And for preliminary experiments of isotope 
separation, we constructed a small mass separator of this type. 
apparatus has the ion radius of 50cm in the magnet, and has two ion 
sources which can be operated independently and simultaneously. The 
ion source was a sort of Finkelstein type and its characteristics was 
investigated in conjunction with the electrostatic lens system. 
mum ion current on the collector that was attained was about 400pa@ and 
1ma for neon and for magnesium respectively. 


Sails 

In 1934 Smythe et al constructed a mass- 
spectrometer with a special type of magnetic 
lens capable of focussing on a collector all 
the positive ions of the definite mass from a 
wide area of the ion source. ‘They separated 
alkaline metals emplying an ion current of 
Oneal tor Kes 

From 1938 to 1949 medium size electro- 
magnetic separators were constructed by 
Walcher.» Koch,» Bergstrom” et al. The 
collector currents in these separators were of 
the order of 10-100 wa. Recently the intensity 
of the electromagnetic separator has been 
increased remarkably mainly due to the suc- 
cess in the neutralization of space charge in 
the ion beam. Bernas» constructed a 60° 
type electromagnetic separator and was able 
to increase the collector current up to about 
10 ma. He used grids of negative potential 
in order to trap the electrons in the ion 
beams and succeeded in neutralizing the space 
charge of positive ions. 

Kistemaker and Zilverschoon® built a large 
elcctromagnetic separator and operated the 
apparatus with a collector current of 1-10 ma. 
In Oak Ridge”? and Harwell® large scale 
separators were constructed and the collector 
currents of these separators were of the order 
10-100 ma. 

With the recently constructed separators, 
the ion currents at the collectors are of the 
order of 1-100 ma. Because the collector cur- 
rent is firstly limited by the area of the source 
slit through which ions are drawn out, it is 
necessary to use an exist slit with a large 
area in order to get a high intensity. In the 
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The 


The maxi- i! 


case of a magnetic lens of first order focus 
sing, increasing the width of the source sit 
results in the corresponding broadening of the 
image and decreasing of the resolving powert 
It follows from this that in order to increasé 
the area of the slit without decreasing the 
resolving power, an increase of the length of 
the slit is necessary. However, the increase 
of the length requires an increase of thé 
magnet pole gap, which may be too expen 
sive. Therefore, it may be more efficient te 
utilize as an analyzing field of an isotope 
separator a magnetic lens which is capable of 
focussing completely on a collector all the 
ions of the definite mass from a wider source 
slit. 

From this standpoint Smythe type magnetic 
lens, which is able to focus completely a very 
wide incident beam of parallel ions on a 
collector, is considered to be one of the most 
appropriate as an analyzing field of the isotope 
separator. We investigated the focussing 
characteristics of the Smythe type magnetic 
lens and constructed a small mass separatot 
of this type for preliminary experiments of 
isotope separation. 


Practically, if we use a special type of ior 
source such as Kunsmann-source, a very wide 
source slit is available. However, when < 
more general type of source like arc source 
is used, it may be difficult to regulate by the 
electrical lens system the path of ions fron 
the extremely large slit. Then it may be 
advantageous to employ instead of one sourc 
two or more independent sources that ar 
parallel to each other, and to operate then 
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multaneously and superpose the images from 
1ese sources on one collector. 

And also it is advantageous to use a multi- 
yurce, because by adjusting the accelerating 
oltage slightly it is possible to avoid the 
roadening of the image due to the imperfec- 
on of the homogeneity of the magnetic field 
nd because the multisource is beneficial for 
xchanging the charge material and for 
linimizing the time for the preparation. 

In the following we describe the results of 
he consideration with respect to some 
tharacteristics of this magnetic lens which 
ire important when it is used as an analyzing 
ield of the electromagnetic separator and the 
‘esults of preliminary experiment of the iso- 
“ope separation using a small separator of 
his type. 


$2. The Characteristics of Smythe Type 
Magnetic Lens 


Let us consider incident ions running paral- 
lel to each other and designate the direction 
of the path of incident ions as the x-axis. 
And let the mass and energy of the ions be 
M and eF respectively. 

it Ie, a) 


As shown ions entering the 


Fig. 1. Focussing property of Smythe-type magne- 
tieslens:. 


magnetic field at P will run on a circle with 
center Q, and radius a, and be deflected by 
the angle 9. After leaving the magnetic field 
at R, the ions pass through the point O. 
Ions of mass M+4M in the magnetic field 
run on asomewhat different circle with 
center Q’, and radius @+4a where 
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when 
4M 
<< |, 
M * 


They leave the magnetic field at R’ and pass 
through the point S on a focal plane which 
crosses the w-axis at point 0 with an angle @. 


The distance OS is the mass dispersion, dm, 
for mass difference 4M/M, and is given by 


== Aa(l—cos @+sin 0) ps 
OS= Ona > Zz 
sin (0 —0) o 

Om is plotted as a function of @ in Fig. 2 
for 0=0°, 10° and 20°. As it is desirable to 


2:0 


0:0 


40 60 80 


O 20 


Fig. 2. Mass-dispersion of Smythe-type magnetic 
lens as a function of @. Parameter @ is the 
angle between the x-axis and the focal plane. 


have a constant value of 6m on a focal plane 
for the change of @, the angle @ for the most 
appropriate focal plane is determined from 
the minimum point of the curve plotting On 
versus ®. If the part of this magnetic lens, 
@=45°~90° is used, the appropriate value of 
0 is found between 10° and 25°. @ may also 
be determined by a graphical method. But 
in practice the actual focal plane will be 
somewhat different from that estimated by 
the above described method mainly due to 
the effect of the fringing field. 

Fig. 3 shows the path of ions emitted from 
the point P at all angles within the range a. 
The resultant breadth at the focal plane is 


sin @+cos O 
= 3 
Ou al sin (O—6) : at Meg 
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which determines the breadth of the image 
due to an imperfection in the parallelity of 
incident ions. The value of ds given by eq. 
(3) is plotted as a function of @ in Fig. 4. 
If @® increases, dz decreases and vanish at 


Fig. 3. Arration due to a. (da) 


Sag. 


30 


20 


ZOMEAO- COLE BO: 
Fig. 4. Values of the aberration due to the im- 
perfection of the parallelity of paths of incident 


ions as a function of @. 


@=135° where a first order focussing with 
respect to @ is accomplished but ®=135° 
does not correspond to the practical case 
because the path of incident ions is tangen- 
tially to the boundary of the magnetic field. 
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In the range of @=45°—90° oa is of the 
order of aa—3aa when @ is less than 20°. 

If the path of incident ions is parallel to © 
the x axis, an incident angle to the magnetic — 
field, that is, the angle between the path of | 
incident ions and a normal to the boundary ~ 
of the magnetic field at the point of incidence 
is given by 


y ones 7 
&=0 x (4) 

When &’+-0, the magnetic lens has an 
action of three dimensional focussing. Let 
us take the Z-axis parallel to the direction of 
the magnetic field. Then the Z direction 
focal point is given by 

G” =a (ctg &’—@) (5 
where G” is the distance between the Z direc- 
tion focal point and the boundary of the 
magnetic field. 

In Fig. 5 G’’/a is plotted as a function of 
® showing that it is infinity at 0=45° and 
unity at 0~69° 20’. And so three dimensional 
focussing is achieved when @+69° 20’. In 
Fig. 5 the Z-direction magnification factor m, 


a m 
12 4.0 
10 |-O 
8 0-8 
6 0:6 
™z 
4 0-4 
2 0-2 
O ° ° ee oO fe) 
50 60 70 80 90 


ae 
Fig. 5. Z-direction focal length G’’ and ¢-direc- 


tion magnification factor mz of Smythe-type 
magnetic lens as a function of @. 


of the image is also plotted. 2m, is larger or 
smaller than unity according as Oe 457 OE 
45°< @<84°. In the case of an electro- 
magnetic separator the perfect three dimen- 
sional focussing is not necessary but it is 


1957) 


desirable that the magnetic lens has Z-direc- 
tion focussing action and the Z-direction 
magnification factor of the image is smaller 
than unity. 


Although a Smythe type magnetic lens is 
considered one of the most appropriate 
magnetic lens for an analyzing field of an 
electromagnetic isotope separator, it is neces- 
sary to keep in mind the characteristics des- 
cribed above and to select the range of @ 
from the practical standpoint. 

In order to confirm the practical possibilities 
of focussing high current ion beam, a pre- 
liminary experiment has been carried out 
with a Smythe type mass-spectrometer which 
has two sources at ®=53° and 67°. In Table 
I the mass dispersion Om, the aberration due 
to a and Z-direction magnification factor 2, 
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ae 
cee peas 53 8 
i 10°) | t7sue 1.824a 
m ¥ A ee pe 
(da/a <1) 20° | 2.2240 2.08da 
3 10° 2.05aa 1.56aa@ 
% ei oe 
(a<)) 20° | 2.55ae 1.8200 
“ 0.73 0.14 


of the image are given for ®=53° and 67° 
assuming that the boundary of the magnetic 
field is sharp and there is no stray field. 


§ 3. Apparatus 


The mass-spectrometer that was built in 
this work is shown schematically in Fig. 6. 


Fig. 6. Schematic diagram of the isotope separator constructed for this work. J), 72: ion source; 


In, Ly: electrostatic lens; Y: yoke; A: 
liquid air trap; D, D,: diffusion pump. 


core; B: coil; P: pole piece; C: collector; Ti, T2: 


* Fig. 7. Schematic diagram of the ion source and the electrostatic lens. JZ: insulator; O: oven; 


F: filament; A: 


anode: EH: exit slit; D: draw out electrode; S: electrode for space charge 


neutralization; Ly, Iz, L3; electrostatic lens; P, P’: pole piece. 
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Two ion sources are placed 15cm _ appart 
from each other in a casing with openings to 
a high vacuum pump. Ions are drawn from 
the plasma of the arc of the ion source by 
an electric field, and by passing through the 
electrostatic lens, consisting of three cylinders, 
a beam of ions is formed. Then the enter 
the magnetic field where they are deflected 
by the angle @ (53° or 67°). 

In Fig. 7 the ion source and the electro- 
static lens are shown. The ion source is a 
sort of Finkelstein type. The anode is a 
copper cylinder, the inside diameter of which 
is 30mm. At the end of the anode cylinder 
a stainless steel diaphragm is mounted which 
has in the center a hole of 6mm diameter. 
From the hole ions are drawn out by an 
electric field. The filament is a 0.3mm 
tungsten wire. When the element to be 
separated isotopically is a metal, an oven is 
inserted behind the filament as shown in Fig. 
7. The inner wall of the oven is made of 
molybdenum sheet and the outer wall is an 
insulator surrounded by tungsten wire as a 
heater. At the filament side of the oven 
there is a small hole, of 2mm diameter, from 
which metal vapor diffuses to the space 
where they are ionized by electron impact. 
Outside of the anode cylinder a coil is 
mounted which produces an axial magnetic 
field up to 600 gause in the ionizing space. 

The angle » between the conical surface 
of the ion draw out electrode and the beam 
axis, shown in Fig. 7, was determined ex- 
perimentally so as to produce a high current 
ion beam with a small divergence. Now we 
choose w=60° as this angle. The electro- 
static lens consists of three stainless steel 
cylinders, the inside diameter of which is 
82mm. As the diameter of the ion beam in 
the electrostatic lens is 20-30 mm in this ex- 
periment, the spherical aberration of this lens 
is considered fairly small. At the end of 
this electrostatic lens near the analyzing 
magnetic field a diaphram is placed, which 
has a circular hole of 36 mm diameter at the 
center. This diaphram is useful for neutrali- 
zing the space charge in the ion beam and 
for protecting the pole face of the magnet 
from the bombardment of ions. As the ion 
source and the electrostatic lens have high 
positive potentials, if there is on potential 
barrier, electrons in the ion beam escape to 
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the source side, but if a barrier exists which is © 
given by a negative potential supplied to this. 
diaphragm, the electrons are retarded to the ~ 
collector side, and trapped in the ion beam, 
compensating the positive space charge in the 
ion beam. 

The radius of the path of ions in the 
magnetic field is 50cm. The total weight of 
the magnet is about 500kg and the gap 
between the pole faces is 40 mm. The 
maximum field is about 2500 gauss which 
limits practically the number of elements that 
can be separated with this apparatus. The 
pole pieces of the magnet are used at the 
same time as walls of the vacuum chamber. 

The collector consists of pockets made of 
0.5mm thick copper sheets, the back side of 
which is in contact with the brass plate 
cooled by water as shown in Fig. 8. In front 


Fig. 8. Collector. S: shutter; S,: collector cover; 
S:: probe for detecting the deviation of the 
image position; S3: secondary electron suppres- 
sor; C: collector pocket. 


of the collector a shutter is placed. Ion 
beams are visible clearly at the front of the 
collector through windows of the collector 
chamber in two directions; one is vertical 
and another is horizontal. In practice this is 
very convenient for adjusting the conditions 
of the ion source and the electrostatic lens 
and for watching the intensity and the sharp- 
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ness of the image during a separation run. 

Two 6” oil diffusion pumps are used. One 
is mounted on the casing of the ion source 
and another on the chamber placed between 
the pole chamber and the collector chamber. 
Liquid air traps are placed between the pumps 
and the chambers. The effective pumping 
speed is about 800 liters/sec. The pressure 
in the vacuum chamber is (1—3)x 10-5 mmHg 
during operation. 

The block diagram of the power supply and 
the control system is shown in Fig. 9. During 


STABILIZER 
1/2000 


VACUUM 
SWITCH is RELAY 


Fig. 9. Block diagram of the power supply and 
the control system. 


the process of the adjustment the accelerating 
voltage is modulated by 60 cycles and the 
out put current from the collector is driven 
to the vertical deflection plates of an oscillo- 
scope. A part of the modulated voltage taken 
from the earth side of the potential divider 
provides the horizontal deflection. By this 
device it is possible to observe mass spectra 
on the oscilloscope screen which gives im- 
mediately the information with respect to 
the sharpness of the image and the beam 
intensities of all the ions produced in the ion 
source. 

During the operation time, a device similar 
to that used by Zilverschoon et al,® for an 
automatic control of the image position was 
employed in order to compensate for the im- 
perfection of the stabilities of the accelerating 
voltage and the magnetic field strength. 


Experimental Results 


§ 4. 


(1) Ton Source and Eectrostatic Lens 


The gas pressure in the ion source 10-?— 
10-*mmHg. The gas was supplied from the 
reservoir at the rate of about 4.10-% liters. 
mmHg/sec. Jon current drawn out of the 
source decreased exceedingly when the pres- 
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sure in the source was below 2.10-* mmHg. 
The optimum magnetic field strength of the 
source, which was a function of the arc 
voltage, was between 200 gauss and 500 gaues. 

As shown in Fig. 10 the total ion current 
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Fig. 10. Total ion current vs. arc current. 
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I, drawn out of the source, which did not 
include the current flowing into the ion draw 
out electrode, increased with the increase of 
the arc current which was varied by chang- 
ing filament current. But at some point it 
reached the maximum, and further increase 
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Fig. 11. Total ion current vs. ion draw out voltage. 


of the arc current resulted in the decrease of 
the ion current. This might be caused by the 
fact that the ion beam diverged with the in- 
crease of the arc current and the greater 
part of the current flowed into the drawing 
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out electrode. The results shown in Fig. 10 
indicate also that the stronger electric field is 
capable of drawing out the larger ion current 
within the range of 2-5 kv. 

Fig. 11 shows the relation between the 
total ion draw out voltage for three sorts of 
angles of the ion draw out electrode which is 
designated as wo in Fig. 7. The larger 
resulted in higher ion current but in weaker 
converging action of the ion beam,- other 
conditions being the same. It was desirable 
to keep the diameter of the ion beam in the 
electrostatic lens less than one to three times 
the diameter of the diameter of the electro- 
static lens electrode. We chose 60° for 
with a satisfactory result. 

Fis. 12 shows the results for the focussing 
properties of the electrostatic lens. The ion 
current, which is designated as J, in Fig. 12, 
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Fig. 12. Variation of ion current with the lens 
potential. 


was detected at the Faraday cage about 20 cm 
distant from the end of the electrostatic lens 
after passing through the circular slit of 
20mm diameter. Only at optimum condi- 
tions of both the lens potential and the ion 
draw out voltage a shap beam of parallel ions 
could be formed. 

After adjusting the rats of gass supply, the 
arc current, the magnetic field of the source, 
the ion draw out voltage and the lens 
potential to an optimum condition for pro- 
ducing an intense beam of parallel ions, the 
accelerating voltage was varied and the ion 
current J, was measured in the same way as 
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the case of Fig. 12. The result is shown in 
Fig. 13. After all, several milliampares of 
beam current was obtained from our source 
and lens system. The diameter and the paral- 


(mA) 
4 


ION CURRENT, Ic 


Fig. 13. Ion current vs. accelernting voltage. 


lelity of the beam could be varied by chang- 
ing the ion draw out voltage and the lens 
potential. 


(2) Neutralization of Space Change 


After these experiments, the sources were 
mounted on the spectrometer. The image 
formed at the collector was observed on the 
oscilloscope screen by the way described pre- 
viously, or viewed directly through the 
windows of the collector chamber. At first 
some tens of microampares of the ion current 
were obtained at the collector. But increasing 
the ion current still more resulted in an ex- 
tremely large divergence of the ion beam due 
to space charge and therefore in a broadened 
image. 

This result was expected from a rough 
estimation® of the space charge divergence of 
the beam by the following relation. Let us 
consider a beam of parallel ions which has a 
circular cross section with radius 7 passing 
at Z=0 and moving into a field free space 
along the Z axis. After passing through a 
distance Z, the radius 7 of the beam gets 
greater as a result of the mutual repulsion of 
the ions. The ratio 7/7) is given by!® 


7/7) ~1.137-10-* (A.JX/E)WZ (6) 


where 
A: mass number of ions 
FE: accelerating voltage in kv 
Jo: current density at Z=0 in micro- 
ampare/cm? 
Z: distance in cm 
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This relation has an accuracy of less than 
10% in the interval of LS SOT p<: 

In Fig. 14 Jy calculated from Eq. (6) is plot- 
ted as a function of A when the accelerating 
voltage is 10, 20 and 30 kv, Z=100cm. 7/m= 


Z=|00cm 


O 


Fig. 14. Space charge divergence of ion beams 
having circular cross sections. 


1.5. In this experiment an accelerating voltage 
in the range 10-12 kv was used and length of 
the path of ions was about 100cm. And so 
in the case of ions of neon gas, A=20, it 
was expected from Fig. 14 to be impossible 
to obtain an ion current greater than some 
tens of microampares at the collector as a 
sharp beam without neutralizing the space 
charge there. 

In order to compensate the space charge of 
ions by trapping electrons in the ion beam, a 


(a) (b) 
Ion beams of neon at the front of the 
collector. Space change is neutralized (a) and 
not (b). 


Fig. 15. 
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negative potential of several hundred volts 
with respect to the earth was supplied to the 
diaphram placed at the end of the electro- 
static lens system and the potential barrier 
was prepared to prevent the electrons from 
escaping into the surce side. 

The results were successful and a sharp 
image was obtained even at several hundred 
microampares of the collector current. In 
Fig. 15 are shown photographs of the hori- 
zontal view of the neon beam in front of the 
collector when the negative potential is 


(b) 


Fig. 16. Photographs of neon spectra on the 
oscilloscope screen. Negative potential supplied 
to the electrode for space charge neutralization: 
(a) OV, (b) —50V, (c) —100V, (d) —150V, (e) 
—300V; total collector current: 200ya; acceler- 
ating voltage: 12kV. 


supplied to the electrode (Fig. 15a) or not 
(Fig. 15b). The ion current in this case was 
about 200 microampares for the neon 20 beam, 
and the ion accelerating voltage was 12 kv. 
The resolving power was about 60. In Fig. 
16 photographs of neon spectra on the oscillo- 
scope screen are shown, taken when the 
negative potential was varied from 0 volt to 
—300 volts. When the negative potential 
increased more than —150 volts, change of 
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the image form was not remarkable. From 
the comparison of Fig. 15 a and b or Fig. 16 
and d, it is obvious that the neutralization 
effect is important for getting sharp image 
and intense ion currents in this experiment. 


(3) Characteristic of the Collector Current 

In Fig. 17 photographs of mass spectra of 
neon on the oscilloscope screen showing the 
variation of the image form with change of 
the arc current and the magnetic field strength 
of the ion source are shown. It is seen from 
the comparison of Fig. 17-1 and 17-2 that 
the increase of the arc current gives image 


Fig. 17-1. 
current. 
80 ma, (d) 100ma, (e) 150 ma; arc voltage: 125 
V; magnetic field of the source (coil current): 


Variation of the image form with arc 
arc current: (a) 40ma, (b) 60ma, (c) 


1.0amp; accelerating voltage: 
current: 200 pa. 

Fig. 17-2. Variation of the image form with the 
magnetic field strength of the source. coil cur- 
rent: (a) 0.8amp., (b) 0.9amp., (c) 1.0amp., (d) 
l.lamp., (e) 1.3amp.; arc current: 80ma.; arc 
voltage: 125 V; accelerating voltage: 12kV; col- 
lector current: 200 pa. 


12kV; collector 
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form somewhat similar to that due to the 
increase of the magnetic field strength. It is 
supposed that in both cases the change of the 
image form is mainly due to the deformation 
of the equipotential surface near the exit hole 
of the ion source. 


COLLECTOR CURRENT 


ACCELERATING VOLTAGE 


| 
10 <I2emi4ae NeSeals SeCOmEDS | 
(kV) | 
| 


Fig. 18. Collector current vs. accelerating voltage. 
The accelerating voltage was raised to 
about 20 kv and the collector current was | 
measured for neon and magnesium. The | 
results are shown in Fig. 18. Since in the 
case of magnesium the loss due to scattering 
by residual gas is smaller than in the case of 


Fig. 19. Neon beams at the front of the collector 
from two independent sources. ion current 
(Ne): 400 pa. 


neon, an ion current two or three times larger 
is obtained. The maximum collector current 
obtained from one source was about lma 
for magnesium and 400 wa for neon. 
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In Fig. 19 is reproduced the photograph of 
neon beams at the front of the collector 
showing Ne” beam from two independent 


_ sources which are superposed on the collector 


slit. From the photograph it is possible to 
determine the focal plane experimentally. 
The angle @ between the focal plane and the 
* axis is estimated at 17° by the graphical 
mathod or by the method of Fig. 2. In this 
apparatus two sources, which give 9=53° and 
67° respectively, are used and the experi- 
mental results obtained from the photograph 
give 0=25° which is somewhat larger than 
that obtained by the graphical method. In 
the graphical method or the method of Fig. 2, 


the boundary of the magnetic field is assum- 
ed to be sharp but in practice the radius of 


gap. It 


—§ 4. 


the circles of the bounderies are corrected for 
the fringing field by the length of the pole 
is considered that the difference 
between experimental and graphical @ is 
mainly due to the imperfection of the correc- 
tion of the fringing field. 

It was observed that the width of the ion 
beam in the Z-direction at the front of the 
collector coming from the source of @®=67° 
was smaller than that from the source of 
@=53°, which was reasonable result expected 
from the Z-direction focussing properties of 
this magnetic lens discussed in section 2. 
But no quantitative study on the Z-direction 
focussing has been carried out as yet. 


Example of the Separation of Neon 
and Magnesium 

A few experimental separation run will be 
shown in order to get information for the 
stability of the instrument. 


a. Neon 
The operating conditions were: 
charge material neon gas 
natural abundance 20 90.00% 
21 0.27% 
22 9.73% 
accelerating voltage 15 kV 
arc 170 V, 100 ma 
source magnetic field 360 gauss 
ion draw out voltage 1.5kV 
lens potential 14kV 
negative potential for space 
charge neutralization —200 V 


pressure in the vacuum 


chamber 3.10-° mmHg 
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collector current (total) 
collector material 


200 va 
0.18 mm thick 
nickel sheet 


The collection method was similar to that 
of Koch». After degassing a nickel sheet by 
high frequency heating in high vacuum at 
about 800°C, it was mounted in the collector 
and irradiated to the ion beam for about one 
hour. Then it was taken out of the collector 
chamber and set in a small discharge tube 
as one of the electrodes. The discharge tube 
was evacuated and sealed off. After these 
procedures the electrode was heated up to 
about 800°C. A side tube of the discharge 
tube was cooled by dry ice and the discharge 
was started. We could observe the brilliant 
neon discharge. The volume of the discharge 
tube was about 10cc and the neon pressure 
in the tube was 10-'mmHg. The gas con- 
tained in the tube was analyzed by the mass- 
spectrometer, and the isotopic purities for 
neon 20 and 22 samples were measured and 
estimated at 99% and 80% respectively. 


b. Magnesium 


A ribbon of magnesium metal was inserted 
in the oven which was placed in the anode 
cylinder of the ion source, and the tempera- 
ture of the oven was raised gradually up to 
about 500°C. During this process neon gas 
was supplied to the ion source as a starting 
gas and the source was kept at the operating 
state. When evaporation of magnesium be- 
gan, the arc current increased suddenly, then 
the supply of the starting gas was stopped. 
The operating conditions were: 


metallic 
charge material magnesium 
natural abundance QA TA 
25) 525 
26 11.1% 
arc 150 V, 300 ma 
source magnetic field 300 gauss 
ion draw out voltage 1.2kV 
lens potential 11 kV 
negative potential for space 
charge neutralization —200 V 
pressure in the vacuum 
chamber 1.10-° mmHg 
collector current (total) 300 “va 
collector material 0.5mm thick 


copper sheet 


After a separation run of about 3 hours, 
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the target was taken out of the chamber, and 
a quantitative chemical analysis was carried 
out. About 500 micrograms of magnesium 
24 were detected from the target. The check 
of the isotopic purity was not done. 


§ 5. Conclusion 

A consideration for some properties of the 
Smythe type magnetic lens was described and 
a preliminary experiment of the electro- 
magnetic isotope separation was carried out. 
With an ion exit hole of 6mm diameter we 
obtained maximum ion current of the order 
of 1 ma and the resolving power of about 60 
under normal operating condition. In order 
to get higher resolving power it is necessary 
to adjust finely the incident direction of ion 
beams to the magnetic lens, and to move the 
collector so as to locate it on the actual focal 
plane. The energy spread of ions drawn out 
of the source, an imperfection of the align- 
ment of source and lens system, the aberra- 
tion of the electrostatic lens, a fringing field 
of the magnetic field, and the scattering of 
ions by residual gas are considered to have 
some effects on the broadness of the image, 
but they were not studied systematically in 
this experiment. 

By increasing the accelerating voltage it is 
possible to minimize the broadening of the 
image caused by the energy spread of ions 
and the scattering by the residual gas. A 
part of the aberratian of the electrostatic lens 
may be avoided by an enlargement of the 
lens diameter. As for the fringing field 
effect it is necessary to carry out a systematic 
study. 

As shown is Fig. 18 the collector current 
increases with the increase of the accelerating 
voltage up to 20kV. But at about 20kV it 
is saturated in the case of neon. This 
characteristics is similar to a space charge 
limited current of a diode. The saturation 
current may be limited mainly by the area of 
the ion exit hole unless this type of source is 
employed. It is necessary to use a high 
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enough accelerating voltage to draw out the 
saturation current and to use as wide an area 
of the source slit as possible in order to get 
a high current and to operate an electro- 
magnetic separator most efficiently. 

The space charge in the ion beam is com- 
pensated successfully by trapping electrons in 
it and it is considered that the divergence of 
the ion beam caused by the space charge is 
no longer a serious obstacle for getting a high 
current and a sharp image at the collector. 
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The high subsonic flow past a slender body of revolution placed along 
the axis of a circular cylindrical wind tunnel at zero incidence is dis- 
cussed. Neglecting the square of the perturbation velocity q/2 in com- 
parison with q’ and the spatial derivatives of q/2, making use of a certain 
transformation of variables, the fundamental equation for determining 
the perturbation stream function of this transonic flow can be reduced 
to the equation which is formally equal to the fundamental equation of 
transonic flow past a two-dimensional body placed along the center line 
between two parallel flat walls. Considering the transonic similar solu- 
tion due to von Karman and the general similarity rule of the axisym- 
metric transonic flow derived by Oswatisch and Berndt, we can obtain 
very easily the surface pressure coefficient Cpax of an axisymmetric flow, 
provided the surface pressure coefficient Cy: of a two-dimensional flow 
can be found. 

As an example the pressure distribution on the surface of a paraboloid 


of revolution of finite length at Mach number 1 is obtained. 


$1. Introduction 


As is well known, the so-called linearized 
theory cannot be applied to the transonic 
flow of a compressible fluid, because the non- 
linear term in the fundamental equation be- 
comes to contribute essentially to the charac- 
ter of the solution in the vicinity of the 
sonic point. In this case it is necessary to 
consider the fundamental equation of the 
‘transonic approximation due originally to von 
Karman. While the fundamental equation 
of the transonic flow in two dimensions can 
be reduced to a simple linear equation (so- 
called Tricomi’s equation) in the hodograph 
plane, that of the axisymmetric transonic 
flow remains non-linear in the hodograph 
space as well as in the physical space. Ow- 
‘ing to this reason there have been few ex- 
amples of the axisymmetric flow treated by 
this transonic approximation: the discussion 
of the singularity of a particular solution at 
infinity,» the flow past a slender cone-cylin- 
der® studied by the relaxation method, etc.... 

In this paper the fundamental equation is 
represented in a form for determining the 
perturbation stream function ¢ instead of the 
perturbation velocity potential g. Consider- 
ing the fact that at the sonic point the squ- 
are of the perturbation velocity gq? takes a 
minimum value which is zero and that the 


spatial derivative of g may take a finite 
value where q’ vanishes, we may neglect gq? 
in comparison with q’ and the spatial deriva- 
tives of g’?. Thus the fundamental equation 
for determining ~ can be reduced to an equa- 
tion which is formally equal to the fundamen- 
tal equation of transonic flow in two-dimen- 
sions. Considering the relation between the 
boundaries of axisymmetric and two-dimen- 
sional flows, the transonic similar solution due 
to von Karman”, and the general similarity 
rule due to Oswatisch and Berndt®, we can 
obtain very easily the velocity distribution on 
the surface of an axisymmetric slender body, 
provided the velocity distribution on the sur- 
face of a corresponding two-dimensional sym- 
metric body is known. The latter can be 
found, in principle, by solving Tricomi’s dif- 
ferential equation. 

As an example, we investigate the velocity 
distribution at Mach number 1 on the surface 
of a paraboloid of revolution of finite length. 


§2. Fundamental Equations 

We now consider the high subsonic flow 
past a slender body of revolution which is 
placed along the centre line (axis) of a cir- 
cular cylindrical wind tunnel at zero incidence. 
We shall take the cylindrical coordinates o- 
ay, where the z-axis is taken along the axis 
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of revolution of the body and y denotes the 
distance from the axis. If we denote by 
wu, v, the velocity components along the 2- 
and y- directions and by o the density of the 
fluid, the axisymmetric irrotational flow of a 
compressible inviscid fluid is governed by the 
equations: 


0 6) 
( — = Beal 
a sou) +H ay ey”? Of (2.1) 
Ov Ou 
— — =0 Dap 
Ox Oy aa 


We shall introduce Stokes’s stream function 
WY satisfying (2.1) such that 
pyu=O0V /Oy, pyv=—OV/Ox, 
then using Bernoulli’s equation 
(a/0)de+qdq=0, (2.4) 
where a=(dp/dp)'/? is the local speed of sound 
and q is the magnitude of the velocity, Eq. 
(2.2) bocomes 
(1—w?/a2)V 22—2(uv/a?)V xy 
+(1-—v/a)P yy—V y/y =. (2.5) 
Instead of the velocity components 2, v, we 
shall make use of the magnitude q and the 


angle of inclination @ of the velocity vector 
such that 


(2.3) 


u=G COS 0, V—aqsind - 
For a slender obstacle we may assume that 0 
is very small, so that Eqs. (2.3) and (2.5) can 


be respectively approximated to 


oyq=O0¥ Oy, pyqgd=—OV 0x , (2.6) 
Oe oe Tr enen 
(l—@/a) as + Spuenaway =a ee 42k) 


Since we deal with the transonic flow in the 
present paper, the perturbation analysis may 
be carried out as follows. Taking convenient- 
ly the magnitude qg of the flow velocity and 
the density p of the fluid at the sonic point 
as their units, the magnitude of the pertur- 
bation velocity q’, the perturbation density 9’ 
and the perturbation stream function ~ are 
defined as 

d=a-1, ¢=0=), v= —Y/2. C0) 
Neglecting higher order terms, we obtain the 
following relations 

egq=1—-l'q?, 1-@/a@=—2lq7 (2.9) 
where /’=(7y+1)/2, 7 being the ratio of the 
specific heats. By the use of Eqs. (2.8) and 
(2.9), the equations (2.6) and (2.7) become 
respectively 
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10% 1 0 


aT y/o G=— é 2.10 
PO Oy’ y Ox ohn 
UO orn pe an 
ae Vel /- y Oy Ox? Oy -y Oy” 
(2.11) 


where the positive and negative signs refer 
respectively to the sub- and the supersonic 
local velocities. 

Now, at infinity upstream the velocity is 
equal to the uniform velocity U, and on the 
surface of the obtacle and the tunnel wall the 


gas must flow tangentially along the surfaces. — 


Thus the perturbation stream function must 
satisfy the following conditions: 


' oe _ra—uy | 
yoy at g=-—0o, (212% 
OY _9 
Ox 
e+e =V =0 (2.13) | 
on the surface of the obstacle, 
OY 6: aig (2.14) 
Ox 


where Z denotes the radius of the wind tun- 
nel. In the extreme case, where 1/Z tends 
to zero, the obstacle can be considered to be 
placed in an unbounded uniform flow. 


§3. Transformation of Variables 


Introducing the following transformation of 
the variables: 
3 
z=lé, 2 ye=ky, p=ka€, 0), (3.1) 
where 7 and k& are constants Eq. (2.11) is 
transformed to 


2 2 
+2VT} 5 = Ze ane : RI'dy=0, 
(3.2) 
in which 
VI=VI jE. (3.3) 


The boundary conditions (2.12), (2.13) and 
(2.14) are respectively transformed to 

9D p62 9M ry 

4° n ay r'(a-—vU)? 
at E=—oo, (3.4) 


sia +0=0 Qn curve Co scay, (3.5) 


) 


; 
\ 


of various terms in Eq. 
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Ow 
0& 
where the curve C in the &, ny-plane should 


correspond to the meridian curve of the body 
of revolution, and 


(3.7) 


§4. Approximate Solution of Kq. (3.2) 


The solutions of Eq. (3.2) subject to the 
boundary conditions (3.4) at infinity upstream 
must take the following form: 


Hage Wedd: 
im o=— 
27 


> — co 


Rr (1—U)2y3 . (4.1) 
We now discuss the orders of magnitude 
(322) 6 in the first 
term V—0o/0y is of the order of vq’, and 
the second term is of the order of 0(y?q’*) 
/Oy. At the sonic point the square of the 
perturbation velocity qg? takes a minimum 
value which is equal to zero. On the other 
hand the spatial derivative of g’ may take a 
finite value where q’ vanishes. Therefore q’? 
can be neglected in comparison with q’ and 
the spatial derivatives of qg’?. Thus the last 
term in Eq. (3.2) can be safely neglected in 
comparison with other terms except at a 


_ great distance from the obstacle, where the 


solution must take the form (4.1), and there- 
fore the last term becomes larger than the 
first. Consequently, except at a great dis- 


' tance from the obstacle, Eq. (3.2) can be ap- 


proximated to 


00, Ores 
QUT pif 
/-' On ag * 
where , represents to this Seip Al nie 
If we suppose that , satisfies the following 
boundary conditions: 


= 


=0, (4.2) 


oe ar Ey 
at E=—oo, (4.3) 
(O01 _o 
0& 
jy Hn +01=0 on curve C, (4.4) 
BON =0 Ae H=IAs (4.5) 
0& 
“where J’, and Z, were defined in Eqs. (3.3) 


and (3.7), and U, denotes an undetermined 


constant, the function 


o* =o, +1 (1—U)'9— (4/27) RL (L—U) 9? 
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has the character of the solution at infinity 
expressed by Eq. (4.1). Considering the con- 
dition (4.5), it can be readily seen that the 
function w* satisfies the boundary condition 
(3.6) at the wall of the wind tunnel. 

As mentioned above, Eq. (3.2) can be ap- 
proximated by Eq. (4.2) near the obstacle, 
and their solution w and a, satisfy the same 
boundary conditions (3.5) and (4.4) respective- 
ly at the obstacle. Thus the solution w can 
be approximately replaced by ,, and so by 
o*, if the following conditions can be satisfied 
near the obstacle: 


Ow, | {|Ow, 
On On 


|O?0.2|_. 


- On? 3 On? 


(4.6) 


where 
O,=1"\(1—U,)2y — (4/27) RT (1 —U)243 


It will be seen in consideration of Eq. (4.4) 
that w. is of the order of (1—U)?, on the 
obstacle. Neglecting the terms of the order 
of (1—U)? and (1—U;)?, the conditions (4.6) 
are satisfied except at the sonic point, where 

qg’?=(9/4)k-°y-2(00/0y)=(9/4)R-8y-2(00,/07) 
vanishes, but (0,/07) may take a finite value. 
To satisfy the relations (4.6) at the vicinity 
of the sonic point, we must add the follow- 
ing conditions: 

0w,/Oy=T' A —U,)?— (4/9) RT (1 — U4? =0 
at 7=%s (4.7) 
where 7s denotes the sonic point on the sur- 
face of the obstacle. 

Especially, when the obstacle has a sharp 
shoulder at the point of maximum thickness, 
the velocity of fluid attains the local sound 
velocity at this point: ys=cr, where c and t 
denote the chord length and the half thickness 
ratio of the obstacle respectively. Thus in 
this case Eq. (4.7) can be expressed in the 
following form: 


a—M,)/r, =e MIT 


4 ihe 1/2 es 
= aero( =) (Q—m/r, (4.8) 
or 
(1—M) = (3/2)r'2/4(1—M,) (Rc P"1**) 

where 

1—M=I(1—U) and 1—M,=T\(1—N)) . 

By this equation (4.8) the arbitrary constant 
U, is determined. 
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Corresponding Two-dimensional Fluid 
Flow 
Now we shall consider the two-dimensional 
symmetric transonic flow past a thin obstacle 
which is placed along a centre line between 
two parallel flat walls. Taking the cartesian 
coordinates o-&y, where the &-axis is taken 
along the axis of symmetry of the obstacle, 
the two-dimensional nearly parallel flow of a 
compressible fluid is governed by 
~ 2 020, 00. 
(1 O10) 5e + Gy 
where Q and @ denote the magnitude of the 
two-dimensional flow velocity and the local 
speed of sound respectively, and © is the 
stream function satisfying the following rela- 
tions: 


§ 5. 


=0), (5.1) 


0Q=00/07, pQO=—dQO/0E (5.2) 
in which @ is the angle of inclination of the 
velocity. 


As in the axisymmetric case, taking the 
magnitude of the flow velocity and the densi- 
ty p of the fluid at the sonic point as their 
units conveniently, the magnitude Q’ of the 
perturbation velocity, the perturbation density 
op’ and the perturbation stream function Q, 
are defined as follows, 


QY=Q-1, o&=0-1, M=OA—-7. 6.3) 


Neglecting higher order term, Eqs. (5.1) and 
(5.2) become respectively 


FIR fess, Oat Oa ae - 

oy 7 /- Oy BE + a7" =0, (5:4) 
. 02 00 

—ftQ?= : 2 = Gano ips 

oo On aE Wisatov ait 


where [’*=(7*+1)/2, and y* denotes the ratio 
of specific heats of a gas considered here. 

Since Eq. (5.4) is formally equal to Eq. 
(4.2), the solution of Eq. (4.2) subject to the 
boundary conditions (4.3), (4.4) and (4.5) can 
be recognized to be the perturbation stream 
function of the two-dimensional symmetric 
transonic flow of an imaginary gas, the ratio 
of the specific heats of which is determined 
Dy Gis Gro). 

The condition (4.3) means that this two- 
dimensional flow has a uniform velocity U, 
at infinity upstream. While the boundary 
condition (4.5) is readily recognized to be the 
condition at the two parallel flat walls a dis- 
tance 2Z, apart, the boundary condition (4.4) 
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at the obstacle represents that the curve C 
cannot be the surface of an obstacle in the 
two-dimensional fluid flow, because the gas 
does not flow tangentially along the curve C 
but crosses it. (In fact, the condition that the 
gas flows tangentially along the curve C 
should be expressed by 7+ ,=0.) 

Instead of the boundary curve C, we shall 
consider a symmetric curve C,; on which the 
following condition is satisfied: 


dn 

( ae), <THE (5.6) 
where &, denotes &/c, and ¢ is the chord 
length of the obstacle. Remembering the 
transformation (3.1), the corresponding chord 
length in the 2zy-plane is cl. If this chord 
length in the zy-plane is conveniently taken 
to be unity, we obtain 


c=1i) } 
ae 
and w=& oe 
Integrating Eq. (5.6), we obtain 
Ne, = ct HM E,) on curve C, (5.8) 


with 
fy 
He)=\ nies) 


where t denotes the half thickness ratio ymax 
/c, and then the maximum value of the given 
function A(&;) becomes unity. 

Instead of the boundary condition (4.4) on 
the curve C, we shall take the following one 
on the curve C,; such that 


0a , 
Gy. — —6=—(2"1',»)eh{E,) on Ci ~ (5.9) 
OE Je, 

where 72 and m denote certain constants. 


This condition (5.9) also represents that the 
gas does not flow tangentially along the curve 
C, except when both 72 and 2 vanish. 

In the flow pattern given by the solution 
of Eq. (4.2) subject to the boundary conditions 
(4.3), (4.5) and (5.9), we shall find the form 
of the curve C on which the condition (4.4) 
is satisfied. From Eq. (4.4), we obtain 


Dy ON MOOT FA Oo, 
a) GE Bees 


ak Pre er 
={-Ge / ghia} 


on curve C (5.10) 


As the order of q’? can be safely neglected, 
Eq. (5.10) is reduced to 


1957) 
(7 a) = Alera x é 
dé re aE on curve Gel) 
If both the thickness ratios of the curves 
C and C, are very small, we may assume in 
the first approximation that at the two points 
having the same abscissa on the curves C 
and C;, the values of 0,/0E will take almost 
the same values. Thus putting 


(oe). (oe), 


Eq. (5.11) becomes 


=—(0"E 7") thE) ee 4) 


220 4 
(7 = = enrehE) on (6.13) 


Integrating this equation, we obtain 


= 27 emp ecH(E,) on C 


Aye (5.14) 


| where 
HE) =|" h(EddE, 


In compliance with Eq. (5.12), we shall take 
the thickness ratio of the curve C to be equal 
to that of the curve C,;, then 


rn GC" ,")tc= cr? 
and therefore the value of k can be determin- 
clas a tunction, of +, 7, ands: such that 


where’ c=1//=(Fyr)'", 


k6 = (27/4)cm 27" "12/2 alls) 
Then Eq. (5.14) becomes 
De—Coheeeni Ona, (5.16) 


Thus it is seen that the solution of Eq. 
(4.2) subject to the boundary conditions (4.3), 
(4.5) and (5.9) also satisfies the condition (4.4) 
on the curve C, which is represented by Eq. 
(5.16). 

By the use of the transformation (3.1), we 
can find the meridian curve of the obstacle, 
which is corresponding to the curve C in the 
&y-plane, such that 


y=tH/%X(z) (5.17) 
with 
i= V 8/27k3/2¢3/ 27 3/2 = (2/ VOT ycltm/sp sens P— 1/4 
(5). 18) 


where ¢ denotes the half thickness ratio of 
this obstacle. 

From the same transformation (3.1), 
obtain the magnitude q@ of the perturbation 
velocity on the surface of the obstacle: 


(=k iT)? Qe yo” , 


we 


(5.19) 
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where the sufix ¢ represents the quantities on 
the curve C. By the use of Eqs. (5.17) and 
(5.7), we obtain 

Yo= tH/*(a:) =tH/%(E,) . (5.20) 


As both the curves C and C, in the &y- 
plane have the same thickness ratio, Qe’(£) 
can be approximately obtained in the follow- 
ing form: 


Qe'(E)= Qe'(E)+ (OQe’ /09)(ye—%e ) : 


As the flow is irrotational, 


(5.21) 


we obtain the 


relation 
OQ’ OO. 
Oy air (22) 


Remembering the boundary condition (5.9), 
we obtain 


00.,/0E= (e"l's")(c/e)h’(E,) . (9.23) 


Substituting (5.8), (5.16) and (5.23) into (5.21), 
we obtain 


Qe! (E)= Qe,/(E) FeV DL "h(E, {P7(E,) — HE) } 
(5.24) 


Substitution of Eqs. (5.24) and (5.20) into Eq. 
(5.19) yields 
de = (VS joe tT ah 2-PleP- Mel 5k (E,) 
bette Ph(E PPE )— AME) A-V5E,), 
(5.25) 
where 
WEBEL « 

If the values of constants m and # are 
determined, we can find the perturbation 
velocity of the transonic axisymmetric fluid 
flow on the surface of a obstacle whose 
meridian curve is represented by Eq. (5.17), 
provided the perturbation velocity @Q’ of the 
corresponding two-dimensional transonic fluid 
flow can be known. 

The character of the singularity at infinity 
in the transonic axisymmetric fluid flow is 
essentially different from that in the transo- 
nic two-dimensional fluid flow. This is re- 
presented as the difference between the 
transonic similarity laws’ in both cases: The 
perturbation velocities gq’ and Q of the axi- 
symmetric and of the two-dimensional 
transonic fluid flows, which are connected by 
the relation (5.25), must satisfy respectively 
their own ‘“‘transonic similarity laws’’, and 
by this fact we shall obtain the formulae for 
determining the constants m and m. 
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$6. Transonic Similarity Law 


We shall consider again the two-dimensional 
transonic fluid flow which was discussed in 
§5. Taking w, in Eq. (4.2) as the perturba- 
tion stream function Q, of the two-dimensional 
transonic flow, the fluid flow should be govern- 
ed by Eq. (4.2). The boundary conditions are 
given by Eqs. (4.3), (4.5) and (5.9). Since the 
half thickness ratio t of the curve Ci is con- 
sidered to be very small, the boundary con- 
dition (5.9) can be assumed to be satisfied on 
the &-axis within the accuracy considered 


here. Therefore, instead of Eq. (5.9) we can 
use 
00, 7 . 
OE =—O9=—(c™] 1”) cE) at ast 0) : (6.1) 


Introducing the following affin transforma- 
tion: 

E=cé1 r) Q=cr-Pl')- ; | (6 2) 
oO= (CP })e-?'»- 41 — MP FE1, 21); ; 
where M, and ¢ denote respectively the Mach 
number of the flow at infinity and the chord 
length of the curve C, and p, and @q are 
certain constants, Eq. (4.2) becomes 

a9 Lobes saci OF OF +R 
2 op 24 On Eat 
and the boundary conditions ae (4.5) and 
(6.1) respectively become 
OF 


=0,, (6.3) 


SS itt — = =—co ot 
On: ? OF, 0, at Ey ’ (6 4) 
OF = 
OE, a) “Ble y= Lc?! 12/c (6.5) 
and 
OF Wt SS ad ig N+Q+ 
fen ee oe WE) at 71==40. (6.6) 


The dependence of the preceding equations 
on t, J’; and M,, can be eliminated by setting 


72P["; 2q =K, ’ (6.7) 
(eee ays i 
(—™M,? =k’, (6.8) 
where A, and A’ are constants. Eliminating 


(1—M,) from Eqs. (6.7) and (6.8), we obtain 


mM+p+1 M+q+l 
Gi 1 IRS 1 


ct] ta td 
which shows that these equations hold for 
arbitrary values of rt, 7’, and M, only if 


mL, get 
or oF s 


KK? = (6.9) 


f= (6.10) 
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in which case 


Ky=(1—My)r- 2/0 mt DP-@/9@4D | (6,11) 
and 
esas (6.12). 
Ky? | 
Substituting 
SEs, yp=KYP(E1, %1) ’ (6.13) 
Eq. (6.3) becomes 
Of, © oe Oh : ae 
eye ue Efiy 6.14) : 
On, OEY ” Bast 


and the boundary conditions (6.4), (6.5) and 
(6.6) respectively become 


OF; iscsi seq Olas co il 
oo = K, 7 OE, =() at &\=— > (6.15) 
Of: =0 at 71=Lr°P Ic, (6.16) 
0&1 
Of: we) at y=40 (6.17) 
0&1 


The equation (6.14) and the boundary con- 
ditions (6.15) and (6.17), except for (6.16) de- 
pend merely on Ay. If the distance 2Z, 
between the two parallel walls can be expressed 
as a function of A, such that 

Lye" /e=1,) , (6.18) 
the value of lim (@f1/0y1) should depend on &, 
n> 
and J, for given functional forms of h(&) 
and 24,4). Therefore putting 
lim (@f/07m)=—OEs, Ka), 
5 Ga 
from Eq. (5.5), we obtain the perturbation 
velocity at y=0 such that 


Qr=—3 (ee) (—My oF 
On 


ry? On1 
ela Gi, 


Tek? Oy. 


_(—M,? 
i Cea: 


or 
. 1—M, |. = 
=> + ———__ 
Q eles irae V O(E,, K) 
= ahr 2/3)- (m+) 7/3) @2n-DV O(E,, KG) . (6.19) 
where the negative and positive signs refer 


to the sub- and the supersonic regions re- 
spectively. 
In a special case for m=n=0, Eq. (6.19) 
becomes 
Y= ar, BY OE, Ki), (6.20) 


and the boundary condition (6.1) can be re- 
duced to 
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(00,/0&)c,=—O=ch(E,) at y=+0, (6.21) 
which represents that the gas flows along the 
curve C;. This result represents von Karman’s 
two-dimensional transonic similarity law. 
| Substituting Eq. (6.19) into Eq. (5.25), we 
} obtain the magnitude q’ of the perturbation 
velocity of transonic axisymmetric fluid flow 
‘on the surface of the body of revolution as 


/ — 


gq =+- fg r2/semi [3/6 +n/6 


XPV WE, Ky) H-V%(E,) 


ey lh E,) 


ite Met fall hy pa (6.22) 
where the negative and positive signs refer 
respectively to the sub- and the supersonic 
local velocities. By the use of Eq. (5.18), 
_ Eq. (6.22) can be represented in the following 
— form 


g= ae Pro-Am) /377,-C42)/3/ O(E,, K,)H-V/3(E,) 
oe)? x 
iy Ph’ (E1){1—BP/(E;)} (6.23) 
where 
a ae ge SATAY? ADA oH 18) 


On the other hand the similar solutions of 
the axisymmetric transonic flow governed by 
Eqs. (2.10) and (2.11) can be obtained by in- 
troducing the following affin transformations: 


C=H1y 


il 
IF Pro 
w= f9(x1, Yi) 


By the use of this transformation, Eq. (2.11) 
becomes 


(6.24) 


1 09 
Yr OY, 


O20, 
Oy? 


0g, O92 
pate ane 
/- 41 Oy: Ox}? 
Considering the obstacle to be slender, the 
boundary condition on the surface of the ob- 
stacle (2.13) can be replaced by the following 
condition: 


=0. (6.25) 


_ld eet d(x) 
2 dz 7), (hie 
where y=tH/%(~) represents the meridian 
curve of the body of revolution. The boundary 
conditions (2.12), (6.26) and (2.14) are transform- 
ed respectively to 


ated =0, (6:20) 
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MO’ pil Fah 
Yi Oy: st Steaes , a 
Ox, _ 
= Og _ ih dH (x1) _ 7. 
Biudtta aa di 5 Me) at y¥i=0, (6.28) 
0g es ant a Fa iene 
Bape attri Male (6.29) 
where 
K=(0-M)/e’r. (6.30) 


As the equation (6.25) and the boundary 
conditions (6.27) and (6.28) contain only one 
parameter A, there exists a similar solution 
g(a, ¥1, A), if the radius Z of the circular 
wind tunnel can be expressed as a function 
of the transonic parameter A such that 

LtV T =X(K). (6.31) 

Thus the magnitude q’ of the perturbation 
velocity at a position (#1, y;) can be found in 
the following similar form: 


Ig Oh Ves awa L Dyan 
ae —— 6.32 
/- Ty Oy yi. OY; vo 
Putting 
ca he : 
a a ? ’ K 6.33 
y Y1 Oy: =fla1 Y1 se ( ) 
Eq. (6.32) can be described shortly as 
== Yi, K) . (6.34) 


It should be noted here that this function 
(a1, 91, K) has singularities along the axis 
of the body, and that a point (a1, ¥:) which 
corresponds to one point on the surface of 
the body of revolution for one value of ¢, can 
never remain at the surface for any other 
value of ¢. Oswatisch and Berndt® consider- 
ed the character of the affin transformation 
(6.24) and found the general similarity law. 
According to this law, the perturbation veloci- 
ty @’surf, on the surface of a body of revolu- 
tion of thickness ratio 2¢, is represented by 
the following form: 


Y surt./t? i oe log = eae K) 


<2 log Voto, (6.35) 
with 
r+1 vot] 
pe is ins = 
a ae! 2 


where 7, and % denote the ratio of the speci- 
fic heats of a standard gas and a standard 
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thickness ratio respectively, and where /(%1, 
K) denotes a similar solution (6.33). 
Putting especially, 
YT t= Voto 
Eq. (6.35) can be reduced to Eq. (6.34). 
Comparing Eqs. (6.23) and (5.18) with (6.35) 
and (6.36) respectively, we can determine the 
values of constants m and » such that 


(6.36) 


(6.37) 


By the use of these values, Eqs. (6.23) and 
(5.18) become respectively 


m=—4, n=-—-1. 


pase . PV OE, K)H-¥9(£) 


ny en — HI (E,)) (6.38) 
{0 /4=2] ¥27 (6.39) 
and 
E\=2 : 
Considering the similarity law (6.35), we 
obtain the perturbation velocity q’surf. on the 


surface of a body of revolution for general 
values of VJ’ such that 


7 surt.= 


ee : LV O(c, K,)H-/3(a) 


+S 8H" 1-H@)} 

—H’’(x) log {2/(271 )/4t} , (6.40) 
where negative and positive signs refer to 
the sub- and the supersonic local fluid veloci- 
ties respectively. 

Substituting Eqs. (6.39) and (4.8) into Eq. 
(6.30), and remembering Eqs. (6.11), (6.37) and 
and (5.15), we obtain the following relation 
ie the transonic parameters K and ky: 


ee Vian a aD Some ale ane [71/2 
er ee ie in 4 } ea) 
= (3/4)r2(1—M,)=(3/4)K, , 
substituting Eqs. (6.39) and (3.7) into Eq. 
(6.31), remembering Eqs. (6.18), (6.37) and 
(5.15), we obtain the following relation 
between the functional forms A(K) and 4,(Ay): 
AGS Ltiv I” 
3s 2 8/27, 3/2 2 T-1/4)/ 
ay at Day 4V27! Vi 
4 (6.42) 
< -1/(J7, | 7 y1/4)3/2 
3/3 [Lie Y/ 0/4) 
4 3/2 7. 
al) Tolan 
av 
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By the use of the relations (6.40), (6.41) and 
(6.42), we can obtain the velocity distribution 
over the given body of revolution placed 
along the axis of a circular cylindrical wind | 
tunnel (in the extreme case, in the uniform | 
flow extended to infinity) if we want to find | 
the entire axisymmetric flow pattern of a 
imaginary gas (whose gas constant must be 
determined by the relation (6.39)) past a 
slender body represented by Eq. (5.17) placed 
along the axis of a circular cylindrical wind » 
tunnel, we need to find the two-dimensional — 
transonic flow governed by Eq. (4.2) subject 
to the boundary conditions (4.3), (4.5) and 
(6.1), where we must put m=—4 and m=—1. 
However, the velocity distribution on the 
surface of the body of revolution can be rea- 
dily obtained, provided the functional form 


(Es, K)=0(2, 3 K) 


is known. Fortunately this function ®(&,, 
4) can be found from the velocity distribu- 
tion of a real gas over the corresponding two- 
dimensional body, (which is given by solving 
Eq. (4.2) subject to the boundary conditions | 
(4.3), (4.5) and (6.1), where we may put m= 
0 and 2=0.) Thus we can obtain the veloci- 
ty distribution represented by Eq. (6.38) and 
the relation between the functional forms 
A(K) and 4,(4;) represented by Eq. (6.42), if 
there exists the relation (6.39) between the 
half thickness ratio ¢ of the obstacle and the 
gas constant J’. Considering the general 
similarity law expressed by Eq. (6.35), this 
result can be modified to the general form 
(6.40), which is useful for general values of 
I’ and ¢. It is worth while to mention here 
that the similarity law is not completely con- 
sistent with a Prandtl-Meyer expansion at 
the shoulder. 

The pressure coefficient Cp on the surface 
of an obstacle considered here is given by 
wleP=Pa 

(1/2)-p..U? 
By the use of Eqs. (6.40) and (6.43), we 
obtain the pressure coefficient over a body of 
revolution such that 


C,/f=+- 3/0 (x, 4x) eae 


“at SH ‘(@){(1—H*3(a,} 


ee 


—2{q'surt— qe’ } ..(6.43) 


KEM) 


(6.44) 


+2H’ (x) log {2/ V27T t)}, 
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where the positive and negative signs refer 
to the sub- and the supersonic local fluid 
velocities respectively. 

| Corresponding two-dimensional 
becomes 


formula 


Cy Ir? =+2V OF, i Ky)—-25, ; 
with 


| 


(6.45) 


iG dd —M,)/eT 2/° 3 


a —— 


| Co/t=| 


, 


1 


(s V OH 4? 


0 
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where the double signs have the same mean- 
ing as in the former case. 

The head drag coefficient Cu of a body of 
revolution is obtained by 

ies d 
C= aan \y2"Co( Ghee. 

where A, denotes the area of the base section. 

Substitution of Eqs. (6.44) and (5.17) into 
Eq. (6.46) yields 


(6.46) 


CD ea 7) H’(1?—H'(0? 
5 i i i eo r’(0)?) 6.47) 


prog, rity) AL 3— Hy (0); — 2K. 


§7. A Numerical Example 


_ As is mentioned above, to find the velocity 
distribution on the surface of an axisymmet- 
ric obstacle, we need to obtain that on the 


4 


Fig. 1. Pressure distribution over a finite wedge 
at M=1, for 7=1.4 (Ref. (5)). 


surface of a certain two-dimensional obstacle 
which is symmetric with respect to the free- 


stream velocity. 


As a typical example of two-dimensional 
transonic flows, the flow past a finite wedge 
at Mach number 1 was dealt with by Guderley 
and Yoshihara». 


Starting from this solution, 


Fig. 2. Pressure distribution over a paraboloid 
of revolution of finite length at M=1. 


we shall obtain a certain axisymmetric flow. 
In this case, the function A(&,) in Eq. (5.8) 
becomes 
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LCA Appa Disco — Paras 


i for Reet. 


By the use of Eq. (5.17), the corresponding 
body of revolution is given by 


= for Ole = 1 


i 
t for Loa ae) 


which represents a paraboloid of revolution of 
finite length. Guderley and Yoshihara calculat- 
ed the function 


Cpt 7/8 = 27 U9) VOE,, 0) 


which is shown in Fig. 1. In this case the 
term of H’’(z) in Eq. (6.44) vanishes and we 
can obtain the pressure coefficient over the 
paraboloid in the following simple form: 


C,/2= : VOG@, Ojx/* for 0<7<1.(7.3) 


This pressure distribution is shown in Fig. 2. 

Integrating Eq. (6.46) graphically, we obtain 
the head drag coefficient of the paraboloid of 
revolution of finite length as 


Ca=1.73 #? , 


where ¢ denotes the half thickness ratio. 

Miles evaluated the wave drag on a slen- 
der body in sonic flight by matching the re- 
sult of the linearised theory with the asympto- 
tic solution of Guderley and Yoshihara” 
along the sonic line. The head drag coeffici- 
ent of a body of revolution of finite length 
is given by 


Cr[8=" 1 toe {1.786} | uw dx| 


fro} 


ead CL) log PAZ I 


(7.4) 


(7.5) 
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where the meridian curve of the body is re- 
presented by 

y=tH/2(2) . 

Putting K=0 in Eq. (6.47), it should be 

compared with Miles’s result (7.5). 


nose, H’(0) in Eqs. (6.47) and (7.5) vanishes. 
Thus for the pointed body both equations 
have the same coefficient in the term of 
log 1/42). 


Then it is probable that Miles’s formula (7.5) 
fails for a body of revolution with a bluff 
nose. It seems to be the very reason for 


this failure that the solution of the linearized | 


equation in the extreme case of M=1 is re- 
cognized as the extreme form of the solution 
of the hyperbolic equation for the supersonic 


(Vol. 12, 


(5.17) 


When | 
the body of revolution considered has pointed | 


However, when A (0) does not. 
vanish, their coefficients are quite different. 


flow rather than that of the elliptic equation | 


for the subsonic flow, and that it cannot in- 

clude the contribution of the bluff nose. 
More interesting examples will be dealt 

with in another paper to be published shortly. 
The writer wishes to express his heartiest 


gratitude to Professor I. Imai for many use- | 


ful suggestions and kind advice. 
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On the Transonic Flow of a Compressible Fluid Past a 
Nearly Axisymmetric Slender Body 
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The transonic flow of a compressible inviscid Auid past a nearly 
axisymmetric slender body is dealt with by dividing the perturbation 
velocity potential into two parts:—the one is governed by the funda- 
mental equation of an axisymmetric transonic flow, and the other is 
determined by the two-dimensional Laplace’s equation in the plane per- 
pendicular to the free-stream velocity vector. 


As the axisymmetric transonic flow can be dealt with by a new ap- 
proximation offered in a previous paper®), and the solution of the two- 
dimensional Laplace’s equation is easily found, the present problem can 


be solved. 


| 
; 
q 
‘ 
) 


$1. Introduction 


As is well known, the nearly parallel flow 
of a compressible inviscid fluid past a slender 
obstacle of general cross section can be dealt 
with by the so-called slender body theory”, 
unless there exists any transonic region. But 
this method cannot be applied to the transonic 
flow, because the approximation of lineariza- 
tion of the equation, on which this method is 
based, fails in the transonic region. 

In this paper we shall deal with the transo- 
nic flow of a compressible inviscid fluid past 
a nearly axisymmetric slender body. The 
perturbation velocity potential is divided into 
two parts:—the one refers essentially to the 
magnitude of the velocity of a transonic fluid 
flow, but is not sensitively influenced by the 
sectional form of the body, and the other is 
essentially determined by the sectional form 
of the body, but scarecely contributes to the 
magnitude of the fluid velocity. Thus the 
approximate equation for determining the 
former can be reduced to the fundamental 
equation for the transonic axisymmetric fluid 
flow, and that for determining the latter can 
be reduced to the two-dimensional Laplace’s 
equation in the plane parpendicular to the free 
stream velocity vector. 

As the two-dimensional Laplace’s equation 
can be easily solved for any boundary condi- 
tion corresponding to the form of the body, 
we can find the perturbation velocity potential 
of transonic flow past a slender body of 
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As examples the flow past an elliptic paraboloid of finite length is 
discussed and the head drag and the lift coefficients of a paraboloid of 
revolution of finite length are obtained. 


general cross section, provided the transonic 
fluid flow past a suitable axisymmetric body 
can be known. An approximate method for 
solving the latter problem was offered by the 
present writer®, and we shall apply a solution 
given by this method to the numerical ex- 
amples, which will be discussed in § 4. 


§2. Fundamental Equations 


We shall take the cartesian coordinates 
where the x-axis is taken along the uniform 
velocity. Taking conveniently the magnitude 
of the velocity and the density of the fluid at 
the sonic point as their units, the perturbation 
velocity components w’, v and w’ along =, y 
and z-axis, the perturbation density o’ and the 
perturbation velocity potential g are defined 
as follows: 


Pas _ 09 , O09 pkel 
U=U Laat, > = 


al) 
Cae tie l 
Assuming the flow to be nearly parallel, the 
equation for determining ¢ becomes 
Ue? 020 On O20 
——— |); ==(() - 22, 
(2 e J Oy? + O22 
where c denotes the local speed of sound. 
By the use of (2.1) and Bernoulli’s theorem: 
(c?/o)dp+qdq=0 , 
where q denotes the magnitude of the velocity, 
we obtain approximately the following relation: 


1—w/e?=—(r +1)’ (2.3) 
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wehre y denotes the ratio of the specific heats. 


Substituting Eq. (2.3) into Eq. (2.2), we 
obtain 
0980 Op Hy 
ie . 2.4 
+E Oe t Oy? Fee (2.4) 
which is the fundamental equation in the 


transonic approximation due originally to von 
Karman”, 

Introducing the cylindrical coordinates such 
that 


y=rcos0, z=rsin 6 , 
Eq. (2.4) becomes 
de0y Oy , 1 deg, 1 03 ae 
= SO) 
+) ean tort rort om °° 


We shall expand the perturbation velocity 
potential g into Fourier series as 


Q=U(x, )+ 3 wale, 7) cos (WO+Bn), (2.6) 


where £8, are arbitrary constants. 

At a great distance from the obstable ¢ 
must become U(1—2), where U denotes the 
free-stream velocity, therefore the flow pattern 
becomes asymptotically axisymmetric. Since 
the body considered is nearly axisymmetric, 
we can assume the following relation between 
the values of m and w (for m=>1) near the 

obstacle: 

O(2n)/O(ato) =O(E) < O11) for ‘ace (2:7) 

As the body is very slender, the magnitudes 
of the axial and radial components of the 
velocity can be assumed to be of the order of 
O(€) according to the usual perturbation theory: 


o(G)-of)-08 


o)-«(t)-00. 


On the other hand the order of a diameter 
of the body denoted by O(7) is also assumed 
to be of the order of O(&): 


Of7)= GO) (2.9) 
Thus from Eqs. (2.7), (2.8) and (2.9), we 


obtain the following order estimations near 
the obstacle: 


0719 cre Ory ee c 
Sire )=0( Ox )=08) 
Ptr \ _ > (Oun 
of Ox? )=0( Ox ) 


=0(5 )-0(6)= 0664 
Ox 


(2.8) 
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Ott _O( 1 Ovo 
05 )=O(- a) 


(2.10) 
-0(%)/a9-00 
O(n) OC a nee 
(a7)/0 
-0( Jowyoe)= Of) 


Substituting Eq. (2.6) into Eq. (2.5), and re-- 
membering Eq. (2.10), Eq. (2.5) can be reduc: - 


ed to . 
Ouy Out) O74) Ou 

= 10 2 Fag Co i 
r+ Bee Ox? T Oy veo 

+ 3 cos (10+ Bu) Ge — = 7 to} | 
ror 7 ] 


+0(8)=0. (2.119) 

Neglecting the terms of the order of O(E*)y 

we can obtain the following equations for 
determining 2%) and 2: 


Ou e “2ty , O°) Ou t 

es aoe Li pip et 0 0 —= 
7+), Beatles (2.12) 
On OUn mt : 29 | 
Besant git a Un=0. for, 222 iya(21e8 


Eq. (2.12) is formally equal to the funda-. 
mental equation for the transonic axisym- 
metric flow of a compressible fluid. 


§3. Solutions and Boundary Conditions 


As is well known, the general solutions of 
Eqs. (2.13) are given by 

Un=An(%)7+Br(a)r- , forz>1, (3.1) 
where @,(x) and b,(x) are arbitrary functions 
of xv. 

Thus the perturbation velocity potential ¢ 
is represented by 


G=U(x, T)+ Ss {@n(x)7” +Bn(x)r-"} COS (20+ Bn). 


(3.2) 

We shall consider the boundary conditions 

which ¢ must satisfy. Since 0¢/0x tends to 
(U—1) as > & or roo, we obtain 


u(x, N=(U—l)x (3.3), 


at infinity, 
and 
Qn=0 


for all m>1. (3.4) | 


On the surface of the obstacle, the gas must 
flow tangentially along the surface. If the 
surface of the obstable is expressed by | 
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R=F(z, 6), (3.5) 
this function F(z, @) can be expanded into 
Fourier series as 


R=F,(z)+ ph Fle) cos (n0-+an) (3.6) 


| where a, are certain constants. 


We shall consider the following three points 
on the surface of the obstacle: 


Ale Re) ; Ba, R+4R, 0+40) 


and C(w+4e, R+4R, 0). 


; — —> 
Since both the vectors AB and AC exist on 


the tangential plane of the surface at the 


point A, and the velocity vector should also 
be on this plane, we obtain the following 
condition: , 

0 OR/ROO 1 


=0 
1 f /OROr 0 (3.7) 
i 0¢/Or 0¢/rv00 


Neglecting the higher order terms, Eq. (3.7) 
is reduced to 

0¢/0r=O0R/0x at r=R=F (a, 6). (3.8) 
Substituting Eqs. (3.2) and (3.6) into Eq. (3.8), 
we obtain 


Ouy Ss Mba) 


Ae. pask cos (70+ Bn) 
a as m=1 oe) COs (nO + Gn) | 3.2) 
Ae fale =e, 0) 
As the sectional form R=F(z, @) is not 


very different from a circle, the boundary 
condition (3.8) at r= R= F(a, 8) can be assumed, 
within the accuracy of the order of the usual 
slender body theory, to be satisfied at r= F(a). 
Thus Eq. (3.8) can be approximated to 


= nby, (a ) 


mc) as cos (728+ Br) 
( Or r=F (x) os Lee oo a) (3 10) 
= hal S Ee) COS (20+ An) . 


From this equation, we obtain the following 
conditions: 


( ) eo) (3.11) 
Or Jr-Ko(2) dz 
and 
Bn=Qn 
ee Fy?*'(a) dFn(x) (3.12) 
: n dx 
By the use of the conditions (3.3), (3.4), 


Transonic Flow Past Axisymmetric Body 


413 


(3.11) and (3.12), the perturbation velocity 
potential ¢ of the transonic flow past a slender 
obstacle expressed by Eq. (3.6) is readily given 
by 

© Ss neha dF (x) 


P=U9(x, 7 
of s nr” dx 


COS (20+An) , 


PS 1 


(3.13) 


provided the perturbation velocity potential 
uu, 7) of the transonic flow of free-stream 
velocity U past an axisymmetric body expres- 
sed by R=F;)(a2) can be known. 


§ 4, 

As examples we shall consider the following 
two cases. The one is the transonic flow of 
a compressible fluid past a slender elliptic 
paraboloid of finite length at zero angle of 
attack at M.=1, and the other is the transo- 
nic flow past a slender paraboloid of revolution 
of finite length with small angle of attack at 
Mae le 


(1) Elliptic Paraboloid 
We shall consider an elliptic paraboloid of 
unit are eke by 


Examples 


(4.1) 
e— = b/a, 

where a, b and e denote the semi-major and 
semi-minor axes and the eccentricity of the 
base section respectively. 

Introducing the cylindrical coordinates such 
that 

YH=I2COSW . Be Sins (4.2) 

Eq. (4.1) can be expanded into the e?-power 
series as 


2 32 Le 
R=b// x (1+ oy CORO ae cost @+--- ) 
(4.3) 


After some elementary calculations Eq. (4.3) 
is reduced to Fourier series as 


R=6// x (Ay +A, cos 20 
+A, cos 40+---) 
where 
ee 9 
eases gd i 
SLE Ap alee aicn (4.4) 
Cle 
cs Ae ae 
Ay 4 +64 a 
3 
eS et ote 
AL 64 + 
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In our case it is sufficient, within the accuracy 
of the approximation in Eq. (3.10), to take 
terms up to é?. 

Comparing Eq. (4.4) with Eq. (3.6), we obtain 
Fi(z)=Acb\i/ xz, Fife)=0, 
Fyi(z)=Asb/ « , Fr(x)=0 fornS3. 
By the use of this equation, Eq. (3.13) becomes 

Ay Ait x 


P=U(2, n—| Vda” 


(4.5) 


cos 201 (4.6) 


Thus the axial, radial and tangential com- 
ponents v,’, v,’, ve’ of the perturbation velocity 
are respectively represented by 


, 0g Ou aod Ay? Aidt cos 20 


wee 4, 

Sf) Oe SOR Ay? Cate 
0~9 Om | Ay?A,b‘ cos 26 

20h ass ages ES SET 4.8 

st Or Or 2r3 y 8) 
Oe Ap? A,b*2 sin 20 

nt ee 4.9 
ae v00 27 : a2) 


For the sake of finding the velocity com- 
ponents on the surface of the elliptic parabo- 
loid, putting approximately 
Eqs. (4.7) and (4.8) are reduced to 

2 w= (5) _ Aob* Ar cos 20 

Ox r=Fo(x) 


Ag ’ 
6A, sin 20 
E (Uo )s Oy ae 
The values of Ay and A, for a=0.1, b=0.09, 
e=(19)/?/10, and those for a=0.1, b=0.08, e= 
6/10 are given in Table I. 


(4.10) 


(4.11) 


Table I. The values of Ap and A). 


Bea | at pili OHeuaha| Ht som [hPa gs 
0.09 ago | 1.0475 | 0.0475 


0.08 | 6/10 | 1.09 0.09 
- u a = = — —~ 


0.1 | 
0.1 


By an approximate method offered in the 
previous paper», we can find the value of 
(Ou /Ox) at r=F (x), which represents the axial 
component of the perturbation velocity over a 
paraboloid of revolution of unit length and 
thickness ratio £=2A0b. Thus by the use of 
Eq. (4.8), we can calculate the values of the 
axial and tangential components v,’, ve’ of the 
velocity on the surface of the elliptic paraboloid. 

In the case of a@=0.1 and b/a=9/10, the 
distributions of the tangential velocity com- 
ponents v9’ at several chordwise stations are 
shown in Fig. 1, and the chordwise distribu- 
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tions of the axial component v,’ in the several 
meridian planes are shown in Figs. 2-5. For 
comparison, there are also shown in these 
figures the distributions of the axial component 
v,/ over the surface of the paraboloids of || 
revolution whose meridian curves are the 


Fig. 1. 
component ve’ over an elliptic paraboloid of a= 
0.1 and 6/a=9/10. 


The distribution of the tangential velocity 


same as those of the elliptic paraboloid in 
every meridian planes. It is due to the influ- 
ence of tangential flows, that at small values 
of 8, the absolute values of v,’ on the elliptic 
paraboloid are smaller than those over the 
paraboloid of revolution, and at values near 
90° the latter ones are smaller than the 
formers. 

In the case of a=0.1 and b/a=8/10, the dis- 
tributions of the tangential component v9’ of 
the velocity at several chordwise stations are 
shown in Fig. 6, and the chordwise distribu- 
tions of the axial component wv,’ in the several 
meridian planes are shown in Figs. 7-10. 

As the pressure coefficient Cy on the surface 
in the approximation considered here is given 
by 

ASP =P 

Co 5207/2 

we can find readily the values of C, from 

those of v.’, and they are also shown in Figs. 
2-5, 7-10. 

Since Prandtl-Meyer’s expansion occurs local- 
ly at the shoulder of the finite elliptic para- 


=—20,' , (4.12) 
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Fig. 4. Pie. oO: 
Figs. 2-5. Chordwise distri 


butions of the pressure and the axial perturbation velocity component 
vz! over an elliptic paraboloid of a=0.1 and £ 


) 
The full-and the dotted lines refer to the e 


/a=9/10 in the several meridian planes. 
of revolution. 


lliptic paraboloid and the corresponding paraboloid 
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boloid, the pressure coefficient C, must, in 
principle, vanish there. In fact, the calculated 
values of the pressure coefficient at the shoul- 
der become of such a vanishingly small order 
as 2/10000 in our case, therefore this approxi- 
mate method is justified from this view point. 


Fig. 6. The distributions of the tangential velocity 
component ve’ over an elliptic paraboloid of a= 
0.1 and b/a=8/10. 


(2) Paraboloid of Revolution at Small 
Incidence 

We shall consider a slender paraboloid of 
revolution of unit length such that 


z 
ary = hy 


2 a ’ 0<%51 
a 


(4.13) 


where a denotes the radius of the base section. 
We shall introduce the angle of attack a. 
Taking the cartesian coordinates o—2 y z where 
the a-axis is taken along the free stream velo- 
city, we obtain the following relations: 
u=2COSa—YySina , 
Yy=xsina+ycosa. (4.14) 
Substitution of Eq. (4.14) into Eq. (4.13) gives 
ax? COS A—a’y Sin A=(y?+2?) 
+(a?—y?) sin? a+2eysinacosa. (4,15) 
Introducing the cylindrical coordinates such 
that 


y=Rcos@, 
Eq. (4.15) becomes 


z=Rsin 0 , (4.16) 
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R=, [-B+/B+4AC I, 
where 
A=1-—sin?a cos? 6 , | 
B=a’' sin acos 6+ sin 2a cos 6 , (4.17) 


C=ax cos A—2" Sin’? a . J 

Since R>0, neglecting the terms of the 
order smaller than O(a@), Eq. (4.17) is reduced 
to 


R=ay x —(1/2)(a@+2x)acosd. (4.18) 


Comparing this equation with Eq. (3.6), we 
obtain 


Fi(a)=a/ x , Fy(a)= =) (@+2a)ae. (4.19) 


Thus by the use of Eq. (3.13), we can obtain 

the perturbation velocity potential: 

C=U)(2, 7) +aa*x cos O/r , (4.20) 

Then the axial and the tangential compo- 

nents vz’, Ye’ of the perturbation velocity on 

the surface of the obstacle are respectively 
given by 


Ouy ) aa 
Vz \s—=| = ==cos 6 , 
oe ( Ox Regi x 


(Vo )s=—asin@ , 


(4.21) 


(4.22) 
where O0u)/Ox at r=F)(x) represents the axial 
component of the velocity over the same para- 
boloid of revolution at zero incidence. The 
pressure coefficient Cy, on the surface of the 
body is readily given by 
Cp=—2v,2' = lee 0 eos Oe 
Ox r= Fo(x) WW ae 

(4.23) 
The head drag coefficient Ca of the obstacle 
is obtained as 


i 


C= 3, \\CldRias)Ratde , (4.24) 


where A, denotes the area of the base section. 
Substitution of Eq. (4.23) into Eq. (4.24) gives 


ul dR dR 
(OF, =, | Ion i, Raed + Cy, Wale L, 
where 
Ou 2aa 
CG Ss y £52013 =—_— — 
z ( Ox Fe Fo(2) ote V « masks 


(4.25) 

Since the function Cy is symmetric with 

respect to the axis of revolution 2, the first 

term in the right-hand side of Eq. (4.25) is 
calculated by 
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Figs. 7-10. Chordwise distributions of the pressure an 
vx! over an elliptic paraboloid of a=0.1 and b/ 
The full-and the dotted lines refer to the e 

loid of revolution. 


Fig. 10. 


d the axial perturbation velocity component 


a= 8/10 in the several meridian planes. 
lliptic paraboloid and the corresponding parabo- 
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nee: 
{a.2"\ Cee ON cos a 
0 dx, 


Ap 
1 
= (| Crd) COS@, 
0 


Neglecting the terms of the order of O(@?), 
the second term is reduced to 


2aacos@ 1 /dR\* 
Pee See) dda 
\\ Ye Ag ( dx ) 
* — ava || OS dddie=0 
Ho 


Thus we obtain the head drag coefficient: 
Ca= Ca, cos a= Ca,+O(@?) , (4.26) 


20 


\-9 
dey 
dA 
8 
lee 
16 
5 
O O-| O2 “O03 04 "05 
t 
Fig. 11. The variation of (dCy/da)a-=0 for a finite 


paraboloid with the half thickness ratio t. 


1 
where Cuy=| Cy, dz, represents the head drag 
0 


coefficient of the paraboloid of revolution of 
unit length at zero incidence. According to 
the previous paper®), Cu, is given by 

Cay= 1.732 (4.27) 


where z denotes the half thickness ratio, so 
that it is the same as @ in this case. 
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It is seen from Eq. (4.26) that the influence 
of the angle of attack @ to the drag coefficient 
Ca is of the order of O(@?). 

As the lift is seriously influenced by the 
under pressure at the base, it cannot be esti- 
mated without the knowledge of the base 
pressure. Then we shall consider here the 
y-component Py of the resultant of the pressure 
acting on the head of the obstacle such that 


Py=— | [our cos 6d0dxz 
= +[\lo. cos 6Rdédz+ (lon cos adtde | 


L —[20\CnR oe dz, | sina 


ey 


+{\\ 200 005? (ay/g dbde | 
V « 
= —AyCa, sin a+2a@Ay= Ara(2—Ca,) (4.28) 


dcr 
(q he 
oO4 O06 (exe) tO 
% 

Fig. 12. The variation of (€Cz/da)a= for a double 
wedge with the thickness ratio r. (Ref. (5)). 
Introducing the non-dimensional coefficient 

P,/Ay=C,, we obtain 
Cy= P,/Av=(2—Ca)a . (4.29) 
Substitution of Eq. (4.27) yields 
Cy=(2—1.732)a@ , (4.30) 
and we obtain 
(dC,y/da) 4-9» =2—1.732 , (4.31) 


where ¢ denotes the half thickness ratio of 
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the paraboloid of revolution. The variation 
of (dC,/da@)x-» with the half thickness ratio ¢ 
is shown in Fig. 11. 
|  Guderley and Yoshihara” investigated theo- 
retically the transonic flow past a double 
| wedge with small angle of attack a, at M.=1 
}and calculated the lift coefficient C,;. For 
comparison the variation of (dC;/da@)«-9 with 
| the thickness ratio c of the double wedge is 
shown in Fig. 12. 

Finally it will be of interest to mention here 
that by the slender body theory, the lift 
coefficient of the pointed slender body of re- 
volution in the supersonic fluid flow is given 
by 

Cr=2a+O0(# log? Zt) . (4.32) 

It is the reason for the difference between 
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Eqs. (4.30) and (4.32), that the surface velocity 
of a paraboloid of finite length in sonic flight 
is subsonic, while that of a pointed body at 
M>1 is supersonic. 

The writer wishes to express his heartiest 
gratitude to professor I. Imai for his many 
useful suggestions and kind advice. 
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Experimental Studies of the Lift on Two Equal Circular Cylinders 


placed side by side in a Uniform Stream 


at Low Reynolds Numbers 
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Lifts acting on two equal circular cylinders placed side by side in a 
uniform stream were measured by means of lamp scale and mirror method 
at Reynolds numbers from 0.01 to 1.6. The results obtained are as 


follows: 


1, Each cylinder experiences a repulsive force. 
2. The value of lift coefficient decreases monotonously as the Reynolds 


number is increased. 


3. When the Reynolds number is sufficiently small, the value of lift 
coefficient increases first and then decreases as the ratio of the 
distance between two cylinders to the diameter of the cylinder 


increases. 


These results are in good agreement with the theoretical conclusions 
which are led from the Oseen’s linearized equations of motion. 
The photographs of the actual flow pattern were also taken. 


§1. Introduction 

In a recent paper”, the forces acting on 
two parallel circular cylinders of equal dia- 
meter with their axes in a plane perpendicular 
to a uniform flow have been discussed by 
Fujikawa on the basis of Oseen’s linearized 
equations of motion, and several interesting 


results were obtained. The present author 
was interested especially in the conclusions 
that when two equal cylinders are placed side 
by side they repulse each other, and that 
when Reynolds number is small, the lift in- 
creases first and then decreases with the in- 
crease of the distance between the two cy- 
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linders. However, so far as is known to the 
author, there has been no experimental veri- 
fication up to the present. 

In the present experiments, the lifts acting 
on two equal circular cylinders placed side 
by side were measured for several cases when 
the ratio of the distance between the axes of 
the two cylinders to the diameter of the cy- 
linder is equal to 4.6, 10, 18 and 50, the Rey- 
nolds number of the flow varying from 0.01 
to 1.6. To obtain the flow with such a low 
Reynolds number, the glycerine-water solu- 
tions were used as the viscous fluid. And 
the lift, which was extremely small (order of 
10-1 dyne), were sensibly detected by means 
of lamp scale and mirror method. ‘The results 
were in good agreement with the theoretical 
one based on the Ossen’s equations. 

§2. Apparatus 

The experiments were carried out with the 
moving metal vessel of 200mm in length, 
100 mm in width and 80mm in depth. The 
general arrangement of the apparatus is 
shown in Fig. 1. The vessel is filled with 


LEAD SCREW 


Fig. 1. Schematic diagram of the apparatus. 


A, B: Convex lenses, M;, My: Plane mirrors. 


the glycerine-water solution, and is set on 
the small carriage which is advanced uni- 
formly along the straight rails by means of 
lead screw. The value of Reynolds number 
can be varied by changing the density of the 
glycerine-water solution. 

The two cylinders are hung as a pendulum 
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on a horizontal bracket by means of needle 
edges so as to be free to swing only across 
the stream (see Fig. 2). When the vessel is 
at rest, the following adjustments have to be 
made: 


BRACKET 


NEEDLES 


Fig. 2. Sketch of the pendulums. 


1. The plane containing the two cylinders 
has to be made perpendicular to the direction 
about which the vessel is moved. 

2. The two cylinders have to be inclined 
slightly each other so as to be exactly parallel 
when the vessel is in motion. 

3. The ray of light from the lamp has 
to be thrown on to a scale after reflections in 
the mirrors M, and M, which are attached to 
the pendulums facing each other. 

4. The image of the light source has to 
be formed on the mirror M, by means of lens 
A. 

5. The image of the slit has to be formed 
on the scale by means of lens B. 

Then the vessel is set in motion, and the 
small inclination of the pendulum which is 
caused by the lift is measured by reading the 
movement of a spot of light on the scale. 

The fine brass wires of four different sizes 
were used as the models, their diameters 
being 0.30mm, 0.40mm, 0.60mm and 0.77 
mm respectively. It must be noted that steel 
wire cannot be used as the model because 
it is strongly affected by the weak magnetism 
existing in the apparatus. The distance be- 
tween two cylinders was varied from 1mm 
to 15mm at the interval of 1mm. 

On the other: hand, the actual flow pattern 
around the two circular cylinders was photo- 
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graphed by means of aluminium dust method 
with the glass water tank of 100 cm in length, 
20cm in width and 30cm in depth. A gene- 
‘ral description of the apparatus and an ac- 
‘count of the photographic technique were gi- 
‘ven in the previous paper», and so need not 
be repeated here. 


| §3. Notations 

m: mass of pendulum 

Z: distance between needle edge and cen- 
ter of gravity of the pendulum 

l*; distance between needle edge and cen- 
ter of lift 

g: acceleration of gravity 
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c: distance between lens B and scale 

tf: focal length of lens B 

D: distance from middle point of M, and 
M, to scale 

J£s Mint 

C,: lift coefficient 

density of glycerine-water solution 

diameter of cylinder 

speed of carriage 

span of cylinder (submerged portion of 

cylinder) 

h: distance between axes of two cylinders 

v: kinematic viscosity of glycerine-water 
solution 

R: Reynolds number based on diameter of 


2 Gas 


a: displacement of spot of light on the the cylinder (Ud/») 
| scale i ; ; 
_@: distance between two mirrors M, and $4. Results and Discussion 
M, If the inclination of the pendulum is suffici- 
b: distance from middle point of M, and ently small, then we have from the condition 
M, to lens B for balance of the forces 
Sa sa a, ala a SS Ssacne 
me * h/d=46,s/h=201 
= o h/d=10,s/h=16 
lore EXP.) +h/d=18,s/ne 6 | 
al eh/d=50,s/h=4 | 
L THEO, /d=I0,s/n=00 J 
~h/d =50, s/h = 00 
Bes 4 
! es es 
>| | | i [TEST =f i 1 El ee L i | 
oe O: |-O R 1O 
Fig. 3. Lift coefficient. 
Bs * Uses 
pare ee —=2 ES Ga LETS 5) 
fb b mygl; MoGl 
+e)(1— > 
f—b ij 
Hence 
Dgx = x 
Pues \ (a 2 [ataxD) LD) , 
a f—b +0)( 7) myl; Moly 
and therefore S: Doe 
Ci 


fa = 


~ a00%~ pave 78, +0)(1- 


b\( 4*(a+D) 1,*D | 
via ) my, Mol, J 
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Thus by measuring the value 2, the lift 
coefficient C, can be calculated. In the pre- 
sent experiments, the inclination of the pen- 
dulum which was caused by the lift was less 
than 1/200. When the Reynolds number R 
is higher than about 1.5, the lift is too small 
to be accurately measured by means of this 
method. On the other hand, when R is lower 
than about 0.02, the influence of the vessel 
wall is not so small as can be neglected. 
Therefore the measurements were made only 
at Reynolds numbers from 0.01 to 1.6. 

Fig. 3 shows the experimental results, toge- 
ther with the theoretical values for the two 
cases h/d=10 and 50. The general conclu- 
sions drawn from the experiments are sum- 
marized as follows: 

1. Two cylinders repulse each other. 

2. Lift coefficient decreases monotonously 
as the Reynolds number is increased. 

3. When Reynolds number is small, the 
value of lift coefficient increases first and then 
decreases as the ratio of the distance between 
the axes of the two cylinders to the diameter 
of the cylinder is increased. 

These conclusions are in complete agree- 
ment with the theoretical. However, the ob- 
served lift coefficient is slightly lower than 
the theoretically calculated, the discrepancy 
being probably due to the end effect and the 
wall effect. The theoretical calculations apply 
to an unlimited field of fluid around the two 
cylinders of infinite length, while the experi- 
ments were made in a tank of finite size using 
the cylinders of finite length. 

Photographs of the actual velocity field 
around the two equal parallel circular cylin- 
ders are shown in Fig. 4. It will be noticed 
that the wakes produced by two cylinders 
repulse each other. 


Yamada for his valuable advice and encoura- 
gement in the course of this work. Thanks: 
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The author is indebted to Professor Hikoji 


(b) R=1.46, s/h=12. 


Fig. 4. Photographs showing flow pattern around 
the two equal parallel circular cylinders placed 
side by side in a uniform stream. 
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As a continuation of a previous paper, a further discussion is made 
on the steady slow motion of a viscous fluid past two parallel circular 
cylinders of equal radius with their axes in a plane perpendicular to a 
uniform flow, confining ourselves to the case when the two cylinders are 
in close proximity to each other. 

Expansion formulae in powers of Reynolds number FR for the drag and 
lift acting on-one of the cylinders are obtained correct to the lowest 
order of Reynolds number R. The coefficients of each term are expres- 
sed in power series of a/2h and obtained as far as terms of (a/2h)‘, 
where a denotes the radius of the cylinders and 2h the distance between 
their centres. 

Up to the order of (a/2h)2, the results are found to be in complete 
agreement with expansion formulae for the drag and lift acting on the 
one cylinder placed near the other, which has been obtained directly by 
expanding the formulae useful for the case when the distance between 


the cylinders is great. 


§1. Introduction and Summary 


In a previous paper», the writer treated a 
steady slow motion of a viscous fluid past 
two parallel circular cylinders of equal radius 
a, at a great distance apart, with their axes 
in one plane perpendicular to a uniform stream 
and obtained expansion formulae in powers 
of Reynolds number for the forces acting on 
one of the cylinders, up to the second term 
of Oseen’s approximation. These formulae 
are valid for the case when the two cylinders 
are situated at a great distance apart, but 
they are not applicable to the case in which 
the cylinders are adjacent to each another. 

Also, the writer expanded formally the 
above formulae in power series of the ratio 
a/2h as far as terms of (a/2h)?, where 2h is 
the distance between the centres of the cylin- 
ders. However, as was noted in the pre- 
vious paper, such formal expansion formulae 
are not suitable for a detailed discussion, es- 
pecially for the case of two adjacent cylin- 
ders. It is therefore desirable to obtain ex- 
pansion formulae for the drag and lift acting 
on one of the cylinders correct to the order 
higher than (a/2h)?. 

In the present paper, expansion formulae 


useful for the case when the two circular 
cylinders are situated in close proximity to 
each other are obtained up to the order of 
(a/2h)* as well as to the lowest order of Rey- 
nolds number R. And it is shown that the 
expressions thus obtained are in complete 
agreement, up to the order of (a@/2h)?, with 
those which have been derived formally by 
expanding the formulae useful for the case 
when the distance between the two cylinders 
is great. 

Making use of these formulae, detailed 
numerical discussion is made for several cases 
when the distance between the axes of the 
two cylinders is equal to 5/4, 3/2, 5/2, 5 and 
10 times their diameter, the Reynolds number 
of the flow varying from 0 to 0.1. Further, 
as a limiting case, a similar discussion is 
made for the drag when the two cylinders 
touch each other, and compared with Tama- 
da’s results”. 

Thus, it is ascertained that, on increasing 
the distance between the two cylinders, the 
drag on one cylinder increases but the lift— 
the repulsive force—decreases first and then 


increases. 
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OUTLINE oF ANALYSIS limited uniform flow has been given by Filon® | 
in the form: 


§2. Fundamental Solutions 


For the sake of reference we shall first 
reproduce the outline of. analysis which is 
necessary for our present purpose. 
We consider two infinitely long parallel 
circular cylinders C, C,, of equal radius a, 
set in a steady uniform stream of velocity U 
of an incompressible viscous fluid in» such a 
manner that their axes lie in a plane per- 
pendicular to the uniform stream. U 
Let Oz, Oy be the rectangular co-ordinate et 
axes in the plane of fluid motion, the axis of 
« being taken along the direction of the uni- 
form stream and the origin coinciding with re 
the centre of the cylinder C. The centre of 
the other cylinder C, is situated on the y- 
axis, its coordinates being denoted by (0, —2/) 
(Fig. 1). 
As is well known, the stream function 
for the perturbation flow due to the presence 
of a single circular cylinder placed in an un- Biceele 


wy oo Ln ae Pu ’ 
with 
$n= a log r+4)9 + S 7-"(An COS NO +a Sin NA) , 
n=1 
(2.1) 
6 
Ribu = Boe** Ky(kr) +04) kr{Ky(kr) + K(kr) cos 6}e*" ©°s ° do 
0 


+eke > Kn(R7r)(8n CoS 28 +bn sin 28) , 
n=l 
where 
S=17 COs OF, y=rsin 6 , 


Gn, Qn, bn, Bn being arbitrary real constants, K,(kr) the modified Bessel function of the second 
kind’, and & is connected with the kinematic viscosity v as 


k= 17/20i. (2.2) 

Then, putting 
Ap=aQ)tiay , An=N(dn—tQn) ,  e=4) 2.3) 
Bn=On+tBn, (n=) a 


the conjugate complex velocity W (=u—zv) for the perturbation flow is generally expressed 
as follows: 


W= Wi+ Wu ’ 


W=> Anz @rD 4 
wee) (2.4) 


Wu er{ CK o(kr) + a (Cnr? +Cne- 9) Knlkr)} , 


~ The definition of the modified Bessel function used here is identical with those in G. N. Watson’s 
“A Treatise on the Theory of Bessel Functions” (Cambridge, 1922). 
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; ; : 
where C,’s are arbitrary constants connected with B,’s as 


gs M 1 
C= B>— 9B: ; Cn=—5-(Bn-1—Ba) ; (n > 2) (2.5) 


ind C,, denotes the complex conjugate of Cy. 


el he expression (2.4) for W was first obtained by Prof. I. Imai* after integrating a general 
*xpression for vorticity. 

| Now, the conjugate complex velocity W for the perturbation flow due to the presence of 
he two cylinders in the uniform stream may be written in the following form: 


We W, == Wi =e Wy Se WW, ’ (2.6) 
with 
W,0= x Anz7@r) ; W,,@O= s An* 247 OD ; 
n=0 n=0 
| WO HOC Kolker) + 3 (Curren? + Cre nl kr}, (2.7) 


We =e*{Cy*Ko (hry) + S (Cr r% ein +-Cy*e-) Kn Rry)} , 


where An, Cn, An*, Cx* etc. are arbitrary complex constants and 
Ze = rye = 242th . (2.8) 
The flow field under consideration must be symmetric with respect to the straight streamline 


y=—h, i.e. 3(W)=0 along y=—h. This condition yields immediately the following relations 
between the constants in (2.7): 


eewAn | (WE 0)’, C=C,, OS). (2.9) 


§3. Determination of the Constants Ax, Bn 


We now proceed to the consideration of the remaining boundary conditions at the surfaces 
of the two cylinders. 

The flow is symmetric with respect to the straight streamline y=—h and since the solution 
(2.6) together with (2.7) and (2.9) already satisfies this condition, it is sufficient to consider 
the fulfilment of the condition on one cylinder C (z2=a@exp (z@)) only. 

_ The resultant velocity U+-W must be zero on the surface of the cylinder, so that the 
required boundary condition is written as: 


(W)r-a= —U . Quy) 


In order to apply this condition to W given by (2.6), we expand W in a Fourier series in 
6 on the surface (v=a) of the cylinder C. After several calculations, we get the following 


results! as 


CW, O\raa= >) Anan @*De-t@ +e . 
n=0 


? 


= = ! a Abe ; 
Tras (>: (—1p aE ( ea) Am _ pins 


se { sik Oo; J7})\m+1 
n=0 m=0 m'\n 2th] (2th) (3.2) 
(W)raa= > {CaKolnt s Kin(Cosiln-n+Cnlnen) be 
NM=— 0° m=1 
(Wu™)r-a= > {O%m, ot > (Casta, m+ Cirdn, -») fe , 
-o m=1 
where 
Pe hea. (60, +1, 2, -*-) (3.3) 


eae should be made to the previous paper!) of the present writer. 


afi For details of the calculation ref 
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the argument ka of the modified Bessel functions J», Kn having been omitted for vhs 
According to the boundary condition (3.1), every coefficient of exp (én@) [z=0, +1, +2, ---]| 
in the expansion should vanish except for the constant term (#=0), which must be ao to: 
aif | 
Thus, we have | 


> ! Tes Ags 
ED Sa he 


m=0 m\n! (2th)™*+ 


+CunKo+ 3: Kn(Cusitn-m+Cnlnen) 


—U, (n=0) 
0, (ale ZY sei) 


Cds i) = 3 (Cus An >m ap CinAn is =) = | (3 4) 


An-1a-” AR CiulnKo ae Xi Km(Cme Un+em +Calian 


eC ien, ot & (Cian, mt+Cmd_n, spel c (Gi ae o- ) 


where the argument ka of the modified Bessel functions has been dropped for simplicity.. 
Further, elimination of A»’s from these equations gives 


! S4+m+1 
> | Cnn |e mKm+ An, -mey—D (— IDE eee a) (Ls-mKm+i1+As+1, —m) } 


7 S+n+1 
+ Ces} Jnmes Kets bn mn (- iLye Sr: ire) (Iin+s+1bimt Ases, me | 


ae (n=0) (3.5) 


0. (= 5 Soc) 
Equations (3.5) together with the second equation of (3.4) determine in principle the coeffi-. 
cients Am’s, Cm’s and hence the solution of the present problem. 
APPROXIMATE SOLUTION FOR THE FLOW AT SUFFICIENTLY SMALL REYNOLDS NuMBER 


§ 4. Simultaneous Equations for the Constants bp and By 


Now, we shall determine the constants Cm’s from the equations (3.5). However, it is: 
difficult in practice to solve these equations exactly. On the other hand, Oseen’s equation 
itself is valid for the whole field of flow only at small Reynolds numbers, and our main 
interest in the present investigation lies also in such flows. Therefore, in the present paper, 


we shall treat the case in which the two parameters ka SS R) and kh are very small. 


Separating real and imaginary parts of the equations (3.5), we obtain the system of equa- 
tion for determining By (=bn+7¢B8n) in the following form: 


b 
Cyb0+ C28 0+ Cis (1) + eu Dt Ga ( )+ Ou 


Cibo + Ci2Bot Cis ( 2) +Cul 9) tCal- 3 teal 


2) eae 


Ve. (4.1) 


2 2 


CGS7h, Be, GE xe -) 


The coefficients Ci;’s involve the functions J,(ka), Kn(ka) and K,(2kh). In the previous 
paper”, we have developed the analysis under the assumption that ka <1, (kh)-'=O(1) and 
therefore we expanded only the functions /,(ka) and K,(ka) up to the order of (ka)?. 

However, in the case when ka <1 and kh<1, with which we are concerned in the pre- 
sent paper, the values of (kh)-” and Kn(2kh) (n=0, 1, 2, +--+) in Ci;’s become very large, and 
therefore the previous analysis for small values of ka and kk should be modified. 
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Now, expanding every functions in powers of ka or kh and performing some tedious but 
traightforward calculations, we find that 

Cu, Cy, Cr, Cys, C32, C3, Cau, Cus, Csi, Cs3, Coo, Cou=O(1) , 

Cig, CoCr, Cos Cs2, Coi=Olka) , 

Cig Cig, Caz, Cx, Css, Car, Cuz, Cag, Coa, Cae, Cos, Cos= O(R-1a71) , 
Cis, Cos, Coe, Cas, Cos, Cos =O(R-?a-*) , 


(4.2) 


| 


cf. (4.3a)-(4.3c) and (4.5a)-(4.5c)]. 

These resuits suggest that the orders of magnitude of dp, Bo, bi, Bi, bs, Bs, +++ are 1, ka, 
ka)”, ka, (ka), (ka)?, ---, respectively. Therefore, to the lowest order in ka, we can deter- 
ine bo, B;, b.,---, separately from Bo, bi, Bs, «+=, by solving the following system of simul- 


aneous equations: 
C1094 Cy4(Bi/2) + Cy 5(b./2)+---=—U , 
Cub + Cu4(B 1/2) + Cy5(B./2) + ---=0, 
C5ibo+C54(B1/2) +C55(b2/2)+---=0 , 


vhere 


C= {@S—=)—f(a/2h} eee + O(B?a?) , 
a=] 7 (al2h)8 + ask, 4-O(R?a?) , (4.3a) 
C= 4 {(al2h)?+2(a/2h-+ ++} +O(Rat), 


Cu={(a/2h)?+ ---}(ka)*+Olka) , 
Cu=(1—2(a/2h)? + 4(a/2h)*+ ---}(ka)-14+O(ka) , (4.3b) 
Css={3(a/2h)3 + - + -}(ka)-!+O(ka) , 


Cis=2{(a/2h)?—4(a/2h)*+ ---}(ka)?+O(1) , 
Cis = {12(a/2h)?+ ---}(Ra)-? +01) , (4.3c) 
Cs5=2{1—12(a/2h)*+---}(Ra)-?+0(1) , 

vith 


S= 5 -1—log (Ra/2) , we 7 bos (a/2h) , (4.3d) 


vhere y=0.57721... is Euler’s constant. 
Thus, we obtain 


by= — F UA{1—2(a/2h)*—B(a]2h)+---} + O(RA*) 


B= TUA{(a/2h)+---}(ka) + Oa), (4.4) 
by= UA al2h)?+--- Hea)? + Olas), 
vhere 
A= {1+2(a/2m)*+(12 Ee omer) GLa . +} (4.4a) 
Then, inserting (4.4) in (4.1), the remaining coefficients fo, b,, B2,--- can be determined 


rom the following equations: 
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C22Bo+Co3(bi/2) + Coe( 2/2) + ag =Co ’ 
C32Bo+C33(0,/2) + Co6(B2/2) ++ ++ =Cs0 » 
Co2Bo+ Co3(b1/2) + Coe(B2/2) + ao" =Ceo ’ | 
where | 
1 


C= {AE -1) +4(G/2h)?—(a/2h)' + ++ -} + OHA) , 


Co = (2(a)2h)— 3(a/2h)?+ «+-}-+O(k2a”) , 


Cust {3(a/2h)?—8(a/2h)* + ---}+O(R?a?) , 


Cr3 = {2(a/2h) —3(a/2h)* + - - ae, 14 O(ka) , 
C33={1—2(a/2h)? + 6(a/2h)!+ - --}(ka)-!+O(ka) , | 
Co3={ —3(a/2h)3 + ---}(ka)-!+O(Ra) , 
Crp = 2{3(a/2h)? —8(a/2h)*+ + --}(ka)-?+O(1) , 
C35={—12(a/2h)?+--- i(k 24+-O(1), | 
Cos = 2{1—12(a/2h)*+ - --}(Rka)-?+O(1) , 
Cn=H UA a/2h)-{2S—2r +1 —4(S—c + D)(a/2h)? 
—2(8S—9r+3)(a/2h)*+ ---}(ka)+O(Ra*) , 
Cle U4{4(2S—r)—3-8(2S—r—1)(a/2h}? 
— (64S —32r —23)(a/2h)*+- ++ (ka) + O(a) , * 


(4.5¢€) 


Gre z UA{3(a/2h)—10(a/2h)*-+- --}(ka) +O(ka8 


S, 7c and 4 being the same as in (4.3d) and (4.4a) respectively. 
Thus, we get 
o= = ua(s— t+— syle 1(a/2h)- [14+ A,(a/2h)?+ A,(a/2h)*+ + - -](ka) + O( Ra’) , 
it 


b= 5 UAV) UAS@r—3)— 40? +e +1} + + - [ka)? + O(Rat) , (4.6) 


Bae — 5, Ue —1)[(6S—10e + 7 a/2H) + -++|(ka)8+O(R a) , 


with the abbreviations 
Ayan Zt _ 8S 6 + 3/2, 
“ tal. Saerle = 
prekietee: (SS) EP 4S-440— ~39/4 
sey Fes t—1 t—-1 S—r41/2 S—r4+1/2 
On the other hand, solving the second equation of (3.4) for Ay=a)+za, and separating the: 
real and imaginary parts, we get the relations 
a /a=—b)(ka)-} 


a@o/a=bo{ (a/2h) +O(R?a*)} + Bo (ka)-! + O(ka)} 
+0] { — (alah) +5 (alan) +O(Ka") |-+BsC(a/2mdea)-*+O(ka)) (4.1) 


+ b.{4(a/2h)*(ka)-*+ O(1)} + Bal {2(a/2h)? —3(a/2h)*}(ka)-! + O(ka)] 


(4.6a) 
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inserting (4.4) and (4.6) into (4.7), we obtain 


£ + Uad{1—2(a/2h)?—8(a]2h)!+ 


bale 
8 
A(c— 


es mar 


“ar 


1p {alah + 
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-+ }(Ra)*+ O(Ra) , 


Kalan (4.8) 


SS oee a eal 7 
+ |4OGea) F 


where A;, A, and 4 are given by (4.6@) and (4.4@) respectively. 


35. The Forces on the Cylinder 


We now proceed to the evaluation of the 
force acting on the cylinder C. As shown in 
the previous paper”, this force may be con- 
sidered as composed of the drag D and the 
lift Z in the directions of the 2 and y-axes 
respectively, which are expressed respectively 
as 

D=2reUQ , oH NOery « (5.1) 
where p is the density of the fluid concerned. 

Therefore, making use of the expressions 
(4.8) for @ and a», we can obtain expansion 
formulae for the drag and lift. Thus, cor- 
rect as far as terms of the lowest order of 
R, we have the drag and lift coefficients as: 


D 
SS La 
vast astao( ds) 
R(2S—r«—1) 2(2S—K—1)\ 2h 
=O ae . ; )}+O0R) (5.2) 
and 
L 
oa 20U?a 
n h 2S—2e—1 me 28525 :) 
BO pan. 25-61 Ese 


a \* iL 1 i 
a i iy 
sl syplriai teeta) ) 
Tse ol dsl) 1 
5S Seal +( Ce Sot 


(eos pow. 


where as before 


(5.3) 


R x. 
Sexe Sins a —los (35-) 
(5.4) 


It will be seen that as was noted in the 
previous paper, these results are in perfect 
agreement, up to the first two terms, with 


1 
i eee | : 
S 9 7 —log 


the formulae which were obtained by con- 
sidering formally the case kk <1 in the pre- 
vious results for the case of (khk)-1=O(1) . 


§6. Numerical Discussions 

Making use of the formulae (5.2) and (5.3), 
the writer has calculated the values of Cp/Cp* 
and C, for various values of the Reynolds 
number R (=4ka) as well as for various 


Table I. Values of Cp/Cp*. 
\ af2h 1/2 
1/10 | 1/5 | 1/3 | 2/5 
| Present 
FR | | writer Tamada 

0.0001 0.5714/0.5519,0.53850.5340) 0.5289 | 0.5287 
0.001  |0.593310.56720.54950.5436 0.5369 | 0.5367 
0.01 0.634610. 59500.56910.5606 0.5511 | 0.5508 
0.02 0.65530. 6086 0.57850.5687, 0.5577 | 0.5575 
0.04  |0.6834/0.6266 0.59080.5793| 0.5664 | 0.5661 
0.06 0.7052|0.6403 0.60000.5871) 0.5728 | 0.5725 
0.08 0.724110.6519 0.6077,0.5936| 0.5782 | 0.5780 
0.1 0.741310. 6623 0.61460. 5995 0.5829 | 0.5825 

= = } =~ = 
Table IJ. Values of Cz. 

“Fae 1/10 | 1/5 1/3 2/5 
0 eon Sh Bt erGs 2.67 2205 
0.0001 3.79 | 2.85 50 cal oes 
0.001 S766 atts 2M79 2.45 2.73 
QUOTE LIMES AD TAG? 97.67 Je 7, 2.65 
0.02 3.30 2.61 2.33 2.61 
0.04 3.14 2.53 D7 2.56 
(0G mane Ol 2.47 2.23 2.52 
Ox0Smeeniee90) i, 2-42 2.20 2.49 
0.1 | 2.80 | 237- NQF 2.46 


values of the ratio a/2h, where Cy* denotes 
the drag coefficient for a single circular cylin- 
der in an unbounded stream and is given by 
Cp*=47n/RS. The results are given in Tables 
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I-III and are also shown graphically in Figs. 
7y UNG) By, 

The values of Cp/Cp* for the limiting case 
when a/2h=1/2 are also found to be in good 
agreement with Tamada’s results? which are 


Table III. Values of Cp/Cy* and Cz (a/2h=1/20). 
Cp/Cp* | Ci 
R See aci ten reer aes 
I Il I Il 
0 0.5000 6.24 | 
0.0001 | 0.5923 5.40 
0.001 0.6220 5.13 
0.01 0.6798 | 0.6793 | 4.60 4.60 
0.02 0.7097 | 0.7080 | 4.33 4.34 
0.04 0.7516 | 0.7461 3.95 3.99 
0.06 0; 7848 «dks 0.7727 OV 3465 3.74 
0.08 0.8143 | 0.7965 | 3.38 3.53 
0.1 0.8418 | 0.8155 | 3.13 3.34 
0.2 0.8799 2.68 
0.4 0.9423 1.88 


tabulated in the last column of Table I for 
the sake of reference. Further, the values 
of Cp/Cyp* and C, for the case when a/2h 
=1/20 are tabulated for comparison in Table 
Ill together with the values calculated by the 
expansion formulae valid for kk=O(1) which 


1-0 
CoCo 
ChVa =2ON 75 
0-8 7 ’ Ze : 
Z 10 
oe 
3 
2 
0-6 
04 - | 
0.0001 0-001 0-01 O-1 R I 


Figs 2. 


were obtained in the previous paper. In this 
table, the second and fourth columns with 
the heading I give the values of Cp/Cp* and 
Cr; calculated by the formulae in the present 
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paper, while in the third and fifth columns; 
with the heading II are given similar values} 
calculated in the previous paper. In Figs. 2} 
and 3 the results for the case when @/2h=1/20) 
calculated by the expansion formulae valid! 


ooo OO Ol R 


Bigs 3: 


for kh=O(1) are also shown by dotted-line: 
curves. 

From these tables and figures, it will be: 
seen that, as the distance between the cylin-- 
ders decreases, the values of Cp for a suffici-- 
ently small Reynolds number decreases monco-- 
tonously, while the value of C, decreases first| 
and then increases. | 

In conclusion, the writer wishes to express: 
his cordial thanks to Professor S. Tomotika: 
for his continual interest and encouragement! 
throughout this work and especially for his: 
kind inspection of the manuscript. 

Also, the writer is much indebted to Pro-- 
fessor K. Tamada for his invaluable advices: 
and criticism, and also for his kindness in 
putting some of his unpublished results at! 
the writer’s disposal. 
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Short Notes 


This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 


7cmx7cm will be counted as 150 words. 
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Anomalies of Electrical Properties of 
Lead Telluride Crystal 


By Susumu UCHIYAMA and Kisaburo SHOGENJI 
Faculty of Hngineering, Nagoya University, 
Nagoya 
(Received January 24, 1957) 


It was reported by Putley” that some PbSe and 
PbTe crystals reversed the signs of their Hall 
coefficient in addition to the intrinsic sign reversal. 
We looked for the sign reversal of PbTe crystals 
by heat treatment, but could not find it.» 


However, a specimen, which was at first a normal 


p-type one and, 


~Putley”. 


after copper being added by 
evaporation, heat treated in vacuum at 500°K for 
3 hours, showed the sign reversal in the extrinsic 
temperature range. The results obta’ned are shown 
in Fig. 1 and are similar to those reported by 


= cnt/coul, 
ae 
A) 50 
HallCoet. 
Soe 
“3 20 
/ Resistivity 10 
5 
2 
\OYT 


Fig. 1. 


Impurity levels with activation energy 
of the order of 0.1 ev. are seen, from the slope of 
resistivity curve, to appear in addition to the 
ordinary acceptor levels. 

Besides the sign reversal some anomalies were 
found at lower temperatures. At some temperature 
below the sign reversal temperature, voltage vs. 
current rleation was not symmetrical with respect 
to the origin, and was not strictly linear even for 
smaller current. At the same temperature range, 
voltage drop across the two resistivity probes, for 
the same current through the specimen, changed 
by applying a magnetic field transversely. It in- 
creased or decreased according to the change of 
the direction of applied field. The phenomenon 


cannot be considered to represent magnetoresistive 
effect, since the change is not proportional to the 
square of the field but rather proportional to the 
field itself. The experiments were made with the 
greatest care. We concluded that the anomalies 
were not due to any experiment errors but they 
represented the real peculiarities of the specimen. 
We thought that these two anomalies arose from 
the inhomogeneity of the specimen, though the 
specimen proved to be homogeneous in electrical 
properties at room temperature. If the number of 
current carrier varies along the specimen, potential 
gradient also varies when a current flows. Then 
potential drop between two probes can be changed 
by applying a magnetic field, especially when the 
variation of potential gradient is large near the 
probes. The potential drop can be increased or 
decreased by changing the direction of magnetic 
field. This is, we think, the cause of the anomaly 
mentioned above. The non-ohmic properties ob- 
tained are considered to result from the inhomo- 
geneity too. Moreover a p-n junction might be 
generated within the specimen at some temperature. 

Let us now consider the reason why Hall coef- 
ficient changes its sign. Within the scope of our 
experiments, copper added seems to be responsible 
for the sign reversal. The surfaces were ground, 
before measurements, by using emery paper in 
order to avoid any disturbances due to the surface 
copper film. Impurity band conduction’? and 
surface conduction» can be taken into account as 
the cause of the sign reversal. Impurity band 
conduction model proved to have several dif- 
ficulties in quantitatively explaining the phenomena, 
although the characteristics obtained were, in 
several respect, similar to those of germanium with 
impurity conduction band. But we cannot entirely 
deny, at present, an occuarence of impurity band 
conduction, since the data are scanty and there are 
some uncertainties in the date due to the inhomo- 
geneity. 

Researches to get more informations on the cause 
of the sign reversal are now in progress. 
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Quasi-static Hysteresis in Barium-titanate 
Single Crystals 


By KIYASU Zen’iti, Kazuo HUSIMI and 
Keisuke KATAOKA 


Electrical Communication Laboratory, Tokyo 
(Received November 5, 1956) 


The measurement of hysteresis curve and spon- 
taneous polarization in barium-titanate 
crystal have hitherto been carried out by polariza- 
tion switching method. By this method, we cannot 
measure these characteristics quantitatively, be- 
cause there may be asymmetries on the hysteresis 
loop, and we cannot detect the depolarized point. 

The authors have developed a new ultrasonic 
measuring method which uses the piezoelectric 
property of ferroelectric materials to determine the 
absolute polarization. Using this method together 
with the conventional method we have obtained 
various important results. 

The sample used, 0.14mm in thickness, with 
1mm? electrode area, is a c-plate which contains 
a-domain a little, and has been produced by KF- 
process by Waku in this Laboratory. 

After applying a positive half cycle of a sinu- 
soidal field with a peak value of 2 kV/cm and the 
period of 6 minutes, we obtained minor loops for 
the field strengths of 0.3, 0.35, 0.4, 0.45 and 
0.5kV/cm. These quasi-static hysteresis loops are 
shown in Fig. 1. 


single 
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After applying 5kV/cm d.c. field for several 
times, we measured the polarization at 5kV/cm 
d.c. field for 2 seconds. These results are shown 
in Fig. 2. 

1. Maximum slope of the hysteresis loop emax 


is virtually infinite. eémax is found to follow the 
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relaxation formula of Debye’s type, 
oe’ 
lft 
ibaeg) Si 
with fo=0, instead of the value 29 kc/s reported by 
Drougard), that is, emax is represented by the 
formula 
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2. In case of single crystals, the minor loops 
return to their original spontaneous value without 
any appreciable depolarization. 
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Fig. 2 


3. The crystal contains slowly polarizing com- 
ponents which takes several hours to polarize even 
under a high electric field, whereas it has been 
believed that the reversal of polarization is com- 
pleted within a very short time under such a 
field, although under a low field the polarization 
may be fairly slow, as Little observed”). 

4, There are asymmetries in polarization velo- 
city under positive and negative fields. This charac- 
teristic is in the same polarity throughout a single 
plate crystal, and it is easier to polarize from 
outer to inner side of a butterfly pair. 

5. The value of spontaneous polarization, 37.8 x 
10-® coulomb/cm? at room temperature, is much 
in excess of Merz’s value 24x10-®. The sum of 
positive and negative polarizations in Fig. 2, on 
the other hand, is always nearly 48 x 10-® coulomb/ 
cm? which is just twice the above value. From 
this we conclude that Merz has measured the high 
speed component only. 
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The Thermal Decomposition of Polyvinyl 
Alcohol Using Mass Spectrometer 


By Hideo FUTAMA and Hidejir6 TANAKA 


Department of Physics, Faculty of Science, 
Hokkaidé University, Sapporo 


(Received November 29, 1956) 


It has been known that the thermal decomposi- 
‘tion of polyvinyl alcohol (PVA) plays an important 
role in considering its properties). Using the 
mass spectrometer (Hitachi RM-AA) which seems 
to be more convenient than to the customary 
chemical method»), we have analysed the thermal 
decomposition products of PVA. Heating of PVA 
films is so controlled that the temperature is kept 
constant for a sufficiently long time and raised step 
by step. 

Decomposed vapours are mainly water and acetal- 
dehyde. Generation of vapours fit the first order 
reaction with reaction constant k& of the order of 
10-4 min-1, m=a[1—exp(—kt)], where t is time 
and m is the mass of the generated vapour per 
unit mass of initial PVA. This equation holds for 
the generation which occurs by raising the tempera- 
true from 7'—4T to T and keeping it at T. For 
example, Fig. 1 shows the generation of acetal- 


50 


dehyde at 200°C. Dotted line is calculated from 
the equation, where a and k& are chosen so as to 
fit the experimental curve. 

Saturation value a@ is the function of 7 and 47, 
and by making 4T7->O we may abtain a(T, aie) 3 
f(T)-4T. Then we can assume the existence of 
certain distribution function f(7) of the source of 
decomposed vapour in PVA. Thus it follows 


a(T, any=\" S(T)-dT=f(T)-AT . 


T-AT 


Seeking a(7T, 4T)/4T experimentally, we can 
obtain the approximate shape of f(7’) as showe in 
Fig. 2, where 47 is about 10°C and curves A, B 
and C are found to correspond to water, water 
and acetaldehyde respectively by the mass spectro- 


metric analysis. 
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To examine curves A and B in Fig. 2, we pre- 
pared two samples. One (S,) is immersed in the 
vapour of heavy water DO solution. Table I 
shows merely a qualitative tendency of the genera- 
tion of DHO which consists in the generated 


Fig. 2 


aqueous vapour. In the sample (S,), degree of 
heavy hydrogen exchange with PVA radical seems 
to be lower than that in (S.). Further the curve 
B occurs in connection with the decomposition 
curve C. Thus in Fig. 2, the curve B seems to 
correspond to the decomposition or rather to the 
cross linking (ether bond) in PVA structure, and 
the curve A to mere dehydration. 

In Fig. 2, the area of the curve B indicates 7% of 


Table I. Concentration of DHO in the 
generated aqueous vapour 
Sample | A | B 
Si | 30~40% | 2~ 3% 
S. | | 


30~40% 40~50% 


PVA, which means 20% of O atoms in PVA, react 
into H.O. The area of the curve C indicates 60% 
of PVA, and accumulated plots of a@ about this 
curve show 60~70°C lower generation temperature 
in comparison with more rapid heating»). The 
curve D in Fig. 2 consists of undetectable vapours 
which seem to be hydrocarbons. This part and 
the residue in the furnace indicate 25% of PVA. 
To detect them is a remaining task. 
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Resistivity and Hall Coefficient of 
Semiconductors 


By Kisaburo SHOGENJI and Susumu UCHIYAMA 


Faculty of Engineering, Nagoya University, 
Nagoya 


(Received January 24, 1957) 


Resistivity and Hall coefficient of semiconductors 
have been already calculated for the case in which 
the current carriers are scattered by acoustical 
mode of lattice vibration and ionized impurity 
centres... We have made the calculation for the 
case where the current carries are affected by both 
acoustical and optical modes of lattice vibration. 
The scattering by impurity centres is neglected in 
this calculation. Since its effect becomes apprecia- 
ble at lower temperatures, the calculation made 
here has some significance at rather high tempera- 
tures, especially for semiconductors, with high 
dielectric constant. 

The calculation is made on the basis of the 
following assumptions: 7) electrons (or holes) which 
contribute to conduction are free; 2) they obey 
Boltzmann statistics; ii?) scattering of electrons is 
due to acoustical and optical modes of lattice 
vibration, other scattering sources being neglected; 
w) for scattering by optical mode, relaxation time 
of Frohlich and Mott”) exists. Using conventional 
notations, conductivity and Hall coefficient are ex- 
pressed as follows: 


o6=A+(B?/A), R= -—B/{H(A2+ B?)}, 
Ane? (° of 
MIS ly 22\—-1—“ ny 
3 i. v3 (1 + 822) *. dv, 2 
Ame 2's 043 Of 
ta hay ee 3 a2 Ves on ) 
B 3 i slv3 (1 +8?) 96 dv, | 
s=elH/mv. } 


Mean free path J of electron is given by 
1/l=(1/la)+(1/Uo), 
lg =3(2nmkT)}2/ 4e2npq, 
Ip=(2me)2/e2npo, 


| (2) 


l, is mean free path when the acoustical mode 
only scatters electron and , is the resistivity at 
that time; l) and #9 correspond to the optical mode. 
Thus 
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ja is the mobility corresponding fo the acoustical 
With Eqs. (1) and (3) we can calculate re- 
Fig. 1 shows resis- | 


mode. 
sistivity and Hall coefficient. 
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Fig. 1. 
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tivity at no magnetic field, and ratio of Hall 
ceofficient to l/ne. Fig. 2 shows the change of 
resistivity with magnetic field. 
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Manganese Impurities in Silver Halides 
Studied by the Paramagnetic 
Resonance Absorption 


By Hidetaro ABE 
Institute of Science and Technology, 
University of Tokyo, Tokyo 
(Received February 8, 1957) 
halides, AgCl and AgBr, containing 


manganese impurities were examined by the method 
of paramagnetic 


Silver 


resonance absorption at room 
temperature and at 4=3.23 cm. Specimens were 
prepared from the mixed melt with cooling velo- 
‘cities of 1°~50°/min. 


Table I. P.R.A. spectra of manganese in 
silver halides. 
Base AgCl AgBr 
par ravi lar onl (By (a) 
port of spectrum | 6 peaks single 6 peaks 
: 2.006 2.000 2.006 
- hoa 40.003  +0.003  +0.010 
Hfs splitting li Nes 
const. A in oer. J 8744 — 8344 
Line shape = Gaussian Lorentzian — 
Line width in oer. 19+3 ant! 604-5 
Mole Mn concentra- | 10-*~ ~10-2 10-!~ 
tion in the sample J 10-2 10-2 


The Mn/AgCl system gives two types of spectra 
as listed in Table I, though sometimes another 
type of absorption is accompanied which is very 
broad and weak. Spectrum (a) consists of six 
clearly resolved lines showing the hfs of Mn, three 
of which are shown in Fig. 1. Spectrum (b) can 


Mn J Ag ‘ 


% 


conn ‘Oo . ni ep 
{ROD oer ae, 


Fig. 1. CRO photo of Mn spectra at 3x 10-% mole 
Mn in AgCl. Large peaks correspond to the 
2nd, 3rd and 4th peak of spectrum (a) whereas 
small peak is the spectrum (b). 


be only observed in the specimens having higher 
Mn concentration. Spectrum (a) should correspond 
to an impurity state of isolated ions whereas (b) 
can be explained as being caused by manganese 
aggregation) 2). So far as much diluted samples 
are concerned, it can be concluded from the 
measured intensity that nearly all the part of 
added Mn impurities appears to occupy the 
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impurity state (a) and it is stable at room tempe- 
rature over months. Situation differs somewhat 
from the case of Mn/NaCl, etc.%) at room tempe- 
rature. The observed hfs shows the crystalline 
field acting on the Mn ion at room temperature 
is cubic and the Mn++ in AgCl crystal is not 
accompanied by any Ag vacancy at least in its 
near neighbours. Mn/NH,Cl crystal really shows 
in its P.R.A. spectrum the influence of a heavily 
distorted crystalline field acting on the Mn ions. 
In Mn/AgBr system, the six peaks of hfs can be 
just resolved as in Fig. 2. Assuming that each 
component line has Gaussian shape, the width of 


Fig. 2. Low field side of the Mn spectrum at 
7x10-4 mole Mn in AgBr. 


60 oer. gives the best fit to the observed derivative 
curves (at 5x10-* mole Mn). 

The width of line remains constant within our 
listed errors, being independent of Mn concentra- 
which can not be explained by the dipole 
width. The widths of hfs components in Mn/AgBr 
and in Mn/AgCl give a ratio of 3.2+0.8. These 
widths may be, at least mainly, attributed to the 
nuclear magnetic moments of neighbouring halo- 
gens, since the ratio of the nuclear magnetic 
moment of Br to Cl, »Br/uCl=2.7, agrees with 
the above ratio. They are about ten times larger, 
however, to be explained by the local magnetic 
field caused by these nuclei. It may be considered 
that the origin of these widths is attributable to 
the unresolved substructures due to the halogen 
nuclei superposed to the main structure of Mn hfs, 
so that our total Hamiltonian may, presumably, be 
expressed in the following form: 

SE =98H-S+ AS-D un+ LAdSz: Tr) CY) 
From the observed width of hfs components, the 
total probability of finding the unpaired spin on 
some halogen atoms is estimated to be about 0.10. 

The author is very grateful to Prof. K. Ono for 
his valuable discussions and to Mr. E. Mizuki of 
the Fuji Photo Film Co. Ltd. for supplying the 
pure silver halides. 
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Observation of the Drift of Germanium 
Surface by Field Effect Experiment 


By Makoto KIKUCHI 
Electrotechnical Laboratory, Tokyo, Japan 
(Received February 22, 1957) 

It has been found out that an etched surface of 
n-type germanium shows “drift” in the room air. 
Experimental apparatus and measuring circuits are 


shown in Fig. 1. A chopped light beam is focused 
on the single crystal germanium rod through a 


CHOPPED LIGHT 
NS 


Fig. 1. Schematic representation of 
experimental apparatus. 
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Fig. 2. Experimental results 
(A) 5 min, (B) 17 hours, (C) 24 hours, (D) 48 
hours, after HF treatment. 


thin mica plate, which is sandwhiched by the 
specimen and a fine metal mesh. d.c. voltage 
Vp is supplied to the mesh, and the variation of | 
conductance of the sample and that of photocon-_ 
ductance are measured. | 

At first, the sample was etched with CP—4, and 
after two days, it was again treated with HF for 
10 minutes. Measurements were performed after 
(A) 5 minutes, (B) 17 hours, (C) 24 hours, and (D} 
48 hours. Results are shown in Fig. 2. These | 
results were quite well reproducible. 

The surface conductance can be calculated as a 
function of gs (i.e., the difference between the 
Fermi level and the middle of the energy gap at 
the surface), using Schrieffer’s estimation of the 
mobility. Relative values of photoresponse may 
also be estimated from the Stevenson’s calcula- | 
tion). These curves are shown in Fig. 3. 


SURFACE 
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Fig. 3. Variation of surface conductance 
and photoresponse with gs. 


From Fig. 2 and 3, we can obtain following con- 
clusions: 

1) The situations of the surface (A, B, C and D 
in Fig. 2) correspond to the positions A, B, C 
and D on the ¢s axis in Fig. 3, respectively. 

2) The etched surface drifts towards the state 
of less ¢s value in the room air. 

3) The maximum of the surface recombination 
velocity as a function of gs calculated by 
Stevenson must be shifted towards right, as 
independently pointed out by Harik2) et al. 

It seems likely that the drift of gs is caused or 
accompanied by the building up of oxide layer on 
the etched surface. We have also obtained some 
evidences for it. 

Detailed discussions and other experimental re- 
sults will be reported in the near future. 


References 


1) Stevenson: Physica. 20 (1954) 1041. 
2) Harik et al: Phys. Rev. 101 (1956) 1434, 


J. PHYS. Soc. JAPAN 12 (1957) 437~438 


Randomness of Microwave Gas 
Breakdown Voltage 


By Kenji MITANI and Hiroshi KUBO 
Yoshida College, University of Kyoto 
(Received January 25, 1957) 


_ R. Cooper) has made observation of the random- 
mess of the microwave gas breakdown by using 
pulsed microwave. We have investigated the same 
phenomenon by continuous microwave, and here 
the results obtained together with some discussions 
will be given. The experimental apparatus used 
is the same as that reported in our previous 
‘paper.2) 

In Fig. 1 the curves (a) and (b) show the break- 
down probabilities, corresponding respectively to 
‘the cases with and without irradiation by ;-rays 
of RaBr, the breakdown probability meaning the 
ratio of the number of the breakdowns occuring 
before a certain voltage V to the total number 
of breakdowns. Comparing these two curves, it 
will easily be seen that the case with irradiation 
by Y-rays has a sharper slope, meaning that in 
microwave, too, the so called statistical time lag 
is smaller in the case with irradiation than in the 
case without it. We find that the microwave 
breakdown voltage is not uniquely determined. 
When we take the potential corresponding to the 
‘breakdown probability of 50% as the breakdown 
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Fig. 1. Effect of irradiation on breakdown pro- 
bability. © and ©: experimental values; 


calculated curves. 


voltage, as in the case of the direct current break- 
down®), the curves of the microwave breakdown 
voltage versus gas pressure become as shown in 
Fig. 2. It is found that these curves have the 
same character as the ones obtained by S. C. 
Brown and others in microwave”). 

Furthermore, the authors have investigated how 
these breakdown probability curves are expressed, 
and it has been found that, except in the range of 
very small breakdown voltages, these curves can 
be expressed very nearly by the same equation as 
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that derived by H. Tamagawa®) in the case of the 
d.c. breakdown, namely, 


P(v)= |" Weyde 


\yaze*? (~ ap )40=1~ex0( 3, 

= —exp ———— =1—e — 

9 ak P 2ak ae exp( oral 
where P is the breakdown probability, v the over- 
voltage, and a and k are certain constants. The 
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Fig. 2. Breakdown voltage versus 
gas pressure. 


above equation is based upon such an experimental 
condition that the applied voltage is raised linearly 
with respect to the time, and the authors’ experi- 
ment was also carried out approximately in com- 
pliance with this condition. The solid lines in Fig. 
1 show the above equation. 

As shown by S. C. Brown and others), the 
mechanism of microwave breakdown is different 
from that of d.c. breakdown, mainly because the 
diffusion plays a predominant role in the micro- 
wave breakdown. Further, we have found from 
our experiment that the microwave breakdown 
voltages are distributed in a certain range and the 
breakdown probability can be expressed approxi- 
mately by the same expression as in the d.c. 
breakdown. This result seems to give an important 
suggestion as to a more detailed breakdown 
mechanism in microwave, since the curves in Fig. 
1 show the existence of the forming time of the 
avalanche in the microwave breakdown. On the 
other hand, one of the authors has already shown, 
in a previous paper”, that the avalanche can occur 
in the microwave breakdown, but that its direct 
detection is very difficult because of its spherical 
form. 

The authors greatfully acknowledge their in- 
debtedness to Professor K. Honda and his coworkers 
for their encouragement and helpful discussions. 
The authors’ thanks are also due to Professor I. 
Takahashi for his useful advice and encouragement. 
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University of Tokyo 
(Received March 1, 1957) 


Perfect focusing properties of an electromagnetic 
field for ion motion were investigated theoretical- 
ly) by one of the authors; a mass-spectrometer of 
such a focusing type, namely, of perfect velocity 
focusing and total direction focusing for the solid 
angle 4x, was constructed and tested with electrons. 
This principle may be applicable to an apparatus 
for producing effective nuclear reactions, i.e. 
nuclear fusion reactor. 

In the homogeneous magnetic field (0, 0, —H) 
and the electric field with potential represented by 
k/2-(—a—y?+- 222), a charged particle of mass m 
and charge e moves as the equations, 


%=—ke ——_yH 

m” ; 
yY=——ky +—aH , 
2 = —-2—kz= — we 


By putting w+iy=exp (teHt/2m)-Z, and trans- 
forming into rotating coordinates, the first two 
equations are transformed into 


Re als 2 ka — stu9Z ! 
4 m2 ™ 

The motion is composed of simple harmonic 
motions, and if s is selected as a rational number, 
for example, 1, then the particle can pass through 
the central point (0, 0, 0) any number of times, 
even though the particle changes by collisions its 
velocity and direction at the point. 
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If we inject ion beams (or a beam), e.g. deuteron 
beams, in such a way as to make them pass 
through the central point and compensate the- 
space charge effect by sufficient quantity of elec- | 
trons, then the ions will come back to that point | 
again and again, till the ion mass changes its value 
by a nuclear reaction. | 

Losses of the ions would arise as a result of the 
neutralization or of the scattering by residual 
gases or ions outside the central part; especially 
the multiple Coulomb scattering is fearful. 

If the ion density is constant in the small centra? 
region r<7) (r: distance from the center), anc 
decreases as 1/r2 in the outer region 7 <7r< R, \ 
then the occurrence number 7 of an ion passing 
the origin is represented approximately by 
m?~1/(200¢79) where np is the ion density at the | 
center, o, is the cross section of the Coulomb i 
scattering. For example, by virtue of p=2.0x 
102¢/(r@VE) and o,~6x10-3/H2, we have} 
22~0.42 7, 52/4 where i is the injected total. 
deuteron beams in ampere and F its energy in 
eV. Numerical expamples are shown in the Table 


FE (eV) | n | nO 
10* 4.6 x 104 3.7 x 1015 
10° 8.1x 105 2.0 x 1016 
108 | Tbe 106 


1.2x 101" 
for 2r9=1 and 7=1. Accordingly the ions have | 
sufficient p-obability of producing the nuclear re- 
actions near the center. Moreover, if the rational 
number s is selected specifically, for example, as 
4/3 or 4/5 or 7/12 etc. for deuteron mass, then 
the reaction products 73 and He’ are also re- 
focused to the nearly same point again. 

When applied static voltage is more than 1 MV 
and deuteron energy is originally small, then the 
product ions come to accelerate deuterons by 
Coulomb collisions near the center, till the nuclear 
transformation (D?4-73) or (D2+4 He) takes place 
and 7% and He? are consumed. 


This fact suggests the possibility of the chain 
fusion reaction. 
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Noise from Ge PN Junction and 
7 ray Irradiation Effect 


By Yoshio INUISHI 
Faculty of Engineering, Osaka University 
(Received February 18, 1957) 
Two kinds of noise exist in Ge PN junction: 
a) Shot noise 


(dis?) =2eT Af (1) 


b) Flicker-like noise or excess noise or 1/f noise 
— 1 
(ig?) =kP Af (2) 


where 47;?, Z, f and & represent mean square short 
circuit noise current, mean current, frequency, and 


i 


1 
| 


} 


a material constant respectively. 
In leaky or detcriorated diode, increase in re- 


_ verse current at Zener voltage is not accompanied) 


corresponding increase in noise current, as is 
shown in Fig. 1. 
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Also, carrier injection by light illumination at 
reversely biased junction does not increase current 
noise at leaky diode as expected from the increase 
in reverse current) 3). These facts suggest us 
that current through PN junction even over Zener 
voltage is rather noiseless in comparison with some 
other kind of excess current which might be pro- 
duced at surface channel?) ”. 

To clarify this point, noise from Ge PN junction 
which shows almost ideal saturation in backward 
current was investigated. These diodes were pro- 
vided by the courtesy of G.E. Co., U.S.A. 

In Fig. 2 the mean square short circuit noise 
current and reverse current were plotted as func- 
tions of reverse voltage. 

In sample No. 1 which shows very clear satura- 
tion characteristics, the noise was extremely small 
and almost equal to the calculated value of shot 
noise (equation (1)), being nearly independent of 
applied voltage. Frequency spectrum of noise also 
supports this view at frequency larger than several 


KC. 
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In sample No. 2 at unirradiated state, noise was 
also small under Zener voltage, being of the same 
order as calculated shot noise. At Zener voltage, 
however, abnormal increase in 1/f noise current 
was observed. This might correspond to avalanche 
noise. These points are under detailed investiga- 
tion. 

No. 2 sample was irradiated by Y¥ ray of 108 
rontgen dose from CO, noise and reverse current 
were measured after irradiation. Reverse current 
increases and the junction becomes leaky by Y ray 
irradiation. Noise current also increases remarkably 
in comparsion with unirradiated samples. These 
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increased noise were proved to obey the equation 
(2) of flicker-like noise having typical 1/f spectrum. 

Namely ¥ ray irradiation produce some leaky 
channel in PN junction which produces remarkable 
flicker-like noise. In these irradiated sample in- 
crease of noise at Zener voltage was masked by 
the predominant flicker like noise just like the case 
of leaky diode Fig. 1. Irradiation effect can be 
annealed even in room temperatures as in shown 


in’ Pig. 2. 
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A Graphical Method for Determining the 
Coefficient of Viscosity of Newtonian 
Liquids using an Oscillating 
Cylinder Viscometer III 


By Ali Abdel Kerim IBRAHIM (Ph. D.) 


Physics Department, Faculty of Science, 
Uuiversity of Alexandria 
Alexandria, Egypt 


(Received December 15, 1956) 


If a non-elastic liquid of coefficient of viscosity 
7 in gm. cm.-! sec.-! is filling the annular gap be- 
tween two coaxial cylinders, the outer being 
oscillating through very small angles with various 


2 
( |-¥ coséy0 


¥cosd 


Layee, 13 


Frequencies 7 c.p.s., while the inner is suspended 


by a delicate copper wire of torsion constant rc 
then), 


Short Notes 
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1 di tere Toa ¢cos ya 
U2. Di)  aatem eecds 
where, R=(b+a)/2 wo=2rn 
d=(b-—a)/2 
b, is the inner radius in cms. of the outer | 
cylinder, a, is the radius in cms. of an inner 


cylinder of moment of inertia J in gm.cm?; and 
length of immersion Z in cms. 


$=00/ Po 


¢o being the amplitude of the outer cylinder and l 
Also, @ is the © 


6) is that of the inner cylinder. 
phase angle by which the inner cylinder lags the 
outer cylinder. 


If t is very small compared with Jw?, therefore, 


H=kw [¢ cos ¢/A—¢cos g)]°"5 ca alan (2) 
where, 
ip d e-34/R 
= a . L s 5 


K is an apparatus constant. 


Now, if [1—¢cos ¢)/(¥ cos g)]°"> represents the 
Y-axis, 
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4 
i} 


and w represents the X-axis, then the © 


relation between Y and X is linear and may then © 


be written as, 


Y=(K/9)X 


i.e. a straight line relation from whose slope (K/7) 
the coefficient of viscosity 7 may be determined. 
The figure shows the results taken by Marko- 
vitz) et al for standard oil obtained from the 
national bureau of standards. 
The following table gives the results for the 
liquid under test. 


7” in poise 
K oh ee ei 


ta 
ba 
) 

Ww 


from graph from table 


0.376 | 0.47x10-2| 81 


It is clear from graph and table that my equation 
represents the facts to a certain degree of accuracy. 
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Anomalous Electrical Properties of 
Lead Telluride 


By Yasuo KANAI and Riro Nu 


The Electrial Communication Laboratory, 
Musashinoshi, Tokyo 


(Received January 25, 1957) 


Electrical properties of single crystals of lead 
telluride (PbTe) were measured from room tempe- 
rature to liquid air temperature. In some p-type 
‘Specimens, the same anomaly as previously report- 
ed by Putley), i.e., the reversal of the sign of 
the Hall coefficient at low temperature was found. 
A typical example of such anomalous behaviour is 
shown in Fig. 1. 


— >R In cm?/Coul,. 


fos 42:5 6 7 @ 9 10.ii le 
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Fig. 1. Resistivity, o, and Hall coefficient, R, 
versus 1/T curves of a single crystal of PbTe. 
The electric current was applied in the [100] 
direction. 


In such specimens further anomalous phenomena, 
i.e., the magneto-conductive phenomena was ob- 
served in the low temperature n-type region. Fig. 
2 shows the magetic field dependency of the Hall 
coefficient and transverse magneto-conductance 
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effect, —40/0(0)=1-(H)/0(0), of the same sample 
whose electrical properties are shown in Fig. 1. 
The longitudinal effect of this sample is very small 
and this magneto-conductive effect varies as sino, 
where @ is the angle between the direction of 
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Fig. 2. Hall coefficient, R, and magneto-con- 
ductance effect, —4o/0(0) versus magnetic field 
strength curves. Electric current was applied 
in the [100] direction, and the magnetic field in 
the [010] direction. 


electric current and that of magnetic field. 
Further systematic investigations on these ano- 
malous properties of PbTe are now in progress. 
The authers thank to Mr. S. Uchiyama for 
valuable discussions. 
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Cross Section for Displacement of Atoms 
by Heavy Particle Irradiation 


By Takeshi MORIMOTO 


Department of Metallurgy, Kyoto University, 
Kyoto, Japan 


(Received January 7, 1957) 


The cross section @q of displacement collision by 
heavy charged high energy particles in the case of 
E>ME,i/m is expressed as follows) 
__ 2nZ22%et 
of M,,V7e, f 
where Ze and M, are the nuclear charge and mass 
of the stopping material, ze, V, H and M are 
respectively the full charge, the velocity, the 
kinetic energy and the mass of the incident 
particle, e€,(~25eV) is the threshold energy of 
displacement, m is an electron mass, and 
E.,=4mv" (where v is the electron velocity), the 
ionization potential. 

In the case of low energy, i.e., H< ME,,/m, the 
formula (1) is not valid because of the screening 
effect of the nuclear charge and the electron pick- 
up of the incident particle. Then, it may be safely 
said that the incident particle can be regarded 
electrically neutral rather than ion-like in sufficient 
low energy. Here, a calculation is presented, as- 
suming that the interaction potential energy 
between two different neutral atoms V(R) is of 
the form” 
Zze? { a? exp (— R/ay) — ay? exp (— ae 
R ‘ 


Oa Ca) 


V(R)= 


ay? —a, 
(2) 
The momentum transfer 4P in the collision 
having impact parameter b is given as follows: 
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where a; and ay are the radii of the atomic electron 
clouds of the incident and stopping atoms re- 
spectively, Ki(x) the 1st order modified Bessel 
function of the second kind. Eq. (3) generally © 
gives the momentum transfer of the interaction 
between two different atoms. When a, =>b and 
a, >b (in high energy range), eq. (3) reduces to 


2Zze? 
aE 4 ( 
and we can readily get eq. (1) from eq. (4). The 


variation of @q for V can be found as shown in 
Fig. 1, by solving numerically the following eqs. 
(5) and (6): i 


(5h 


Da = nb; 2 5 
2hze° a? a? \ HI 
ai Di K. b ) = V, : 
AP, (a;?— mA ay Ki(b:/a2) a 1(b; /ay 
(64 


where 4P,2=2M,e.. The low energy treatment P 
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Fig. 1. Cross section for displacement of Atoms | 


by a-Particle Irradiation in Cu. 


mentioned above will be permissible if the condi- | 
tion MV> 4P; is fulfilled. This is satisfied by 
heavy particles to the extent of considerable low | 
energy. 

The author wishes to express his thanks to 
Prof. J. Takamura for his helpful advice and 
guidance. 
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On the Superstructure of the Ordered Alloy Cu;Pd 


Il. X-ray Diffraction Study 


By Makoto HIRABAYASHI and Shiro OGAWA 
J. Phys. Soc. Japan 12 (1957) 259 


Pea? left column 


line 24 


* should refer to the foot note in P. 264. 


Effect of Plastic Deformation on the Dielectric 
Breakdown of Silver Chloride Crystals 


By Noriaki ITOH and Tokuo SUITA 
J. Phys. Soc. Japan 12 (1957) 214 


Fig. 1 (kv/m) 


should be read 
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Nuclear Reactions induced by the 14 MeV Neutrons 


By Shinjird YASuMI 
Department of Physics, Kénan University, Kobe 
(Received December 18, 1956) 


The nuclear reactions of Al, Fe, Cu, Zn, Mo and Ag produced by the 
neutrons from the T3(d, 2) Het reaction have been investigated by means 
of the activation technique. The absolute numbers of activated nuclei 
samples were determined by measuring the beta-rays from the samples 
Haas a 4x-proportional counter and applying the ‘“‘ method of extrapola- 

ion.’’ 

By utilizing the variations of neutron energies in the laboratory system, 
an excitation curve of Mo%(x, 2)Mo% reaction was obtained. For the 
cases of Al, Cl, Zn and Ag, only the gradients of excitation curves were 
also found. 

The experimental cross sections were determined as follows: 87.2 mb+ 
8% for Al"(n, p)Mg?’, 120mb+12% for Al2"(x, a)Na%, 144mb+13% for 
Fe(n, p)Mn°s, 556 mb+5% for Cu®(x, 2n)Cu®, 119 mb+12% for Zn®(n, 27) 
Zn, 60.2mb+12% for Zn%6(n, p)Cus, 132 mb+16% for Mo%%(n, 27)Mo°%, 
458mb+11% for Agt7(m, 2n)Ag™6, and 604 mb+11% for Ag!%(n, 2n)Agi8, 
Comparing these results with the predictions by the statistical theory of 
Weisskopf ef al. it was found that they agreed with each other within 
about factor 3, but in details, there were some discrepancies between 
them. 

The relative behavior of excitation curve of the Mo%(2, 27)Mo reac- 
tion seems to be consistent with the above theory, though with respect 
to the absolute values, the theoretical curve lies above the experimental 


one by about 2.4. 


§1. Introduction 


A study on the nuclear reactions induced 
by fast neutrons can provide us powerful in- 
formations about the mechanism of the nu- 
clear process. 

In recent years, the monoenergetic neutrons 
from the T*(d, m)He* reaction have become 
easily available by using tritium-loaded zirco- 
nium targets». The nuclear reactions by these 
neutrons have been studied by some workers 
with the activation method. 

Especially, Paul and Clarke» carried out 
these investigations for many nuclei. They 
found remarkable discrepancies between the 
theoretical and experimental cross sections of 
(n, p) and (m, a) reactions for heavy nuclei 
and suggested the existence of the direct pro- 
cess in these cases. However, the absolute 
beta-counting method adopted by them seems 
to be somewhat rough as pointed out by the 
workers themselves, and may have introduced 
appreciable errors in their results. 

Thus we have attempted to determine more 
accurately the absolute cross sections and the 
excitation curves of these reactions by an im- 
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proved method. The results obtained were 
discussed from the point of view whether the 
statistical theory of the nuclear reaction is 
valid or not for about 14 MeV neutrons. 


§2. Experimental Procedures 


If a nuclear reaction leads to the formation 
of an unstable isotope, the resulting activities 
may provide a means for determining the 
reaction cross section by absolute beta-count- 
ing which determines the total number of ac- 
tive nuclei in the sample. The activation 
method is still usable also in the case involv- 
ing K-electron capture, if a fraction of the 
disintegration through f-emission is known. 


(A) Cross Section 


To determine the cross section, the follow- 
ing three points must be taken into account. 


(1) Number of Neutrons 

The number of neutrons was monitored by 
the a-particles emitted simultaneously in the 
T-d reaction which were counted by a ZnS- 
scintillation counter placed at 90° direction with 
respect to the deuteron beam. The angular 


(a3 
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distribution of the emitted neutrons is found 
to be isotropic? in the c. m. system at the 
deuteron energy under consideration. 

The samples were irradiated for from seve- 
ral to several ten minutes according to the 
half-lives of the induced activities. The neu- 
tron intensity was obtained from the a-counts 
in every one minute or thirty seconds interval 
during irradiations for the purpose of correc- 
tion for the small fluctuations of the neutron 
intensity. 

In calculating the cross section it was as- 
sumed that the neutron intensity was constant 
in such small intervals. This approximation 
will introduce inappreciable errors, probably 
less than 1 per cent. 


(2) 

In order to estimate the total number of 
the active nuclei in the sample plate of finite 
thickness, the following procedures were used. 
The net beta-counting rate c/m of a radio- 
active sample mounted in a given position 
may be represented as the product of the 
disintegration rate d/m of the sample mul- 
tiplied by several factors which express the 
effects of beta-particle scattering, absorption 
and the counting geometry, that is, it will be 
written as follows: 


c/m=(d/m)-fs-fa-fa-fe ’ 


Absolute Beta-Counting 


(ck) 
where 
fs: factor for the effect of the mass of 
the sample itself in causing both scat- 
tering and absorption of beta-particles, 
fs: factor due to the effects of absorption 
and inscattering into the counter by 
the counter window and air, 
fz: factor due to the effects of backscat- 
tering by the sample holder and the 
housing, 
fea: geometrical factor. 


(a) The correction factor fy (the “ extrapola- 
tion method ”°?) 


Samples of various thickness and the irra- 


o=- 
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diation monitor, which was consisted of the 
same material and had the same diameter as 
the samples, were irradiated in juxtaposition, 
and their activities were counted by two Gei- 
ger counters. 

The ratio Ns/Nw-w is proportional to the 
apparent specific activity, where Ns and Nua 
are the total net counts for the same time 
interval of a sample and a monitor respecti- 
vely, w is the thickness of a sample in g/cm’. 
When the curve of (Ns/Nw-w) vs w which 
represents the self-scattering and absorption 
of a sample is extrapolated to zero-thickness, 
the limiting value lim Ns/Nu-w=S may be 


taken as the true specific activity (fs=1). 
(b) The product of the correction factors 
(S4-fa-fa) 

These factors were determined by using a 
4z-proportional counter of the propan gas flow 
type. 

Two comparatively thin samples of the same 
material and same thickness were irradiated 
in juxtaposition at 90° to the direction of the 
deuteron beam, and the beta-particles from 
the one sample was counted by an end-window 
Geiger counter and those from the other sam- 
ple by the 4z-counter for the same time in- 
terval. Then the ratio of their counts Niz/Ne 
corresponds to the reciprocal of the product 


(fa-fa-fa). 
(3) 


The nuclear reaction was assigned by the 
half-life of the product nucleus. When more 
than two reactions occurred simultaneously, 
the component activities were separated by 
the analysis of the compound decay curve or 
from the intensity of residual activity after 
an appropriate time lapse. 

Finally, in order to calculate the cross sec- 
tion, the following equations were used in 
the cases of “one minute-treatment” and 
“thirty seconds-treatment ”* respectively: 

for one minute-treatment, 


Assignment of the Nuclear Reactions 


a 
M- | Nw / Enac-exp {—(T—i+ty) i} | S-Co-Cx 


and for thirty seconds-treatment, 


No-7-Q-[1l-e*X\ Ae ®)a]-(4z/o) 


(2).* 


* These referred to the cases in which the neutron inten 


one minute or thirty seconds, respectively. 
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No-7-Q.- [A —e-*/)(1—e-)/J] (d/o) 


where 

Avogadro’s number 

M: molecular weight of the sample 
%: isotopic abundance (%) 

Se =lim Ns/Nu-w 


Cars =1/(fa-fe-fa) 
Q: solid angle of the sample under irradia- 
2 2 
tion= —- log eke 
@ 
Nei: a-counts for one minute or 30 seconds 


of the z-th interval 

T: time of irradiation 

%: time elapsed from the end of irradia- 
tion to the beginning of beta-counting 

z: number of the order of each time in- 
terval during bombardment (integer) 


Ns: beta-counts per 10 minutes on the 
sample 

Nu: beta-counts per 10 minutes on the 
monitor 

Cx: correction factor concerning the bran- 


ching ratio between the positron emis- 
sion and the orbital electron capture, 
namely 
Cx=1 for the case of B--activity, 
Cx>1 for the case of 8t-activity. 

w: solid angle which the a@-detector sub- 
tends to the neutron source 

2: decay constant 


(B) Excitation Curve 
The neutron energy &, in the laboratory 
system is given by the following equation 


VE, (V2Ex 608 % 


+Y 2Eq cos? On+10E1+20Q | , (3) 
where E, is the deuteron energy, @ is the 
emission angle of neutron to the deuteron 
beam, and @Q is the liberation energy of the 
T3(d, n)He* reaction which is equal to 17.6 
MeV. At the 0.15MeV deuteron, 2, varies 
from 13.3 MeV to 15.0 MeV according to the 
angle of emission with respect to the deuteron 
beam. Utilizing this effect, excitation curves 
near 14.1 MeV were obtained for a few reac- 
tions. 

Two sheets of fairly thick samples were 


* For the derivation of Eq. (2), see Appendix (1). 
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(2 )2* 


irradiated at different angles to the deuteron 
beam. These samples were of the same ma- 
terial and the same thickness, and the rela- 
tive yield of each specimen is proportional to 
the relative cross sections at the correspond- 
ing neutron energies. Relative counting effi- 
ciency of the two Geiger counters used in this 
experiment was determined previously by a 
preliminary experiment. 

The deuteron energy was kept constant 
within 2 per cent during the excitation study 
by stabilizing the exciting current of the beam 
analyser. Since various deposits on the T-Zr 
target diminish the deuteron energy conside- 
rably after a long bombardment, the excita- 
tion curve was always measured with a fresh 
target. 


§3. Apparatus 


The tritium-loaded zirconium target* was 
bombarded by the analysed beam of deute- 
rons, which was accelerated by a 0.4MV- 
Cockcroft generator. The deuteron energy 
was about 0.15MeV and the beam intensity 
was limited to about 20 microamperes to pre- 
vent the local heating. The size of the beam 
spot was from 2mmx6mm to 3mmx7mm 
in an elliptic shape as the target was oblique 
to the deuteron beam. The total yields for 
these targets were found as several 10’ neu- 
trons per second per microampere for 0.15 MeV 
deuterons. 

The target chamber is shown schematically 
in Fig. 1. The chamber has five irradiation 
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Fig. 1. Schematic drawing of the target chamber. 


windows covered with 0.2mm _ thick copper 
plates situated respectively at 30°, 60°, 90°, 


* These targets were obtained from AE. RB 


in England. 
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120° and 150° to the deuteron beam. For 
cross section measurements, samples of 20 mm 
in diameter were irradiated at the 90°-window 
only, while, for obtaining the excitation curve, 
samples of 14mm in diameter were irradiated 
at all the five windows. 

The neutron was monitored by counting a@- 
particles emitted at 90° to the deuteron beam 
with a ZnS-scintillation counter. The scintil- 
lator was made by depositing RCA 33-Z-20A 
powder in a circular shape directly on the 
glass wall of a photomultiplier 931A. The 
thickness of the deposit layer was about 16 
mg/cm?, which gives the optimum pulse height 
distribution for the Polonium-a@-particles. The 
scintillator was covered with two very thin 
aluminium foils (about 120 ug/cm? thick each) 
to prevent any light from reaching the scin- 
tillator. 

To determine the discriminator bias the 
pulse height distribution of the reaction a- 
particles was measured by a Johnstone-type 
single channel pulse height analyser. During 
this measurement the neutron intensity was 
monitored by a plastic scintillation counter. 


PROPAN GASg | 2 3 
are ae 


cm 


Fig. 2. Construction of the 4x-proportional coun- 
ter. The plate M is the central separator be- 
tween the two counters and serves also as a 
sample holder. It is at the ground potential. 
Wi and W, are the tungsten wires of 0.05mm 
in diameter, which are at positive 4950 volts. 
One of the end plates made of ebonite has a 
narrow slit S, which is closed with a strip of 
“celotape”. To insert a sample into the coun- 
ter, the separator is first taken out through S 
by removing the celotape strip. Then the sam- 
ple is placed on the separator, and the latter 
is taken back into the counter. Finally the 
slit S should be again closed with the celotape 
strip. 
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The noise-level and the a@-particle peak were 
found to be distinctly separated by a wide 
valley where the counting rate was nearly 
zero. Hence the bias voltage of the discri- 
minator was set at about the middle point of 
this valley. The peak due to the proton 
emitted by the reaction D?(d, p)T* was not 
found in the pulse height distribution curve. 
For counting §-rays, we used three end- 
window type Geiger counters, whose absolute 
efficiencies were calibrated by a 4z7-proportio- 
nal counter. The counting geometries could 
be exactly reproducible by means of a proper 
“jig”. All counting systems were placed at 
adequate distances from the neutron source. 
The 47-counter used is shown in Fig. 2. 
Propan gas flows through the counter tube at 
the atmospheric pressure, the flow rate being 
monitored by a simple flowmeter of the bubble- 
bottle type”. The special feature of this 
counter is that it is able to put the specimen 
quickly into the counter without seriously 
disturbing the operating conditions. Prelimi- 
nary experiments showed the disturbances 
of the operating conditions by insertion of 
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Fig. 3. The integral pulse height distribution of 


the tritium beta-rays measured by the 4n-pro- 
portional counter. 


samples were found to disappear after one or 
two minutes at the flow rate of about 60 bub- 
bles per minute. 

To count nearly all beta-rays emitted from 
the sample whose maximum energy is about 
1 to 3MeV, the discriminator bias must be 
set in such a way that the electrons of seve- 
ral keV or more are perfectly detected. 
For this purpose, the pulse height distribution 
of the tritium beta-rays was measured by this 
counter. The results are shown in Fig. 3. 
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The maximum energy of these beta-rays is for beta-rays under consideration. The analy- 

about 18keV, which will be seen from the sis of the pulse height distribution of beta- 

figure to correspond to 87 volts of the discri- rays by the proportional counter is given in 

minator bias. On the other hand, the noise Appendix (2). 

counting rate per channel above 15 volts was 

practically negligible. Therefore the bias vol: §4. Results 

tage was set at 20 volts, which corresponds (1) Absolute Cross Section 

to the electron energy of 4.1 keV. All data of the cross section measurements 
Hence, the counting efficiency by this coun- and the final results are tabulated in Table 

ter could be taken to be nearly 100 per cent I with their standard errors. The decay con- 


Table I. Data of the cross section measurements and the final results 


Decay Cross 


Reaction constant Nu/5* S Ce Cx section** 
| 2 (min.-}) | (mb) 

AL(n, p)Mg? | ~—-0..0707 1.97 +2%| 5.334 7% 5.3143% 100ml 8% 25 Bee 
Al"(n, a)Na?! 0.000767 | 0.042649% 5.334 7% | 5.3143% | 1.00 120+ 12% 
Fe%(n, p)Mn =. 00448 0.191 +2% | 4.08+12% | 4.8045% 1.00 | 1444139 
Cu®@G2n)Cu? |, 0.0684 | 7.15. 43% | 2.84.32 4,7942% | 1.043 55645 % 
Zn*4(n, 2n)Zn° 0.018 0.273 45%  3.80410% 4.8044% 1.075 119+12% 
Zn*(n, p)Cu%? hal Ordo5 0.359 46% | 3.80410% | 4.8044% 1.00 60.2412% 
Mo%(n, 2»)Mo% 0.0425 | 0,287 +2% | 1.59415% 4.8045% 1.224 1324 16% 
Agil(m, 2n)Agi® = 0.0285). 842 48% 5.084 7% 4.7243% 1.00 4584+ 11% 
1.00 604+11% 


Ag 9(n, 2n)Agi0s 0.295 OROZ sEOlom OUSa-8 fie 4.724+3% 


i . . . 
* (1) The abbreviation s=| > nei exp {-(T-i+t a | is introduced. 
t=1 
(2) All values of (Nw/5) correspond to the “one minute-treatment” (see §2). In the case of 


27 a nw 
the “30 seconds-treatment” the values of 2a, nat: exp ts es 9 blo jar] were multiplied 
t= 


by the factor (l—e-*/2/1—e-A) to reduce to the “one minute-treatment” (cf. eq. (2).). 


** (1) The neutron energy used is 14.1 MeV. 
(2) No traces of the reaction Fe(m, 2n)Fe*® was observed with the 14.1 MeV neutrons. This 


is probably due to the fact that the threshold energy of this reaction is 14.1 MeV1)., 


stants used for the identification of product published by Feenberg and Trigg”. 
nuclei and the calculation of cross sections The existence of the shorter half-life acti- 
have been taken from the Table of Isotopes®. vity (65.5sec.) of Mo’! was reported by L. 
The curve of the apparent specific activity 
vs the sample thickness is shown in Fig. 4 
for the case of copper, as an example. In 
the figure, the arrow indicates the thickness t 3-0 
of the sample which was used in the 4z- _Ns 
counter measurement. In all cases these cur- 2.0 
ves have a peak at a certain small thickness. | 
In order to estimate the S-value, the curve Le 
was linearly extrapolated to zero-thickness 
inside the peak value by means of the least 
square calculation. © OO1 02030405 0607 0809 10 
In the cases of the positron emitters for —W(9/em2) —> 
which the branching ratios of the orbital elec- Fig. 4. The curve of the apparent specific acti- 
tron capture are not known, the correction vity vs the sample thickness for the case of 


factors Cx are determined from the curves Cu®, 
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Katz and others by their betatron experi- 
ments. This activity was investigated in the 
present experiment, but the existence was 
not found at all at the 14.1 MeV neutrons as 
reported by Brolley™. 


(2) Excttation 


Results on the excitation of the reaction 
Mo*?(72, 22)Mo*! are shown in Fig. 5. In the 


w mb F 
- {gO 
fae 1 
144 
woe < 
8 0-6 O82 
fs 26 
wi 0:4 rs 
wn 0-2 36), 
N o 
° fe) (OS) 
rs) [25% “iowtis5 gow T45) Mis.08es 
— EME = 
Fig. 5. The threshold behavior of the reaction 


Mo%(m, 27)Mo?!. 


figure the vertical bars show the standard 
deviations and the horizontal bars show the 
maximum energy spreads of the neutrons by 
which each sample is traversed. The solid 
curve represents the relative excitation func- 
tion calculated theoretically. 

Only the gradients of excitation curves, i.e., 
do/o-dE, were measured for the cases of Al, 
Zn and Ag, because their yields showed no 
appreciable changes in the energy range con- 
sidered, and for Cl because of the experi- 
mental difficulties due to its low yield. These 
results are shown in Table II. 


Table II. Gradients of excitation curves 
k : ‘ -ere’ 
Ac/a- AEH. 
; E, AE 2% 
Reaction a @ x 100 
| (MeV) | (MeV) (%-MeV-) 
Al"(n, py)Mg” | 14.15 13h ~21 
Zn*4(n, 2n)Zn® 14.0 1.04 +52 
Cl87(m, )S3" 14.15 1.28 + 6 
Agr, 2n)Agi08 1405 ici —10.2 


§5. Discussions 


It is very interesting to compare the obser- 
ved cross sections and the excitation curves 
with the predictions from the existing nuclear 
theory. The so-called “continuum theory ” 
developed by Weisskopf and his collabora- 
tors!» based on the compound nuclear forma- 
lism will be applicable to the present nuclear 
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reaction, where a compound nucleus, if exists, 
is so highly excited that the conditions of the 
continuum theory are well fulfilled. 
According to Bohr’s assumption, the cross 
section of a nuclear reaction X(a, b)Y can be 


written in a form 


a(a, b)=00(a)Go(8) , (4) 


where oc(a) is the cross section for the for- 
mation of a compound system by the particle 
@ incident upon the target nucleus X and can 
be found by the wave-mechanical calculations. 
In the present experiments, however, since 
the incident particle is the 14 MeV neutron, 
oo(m) may be taken to a good approximation 
to be the cross section for the inelastic col- 
lision which can be expressed by oin(7%)=¢total 
—Gelastic. Lhe ‘valtieS Of oi,(7%) Used m1 cue 
present calculations were obtained from the 
experimental results by Graves and Davis'®. 

The second factor Gc(b) is the probability 
that the compound nucleus C, once formed, 
decays by emission of a particle 5b, leaving 
a residual nucleus Y, and it does not depend 
on the way in which the compound nucleus 
has been produced. From the reciprocity 
theorem and Bohr’s assumption, it is given 
by 


Go(b)= = hstoo(B)/ > hyoo(r)=Fol & Var G5) 


where oc(8) and oc(y) are the cross sections 
for the formation of the compound nucleus 
through 8- and y-channels, kg and ky being 
the wave numbers at these channels respec- 
tively. The summation = in the numerator 


of Eq. (5) is to be extended over all the open 
channels 8 leading to the emission of the 
particle 6, while the summation »’ in the 


fy, 
denominator should be extended over all the 
channels 7 into which the compound nuclear 
system can decay (namely, the summation 
c 


is extended over all particle types c emitted 
in this reaction). 

Now, if we introduce the level density w(£) 
of the residual nucleus and assume that the 
decay probabilities from the compound nucleus 
to various levels of the residual nucleus Y 
are all the same, i.e., the branching proba- 
bilities through 8-channels are all equal, then 
the expression for the F-function will be given 
as follows: 


1957) 


g 
FP, =F (sy) = an Gna caer en dee 3 
0 


h? 

(6) 
where Mg is the reduced mass in the channel 
B; & is the channel energy of the emitted 
particle 6; &y» is the maximum value of & 
and is expressed by the equation &:»=€+Qa 
using the incident channel energy € and the 
@-value Qa for the reaction X(a,b)Y. wy(E) 
is the level density of the nucleus Y at the 
excitation £ and is given by Weisskopf from 
thermodynamical consideration, such that 


wWy(E)=Cexp[2V aE], rl) 


where C and @ are the constants to be deter- 
mined to fit the various experimental results. 
In addition, for C, the following relation 
holds! : 


(8) 

The Q-values of the (7, p) reactions were 
derived from the known total 8-disintegration 
energies!) of the product nucleus, and those 
for the (7, a) reactions were calculated from 
the semi-empirical mass data!®. The values 
of F-functions can be obtained from the Final 
Report of the Fast Neutron Data Project!” 
and the work of Heidmann and Bethe’ ex- 
cept for the case of Al. 

For Al, there have not yet been published 
any available data for theoretical estimations, 


ACeven-even = 2Ceven-odd = Codd-odd . 
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and hence numerical calculations were per- 
formed by the author by Eq. (6) making use 
of the values of oc and C given in references 
(12) and (17) respectively. Further, the values 
of @ were calculated from the semi-empirical 
formula given by Heidmann and Bethe%®, 
that is 
geek UA 12) MeV-, 


me 15<.A<70 where A is mass number. 


A very simple formula can be given espe- 
cially for the X(7, 2m)Y reaction. In this case 
we may assume that the neutron emission is 
predominant as soon as it becomes energeti- 
cally possible. Then the cross section o(, 27) 
will depend on the fraction of the first neu- 
trons emitted from the compound nucleus 
with such a low energy that the residual 
nucleus is left with an energy of excitation 
sufficient to evaporate the second neutron. 
Then the following formula is obtained for 
the (72, 2”) cross section: 


(7, 2m) =ain(70} 1— (1+ ) exp fe al : 
C9’) 
where &, is the excess energy over the thre- 
shold of the (7, 2”) reaction, @ is the nuclear 
temperature O(&y») of the intermediate resi- 


dual nucleus Y and is put as 9G=(&y/a)!/2. 
The threshold energies of the (7, 2m) reac- 


Table III. (x, 27) Reactions 
Reaction | ea “Enerey (Mev) mis | OMe) | é,/0 cross seo ee 
| 

aston 7 in wi 2.2(F)| 2.53 | Tear TY agra aes 

Cu®?(n, 2n)Cu® 1420 11.3 avn Si croix luli che [ene We 
“4 é : . i (H) i fall 

1.9(W)| 2.73 0.806 280 0.425 

2 atonal cites oa i 1.82(1H) | 2.78 | 0.792 274 | 0.434 

‘ ; 3.16(B) | 2.12 0.74 | 298 | 0.443 

Te |i alee Ory) 181 0.895 | 376 | 0.351 

 Agi(n, 2n)Agi6| 1820 9.8(M) 4.3 5.8 (W)| 1.56 2.76 | 1390 0.330 

Agi%(n, 2n)Agi| 1820 $1. 1 ...5.0.. |, 6.0.07) 1:58 3.27 1520 0.397 


* The values of a were taken from the following > ee 


(F) ----Fowler and Slye”) 
(B) --+-Brolley, ref. (10) 
(W):-- 


(H) ----Heidmann and Bethe, ref. (18). 


-Feld, Feshbach, Goldberger, Goldstein and Weisskopf, ref. (17) 
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Table IV. (mn, p) and (nm, a) Reactions 
: : : ( = Q . . is a Theoretical 
i oon " ne i 
Reaction (an (M ev) (Mev) yOPyp ape Ta ie Bley feo Sexper./Atheor. 
— — _ —_ = — — = = Ae 2 Z = — _— — = — 
Al?"(n, p)Mg?" 1000 —2.59 —2.18 0.262 0.914 120 Onis 
Al?"(n, a)Na** 1000 —2.59 —2.18 0.262 0.914 420 0.29 
Fe*(m, p)Mn** 1270 —3.65 +1.43 0.089 —* 104 1.38 
Zn®6(m, p)Cu% 1460 —2.63 +1.71 0.0875 0.040 113 0553 


* This value was neglected in calculations. 


tions were obtained from the photoneutron 
thresholds! except for the case of Mo and 
Ag. The value for Mo was taken from Brol- 
ley’s results and that for Ag was taken 
from the semi-empirical mass data’. 

The theoretical cross sections thus calcu- 
lated are tabulated in comparison with the 
observed values in Table III for the (”, 27) 
reactions, and in Table IV for the (m, p) and 
(m, a) reactions respectively. 

In the case of the (m, 2”) reactions, it is 
found from Table III that the observed cross 
sections agree with the theoretical values 
within about factor 3, and that the formers 
are always less than the latters except for 
the case of copper. The ratio dexper./Otheor. for 
Mo”? shows no distinctive anomalies in spite 
of its neutron magic number 50. The (z, 27) 
reactions for two silver isotopes, Ag!’ and 
and Ag!, are 458mb and 604mb respecti- 
vely. This coincides with the fact that these 
threshold energies for the (”, 27) reactions 
are about 9.8 MeV for Ag?’ and 9.1 MeV for 
Agi, 

The results of the excitation measurement 
for the Mo%2(z, 2”)Mo®! reaction are shown in 
Fig. 5 and also in Table V. The solid curve 


Table V. Excitation data (Threshold Behavior) 
of Mo%(7, 2n)Mo% 


Relative Absolute’ 


| Absolute 
renen cross cross cross | Jexper. 
(Mev) section section | section | dtheor. 
| (exper.) (exper.) | (theor.) | 
pe ee eee oo ee. ¢. \ eas 
| mb | mb 
14,.80+0.13 |1.00 +3%/| 180+17%| 484 ORs 
14.144+0.18 |0.7334+5%)] 182+16%| 308 0.429 
13.76+0.18 |0.556+6%/ 100+18%| 209 0.479 
13.51£0.11 |0.334+7%60.14187%| 149 | 0.403 


in Fig. 5 represents the relative excitation func- 
tion calculated theoretically with the threshold 
energy of 12.48 MeV and a of 3.16 MeV-!1, 


As far as the relative behavior is concerned, 
these results show a fairly good agreement 
with the theoretical curve. 

As to the absolute values, however, the the- 
oretical curve lies always above the experi- 
mental curve approximately by factor 2.4. 
These results were also observed in the cross 
section measurements. 

It should be remarked that the threshold 
energy of the (7, 2”) reaction for Mo% is less 
than the corresponding (7, 2) threshold energy 
which was reported as 13.28 MeV by Hanson 
et al.20 

Moreover, as stated in §4, the shorter ac- 
tivity of the Mo* isomer is not found for the 
neutron energy of 14MeV, and Brolley has 
observed a weak 65.5 sec. activity by 18 MeV 
neutrons™. Therefore the threshold energy 
of the (%, 27) reaction for the 65.5 sec. isomer 
production seems to be larger than that for 
the 16min. isomer, being inconsistent with 
King’s comment”, 

In the cases of the (7, p) and (m, a) reac- 
tions, the even-odd effect was taken into ac- 
count for the nuclear level density. If cor- 
rection was made for this effect, the theore- 
tical predictions agreed with the experimental 
cross sections within factor 2 except for the 
case of the Al?'(m, a)Na** reaction as shown 
in Table IV. 

The relative cross section of the reaction 
Al’(n, p)Mg?’ to Al?"(2, w)Na%* was found 
1:1.38 by the present experiment; while the 
theoretical value not corrected fer the even- 
odd effect is 1:1.74, and the corrected value 
is 1:3.5. Thus in the Al?’(, a)Na* reaction, 
it appears that the experimental cross section 
rather agrees with the theoretical one not 
corrected for the odd-odd nucleus. 

It is found from Table II that the gradient 
of the excitation curve for the Cl*(n, p)S% 
reaction was +6%-MeV-!. This value will 


not contradict the data of Cohen and White). 
According to Cohen and White, the theoreti- 
cal excitation curves based on both the sta- 


| tistical theory using (the extrapolation of) 
| Gugelot’s level densities?*) and the direct inte- 


raction described by Austern ef al. should 


| have negative gradient in the energy range 
| under consideration. 
| mental results show a remarkable disagree- 
| ment with the theoretical predictions as al- 
ready pointed out by Cohen and White. 


Therefore the experi- 
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Appendix 


(1) Calculation of the reaction cross section 

For cross section measurements, the irra- 
diation by neutrons is made in the geometry 
shown in Fig. 6 (in the 90° direction). 


Fig. 6. Geometry of the irradiation by neutrons. 


The number of the product nuclei generated 
by the neutrons in the “ring-element me Olna 
sample of radius 7 and thickness dx can be 
written as follows: 
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o| ee | -{2xr-dr-dx-m)dt , 
where 
o=reaction cross section 
m=number of the parent nuclei per unit 
volume (cm-*) in the sample 
m=total number of neutrons emitted from 
the Zr-T target per unit time (min-) 
dt=time of irradiation (min). 
Hence, the number of the product nuclei in 
the sample disc of radius R is 


a+ R P 
dA=omndt\"" dx\_ 72 
a ie 77 oa) 
il a+ 
=omndt - | 
4 Ja 
Immediately after the irradiations for a 
time interval 7 with constant intensity, the 
number of the existing active nuclei can be 
given by 


at+s 2 ad 
A=| a log psa de | 
a 


x \. omn exp {—2(T—12)}dt 
0 


1—e-” 


=Q/omn 2 ‘ 


where the abbreviation “Q’” is used for the 
factor in the square bracket and 2 is the decay 
constant for the beta-disintegration of the pro- 
duct nucleus. As mentioned in §2 (A), it 
was assumed that the neutron intensity was 
constant for every one minute or 30 seconds 
interval during irradiations. Here let us 
consider the case of the “one minute-treat- 
ment”. If the measurement of the activity 
of a sample is commenced ¢ minutes after 
the end of irradiation, the number of active 
nuclei existed in the sample at that time can 


be given by 
I-e- Zz ra hier ‘ 
Ay= om | & m, exp{—(T—tt+io)A} |, 
é=1 


where 7; is the total number of neutrons 
emitted from the target per minute in the 


z-th time interval. 
The number 7; can be obtained from the 


net counts ga; of a-particles per minute such 
that 


Ar 
NM =Nai X- > 
[O) 


where w is the solid angle which the a-detec- 
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tor subtends at the neutron source. There- 
fore 
lage An 


(0) 


fh! 
|S Nai EXP (-(T-i+4)4}| . 
i=1 


Ap=Q/ om: 


As the B-activity is measured for ten minutes, 
the total number Aa of the nuclei which dis- 
integrate by the beta-decay in that time in- 
terval is given by 


yy wee ne epee au (10) 
Ww 
where the abbreviations 
op 
3=| 5 Nei exp {—(T—74+ 1a) | ad 
t=1 
a » 10A a 
(ieee ioe) AEs 
A 30 
are used. Ps 
On the other hand, by Eq. (1) the 
following relation holds between Wy iO 
and Aa: a 
neste say, 


Ce 
and accordingly, Eq. (10) now becomes 


a are a Shy i 
ingiaes QO 9 m (A) 2 : An : 
Car w 


If the beta-counts for the monitor irradiated 
in juxtaposition with the sample is designated 
by Nw, the apparent specific activity is pro- 
portional to (Ns/Nw-w) which is given by 

Ns _ fs:o-m-(A) 3 4x Of 
Nu -W Ce: °0 Nu w 0 : 
where w and op are the thickness (in g/cm?) 
and the density of the sample respectively. 

Now, if w tends to zero, i.e., 6 tends to 
zero, then fs—1 and 
OF (et Rea 1 
vol log SF de> 
where it should be noted that (X/Nw) in Eq. 
(11) is constant irrespectively of the change 
of w. 

From these relations the expression for the 
limiting value S of the apparent specific ac- 
tivity is given by 
Ns _@:(4);O 3S 4x m 
Ce: Nua (09) 0 
Then, if we use the relation 2/o=Noy/M, the 
reaction cross section can be written as 


(11) 


RAT @ 0 
ae 


log 


’ 
a 


sah 
~ Ne 


O 10 20 30 40 5060 70 80 90 100 110 
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5 M-INw/2)-S-Cor 
~ No-79-0.-(A)-(4n/0) * 


Finally we obtain Eq. (2) by introducing 
the correction factor Cx concerning the bran- — 


ching ratio of the positive beta-decay to the 
orbital K-electron capture. 


gM IN| 2)-S: Cee Cx 
~No-79:.0.-(A)-(4z7/0) 


(2) Analysis of the pulse height distribution 


of the beta-rays measured by the 4z- — 


proportional counter 
Let us consider the typical pulse height dis- 


Sa 


2 4 6 810 20 40 6080100 200 400 
Eg(KeV) 


Fig. 7. Analysis of the pulse height distribution of the 
beta-rays measured by the 4x-proportional counter. 


tribution of 8-rays by a proportional counter 
when a point source of f-rays is placed in 
the centre of the sample holder (see Fig. 2). 

In Fig. 7, the curve A shows the energy 
loss in the counter gas 4s, plotted against 
the electron energy &s on the logarithmic 
scale. The curve rises linearly to the maxi- 
mum value determined by the dimension of 
the counter tube and then falls gradually to- 
wards the value corresponding to the mini- 
mum ionization. The range-energy relation 
for electrons used in this calculation was taken 
from the work by L. Katz and A. S. Pen- 
fold’). The curve B represents schematically 
an energy distribution of the beta-ray. The 
curve C was obtained from the curves A and 
B by the procedures indicated in Fig. 7. It 
shows the relation between 4s and the num- 
ber N(4Ee) of electrons which lose 4Es of 
their energies. The curve corresponds to the 
differential pulse height distribution to be ex- 
pected for the 8-rays shown by the curve B. 
The differential curve exhibits a peak at about 
4Es=11keV corresponding to the neighbour- 
hood of the minimum ionization. 
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Therefore the integral pulse height distri- 
bution curve appears to be nearly constant 
up to the bias-voltage corresponding to the 
peak point and then falls rapidly beyond this 
point. In the preliminary experiments, the 
integral pulse height distributions of the #- 
‘rays from La and K were observed and it 
was found that they were in good agreement 
with the above analysis. 
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Meson Showers by Heavy Primary Particles 
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Meson showers by heavy primary particles which have energy of 500 
BeV per nucleon were studied with nuclear emulsions. Dealing with the 
event, ‘‘the nuclear disintegration cascade by heavy primary particle”’, 
it was possible to estimate the energy of the primary particle with much 
accuracy by two methods, one by usual median angle of shower particles 
and the other by the opening angle of the fragmentation products of 
heavy primary particle. The angular distribution of the shower particle 
was studied and compared with the theory of Fermi and that of Landau. 


§1. Introduction 


Studies on meson production by nucleon- 
nucleon or nucleon-nucleus collision with 
nuclear emulsions have been reported by 
many workers,Y-! but studies on meson 
production by heavy primaries have been 
comparatively rare.-1) The former has 
given a good deal of knowledge, but there 
still remain some inconsistencies among their 
results,—for example, about the angular dis- 
tribution of the produced mesons, the multi- 
plicity of mesons, the inelasticity coefficient 
and soon. These discrepancies are considered 
to originate mainly in the attained statistical 
accuracy. For instance, when a few mesons 
are produced in a jet, it is very difficult to 
estimate the energy of the primary nucleon 
which caused the interaction with much 
accuracy. 

When the interaction of a high energy 
heavy primary particle with a nucleus of emul- 
sion is assumed to be the superposition of 
many simultaneous nucleon-nucleon collisions, 
Or the collision of a certain number of 
nucleons among the incident heavy nucleus 
with the same number of those of the target 
nucleus in the emulsion, much information 
about nucleon-nucleon collision can be gained 
at one time, and it is possible to estimate 
the energy of the incident primary by the 
median angle method with more accuracy 
than in the case of simple nucleon-nucleon 
collision, owing to a greater number of mesons 
produced. Moreover, when the fragmentation 
products of heavy primary are accompanied 
in the interaction, it is also possible to esti- 
mate the energy of the primary particle by 
the opening angle of the fragmentation pro- 


ducts, and the accuracy obtained by this 
method is better than the median angle 
method. 

From these points of view we studied the 
meson production by heavy primaries. And 
the angular distribution of the produced 
meson was compared with the theory by 
Fermi! and that by Landau.? Having much 
to do with the mechanism of the meson pro- 
duction, the angular distribution of the pro- 
duced meson is a very important problem. 


§ 2. Experimental Procedure 


§ 2.1 Emulsion Blocks and the Events 
Studied 

The stack we used consisted of 48 4-inch 
by 6-inch G5 600 microns pellicles and was 
flown with the emulsion surfaces vertical for 
6 hours up to a maximum altitude of 33km 
by a polyethylene balloon at Kobe in Japan 
in 1955. 

In the stack were searched for events in 
which heavy primaries interacted with the 
nuclei of the emulsion causing meson showers. 
Fifteen examples of this kind have been found 
so far, but the events in which only a small 
number of mesons are produced were not 
suitable for our purpose, because it was not 
possible to estimate energies of the primary 
particles with sufficient accuracy by median 
angle method. Three events suitable for our 
analysis were selected among them and 
studied in detail. These were tabulated in 
Table I. 


Table I. The events studied. 


No. 1 


8+ 44na 
ING aieZ 19+ 9One 
No. 3 17 +1207 


454 


1957) 


It is very remarkable that the events No. 
1, 2 and 3 are nuclear disintegration cascade, 
which will be reported elsewhere. As 
shown in Fig. 1, a heavy primary having 
charge Z 11, a Na nucleus, caused the event 
| No. 1 at B, from which a He nucleus and a 
Li nucleus were emitted as a result of the 
fragmentation of the primary Na nucleus, and 
each caused the event No. 2 and No. 3 at C 
and D respectively. 


Fig. 1. 
cade. 


No. 2) and D (the event No. 3) respectively. 


§ 2.2 Determination of the Charge of the 
Heavy Primary Particle 


The charge of the heavy primary particle 
was determined by dé-ray counting. The 0- 
rays with more than four grains were count- 
ed, and the charge of the primary was deter- 
mined comparing with the result of Dainton 
et al. When the number of charge is small 
as in the cases of a helium and a lithium 
nucleus, the gap-length method?” was also 
used to get grain density of the track. The 
ratio of the charge of helium and lithium 


Table II]. The grain density and d-ray density of 
the track of a helium and a lithium nucleus. 


The grain density 
gui =144.0+6.1/100 nu g*ri =8.99+0.47 
gue = 61.24+2.6/100 4 9*te=3.80+0.20 
9*1i/9* He =2.35 + 0.14 


The d-ray density a 
Nii =0.96 + 0.08/100 p 
Nye = 0.42 £0.05/100 


Nii/ Nie = 2.28 £0.33 


Meson Showers by Heavy Primary Particles 


Projection drawing of a nuclear disintegration cas- 
A sodium nucleus producing a thin track at A 
continued to B, there causing a star 8+44n, (the event No. 
1), from which a helium nucleus and a lithium nucleus 
were emitted, and each produced a star at C (the event 
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determined by two methods agreed so well 
as shown in Table II that it was possible to 
calibrate the relation between the number of 
d-rays and the charge of particle. 

As the ratio of the square of the charge of 
lithium and of helium is 2.25, the results 
agree very well. 


§ 2.3 Measurement of Angular Distribu- 
tzon of Shower Particles 

In order to measure angles between the 
directions of secondary shower 
particles and primary particle, the 
primary track was aligned along 
the z-axis on a scattering micro- 
scope and y-coordinate of each 
secondary track was measured at 
several points on the track, and 
depth measurement of each track 
was also made. Making use of 
them the angles were calculated. 
By this method true angle between 
the primary particle and the 
secondary shower particle was 
possible to be measured with an 
error, the order of which is 
estimated to be 5x10-* radians. 


§ 2.4 Selection of Primarily 
Produced Mesons 

Among the shower particles 
emitted in the interaction there 
would be included not only the primary pro- 
duced mesons and protons which were con- 
stituents of the primary particle and had no 
concern with the interaction. In order to 
choose only the primarily produced mesons, 
the following two assumptions were made. 
Firstly, the number of protons which suffered 
no interaction was assumed to equal the dif- 
ference between the charge of the incident 
nucleus and the sum of charge of multiply 
charged fragments. Secondly, the criterion by 
G. Bertolino,® which was used in his study 
of jet was adopted. The criterion is as fol- 
lows: if the @,, the angle formed by the #-th 
track with the shower axis, is larger than 
twice of the On-2, the angle formed by the 
m—2th track, the m-th track is not considered 
as the primarily produced meson. Taking the 
criterion into consideration, the results of the 
estimation of the energy of the primary 
particle of the event No. 1, 2 and 3 by median 
angle method agree very well. 
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§ 2.5 Estimation of the Energy of the 
Primary Particle 


The estimation of the energy of the primary 
particle was made by kinematical method. 
We assume that the interaction of a heavy 
primary particle with a nucleus of emulsion 
is the superposition of simultaneous nucleon- 
nucleon collisions and that there exists the 
center of mass system for the interaction. 
By applying the Lorentz transformation as- 
suming that the angular distribution of parti- 
cles in the center of mass system is symmetric 
about a plane transverse to the direction of 
incident particle, we get 


0* 
tan- =7- tan (Gt) 
Z 
= 2 
Sa (2) 


where 6* and @ denote the angle of particle 
with the direction of motion of the incident 
particle in the c.m. system and laboratory 
system respectively, 7-=1/1/1—8.?, Be, the 
velocity of the c.m. system, r=27.?—1, 
energy per nucleon of the incident particle 
in the laboratory system, and the subscripts 
F and 1—F refer to the angles containing a 
fraction of the total number of produced 
mesons. The angle @,/. which has the greatest 
statistical accuracy was used in our analysis. 

To check our assumptions concerning the 
angular distribution in the center of mass 
system, the integral angular distribution of 
the mesons in the laboratory system 


F(6r)= Fate Nodo (3) 


is plotted versus log 67, where N denotes the 
total number of particles, Ne, the number of 
particles which is included within the angle 
? with the direction of the incident particle, 
and 6», the angle containing a fraction of F 
of the total number of particles. The plots 
are shown in Fig. 2 and Fig. 3. It is seen 
that the plots are symmetric with respect to 
the reflection through the point F =1/2, log 0/, 
as origin. The fact shows the consistency of 
our assumptions. 

When some fragments are produced in the 
interaction, the estimation of the energy of 
the primary particle is also possible by mea- 
suring the opening angle of the fragmenta- 
tion products. According to Kaplon et al. 
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the root mean square angle which the shower 
particles of fragmentation products make 


with direction of the incident primary in the | 


laboratory system is 

< 6? >172=0.06/E (4) 
where FE is the total energy per nucleon in 
BeV of the incident nucleus, and the largest 


ie) 


0-9 ae 
0-8 22 
0-7 wie 
S| 0-6 yA 
bes 
*¥0-4 
0-3 
0-2 
O-l 
10> 2 4 6 Bi52 2 46810 2 4 686 


@ (in radians) 


Fig. 2. Normalised integral angular distribution 
of mesons produced in the event No. 1 in the 
laboratory system. 


Ordinate: Fraction of charged particles con- 
tained within the polar angle @. 
Abscissa: log @. 


10 4 6 Bid? 68 


4 6816 

@ (in radians) 

Fig. 3. Normalised integral angular distribution 
of mesons produced in the event No. 3 in the 
laboratory system. 


Ordinate: Fraction of charged particles con- 
tained within the polar angle 0. 
Abscissa: log @. 


observed angle of any particle in the laboratory 
system gives an upper limit for the energy 
of incident particle, which is given by: 


(5) 


The advantage of the method is that it gives 
results which have better accuracy than the 
median angle method. In the event No. 1 
both methods were employed, and the values 
obtained agree very well with each other. 
Moreover, the energies obtained for the event 
No. 2 and No.3 by the median angle of the 
shower particles also agree so well as shown 


J 
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in Table III, the value of the energy of the 
. primary particle in the events No. 1, 2 and 3 
seems to be certain. The fact that the results 
obtained by two methods agree shows our as- 
sumption to be correct. 


Table I]. Energy of the incident primary 
particles obtained by two methods. 


| ip | oy. 
Energy obtained by/Energy obtained by 
the opening angle | the median angle 


of the fragmenta- | of shower 
particles 


tion products 
(BeV per nucleon) | (BeV per nucleon) 


the event | 336 (by eqn. (4)) | 507 
No. 1 672 (by eqn. (5)) 
_ the event 
No. 2 ose 
the event | 
INOS) | aie 


§3. The Angular Distribution of Mesons 
Produced in the Interaction by Heavy 
Primaries 


Angular distributions in the center of mass 
system were shown in Fig. 4 and Fig. 5, in 
which the abscissa represents the ten parts 
that cover equal solid angle in the center of 
mass system, and I represents the forward 
_ direction and X the backward direction with 
respect to the direction of the incident 
particle. Among the particles which are 
emitted forwards there may be some protons 


the event No.| 


Poon 9m AW VOM! WW Ty x 


the event No.2 


is soe LYS VO Wie wr AIX OX 


the event No.3 


i iy vy vi vi VW rx xX 


Fig. 4. The angular distribution of mesons pro- 
duced in each event in c.m. system. The 
abscissa represent the ten parts which cover 
equal solid angle in c.m. system. J represents 
the forward direction and X the backward with 
respect to the incident particle. 
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which did not interact in the interaction as 
described in § 2.4. These protons being ex- 
pected to be emitted making angles less than 
~10~* radians with the incident particle, they 
always belong to the region I. We assumed 


EE UIE IRE AVA AVAL WAI WALI IOC 


Fig. 5. The angular distribution of mesons pro- 
duced in the event No. 1, 2 and3. The dotted 
curve represents the theoretical angular dis- 
tribution by Fermi, and the broken line by 
Landau. 


Vv WU ww kK X 


30 
20 y=250 
10 
FE Ih AE BRL WP AWAE Wall WAHT, IDG 9: 
5=1000 
20 9 
10 


Peete velo ier i 


Fig. 6. The angular distribution of mesons pro- 
duced in the event No. 3 in c.m. system for 
different Y. 


the number of these protons to be equal to 
the difference in charge between that of the 
incident nucleus and the sum of charge of 
multiply charged fragments in the jet. In 
Fig. 4 and Fig. 5 the number of mesons is 
shown in full line, and the number of thin 
particles including protons is shown in dotted 


line. 
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From the results it is clearly seen that the 
angular distribution is not isotropic, and more 
mesons are emitted in the forward and back- 
ward direction than other directions. 
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number of mesons being produced, it is a | 
great advantage that much information can be 
obtained concerning the meson production by | 
the incident nucleons having same energy at | 


one time. It is also very favourable that the 
energy of the primary particle can be esti- | 
mated by two methods, when the interaction | 
is accompanying fragmentation products of | 


The angular distribution was compared with 
the theory of Fermi and that of Landau. In 
Fig. 5 were shown the results of the calcula- 
tion according to the theories, normalizing 


the total number of mesons with the experi- 
mental values. In the calculation with Fermi’s 
theory the median impact parameter was 
taken. Though it is difficult to assert which 
theory is more fitted to the experimental re- 
sults, it is seen that Landau’s theory is rather 
fitted than Fermi’s. 

Though the angular distribution in the 
center of mass system varies with the values 
of 7, it would be recognized that, even if the 
value of 7 changed more than a factor of 
two as shown in Fig. 6, more mesons are 
emitted in the forward and backward direc- 
tion. 


§4. Discussion 


As our events are occuring by nucleus- 
nucleus collisions, it would not be right, 
strictly speaking, to look upon them as the 
superposition of nucleon-nucleon collisions, or 
the collisions of the same number of nucleons 
in the target nucleus with the same number 
of nucleons in the incident nucleus each 
other. It would be necessary to consider 
other mechanism concerning the events. 
However, the fact that the energy of the 
primary particle determined by the opening 
angle of the fragmentation products accords 
with the energy determined by the half-angle 
of the shower particles using the criterion of 
G. Bertolino shows that the events can be 
regarded approximately as the superposition 
of the simultaneous nucleon-nucleon collisions. 
Also, though the number of the grey and 
black prong is large in our events, their 
energies per nucleon of the primary particle 
are small comparing with the energy of the 
primary particle, so it would not be wrong to 
look upon them as the superposition of the 
nucleon-nucleon collisions. In the study of 
jet showers by nucleons, stars with black and 
grey prongs less than three are usually re- 
garded as jets. 

When we consider the events as the super- 
position of nucleon-nucleon collisions, a greater 


heavy primary particle. In the events No. 1 | 
the values of the energy per nucleon of the © 
primary particle obtained by two methods | 
agree well, and moreover, they are also in 
accord with those obtained for the events No. 
2 and No. 3 by the median angle of shower 
particles. The fact shows that the estimation 
of the energy of the primary particle is re- 
liable, and that the assumption of the super- 
position of nucleon-nucleon collisions is not 
wrong. As the method to determine the 
energy of the primary particle by the opening 
angle of the fragmentation products having 
comparatively a good accuracy, it is very 
profitable. 

As stated in § 3, the angular distribution of 
the mesons is not isotropic, but more mesons 
are emitted in forward and backward direc- 
tions, and the result favours Landau’s theory. 
By G. Bertolino the angular distribution of 
mesons in the jet is isotropic.» It is incon- 
sistent with our result. It seems that it is 
mainly due to the fact that owing to the 
many jets, each having different 7, his results 
are averaged over. In case of a _ small 
number of mesons being emitted in jet, the 
estimation of the energy of the primary 
particle by median angle method has much 
error. Collecting many jets for which the 
estimation of the energy is not possible with 
sufficient accuracy, it appeares that he obtain- 
ed the isotropic angular distribution. 

It is a characteristic of the present analysis 
that dealing with the event, “nuclear dis- 
integration cascade by heavy primary particle,” 
many nucleon-nucleon collisions, in which the 
incident particles have the same values of 7, 
are collected. 
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Rectification and the Photovoltaic Effects 
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The surface potential of selenium was measured by Kelvin’s methods 


and was found to be influenced by the ambient. 


The characteristics of 


a rectifier obtained by making metal electrode contact with the selenium 


surface depend on the surface potential. 


The variation of the surface 


potential under illumination is of the same maginitude as the photoelectro- 


motive force of the selenium cell. 


From these results, it is concluded 


that a blocking layer is formed on the selenium surface during the heat 


treatment. 


Introduction 


§1. 


The rectification properties of the selenium 
cell are known to come from a blocking layer 
localized in the interface between the selenium 
and the metal. Notwithstanding many stu- 
dies about the selenium rectifier, there is no 
complete knowledge about the composition of 


the blocking layer. The polarization and the 
creep effect of the selenium rectifier may 
result from the unstable components of the 
blocking layer». There is an opinion that 
cadmium selenide CdSe is the main component 
of the blocking layer, as it is detected in some 
selenium cell. By coating the selenium sur- 
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face with a thin film of CdSe, its rectification 
ratio can be increased”. 

It is known that the characteristics of sele- 
nium rectifiers are controlled in the early 
stage of treatments in the industrial manu- 
facturing process. The surface state of sele- 
nium after heat treatment has important fac- 
tors on its rectification action. After coating 
with the front electrode, its characteristics is 
improved under many processes such as elec- 
tric aging; but its final characteristics is 
widely affected by the surface states at the 
time of coating with the front electrode. The 
blocking layer existing in finished selenium 
rectifiers may be formed by combination of 
the selenium surface and front electrode metal, 
in the course of manufacturing process and 
therefore its composition may be of complex 
nature. 

This paper treats the characteristics of sele- 
nium cells immediately after heat treatment 
for finding the nature of blocking layer for- 
mation in the early stage of manufacturing 
process. The surface stages of selenium after 
heat treatment is measured by its surface 
potentials. There are some researches about 
the surface potential of germanium, but none 
about that of selenium at present. The pre- 
sent work was undertaken to find the relation 
of the surface potential of the selenium after 
the heat treatment to its rectification and 
photovoltaic effect. 

The surface potential of the selenium is 
found to change slowly for long time after 
the heat treatment. A rectifier is prepared 
by contacting a rod of wood metal with the 
selenium surface to find the relation between 
the rectification property and the surface po- 
tential. It is found that the surface potential 
and the rectification ratio is nearly of a con- 
stant value for a long time in the atmosphere 
if the selenium surface is coated with a thin 
film of synthetic resin. The variation of the 
surface potential under illumination is mea- 
sured for a long time after the heat treatment 
and is found to be of a nearly constant value. 
A photovoltaic cell is obtained by contacting 
a transparent cadmium film with the selenium. 
The electromotive force induced under illu- 
mination is found to be nearly equal to the 
variation of the surface potential under same 
intensity of illumination. 
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§2. Experimental Arrangement 


The surface potential of selenium is mea- 
sured by Kelvin’s method from the difference 
of work function between the reference elec- 
trode and selenium”. Gold plate is used for 
the reference electrode as the work function 
of gold is not much influenced by the atmos- 
phere. An electromotive force F is applied 
in such a way as to oppose the contact poten- 
tial difference between the selenium and the 
gold plate. As shown in Fig. 1, the gold 
plate is separated at about 1mm from the 
selenium surface and is made in vibration at 
about 200 c.p.s. by means of an electromagnet. 
When potential E is not equal to the surface 
potential, current proportional to the difference 
is induced in the resistance R in Fig.1. The 
voltage across R is amplified and detected by 
a cathode ray oscillograph or a telephone re- 
ceiver. 


200 « # 


Fig. 1. 


Circuits of measurement apparatus. 


When the electromotive force E is made 
equal to the contact potential difference, the 
output voltage of the amplifier becomes zero. 
The surface potential of selenium may be 
obtained from the value of EF. For the mea- 
surement of the surface potential variation 
under illumination, this vibrating gold plate 
is replaced by a gold plate with a hole covered 
with fine mesh of gold wires, through which 
the selenium surface is irradiated with the 
light. In this experiment, a selenium plate 
of diameter 18mm is used and the amplitude 
of vibration of the gold plate and mesh is 
controlled at about 0.1mm. To measure the 
surface potential within the accuracy of 1 mv, 
the voltage gain of the amplifier is made lar- 
ger than 120d.b. 


§ 3. 


The Surface Potential of Selenium 
after Heat Treatment 


The selenium is melted evenly on an iron 
plate electroplated with nickel and is trans- 
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formed into grey metallic stage by heat treat- 
ment at about 200°C. The surface potential 
of this surface is measured by the above- 
mentioned Kelvin’s method. The results of 
the measurement of the relation between the 
surface potential and the time after the heat 
treatment are shown in Fig. 2. As is seen 
from it, there is a rise and decay in the sur- 
face potential curve. For example, in the 
atmosphere of relative humidity 85%, the 
surface potential increases by about 0.16 V in 
2 hours after the heat treatment and there- 
after decreases gradually, as shown in the 
curve (1). In the atmosphere of lower rela- 
tive humidity, the rise and decay of the sur- 
face potential becomes slower: the curve (2) 
and (3) show the surface potential of selenium 
exposed in the atmosphere of relative humi- 
dity 70% and 45%, respectively. When the 
surface of the selenium is oxidized by exposing 
in a stream of ozon, the surface potential in- 
creases by about 0.2 V from the initial value; 
and then decreases slowly in the same manner 
as the curve (1) or (2) according to the rela- 
tive humidity of the atmosphere to which it 
is exposed. By exposing the surface in the 
saturated water vapour for a few seconds, its 
potential decreases suddenly by about 0.4 V. 
The surface potential decreases by about 0.4 V 
in the atmosphere of relative humidity 85% 
in 20 hours after the heat treatment. From 
these facts, it is seen that the surface poten- 
tial increases by oxidization and decreases by 


0404 Y 
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Fig. 2. Surface potential of Se after the heat 
treatment as a function of the time. 


absorption of moisture. As the surface otf 
selenium is chemically active, it continues to 
oxidize with the oxygen in the atmosphere 
after the time of the heat treatment, and its 
surface potential increases. Then it absorbs 
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water vapour from the atmosphere and the 
surface potential decreases depending on the 
relative humidity and hours exposed. The 
surface potential curve in Fig. 2 may be con- 
sidered as coming from these oxidization and 
absorption of moisture. When the selenium 
surface is irradiated with light, its potential 
increases depending on the intensity of illu- 
mination. The amount of change in the sur- 
face potential is nearly independent of the 
time exposed in the atmosphere after the heat 
treatment. A plot of this variation of the 
surface potential against the intensity of illu- 
mination is shown in Fig. 3. The curve (1) 


Hig. 3; 


Surface potential as a function. 


shows results of measurements for the sele- 
nium surface immediately after heat treat- 
ment, curve (2) for that at 2 hours after heat 
treatment and curve (3) for that after a long 
time. It is evident that the linear relation 
does not hold between the variation of the 
surface potential and the intensity of illumi- 
nation. The variation of the surface potential 
becomes about 0.2 V at high illumination. It 
is independent of the time exposed in the 
atmosphere. 


§4. Rectification and the Surface Potential 


The alloy of bismuth, cadmium and tin is 
used for the front electrode of a selenium 
rectifier as in the ordinary commercial type. 
The surface potential of this alloy is nearly 
of constant magnitude under exposure in the 
atmosphere. A rectifier is prepared by con- 
tacting a rod of alloy with the surface of 
selenium under a constant pressure to find 
the relation of the surface potential to the 
rectification. Fig. 4 shows the ratio of for- 
ward and backward current at 1V. Corres- 
ponding to the increase in the surface poten- 
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tial in the atmosphere, the rectification ratio 
decreased slowly after heat treatment. It 
falls to the minimum value at the maximum 


surface potential. From this point, it be- 
ASV 
35 Rectification ratio Surface potential 
x 
010 : 


O - 
| ; 10 100 1000 min 
Fig. 4. Surface potential and rectification 
ratio. 


comes to be independent of the surface poten- 
tial and the hours exposed in the atmosphere. 
From this curve it can be seen that the condi- 
tion of the selenium surface after heat treat- 
ment has large effect on its rectification ac- 
tion. The electrostatic capacity of a rectifier 
prepared in the same manner is measured 
for finding the change occuring in the blocking 
layer. The electrostatic capacity is found to 
increase slowly after the time of contact, and in 
5 hours it reaches the magnitude of 150-200% 
of that immediately after the contact. This 
may be due to the change of the surface 
potential in the interface. 

In the process of industrial manufacture of 
rectifiers, the selenium surface is usually coa- 


Coate surface 


se 


o——_o-——_9-_0— 


Fig. 5. Variation of surface potential after 
coating by synthetic resin as a function of 
the time. 


ted with a thin insulating film and the front 
electrode is placed on it. To find its effect 
on rectification action, the selenium surface 
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is coated after heat treatment with a thin 
film of synthetic resin. Several synthetic re- 
sins different chemical composition are used 
for coating and the thickness of film is 10-°°~ 
10-5cm. By coating with synthetic resin, the 
surface potential falls immediately after coat- 
ing for all resins, and is nearly of constant 
magnitude for a long time, as shown in Fig. 
5. From these curves, it can be seen that 
the insulating layer protects the selenium sur- 
face from the effect of the atmosphere. To 
find the effect of the insulating layer on the 
rectification action. A rectifier is obtained by 
contacting a rod of alloy with this surface 
under a constant pressure. In this rectifier 
there is no direct contact between the front 
electrode and the selenium surface, but for 
some synthetic resin its rectification ratio im- 
mediately after contact is larger than that of 
the direct contact type. Fig. 6, curve (1) 


BA 80 
70 
60 
50 
40 
30 


Fig. 6. D.C. characteristics of point contact 
rectifier. 


shows the D.C. characteristics a rectified made 
on the free selenium surface, curve (2) and (3) 
that on the surface coated with insulating 
film of thickness about 5x10-°cm. This 
shows that, also in the direct contact rectifier, 
the chemical combination between the metal 
and the selenium is no essential factor in the 
rectification action, at least in the earlier 
stage. 


§5. Photovoltaic Effect 

By evaporating in vacuum or sputtering, a 
semitransparent cadmium film is obtained on 
a thin film made of a transparent synthetic 
resin. By contacting this film with the sele- 
nium surface a photovoltaic cell is prepared. 
A photoelectromotive force is induced between 
the film and the selenium by irradiating the 
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surface with a light from a lamp through the 
synthetic resin. The current sensitivity of 
the cell is very low, but the voltage sensiti- 
vity is of the same magnitude at that of the 
commercial cell. The low current sensitivity 
may be explained by the small effective con- 
tact area between selenium and cadmium sur- 
faces compared to the total surface of con- 
tact. The results of the measurement of the 
relation between the photoelectromotive force 
and the intensity of the illumination are shown 
in Fig. 7. Curve (1) shows the photoelectro- 


Mv ® 
0-2 3 
0 
O) 
01 
Q O \ Z 3 a xK10% 
tx: 


Fig. 7. Variation of surface potential under 
illumination for contact type cell. 


motive force immediate after contact, and 
curve (2) that 2 hours after contact for the 
same cell; this may be considered to have 
occured by the change of surface states as in 
Fig. 3. This curve fits fairly well with the 
curve of the surface potential variation in Fig. 
3. The photoelectromotive force is just of 
the same magnitude as the surface potential 
variation due to illumination at each intensity 
of illumination. A photovoltaic cell of the 
ordinary type is obtained by coating the sur- 
face of the selenium with a thin film of cad- 
mium by sputtering in vacuum. The plot of 


ZA Ne W(OF 


Lux. 


Fig. 8. Photovoltage of commercial type 
photovoltaic cell as a function of illumi- 


nation, 
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the photoelectromotive force against the in- 
tensity of the illumination is shown in Fig. 8. 
Curves (1) and (2) show respectively the upper 
and lower limit of the range of sensitivity of 
these cells. For this type of cells, the photo- 
voltaic current sensitivity is of the same 
magnitude as commercial cells, as the contact 
area between the front electrode and selenium 
is larger than that of the above-mentions con- 
tacting type; But there is no large difference 
in their voltage sensitivites between these 
photovoltaic cells. 


§6. Conclusion and Acknowledgement 


The surface of selenium is chemically active 
and its surface potential changes slowly un- 
der the effect of the ambient. The charac- 
teristic of the selenium rectifier made by 
contacting a rod of alloy on the surface is 
influenced by the surface condition. When 
the selenium surface coated with a thin in- 
sulating film is used, a rectifier of high recti- 
fication ratio is obtained. The surface poten- 
tial of selenium under illumination varies in 
the same manner as the photoelectromotive 
force of selenium cells with the light intensity. 
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“The fundamental research on the physics of 
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The energy of the 180°-type domain wall of BaTiO, crystal is obtained 
as 1.4 erg/cm? considering the dipole interaction and other interatomic 


energy of Born type. 


The dipole interaction term has been obtained approximately from the 
difference of the energy of ferroelectric and antiferroelectric (stripes type) 


dipole configurations. 


The wall is found to be quite thin, that is, the 


change of polarization at the boundary is abrupt, in contrast with the 


ferromagnetic walls. 


The structure of the 180° domains and their reversing process are also 


discussed. 


Introduction 


§ 1. 
Optical observations of single crystals of 
barium titanate have revealed a great deal 
about the domain structure of this crys- 
tal.D»3)5) Jn general, the domains are sepa- 
rated by two types of domain boundaries, that 
is, the 180°-wall and the 90°-wall which are 
boundaries between the two domains polarized 
respectively in antiparallel and perpendicular 
directions to each other (Fig. 1 (a) and (b)). 


I! ae 


(a) 180 wall. (b) 90°wall. 
iowa: 


The aim of our investigation is to find out 
the correct molecular model for the 180°-type 
domain boundary (or wall)*. 

Treated in this paper are the atomic arrange- 
ment, the spontaneous deformation and polari- 
zation, the “thickness ” and the energy of the 
180°-type domain wall, considering the electro- 
static dipole interaction and other interatomic 
forces of Born type.” Of special interest is 
the fact that the dipole interaction energy at 
the boundary turns out to be nearly equal to 


P 
titit ii 1 
C B A UB) 
Fig. 2. Dipole arrangement near 180° boundary 


PQ. 


* The two words “ boundary 22 and wall?) will 
be used almost synonymously in this article. 


that of the bulk crystal, resulting in an abrupt 
change of the dipole moments at the 180°-type 
boundary (Fig. 2) in contrast with the magnetic 
case, where more or less gradual change is 
found. 

We shall assume throughout this article 
that the dipole interaction is caused by the 
shift of Ti ions which are at the body-centres 
of the unit cells. The dipole moments by 
this shift will be shown by arrows as in Fig. 
JR 


§2. Ferro- and Antiferroelectric States 


The calculation in the present paper makes 
use of the former results of the energy calcu- 
lations for two periodic dipole configurations 
of BaTiO; crystal, that is, the ferroelectric 
configuration and one of the antiferroelectric 
configuration as shown in Figs. 3 and 4, re- 
spectively. 


_iV TUR AY Le aa ey 
+7 Pe ee ee 
+{+[+]+]+[4[4/4 
+/+/+]+]/4+]4]+]4 
[+ [+] + [+ [+] [ie 
+l ol eae | Se) aoe 
tee EE 


Ferroelectric state 


Bigiaas: 


The energy and related quantities for these 
configurations have been calculated in a previ- 
ous paper® (Hereafter referred to as I) taking 
account of the electrostatic interaction among 
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the sublattices.* There we obtained as the 
ratios y and y’ of the electronic polarization 
of Ti ion (which is composed of the polari- 
zations of the charge clouds of electrons) to 
the ionic polarization of Ti ion the values 


TV gli El Tag viet Tit I1lt iv 
at a3 iF 5 
Parle isan 
ae ita af = 
= — 

sel fee | ee sal Pin ol Reale 
IL +——| ee 
Sie “hs ata = 
| t — 
St a UT an 

i| 

Meta 
+ te | 


Antiferroelectric state 
Fig. 4. + and — indicate upward and downward 


directions of dipoles perpendicular to the paper 
respectively. 


0.1974 (eq. (15) in I) for the ferroelectric state 
and 0.1969 (eq. (19) in I) for the (stripes type) 
antiferroelectric state using the numerical 
values c=64 x 10-*4c.c.=(4A)? for the volume 
of a unit cell and 4zayi/c=0.0365, 477a@p,/c= 0.382 
and 4zao/c=0.470 for the electronic polari- 
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7’ =0.1969, and # and 4, mean the shift of 
Ti ions and the fractional elongation of the 
lattice in the direction of the shift, that is, 
the lattice spacing is put as 4(1+4,) A in this 
direction. 

The potentials acting on Ti ion are obtained 
according to the usual definition of the “ work” 
done to shift the Ti ion from the centre. 
Then multiplying eqs. (1) and (2) by a factor 
—1/2 and nex, we can get 


mine (8 174.4 (3) 
20Cy; 
and 
Ea TOY’ | yt 174, \e2 (4) 


2ay; 


as the potentials for the two states re- 
spectively. 


§3. Local Fields at the Domain Wall 


Figs. 5 (a) and (b) show schematically the 
dipole arrangement near a 180°-type domain 
boundary. 

Let us consider the local field acting on Ti 
ion in the layer I and I’ by the shift of Ti itself. 


zabilities of the ions”, where the ionic polari- Here the method of the superposition of the 
zation is defined as the sum of 

5 t t t t 1 7 1 
the moments of the dipoles con- UT Fe i Cae pee ee 
tained in a unit volume™, which ls eva sak Tid Tel alls |i et se 
correspond to the product of the TEP L PY] PT bi dypete ua atl Meal elle be 

. ° iff T 
effective charge me and the shift t fie t Pee ae lay +/+/+]4+}]-]-]-]- 
from symmetrical position of Ti rlrirtrialy E f “4 [ Fo aa Baa 
a Sk : | i in 
ion. We can estimate the local Mite pads clu rap ri ere heen, Spas 
fields acting on Ti ion caused by at 
oh | a gs A a jl, el | Sa 
its own shift taking account of the 455 iE Ue 
above definition. : , 
Fig. 5. Dipole arrangement near 180° wall. 


The local fields have been ex- 
pressed in the preceding article!»*** as 


7nea(1—8.174a)/ari Ge) 


for the ferroelectric state, where ,=0.1974, 
and 


(2) 


for the antiferroelectric state****, where 


7’ nex 1—8.174a)/ari 


* Similar calculation was made independently 


by Y. Takagi.” 
** me means the “effective” charge of the Ti 
ion. 
*** We refer to this paper as II. 
Strictly speaking the two states have not 
the common factor 1—8.174,. However we neglect 
here this point, since the error is supposed to be 


small, 


EK 


local fields is useful for calculating the field 
in the domain boundary. For instance, the 
field acting on the point O by the ionic shift 
can be obtained if we know the field caused 
by the ionic shift of each layer in Fig. 6, 
which shows that the field in (a) is equal to 
the sum of those of (b), (c) and (d). 

Let us now consider the local field acting 
on Ti ion in the layer I in Fig. 5, where the 
ionic shift is +2 (upward arrows) and —2 
(downward arrows) in the layer I, II, Ill,---- 
and I’, Il’, IIl’,----respectively. 

For this purpose, we first consider Eqs. (1) 
and (2) which is for the cases of ferro- and 
antiferroelectric configurations shown in Figs, 
3 and 4 respectively. 
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Now we shall put 
ne(1—8.174,)/an=k (5) 
and apply the method of the superposition. 
Eqs. (1) and (2) are rewritten as 
kra=krort2{krictkroetkrsx +--+: } 
=R{yot+2(ritretrst+ O80 -)}a 


(ais 

and 

kr’2= kro +2{kri(—x)+hrow thro —a)+-+++F 
=k{rot+2(—ritra—7st-s je, ~ (2Y 

where 70, 71, Tz, 73, °°** are coefficients that 


wee f 5) Pe) 
t| Divtoel FOr et = oft |+[tl o 
ES EGG ca hiya 4 Bae 

(a) (>) ic) (a) 


Fig. 6. Superposition of local fields caused by 
ionic shifts. 


characterize the effects of the shifts of the 
layers I, II (or I’), III (or II’), IV (or III’):--- 
in Figs. 3 and 4 on the layer I. The factor 
2 before the parentheses in eqs. (1)’ and (2) 
means that the effects of the layers II and 
I’; III and Il’; IV and III’; etc. are equivalent, 
and the alternate signs of 79, —71, 2, —7Ys3; 

--- in eq. (2)’ correspond to the alternate 
directions of the shift in Fig. 4. 

We get 


T=7otAritratrst::::) (1° 
and 

feces (ae Ga’ Ba at tlk Chane pe ome al 
If we assume the relation 

L:P=7orM1=7T1:%2= 712i fs" °° (6) 


which certainly holds approximately, we obtain 
the relations 


ia aera , (oe) 


and 
ne Vr —V7’ 
VEY y 
If we put y=0.1974, 7’=0.1969 from eq. (1) 
and (2) we obtain 
7o=0.19715 


(8) 


(9) 
and 


1 = 
1572.6 


Here the smallness of p suggests that the 


p=0.0006359 = (10) 


local field acting on any Ti ion is mainly due 


to the shift of the ions within the same layer 


W. KINASE and H. TAKAHASI 


(Volonl2; 


that contains the ion in question, the effect 
of the neighbouring layers being quite small. 
Our approximation may be inadequate in a 
general treatment of the local fields, but the 
error is considered to be small in cases where 
p is much smaller than unity. 

The local field at the domain boundary can 
be found by using these values of 7» and p. 
The field in the layer I is 

Rrowtkri(x2—a1)+Rro(23—22’ ) 
+Rr3(v4—a3') +--+ (11) 

where 
1, Ve, Wg, hay 2 95 Wy, Way Be yy ° 2° 


are the ionic shifts in the layers I, IJ, III, IV, 
+--+; |’, II’, Ill’, IV’ ---- respectively. In a 
special case when the ionic shifts are all equal 


we can put the above 2’s as x. Then eq. 
(11) are rewritten simply as 
Rrox 5 Chi 


It may be admissible in a later treatment to 
take only the first term in eq. (11) into ac- 
count and neglect the following term which 
are much smaller than kyoz,, because of the 
relation 7o>=71--++ and a,>a—2/--°+. 


$4. The Lattice Spacings and the Ionic 
Shift at the Domain Boundary 

We shall estimate here the lattice spacings 
in the domain wall. 

The spontaneous deformation of the wall 
may be treated in a similar fashion as in II. 
The overlap, van der Waals’ and Coulomb 
energy which were already discussed in the 
paper II are also available in the treatment 
of the domain wall. The dipole interaction 
may be taken from eq. (11), retaining only 
the first term, as already mentioned. 

The potential acting on a Ti ion has been 
expressed as 


(a’ +a)a? + bat (12) 


in the paper II, where a’? is a negative term 
due to the dipole interaction and |a’|>Ja| in 
case of the “spontaneous” shift, while az? 
and bx‘ are positive terms due to the van der 
Waals’ and overlap interaction among the 
ions.) The coefficients have been calculated 
in II for bulk crystals as 


,_ —7r(ne)P 
Zar; 


a “1—8.174,) , (13) 
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a@=105(5.1227 —71.3024a+6.95414), 
+6.9541 402 +433.974q2—42.6054512 


—42.6054),) (14) 
and 
b= 10?(1.8952 —23.7384a—0.576034 1 
—0.57603402 +167 .324q2-+-4.08734)12 
+4.087342”) , (15) 


where 7, #e, ay; and 4, have the significance 
already mentioned, and 4); and 4s». are the 
elongation of the cube edges relative to those 
of the standard cube in the two directions 
perpendicular to the ionic shift. 

These coefficients must be somewhat modi- 
fied in case of the domain boundary. Let us 
denote them by putting a bar on each symbol 


as a’, a and 6. They are expressed as 


ert haley ett , 
od (1—8.174a) , (13) 
a=a4(6.8—4740.) (14)’* 

and 
b=b+(—3+25402)10"* . (15)’* 


Eq. (13) is obtained by putting 7» instead of 


y in eq. (13). @ is somewhat different from 
a, but the effect of this modification on the 
result is very small, the magnitude being 
expected to be about one-hundredth of the 
modification of a’. We also find that the 


difference between 0 and b is quite negligible. 
The above modification of a and b is due to 
van der Waals’ and overlap interactions 
between Ti ions in the layers I and I’, and 
the interactions are so small as to leave a 
and b almost unchanged. Using the three 
coefficients a’, @ and b we can determine the 
lattice spacing and the ionic shift at the domain 
boundary by minimizing the energy for the 
domain boundary: 


Ue (a +a) + be! she bine 4 =F Uwaais ar U Contemp 
(16) 


as we have done in paper II for the bulk 
crystal. 

The last three terms in eq. (16) represent 
~* In eq. (14)’ and (15)’ the factors 6.8 and —3 
are due to the nearest neighbour Ti ion that is 
shifted in the antiparallel direction, while —474p»2 
and 254», are due to the lattice deformation 
characteristic of the boundary. 
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the energy of the “unpolarized” tetragonal 
lattice, and do not contain x explicitly. Ac- 
cordingly, by minimizing eq. (16) with respect 
to z, that is, by putting 


Aen. 
= U 
Ox’ ak) 
we can obtain the spontaneous shift as 
w= +-{(—a’—a)|(2b)}1/2 . (18) 


Substituting (18) into (16), the energy is 
rewritten as 


U= —(a’ +a)?/(4b)+ Uorerian Owaste-+ U coniomp ’ 

(19) 

the first term of which corresponds to the 
“shift ” energy. 

It is reasonable to assume that the lattice 
spacings of the domain wall in the @ and b, 
direction (that is, the direction parallel to the 
wall) are the same as in the bulk crystal, 
because the wall is clamped by the neigh- 
bouring lattices. Thus we have only to 
minimize the energy expression with respect 
to 4dr. by solving the equation 

ees 


Ox Dns Un (20) 

We adopt here the values 
Ag=OO19ai (21) 
Ao: = 4o2 = 0.003723 (22) 


for dg and 4);, which has been obtained as 
the roots of the equations for the bulk crystal 
0 0 
ey 
O47 e 
in II, where U is the energy for the ferro- 
electric state of the bulk crystal. That is, 
(Of —(a ag b)?/(4b) oe Uovertap + UVaais + Ucoutoumb , 
(24) 
where we have assumed the effective charge 
of Ti ion to be 2.102* which corresponds to 
the value 


0 (23 A,B) 


r(ne 5 4 108 
24; 


in eq. (13) and to the total polarization 22 
vcoul/em? which may be compared with the 
observed value by W. J. Merz.1** 
Putting these into eq. (20) we obtain 
Av. =0.003745 


(25) 


(26) 


* See Appendix A. 
** The polarization reported is 15h (old) or 26 
(new) » coulomb/cm? at room temperature. 
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for the elongation of the spacing of lattice at 
the domain boundary and 


a={(—a’—a)(2b)2=0.1402 A (27) 


for the shift of Ti ion in the adjacent layer. 
The above calculation leads therefore to the 
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conclusion that the change of the lattice 
spacings and the ionic shift at the domain 
boundary are quite small, namely, 9x10-°A 
and —0.0007 A which correspond to the rela- 
tive differences 0.002 % and 0.5 % respectively. 

We have hitherto considered only the shift 


Table I. 


Lattice spacings 


Ionic shift 


‘Bulk crystal | 4(1+0.01951) A | 4(1+0.003723) A | 4(1+-0.003723) A | 0.1409 A 
Domain boundary | y Y A(1+0.003745) A | 0.1402 A 
of the Ti ions in the layersI and I’. Strictly CH= Cy tia Se 5 (29) 
speaking, we also had to take account of the the eq. (28) is rewritten as 
modification of the shifts of the Ti ions in k 
roe t2kriz . (30) 


the layers II and II’, etc. These effects, 
however, are so small that they may be 
entirely neglected. 


peeled: 


S| Mag ees 


Fig. 7. Ionic shift at 180° wall. 
j24(| tAsa} 
TD leheheket b eeli tae) 


‘ 


Fig. 8. Dipole moment by ionic shift. 


§5. The Thickness and Energy of the 180°- 


Wall 

We now calculate the ionic shifts in the 
layers near the domain boundary using the 
relation (11). The shift in the layers I, II, 
III etc. will be expressed as 

a4=(1—0})a% , ag=(1—0;)2x9 , %3=(1—Jds)ar , 
etc. where z is the shift in the normal ferro- 
electric state, 0i:=4.8x10-? from the last 
column in Table I. 0, is obtained as follows: 
(i) For the uniformly polarized state the 
local field on the z-th layer is obtained as 

Rrovitkri(ai-1 +2441) 
+R7ro(wi-2+2ie9)+ ie 

from the eq. (11). 
two terms and put 


* 


(28)* 
If we retain only the first 


Eq. (28) is more general expression than eq. 
(11), since a means the ionic shift in an arbitrary 
layer, 


(ii) For the boundary layers I and I’ the 
ionic shift is (1—d,)ap. 
The local field is obtained by putting 


VM=2z, Viet _vU 
and (31) 
Vi — a 
aglow 
Then eq. (28) is rewritten as 
kror+Rre(, 5-1) 


(iii) For the boundary layers II and II’ the 
ionic shift is (1—6é,)zy). The local field is ob- 
tained by putting 


Oe 
CHT; Ci+1 = 2 = 
— Og 
and (3.5) 
t-1 ead : 
Then eq. (28) is rewritten as 
1 1-6 
krow+h 2 
Yoe+ rele 
Skee t(2—0)kriz . (34) 


From eq. (30), (82) and (34) the difference of 
the local fields from the normal ferroelectric 
state are obtained as (2—6,)kri~ and dik7, 
respectively for the layers I (or I’) and II (or 
Il’). Taking account of the smallness of dif- 
ferences we can obtain the following relation 
of proportionality between the differences of 
the local fields and the ionic shifts from the 
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inormal ferroelectric state, that is, 
(2= - OD) Rr Okra 


Fy 3, (35) 
By putting 6,=4.8x10-% we obtain 
62 
O» sot SE —= Fae! 
ary IL Sel" (36) 
In the same manner we can obtain 
03=2.8x10-8, 0,=6.6x10-". (36) 
P(A 8 Ce , 2a 
x 2 54 ss “> oz “ko (> ‘Al 1- ai 1-6 if dy 
=A 8x las. Os= 2.8 105%) 
‘gigi O1=0-026 L025, 


Fig. 9. Relative ionic shift near 180° wall to the 
shift of uniformly polarized crystal. 


| Considering the smallness of 0’s obtained 
above we may say that the wall thickness is 
practically “zero ”.* 

From the above estimation we may regard 
the 180°-type domain wall will be very thin 
accompanied by a remarkable change of the 
dipole orientation there, which is in contrast 
with the magnetic domain wall whose thick- 
ness is estimated to be hundreds of lattices 
and where the gradual change of spin orien- 
tation is expected.” 

Of course our discussion is valid at room 
temperature, and more thorough consideration 
may be necessary in the transition temper- 
ature where the domains disappear. 

The energy of the domain wall can be 
obtained from eq. (19) and (24). The difference 


between U and U means the energy required 
to form a domain boundary layer, that is, the 


wall energy, and is given by 
U-—vU= Unite + Mrattice ? (37) 


where 
—(@’ +a)?|(4b)}—{ —(a’ +.4)?/(4b)}, (38) 
Oiattice a 4 jee ae U7 Waals U. Coulomb } 

—{U oyertap + Uwaais AP Weoaiousy: . (39) 


Here Usenir, and Uhattice Mean respectively the 
contributions of the shift and the lattice de- 


Usnitt= — { 


y In ‘the definition of the wall thickness we 
have adopted here the definition of a unit cell with 
a Ti ion at its centre. If, on the other hand, we 
define a unit cell so that a Ba ion is at its centre, 
the thickness would be “one layer”, 
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formation to this difference. Taking eq. (14), 


(15), (14)’, (15), (21), (22), (26) and also Table 
I into account, we obtain 


Usite = 1.179 10-“ erg , (40) 
Otattics => —0.0336 x 10-15 erg ’ (41) 
U-—U = 1.145x10-" erg . (42) 


These energy expressions are concerned with 
the unit cells in the layer I or I’ in Fig. 9, 
so we must multiply them by a factor two. 
Then the wall energy per unit area (cm?) is 
obtained as 


(G—U) x2x : 
Al?(1 + 4a)(1+ 403) 
=1.40 erg/cm? , (43) 
where /=2A and the fraction means the 


number of the unit lattice per cm”. 


Fc TE a a) Ne ra a ad 
567 8910 1112131415 [6 I7 18 1920 
Qo 10% erg/cme 


Fig. 10 (a). Wall energy and spontaneous polari- 
zation, which are calculated taking dipole inter- 
action coefficient @o’ aS a parameter. 


S83Ss8 


wall energy erg/cm? 


100 140 180 220 
Ps ~coulomb/cm?2 


20 60 


Fig. 10 (b). Wall energy vs. spontaneous polari- 


zation. 


The calculated wall energy and polarization 
vs. the dipole interaction (the effective charge) 
are shown in Fig. 10 and Table I]. The de- 
pendency of wall energy to polarization can 
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be roughly obtained as U=0.0032 Ps'*°° from 
the figure and Table II. 


Table I. 
Dipole Polarization Wall energy 
interaction ( coul/cm?) (erg/cm?) 
—4.976 0 .- 
—5 Sail 0.0229 
—5.1 11.88 0.408 
—5.2 16.24 0.761 
—5.4 22.16 1.399 
—6 33.36 3207 
—7 47.25 6.02 
—8 60.18 9.71 
—10 85.81 19.94 
—14 NS(ee 51.6 


210.6 120.6 


§6. Estimation of the Domain Width 


Above results will now be used to determine 
the width of the domain of 180°-type from 
the condition of the counterbalance of the 
wall energy and the electrostatic energy 
caused by the free poles at the crystal surface, 
in the same manner as Kittel’? did for 
magnetic domains.* 

It is true that there is a difference between 
the magnetic and electric case, because of 
the existence of the neutralizing charges in 
the electric poles, so that in the equilibrium 
state the eletrostatic energy disappears and 
cannot be the cause of domain structure. 
However we must take account of the fact 
that the domain structures may be determined 
just at the instant of change to ferroelectric 
state, that is, before the neutralizing charges 
have enough time to wander on to the free 
poles. 

Kittel’s results, applied to the electrostatic 
energy, for three different configurations A, 
B and C in Fig. 11 are** 


0.8525 (7Ps)2D , (A) 
O rectric= 4.0.53 (yPs)2D , (B) 
0.374 (yPs)?D, (C) 


where D means the domain width, and P, 


(44) 


* The discussion for KH:,PO, crystal was done 
by W. Kanzing and R. Sommerhalder.15) 

** Recently the 180° domains were observed 
using the etching method by D.S.Campbell®, J.A. 
Hooton and W.J.Merz!. Some of their etch pat- 
terns are circles, and some look more complicated 
in shape, 
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means the spontaneous polarization. The} 
factor (0<y<1) before Ps; in (44) has been \f} 
added in order to take account of the effect - 
of partial neutralization of surface charges} 
that may occur during the phase change. | 

If we assume the crystal shape as rectangu- > 
lar parallelepiped whose three edges are aq. 
d, and d; respectively as in Fig. 12, the 


| 


Checker-board domain 


(B) 


Stripes domain 


(A) 


Cylindrical domain 
(C) 
Three domain configurations. 


Fig. 11. 


electrostatic energy at the surface and the 
domain wall energy is expressed as 


ay es UO Siecttie io Cran 
= Ei (Ps)? & » dds +0iNabds , 


Geli.) (45) 
where 
£,=U:0520, “es 0' oo, &,;=0.374 
and 
€;=1.40, €2=2X1.40, €3=(27)/?x1.40 


(46) 
according to Kittel. ¢=1,2,3 correspond re- 
spectively to the three domain configurations 
shown in Fig. 11. 


Fig. 12, Rectangular parallelepiped of the crystal. 


957) 


_ N is the number of domain stripes as seen 
nm the d; d, plane. So d,/N in eq. (45) means 
che domain width D in cases (A) and (B), and 
the distance between the centres of the 
Be en pouring cylinders in case (C), where the 
radius of the circle should be D/(2z)”2 so that 
total cross-section of the cylinders is half the 
area d, ds. 
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By solving the equation 


0 . 
Qs an Uerectsie aP Ura) (47) 


which is the condition of the minimum energy, 
we obtain the domain width 


iad 


see Li Zien 1 a \7 
D= ‘yp = A A0d CEs) oP, (¢=1, 2,3). (47) 


Table IIL shows some numerical results. 


dy=1em |dz=0.5 dy=0.1, dg=1 dy=0.5\dp=0.1, dg=1_ da=0.5|d2=0.1 
(A) stripes | 0.19 | 0.14 | 0.061! 0.39 | 0.27 | 0.122| 1.9 | 1.36 | 0.61 
(B) checkerboard 0535 | 0224 | 0.109 | 0.69 0.49 0.22 £33515) 2.4 1.09 
(C) cylinder 0.46 | O33. |) OL 146 1 OF92 0.65 0.29 4.6 Sh) 1.46 
! (diameter) | 0.37 | 0.26 | ESI hk) 774! | 0.52 0.23 Oat 2.6 1.16 
The result is in the same order of magnitude y Deeg We B 
with the observed domains, which are about Biss N 
—4 j 16)17) / A . 5 5 
10cm wide. Eq. (47) shows that the as Merz did (eq. (10) in his article). Merz 


neutralizing charge has the effect of making 
the domain width larger. Since the actual 
shapes of the domains are generally more 
complicated, our result may give only a rough 
estimate of the domain size. 


§7. Discussion 
Comparison with Merz’s theory 


The wall energy 1.40 erg/cm? obtained by 
us differs substantially from the value 7 erg/cm? 
by W.J. Merz.» The origin of this dis- 
crepancy lies mainly in the difference of the 
models of both theories, for we have started 
from the model of the wall accompanied by 
an abrupt change of the dipole direction, 
while Merz has simply brought the model for 
the Bloch wall of ferromagnetics, where a 
gradual change of the spin direction is effected 
by votation, into dielectric case. In case 
of the 180° wall of BaTiO; the rotation of 
dipoles without change of magnitude is highly 
improbable because of the great anisotropy 
within the wall due to the clamping effect of 
spontaneous deformation of the bulk crystal, 
so that the analogy to the Bloch wall is not 
justified. 

In order to make this comparison more 
directly, we can put the wall energy in the 
form 


regarded the first term as anisotropy energy 
and the second term as the dipole interaction 
energy. However this interpretation will be 
entirely inadequate, if we assume that the 
magnitude and sign of polarization changes 
without rotation. 

We divide the dipole interaction energy in 
BaTiO; in two parts, that is, the interaction 
in the direction parallel and perpendicular to 
the polarization, which are the order of 10-% 
erg and 10- erg per unit cell respectively 
from the calculation in §5. It must be the 
latter one rather than total dipole interaction 
energy as Merz assumed, that mainly contrib- 
utes to the wall energy and plays a role 
similar to the exchange energy in Bloch wall 
thickness, while the other term (proportional 
to N) tending to decrease the wall thickness 
is mainly the parallel part of the dipole inter- 
ation rather than the anisotropy energy. 

By putting proper values for A and B (5.88 
«10-4 erg and 2.36 10-! erg respectively)*, 
we again have N=0.2 which is equal to say- 
ing that the thickness is : 


ANB 
The lattice spacing within the 180° wall is 
almost equal to the bulk system as shown in 


* The value of B is equal to 2Ugnir, in (40) 
(that is, for both sides of the boundary), while the 
value of A corresponds to (a’+a)?/(4b) in (38). 
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Table I. However this may not be necessary 
the case in the 90° wall, where the rotation 
of the dipoles occurs accompanied by the 
lattice deformation due to the tetragonality of 
the lattice. This tetragonality is about 1%,1*}” 
so the deformation energy may take some 
part in the 90° wall, adding to the dipole 
interaction energy. Anyhow the 90° wall is 
expected to be thicker, and its energy larger 
than 180° wall. The quantitative estimation 
of the energy and thickness of the 90° wall 
seems to be more complicated than the 180° 
wall. 


Origin of domain formation 

The domain width obtained from the con- 
sideration of electrostatic depolarizing field 
has been found to be in fair agreement with 
observation. However, our treatment applies 
only to the virgin state of a free crystal 
(without electrode) cooled from above the 
Curie temperature. The domains observed at 
room temperature in crystals in the way of 
its polarization reversal cannot be determined 
by equilibrium considerations. These are 
determined rather by the wedge shaped domain 
nuclei formed at the surfaces. Tentative ex- 
planation of the origin of these nuclei will 
be given later. 

The origin of the 90° domains is more 
obvious. Since the 90° rotation of polarization 
is accompanied by a large deformation, a 
mechanically clamped crystal must be split 
into domains in order to relax its elastic 
stress. A quantitative discussion of the domain 
width would require, however, a knowledge 
about the energy of the 90° walls as well as 
a precise mathematical treatment of the elastic 
energy of multi-domain configurations. 


Polarization reversal 


Let us now discuss the field strength required 
to move the wall sideways. First we will 
estimate the field strength required to cause 
a simultaneous reversal of the polarization of 
a whole domain. The reversing field strength 
corresponds to the steepest gradient of the 
double minimum potential acting on Ti ion, 
that is, the gradient at the inflection-point P 
and P’ in Fig. 13. 

This is obtained from the equation 


pala +@)a?+ bz'}=0 (48) 
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and is given by 
w={(—a’—a)/(6b)}? . (49) 
The gradient of the potential curve at P is 


OY 8 (-a’—a{(—a’—a)/(6)}? 60) 


} 


The expression (50) represents the force which) 
is required to act on each Ti ion in order to 


Potential 
(a’+a) x2+ bx4 


Fig. 13. Double minimum well of potential acting 
on Ti ion. 


cause the reversal, and is related to the loca! 
field FEhoca at the Ti position by 


oO ae - 71€", (51,5 
Ox 
where ne is the effective charge. Ejoca is 


equal to 3.246 EH where £ is the applied field 
strength (See Appendix B).!%),20* | 

Taking as the numerical value ~=2.102**, 
we obtain the field strength E required to 
reverse the polarization as 


196102 6-s.u 
or 
5.88 X 10® volt/cm. (52) 


This value seems to be too large to have 
any correspondence with experimental data. 

Then let us calculate the minimum field 
strength required to move a 180° wall. The 
mechanism of the movement of a 180° wall 
may be explained as follows. 

When we apply the electric field which is 
strong enough, the reversing of the polari- 
zation at the boundary layer which is polarized 
in the opposite direction to the applied field 


* These values are calculated for the cubie 


crystal (4A). Strictly speaking, we must calculate 
for the more accurate lattice considering the lattice 
deformation. Moreover the electrostriction due to 
the applied field must be taken into account for 
the more precise estimation. 

** This value 2.102 was used in the preceding 
sections when we discussed the wall energy. 
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will take place at first. In the reversing 
process the polarization of the boundary layer 
will decrease in magnitude and tend to zero 
at last, and then the layer will be polarized 


| in the same direction of the applied field and 
' complete the reversing. The change of the 
' polarization of other layers will give little 
effect to the reversing, for the sideway inter- 


action of the dipoles is much smaller than 
that of the dipoles in the same layer as dis- 
cussed in the preceding sections. So we treat 
here the reversing of the boundary independ- 
ently of other layers, considering only the 
potential acting on Ti ions at the boundary 
layer. 

The potential at the boundary is expressed 
as 


(a +a)x?+bzx instead of (a’+a)2?+bxt 
in the bulk crystal as already mentioned, so 
we can obtain the field to move the wall in 
the same way as above, the result being 


ACR WO Sul, 
or 
5.79 x 10® volt/cm . (53) 


Note that there is no substantial difference 
between (52) and (53), that is, to move a 180° 
wall is no easier than to reverse the polari- 
zation of a whole domain, in sharp contrast 
with the ferromagnetic case. This difference 
is the result of the difference of the wall 
thickness.* 

Actually the reversal of the polarization 
takes place at a very low field of the order 
of hundreds of volts per cm. And so we 
shall have to assume a certain mechanism 
that enable the motion of the wall in a sub- 
stantially lower field. Although we are not 
going to give a complete discussion of the 
possible mechanism, we shall suggest a few 
of them. Namely 

1. The domain wall may not be parallel 
to (001) axis. That is, microscopically, there 
may be many steps in the wall??. These 
steps may be able to move within the wall 
by a much lower external field, and may 
effectively shift the wall in the direction per- 
pendicular to it. This mechanism may be 


cme polarization reversal taking into account 
of the shape of the hysteresis loop has been dis- 
cussed by R. Landauer, D. R. Young and M. E. 


Drougard.2) 
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responsible for the growth of wedge-shaped 
domains, which have been observed by Merz!®) 
and Little». 

2. While usually these steps may disappear 
at the crystal boundary after it has travelled 
across the wall surface, there may by some 
steps which originate at the screw dislocations 
running perpendicular to the wall. These 
steps are permanently connected to the dis- 
location, and will move around the dislocation 
making spirals, but never disappear at the 
crystal boundary, causing effectively a paral- 
lel shift of the domain walls.* 

3. Our results apply only to the inner part 
of the crystal. The situation would be quite 
different at the surfaces, especially at those 
perpendicular to the polarization, where the 
internal field is caused only by an array of 
semi-infinite dipole chains. In other words, 
the large spontaneous polarization gives rise 
to a large surface charge, which produces a 
strong depolarizing field. It is true that, in 
experimental conditions, these surfaces are 
always covered by conducting electrodes, and 
the depolarizing charges are completely cancel- 
ed by the induced charge in the electrode, 
and therefore the surfaces are not all too dif- 
ferent from the bulk. However, it is also 
probable that there are many pinholes and 
also small local gaps in the electrode, where 
the compensating charge are not effective. 
Since a slight decrease of the internal field 
is sufficient to make the crystal non-ferro- 
electric, these defects in the electrode will 
cause small non-ferroelectric specks on the 
crystal surface. The dipoles in the neigh- 
bourhood of these specks will have a gradual 
change as shown schematically in Fig. 14. 
Since a small field will be sufficient to reverse 
the polarization in these transition regions, 
they will act as the nuclei of the new domains. 
Eventually, these surface charges would have 
been neutralized by external charges.** In 
this case, the polarization in these parts will 
not be reversed by a reversed field, and will 
form small wedge-shaped domains around it. 

* Refer to the article ap Nakamura, Jour. 
Phys. Soc. Japan, 9 (1954) 425 about this mechanism. 

** W.Kdnzig has assumed that these exist a 
surface layer which traps electrons as in the case 
of usual semiconductors. See Phys. Rev. 98 (1955) 
549. 
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These will also act as nuclei when the field 
is again reversed. 

4. Another possible cause of domain nuclei, 
which can be effective on the surface as well 
as within the crystal, is the edge dislocation. 
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Since the 180° reversal of the polarization 
does not cause mechanical strain, a homo- 
geneous stress in the crystal cannot have any 
effect on the 180° wall. However, inhomo- 
geneous stress of the type found around an 


SESE de | strfrlrletale 
rlolalalelalaleliolalalalelad ala ayeye 
rfele[etetete etal [e[e lela e[ [ele [t 
ld ee S| 
PeteteTetelatsTelelefeflete Pet fff] 
INDO oooG “| [fete cE 
rtolalalelalalel [alalalalalelalelelele 
tlaleele l(a TT leletelefelale [att te | 
| eat alalylylelalrle 
iat kabel Masbate) Salers bel” dh ed eos 
lite tla ol cael ences | Lele ease 4 
diae ERE OROMOIOLOROKONO 0 aAdy Le Wak 
sen wedge Wieiciga ti ayaa 

VOLTS) 

Electrode 


Fig. 14. The state of polarization at the surface, which is speculated tentatively. An 
external field # was applied downward just now, and the growth of wedge-type domains 


is shown. 


found.), and generally neutralizing charges are induced at the Electrodes. 
indicate the signs of charges, and O means that there exist no charges. 


the wedge-type domains are shown in the 
surface and the other is not. 


Electrodes are attached at the surfaces (In the figure only lower surface is 


+ and — 
Two types of 
figure, one is polarized spontaneously at the 


Shorter arrows correspond to weaker polarizations, and the 


polarization has just induced at the surface of the wedge-type domain in the left side. 


The surface region indicated by — or O 


corresponds to the “speck” in the article, 


while that indicated by + is the normal region of the surface. 


edge type dislocation will definitely favour 
the domains of one polarization against the 
domains of opposite polarization, and “ trap” 
a small wedge domain polarized in that di- 
rection when the external field is in the op- 
posite direction. These small trapped domains 
will also act as the nuclei when the field is 
again reversed. It is possible that the observed 
fine domain structure of real crystals is caused 
mainly by these inhomogeneous stresses rather 
than by the electrostatic energy of free poles. 

A crystal may contain edge dislocations of 
one sign in excess of ones of opposite sign. 
In such a case the crystal would have a 
tendency to polarize in one direction and will 
reveal asymmetrical hysteresis loops. This 
will explain the asymmetry of the hysteresis 
loops found in the crystal plates forming but- 
terfly pairs.2” 

5. Thermal motion of ions will cause the 
wall displacement by any mechanism discussed 
above in a still lower field. This would result 


in a “creep”, that is, a gradual displacement 
of walls at a definite rate that depends on 
the applied field.1 

Summarizing our article, the 180° wall of 
BaTiO; is considered to be quite thin at room 
temperature, and its energy is estimated to 
be 1.4 erg/cem?. The formation of the 180° 
domains can be explained by considering the 
electrostatic energy of the free poles, result- 
ing in the domain width of the order of 10-4 
cm for the possible domain configurations and 
the crystal sizes. The reversing process can- 
not be explained by the abrupt reversing, and 
some mechanisms for the nucleation and the 
growth of the reversed domains are suggested. 

This work was supported by the Grant for 
Scientific Researches from Education Ministry. 


Appendix A 


Our previous article on spontaneous de- 
formation of BaTiO; (J. P.S. J. 10 (1955) 942) 
has been found to contain some numerical 
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mistakes and will be corrected as follows: — #7, =0.1014(1—3.324,)e0 , (20 A, B, C, D, E) 
The equations (20 A, B,C, D, E), which a =0.1014(1—3.324 1 )eto . 
represent the relation between ionic and 
electronic polarizations taking account of the 
lattice deformation, should be read. 
u=0.1974(1—8.174 1) , 
v= —0.0630(1—39.94,)ay , 
wW=1.9090(1—4.804,,)eo , 


The changes are made for the coefficients 
Of de. 

Corresponding corrections should be made 
for Table I and Table II. 

The corrected version is as follows: 


Table I. Standard cube is (4 A)3. 


Effective Dipole inter- | Lattice de-~| Lattice de- | Ti ne 
charge action | formation | formation Tetrago- | Volume shift 
of Ti (C.G.S.) | ‘ratio//fP -| ratio | P nality excess (A) 

n ay’ x 10-5 Aa A Aj Aly Maley Dial jae 
2.01766 | == 45976 0.00811 0.00811 0 0.02433 0 
2.02252 =6 0.009054 0.007807 0.001247 0.02467 0.02054 
2.04264 Meet) 0.01227 0.006622 0.005648 0.02551 0.07604 
2.06258 | -5.2 0.01504 0.005558 0.009482 0.02616 0.1038 
2.10186 jh th Sasi 0.01951 0.003723 0.01579 0.02696 0.1409 
2.21556 co 0.02696 —0.0001386 | 0.02710 0.02668 | 0.2057 
2.39307 ai iy). 0'.02025 — 0.603932 0.03414 05022385 e( 9072742 
2.55831 as 0.02919 — 0.006377 0.03557 0.01644 0.3202 
2.86027 ere 0.02396 — 0.009960 0.03392 0.00404 0.3972 
3.38432 2 fi. 0.01363 —0.01582 0.02945 ~0.01801 0.5103 
4 hee 5 1 ORG5T2 0.003769 —0.02224 0.02601 ~0.04071 0.6269 

Table IJ. Standard cube is (4.03244 A). 

ee eee omens || athens: | texsagos.r | ootaioteiliy anon 

of Ti C.Gs.) ratio//P ratio P nality cre Bose 

n Go’ x 10-5 Aa! 4,! Aa! — Ay! Aq! +24,! iP 
2.01766 4.976 0 0 | 0 0 0 
2.02252 =i; 0.000936 ~0.000301 0.00124 0.000335 3.210 
2.04264 5.1 0.00413 | —0.00148 | 0.00560 0.00117 11.88 
2.06258 Ey 0.00687 — 0.00253 0.00941 0.00181 16.24 
2.10186 —5.4 0.01131 —0.00435 0.01566 0.00260 22.16 
2.21556 —~6 0.01870 —0.00818 | 0.02688 0.00233 33.36 
2.39307 = 0.02192 | -—0.01195 0.03387 —0.00197 AT .25 

- 2.55831 28 0.02091 | —0.01437 | 0.03528 | —0.00783 60.18 

2.86027 —10 0.01572 ~0.01792 0.03365 — 0.02013 85.81 
3.38432 EA 0.00548 — 0.02374 0.02921 —0.04200 | 137.4 
4 —19.5572 —0,00431 | —0.03011 0.02580 | —0.06452 | 210.0 

Appendix B 


The local fields caused by the applied external field has been calculated by the method of 


J. C. Slater™® and T. Oguchi. . | | 
The local fields acting on ions are obtained by solving the following equations. 


176 W. KINASE and H. TAKAHASI (Vola 2s 
Field on Ti=(c/ari)u 
Beh soe wi (—ar2)o ty 
=E+ | guts v+(at 3 )e( a+, )@ p> (A) 
Field on Ba=(c/apa)v 
wwe df bee bea(-aet)or(o 8) 
E+E puter b+ lw+( p+, Jer. (B) 
Field on Oa=(c/ao)w 
S 1 i err ne 2 ! 
=E+5{(a+ 3 )e+( py )otgut(p+a)e : (C) 
Field on Ob=(c/ao)x 
wr+4{(—2Lo4h\ut(dost)o+(Lordwt(—+2)e}, © 
=E+2{(—jat yz \ut(gotg ots ety )us Pre eh, (D) 


where c is the volume of a unit cell 64x10-**C.C., 


a’s the polarizabilities of Ti, Ba and Oxygen ions respectively (ari=2.34x10-*&,C.C., 
Opa = 24.42 x 10-5 C.C. and a@o=30.0 x 10-%4E, C.C. in M. K.S. system), and w,v,w and zx the 
polarization due to Ti, Ba, Oa and Ob ions respectively. 


Solving these equations we get 


u=0.11856,F , (E) 
v=0.9197EE , (F) 
w= 1.43056)F , (G) 
w=1.1585&)F . (H) 


By putting these values into (A), (B), (C) 
and (D), we obtain the local fields 


(Field on Ti) =3.246E , «,) 

(Field on Ba)=2.408F , (J) 

(Field on Oa)=3.044F , (K) 

(Field on Ob)=2.465E. (L) 
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After Effect of the Domain Motion in Rochelle Salt Crystal 


By Terutaro NAKAMURA 


Department of Physics, Faculty of Science, 
University of Tokyo 


(Received February 8, 1957) 


After effect of the domain motion in rochelle salt crystal was observed 
for several hours. Quasi-static f/-W hysteresis loop was obtained, where 
Jf is the fraction of the domain saturated in one direction to the total 
volume of the crystal. Comparing this with P-F hysteresis loop at 50 
cps, differences are remarkable. A.c. hysteresis loop has shallow sloping 
sides and high coercivity, while quasi-static {-H hysteresis loop is al- 
most square and shows much lower coercivity. jf is time dependent and 
can be expressed in the formula: 


f()=1-e-# 


where time constant 1/a is about one hour for critical field about 60 v/ 


cm, in the sample of thickness 0.6 mm at 10°C. 


$1. Introduction 


Recently the domain structure of rochelle 
salt crystal has been investigated in detail by 
several authors>”)»3).4), 

It was reported by Mitsui and Furuichi” that 
the domain motion showed after effect when 
an electric field of a square wave was applied, 
the frequency of which was 22cps. It was 
also shown by Marutake” that the polarization 
of the crystal was reversed, unlike ferro- 
magnetics, not only by the sidewise motion of 
domain walls, but also by the nucleation of 
antiparallel domains, and that the motion of 
the domains were accompanied with a marked 
after effect, when one cycle was completed in 
30~90 min. Any closer study on the after ef- 
fect of the domain motion in rochelle salt 
crystal, however, has not yet been made. 

On the other hand, it has been known that 
polarization of rochelle salt crystal, if measur- 
ed electrostatically, (not optically), also shows 
a marked after effect. This phenomenon was 
subsequently studied in detail by Takahasi and 
Hara, and recently by Marutake”. Electrical 
measurements of the after effect for an ex- 
tremely long time, however, were impossible, 
since experiments were limited by such char- 
acterestics as resistivity of insulators. Change 
of polarization due to the domain motion was 
able to be measured by an optical method for 
a considerably long period of time. 

The present article reports some measure- 
ments on the long time after effect of the 
domain motion in rochelle salt crystal by the 
optical method. 


§2. Experimental 


A-plate rochelle salt crystals of the size 0.6 
mm x 20mmx 10mm, cut out from large crys- 
tals, were employed in experiments. The 
domain structure were observed by means of 
a polarization microscope through a hole of 
about 1mm in diameter in silver foil electrodes 
attached to the crystals. The foiled crystal 
was placed between metal electrodes, as shown 
in Fig. 1. Measurements were made at room 
temperature. 


__-—microscope 


polarized light 


Fig. 1. Device for holding a sample under a 
microscope. 


The schematic diagram in Fig. 2 shows the 
arrangement for the experimental observations. 
When Sw.1 moves from a to b, and then from 
b to c, and so on, the field applied to the 
crystal changes stepwise. The polarity of the 
field was controlled by Svv.2. 

After a certain electric field had been at- 
tained, the domain structure was observed for 
a long time, taking photographs at successive 
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intervals. Suppose a fraction f of the total 
volume of a crystal is saturated in one direc- 
tion, then a fraction (1—/f) is saturated in the 
opposite direction. Then the net polarization 
P is expressed in terms of f and Ps: 


P= f Ps—(1—f)Ps=(2f —1)Ps 
where P; denotes spontaneous polarization of 
the crystal. f or (l1—f) was obtained from 


sy _-—camera 


Fig. 2. Experimenatl arrangement for the observation of 


quasi-static domain motion. 


the photograph, by cutting out the regions 
which point in one direction separating from 
those which point in the opposite direction, 
and by comparing the weight of those two by 
the use of a chemical balance. 

For fields lower than 40v/cm, no domain 
motion was observable. In Fig. 3 /f was plot- 
ted as a function of electric field L, observa- 
tions being made for a long time until no 
detectable change in the domain pattern was 
observed. From A to B or from C to D about 
10 hours were taken. A group of photographs 
taken in the course from A to B are shown 
in plates (1)~(6). 


fX 100 


| (00 | 200— 
| ‘is v/cm 
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+——> 


Fig. 3. Quasi-static f-H hysteresis loop for 
a 0.6mm thick sample at 10°C. 
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It must be noted here that the quasi-static 
f—E hysteresis loop is almost square. Coer- 
cive field seems to be somewhat different for 
different samples, being about 62.5v/cm in 
Fig. 3. The actual critical value, however, 
will be lower than this value, because foil 
electrodes have holes, through which the 
domain structure is observed. 

Figs. 5 contain hysteresis loops 
obtained at 50cps by the usual 
Sawyer and Tower method, in the 
same scale of abscissa as f—E 
hysteresis loops. There is no evi- 
dence that states of saturation at- 
tained in a.c. hysteresis loop actual- 
ly correspond to states f =0, 1. 

Comparing the quasi-static f—E 
loop with the usual P—£ loop at 
50 cps, differences prove to be re- 
markable. First, in the case of an 
electric field of 50 cps, a field lower than about 
150 v/cem* gives almost linear P—E£ curve, 
scarcely giving hysteresis loop as shown 
in Fig. 5(f), while electrostatic fields higher 


Fig. 4. {-H# hysteresis loop for 0.6 mm thick 
sample at 10°C. One cycle was completed 
in 1h 27m. 


than about 60 v/cm give saturated hysteresis 
loop. Secondly, an a.c. field higher than about 
150 v/em* and lower than about 400 v/cm* 
gives hysteresis loop with shallow sloping sides 
and high coercivity, having the shape of paral- 
lelogram with rounded vertices, as shown in 
Fig. 5(e). Thirdly, a.c. fields higher than 


* given by, peak values. 
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about 400 v/cm* give saturated hysteresis loops, 
and complete saturation is attained at about 
1000 v/cem* as shown in Figs. 5(b) and (c), 


while static fields higher than 
about 60 v/cm cause the satu- 
ration. The saturated hyster- 
esis loop obtained by a.c. field 
also has shallow sloping sides 
and much higher coercivity 
than the quasi-static /f—E 
hysteresis loop. 

Fig. 4 shows similar hyster- 
esis loop as Fig. 3, but one 
cycle was completed in lh 
27m. Coercive field is larger 
than Fig. 3, the curve has 
rather shallow sloping sides. 
This curve is essentially con- 
sistent with Marutake’s re- 
sults”, except that there is a 
little difference in the shape 
of the loop in the part near 
zero field. This difference may 
be due to the hystory of 
samples, but remains not fully 
explained. 

Plates (1)~(6) clearly reveal 
that the motion of domains is 
very slow when the critical 
field is applied. In Fig. 6(a) 
f is plotted as a function of 
time in the course from A to 
B in Fig. 3. Fig. 6(b), loga- 
rithmic representation of Fig. 
6(a), shows that f(z) is fairly 
expressed in the form: 


UN ae 
where @ denotes a constant which generally 
depends on the field applied to the crystal. 


of 
{ 
; fe i 
(a) 


(c) (f) 

Figs. 5. P-E hysteresis loops obtained by Sawyer and Tower 
method at 50 cps, compared with f-# hysteresis loops, abscissa 
being presented in the same scale. At 10°C, the thickness of 
the sample 0.6 mm. 

(a) Quasi-static f-H hysteresis loop, (b) 1200 v/cm a.c., (c) 
440 v/cm a.c., (d) f-H hysteresis loop, one cycle completed in 
1h27m, (e) 300 v/ema.c., (f) 130 v/cm a.c. Voltage of 50 cps is 
given by the peak value. 
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Figs. 6. Time dependence of f, from A to B in Fig. 3. 
(a) fas a function of time. 
(b) log (1—f) as a function of time. 
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From Fig. 6(b) time constant 1/a@ is obtained 
to be approximately 62min for the sample of 
thickness 0.6mm, at 10°C. 


$3. Discussions 


If an external field, which saturated a fer- 
roelectric specimen, is reduced and reversed, 
domains of reverse polarization are nucleated 
in several regions of specimen and the ir- 
reversible domain motions begin. /y: will be 
defined as the critical field strength for domain 


(3) 


Plates 
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creation for z-th nucleus. It will be defined 
as positive if it is oriented in the direction of 
the polarization within the new domain. The 
polarization of the rochelle salt crystal is re- 
versed by the irreversible motion of 180° 
domain walls, as well as nucleation of the 
domains». E.; will be defined as the critical 
field strength for irreversible motion of the 
walls which enclose the 7-th necleus domain 
of reverse polarization. 


Our experiments showed that 


a (4) 


(5) 


(6) 


(1)~6) 


Relaxation phenomenon of the domain motion, in the course from A to B in Fig. 3 


(1) 15min (2) 35min 


(3) 48 min 


(4) lhSm (5) 1h50m 


(6) 3h15m after applying the field. 
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for E<E,, ff is effectively zero, 
tOt of = i, Ff (t)=1—e- et» 


where 1/a=62 min for E)=62.5v/cm, in the 
sample of thickness 0.6mm, at 10°C, and that 
Ema, and Ewi will be: 

Eu~ELm~E> . 


The existence of the critical field E) causes 
an almost square hysteresis loop as shown in 
Fig. 3. 

This implies that the after effect is remark- 
able and time constant is of the order of one 
hour. It is clear that the large difference be- 
tween P—E hysteresis loops at 50cps and the 
quasi-static f/—E loop is due to the marked 
after effect. Hence, after effect of the domain 
motion must be taken into account, in discus- 
sing about the shape of the hysteresis loops, 
coercive field, and the energy dissipation which 
corresponds to hysteresis loop. 

It will be interesting to note here that the 
photographs shown in Plates (1)~(6) clearly 
indicate a process of polarization reversal, 
within a square area that is bounded by b-axis 
domains and c-axis domains. A few nuclei, 
which were formed in the first place, cannot 
broaden beyond a certain domain width. In- 
stead of the growth of the first domains, many 
new domains are created. This phenomenon 
may be understood in a following way. Dis- 
placement (v, w), which is given by the ex- 
_ pression: 

dv | Ow 


Tone By 

must be continuous on the domain boundary, 
where yzs denotes spontaneous strain». If the 
first nuclei broaden more and more, this 
boundary condition becomes unsatisfied, and 
hence, new domains must be created at the 
expense of domain wall energy and elastic 
energy. 

Our experiments showed that for the sample 
of thickness 0.6mm fields lower than 40v/cm 
do not give rise to any detectable domain 
motion, and that the domain motion due to 
the critical field is accompanied with a marked 
relaxation phenomenon. These two facts seem 
to indicate that for a small field of a few 
v/cm and of frequency higher than or of the 
order of 50cps domain motion must not occur 
for crystals of the thickness 0.6mm. In 
measuring initial permittivity, accordingly, the 
domain must not contribute to the change of 
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polarization. This view is also supported by 
following considerations: 

(1) The motion of wedge-shaped domains 
due to weak fields are not detectable”. 

(2) Suppose that a crystal of size acm~x 
bcmxecm is composed of domains of width 
hcm as shown in Fig. 7, polarization change 


ale 
n 


Fig. 7. A crystal composed of laminated do- 
mains perpendicular to 6-axis. 


due to sidewise motion of domain walls will 
be: 


b 
h 
where 0x denotes average sidewise displace- 
ment of domain walls. If 6z is proportional 
to field &, permittivity due to sidewise motion 
of the domain wall must be inversely propor- 
tional to hk. It can be, therefore, said that 
the permittivity due to the sidewise motion of 
domain walls depends on h, hence on the 
domain structure of the crystals. Most care- 
ful measurements by Kawai indicated that 
initial permittivity does not depend on the 
method of the preparation of the crystal, 
hence on hk, or on the domain structure of the 
crystal. 

(3) Measurements of dielectric after effect 
at low field by Marutake also gave a support 
of this view”. 

Thus it may be inferred that the initial 
permittivity appears to be independent of the 
domain motion, although the latter largely 
affects the shape of hysteresis loop. 

Coercive field seems to be largely dependent 
upon the thickness of the specimen, j.e., the 
coercive field decreases with increasing thick- 
ness, but no detailed studies on this phenome- 
non were made. 

The author’s thanks are due to Prof. H. 
Takahasi for his helpful discussions, and also 
to Dr. M. Marutake for supplying samples of 
rochelle salt crystals. Progress of this study 
was facilitated by a Grant in Aid for Funda- 
mental Scientific Research from the Ministry 


of Education. 


sP= 2Pidecae( a; ) ee 
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Study of Metallic Carbides by Electron Diffraction 


Part I. 


Formation and Decomposition of Nickel Carbide 


By Sigemaro NAGAKURA 
Tokyo Institute of Technology, Oh-okayama, Meguro, Tokyo 
(Received February 5, 1957) 


Thin nickel films formed by evaporation were carburized in CO gas 
stream at temperatures from 250°C to 500°C and were studied by electron 


diffraction. 


Only Ni;C was found to be formed. This has c.p.h. arrange- 


ment of nickel atoms with lattice constants a,=2.628 A and c,=4.306 is 
but showed super-lattice reflections due to a hexagonal lattice of a=y/ 3 dp, 
and c=3c,, which is considered to be caused by a regular arrangement 
of carbon atoms. 

The carbide was formed below 450°C in CO gas with slow rate and 
decomposed rapidly above 430°C in vacuum. The rate of the carbide 
formation was highest at about 350°C, although it depended very much 
on the texture of nickel films. Hydrogen atmosphere did not alter es- 
sentially the stability of the carbide. 

It was found that nickel carbide is formed from metallic nickel with 


an epitaxial relation (00.1)ni,o//(111)si and [10.0}yi,o//[101} ni (Niz3C: c.p.h. 


indices) at the nucleation stage. 


A mechanism of the lattice transformation from metallic nickel to the 
carbide was suggested. This mechanism explains the epitaxy and its 
destruction in the growth stage of the carbide crystal. 


Introduction 


$1. 

Carbides of transition elements, iron, cobalt 
and nickel are important substances in metal- 
lurgy and are considered to play an important 
role in Fischer-Tropsch synthesis. They are 
known to be interstitial compounds, but their 
structures have not yet been fully established. 
The present author has studied these carbides 
by the electron diffraction method and some 
results of metallurgical interest have already 
been published”. Fuller description will be 
reported in this series of papers, of which the 
first two papers (Part I and II) are concerned 
with nickel carbide. 


The existence of nickel carbide was found 
by Bahr and Bahr». They carburized fine 
nickel powder in CO gas at temperatures be- 
tween 250° and 300°C and found a weight 
increase corresponding to formation of the 
carbide of a form of Ni;C. Jacobson and 
Westgren® studied Niz;C by the X-ray powder 
method and concluded that it has a hexagonal 
lattice having 


Qn=2.6494, cr=4.338 A and c,/a,=1.636 


with nickel atoms located at the close packed 
hexagonal positions (1/3, 2/3, 1/4) and (2/3, 1/3, 
3/4) as shown in Fig. 1. Although positions 
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of carbon atoms were difficult to be determin- 
ed by the X-ray diffraction method, they pro- 
posed by a geometrical consideration that the 
carbon atoms should be distributed over the 
octahedral interstices (0, 0, 0) and (0, 0, 1/2). 
The preparation of X-ray specimens requires 
very long time on account of slow rate of 
carbide formation. For example, Bahr and 
Bahr spent more than a hundred hours in 
carburizing fine nickel powder prepared by re- 


Fig. 1. The structure of Nij;C. Large 
circles represent nickel atoms and small 
black circles represent octahedral in- 
terstices, possible positions for carbon 
atoms. (after Jacobson & Westgren) 


ducing nickel oxide with hydrogen. Jacobson 
and Westgren failed in producing the carbide 
by direct addition of carbon to molten nickel; 
they obtained it only from fine nickel powder 
carburized in CO gas for a week. On the 
other hand, since a very small amount of 
substance is sufficient to give rise to fairly 
strong electron diffraction patterns, carbide 
samples for electron diffraction studies can be 
more easily prepared by carburizing evaporat- 
ed thin metal films. Even single-crystalline 
samples of carbides can be prepared by this 
method”. Furthermore, since the scattering 
power of carbon atom relative to that of nick- 
el atom is more than twice larger for electrons 
than for X-rays, the electron diffraction is 
more favourable to study the structure of 
carbides than by the X-ray method. 

In the present paper (Part I), the formation 
and the decomposition of the carbide Ni;C and 
hydrogenation of carbidic carbon are described. 
Detailed structure analysis of the carbide, 
especially the determination of positions of 
carbon atoms will be reported in the next 
paper (Part II). 


§2. Experimental Method 
In the present experiment nickel carbide 
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was produced by carburizing nickel films of 
thickness 200~300 A in CO gas. The nickel 
films were prepared by evaporating commercial 
electrolytic nickel in vacuum. Hereafter, films 
without preferred orientation and films with 
single-crystalline orientation will be desig- 
nated as ‘P.C.’ and ‘S.C.’ films, respectively. 
The former were prepared by evaporating 
nickel on cleavage faces of rock-salt kept 
at room temperature and the latter, on the 
faces kept at 450°~500°C. A transmission 
electron diffraction pattern of a P.C. film is 
reproduced in Photo. 1. The mean particle 
size of nickel in the film was estimated to be 
less than 50A from the half-breadth of Debye 


rings. Photo. 2 reproduces a diffraction pat- 
WA (bana Lisp 
Photo. 1. Diffraction pattern of P.C. film of 


nickel evaporated on cleavage facejof rock- 
salt kept at room temperature. 
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Photo. 2. Diffraction pattern of S.C. film of 
nickel evaporated on cleavage face of rock- 
salt kept at 450°C. Incident electrons are 
perpendicular to the film surface. 


tern of a S.C. film taken with an incidence of 
electrons perpendicular to the film. It reveals 
that crystallites grow on the substrate with 
a preferred orientation (001)ni//(001)Naci1 and 
[100}ni//[100]Nact - 
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The apparatus used for cementation is shown 
in Fig. 2. CO, gas from the vessel A is 
reduced to CO through the converter furnace 
B which is filled with charcoal particles heated 


PURYFYING STAGE 


Pigs 2: 


Schematic diagram of apparatus used for cementation. 
converter furnace (filled with charcoal particles) for producing CO gas, C: gas- 
purifying stage consisting of a series of cooled active carbon, soda-lime, calcium 
chloride and metallic sodium, D: reaction furnace, in which specimen films are 
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the stage C, is led to the reaction furnace D 
where nickel films are to be carburized. The 
purifying stage C consists of a series of cool- 
ed active carbon (—12°C), soda-lime and 
metallic sodium. The charcoal particles in 


A: CO, vessel, B: 


carburized, #: porcelain boat, on which specimen films are put. 


the converter furnace were heated beforehand 
at 700°~800°C for 6~8hrs. to eliminate 
impurities. 

The procedure of cementation was as fol- 
lows: Nickel films not detached from the sub- 
strates or transfered on nickel gauzes of about 
150 meshes were put on the porcelain boat # 
and the boat was inserted into the quartz 
reaction tube kept at a desired temperature in 
a flow of CO gas. The heating temperature 
and the heating period were from 250° to 
500°C and from 4 to 40hrs., respectively. Rate 
of flow in the reaction tube was kept at about 
100cc per min.; the temperature fluctuation 
was kept within +10°C. After the treatment, 
the boat was drawn out to a cold part and 
cooled down in the flow of CO gas as fast as 
possible by pouring water around the tube. 

The study of thermal decomposition of nickel 
carbide in vacuum was carried out in two 
ways: (i) Carbide films were heated in a 
vacuum furnace for certain periods and ex- 
amined by electron diffraction. (ii) The carbide 
films were heated in an electron diffraction 
camera and changes of the diffraction pattern 
were continuously observed. In both the 


methods the vacuum was of the order of 1x 
10-°> mmHg. 

The study of decomposition of the nickel 
carbide due to hydrogen treatment was carried 
out with the same apparatus as used for the 
cementation (Fig. 2) by replacing CO gas with 
hydrogen gas. Hydrogen gas was produced 
by electrolysis of water and purified by red- 
heated copper and through the same purifying 
stage as used for the purification of CO gas. 

An electron diffraction camera of the stand- 
ard type of specimen-plate distance 250 mm 
having single focussing lens was used with 
an accelerating voltage 40kV. Sometimes, 
however, a high resolution diffraction camera* 
with two focussing lenses and a specimen-plate 
distance 380mm was also utilized with an ac- 
celerating voltage 50kV. For high tempera- 
ture examination, a high temperature specimen 
holder** attached to the high resolution camera 
was utilized. The temperature of specimen 


* Hillier type diffraction camera set in Miyake- 
Honjo Laboratory. 

** Designed and constructed by G. Honjo and N. 
Kitamura. Its construction is a modification of the 
low temperature specimen holder reported by them®), 
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was measured by a thermo-couple placed as 
near as possible to the specimen film. In 
order to check possible differences between 
temperatures of the specimen film and the 
thermo-couple, the change of electron diffrac- 
tion pattern due to melting was observed for 
evaporated tin films about 200 A in thickness. 
It was found that the melting occurred when 
the thermo-couple indicated a temperature 
220°C, which is 12°C lower than the known 
melting point of tin, 232°C. However, in view 
of Takagi’s result that the melting point of 
an evaporated thin metal film is always lower 
than that of bulk metal by an amount of this 
order, the accuracy of the thermo-couple in- 
dication may be a few degrees. 


§3. Formation of Nickel Carbide 
1. Electron Diffraction Pattern of Ni;C 


In Photo. 3(a) and (b) electron diffraction 
patterns from P.C. films carburized at 350°C 


Ni,C 


(a) (b) 
Photo. 3. Diffraction pattern of carburized 
P.C. films. 


(a) Partly carburized at 350°C for 5 hrs. 

(b) Completely carburized at 350°C for 10 
hrs. 

Indices of reflections are indicated. Classifi- 

cation of reflections such as M, fand s: see 

Tex: 


for 5hrs. and 10hrs. are reproduced. The 
latter is the pattern due to nickel carbide, 
while the former is composed of rings due to 
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the carbide and residual nickel***. In Table 
I, observed spacings and visual intensities of 
the carbide rings are tabulated and compared 
with the X-ray data of Ni;C given by Jacobson 
and Westgren. 

The observed rings are classified into three 
groups ‘M’ (main), ‘ f’ (forbidden) and ‘s’ 
(super-lattice) reflections, as indicated in Photo. 
3and in Table I. The M reflections are strong 
and sharp, corresponding to a mean particle 
size 290 A, and are well interpreted by the 
close packed hexagonal structure of Ni;C pro- 
posed by Jacobson and Westgren. Their 
spacings correspond to the lattice constants 
(te25-C) 

@,=2:628 A, ce=4:306A and c/a, =1.638, 


which are smaller than Jacobson and West- 
gren’s values only slightly (0.79% for a, and 
0.78% for c,). The relative intensities of the 
rings agree in general with the X-ray data. 

The “extra” rings f and s, which were not 
observed by Jacobson and Westgren, were 
found to coexist always with the M reflections 
in the electron diffraction patterns of the car- 
burized nickel films. Moreover, the rings M, 
f, and s disappeared simultaneously when the 
carbide is decomposed (see Photo, 7). The f 
reflections are sharp but weak, and are index- 
ed by the same unit cell for the M reflections, 
though they are forbidden reflections for the 
close packed hexagonal structure. The s re- 
flections, which are weak and diffuse, can not 
be indexed by this unit cell. They, together 
with M and f reflections, can be indexed by 
the following hexagonal cell: 


QA=V 3a,=4.553A and c=3an=12.92A. 


The new hexagonal lattice is a super-lattice 
of the Jacobson and Westgren’s as shown in 
Fig. 3. The indices of reflections correspond- 
ing to this unit cell and calculated spacings 
are tabulated in Table I. In Part II, where a 
detailed analysis of the observed intensity is 
given, it will be concluded that the above dif- 
fraction pattern is appropriate for Ni;C having 
the crystal structure as depicted in Fig. 3. 
Here, large circles represent nickel atoms ar- 
ranged in the close packed hexagonal positions 
and small circles represent carbon atoms locat- 
ed regularly in the positions of one-third of 
xk Lattice constant of the residual nickel is 
3.521 A, which coincides very well with the known 
value of nickel ani=3.517 iN 
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Table I. Diffraction data of Ni;C. 
Blection Diffraction X-ray Diffraction® 
No. Classifi- | hkil@ | Int. | dov(A)® | dea(A) hk. 1® Int. d(kX)® 
cation® 
Asif © ve (0003) | w 4.290 4.305 (00.1) = - 
2 8 0112 w, br 3.358 32360. | — — = 
3 s 1014 w, br 2.480 2.499 = = = 
4 M 1120 m 2.274 2.276 10.0 m 2.292 
5 M 0006 Ss 2.150 7, NSS} 00.2 m 2.164 
6 M 1123 vs 2.012 2.012 10.1 vs 2.025 
7 8 2022 vw, br 1.885 1.884 — — — 
8 s 0224 vw, br 1.685 1.683 = = a 
9 M 1126 s 1.566 1.564 10.2 m 1.576 
10 8 0118 vw, br 1.493 1.494 — — a 
11 8 1232 vw, br 1.452 1.452 — = - 
12 if (0009) vw 1.435 1.435 (00.3) = — 
13 s 2134 = — esos a — - 
14 M 0330 m ogi! 1.314 LO Ss 1323 
15 i (0333) vw 1B 258 E254 Gia) — _ 
16 8 2028 ae oe {caer “= o — 
lyf s 101.10 1 eel — — — 
18 M 1129 s 1.214 1.214 10.3 s 1221 
19 M 2240 w 14129 1.138 20.0 
20 M 0336 m 1.122 1.122 112 
21 M 2243 m 1.101 1.100 20.1 
22, M 000.12 Ww 1.077 1.076 00.4 
23 M 2246 vw 1.008 1.006 20.2 
24 M Liga2 w 0.9735 0.9728 10.4 
25 M 2249 Ww 0.892; 0.8913 20.3 
26 M 1450 vw 0.8605 0.8606 21.0 
27 M 1453 m 0.844; 0.8439 A Nel 
28 M 033.12 w 0.8323 0.8333 114 
29 M ets w 0.805, 0.8052 10.5 
30 M 1456 Ww 0.798; | 0.7987 21.2 
(1) First 30 reflections are tabulated. Only M reflections are shown below No. 19. 
(2) Jacobson and Westgren’s data. 
(3) M: main reflection, s: super-lattice reflection, f: forbidden reflection. 
(4) Indices of reflections. Indices in blackets correspond to f reflections. 
(5) vs: very strong, s: strong, m: medium strong, w: weak, vw: very weak; br: broad. 
(6) Observed spacings. Reference: reflection due to residual nickel assuming its lattice constant 
ani=3.517 A. 

(7) Spacings calculated from lattice constants a=)/ 3 a,=4.553 A and c=3¢e,=12.92 A. 
(8) Indices of reflections due to Jacobson and Westgren’s lattice. 
(9) Spacing calculated from Jacobson and Westgren’s lattice constants An=2.644kX and c,=4.329kX. 


the octahedral 
The structure is in accordance with that of 
Jacobson and Westgren so far as the nickel 
positions are concerned. 
therefore, Jacobson and Westgren’s unit cell 
will be utilized for the sake of convenience. 


interstices of nickel atoms. In Photo. 4, a diffraction pattern from a S. 
C. film carburized for 20 hrs. at 350°C is re- 
produced. A schematic diagram of the pattern 
is illustrated in Fig. 4. Besides spots due to 
metallic nickel haying the same arrangement 


as observed in Photo. 2, there appears an 


In what follows, 
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array of slightly arced and elongated spots former spots are due to Ni;C. The pattern 
which are situated with a definite geometrical reveals that the nickel carbide Ni;C is pro- 
relation with respect to the nickel spots. The duced from nickel metal with the orientational 


Fig. 3. Structure of NisC. The figure shows 
projection of atomic arrangement on basal 
plane. Large circles represent nickel atoms 
(A and B) and small circles, carbon atoms 
(Cy, Ce, C3). Unit cell is indicated by 
heavy lines and Jacobson and Westgren’s 
unit cell, by dotted lines. Relation of lat- 
tice constants between the two lattice is a= 
VY 3a, and c=3c,. Height of atoms: A(1/12, 
Hil, Ole IG, 7yil, IVAbAe (Ale 
8/12); C.(4/12, 10/12); C3(0/12, 6/12). A and 
B atoms form the close packed hexagonal 
arrangement and C atoms occupy one-third 
of the octahedral interstices regularly. The 
structure can be represented by the follow- 
ing stacking order A(C,)B(C2)A(C3)B(Cy)A(C2) 
B(C3)A... 


Photo, 4. Diffraction pattern of NisC formed 


from S.C. film by the cementation at 350°C 
for 20 hrs. Note the epitaxial relation bet- 
ween NisC reflections and nickel reflections. 


(cf. Fig. 4) 


relation 


(00.1)nigc//(111)ni_ and [10.0}ni,c//[101]}ni - 


This means that the closest packed atomic 
planes and atomic rows of the both crystals 
are parallel to each other. 

It should be mentioned here that, in the 
whole course of the present study, NisC is the 
only product formed by the cementation of 
nickel films, and the existence of any other 
carbide such as NisC, suggested by Bahr and 
Bahr was not recognized. It must be also 
added that the / reflections did not appear in 
the diffraction patterns when crystal size of 
Niz;C was estimated to be smaller than about 
100 A. This seems to show the fact that f 
reflections are caused by multiple reflections 
of electrons, the effect which is considered to 
be remarkable when the crystal is large enough. 


2. Progress of Carburization 


The temperature range of carbide formation 
was determined by carburizing many P.C. 
films for 4~6hrs. at various temperatures 
from 250°C to 500°C with an interval of 50°C. 
Below 450°C, the carbide was formed, though 
nickel rings of appreciable intensity always 
remain as already shown in Photo. 3(a). At 
500°C, on the other hand, only amorphous 


ot 02a, 
(2009.3 4,48 364020) 


Boao ii: | }noote2e) 


e oO 


fe 3 
(o20)0# § = # # O(200) 
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Fig. 4. Key diagram of Photo. 4. Large and 
small plain circles represent (kh0) main 
spots and (111) twin spots due to nickel, 
respectively. Short rods and elongated bars 
are M and s reflections due to Ni3C, res- 
pectively. (Equivalent two orientations of 
NizC relative to nickel are found in Photo. 4. 
But in this figure the spots due to one of 
them are shown.) 
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carbon was deposited on nickel films without 
the carbide formation. The electron diffraction 
patterns obtained in this case are similar to 
Photo. 7(d). From the intensities of the carbide 
rings, it was found that the maximum rate of 
the carbide formation is attained at about 
350°C. Above 400°C and below 300°C, the 
rate was slower. 

By prolonged treatments carried out at about 
350°C for 10~20hrs., some specimens were 
carburized completely and gave the diffraction 
patterns as already shown in Photo. 3(b). The 
completely carburized films, however, were 
not always obtained, though it was not so 
difficult to obtain partly carburized films: Of 
about 80 nickel films carburized for 20~40 hrs. 
at about 350°C, only 10 films gave diffraction 
patterns composed of the carbide rings alone, 
and patterns from the other films contained 
more or less nickel rings besides carbide rings. 
It is notable that the residual nickel does not 
grow up over 100A even after such prolonged 
heating. The degree of carburization was 
different from film to film, even when the 
films were treated under the same condition. 
It was observed that the carburization was 
delayed when the starting P.C. films were 
prepared on substrates kept at somewhat 
elevated temperatures (== 200°C), where they 
gave sharper diffraction rings corresponding 
to the particle size about 100 A. However, any 
systematic difference could not be recognized 
between the films transfered on meshes and 
those not detached from the substrates. 

The carburization was in general more diffi- 
cult for S.C. films. For instance, while fairly 
strong carbide reflections were almost always 
obtained from P.C. films by 10hrs. treatment, 
this was not always the case for the S.C. films. 

Examination of degrees of carburization in 
the course of the cementation showed that a 
small amount of the carbide was formed in- 
itially but the carburization did not always 
proceed with a prolonged cementation. 

The experiments on S.C. films revealed the 
following characteristic relation between the 
degree of orientation of the carbide crystals 
and the degree of carburization: In the initial 
stage of the carbide formation, the orientation 
is in general fairly good, but it is destroyed 
by further progress of the carburization. This 
can be seen from Photo. 5(a), (b) and (c), 
which are the diffraction patterns obtained 


| 


(c) 


Photo. 5. Diffraction patterns of carburized 


S.C. films illustrating change of degree of 
orientation of NisC with progress of car- 
burization. 

(a) Good orientation corresponding to the 
nucleation stage of the carbide crystal. 
Typical NizC spots (10.2) are indicated 
by arrows. cf. Fig. 4. (carburized at 350°C 
for 10 hrs.) 

(b) Partly destroyed orientation correspond- 
ing to development of crystal growth. 
(carburized at 380°C for 14.5 hrs.) 

(c) Completely* destroyed orientation cor- 
responding to growth stage of the car- 
bide crystal. (carburized at 350°C for 20 
hrs.) *For example, (10.2)ni,c reflections 
have turned into a continuous ring. Note 
the fact that the degree of the orienta- 
tion of nickel is not changed by the pro- 
gress of the carburization. 
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from S.C. films subjected to the cementation 
for 10hrs. at 350°C, for 14.5hrs. at 380°C and 
for 20hrs. at 350°C, respectively. In Photo. 
5(a), the carbide spots, which are weak and 
diffuse corresponding to the nucleation stage, 
-are manifesting a good orientation of crystal- 
lites. The crystal size estimated is about 50A. 
In Photo. 5(c), the carbide reflections appear 
in a form of sharp Debye rings. This shows 
that the particles have grown larger than 200 
~300A and, at the same time, that the orien- 
tation has been completely destroyed. Photo. 
5(b) corresponds to an intermediate stage of 
the above two cases. In these patterns it is 
seen that the degrees of the orientation of 
metallic nickel are not appreciablly changed 
by the treatment. 


3. Electron Microscopic Observation 

Electron microscopic observations were per- 
formed on some of nickel and carburized films. 
Photo. 6(a) and (b) reproduce electron micro- 


Electron micrographs of (a) S.C. 
film prepared on cleavage face of rock-salt 
kept at 480°C and (b) S.C. film party car- 


Photo. 6. 


burized at 350°C for 26 hrs. Considerable 
aggregation of crystallites is observed to 


be caused by the prolonged treatment. 
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graphs of a S.C. film and a partly carburized 
S.C. film at 350°C for 26hrs., respectively. It 
can be seen that a considerable aggregation 
of crystallites takes place during the cementa- 
tion. The formed carbide crystallites have no 
characteristic shape. This coincides with the 
fact that the diffraction patterns do not show 
any fine structure such as due to the effect of 
refraction and shape transform. 


§ 4. 


Bahr and Bahr reported that, when the 
carbide was heated in nitrogen at 380°~420°C, 
it decomposed to nickel and carbon, and that, 
when heated in hydrogen at 180°C, the carbi- 
dic carbon was completely hydrogenated to 
methane, leaving only metallic nickel. 

In the present experiment, it was found that 
nickel carbide films kept in a desiccator over 
a year showed no appreciable change in elec- 
tron diffraction pattern, indicating that the 
carbide is stable at room temperature. In 
order to investigate the stability of the carbide 
at elevated temperatures, the carbide films 
were heated in vacuum and in hydrogen 
stream. 


Decomposition of Nickel Carbide 


1. Thermal Decomposition of the Carbide 


When completely carburized P.C. films were 
kept at 300°C for 2lhrs., the diffraction pat- 
tern still consisted almost solely of the carbide 
rings, though a trace of nickel rings appeared. 
At 400°C, heating for 30min. produced also 
no remarkable change but after 2~4)hrs. 
heating the carbide decomposed completely; 
the films gave patterns as shown in Photo. 
7(d). At 500°C the decomposition occurred 
more rapidly than at 400°C. 

Study of continuous change of the diffraction 
pattern of the carbide during heating was 
performed on partly carburized films having 
no preferred orientation using a high tempera- 
ture electron diffraction camera. The rate of 
temperature rise was 2°~4°C per min.. Photo. 
7(a)~(d) reproduce a series of photographic 
records. No difference is recognized between 
the patterns of Photo. 7(a) and (b) which were 
taken at 16°C and 192°C, respectively. Similar 
pattern persisted until 431°C, but at this tem- 
perature a considerable change took place. In 
Photo. 7(c) taken just after the change, the 
carbide rings weaken, while the nickel rings 
become stronger and diffuse carbon rings ap- 
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pear, showing that the decomposion of the carbide rings are not found, showing that the 
carbide has been started. In Photo. 7(d) at decomposition has been completed. The dis- 
433°C, taken 2min. after Photo. 7(c), any appearance of the carbide rings at this tem- 


a | [92°C ABil oe 433°C 
(a) (b) er (d) 


Photo. 7. A series of diffraction patterns at various temperatures taken by the high 
temperature electron diffraction camera. Between the pattern (a) at 16°C and (b) at 
192°C, no appreciable change is observed. The pattern (c) at 431°C shows that the 
thermal decomposition of NizC has started and the pattern (d) at 433°C, that the de- 
composition has completed. Note the fact that the f and s reflections disappear 
simultaneously together with M reflections. 


perature proceeded very rapidly and completed 
within a few seconds. 

From the half-breadth of the rings, it can 
be seen that the carbide particles of about 
300 A decompose to metallic nickel, particle 
size of which being less than 100 A. 

It was observed that films giving the pat- 
terns as reproduced in Photo. 4 changed by 
decomposition to films giving a pattern as re- 
produced in Photo. 8. This pattern is composed 
of diffuse rings due to amorphous carbon and 


Photo. 8. Diffraction pattern after heating at regular OF of the diffraction spots due to 
BOC foro min, of thes chemi ime e: nickel, being arranged in the same disposition 
film of Photo. 4. Diffuse rings are due to as in Photo. 2. From this observation it is 
amorphous carbon. Note the well-defined seen that, when the carbide of single-crystal- 
nickel spots showing the same disposition line orientation. is decomposed, the produced 


as Photo. 2. metallic nickel restores its original orientation. 
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2. Hydrogen Treatment of the Carbide 


Completely carburized films without prefer- 
red orientation were heated in hydrogen gas 
Stream. At 300°C, after treatment for 18hrs., 
the film produced weak nickel rings but their 
intensities did not change appreciably even 
after 26hrs., showing that hydrogenation of 
the carbidic carbon takes place only very 
slowly at this temperature. At 400°C, for one 
specimen treated for 20hrs., carbide rings 
were weakened and nickel rings became 
stronger without producing carbon rings. But 
for another specimen treated for 3hrs., the 
carbide rings disappeared and nickel and dif- 
fuse carbon rings appeared. At 500°C, the 
films produced nickel and diffuse carbon rings 
after 3hrs. treatment. 

These results show that reaction of methane 
formation, Ni;C-+-2H,=3Ni+CH,, may take 
place actually as reported by Bahr and Bahr, 
but its rate is very slow. The carbon deposi- 
tion above 400°C indicates, however, that at 
higher temperatures the simple thermal decom- 
position predomiates over the hydrogenation 
of the carbidic carbon. 


§5. Thermal Expansion of Nickel Carbide 


From high temperature electron diffraction 
patterns at various temperatures such as re- 
produced in Photo. 7(a)~(c), thermal expansion 
coefficients of nickel carbide were determined 
by taking reference to the lattice constant and 
the thermal expansion coefficient of metallic 
nickel as follows: 

ani=3.5168 A (at 24 ©) 
Oe = 13.3.<10-$/)°O.. 
The lattice constant of the carbide a was 
determined at various temperatures from 
(10.0), (20.0) and (11.0) rings and cm, from 
(00.2) and (00.4) rings. The results are plotted 
in Fig. 5 against temperature ¢°C. They give 
the following relations for the thermal expan- 
sion of the carbide (using the least square 
method), 
Qn,=2.6281+a,z) , 
Cn=4.304(1 +a 2) , 


and 


p= 10 SLORY eG s 
a =16x 10-9/°C 


Cn/Gn=1.638{1+ (a —@1)e} , 
a@j—a@.=6x 10-8/°C . 
This result shows a little anisotropy in the 
thermal expansion. Mean expansion coefficient 
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a@ was calcu lated from the above values using 
the relation 

a= aj cos? 0+-a, sin? GO , 
where @ is the angle between c, axis and the 
direction for which @ is averaged. It gives 


0 100 200 300 
temperature (°C) 


Fig. 5. Thermal change of lattice constants 
and axial ratio of NisC. 


ae 10-/Cs, 


which is sensibly close to a@yji. 


§6. Discussion 


1. Formation and Decomposition of Nick- 
el Carbide 


The reaction of carbide formation 
M+2CO=MC-+CO, 


(M: metallic element, MC: its carbide) is con- 
sidered to proceed by following processes: 
First, (1) ‘CO molecules are adsorbed on the 
surface of specimen, and subsequently, (2) the 
molecules are decomposed and generate active 
carbon atoms, then (3) these carbon atoms 
diffuse into solid, and finally, (4) combine with 
metal atoms to form a carbide. The process 
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(4) is divided further into two processes: 
nucleation and growth. 

As in the cases of many other solid reac- 
tions, the rate of carbide formation is con- 
sidered to be determined mainly by the process 
(3). The diffusion process is accelerated by 
increasing temperature, so that the rate of 
the carbide formation increases with tempera- 
ture rise. This may be the case below 350°C. 
At higher temperatures, however, the increas- 
ing rate of the diffusion is surmounted by 
increasing rate of the decomposition (§ 4.1), 
resulting in the maximum rate of the carbide 
formation at about 350°C (§ 3.2). 

The diffusion process should be highly de- 
pendent on lattice imperfections such as 
vacancies, dislocations and grain boundaries. 
These imperfections may trap carbon atoms 
to form nuclei of the carbide crystals, and 
also may accelerate the diffusion of carbon 
atoms. In the films prepared on the substrates 
kept at elevated temperatures, the lattice im- 
perfections must be much fewer than in the 
films prepared on the substrates kept at room 
temperature, since the former films are tem- 
pered by the heating during preparation®. 
Such a difference may be the main reason for 
the difference of the rate of carbide formation 
former-C, and S.C. films ($3.2) 

It was observed that the carbide was formed 
comparatively easily at the initial stage of the 
cementation but prolonged cementation did 
not always increase the amount of the carbide 
(§ 3.2). This may be partly due to the fact that 
the texture of the films is gradually improved 
during heating. Also the rate of diffusion 
of carbon atoms through the carbide crystal 
is considered to be slower than through nickel 
metal: The formation of the carbide layer 
on the surface prevents further progress of 
the carbide formation. 

The thermal decomposition of the carbide 
and the hydrogenation of the carbidic carbon 
are considered to proceed as follows: The 
carbidic carbon atoms are driven out onto the 
crystal surface and, when the samples are 
heated in vacuum, the carbon atoms combine 
with one another on the surface to form 
amorphous carbon, while, when heated in 
hydrogen atmosphere, the atoms react with 
hydrogen on the surface to produce hydrocar- 
bon such as methane which escapes out from 
the surface. So that the existence of hydrogen 
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does not affect substantially the rate of the 
decomposition (§ 4.2). 


2. Nucleation and Growth of Nickel 


Carbide 

It was mentioned in §3.1 that the nuclei of 
carbide crystal are formed with a particular 
epitaxial relation to metallic nickel, (111)i// 
(00.l)ni,c and [101 ]ni//[10.0]nigc » and in §4.1 
that, when they decompose, produced metallic 
nickel restores the original orientation. 

As well known, the face centred cubic lattice 
of metallic nickel is characterized by a stack- 
ing order ABCABC--- of the closest packed 
atomic planes, and the close packed hexagonal 
lattice of nickel atoms in NisC, by a stacking 
order ABAB:--. Therefore, the nucleation of 
nickel carbide is considered to be a lattice 
transformation from the ABC--- stacking to 
the ABAB--- stacking and its decomposition 
is the reversed process. 

Here, we suppose a lattice transformation 
by the following scheme: 


aN a OR Ed ae 
Bae AS ae 


€ C->B-A 
A A-—-C —->B 
B B B eA. 
C 


C Gx>4B 


Namely, every two layer of nickel metal in 
the left hand side of the scheme slips by one 
step to produce the carbide lattice in the right 
hand side of the scheme. Each slip can be 
produced, as well known, by a half dislocation - 
moving on the slip plane {111}y; or {00.1} isc 
along the direction <112>ni or <21.0>ni,c. 
When the face centred cubic lattice and the 
close packed hexagonal lattice are transformed 
into each other by this mechanism, it is evident 
that they have the epitaxial relation as men- 
tioned above. Therefore, it is very conceiva- 
ble that the formation and the decomposition 
processes of nuclei of nickel carbide take place 
by the mechanism proposed above. The in- 
terplaner and interatomic distances of the 
closest packed atomic planes and atomic rows, 
which are kept parallel in the transformation, 
are tabulated in Table II. The fact that these 


values are very close, also favours the propos- 
ed mechanism. 
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Table II. Interatomic and interplaner distances of metallic nickel and nickel carbide. 


| 


Ni3C 


= = 7 : NL Vernier period 
neces <110> 10.0 » et) Al ; 
Interatomic distance along the most 2488 : ? 
densly packed atomic row (A) : 2.628 | 19 
rh = Sle, | (=an) (=an/(an —anily/ 2)) 
Interplaner distance between the {111} {00.1} 
most densly packed atomic 2.030 2a l52 18 
lanes (A 
p (A) | (=ani/y/ 3) (Se7/2) (=(€,/2)/(en/2 — ani / 3)) 


The mechanism of transformation by a series 
of microscopic slips is quite similar to that of 
martensitic transformation of cobalt from the 
face centred cubic to the close packed hexa- 
gonal structure”. In this case driving force 
is supplied by internal stress due to cooling. 
In the transformation of the carbide nucleation 
the driving force is considered to be supplied 
by internal stress produced by diffusing-in 
carbon atoms. 

Differing from the case of cobalt metal, 
however, there exists a definite, though small, 
misfitness between the carbide and the nickel 
lattice. The vernier period! between them 
are tabulated in Table II. It means that 19 
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Fig. 6. 


formed from nickel crystal (left-lower region). 


shows the atomic arrangement on (12.0)yi,c and (110)yi_ planes, 


4553 « 


Atomic arrangement of Ni3C crystal (right-upper region) 
This figure 


nickel atoms on the closest packed plane of 
the carbide crystal must face to 20 atoms on 
that of the nickel crystal and 18 layers of the 
closest packed plane of the carbide must join 
to 19 layers of the nickel. This relation is 
illustrated in Fig. 6, where atomic arrangement 


of nickel atoms (plain circles) on (110)y; plane 
of the matrix (left-lower region) and that on 


(12.0)ni,c plane of the epitaxially formed car- 
bide crystal (right-upper region) are shown. 
Thus, on the boundary face between the two 
crystals there must exist one dislocation per 
one vernier period. 

When the carbide crystal grows up, such 
dislocations are accumulated on 
the interface of the two crystals. 
They have the same sign and 
arranged on the same slip plane, 
so that they repel one another. 
Asa result, the destruction of 
the epitaxial relation may take 
place as observed in the growth 
stage of the carbide crystal (§ 3.2). 
In fact the destruction of epitaxy 
was observed to occur when the 
crystal size of the carbide be- 
comes larger than about 100A, 
which is a few multiples of the 
vernier period mentioned above. 

It has been reported many 
observations on the epitaxial 
growth of metallic films deposit- 
ed on single crystal surfaces’. 
In these cases, the epitaxy is 
well preserved upto a crystal 


where large circles represent nickel atoms and small circles 
represent possible positions for carbon atoms. Interface of 
the two crystals are indicated by broken line BB, the nearest 
neighbour atoms are linked by full lines and the closest 
packed atomic planes are represented by chain lines. Dis- 
locations are produced at the crystal boundary. 


size of several hundred Angstroms 
even when the misfitness between 
the depositing crystals and the 
substrate crystals is much larger 
than the present case. In fact, 
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the orientation of S.C. film of Photo. 2 was pre- 
served in its own growth upto, at least, 400A, 
in spite of the very small vernier period of 
about 5. In the case of surface deposition, 
nuclei of deposited crystals, whose orientation 
is determined by the substrate, can grow up 
by themselves in free space incoherently with 
the substrates™. The nickel carbide, how- 
ever, must grow up, not in free space but in 


the matrix of nickel, so that its growth pro- 


duces necessarily dislocations at the interface. 
This results in the destruction of epitaxy when 
the carbide grows up more than a few multiple 
of the vernier period. 

In the carburized P.C. films the carbide 
crystal grows upto about 300A in spite of the 
fact that residual nickel does not grow upto 
more than 100 A. Therefore, in the process 
of the carbide formation, a considerable re- 
crystallization must take place. On the con- 
trary, in the decomposition process, such a 
large carbide crystal decomposed into several 
smaller crystals of metallic nickel (~100 A) 
and no recrystallization of them was observed. 


Acknowledgements 


The author wishes to express his thanks to 
Professor S. Oketani for his guidance through- 
out this work. He also wishes to express his 
thanks to Professors S$. Miyake and G. Honjo 
for their valuable discussions. This work was 


Sigemaro NAGAKURA 


(Vol. 12, 


supported by a Grant in Aid for Fundamental 
Scientific Research from the Ministry of 
Education. 


References 


1) S. Oketani, S. Nagakura and K. Tsuchiya: J. 
Japan Inst. Metals 18 (1954) 325; S. Oketani 
and S. Nagakura: ibid. 18 (1954) 329; «ibid. 
20 (1956) 460; S. Nagakura: ibid. 20 (1956) 
465. (in Japanese) 

2), HAS Babraund SP bs Bah 

Gesell. 61 (1928) 2177. 

3) B. Jacobson und A. Westgren: 

Chem. B20 (1933) 361. 

4) J.-J. Trillat et S. Oketani: Met. et Corr. 25 

(1950), No. 302; ibid. 25 (1950), No. 308; Acta 

Cryst. 5 (1952) 469. 

5) G. Honjo, N. Kitamura, K. Shimaoka and K. 

Mihama: J. Phys. Soc. Japan 11 (1956) 527. 

6) M. Takagi: J. Phys. Soc. Japan 9 (1954) 359. 

7) For example, A. H. Cottrel: Dislocations and 

Plastic Flow in Crystals, 1954. 

8) S. Oketani and S. Nagakura: J. Japan Inst. 
Metals 17 (1953) 536. (in Japanese) 

9) T. R. Anantharaman and J. Christian, Phil. 
Mag. 43 (1952) 1338. 

10) F.C. Frank and J. H. van der Merwe: 
Roy. Soc. A198 (1949) 205. 

11) For example, G. P. Thomson and W. Cochrane: 
Theory and Practice of Hlectron Diffraction, 
(1939). 

12) S. Miyake: Busseiron Kenkyu 4 (1941) 77; 
R. Uyeda; Buturigaku Kédensyii No. 4 (1943) 
285. (in Japanese) 


Ber. Deut. Chem. 


ZS. f. phys. 


Proc. 


JOURNAL OF THE PHYSICAL SOCIETY 


OF JAPAN Vol. 12, No. 5, May, 1957 


Studies on the Radial Distribution Analysis in 


Diffraction 
I. 


Methods 


Errors due to the Approximation of Integration 


by Summation* 


By Tadashi INO 


The Institute of Polytechnics, 


Osaka City University, Osaka 


(Received February 8, 1957) 


In the calculation of a radial distribution function 


rD(r)=(A/2n8)|” 


sI(s) sin sr ds 


we usually approximate the integral by such a sum as 


rD x(r)=(48/2n2) x nds -I(nds)-sin (ndsr) . 


In this paper the mathematical property of rDxs(r) is derived and the 
error due to the approximation is proved to be expressed as 


rDs(r)—rD(r)= >! (r-+2mn/4s)D(r-+2mn/ds) . 
m=-1 
= 


0 


Furthermore, the formula for the estimation of the error is derived. 


turned out that in order to obtaina 
we must make the spacing 4s less 


It 
high accuracy from the approximation 
than r/f,), where Ro is the distance 


beyond which 7D (7) is regarded practically zero. 


$1. Introduction 

In order to analyze the diffraction data of 
gaseous, liquid, and amorphous substances we 
generally use two methods; the “ correlation” 
and the “ vadial distribution” methods. The 
former is an empirical “trial and error” 
method, consisting in the theoretical calcula- 
tions of scattering intensities for various 
models and the comparison of these values 
with the observed data. The latter consists 
in Fourier inversion of diffraction data which 
requires essentially the accurate intensity data 
and laborious numerical calculations, while it 
can offer the structural information straight- 
forward. Recent advances in the experimental 
techniques of diffraction method and the avail- 
ability of punched card methods» for the 
calculation have made it more practicable to 
carry out this method and made the results 
obtained more reliable and accurate. In this 
series of papers, problems concerning the ra- 
dial distribution analysis will be discussed. 

The intensity function /(s) sensitive to the 
structure of the substance is connected with 
the radial distribution function D(v)» by the 
following relation, 

* Read at the Meeting of Physical Society of 
Japan, Tokyo, April, 1955. 


sI(s)=4e) "7D sin srdr Gp} 


where s=(47/4)sin 6/2, 0=scattering angle, and 
A4=wave length. The Fourier transform of 
eq. (1) becomes 


Dir) =(1f2n2)\" ss) sin erases 


In numerical calculation of eq. (2) we usually 
approximate the integral by the sum over 
evenly spaced s values as follows. 


rDs(r)=(ds/27?) > nAs-I(nds)-sin (nAsr) 
n=1 


The aim of the present paper is to make clear 
the nature of the error introduced by this ap- 


proximation. 


§2. Derivation of Formula 
In practice, J(s) cannot be obtained in the 
whole range of s, but is limited in a certain 
range of 0<s<Smax and we are forced to 
treat the integrals of the type 
a1fens)| 


Smax 
0 


sI(s) sin svds (Gop) 
or 


™X s1(s) exp (—a@?s®) sin srds , (4) 


(1fans)| 


instead of the integral (2). 


s 
0 
To treat the errors 
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introduced in the calculations of these inte- 
grals by approximation generally, we intro- 
duce a modification function M(s)*, a modi- 
fied intensity function Zs), a modified radial 
distribution function D(7), and its approxima- 
tion function Ds(7) given by following eqs. 


I(s)=M(s)I\s) (5) 


(6) 


1rD(r)= ai2n)|"sXs) sin srds 
0 
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Wor 


rDs3(1)= (As/2n2) Pah nds-I(nds)-sin (nds-7) (7) 


With the use of the property of odd function 
of rD(r) and the Fourier inversion of eq. (6) 
as 


sI(s)=4r\ “tD(2) sin stdt 
0 


eq. (7) can be transformed: 


co N 
rDs(7)=(As/x) lim tD(Z) = 00s {nAs(t—r)} dt 


=(ds/7) lim \" tD(t) 


sin {((2N-+1)ds(t—1)/2} 


2 sin {4s(t—7r)/2} 


Since the sine part of the integrand has a period of 27/4s, the integral can be conveniently 


transformed into an infinite series: 


2m 


co /2 
rDx(7)=(1/z) as _— | [2 (r+ As 


where 


i ple a 2x 


- and M=2N-+1. 
As As 


Suppose 


= 2m 2m 
Danse —— )D{ z - 
=f ti As ) (t+ As ) 
converges, a further transformation can be 
carried out by the theorem of Dirichlet’s 
integral: 


TDs(1)= > (r+2mr/A4s)D(r+2mrn/ds) (8) 


m=— 


or 
rDx(7)—-1D(n)= S (7+2mz/ds)D(r+2mz/As) . 
(9) 


§3. Properties of the Approximation Func- 
tion 
a) According to eq. (7) or eq. (8) it is evi- 
dent that 7Ds(7) is periodic with a _ period 
2x/ds and is zero at the points 


v=mr/As , m: integer . 


Since eq. (7) is a sine series, it is antisym- 


* In the case of (3): 
M(s)=1 
==() 
In the case of (4): 
M(s)=exp (—a?s?) 0<8< 8max 
= () Smax < s 


0<8 <S8max 


a ten 
Smax <_8 


2a ewenia, 


sin Mz ee 


As As As sin x 


metric about the zero points as illustrated in 
Bion I 

b) According to eq. (9) the error due to 
this approximation is expressed by: 
SY (r+2mz/4s)D(r+2mzr]/ds) . 


m=—oco 
a0 


Consequently if ~D(7) is zero outside the range 
(—z/As, z/4s), all the values of (7+277/As) 
x D(v+2mz/ds) (ms<0) are zero inside the 
range (—z/ds, z/4s), Therefore rDs(7) is iden- 
tical with 7D(7) inside the same range. On 


i 


rD;(¥) 


Big. 


the contrary, if 7D(7) is different from zero 
somewhere outside the range (—z/ds, z/As), it 
is not the case. These features are shown 
in Fig. 2 and Fig. 3 respectively. In Fig. 3 
the value of 7Dx(7) at a position, say Qo, is 
quite different from the value of 7D(7) at the 
same position @, since the value of 7D(r) is 
not zero ‘at’ such positions ‘ass"Q], Os, === 
separated mutually by a distance 2z/ds. But 
in Fig. 2 the value of 7D(7) is zero at those 
position, hence 7Dx(7) is equal to rD(7). 
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eI 
ae 


Fig. 2. non-zero range of 7D(r)<n/4s 


Qe 
Fig. 3. none-zero range of 7D(r)>1/d4s 
§ 4. Estimation of Error +(sI(s)yy COS Smax0 
Since the approximation is considered as a ar 0° 
modified trapezoidal law of numerical, inte- _(s4(s)y” sin Smax 
gration, the error can be estimated by usual Smax 4 
SE DF PIG TOL ES i NI ale a I i Or (10) 
2n*r(Ds(7)—D(7)) Eq. (10) can be used successfully for the es- 
= (4s/2)(SI(S))smax SIN (Smax7) 
(As/2)(sI(s))s x rete eae ae 2m eG aa) (m0), 


+(Smax/12)4s*(sX(s) sin SHS 
jf =e Asis ae large and |7|<Z/2. 


or 
277 Ds (1) —D(r))~(As/2)(S1(S))smpax SiN (Smax”) Then according to eq. (9), the error can be 
expressed: 
+ (4s?/12){(sI(s) sin sr), —(sI(s) sin s7)o} 2 
27?7(Ds(r)— D(r”))~ 


—(As*/720){ (ss) sin sv)” —(sI(s) sin s7))"} 


Smax. 
mere tbs lo sails —(SI(S)) sax COS Smax7 os (r+mL)-1 
where o is a certain value in the range = 
(0, Smax). +(sI(S))snax SIN Smax7 sv (7+mL) 
However, eq. (8) being applied, a more con- ae 
venient formula will be obtained. Since | 
ae +(SE(S)\\inax COS Smax” Dy (r+ mL)? 
2n*pD(o)=| sI(s) sin sods ere 
0 
and sZ(s) is an odd function, then an asympto- =(sI(s))., sin SmaxT ey (r+-mL)-! 
tic formula can be derived by repeated partial or aed 
ieee Mk a EMA Sioliice O23 Stn! bebe) ol Ol. diat owen 6 Iri<L/2 
2720 D( p)~—(SI(S)) simmax — ee ee With the help of the following relations; 
Sitesmman0 e(z)= >Y (e+mzx)-!=cot z—1/z 


SIG e Sees reat Ti ? mane 
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Cnal2)= DY (2-+mx)- er 


M=— co 


0 
es 
pl dz 

the error can be transformed: 
2227(Ds(7)—D(1))~ 
—(sI(S))smax(48/2)€1(4s7/2) COS Smax? 


(cot z—1/z2) , 


+-(SI(S)emax(48/2)*@2(4s7/2) Sin Smax? 


te 


+(sI(S))s.ax(48/2)%@3(4s7/2) COS Smax? 
—(sI(S))s....(48/2)#es(487/2) Sin Smax7 
Ir|i<z/ds (11) 
Hence the error can be estimated by a small 
number of terms in eq. (11), provided that 4s 
is sufficiently small. These terms are deter- 
mined by the magnitude of ds and values of 
sI(s) and its derivatives simply @t S=Smax. 
This is characteristic of eq. (11), because the 
other equations mentioned before contain the 
additional terms determined by the derivatives 
OL SES) Gt -S—0/ On s—<. 


See ya. ah 


zcot z=1— 31 2™"Bn2™/(2m)! where 


n=1 
z>|z| (Ba: Bernoullian number), eén(z) is a 
monotonic functions of z in the same range 
and the first four functions are illustrated in 
Fig. 4. Therefore, the error is approxi- 
mately expressed as a ripple consisting of 
SIN Smax?’ and COS Smax” terms. 


Since 


Discussion 


§ 5. 
According to the mathematical properties 
of rDxs(7), we can deduce facts to be noted 
in practical calculation of radial distribution 
function. 
As mentioned before, the function obtained 
by this approximation has a periodicity which 
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(Wolsal 


is not dependent upon the structure but only 
upon the magnitude of 4s. Then the func- 
tional behaviour outside the range (—7/4s, 
z/4s) is simply the repetition of that in side 
the range (—7z/ds, z/4s). Therefore the func- 
tion by no means gives the information of 
the structure outside the range (—7z/ds, z/As). 
Consequently if we desire to obtain the in- 
formation as far as y=R’ the spacing 4s must 
be taken as follows, 


As= nie 


This condition however is not always a suffi- 
cient but a necessary one, as discussed in the 
following. 

The error due to the approximation can be 
estimated according to eq. (11) if the values 
of the derivatives of ss) at s=Smax can be 
determined. But according to eq. (8) one can 
derive a rule concerning the accuracy of the 
approximation: when 7D(7) may be regarded 
practically zero beyond Ry) (which may be 
called the non-zero range), a high accuracy 
can be expected from the computation where 
such a spacing given by 

4s<z7r/Ro 
is used. 

Since the integral given by (3) has extra- 
neous ripples due to the termination effect, 
its non-zero range Ry is much larger than 
that of 7D(r). Therefore the error is large, 
unless 4s is taken very small. On the other 
hand the convergence factor, for example, 
exp (—a?s*) improves the accuracy of the eva- 
luation of radial distribution function, since 
it attenuates the amplitudes of the extraneous 
ripples and generally the coefficients of terms 
in eq. (11). Consequently the error due to 
the approximation of (4) is smaller than that 
of (3) if the same spacing is taken. In the 
radial distribution method the integral (4) is 
more advantageous than the integral (3) from 
the viewpoint of the accuracy of the approxi- 
mation. 

Since the integral given by (4) can be ex- 
pressed as the convolution» of rD(r) and 
exp (—7*/4a*), the non-zero range of the rD(r) 
may be nearly equal to that of rD(r). There- 
fore the suitable spacing ds for a satisfactory 
approximation can be determined, when the 
non-zero range of 7D(r) can be estimated. 
From this discussion one can easily infer the 
following empirical rule to be reasonable: 


_ the volume average of D(r)®. 
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taking a spacing ds=z/10 and using the fac- 
tor exp(—a?s?) (with ‘a?’ chosen so that 
exp (—a@’s?,,.)=0.1), one can obtain fully satis- 
factory results even for r=7A in the electron 
diffraction study of gas®. Morito and Kuchi- 
tsu showed that the spacing 4s=z/10 gives 
sufficiently accurate result as well as the 
spacing 4s=7/50 in the electron diffraction 
study of acethyl chloride. This fact is in 
agreement with our result. 

In the cases of liquid and amorphous sub- 
stances the non-zero range of 7D(r) is as large 
as the size of the specimen. Hence the suit- 
able spacing 4s for a satisfactory approxi- 
mation must be taken very small and the 
calculation is too laborious to perform. On 
the other hand 7(D(v)—D)) has a much smal- 
ler non-zero range than 7D(7v) where D) is 
Hence from 
the standpoint of the accuracy of the evalua- 
tion it is highly necessary that we should 
treat the intensity corresponding to 7(D(7)—D)) 
instead of 7D(v) in these cases*. This require- 
ment is satisfied by the usual procedure in 
the radial distribution analysis of liquid and 
amorphous substances”. 

R. E. Franklin® discussed briefly the pro- 
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blem on the spacing of summation in the 
study of the diffuse X-ray diagrams of carbon. 
Her result is also consistent with our con- 
clusion. 
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A molecular spectroscopic study of 


the radiative collision of electrons 


with H.O, molecules leads to a pronounced abnormal rotation of the 


OH* radical split by electron impact from H2Oxs. 


A homogeneous electron 


beam is fired at right angles across a localized jet of H.O. vapor in a 
vacuum chamber maintained at a pressure of about 1x10-*mmHg. The 


angular momentum distribution curve 
which is located near the rotational q 
tational temperature corresponds to 
than the initial gas temperature. 


obtained shows a single maximum 
uantum number of 20, and the ro- 
20,100°K, being remarkably higher 


In comparison with the double maxima 


found for H,O, there are two differences, namely—the absence of the 
first maximum and the shift of the second maximum towards higher ro- 


tational quantum numbers. 


Introduction 


§ 1. 


The earliest study of the abnormal rotation 
of the hydroxyl radical splitting away from 
H,O. was reported in 1936 by A. A. Frost 
and O. Oldenberg?. They observed the OH 
absorption by the hydroxyl radicals left un- 
recombined immediately after interrupting an 
electrical discharge of brief duration through 
H.O, vapor. After that in 1951, P. J. Dyne 
and D. W. G. Style? made a study of the 
OH emission from the QOH* radicals present 
in a fluorescence cell through which a steady 
flow of hydrogen peroxide vapor at a few 
tenths of 1mmHg was maintained. These 
observations seem to be in agreement with 
each other with respect to the qualitative 
property of the rotational intensity distribu- 
tion. According to a comparison of the OH 
bands obtained in their experiments with H,O, 
with that frequently observed in electrical 
discharges through H,.O, the band-tail re- 
presenting the highest rotation is more intense 
in the former, while the band-head is much 
more intense in the latter. 

As for H,0O, however, the OH (0, 0) band 
emitted from an electrical discharge through 
its vapour is widely variable in respect of 
the rotational intensity distribution depending 
upon the condition under which water mole- 
cules are excited. For instance, it has been 
proved by H. P. Broida and W. R. Kane» 
that the relative intensity of the first maximum 


500 


to the second of the R, branch undergoes a 
remarkable change with varying discharge 
pressure even in one and the same tube of 
an electrodeless ring discharge. In order to 
avoid such a danger of fluctuation, the most 
fundamental collisions of electrons with water 
molecules have been taken up in PartI.® In 
such a simplified collision process, the rota- 
tional intensity distribution of the Q, branch 
exhibits double maxima almost independently 
of the energy of impinging electrons in the 
wide range from 20 to 1,000 volts, the second 
(abnormal) maximum near the tail being at 
all energies predominant over the first 
(thermal) maximum near the head. 


As an origin of the double maxima, a ten- 
tative mechanism has been proposed in Part 
I® on the basis of a localized electron pair 
bond theory of the H,O molecule. Briefly 
summarized, when either one of the hydrogen 
atoms within a water molecule flies off nearly 
in the direction along the line of centers of 
the two hydrogen atoms, the remaining 
hydrogen atom must, for the law of angular 
momentum conservation, start an abnormal 
rotation about the oxygen atom, the second 
maximum being caused by such a swarm of 
hydroxyl radicals. Alternatively, when a 
hydrogen atom flies off in the direction along 
the O-H bond concerned, the H atom left 
behind does show merely a thermal rotation, 
the first maximum resulting from such a 
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swarm of hydroxyl radicals. In order to ex- 

amine such a proposal, it may be desirable 

to compare the angular momentum distribution 

of the OH* radicals splitting away from H,O, 

| molecules excited by electron impact with 
that found for H,O. 


§ 2. Experimental 


In order to realize the simplest condition of 
collision of electrons with molecules, a near- 
ly homogeneous electron beam is fired at 
right angles to a beam of molecules in a 


Fig. 1. The intersection of the two beams; the 
dotted circle means a quartz window. 


vacuum of about 1x10-*mmHg as depicted 
in Fig. 1. The OH* radicals appearing at 
the intersection of two beams-—an electron 


beam ejected from an especially designed 
electron gun and a beam of H,O or H,O, 


sss i 


Fig. 2. Owing to the Balmer lines, a reddish glow is 
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molecules—emit a crowd of rotational lines of 
the (0, 0) band near 2 3,064, the intensity 
distribution among them giving full infor- 
mation about the angular momentum distri- 
bution under investigation. 

Looking into the collision chamber through 
a quartz window, a reddish glow is visible 
around the intersection of an electron beam 
with a beam of water molecules. Its shape 
is more or less varied depending upon the 
strength of the focusing magnetic field of the 
electron gun, the width of the image slit, the 
intensity of the electron beam, the pressure 
of the collision chamber, and other experi- 
mental conditions, as shown in Fig. 2. The 
whole apparatus used is largely the same as 
described in detail in Part I.% 

The preparation of the sample of H.O, was 
made in two steps as follows. Firstly, the 
commercial 30% solution was concentrated 
after the recipe given by G. Brauer.) <A 
glass flask, provided with a fine glass capil- 
lary to secure regular boiling and prevent 
superheating, containing 180 cc of the dilute 
solution was immersed in a water bath kept 
at 45-50°C. The side tube of the flask was 
connected with a pumping system via a spiral 
condenser and a receiving flask of about 
150cc. After a vacuum distillation for 
3.5 hours at a pressure between 16 and 
22 mmHg, the volume of the content 
was reduced down to about 45cc, the 
residue being found to be about 90% 
H,O, in weight. Secondly, the flask 
containing the residue was taken off 
and attached to another high vacuum 
system. Before the HO, vapour was 
used in the collision experiment, a 
vacuum distillation of long duration at 
much lower pressures was preceded to 
make the residue as free as possible 
of air and water dissolved into it. 

Since H.O. decomposes when in con- 
tact with stopcock grease, metals and 
harsh surfaces of ground glass, pre- 
cautions were taken against the H.O, 
vapour to contact with anything but 
smooth surfaces of clean glass walls 
both in the preparation procedure and 
in the collision experiment. From the 
reservoir of H.O, to the image slit, all 


visible in various shapes under somewhat different 
conditions of operation at the intersection between 
an electron beam and a localized jet of water vapor. 


parts were made of glass. Without 
any stopcock, the pressure of the 


502 


H,O, vapour was controlled only by cooling 
or heating the reservoir. The two metallic 
slits used in the preceding experiment with 
H.O were also replaced with ones of glass as 
follows. After one end of a glass tube was 
closed in a blow-pipe flame, the thickness of 
the glass wall at the closed end was adjusted 
by blowing into the tube so as to become 
moderately thin. A slit was bored at the 
central portion of the closed end by a grinding 
device and sharp edges caused by grinding 
were all rounded off by a dilute solution of 
hydrogen fluoride. 


§ 3. Result 


The result of photographic photometry meas- 
urements for the rotational lines emitted 
from the OH* radicals splitting away from 
H.O, molecules bombarded by electrons is com- 
pared in Fig. 3 with that observed in the 
experiment with H,O. Both of them were 
obtained at sufficiently higher energies of 
impinging electrons ranging from 500 to 700 
volts so that the ambiguity due to the pos- 
sibility of what is called electron exchange 
collision might be set aside from the subject. 

In general, J(K’), the intensity of the 
rotational line corresponding to the rotational 
quantum number A’, is related to N(K’), the 
number of the excited radicals per unit 
volume at the rotational state with K’, as 
follows: 


N(E)=CHE) 2K + Dia(K’, K, 


where 7(K’, K’’) is the intensity factor. In 
the Qi branch considered, C(2K’+1)/i(K’, K’’) 
varies quite gradually as a function of K’ 
alone, the fluctuation of which does not exce- 
ed 1.3% of its magnitude in the range of K’ 
from 3 to 30. These figures, therefore, may 
be able to be regarded as the distributions of 
number of radicals against rotational quantum 
number without any serious alteration, merely 
except for the range of A’ less than 3. 

Now in the case of H,O., the distribution 
curve has a single maximum near the rota- 
tional quantum number K’ of 20. The 
effective rotational temperature corresponds to 
20,100K°, which is remarkably higher than 
the initial gas temperature. On the contrary, 
in the case of H.O, in addition to the thermal 
maximum near K’ of 5, the abnormal maxi- 
mum is located near K’ of 17 and the rota- 
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tional temperature corresponds to about) 
14,000°K. On comparison of these figures it is | 
seen that the thermal maximum found for! 
H.O is entirely absent for H,O. and moreover 
the abnormal maximum is found at a higher 
rotational quantum number for H,O, than. 
ites) LOmen.O. | 
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Fig. 3. Rotational intensity distributions of the 
@, branch in the OH (0, 0) band excited in the 
radiative collision of elections with H2O, and H,O 
molecules. 


In order to show the absence of the thermal 
maximum in the case of H.O,, the first 
fourteen members of the Q, branch in the 
OH (0,0) band excited in several kinds of 
collision processes are compared with one 
another in Fig. 4, in which (a) was taken by 
the hydrogen canal ray impact experiment 
with water molecules,” (b) by the radiative 
collision of electrons with hydrogen peroxide 
molecules and (c) by the radiative collision of 
electrons with water molecules. These inten- 
sity dis tributions are undoubtedly quite differ- 
ent from one another, and it may be recognized 
that the @(2), Q,(4) and Q,(6) lines, for ex- 
ample, are very much fainter especially in 
the electron-impact excitation of H,O., (b). 
On the other hand, the higher members, for 
example, the @:(13) and @,(14) lines in (b) 
and (c) are comparable with each other, while 
in (a) they fade out in rapid succession in 
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Fig. 4. The OH (0, 0) band; (a) hydrogen canal-ray-impact excitation of HO, (b) electron-impact 
excitation of H,O2, and (c) electron-impact excitation of H,O. 


contrast with the growing-up as seen in (b). 
It is also obviously doubtless that the gas 
temperature is not the main reason for such 
variations, because the parent molecules were 
certainly in all cases at room temperature. 


§ 4. Discussion 

As regards the molecular structure of the 
H,O, molecule, three models have so far been 
suggested as depicted in Fig. 5.8 Since in 
1934 W. G. Penny and G. B. B. M. Suther- 
land® indicated theoretically that the non- 
planar structure (c) was most probable, a 
number of works, as reviewed by J. T. 
Massey and D. R. Bianco,” tended to confirm 
their conclusion from both theoretical and 
experimental points of view. Especially the 
recent investigations by J. T. Massey e¢ al. 
with the microwave spectra and by P. A. 
Giguére e¢ al.1»' with the infrared absorp- 
tion spectra, all of them having been carried 
out’ in the vapour state, provided further 
strong confirmations for the nonplanar 
structure. 

As is well known, H,O, can be composed 
by various procedures of preparation, some 
of them being based on the association reac- 
tion of H atoms with O,™, and others on the 
recombination reaction of OH radicals liberat- 
ed in electrical discharges through H,0.'” 
It was in 1932 that K. H. Geib and P. Harteck! 
proposed the existence of the isomer with the 


structure (b) in discussing about their ex- 
perimental study of the former method. 
Since then the existence of such an isomer 
has long been the point in dispute for 20 odd 
years. Meanwhile, the recent work performed 
by P. A. Giguére and E. A. Secco™ with the 
infrared absorption spectra in the solid state 
of hydrogen and deuterium peroxides produced 
in an electrodeless ring discharge revealed a 
new indication in favour of the existence of 


the isomer, Hs 0+—0-. 


As far as the gaseous state is concerned, 
however, all the recent evidences cited above 
would allow us to set aside the model (b) 
from the question. And in fact, this model 
does not account for the absence of the first 
maximum, because it involves within itself a 
triangular configuration of HOH. Judging 
from this structure, whether it may be planar 
or pyramidal as suggested by A. D. Walsh,’” 
the OH* radical must be produced as, for 
example, 

He One 
Ht Oe 
Ht+ O +2e. 


(A) H.0,+ e— OH*+ 


Accordingly, two different possibilities may 
exist for the direction of the recoiling hydrogen 
atom or proton, as has been indicated in the 
case of H,O, namely—the direction along the 
line of centers of the two hydrogen atoms 
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and that along either one of the O-H bonds 
respectively. If a recoiling hydrogen atom, 
whether it may be normal, excited, or ionized, 
were projected in the direction extending the 
O-H bond concerned, the OH* radical left 
behind would thermally rotate for the law of 
angular momentum conservation, such a 
swarm of OH* radicals leading to the thermal 
maximum. But, in point of fact, the experi- 
mental result does not give any evidence of 
the thermal maximum, as shown in Figs. 3 
and 4. 


(a) 


(b) 


(C) 
Os 


Suggested models of H.O,; 
(c) is non-planar. 


Bigs pb. 


Such being the case, the absence of the 
first maximum must be attributed to the 
structures shown by the models (a) and (c). 
Owing to hindered rotation,»! the two OH 
bars within the H.O, molecule in the ground 
state may take various orientations with re- 
spect to each other about the axis of the O-O 
bond; then the molecule may transitorily take 
various shapes, including the c7s (a), the trans 
and the nonplanar (c) structures. In the case 
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of such a structure, when excited by electron 
impact, the H,O, molecule would be expected | 


to split more probably into two hydroxyl» 


radicals rather than into pieces as shown in | 


(A). These considerations are in good agree- 
ment with the fact that the hydrogen Balmer 
series is very much weaker in the radiative 
collision of electrons with H,O, than with 
H.O as shown in Fig. 6. The faint traces of 


He 
Hs =o H(0,0) 


He 
(a) th — a al 


(bd) : & H, 0, 
Fig. 6. Relative intensities of the hydrogen 
Balmer series to the OH (0, 0) band in the 
radiative collision of electrons with (a) H»,O 
and (b) HO, molecules. 


H20 


the Balmer lines in (b) may be due in part to 
a small quantity of H.O impurities contained 
in the H.O, molecular beam and in part to 
small probabilities for decompositions 
pieces of the HO, molecule. 

Accordingly, the essential features in the 
angular momentum distribution curve obsery- 
ed in the experiment with H,O., namely—the 
absence of the first (thermal) maximum and 
the shift of the second (abnormal) maximum 
towards higher rotational quantum numbers— 
may be attributable chiefly to the mechanism 
of the simultaneous excitation and dissocia- 
tion by electron impact of H.O, different from 
that of H;O as follows: 


into 


OH + e 
(B) H,O,+ e— OH*+ ; OH*+ e 
OH+t+ 2e , 
and 
H+e 
(C) H,0 + e— OH*+ H*+ e 
Heo Zen 


The excitation by radiation of diatomic 
molecules is strictly governed by the Franck- 
Condon principle. If the relative positions of 
the potential-energy curves for a diatomic 
molecule in its lowest state and in an excited 
state were assumed as shown in Fig. 7, (a) 
or (b), excitation results in a molecule which 
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at once dissociates into atoms. At that time, 
the relative kinetic energy of the two atoms 
| with which they fly apart is given by the 
vertical distance of the horizontal line AB 
- from the asymptote of the upper potential- 


Peenergy curve. 


Although the dissociation by electron impact 
/ of the HO-OH molecule may be in actuality 


energy 


Potential 


Distance 


Fig. 7. Potential-energy curves for a diatomic 
molecule in its lowest state and in an excited 
state; excitation leads to dissociation. 


a complex phenomenon, the qualitative feature 
of the process may likewise be understood. 
Now the two-dimensional potential-energy 
curves of the diatomic molecule must be re- 
placed by polydimensional surfaces, but the 
Franck-Condon principle is still admittedly 
applicable to the process of excitation by 
electron. The potential energy above the 
asymptotic plane of the point on an upper 


Radiative Molecular Collision 
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potential-energy surface reached after the 
quantum jump must now be converted not 
only into the translational energies but also 
into the rotational energies of the fragment 
radicals. Accordingly, the surplus energy cor- 
responding to & indicated in Fig. 7 must at 
all times be partly expended in enhancing the 
rotational energy of the H atom circling the 
O in the OH* radical splitting away from the 
H,0, molecule excited by electron impact, 
thus the absence of the thermal maximum 
being brought about. It may be of interest 
to study the over-all distribution curve in more 
detail from a theoretical point of view. 
Finally the authors wish to express their 
sincere thanks to Prof. T. Asada and Prof. 
T. Watanabe for placing the experimental 
facilities at their disposal. The authors have 
also pleasure in expressing their hearty thanks 
to Prof. M. Kotani of University of Tokyo 
and Prof. K. Niira of Tokyo Institute of 
Technology for their kind encouragements. 
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Proton magnetic resonance of solid hexamethyldisilane was studied. 
Line width and spin-lattice relaxation time were measured in temperature 
range from liquid air to room temperature. By analysing these quantities 
following results were obtained: Even at liquid air temperature, each 
CH; group reorientates about its three-fold symmetry axis so rapidly as 
to narrow the dipolar width due to three proton interactions within it- 
self (activation energy 2.6 kcal/mole). Then at about —120°C, reorienta- 
tion of CH3-groups about the axis joining two silicon atoms becomes 
rapid enough to narrow the width further (activation energy 5.7 kcal/ 
mole). Spin-lattice relaxation time varies qualitatively in accordance 
with the above considered reorientational motions. At —51.3°C, this 
crystal changes its structure and at the same time rapid reorientational 
motion of the molecular axis is excited, resulting discontinuous decrease 
in the line width and discontinuous increase in the spin-lattice relaxation 
time. Above the transition temperature, self-diffusion of molecule as a 
whole starts and the line width decreases gradually to zero (activation 


energy 10 kcal/mole). 
melting point. 


§ 1. Introduction 


Hexamethyldisilane is known as a_ typical 
plastic crystal in the sense first proposed by 
J. Timmermans” and the following properties 
have been revealed from the previous thermal 
and X-ray measurements”). (1) There is a 
remarkable anomaly in heat capacity at 
—51.3°C. In the high temperature phase, the 
substance becomes transparent perfectly in 
absence of air. On the ‘other hand, the ap- 
pearance of the sample brought into the low 
temperature phase is a white and opaque mass 
apparently composed of small crystals, pro- 
bably with many craks. (2) The entropy 
change 4S at the transition point is 10.5 cal/ 
deg., mole, and this value is much larger 
than that at the melting point (14.5°C) where 
AS is 2.51 cal/deg., mole. A large scale dis- 
order of lattice or molecule might be reasonab- 
ly expected in the high temperature phase. 
(3) In the high temperature phase, the crystal 
structure determined from Laue and oscilla- 
tion photographs using single crystals is body- 
centered cubic with the lattice constant of 
8.47 A (at 0°C) containing two molecules and 


No change in the line width was observed at the 


the molecular axes are orientated at random 
over four body diagonals. On the other hand, * 


© Si 


Orr 


Fig. 1. Molecular structure of hexamethyldisilane 
in gaseous state determined by the electron 
diffraction measurement. 


it is very difficult to obtain single crystals 
below the transition temperature, but Debye- 
Sherrer photographs suggest that the low 
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temperature modification is not at all “plastic” 
and belongs to lower symmetry. 

It is the purpose of this work to investigate 
motions of the atomic groups or the molecule 
as a whole by the observations of the 
temperature dependence of proton magnetic 
resonance line width and spin-lattice relaxa- 
tion time and also to relate them with the 
thermal and crystallographic data. 

Electron diffraction study of the present 
molecule in gaseous state has been already 
published®. For the discussion of our experi- 
mental results, molecular parameters (shown 
in Fig. 1) determined by this electron dif- 
fraction experiment are assumed. 


~§2. Experimental Method and Procedure 


The detection method of nuclear magnetic 
reasonance is similar to that of Watkins». 
The sample (about 99.7% pure) was sealed 
by distillation under vacuum into a thin- 
walled glass tube (lcm diameter and 3cm 
long) which is inserted into the radio-fre- 


to R.FCondenser 
+ 


opper Mesh for 
Electric Shielding 


lH 


TT 


Heater Coil 


Thermocouple 


RFCoil 


Sample 
e Dewer Vessel 


Cooling Material 
Fig. 2. The cryostat. 


quency coil of a Watkins type oscillator. The 
experiments were carried out with the con- 
stant frequency of 5.35 Mc/sec., and by 
sweeping the magnetic field slowly, the deriva- 
tives of the absorption curves were recorded 
on a recording meter, after being amplified 
and detected by a phase sensitive detector. 
Most of the measurements were done by 
using a magnet whose inhomogeneity over 
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the sample is about 0.1 gauss, and the 
magnetic field was modulated by 60 cycles 
per second. 

The cryostat used in our experiment is 
shown in Fig. 2. Liquid air or dry ice mixed 
with toluene was used as cooling material. 
The temperature of the sample was measured 
by means of a calibrated copper-constantan 
thermocouple located at a point very near 
the sample coil. Care was taken to assure 
good thermal equilibrium between the speci- 
men and the surroundings and also to keep 
the temperature constant for enough time to 
do the measurements of line width or satura- 
tion curve. The specimen was cooled slowly 
by pouring cooling material into the Dewer 
vessel little by little and then was warmed 
gradually up to the desired temperature by 
increasing the currents of the heater coils. 
Data were taken after the temperature was 
in good equilibrium. 

In the high temperature phase where the 
line width becomes very narrow, another 
highly homogeneous magnet was used for 
further precise measurement of the line 
width. The inhomogeneity of the magnetic 
field over the sample was about 6 milligauss. 
The magnetic field was modulated by 20 
cycle per second to avoid distorsion of the 
resonance line by the modulation. In this 
case the temperature of the specimen was 
varied by the adjustment of the velocity of 
cold air flowing a glass tube surrounding the 
rf-coil. In order to avoid the occurrence of 
temperature gradient within the specimen, the 
specimen was sealed in a nearly spherical 
glass tube, about 6 mm in diameter. 

The spin-lattice relaxation time 7, was 
measured by usual saturation method, the 
sensitivity of the detector being calibrated by 
a calibrator of Watkins type”. The results 
obtained for long T; are not so reliable, be- 
cause at very weak oscillator coil voltage, 
the detector output becomes very noisy. For 
the calibration of the oscillating field Hi, the 
line shape and saturation curve were measur- 
ed for an aqueous solution of paramagnetic 
salt. Since the line shape is Lorentzian and 
T,=T, in this case, we can calculate the value 
of Hj, using the formula given by Bloember- 
gen, Purcell and Pound”, which is found to 
be 9.4x10-2 oersted per unit coil voltage. 
Here the coil voltage was measured by a 
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valve voltmeter. Although the relative 
values of the spin-lattice relaxation time are 
reliable, their absolute values may be in error 
within +30%, for they imply many possible 
errors in the calibration of Hy, in the evalua- 
tion of Z,, and others. 


§ 3. Experimental Results and Discussions 


(a) 

For the case in which similar nuclei are 
interacting with each other by magnetic 
dipole-dipole interactions and are considered 
to be rigid, the second moment of the absorp- 
tion line is given by”® 


The second moment 


2i(3 cos?4 j2— 1)?7 58 


j>k 

ide) 
where N is the number of nuclei interacting 
with each other, 03. is the angle between the 
external magnetic field and the line joining 
nuclei j and k, rj is the distance between 
nuclei 7 and k, J is the nuclear spin, and 
gBI is the nuclear magnetic moment. For 
powder sample, taking the average over the 
angle 83, and inserting the numerical values 
for the case of protons, (1) becomes to be 


<AHP>=7.1610-N-1 S 758. (2) 


Si S1I+1) 9° 8° <3 


Now, we shall consider the case of hexa- 
methyldisilane molecule. The numerical value 
of the second moment for isolated rigid CH; 
group with H-H distance of 1.79A% is 
<4H*?>=21.7 gauss?. The dipolar interac- 
tions between three CH; groups belonging to 
each one of silicon atoms are calculated by 
assuming that three protons lie randomly on 
a circle determined by three hydrogen atoms 
belonging to a CH 3 group, since the exact 
orientation of CH; group with respect to the 
three-fold symmetry axis, or, C3 axis is not 
known. The second moment due to the inter- 
action between CH; groups belonging to 
different silicon atoms in a molecule is cal- 
culated by assuming that relative orientations 
are at random, since exact molecular con- 
figuration, that is, cis, trans, or other type, 
is also not known. 

When three protons in each CH; group re- 
orientate about the C; symmetry axis, or, CH; 
groups reorientate about Si-Si axis (C’; axis), 
the reduced second moments are calculated 
by the formula given by Gutowsky and Pake®, 
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or, by the equation (20) given in section (C). 
The calculated values of the second moments 
in each case are shown in Table I. 


actions to the second moment is impossible 
to be calculated exactly, owing to the lack 
of knowledge about the crystal structure. 


However, if we take body-centered cubic 
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Fig. 3. Experimental line width between maxi- 
mum and minimum slopes (upper curve) and 
the second moment for hexamethyldisilane plot- 
ted against temperature (lower curve). Dotted 
line represents the calculated curve. 


O05 


=50) 


Fig. 4. Experimental line width of hexamety]- 
disilane in high temperature phase measured 
by the use of homogeneous -magnet. 


structure with the lattice constant of 8.47 & 
which corresponds to that in the high: tempe- 


rature phase, and assume that the direction. 


of the molecular axis is distributed randomly 
over the directions of four diagonals, we 
obtain about 1.0 gauss? as the second moment 
due to the intermolecular interactions. We as- 
sume tentatively this second moment also in 
the low temperature phase, because the pack- 
ing of the crystal might not change violently 


The con- | 
tribution of the intermolecular dipolar inter- | 
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Table I. The calculated second moments and the comparison with the experimental results. 


S. Interaction | Interaction | Interaction | 
Interaction between protons) between protons 
between three | belonging to belonging to Inter- 

| protons ina three methyl | methyl groups molecular Total Exp. 

. State : methyl group groups bonded to bonded to different !2teraction 

of motion ~_ i __ (one silicon atom] silicon atoms 

a gauss? | i] Mui we o> a pl 1 
Rigid Zh 1.04 0.52 1.0 24.3 — 
C3- rotation 5.43 0.90 0.52 120 ED 9.0 
C3/-rotation 0.64 0.23 0.33 0.6 1.8 220 


by the transition. This value may be scarce- 
ly affected by the C; axis rotation, but it will 
_ be narrowed by the C’; axis rotation and we 
rather arbitrarily take the value 0.6 gauss? for 
the narrowed second moment. 

From the experimentally obtained derivative 
curves, the second moments were computed 
and are shown in Fig. 3, together with the 
widths between maximum slopes. Fig. 4 
shows the results of line width measurements 
in the high temperature phase, by the use of 
more homogeneous magnet. The _ second 
moment is constant in the temperature range 
between —180°C and —140°C, and also 
between —90°C and —55°C. These constant 
values are shown in Tab. Iand are compared 
with the theoretical values. 

From Tab. I, it is clear that even at the 
lowest temperature, this molecule cannot be 
considered to be rigid, since the measured 
second moment is much less than that cal- 
culated by the assumption of rigid lattice. 
On the contrary, the experimental second 
moment coincides nearly with the calculated 
one in the case of CH; group reorientating 
about its C; axis. Thus, it seems clear that 
even at liquid air temperature the methyl 
group reorientates about its C; axis with 
enough high frequency to narrow the line 
width due to dipolar interactions between 
three protons in each CHs group. 

The gradual change in the line width which 
takes place around —125°C is due to some 
additional motion and this motion may be the 
reorientational motion of methyl groups about 
C;’ axis. In fact, the second moment in the 
temperature range between —90°C and the 
transition point coincides well with the 
caluculated value under the assumption of C’s 
axis rotation. Whether the structure of this 
molecule is cis, trans, or some other type is 
indeterminable by our experiments alone. 


Just above the transition temperature* , the 
line width and also the second moment de- 
crease suddenly to much smaller values, in- 
dicating that some additional rapid motion of 
the molecule or some groups in the molecule 
starts suddenly at the transition temperature. 
Now, in this higher temperature phase, X-ray 
determination of the crystal structure and 
lattice dimension have been already done, the 
result of which was given in the introduction. 
The caluclated second moment due to the 
intermolecular dipolar interaction alone, in the 
high temperature phase, yields about 0.55 
gauss”, if we assume that eighteen protons 
lie at the center of gravity of each molecule. 
If the line shape is Gaussian, the separation 
between the points of maximum and minimum 
slopes is calculated to be 1.4 gauss. Extra- 
polating the observed values in the high 
temperature phase to the transition point, 
1.1 gauss is obtained for the line width. This 
suggests that the whole molecule will rotate 
around its center of gravity rapidly enough to 
average out the intramolecular interaction 
leaving only the intermolecular one. Narrow- 
ing of the line width above the transition 
temperature is caused by the self-diffusion of 
the molecule as a whole which will be discussed 
later. 


(6b) Spin-lattice relaxation time 


Generally speaking, studies of the spin- 
lattice relaxation time will give more detailed 
informations about molecular motions. First, 
we shall give the results of some theoretical 
considerations about spin-lattice relaxation 
time, in this molecule. 


e The temperature at which discontinuous change 
in the line width occurs is —53°C, which differs 
about 2°C from the thermal transition temperature. 
This discrepancy may probably arise from the 
errors in measuring the temperature of the sample 
in our measurement. 
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The spin-lattice relaxation time, 7;, due to 

molecular motion is expressed as follows:” 

1/T, =(3/2)r4W7LT4+ Dio) +Jo(2»0)] (3) 
where 7 is the gyromagnetic ratio and J; (») 
and J, (2v9) are the sum of the intensities of 
the Fourier spectra, of frequency vo and 2y9, 
of Fyx; and Fy; respectively, where 

Fy 4j=sin 01; cos 0:3 exp (2643) 7457? (4) 

Fy aj = Sin? O15 exp (2243) 7e5-* . 
Here rij is the vector joining the nuclei z and 
j with magnitude 7%;, 0:; is the polar angle 
of rij taking the z-axis in the direction of the 
applied field, ¢:; is the azimuthal angle of rij 
measured from some fixed reference direction, 
and yy is the Zeeman frequency. For the 
discussion of the change of the line width, 
which will begiven in the next section, one 
more function, Fy,:; is needed, where 


Fo, w= cos? 64;—1) 74577 (59) 


To each of these positional functions we can 
define a correlation function 


K (0) =<F (t) F* (t+-1)> (6) 
where F(Z) represents any one of three func- 
tions, Fy, F, and F,. Then the spectral in- 


tensity J(v) is given by the sum of the Fourier 
transforms of K(t): 


Iw= ips K(c) exp (Qnivt)de (7) 


Next, we shall consider how the correlation 
function is expressed in the case of hindered 
rotation of methyl group. As for the narrow- 
ing of the line width, Powles and Gutowsky 
have already discussed the same problem™. 
We assume that the reorientation about C; 
axis among three equivalent orientations takes 
place stepwisely and the time spent during 
the rotation from one equivalent orientation 
to another one can be neglected, compared 
with the time during which the atomic group 
stays at an equivalent orientation. We shall 
define probabilities @,, a, and a3 for the mole- 
cule taking each of three equivalent orienta- 
tions at a time ¢. Assuming that the direc- 
tion of rotation is random, and that the rate 
per unit time of jumping is l/re, we can 
write 


Two similar equations are obtained by cyclic 
permutations of the suffices. The solution of 
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these equations, subject to the initial condi- | 
tions, @(0)=1, a.(0)=0 and a;(0)=90, is 
ay(t)=(1/3)+ (2/3) exp [—G/2)#/ee] ho) 
a,(t) = a(t) =(1/3)—(1/3) exp [—(3/2) d/re]. 
In this case the correlation function is cal- 
culated to be | 
EOI t) Sa, | 
=(1/3)[((a,—a.)((F P+ | F22+[F3)2)+@/F 7], 
(10). 
where F=F14+F?+F? and Fé is the value of — 
the position function F in the z-th orientation. 
Inserting (9) into (10), we obtain 
UD) Betsey 
rs d\n Ses oe 
—|<F>}expl—(3/2)r/te], (11) 
where <. > means the average of the posi- 
tion function over three equivalent orienta- 
tions. When r<r,, <F(t)F*(t+t)> is equal 
to <|F|?> itself, while, when tc, F itself 
is first averaged and the square of this 
averaged value remains. 
Now, in the case of methyl group reorientat- 
ing about its C; axis, (11) can be easily 
calculated as 


B<F (2) Fo*(¢+t) > 
= (1/2)(3v2?—1)?+ (9/4)(1—v2?)? exp (—t/te’) 
BP OFA t+) > 
=(1/2)y2(1—y,”) +(1/4)(1 —v4) exp(—t/te’) 
O<F 2) Fo(t+t) > 


=(1/2)1—».2)" 
+(1/4)1+6y.2+»-4) exp (—t/te’) 

(12) 
where vz is the cosine of the angle between 
the C; axis and the static magnetic field, 5 
is the distance between protons in methyl 
group and 


fo ==(2/3) tee (13) 


For crystal powder, taking average over the 
angles 


O° < Fy @) Fat 4-2) > powace 
= (2/5) [1+3 exp (—t/t-’)] 
Do < Fy (t) Fy*(t+1)> powaer 
=(1/15)[1+3 exp (—t/r-’)] 
aOR ES CAW DP ak 32 2 EST 
= (4/15)[1+3 exp (—t/r.’)] 


By (6) and (7),sJ in the case of crystal pow- 
der is calculated to be 


(14) 
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1 2t¢" 6 
Ji 0) 5 1+ wo?t¢/? 
(15) 
Ou 4 Qe dee 


5 ieee’ 
where @) is 2z times the Zeeman frequency. 

Next, we shall consider the case when the 
C;’ axis rotation superposes on the C3 axis 
rotation. In our case, since at the tempera- 
ture where the C;’ axis rotation contributes 
to the narrowing of the line width or spin- 
lattice relaxation time, the C3; axis rotation 
is already very rapid, the effects of the C; 
axis rotation and C;’ axis rotation can be 
treated separately. Then, (11) can be well 
applied also to the case of C,’ axis rotation, 
provided that F is replaced by <F'>+,, where 
<_ >c, means the average of F over C; axis 
rotation. If we write < >,’ for the average 
over C; axis rotation, the correlation function 
in the case of the C,/ axis rotation can be 
expressed to be 


<F(L)F*(t+7)>>eqs 64” 
iv Eee, a Ges)? ayy 


a [RP a ey | ERD [—(3/2)r/ pc] 
(16) 


where o- is the correlation time for the C;’ 
axis rotation. (16) is a good approximation 
when (c>Te, and @te-<1. The powder 
averages of the correlation functions for three 
protons in one CH; group are given by 


B<Fo@) Fo* (+7) > 
=(1/10)[((1—3 cos? a)? 
+3(1+3 cos? @)(1—cos2 a) exp (—t/pc’)] 
B<F, (2) Be (Px) > 
=(1/60)[(1—3 cos? a)? 
+3(1+3 cos? @)(1—cos? a) exp (—t/pc’)] 
BLO) F*(t+t)> 
=(1/15)[((1—3 cos? aw)? 
+3(1+3 cos? v)(1—cos? @) exp (—7/p-’)] 
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where @ is the angle between the C,- and 
C;’-axis, and 0c’=29,/3. The spectral inten- 
sities can be calculated easily by (7) and (17). 

Equations (11) and (16) are applicable also 
to more general cases. In the case of 
arbitrary reorientational motion of some atomic 
group, < > in (11) should be taken as the 
average value of F over all equivalent orienta- 
tions, and in (16), << >, and < >-,- should 
correspond to the average value over equi- 
valent orientations corresponding to the very 
fast rotation and that corresponding to the 
slower motion, respectively. 

The spin-lattice relaxation time T, is given 
by ‘ 


Te’ (OF pc’) Ate’ (Or pc’) 
1+ wo?te’?{OFr pe’”) ~1+4ao?re’? (or pc’) 


(18) 


where C is a constant which depends upon 
the configuration of the molecule and the 
mode of its motion, and is calculated easily 
by the expressions for J; and jJ2. The 
numerical values of C calculated with the 
molecular parameters of hexamethyldisilane 
are shown in Tab. IJ. The intermolecular 
part is estimated by the same way as dis- 
cussed in (a). It can be seen from Tab. I 
that the second moment calculated with the 
same parameters is about 14% smaller than 
the measured value. This discrepancy may 
arise from errors in the molecular parameters, 
such as H-H distance in each methyl group, 
or difference in the packing in the low tem- 
perature phase as compared with that in the 
high temperature phase, by which the inter- 
molecular interaction will be changed. We 
tentatively correct the values of C by the 
amount just enough to compensate the dis- 
crepancy in the second moment. The cor- 
rected values are also shown in Tab. II. 
Now, since in our case the molecular motion 


(17) is the hindered reorientational one, we may 
Table II. The calculated values of C. 
: ee | "Interaction | Interaction | if Trey | 
Interaction Interaction between protons between protons Taran! 
between three belonging to Peleueiye stom |r a. an |e Eotal palmCorrected 
protons in a three methyl | methyl groups | jiteraction | 
State methyl proup groups bonded to bonded to different| 
of motion one silicon atom silicon atoms | cin yeep ee 
C3- rotation 7.6 x 109 0.1109 small small MS SMO? 8.8 x 109 
C3/-rotation ZporalOy 0.4x 109 0.1x 10° Ase ios 2.9x 10° See x 108 
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assume that rt.’ (or Oc’) varies with tempera- 
ture as follows: 

te (OF po l=t9 (Or oo) exp (E/RT). (19) 
The quantity EF corresponds to the activation 
energy or the height of potential barrier 
hindering rotation. The values of & and 
To’ (or po) can be obtained by analysing the 
experimental results on 7, as well as by 
analysing the narrowing of the line width 
which will be discussed in next section, and 
thus the confirmation of the mode of mole- 
cular motion can be done by comparing the 
values of EF and 1)’ (or oo’) obtained from 
these two independent methods. 


10 Sec 


10 
-200 -180 


-I60 -I40 -I20 -100 -80 -60 -40°C 


Fig. 5. Temperature dependence of the observed 
spin-lattice relaxation time, and the calculated 
curves with the parameters given in the text. 


The experimental results of the measure- 
ment of J, is shown in Fig. 5. From the 
temperature dependence of TJ, in the tem- 
perature range between —180°C and —120°C 
and using the value of C in Tab. II, the 
activation energy and the value of ct,’ for 
the hindered rotation of each methyl group 
about its C3; axis are determined to be 2.6 
kcal/mole and 1.0x10-™ sec., respectively. 
Since the temperature range suitable for the 
determination of these quantities is rather 
narrow, error in & may be 0.2 kcal/mole 
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and correspondingly to’ may be in error with- 
in a factor of 5. Activation energy for this 
kind of motion has been estimated in various 
organic crystals by proton magnetic resonance 
method®)™!) and their reported values are in 
agreement with each other and also with 
ours. At —180°C the correlation time te is 
1.1x 10-8 sec. which is consistent with the nar- 
rowed line width discussed in (a). The calcu- 
lated value of T, by the use of these values 
of E and tr’ is shown in Fig. 5 by the dotted 
line, by which one might expect that there 
will be a minimum in J, around —185°C. 
It is hoped to carry out experiments below 
—180°C to ascertain the existence of this 
minimum and also to determine at what tem- 
perature the line width will broaden up to 
its full width corresponding to the rigid 
molecule. 

According to the discussion in (a), the 
decrease of Ji above —125°C will be caused 
by the hindered rotation of methyl groups 
about the C3’ axis, corresponding to the nar- 
rowing of the line width around —120°C. 
The general trend of the decrease of T, from 
—130°C to —90°C can be well accounted for 
by taking E=5.7 kcal/mole and oo =1.4x 10-14 
sec;, with C=3.3x10" (Tab, ID. tne ven 
culated value of YT, with these constants is 
shown in Fig. 5. However, there exists ano- 
malous change of 7:1 around —70°C which 
cannot be interpreted by any simple con- 
sideration of such reorientational motions as 
considered above. The actual behaviour of 
the molecular motion might be much more 
complicated than assumed here, especially in 
the vicinity of the transition temperature, by 
which the anomalous change of 7, might be 
produced. But no further discussion can be 
made at the present stage. The inaccuracy in 
E and 0 is comparatively large in the case 
of the C;’ axis rotation, about -+-0.5 kcal/mole 
inv. and a factor of 10 or so im py) SAL 
—133°C, where the line width begins to 
narrow, O- is calculated to be 1x10-5 sec., 
which is just the same order as the inverse 
of the line width expressed in frequency scale, 
indicating our interpretation is the reasonable 
one, 

As already described in (a), at the thermal 
transition point the line width and the second 
moment, decrease. suddenly, and above this 
temperature they continue to decrease until 


1957) 


the width becomes narrower than 0.01 gauss. 
On the other hand, though we measured only 
two points, JZ, increases discontinuously at 
the transition point and it seems undoubtedly 
to increase with raising temperature. We 
found already from the analysis of the second 
moment that the vigorous reorientational 
motion of the molecular axis, which is enough 
to make the intramolecular interactions negli- 
gible, occurs abruptly at the transition point 
and then the width due to the intermolecular 
interaction decreases gradually with raising 
temperature by the self-diffusion of the mole- 
cules through the lattice. Just above the 
transition point, the rate of self-diffusion 
should not be so rapid as to narrow the in- 
termolecular interaction- appreciably. There- 
fore, the fact that JT, increases with raising 
temperature above the transition point may 
suggest that the contribution to the relaxation 
of the reorientational motion of the molecular 
axis is larger than that of the self-diffusion. 
Some further discussion will be given in (d). 


(ce) The line width transition 

The narrowing of the absorption line width 
due to the reorientational motion about the 
C3 axis can be treated with just the same 
procedure as given in (0). The correlation 
function of Fy=~7-*(8cos?6—1) is already 
given there. For a value of t,’, the line 
width is given by” 

(4w)?= 2 log 2[(1/4) 
+ (3/27) arctg{(a/4 log 2) t.’dw}|<Awo? > 
(20) 
where 4w is the half of the half-value width, 
<4w@)?> is the second moment in the case of 
rigid configuration and a@ is a correction 
factor depending upon the line shape which 
is equal to 1 in the case of Gaussian shape. 
Actually, however, the line width is already 
narrowed at the lowest temperature of our 
measurements, and no discussion can be made 
concerning the C; axis rotation. 

Narrowing of the line width around —120°C 
is caused by the reorientational motion about 
the C;/ axis, as already discussed in (a) and 
(b). In this case, the intra-methyl and also 
inter-methyl interactions are narrowed at the 
same time, as shown in Tab. I. The nar- 
rowing of the width can be calclulated in just 
the similar way as discussed in (b) for T,, the 
result of calculation being given by 
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(4w)? =2 log 2 [<dw’y?> 
+{<dey?>—<do’.?>}(2/n) arctg 
{(xa@/4 log 2) pe’ do}] (21) 


where <4w?> and <4a/?> are the second 
moments before and after narrowing, re- 
spectively, and 4w is the half of the half- 
value width corresponding to the correlation 
time o-’. Expressing in magnetic field scale 
and using the experimental values 9.0 gauss? 
and 2.0 gauss? for the second moments before 
and after narrowing, the line width between 
maximum slopes is calculated with the values 
of E and obtained in (6), assuming the 
line shape is Gaussian. The best fit with the 
experimental results is obtained with a=2, 
the calculted curve being shown in Fig. 3. 
Actually, the assumption of Gaussian shape 
is not exactly valid in the case of strong 
narrowing; after narrowing, the observed 
width between maximum slopes is 3.2 gauss 
which is not exactly equal to 2/<4H?>= 
2.8 gauss calculated from the observed second 
moment 2.0 gauss? with assumption of Gaus- 
sian shape, though, before narrowing, the line 
width 6.0 gauss is exactly equal to that cal- 
culated from the observed second moment 
9.0 gauss’. But the general discussion about 
the narrowing of the line width is not altered 
by this minute variation of the line shape. 
The further decrease of the line width in the 
high temperature phase is considered to be 
caused by the self-diffusion of the molecule 
as a whole in a similar manner to that sug- 
gested by Andrew for cyclohexane and some 
other organic molecules”. At the transition 
point, the crystal structure undergoes the 
change from some structure of lower sym- 
metry to body-centered cubic with large 
entropy change, 10.5 cal/deg. mole, and at the 
same time many vacancies might be produc- 
ed in the crystalline lattice. Accordingly, in 
spite of comparatively large size of the mole- 
cule, the molecules change their equilibrium 
positions accompanying the still more rapid 
reorientation of the molecular axis, fast enough 
to affect the line width. Assuming that the 
self-diffusion has a correlation time t’, the 
equation (20) will be applicable also for the 
narrowing of the line width in this case. 
Using the calculated value of <4H">, which 
is 0.55 gauss?, and assuming Gaussian shape, 
though it is not a good approximation, the 
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activation energy and ct, for the self-diffus- 
sion are found to be 10 kcal/mole and 2.6x 
10-1° sec, respectively. Of course these values 
give only orders of magnitude. From the 
fact that the lattice energy of this subatance 
(sum of heat of vaporization and heat of 
fusion) is about 9.6 kcal/mole, this activation 
energy is considered to be reasonable in 
order™. 

In addition, the line width at about 4°C 
(lower than the melting point, 14.4°C) where 
this crystal is still in a solid state, is as nar- 
row as the one in liquid state (6 to 8 milli- 
gauss between maximum slopes which arises 
almost from the magnetic field inhomogeneity). 
Therefore, even in solid state these mole- 
cules behave effectively in the similar man- 
ner as Brownian motions in liquid state. 


(d) Relaxation time at the high temperature 
phase and self-diffusion. 

Assuming that the intramolecular interac- 
tion is completely averaged out, the spin- 
lattice relaxation time by self-diffusion is 
calculated by the formula given by Torrey™) 
to be about 20 sec. at —46°C, using the 
correlation time obtained from the analysis 
of line width narrowing. Actually, however, 
just above the transition temperature, the 
contribution to the spin-lattice relaxation 
arises from two origins, the diffusion of the 
molecule as a whole, and the reorientational 
motion of the molecular axis. The observed 
T, at —46°C is about 2.5 sec., which is con- 
siderably smaller than the value calculated 
above by the self-diffusion alone, indicating 
that the reorientational motion of the mole- 
cular axis is probably the main origin of the 
spin-lattice relaxation. If the correlation time 
of this reorientational motion is of the order 
of 1x10-?° sec. at this temperature, the cal- 
culated value of YZ, can be brought to coin- 
cide with the experimental one. As the 
temperature increases, it is expected that T, 
will reach a maximum, then decrease to a 
minimum value and finally increase again, by 
the competation of the two contributions to 


* In X-ray investigation, a slight inflection ex- 
ists in the thermal expansion coefficient vs tem- 
perature curve at — 30°C (ref. 2). In our proton 
magnetic resonance experiment, however, no such 
anomaly was observed at this temperature. We 
might be able to detect some change if we could 
measure spin-lattice relaxation time. 
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T, arising from the motion of the molecular 
axis and of the self-diffusion. Unfortunately, 
however, it was impossible to measure the 
saturation curves above —40°C by our ap- 
paratus, because of long 7; and narrow line 
width. 

Recently, Nachtrieb and his collaborators 
have proposed an experimental relation for 
self-diffusion in metals and also in molecular 
crystals which is 


AA act = CL (22) 


where 4Aict is the activation enthalpy for 
self-diffusion, Z is the latent heat of fusion 
and C is a constant having a value of 16.5 
for body-centered cubic and face-centered 
cubic lattices. Inserting the observed value 
of latent heat of fusion 720 cal/mole into 
equation (22), 4Hact is estimated to be 11.9 
kcal/mole. This is consistent with the value 
obtained in the preceding section, 10 kcal/mole. 

We may notice that the experiment of self- 
diffusion by the radioactive tracer method is 
planned to check the conclusion of our 
magnetic resonance experiments and to obtain 
more reliable activation energy. 


In conclusion, we would like to thank Miss. 
H. Ibamoto for her collaboration in some part 
of the experimental work. 
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Magnetic susceptibilities and electrical conductivities of (La, Sr)(Fe/Co)Oz 
samples sintered in vacuo or in oxygen stream are measured here. Samples 
containing tetravalent magnetic ions in general have Curie contants small- 


er than those containing only trivalent ions. 


This fact and the high con- 


ductivity in the former specimens strongly support the combined effect 
of the double exchange and the usual exchange mechanism in these com- 


pounds. 


The parallel alignment of spins of magnetic ions due to double 


exchange is partly or completely hindered by the presence of the strong- 
ly negative trivalent-trivalent interionic interactions. 


§1. Introduction 


Since the ferromagnetic compounds with 
perovskite structure were discovered by Jon- 
ker and van Santen”, a considerable number 
of researches have been made on related com- 
pounds?-, both on the experimental side and 
the theoretical side. The ferromagnetism is 
attributed to the positive exchange interaction 
between magnetic ions, and the magnetic prop- 
erties of these compounds are generally af- 
fected strongly by the temperature and the 
atmosphere under which they have been pre- 
pared, since these factors influence the amount 
of oxygen in the crystal lattice, hence the 
valency of magnetic ions. 

In their studies, Jonker and van Santen 
confined their samples to those “correctly pre- 
pared”, as they call. For instance, LaMnOs, 
when prepared correctly, should contain no 
Mn‘t ions, whereas SrMnO; shold have no 
Mn?* ions. It is generally easy to obtain cor- 
rect samples when the compound are rich in 
trivalent raze earth ions, whereas it is rather 
difficult to obtain correct samples from com- 
pounds with a large amount of divalent alka- 
line earth ions, This might be one of the 


reasons why Jonker and van Santen used sam- 
ples with limited compositions of alkaline earth 
metals. 

In the present study, we have selected the 
specimen without such a restriction, by study- 
ing the effect of sintering-atmosphere on the 
properties of a sample which has given cation 
composition. The effect becomes more re- 
markable according to an increase of the al- 
kaline earth ions®); pure SrFeO, contains prac- 
tically no Fe‘** ion, when sintered in vacuo, 
whereas it does contain 58% Fe‘*, if it is 
sintered and cooled in oxygen atmosphere. 
As a result there is a striking difference be- 
tween these samples in their magnetic pro- 
perties. 

The second purpose of this study is to in- 
vestigate the high temperature susceptibility 
of these compounds. Zener has proposed a 
mechanism of parallel alignment of spins of 
magnetic ions, called double exchange, and 
explained the ferromagnetism found in man- 
ganites. Anderson and Hasegawa’ pointed 
out that according to such a mechanism a 
behavior of the susceptibility above the Curie 
temperature would be different from that when 
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merely usual exchange interactions are pre- 
sent. In a recent paper Jonker™ states that 
no such effect can be found for manganites, 
and he seems to be inclined to put less weight 
on Zener’s mechanism. We have examined 
this point for other compounds. 

Asa perliminary step for these purposes 
we have chosen (La, Sr) ferrites and (La, Sr) 
cobaltites as our samples. As was expected, 
the electrical conductivity is much increased 
with the coexistence of trivalent and tetrava- 
lent magnetic ions, and also the susceptibili- 
ties above the Curie temperature are changed 
from those where merely trivalent ions are 
present. This is not contradictory to the me- 
chanism of double exchange, although complete 
alignment of ionic spins would not be rea- 
lized in this case. 


§2. Experimental Procedure and the Nature 
of the Samples 
1. Preparation of the samples 
All the samples were prepared by the usual 
ceramic method; the starting materials were 
pure La,O3, SrCoO3, Fe,03; prepared from 
FeC.0,, and Co30, prepared from cobalt sul- 
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in the desired proportions and milled in an | 
agate mortar, prefired for two hours in air 
at about 1200°C, and then quenched. Then | 


they were milled again and heated in air at 
about 1250°C for several hours. 


out in various ways, in order to observe the 
change in character of this substance with 2. 
For other compounds, the products were heat- 
treated in vacuo or in oxygen for several 
hours at 1100-1200°C. SrCoO,, sintered in 
vacuo, showed a melting point lower than that 
of other compounds, and the sintering tem- 
perature was accordingly lowered (~1150°C). 
It showed a strong tendency to absorb oxygen 
in air even at room temperature, especially 
in the form of fine powder. 


2. Chemical analysis 


The chemical analysis was carried out by 
means of the procedure sketched in Yakel’s 
paper» in the chemical analysis department 
of our institute. The result is listed in Tables 
I and II. 


3. X-ray powder patterns 
Crystal symmetry was studied for all the 


phate. The starting materials were mixed samples by means of the X-ray powder pat- 
Table I. The relation between the amount of tetravalent ions and the crystal 
symmetry of SrFeO, samples. 
Chemical analysis 
No. Heat-treated in of Belt an Crystal Symmetry 
; rallies tote Ke z 
it Vacuo, 1300°C 0.49 2.50 | Monoclinic 
2 Vacuo, 1000°C DG 2.56 " 1+5 : 
3 Air, 900°C 30.0 2565 14+5 
4 Air stream, 1150°C ADS aS 1+5 
5 Gavuen rea 600°C 58.3 2 Neary cubic 
‘ : sf9 (Slightly tetragonal) _ 


Table II. Crystal symmetry and the results of chemical analysis of (La, Sr)(Fe/Co)O» samples. 


Crystal symmetry % Fett or % Cott 
Substance Heat-treated in Heat-treated in 
. cad Vacuo Oxygen Vacuo Oxygen , 
SrFeO, Monoclinic Neary ubte 0.5 Bisa ss 
Lao,sSro,sFeOx Cubic Cubic 0 47.6 
SrCoO, Undetermined Cubic (Ae. 59.3 
Lao, sSro,sCoOz Undetermined Cubic ues) 61.0 


| 
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As for. 
SrFeO., final heat treatments were carried © 


| 


iy 
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tern technique, using a Fe anticathode tube 
and a 9cm diameter camera. The result is 
listed in Tables I and II, together with that 
of the chemical analysis. It can be seen from 
Table I, that SrFeO, is monoclinic when 2 is 
small, but is almost cubic at the maximum 
value of 2 attained in our preparation. In 
the intermediate range of 2 values, the com- 
pounds were mixtures of both of the materi- 
als. The lattice parameters of the monoclinic 
and the nearly cubic phase, represented with 
respect to a single perovskite cell, were found 
to be: 

monoclinic: a~b=3.95A, c=3.87A4, 7 =91°32’; 

nearly cubic (tetragonal): a@=3.87A,c=3.85A. 
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The samples of Lao.;Sro.;FeO, are cubic, 
the lattice constants being 
Lao,sSto.sFeO, heat-treated in vacuo: 
a=3.90A; 
Lao.sSro.sFeO. heat-treated in oxygen 
stream: a@=3.88A. 
The powder patterns of these samples are 
shown in Photo. 1. 

As for cobaltites, the difference in crystal 
structure was remarkable between samples 
heat-treated in vacuo and those heat-treated 
in oxygen stream. The latter samples are 
cubic, while we could not determine the cry- 
stal symmetry of the former. The system 
SrCoO, is more complicated than SrFeO,, and 


Sr Fe O,, heat-treated in vacuo. 


coal CN i on ee SS Sree 
oD NDONN oan On 
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Lay,<Sro,sFeO,, heat-treated in vacuo. 


Photons 


X-ray powder patterns of (La, Sr) ferrites. 


Anticathode: Fe. 


SrCoO,, heat-treated in vacuo. 


SrCoO,, heat-treated in oxygen stream. 


Lap,<Sro,sCoO,, heat-treated in vacuo. 


Lao,sSto,sCoOz, heat-treated in oxygen stream. 


Photo. 2. X-ray powder patterns of (La, Sr) cobaltites. 


Anticathode: Fe. 
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the phase diagram has not yet been studied 
in detail at present. The powder patterns in 
this case is shown in Photo. 2. The lattice 
constants of the cubic samples are: 

SrCoO, heat-treated in oxygen stream: 


G=3:00A; 
Lap.sSto.sCoO, heat-treated in oxygen 
Stream:~ @=3.83A. 


4. Magnetic measurements 

A. High temperatures. Magnetic measure- 
ments above room temperature were carried 
out with a pendulum magnetometer and a de 
Bois type electromagnet. The sample was 
heated by a small platinum furnace and the 
temperature was read with a Pt-PtRh thermo- 
couple. The sample container for samples 
treated in vacuo was a small hollow spherical 
silica globe with a small cock, attached to 
one end of the pendulum beam. It was deta- 
chable from the beam and could be evacuated 
after the sample was put in. 

This container, however, could not be used 
for samples not treated in vacuo, since the 
oxygen in the crystal lattice of the sample 
was apt to escape from it during heating. 
To protect samples from oxygen emission, 
we had to use another type of container, which 
was sealed off leaving a dead space as small 
as possible. Then, the results of the measure- 
ments became almost reversible on heating 
from room temperature to 900°C and subse- 
quent cooling, except for SrCoO,, in which 
case heating above 600°C gave irreversible 
results. 

B. Low temperatures. The low tempera- 
ture magnetizations were measured with a 
magnetic balance and a cyclotron type electro- 
magnet installed in the low temperature labo- 
ratory of our institute. The magnetic field 
used was about 15000 Oe. The temperature 
was read with a Cu-constantan thermocouple. 


5. Conductivity measurements 


Samples for the measurements of electrical 
conductivity were made from the sintered 
products stated in J. They were pressed in 
the form of rectangular bars of 5mm?x3cm. 
Potential terminals were thin platinum wires 
inserted in the pressed bricket through press- 
ing. These brickets were heat-treated under 
the same condition as when they had been 
prepared. After the heat-treatment, the at- 
tachment of the terminals to the specimen 
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became very tight. It was only the specimen 


SrCoO, treated in vacuo that caused some || 


difficulty in making such brickets. It was 
apt to disintegrate in the course of heat- 
treatment. 
electrodes attached to it in a similar manner. 

Measurements below room temperature were 
carried out in vacuo, whereas, those above 
room temperature were done in vacuo or in 
oxygen stream, according as the sample had 
been treated in vacuo or in oxygen. All of 
the results were reversible in heating and 
cooling in the temperature range of measure- 
ment. 


§ 3. 
1. Magnetic properties 


Experimental Results 


Fig. 1 shows the effect of heat treatment 
on the susceptibilities of SrFeO.. As can be 
seen from the figure, this substance, when it 
is poor in oxygen (specimen 1 of Table I) 
has an antiferromagnetic character with the 
Néel point near 400°C. As given in Table 
I, it contains practically no Fe** ion, vzz., its 
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Fig. 1. Reciprocal susceptibility per gram 


(1/x7)vs temperature curves of SrFeOz sam- 
ples. 
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QJ 50% 

@)5G=2)65: 

(QV ape 

OZ 
x and +, Experimental points measured 
during heating. @, Those measured du- 
ring cooling. 


chemical formula is SrFeO,.;, so the antifer- 
romagnetism may be attributed to Fe?+—Fe%+ 
interaction in the substance. On the contrary, 
when it is rich in oxygen (specimen 5 of 
Table I), it has an approximate composition 
of SrFeO,.s, and does not have any Néel point, 


while its susceptibilities are much greater. In 


So we used a melted mass with © 


| 
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accordance with the phase relation given in 

Table I, the susceptibilities of the substances 
of intermediate values of « are what is to be 
expected for mixtures of those of #=2.5 and 
2.8. Inan earlier paper’, the specimens were 
quenched or slowly cooled in air, and these 
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O 100 200 300 400. 00600 700 800 900 
Temperature(°C) 


Fig. 2. (1/x,)vs temperature curves of Lao,s5 
Sro,sFeO, samples, heat-treated in 
@ vacuo. 
@) oxygen stream. 
x and +, Experimental points measured 
during heating. @ and A Those measured 
during cooling. 
correspond to the intermediate mixtures. 
There the measurements were made with an 
open sample container. We have, however, 
ascertained that the results of the measure- 
ments were completely irrespective of the rate 
of cooling provided that the measurements 
were carried out with a sealed sample con- 
tainer as described in 4. of §2. 


oO 
O WO 200 300 400 500 600 700 800 900 
Temperature (°C) 


Fig. 3. (1/yg)vs temperature curves of SrCoOz 
samples, heat-treated in 
@ vacuo. 
@) oxygen stream 


As for Lao.sSto.sFeO,., both the samples 
treated in vacuo and in oxygen is weakly 
ferromagnetic (Fig. 2). The origin of the fer- 
romagnetism is not clear at present, but it is 
evident that it is the same as that found in 
LaFeO;!», If we assume this ferromagne- 
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tism to be something like the parasitic ferro- 
magnetism of a-Fe,O;, its Curie temperature 
might be identified with the Néel temperature. 
The behavior of the susceptibilities above this 
temperature for the substance treated in vacuo 
suggests that it is strongly antiferromagnetic, 
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Fig. 4. (1/xg)vs temperature curves of Lag,s 
Sro,sCoOx samples, heat-treated in 
@ vacuo. 
@) oxygen stream. 


since its paramagnetic Curie temperature is 
as low as —2100°K. When the specimen is 
treated in oxygen, the Néel temperature be- 
comes lower, and the high temperature suscep- 
tibilities become greater. 
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30 
2 
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Fig. 5. Magnetization per gram (o) at H= 


150000e vs temperature curves of 
@) Lao,sSto,sCoOw. 
@) SrCoOxz. 
samples, heat-treated in oxygen stream. 


In the case of cobaltites, samples treated in 
vacuo are probably antiferromagnetic, since 
they have negative paramagnetic Curie tem- 
peratures. (Figs, 3 and 4) Qn the contrary, 
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Table III. Magnetic properties of (La, Sr)(Fe/Co)O, samples 
iss Feit Se aw Aiea eee “een P: 4 AS ye ~ | Ferro- or antiferro- 
bale aramagne fi 
| *Bohr magneton number/magnetic ion Curie temperature G43 Stee a 
| fs) | : | - Heat- 
t Heat-treated Heat-treated Heat- Heat- | Heat 
ills | in vacuo in oxygen treated | treated treated | treated 
: ——— = =o | in in in in 
Exp. Spin-only | Exp. Spin-only vacuo oxygen vacuo ey een 
SrFeO; ri 5 95 5.92 4.38 532 — 1590 45 693 
Lao,sSro,5FeOx 6.45 5.92 4.59 5.41 — 2120 — 75 873 723 
SrCoOxz | ANS 4.96 Bro2 5.50 — 238 — 28 223 
Lao,sSto,sCoOz | 5.14 5.01 3.65 BO? — 445 —113 253 


* Bohr magneton numbers of the samples treated in oxygen stream 


are calculated from those 


slopes of the (1/x,) vs temperature curves which are indicated by the broken lines shown in 
the figures. 
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Fig.6. Logarithm of electrical resistivity 0 vs 
inverse temperature curves of 
@ SrFeO,, heat-treated in vacuo. 
@) SrFeO,, heat-treated in oxygen stream. 
@) SrCoO,, heat-treated in vacuo. 


@) SrCoO,z, heat-treated in oxygen stream. 


those treated in oxygen have spontaneous 
magnetization below room temperature. (Fig. 
5) The reciprocal susceptibility vs tempera- 
ture curves are straight lines for samples 
treated in vacuo, whereas they are slightly 
curved and have a greater overall inclination 
against temperature axis for samples treated 


in oxygen. These data are summarized in 
Table III, 


of 
wenxe”® ‘ 


XXX x 
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2. Zuntctiwe6 Cees 
1OOO7T (Kz) 
Fig. 7. Logarithm of electrical resistivity o vs 
inverse temperature curves of 


® Lao,sSro,sFeO;, heat-treated in oxygen 
stream. . 

@) Lap,sSro,sCoO,, heat-treated in vacuo. 

@) Lao.sSro,sCoO,, heat-treated in oxygen 
stream. 


2. Electrical conductivity 


There is a great difference in the magnitude 
of electrical conductivity between various sub- 
stances (Figs. 6 and 7). SrFeO, treated in 
vacuo has a high activation energy and a 
high electrical resistivity, whereas that treated 
in oxygen has a low activation energy and a 
low electrical resistivity. Also, Lap.sSro.sFeO. 
treated in yacuo had extremely high resisti- 


: 
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Table IV. Electrical resistivity of (La, Sr)(Fe/Co)O, samples. 


20°C (2 cm) Max. Act. Energy (eV) 
Substance Heat-treated in | Hevmurenta aa iia 
| ~ ne = — a | a = = ceee = = See. ee 
: ies vacuo oxygen vacuo oxygen 
SrFeO, 2.3 x 105 Sea 101 0.183 0.021. i 
Lap.5Sro,5FeOx Very high | 4.9x10-2 Very high 0.143 
SrCoO, 8.9x 108 3.9x10-4 0.211 0.021 
Lap,5Sto,sCoOz 4.9 x 102 6.9x10-4 0.138 Metallic 


vity, and accurate measurement was impos- 
sible in our experiment, whereas that treated 
in oxygen could easily be measured, though 
it had fairly high resistivity at low tempera- 
tures. 

As for SrCoO, the difference between sam- 
ples treated in vacuo and in oxygen is even 
greater than in SrFeO,. This might partly 
be due to the differences in crystal structure. 
Also the samples containing La behave just 
in the same way as ferrites, but here the 
temperature coefficient of resistivity is posi- 
tive in accord with Jonker’s result. These 
data are summarized in Table IV. 


$4. Discussion and Conclusion 


The ferromagnetism observed in the system 
of manganites has been ascribed by Zener to 
the double exchange between Mn**+ and Mn‘*+ 
ions. This type of exchange would be ex- 
pected not only between manganese ions, but 
also between other transition metal ions. Jon- 
ker has found this for cobaltites, although the 
values of saturation magnetization are far 
below those predicted from the total contri- 
bution: of spins of Co®* and Co** ions: As 
for ferrites, ferromagnetism which can be 
considered to be caused by the interplay of 
Fe3+ and Fe‘t has not been found. 

Such a situation would be considered to be 
as follows. In the case of manganites, not 
only the interaction Mn*+—Mn‘* is positive, 
but also the interaction Mn?+—Mn?* is weakly 
positive in the cubic phase™. In the case of 
cobaltites, however, the interaction Co**—Co?* 
is negative, and may partly counteract the 
double exchange interaction Co*+—Co‘*. With 
this idea, Kishi!» has calculated the magne- 
tism of manganites and cobaltites, taking into 
account the formation of triangular spin ar- 
rangement. His calculation, basing on the 
molecular field approximation, should be cri- 


ticized, since it does not treat positive interac- 
tion of double exchange correctly. The low 
saturation values of cobaltites deduced from 
his theory, however, might be essentially cor- 
rect. Since the negative interaction Fe*+ 
—Fe*+ is very strong in ferrites, it is natural 
that the ferromagnetism due to double ex- 
change is completely hidden. 

From our data on electrical conductivity, it 
is highly probable that there is a positive 
interaction of double exchange between tri- 
valent and tetravalent ions in cobaltites and 
ferrites. This can be seen apparently from 
the difference in conductivity between 
Lao,sSto.sFeO, treated in vacuo and in oxygen. 
Here the crystal structure is the same for 
both samples, and also the difference in the 
lattice parameter, hence that in the interionic 
distance is very small. The high conductivity 
in the sample treated in oxygen is evidently 
caused by the coexistence of Fe** and Fe‘*. 

From the data on paramagnetic susceptibi- 
lities, it can be seen that samples treated in 
vacuo obeys the Curie-Weiss law above their 
Curie temperatures, and the effective Bohr 
magneton numbers are not far from what 
would be expected for the spin-only values of 
magnetic ions. (Table III) On the contrary, the 
effective Bohr magneton numbers of samples 
treated in oxygen are smaller than those of the 
corresponding samples treated in vacuo, and, 
in cobaltites, there is an evidence that reci- 
procals of susceptibilities do not obey the 
Curie-Weiss law, but exhibit a slight curva- 
ture as found in ferrimagnetism. Such a be- 
havior of susceptibilities may be accounted 
for either from the standpoint of double ex- 
change, as calculated by Anderson and Hase- 
gawa, or by the theory of ferrimagnetism. 
As for ferrimagnetism there are again two 
One is that it may be due to a 

unbalanced antiferromagnetic 


possibilities. 
formation of 
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sublattices, tetravalent ions occupying pre- 
ferably one of the sublattices. The other is 
that it may be due to the formation of tri- 
angular arrangement of spins of magnetic 
ions, as proposed by Kishi. 

We have at present no definite grounds for 
supporting one mechanism in preference to 
the other between these possibilities. It should 
be noticed, here, that the susceptibilities 
showed no appreciable change on rapid cooling 
from high temperatures (provided the cooling 
was done without change in the value of 2) 
This would mean that the time required for 
the redistribution of magnetic ions is much 
shorter than that required for technical cool- 
ing, because the redistribution involves only 
electron jumping. Then the distribution of 
trivalent and tetravalent ions is a unique func- 
tion of temperature, determined by electro- 
static energies, magnetic interaction energies, 
&c. In the mechanism of double exchange, 
the ions adjust their positions according to 
the positive magnetic interaction and tempera- 
ture. This is the origin of the deviation from 
the Curie-Weiss law. On the contrary, this 
effect is completely neglected in Kishi’s theory. 
The author believes that the theory would 
give an adequate explanation of experimental 
data, if it is corrected as to this neglection. 

It is quite certain from our experiment that 
the interaction Fe*+—Fe‘+ is positive, irre- 
spective of which standpoint we adopt. Also 
we can expect the interaction Co?+—Co‘t to 
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be positive from the standpoint of double ex- 
change, However, we cannot deduce any 
definite conclusions about sign and strength 
of tetravalent—tetravalent interionic interac- 
tions, since the materials treated in our ex- 
periment do not contain a sufficient amount 
of tetravalent ions. 

In conclusion, the author wishes to express 
his thanks to Prof. T. Hirone for his valuable 
advices, and also to Mr. K. Ito for his assis- 
tance in the experiments. This work has 
been supported in part by the Scientific Re- 
search Expenditure of the Ministry of Educa- 
tion. 
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Nuclear Magnetic Resonance Experiment on Metal Cadmium* 


By Yoshika MAsuDA 
Department of Physics, Kobe University 
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The Knight shift, the line width and shape, and the spin-lattice relaxa- 
tion time of the resonance line in metal cadmium are measured employ- 


ing a nuclear magnetic resonance technique. 
metric indicating an anisotropy of the Knight shift. 


The resonance line is asym- 
From the analysis 


of these line shapes, the asymmetry in p-character of the conduction 


electron is estimated. 


The shift perpendicular to the c-axis is 0.42 per- 


cent and the shift parallel to the c-axis is 0.46 percent. The isotropic 


shift is 0.43 percent. 


sed. 
§1. Introduction 
Knight? discovered that the resonance 


frequency is higher for nuclei in metals than 
for that of the same isotope in a non-conduct- 
ing material in the same magnetic field. 
Townes” pointed out that the enhancement 
of a local field produced at the position of 
the nucleus is attributable to the hyperfine 
interaction between the nuclear magnetic 
moment and the conduction electron in s state. 
Besides this isotropic shift, in non-cubic 
crystals, non s-character (p-, d-, etc.) of the 
electron orbitals gives rise to an anisotropy 
of the Knight shift. Such an anisotropy 
usually leads to an anomalous broadening and 
asymmetry of resonance line, and this aniso- 
tropic Knight shift gives the measure of 
asymmetry in p-character of electron at the 
top of the conduction band. 

The fact that the nuclear magnetic resonance 
line width in heavier metals may be broader 
than expected from magnetic dipole interaction 
alone was pointed out by Bloembergen and 
Rowland” for metal thallium and tin, and by 
us» for metal cadmium. Besides the line 
broadening by anisotropic Knight shift, this 
extra broadening could be attributed to the 
indirect exchange coupling between neighbor- 
ing nuclei which involves conduction electrons. 
Additional broadening for nuclei with spin 
I >1/2 might be caused by the nuclear quadru- 
pole interaction but cadmium nuclei with J=1/2 


* A report of this work was given at the annual 
meeting of the Physical Society of Japan, Sendai, 
July, 1956. Recently, T. J. Rowland reported the 
Knight shift for metal cadmium, in Phys. Rev., 
103 (1956) 1670, independently. His results agree 
with ours within experimental error. 
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In appendix, skin effect in metallic foil is discus- 


have zero quadrupole moment so that the 
quadrupolar effects are excluded. Natural 
cadmium contains, as the magnetic isotopes, 
Cd"! (abundance ratio 12.86 percent) and Cd!¥ 
(abundance ratio 12.34 percent). 

We measured the Knight shift, the line width 
and shape, and the spin-lattice relaxation time 


of nuclear magnetic resonance in metal 
cadmium. 
$2. Experiment 


The experimental procedures and equipments 
employed for the measurement have been 
described elsewhere.’ The Knight shift is 
defined as (#/,,—A;)/H,. for a constant resonance 
frequency, where Hand H; are the magnetic 
fields necessary for resonance for the reference 
and the sample, respectively. The reference 
was an aqueous solution of the cadmium 
nitrate. The experiment was performed at 
the field of 6200 gauss with a permanent 
magnet described previously® whereas at 3900 
gauss, with the other permanent magnet which 
was newly constructed by NKS-3 steel of 50 
kgs and hasa gap of 4cm and the pole faces 
of 13cm indiameter. Experiment at a higher 
field of 8350 gauss was carried out with a 
usual electromagnet. 

The sample was consisted of fine powders 
which were passed through a 320 mesh sieve 
permitting the size small compared to the 
skin depth, and were suspended in paraffin 
oil. Other samples were consisted of foils 
rolled to a thickness of about 154. Layers 
of foil were separated by insulating paper. 
Fe less than 0.01 percent was the dominant 
impurity, which does not affect the width and 
shape of the resonance. 
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Table I. Experimental results in metal cadmium. 
WTine width GE) te eeL | 
Knight shift : Tine) (0H) max | T, 
AHiso/H> | —- 3900 gauss | 6200 gauss | 8350 gauss | 
Cam | 4.3x10-3 1,820.2 gauss | 2.3402 ence | | 0.5x 10-8 sec 
Cdits Aa LO 1.9+0.2 2.4+40.2 | 2.9+0.3 gauss 0.5x 10-8 


§3. Results and Discussion 


Experimental results are shown in Table I. 
The derivative curve of nuclear magnetic 
resonance line of metal cadmium is shown in 
Fig. 1 and its integrated line shape in Fig. 2. 


Ho= 8350 gauss 


eae =e? 
La 


Ho= G200 gauss 


ae re al (O) tel 2 


H=3900 gauss 
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———+ 


Fig. 1. The derivative of the Cd" resonance 
line: comparison of theory and experiment. 
Solid curve: Derivative of the theoretical 
line shape. Dots: Experimental points taken 
from a typical recording beter plot. 


The absorption curve is markedly asymmetric 
indicating an anisotropy of the Knight shift. 
Data were obtained at the field of 3900, 6200, 
and 8350 gauss and it is shown in Fig. 3 that 
the overall width is proportional to the applied 
field. Resonance figure of metals often be- 
comes asymmetric due to the skin effect.” 
Asymmetry here observed is distinguished 
from the skin effect by two points; (1) Sharp 
rise of the resonance figure is in the high 
field side which is opposite to the case of the 
skin effect. (2) While the skin effect asym- 


metry is sensibly affected by the thickness of 
the foil, the asymmetry now in problem is 
not. In appendix we analyzed the asymmetry 
due to the skin effect both theoretically and 
experimentally. 

Cadmium is a divalent metal, and it is ex- 
pected that the electrons at the Fermi level have 
p-character considerably. The crystal structure 
of cadmium is the hexagonal close-packed 
whose c/a ratio being 1.886 is exceptionally 
much deviated from the ideal one (1.633). 
Each atom has twelve neighbors of which the 


34-3 2 =}. Outi o4e. 43 ta. 
Gauss 
Fig. 2. The integrated experimental line 


shape of the Cd3 resonance is given by 
the full-drawn curve. The chain-line is the 
theoretical shape for powders with axial 
symmetry. 


six in the plane perpendicular to the c-axis 
are at the distance of 2.973 A while the others 
at 3.286 A. Naturally it has an axial sym- 
metry about the c-axis but not a spherical 
symmetry. 

The electron in the solid may be adequately 
described by one-electron wave function of 
the Bloch type, 


Vr=e*r U(r) . (Cale 


Ux(r) has the periodicity of the lattice, and 
within the atomic polyhedron, it is assumed 
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to be consisted of mixture of s- and p-type 
wave functions of the form 


UK) > asgs+ AP ny + @2P ny + A3P vz 5 
where 


(2) 


|as|?+ |ax|? + |@o|?+ las P?=1 . 
In case of axial symmetry we can expect that 


<laa)> = laa) =n , 


+—— 


1 i i L ed 3 
Omi 29 399445" 67 489) M10. X10 
External Magnetic Field (gauss) 


Fig. 3. The line width, measured between 
points of maximum slope, in the Cd1!3, vs. 
the external magnetic field. 


and by the way we put 
<las|?>=E and <Jas)>=C , 


where < » means the average over the Fermi 
surface. 
The Hamiltonian for the nuclear 


electron spin interaction is given by 
= 19 68gxli-S0r) 
+2PBwawli-{Sri?—37,-(S-ri)ri} , (3) 


where r; is the radius vector of the electron 
with the nucleus at the origin and § is the 
Bohr magneton. 


spin- 


FE- 


a) Isotropic Knight shaft 


The isotropic Knight shift is produced by 
the Fermi-type hyperfine interaction of the 
nuclear spin with the electron spin in s-state 
and is given by the first term of the Hamiltonian 
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AFiso 

Ay (4) 
where « is the relativistic correction (1.28 for 
9S, *Si/z), Q is the atomic volume, and NE) 
is the density of states, the number of states 
per unit volume and per unit energy interval, 
at the Fermi level. M(E)) may be known, if 
available, from paramagnetic susceptibility 7, 
or electronic specific heat C,. Although the 
experimental value of y» of cadmium is listed 


in the reference (8), we estimated M(£)) by 
the formula 


16 ‘af 
ri = B*K< \atx(0)|2> ONE) , 


ONE) = . joey 


which is deduced for divalent metal by the 
free electron model. Using the collective de- 
scription of electron interaction introduced by 
Bohm and Pines,” EH) was estimated to be 
0.409 ry. It leads to yp» of 1.36*10-* €@e's, 
volume unit whereas y» derived from the 
complete free electron model is 1.02 x 10-® and 
the experimental value derived from measure- 
ment of electronic specific heat is 0.753 x 10-°. 
Introducing Eq. (2), |e(0)|? in Eq. (4) is 
reduced to 


|zex(0)l?=Elgs(0)|? . 


It is very hard to obtain the exact wave 
functions ¢s and gp» of metal cadmium and 
hereafter we will replace them, as a crude ap- 
proximation, by the atomic s- and p-functions. 
Cadmium has two free electrons per atom 
and each will move in the field partially 
shielded by an another electron. gs seems to 
be better approximated by atomic 5s? function 
of Cd I 1S )-state than 5s! of Cd II 2S1/.-state 
but we refered to the states of Cd II because 
the atomic functions of Cd II are rather reli- 
able than those of Cd I owing to the simple 
structure (one valence electron) of the former. 
In Table II the calculated value of |gs(0)|? are 
listed using the standard formula’? for non- 
hydrogenic wave function. As a reference, 
the hyperfine splitting of the atomic spectrum 
2(8067) (6s 2S1/,2—62 2P3j.) of Cd IL was evalu- 


(3). It results in ated by the same way resulting in good agree- 
Table II. 
mast ae awe 
Atomic state | lvs(0)l2 | <=> g | 2 | ( 
| Bir = (| a er SL — wate 
(Cal I 5.63 x 102 cm-3 3.00 « 1029 cm-* | 
Cd I 7.26 x 10% 4.35 x 102 0.20 | 0.20 | 0.40 
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ment with the experimental value™ of Av 
=(0.11cm-!. Using the experimental value of 
AHiso/H) and the calculated values of |gs(0)|? 
and QM E,), we determined the s-content & 
of the wave function to be about 20 percent. 
The fact that the p-character of the free 
electron of cadmium in the Fermi surface is 
as large as 80 percent is not so surprising as 
compared with the values: 65 percent for 
Na!” and more than 50 percent for Sn®. 


b) Anisotropic Knight shift 

The anisotropic Knight shift is produced by 
the nuclear spin-electron spin dipolar coupling 
when the charge distribution of electron is 
deviated from spherical symmetry about a 
nucleus and is deduced from the second term 
of the Hamiltonian (3). This anisotropic 
Knight shift is superimposed on the isotropic 
Knight shift. Since in first-order approxi- 
mation only the component of the internal 
field parallel to the external field will affect 
the resonance, 4H; and 4H, the shifts paral- 
lel and perpendicular to the c-axis, respective- 
ly, are given by the following formulae in 
case of axial symmetry: 


AH = Ait 28° ON( Eo gy ? 
AFT, = AA ip9— BP?ON EQ , 
and 


AH, —AB 
Fy 


ay” (8 cos? Ol : 
q=< | gee tude Ye 
ae = 
aoe cele 1), 


is the quadrupole moment of the electrons 
near the Fermi level and «’ is again the rela- 
livistic correction, (1.21) for: 5pis*Pie)ss eT he 
ratio of (4H\,—4H,) to dHiso does not contain 
the ambiguous quantity QN(&)) in its ex- 
pression 


=3RP ONE) , (9) 


where 


(6) 


be 
4Hi—4H. 9 aes Vise 
AHis, 20x xlgs(O)|? €E 


(4H, —4H.) was determined by the experiment 
as discussed in section c) and it revealed that 
q is positive and hence €>y. We again ap- 
proximated the metallic » function by the 
atomic 5p function of Cd I, *P,-state or Cd int, 


(7) 
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2Piy, and estimated i by the standard 
p 


formula™ using the optically determined fine 
structure separation, 6(2P3/2.—?Pi/,)=2485 cm“ 
and 6(@P,—*P,)=1714cm-1. In Table Il are 


listed the values of eae thus obtained as 
p 


well as 7 and € estimated from Eq. (7) and 
the normalization condition of a’s. The fact 
€>y corresponds to the charge distribution 
of the electron in the Fermi surface being 
elongated to the c-direction so that the atomic 
polyhedron is filled up by electron as uniformly 
as possible. 


c) Line shape and width 


The line shape in a polycrystalline sample 
is dominated by the anisotropic Knight shift 
when (4H, —4A,) is larger than the symmetric 
width due to the dipole coupling and so on. 
Spatially random distribution of the crystalline 
axes determines the line shape whose analytic 
form in case of axial symmetry was given by 
Bloembergen,” 

I A)n(H—H,—4H,)-? if 4H.<H—-H,<4Hj, 
(8) 
I(H)=0 outside this interval. 

One may obtain true line shape by dressing 
a symmetric line broadening 6 on the skeleton 
of the anisotropic shift given by Eq. (8). By 
proper choice of the magnitude of (4H, 
—AH,)/H) and 6, we can fit the theoretical 
line shape to all of the experimental lines at 
3900, 6200, and 8350 gauss as shown in Fig. 
2. The best fitted values are; 


(4H, —4H,)/H)=0.039 percent 
Oo max.sh. 1-5) ‘gauss. 


Then the relative anisotropy of the Knight 
shift is as follows; 
AH) — 4H 
Alien 
This value was used for the determination of 
the anisotropy in p-character as stated in sec- 
tion b). 

The second moment of the symmetric 
broadening 6 assuming the Gaussian shape is 
0.59 gauss? and is ten times as large as the 
second moment of the nuclear dipole coupling, 
0.05 gauss. Subtracting further broadening 
by the field inhomogeneity and by T,, there 
remains 0.52 gauss? which suggests the other 
origins of the broadening such as the indirect 


=9.3 percent. 
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exchange coupling or 
coupling.* 13) 

The indirect exchange coupling Aj;I;-I; is 
the coupling between the magnetic moments 
of two nuclei via their hyperfine interaction 
with the conduction electron. Taking »*=m 
and €=1, we estimated A,; between nearest 
neighbors of Cd'3 to be 2.78 gauss. If one 
takes — to be 0.65, the indirect exchange 
coupling would yield just the extra broadening 
0.52 gauss? but if 0.20 it can interprete only 
one percent of the broadening. Since the 
second moment is proportional to the fourth 
power of &, its uncertainty affects so seriously 
to the broadening. 

Pseudo-dipolar coupling between the spins 
2 and j is given by 

Hf = (UiLj—3Ri si - Res )(1y- Ris) Bis 
The coefficient B,;; is hardly estimated unless 
the band structure is known but the ratio Bi; 
to Ai; is, in its order of magnitude, given by 
the formula similar to Eq. (7), 

¥ 1 
Bi 9 her Yorks 
Ais 207 clgO)? E * 
The ratio was estimated to be 0.3 so that the 


pseudo-dipolar coupling will contribute to the 
broadening to some extent. 


the pseudo-dipolar 


d) Relaxation time 


The nuclear relaxation in metals is usually 
determined by interaction between nuclear 
spins and conduction electron spins. If one 
takes into account only the Fermi-interaction, 
the relation between the relaxation time and 
the Knight shift is usually refered to as the 
“ Korringa relation ”,!” 


T.TAH|H)= 2 (5) . 


From the experimental value of the Knight 
shift, the relaxation time 7, was estimated 
to be 1.1x10-3 sec. For the direct measure- 
ment we employed the ordinary saturation 
method and evaluated JT, using the 7, as 
determined from the symmetric line broadening 
O. ois results, ind; of 0.5.x 10-3 sec. for Cd? 
which is one half of the calculated one. This 
deviation from the Korringa relation may be 
due to the contribution of p-electron to the 
relaxation as suggested by Bloembergen.’” 
In conclusion, the author wishes to express 
his hearty thanks to Professor T. Kanda for 
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kind guidance and stimulating discussion 
throughout the course of this research. He is 
also indebted to Mr. T. Kojima for many 
helpful discussion, Dr. Y. Kitano for perform- 
ing the chemical analysis of the sample, and 
Mr. K. Kuninobu for his technical assistance. 
This work has been supported in part by the 
Scientific Research Expenditure of the Ministry 
of Education. 


Appendix 


Note on the Skin Effect of the Magnetic 
Resonance Absorption in Metals. 


It is well known that, in the nuclear magnetic 
resonance in metals, when the characteristic 
dimensions of the sample are not less than 
the rf skin depth, the line shape is distorted, 
whence the exact center of resonance is un- 
certain. This effect was analyzed by Bloem- 
bergen”, who pointed out that the phase shift 
of the rf fiield within the metal surface pro- 
duces a mixture of the absorption and the 
dispersion components of the resonance. 

We shall discuss only the case of the flat 
plate, which is of a convenient shape both 
experimentally and theoretically. The metal 
is considered to be infinite in the 2 and y di- 
rections, thus it occupies the region —d<z<d, 
where 2d is the thickness of the plate. We 
assume that the fields depend on z only so 
that the problem may be essentially one 
dimensional, and also that the magnetic field 
is equal on both sides of the plate. The 
power absorbed per unit area—the power is 
flowing in from both sides—is given by” 


W=Re( 2°“. H,? tanh Kd) ; 
ee : 

where K is the propagation constant, 

K?=(4ricwp—wEp)/Cc? . 

The dielectric constant €=&’—7zé’ and the 
permeability w=y! —iv’’ =1+42y'—4nix”” may 
be complex. The classical skin depth is usual- 
ly defined as 0-!=ReK. It is given approxi- 
mately by 


(9) 


d=c/(2n0w)'/? , 
where o is the conductivity of the metal. Now, 
putting d/d=2, Eq. (9) becomes 
0wH,? on a ; > S 
Soh" (ZB —_F) +40 (A 
Wig MEA ) em) 
+4axB+f (10) 


where 
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3 sinh 2a _ 


ors r _ sree ss 
cosh? 2 cos? z + sinh? 2 sin?a ”’ 


ilk 
3 sin 2a a) 


eas cosh? 2 cos? « + sinh? x sin?x * 


aW _ ae 00Hy? 
dw 4 


[1 ees (w—ap)?] T> 


ie »—0y)?] 
oe | [1+T,7(o—o»)*? 


where @) is the resonance frequency satisfying 
the conditition Aaj=gPA) . 

Employing Eq. (12), we can calculate the 
change with the thickness of the plate, of 
maximum slope separation, of the degree of 
asymmetry and of the position at which the 
derivative curve cuts the horizontal line. In 
Fig. 4 are given the calculated curves as well 
as the experimental points obtained by five 
kinds of samples consisted of well annealed 


max. si. 4 
AH/AHo 7! O55 
Eee Weeeet | 3) 


| BS 


C= d/s 


Fig. 4. Asymmetry 7, shift §H/4H, and 
max. slope separation 4H/4H) vs. «=d/0d. 


aluminum foil of thickness 6, 15, 25, 50, and 
100 # respectively. When the resonance fre- 
quency is held constant, as 2 increases, the 
separation of the maximum slope increases 
and the resonance line shifts to the high field 
side. In pure aluminum no decrease in in- 
tensity after cold work was observed. The 
fact that the resonance in pure aluminum 
shows no effect of quadrupole broadening has 
been known.'» The resonance line gained by 
very thin foil of pure aluminum is symmetric 
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The experimentally observed quantity is the 
derivative of absorbed power with respect to 
the frequency and is given by the next formula 
under an assumption of the Lorentzian shape 
of resonance line: 


2, Tw = Mo) 


MZ, 
[1+ T.?(@—@,)?/? \ ) 


(+f 


showing the lack of the anisotropy of the 
Knight shift and moreover the width is in 
good agreement with that calculated by pure 
dipolar coupling neglecting the atom diffusion. 
Accordingly, the line shape anomaly of the 
thick foil must be due only to the skin effect 
and, as seen in Fig. 4, it is completely inter- 
preted by the simple theory of the skin effect. 


References 


1) W. D. Knight: Phys. Rev. 76 (1949) 1259. 

2) Townes, Herring, and Knight: Phys. Rev. 77 
(1950) 852. 

3) N. Bloembergen and T. J. Rowland: 
Metallurgica 1 (1953) 731. 

4) N.Bloembergen and T. J. Rowland: Phys. Rev. 
97 (1955) 1679. 

5) The annual meeting of the Physical Society 
of Japan, Osaka, November, 1954. 

6) Y.Masuda and T. Kanda: J. Phys. Soc. Japan 


Acta 


9 (1954) 82. 

Y. Masuda: J. Phys. Soc. Japan 11 (1956) 670. 
7) N.-Bloembergen: J. App. Phys. 23 (1952) 

1383. 


8) W.D. Knight: Hlectron Paramagnetism and 
Nuclear Magnetic Resonance in Metals, p. 
124 (Solid State Physics, Vol. 2, Academic 
Press, 1956). 

D. Pines: Phys. Rev. 95 (1954) 1050. 

10) H. Kopfermann, Kernmomente, Akademisch 
Verlagsgesellschaft, M.B.H. Leipzig, 1940. 

11) G. Jones: Proc. Phys. Soc. 45 (1933) 625. 
H. Jones and B. Schiff: Proc. Phys. Soc. A411 
(1954) 217. 

13) M. A. Ruderman and C. Kittel: 
96 (1950) 99. 

J. Korringa: Physica 16 (1950) 601. 

N. Bloembergen: Report of the Conference on 
Defects in Crystalline Solids, Bristol, July, 
Ikgieyl joy. ile , 

T. J. Rowland: Acta Metallurgica 3 (1955) 74 


Phys. Rev. 


14) 


JOURNAL OF THE PuysiICAL SociETY oF JAPAN Vol. 12, No. 5, May, 1957 


On the Buckling of an Eliptic Plate with Clamped Edge, II 


By Yoshio SHIBAOKA 
Institute of Polytechnics, Osaka City University 
(Received January 16, 1957) 


The buckling of a uniform thin elliptic plate with clamped edge is 
dealt with in case when its periphery is subject to a uniform normal 
pressure in the plane of the plate, and the relationship between the 
critical buckling load and the eccentricity of the elliptic plate is shown 


graphically. 


Introduction 


§1. 

In a previous paper”, the fundamental nor- 
mal mode of the buckling of a uniform thin 
elliptic plate with clamped edge was discussed 
formally in an exact manner in case when its 
periphery is subject to a uniform normal 
pressure in the plane of the plate. No detail- 
ed numerical discussions were carried out, 
however, and only an approximate formula 
giving the relationship between the critical 
buckling load and the eccentricity of the ellip- 
tic plate was derived correct to the fourth 
power of the eccentricity which may be ad- 
equately used in case when the eccentricity is 
not so large. 

In the present paper, we have carried out 
rather laborious numerical calculations and the 
relationship between the critical buckling load 
of the fundamental normal mode of the buckl- 
ing and the eccentricity of the elliptic plate is 
shown graphically. 


General Solution of the Fundamental 
Equation 


§ 2. 


Let the rectangular coordinate axes (x, 7) be 
taken in the middle plane of an elliptic plate 
of uniform thickness, d, in such a way that 
the origin coincides with the centre of the 
plate and the axes are along the major and 
minor axes of the ellipse respectively. We 
denote Young’s modulus and Poisson’s ratio 
of the material of the plate, which is assumed 
to be homogeneous and isotropic, by & and o 
respectively. 

Then if w be the transverse displacement 
of a point on the middle plane, the differential 
equation for determining the deflection of the 
buckled plate subject to a uniform normal 
pressure P per unit length on its periphery is 
given by 


5 


Ow Ow dtw 
IE ioe : 
P(e i AO * Oy! ) 


Ow 02w 
— =P 1 = 
ae +5) ; 


(1) 
with 

D= Ed /{12(1—o?)} . 
If, for simplicity, we write k,2?=P/D, equation 
(1) becomes 


O2 02 02 02 i hes 
(aes tas Coes tae t=O 


Denoting the focal length of the ellipse by 
2h, we now introduce the elliptic coordinates 
(E, 7) defined as: 


x+zty=hcosh (E+72%) . 


(2) 


Then, as explained in the previous paper”, if 
we restrict our attention to the normal mode 
of buckling in which the displacement is sym- 
metrical about both axes, a formal general 
solution of equation (2) can be written in the 
form 


Pees {Con eh eS Ca Am Cone a} 
m=0 1=0 
X cos 2m7 , (3) 
with 
(7.90 i 
q= helt = a he, (4) 


where Com and Cy, are arbitrary constants. 
If the clamped edge of the elliptic plate be 
expressed by £=&o, the boundary conditions at 


this edge are given by 


Ow 
(Jin 5 
( 0& ive Me 


and substituting the expression (3) for w into 
these conditions, we have 


(w)¢-#)=0, 


29 


2m 


Com cosh 2m, + 3} CuA2 Cen Es, a} 
1=0 


xcos 2mn=0, 


oo 


s {2mCan sinh 2m€ 
m=0 
+ 


Cy Ae Cea Gas a} cos 2my=0. 
(6) 


In order that these two relations should be 
satisfied for all values of 7 between —z/2 and 


z/2, we must have, for any positive intergral 
value of 2, zero inclusive, 


t=0 


2m 


Com cosh 2mEy+ 3S Cr A2?Cea(Eo, g=0 5 
1=0 


2mMCym sinh 2mEo+ ss Cr Ae? Cen’ (Eo, Q=0. 
t=0 
ee) 


If we eliminate the constants Cym’s from these 


equations, we get a system of simultaneous 
linear equations for determining the constants 


Cu’s. Thus 
> dinCr=0 (mS Oge SRT 08S 
with 
Qim = AG>{2m sinh 2mEyCer(Eo, g) 
— cosh 2m&, Cex(Eo, gd}. (9) 


The solution of this system of simultaneous 
linear equations would in general yield the 


result that all the Cy’s are zero; but if a 
certain special relationship exists between the 
dimensions of the plate and the strength of 
the load P, namely, if the relation obtained 


by eliminating all the Cy’s from the system 
of simultaneous linear equation (8) exists, we 
can obtain a displacement in the normal mode 
of buckling, and with the aid of the said re- 
lationship the critical buckling load can be 
determined as a function of the dimensions of 
the plate and the elastic constants of the 
material of the plate. 

By eliminating all the Cy’s from (8), we 
have the required relationship as: 
G10 G2 
ay 
Ayr Ar (10) 


13 Ae 
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If we obtain the numerical value of the root 
q of this infinite determinantal equation, the 


numerical value of / a a can be obtained #f 


from the relation: 


pane aie. 


which follows immediately from (4), where a 
and & are respectively a half-length of the 
major axis and the eccentricity of the ellipse. 

When a, € and D are fixed the only variable 
remaining in the determinant 4 is g, which is 
connected with the critical buckling load P by 
the relation (11), so that the smallest root of 
(10) will give the critical load of the funda- 
mental normal mode of buckling, with which 
we are mainly concerned in the present paper. 

The solution expressed by (10) is, however, 
merely formal. To find out whether it can 
be used to determine the actual value of 
buckling we must examine its convergence. 
For this purpose, we may form, as in Profes- 
sor Tomotika’s treatment of the transverse 
vibration of a square plate clamped at its four 
edges”, a series of finite determinants 4,, 42, 43, 
---, dy by taking 1, 2,3, ---, N rows and 
columns starting at the left-hand top corner 
Goo 10 
a1 Gy 
it is found that the smallest root of 4y=0 
converges to a definite limit as N increases 
this root gives the required critical load of 
the fundamental normal mode of buckling of 
the elliptic plate under consideration. 


(11) | 


of 4/"so ‘that Ai—aio, 4=— Prigeyoue al lit 


§3. Search for Roots of 4=0 


The writer has calculated the smallest roots 
q of 4,=0, 4,.=0 and 4;=0 in three cases in 
which the values of a/b are equal to 5/4, 2/1 
and 3/1 respectively, with a view to finding 
out whether they converge to a definite limit, 
where 6 is a half-length of the minor axis of 
the ellipse. 

Table I. Values of qr. 


, es 


€ | Tr 
5/4 0.6 | We8Z 
2/1 0.866 8.26 
0.943 


3/1 


To this end, the values of 4,, 4, and 43 have 
been calculated for different values of g close 
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to gr, an approximate value of the smallest 
} root, which can be found easily from Woinov- 
sky-Krieger’s results». The values of ge are 
shown in Table I. Then, plotting these values 


Fig. 1. 


0-0 


HigeeZ. 


of 4;, 4, and 4; against g, the roots of the 
equations 4,;=0, 4,=0 and 4;=0 have been 
determined graphically as show in Figs. 1, 2 
and 3*. The results are shown in Table II. 
~* The values of 44 have also been calculated in 
case when a/b is equal to 3/1 and the root Ote4z—0 
has been obtained. 
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It may be added here that for the numerical 
calculations of the modified Mathieu functions 
Ceon(€o, g) contained in the elements aim’s of 
the determinant 4 use has been made of the 


ha art 
a x!o 
2 
A\ 
2e-0 9 
Bicw.3, 
Table II. Roots of 4y=0. 
alb m Rose ae! Root of | Root of | Root of 
€ ‘die 4,=0 43=0 A44=0 
5/4 | 0.6 1.785 j ie || 8 te 
Papell 0.866 8.57 | 7.825 7.825 — 
yal 0.943 22.0 | 20.13 19.93 19.91 


following product series expressions because 


of their rapid convergency. 


Conn a) =a hy 3 (WASP Ione) 
where 
naVqew, nage, 


Pon = CEn(O, q) cen( 5 a) / Ag” , 


£, being connected with the value of a/b as: 


a xe 
Va—e é- 


From Figs. 1, 2, 3 and Table II it will be seen 
that as N increases, the roots q of the equa- 
tion dy=0 converge to 1.725 when a@/b=5/4, 
to 7.825 when a/b=2/1 and to 19.91 when 
gjb=3/1. 

Thus, substituting these limiting values of 
q into (11), we obtain ultimately the most 


cosh &)= 


082 


probable values of / a4 as shown in Table 
III below. 


Table Ill. Valves of ee 


a/b | € y pn” 
5/4 | 0.6 4.38 
2/1 | 0.866 6.47 
3/1 | 0.943 9.46 


The curve of / oa plotted against the ec- 


centricity € is shown by a thick-line curve in 
Fig. 4, where is also shown for reference the 


po 


ter 


eS 
O:2) O03) C4035) O76O-77,0'8 9 O29 tO 
Fig. 4. 
present method 
——— expansion formula 


----- S$, Woinovsky-Krieger’s result (Ray- 
leigh-Ritz method) 


well-known values of jie equal to 3.8317 


for a circular plate (€=0) with clamped 
edge»), 

In the previous paper» we obtained an ap- 
proximate formula for the relationship between 
the critical buckling load and the eccentricity 
of the elliptic plate. The result is 


/ fi a=3.8317 +.0.957962-+1.03826'. (12) 


The values calculated by using this expan- 
sion formula are shown by a thin-line curve 
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in Fig. 4. The dotted-line curve shows the 
results that was obtained by S. Woinovsky- 
Krieger by the use of Rayleigh-Ritz method. 

It will be seen that the expansion formula 
(12) is particularly useful for calculating the 


numerical values of / aa in case when the. 


plate is nearly circular. | 


Summary 


§ 4. 

The fundamental normal mode of buckling 
of a uniform elliptic plate clamped at its edge: 
is investigated in an exact manner. Carrying 
out detailed numerical calculations in three 
cases in which the eccentricity € of the ellipse | 
is equal to 0.6, 0.866 and 0.943 respectively, 


the relationship between /52 and € is shown 


graphically, where P is the strength of the 
critical load, a@ a half-length of the major axis 
of the ellipse and D=Fd?*/{12(1—o?)}, EF and o 
being respectively Young’s modulus and Pois- 
son’s ratio of the material of the plate and d 
being the thickness of the plate. 
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Measurements of Pressure Fluctuation in the 


Wake of Cylinder 


By Yasujiro KoOBASHI 
Faculty of Science, Hiroshima University 


(Received February 4, 1957) 


With a view to observing pressure fluctuations in turbulent flow of 
fluid, a new apparatus was constructed by using a condenser microphone 
as a transducer with a ratio-discriminator. The frequency response of 
the apparatus was calibrated by means of Karman vortices produced 
by a circular cylinder. The Helmholtz resonance and the loss in the 
pressure duct were compensated electrically by a band-rejection filter 
and a high-frequency booster. By these devices, the overall frequency 
response of the pressure-measuring apparatus was made flat between 50 
and 1500 cycles per second. Using the apparatus in combination with a 
single rotary type hot-wire anemometer, it proved succesful in determin- 
ing the intensity of static pressure fluctuation as well as the correlation 
between pressure and velocity fluctuation. Consequently all the terms 
in the energy equation became measurable, and the energy equation for 
the fluctuating quantities was ascertained experimentally for the first 
time in the wake of a circular cylinder, 1cm in diameter, placed in an 
airstream of the speed 14m/s, at a section 42 times the cylinder dia- 


meter downstream. 


§1. Introduction 

Many experimental works)»”>%)-© have been 
done with fruitful results on the turbulence 
characteristics in the wake of a cylinder. All 


these experiments, however, were carried out 


by using the hot-wire technique. Consequently 
the quantities measured so far are concerned 
only with the temperature and velocity fluctu- 
ations. But a thorough understanding of the 
fundamental features of nonisotropic turbulence 
necessitates the knowledge of the contribution 
of other quantities, among which the most 
important seems to be that of pressure fluctu- 
ation. Indeed, Rotta»© has made an interest- 
ing theoretical approach, which has thrown 
light on the contribution of pressure to the 
trubulence mechanism. 

From the experimental point of view, how- 
ever, no attempt has ever been made to in- 
vestigate the phenomena directly, because of 
the lack of an adequate apparatus for detecting 
the static pressure fluctuations. As a result, 
it was necessary for Townsend” to determine 
the contribution of pressure fluctuation to the 
energy balance by the indirect method, in 
which all the terms in the energy equation 
except the pressure term were measured. 

In view of these circumstances, the author 
has attempted to measure some turbulence 


characteristics in the wake of a cylinder by 
using a new pressure pick-up combined with a 
hot-wire anemometer. The pick-up consists 
of a condenser microphone and a fine duct, 
the latter being necessary for picking up a 
pressure signal at a small localized region. 
The effects due to Helmholtz resonance and 
due to the duct loss at high frequency range 
were eliminated by suitable electrical devices. 
Further, a new method of calibration was 
developed. The measured correlation between 
pressure and velocity agrees satisfactorily with 
that estimated from the equation of energy 
balance. 


§2. Symbols 


c: sound velocity 
D: diameter of cylinder 
f: frequency of fluctuation 
f,. frequency of Helmholtz resonance 
fo: cut-off frequency 
G: amplification factor of hot-wire net- 
work 
G.: amplification factor of pressure pick- 
up network 
He: output of hot-wire anemometer 
he: input to hot-wire anemometer 
K: output of pressure pick-up 
k: input to pressure pick-up 
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Z: length of static pressure tube 
M: time constant 
p: pressure fluctuation 
q: velocity vector 
Qu: velocity component normal to hot-wire 
Qn: a.c. component of gn 
R.: Reynolds number 
S: Strouhal number 
s: cross sectional area of pressure duct 
Se: sensitivity of hot-wire 
Sk: sensitivity of pressure pick-up 
U.: speed of general flow 
U: mean longitudinal velocity 
u: fluctuating velocity component in the 
direction of general flow 
V: mean transverse velocity 
v: fluctuating velocity component trans- 
verse to the general flow 
w: fluctuating velocity component in the 
direction parallel to the cylinder 
xz: distance measured in the direction 
parallel to general flow 


y: distance measured in the direction 
normal to general flow 
z: distance measured in the direction 


parallel to cylinder 

residual coefficient 

air density 

kinematic viscosity 

angle of rotation of the hot-wire 

measured from yz-plane 

gy: angle between z-axis and axis of 
rotation of hot-wire 

®: error factor for single rotary type hot- 
wire anemometer 


Se Ss 


§ 3. 


(a) General description of the measuring 
apparatus 


Equipment and Procedure 


The experiments were carried out in the 
50cm x30cm open-jet wind tunnel at the 
Faculty of Science, Hiroshima University. 
The wind speed could be changed from about 
0.5m/s to 17 m/s. 

The measurements of the turbulence charac- 
teristics were made in the airstream of the 
speed 14 m/s in the cross section 42 cm down- 
stream of a circular cylinder of 1cm diameter 
mounted at the exit of the nozzle. 

The velocity distribution was measured with 
a total head tube of 1mm outer diameter and 
a hot-wire anemometer, The latter was used 
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| 
especially for measuring the transverse com-- 
ponent. 

The fluctuating quantities were measured} 
with a pressure pick-up in combination with, 
a single rotary type hot-wire anemometer | 
placed close to the pick-up tubing. 

The hot-wire and the pressure pick-up were | 
mounted on a microscrew mechanism which | 
is movable along z-, y-, and 2- directions. | 
Here z-axis is in the direction of the genera! 
flow, z-axis in the direction parallel to the 
cylinder, and y-axis normal to x- and z-axes 
(Plate. 1). 


Plate 1. 


Arrangement of equipment. 


The electric circuit for the pressure pick-up 
is composed of a ratio-detector type F-M dis- 
criminator and of an ordinary amplifier fur- 
nished with a band-rejection filter and with a 
compensating network. The circuit for the 
hot-wire anemometer is the same as that of 
Kovasznay.® Special computing networks are 
used for calculating various statistical quanti- 
ties. The block-diagram of the circuit is 
shown in Fig. 1. 


(b) Pressure measuring apparatus. 


As a pressure transducer the condenser 
microphone with a ratio-detector type F-M 
discriminator is used because of its excellent 
sensitivity and reliability. But, in order to 
be used as a pick-up of local pressure in a 
wake, it must be combined with a tubing as 
a pressure duct. The scheme of the apparatus 
is shown in Fig. 2. Part A in the figure is 
a condenser microphone which serves as a 


MLO 7 ) 


transducer. The membrane A, made of 
aluminum sheet about 104 thick, is isolated 
electrically from the opposite electrode A; by 
the insulating sheet A, made of Valflon.* To 

control the sensitivity of the microphone, the 
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Fig. 1. Block diagram of circuit 


space A, between the membrane and electrode 
can be varied by changing the thickness of 
A,. The tension of the membrane A, is 
varied to a desired degree by screwing up the 
electrode A;, thus shifting its resonance fre- 
quency to as high as 10,000 c/s. Part B shows 
the system of pressure duct, where the tube 
B, of 1.5mm outer diameter has small static 


Sy, 


A, \ 


Fig. 2. Scheme of pressure pick-up. 


pressure holes B, on both sides. The com- 
bination of parts A and B leaves a small 
cavity B; between the membrane and the 
tubing. 

In such a construction of the pressure pick- 
up, Helmholtz resonance and the duct loss 
cause secondary effects. The Helmholtz re- 
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sonance® occurs theoretically at the frequency 


zag Ss 

her \ 1 
where f; is the resonance frequency of the 
cavity of volume Vz, combined with 
a fine duct of length 7 and of cross 
section s, and ¢ is the sound veloci- 
ty. The loss by the tubing is ex- 
pected to have the same charac- 
teristics as that of a hot-wire anemo- 
meter, increasing proportionally to 
the frequency at the high frequency 
range, !) 

In order to use such a pick-up 
aS a measuring apparatus, these 
secondary effects must be com- 
pensated. For this purpose the fol- 
lowing two ways can be considered: 

(1) To shift the resonance fre- 
quency to the higher frequency 
range and to reduce the peak and 
the attenuation by changing the construction 
of the pick-up. 

(2) To cancel out the resonance and the 
attenuation electrically by appropriate com- 
pensating networks. 

In order to shift the resonance point to the 
higher frequency range, the dimension of the 
pick-up, especially the volume of the cavity 
B;, must be reduced, and the duct must be 
made large in diameter and short in length. 
On the other hand, to reduce the resonance 
peak value, the duct must be made fine and 
long. These requirements not only contradict 
each other, but also reduce the sensitivity of 
the pick-up and therefore necessitate consider- 
able improvement in the sensitivity of the 
subsequent circuits. This problem is now 
under study. 

In the present work the second method was 
adopted by using a band-rejector and a com- 
pensating amplifier. The circuit of the band- 
rejector is shown in Fig. 3; the frequency 
band and degree of rejection can be varied 
at will. 

Each amplifier is the same as that of 
Kovasznay with the exception that the circuit 
furnishes a cubing network in the output 
stage. The frequency characteristic of the 
amplifier is shown in Fig. 4 together with 
the response of the compensating network. 
In the same figure, the combined frequency 


aly 
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response of the amplifier and discriminator is 
also shown, which is sufficiently flat over the 
range from 60c/s to 3,000 c/s. 


(c) 
Various calibrating methods have been pro- 
posed to examine the dynamic response of the 
pressure pick-up. Some of the methods, based 


Calibration of the pressure pick-up 


OUT PUT 


Fig. 3. Circuit of band-rejection filter. 


on mechanical principles, are inadequate for 
our purpose because they are limited to lower 
frequency range. On the other hand, acoustical 
methods, which are useful for a wider range, 
cannot be applied here because of the difficulty 
of getting a source of constant pressure. The 


method adopted by the author is to measure 
a wake of 


Karman vortices in a circular 


cylinder. 


o Total frequency response 


!Okc f 


100K 


Fig. 4. Frequency characteristics of ampli- 
fier together with combined frequency res- 
ponse of amplifier and discriminator. 


The frequency of Karman vortices produced 
from a circular cylinder of diameter D is 
given by?)+1% 


(2) 


where U, is the speed of general flow and S 
is the so-called Strouhal number which is 


Uo 
i 
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nearly constant for the cylinder Reynolds 


UD The 


number R,=—°— between 10? and 10*. 
v 


intensity of the vortex, #, can be expressed — 
in the form 


u a “I 2 ee ) 3 
, 0 [5 Ue i eaters D ’ ( ) 


ie) 10 Us Mg 20 


Fig. 5. Karman vortex intensity measured by 
hot-wire anemometer. 


where x and y are the distances measured in 
the directions parallel and normal to the 
general flow respectively. The results obtained 
by the hot-wire anemometer for various cylin- 
der diameters are shown in Fig. 5, which sug- 


{000 


Fig. 6. Karman vortex intensity measured 
by pressure pick-up without compensation. 


gests that the vortex intensity is proportional 
to the third power of Uy, that is 
u? os (Of . 


(4) 
Eq. (2) then gives 

wo f3, (5) 

For an isolated vortex, there must be a 


relation between its pressure defect p and its 
intensity # of the form!» 


1957) 


por. (6) 
If this is also valid in our case, we can expect 
pea f, C7) 


Itokawa™ measured the pressure fluctuations 
in a separated flow from a flat plate inclined 
to the uniform flow, and some of his results 
seem to support our expectation. 


3 
£2520 1000 
(b) 


f&% 1000 


Fig. 7. Karman vortex intensity measured 
by pressure pick-up with various rejection. 


i a ear Ne 


) 500 Ree 1000 
Fig. 8. Karman vortex intensity measured 
by pressure pick-up with adequate compen- 


sation. 


In Fig. 6 are shown the measured values 
of the pressure fluctuations at the same points 
at which the hot-wire measurements of Fig. 
5 were obtained. The symbol # in the figure 
represents the input of the pressure pick-up, 
which is considered to be the sum of static 
pressure fluctuation and dynamic one arising 
from the velocity component normal to the 
holes. If the eqs. (5) and (7) are valied simul- 
taneously, k must be proportional to f*. The 
scale of the ordinate of the figure is taken 
arbitrarily for k/f?. The two curves in the 
figure correspond to the different values of 
the cavity volume B;. Each curve consists of 
three parts, namely, the part in which k/f* 
is proportional to f, the part of resonance, and 
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the part in which attenuation is noticeable. 

In Fig. 7 a, the curve (1) is the replot of 
the curve (1) of Fig. 6 while the curves (Qs 
(3) and (4) correspond to the cases of over- 
rejection, under-rejection, and adequate re- 
jection respectively. The curve of adequate 
rejection (4) is redrawn in logarithmic scale 
in Fig. 7 b, which shows 


k/f?=const . (8) 
in the low frequency range, and 
il 
k/ f 3 « — 9 
At f (9) 


in the high frequency range. This charac- 
teristic is to be expected from theoretical con- 
siderations, being quite similar as that of the 
hot-wire anemometer. The time constant of 
the pressure pick-up calculated from the curve 
(4) is 

Ys A 
mys ay 5 
which is of the same order of magnitude as 
that of the usual hot-wire anemometer. Here 
M is the time constant of the pressure pick- 
up and f, is the cut-off frequency. In Fig. 8, 
the curve (4) is the replot of the curve (4) of 
Fig. 7 a and the curves (5) and (6) are the 
results when the degree of compensation is 
changed. These results show a satisfactorily 
compensated response of the pick-up. Atten- 
tion should also be paid to the phase charac- 
teristics, but in our case its effect is negligibly 
small. 


M =(.3 ms, (10) 


Sx=- 0.436 Mgare 
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Fig. 9. Sensitivity of pressure pick-up. 


In order to calibrate the sensitivity of the 
pressure pick-up, a static method was used. 
When the pick-up is used for fluctuating pheno- 
mena, a slight error may result because of 
the effect of compressibility. But the error is 
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considered to be reduced by drilling a hole 
through the electrode as shown in Fig. 1, 
which allows the air in the cavity A; to pass 
freely. In Fig. 9 an example of the calibration 
curve is given, which shows that the sensi- 
tivity is fairly constant over a wide range of 
pressure change. 

(d) Single rotary type hot-wire anemometer 

The hot-wire anemometer used in our ex- 


axis of rotation * , 


Fig. 10. Principle of measurement of turbu- 
lence characteristics by hot-wire anemo- 
meter. 


periment is a single rotary type. The wire 
is carefully arranged so that its center coin- 
cides with the axis of rotation. This type of 
the hot-wire anemometer, although complicated 
for use and liable to introduce systematic 
errors when treated inadvertently, can be 
utilized for measuring various fluctuating 
quantities with high reliability if it is mounted 
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z-axis, and the hot-wire be rotated around! 
the axis placed in the yz-plane (Figs. 10, 11).. 
The angle between z-axis and the axis of: 
rotation of the hot-wire is denoted by ¢ and! 
the angle between the hot-wire and yz-plane’ 


Static Hole 
Hot-Wire 


\to Pressure Pick Up 


Center-indicating Needle 


SAN 


Vernier Dial 


Fig. 11. Arrangement of pressure pick-up and 
hot-wire anemometer. 


by @. If the instantaneous velocity vector is 
given by q and the direction of the hot-wire 
by the unit vector e, the velocity component 
normal to the wire is 


and calibrated with the greatest care. Qn=\q Xe] . (11) 
The principle of measuring turbulence Since 
characteristics by a hot-wire anemometer of + pe ° . 
: : : ; : e= —sin #i+cos @ cos cos # sin gk , 
this type is described in the following together d a e 
with the estimation of the error and of the @” 
limit of application. q=(Uotujitey+wk , 
Let the mean flow be in the direction of we have 
2 ; 
1+_ (u+v tan 0 cos +w tan 6 sin g) + a {u?+ v? (tan? 6 + sin? ¢)} 
Qn=U) cos 0 y Up (12) 
+w*(tan? 6 + cos? g) + 2(uv tan 6 cos g + uw tan 6 sin g— vw cos g sin 0) 
Expanding the Eq. (12) into series, we obtain 
ites (u+v tan 6 cos ¢+w tan @ sin paw A sin? g 
Qn== Uy cos 0 Uy 2U? cos? 0 (13) 


+w? cos? p—2vw sin ¢ cos ¢)+0(u?) 


The a.c. component of gn, denoted by gn, is given by 
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Qn=(u cos 0+ sin 6 cos y+w sin 8 sin ¢) 
el gs pes eas 3 2 . ; . 
+ 20, cos 8 (v? sin? g+w? cos? y—2vw sin ¢ cos ¢v) +0(u )| ; (14) 


If the term in the square bracket of Eq. (14) is neglected against the first term, the maximum 
error is estimated by the following equation. 


6 es  Oaper agaly u sin? ~+w? cos? y2|vw|sin ¢ cos Y 
2U, cos 8 ais cos? 0+? sin? 0 cos? ¢+W? sin? 8 sin? g (15) 
++(|zv|sin? 0 cos + |vw|sin? 0 sin? g+72u sin? 6 sin ¢) 


Eior= 


The maximum errors can be evaluated provided appropriate assumptions are made conserning 
the magnitudes of cross products of the velocity components. For example, the estimated 
errors for typical cases are 

| (1) for isotropic turbulent flow 


1 Ve 
ECOSUN Cl, 


Ve (15y 
A 


wV=v? =? , |uv|=|vw|=|wu=0| 
eee = 0,0, ) 


(11) for two-dimensional shear flow 


on = 70 , |wo|=0.4u2 , |vu| = |u| =0 


1 1 Va nw (15)”” 
max —— a. 7 ; : St = = 0, 6, —— 
M Gees Gee LEO ante ce! Uy 0, OT. 
(iii) for three-dimensional shear flow 
wW=v?=w" , |\uv| = |vw| = \wu| =0.40" 
1 1+0.4 sing Ve 9 Vm (15) 
(UDR OP eee See ee ee eee aT Se OI, 9) 
2 cos 6 /1—0.4{sin? 6 (cos ¢ +sin g)+sin #7 sin? g} Uy Uw, 


The values of @,, @. and @; are calculated and given in Table I. If we use the vaiues of ¢ 
and @ in the domain bounded by thick lines in the table, then the error becomes less than 
Va 
Up 


, the value of 


From the input /4,¢ corresponding to the angles g and @, 
he,p=u cos 0+(v cos y+w sin ¢) sin 8 (16) 


values of hé,, and hé,o are computed electrically by the squaring and cubing networks re- 
spectively, and with the aid of these quantities various products of second and third orders 
can be obtained. . 
(e) Principle of obtaining the pressure fluctuation and its correlation to velocity fluctuation. 
Let the output of the hot-wire anemometer, whose axis of rotation is parallel to the z-axis, 
be Hy, and that of the pressure pick-up be K, then the input to each apparatus can be 
calculated respectively by 
He he=ucosé+vsiné , 
SeG 
K 


EA ep ie! ape 2p) 
seg 2 


(17) 


Here S, and G are the sensitivity and the amplification factor of the hot-wire, and S; and Gi 
those of the pressure pick-up. The nondimensional coefficient @ lies between zero and unity 
according to the stagnating effect of the hole. But since the value of p is of the order of 
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Table I. Values of error factor @:, @z and @3 and the limit of use for single rotary 
type hot-wire anemometer. 


(i) isotropic case, M1 


: | 0 | Betal 10 | yg | 202 i 2BOp | he AO} enh Aba 4 
| 0.800 | 0.508 | 0.518 0.532 0.552 0.577 0.610, 0.653 | 0.707 
(ii) two-dimensional case, @z 

ote ei en | 3 | 4 | 4 | 
iota | 0.579 | 0.617 0.662 | 0.714 0.773 0.838 0.913 
5 0.579 0.617 0.662 0.714| 0.772) 0.836 0.911 
10 | 0.500 | 0.519 | 0.546 | 0.578| 0.616 | 0.660 0.712 | 0.769 0.834 0.908 
15 | 0.500, 0.519 | 0.545 | 0.577 | 0.614 0.658 0.708 0.765 0.829 0.903 
hos 20 0.500 0.518 0.544 | 0.575 0.611 0.654 0.703 0.759 0.822 0.895 
25 | 0.500 0.518! 0.543| 0.572 0.607, 0.649 0.698 0.752 0.813 0.885 
30 | 0.500 0.517. 0.541 | 0.569 0.604 0.644 0.690 0.743 | 0.804 0.875 
35 | 0.500 | 0.517 | 0.539 | 0.566 | 0.599 | 0.637 0.682. 0.734 0.793 0.862 
40 | 0.500. 0.516 5.537 0.563 0.594 | 0.631 0.674 0.724 0.781 0.849 
45 | 0.50 514 0.588 0.623 0.665 0.713 0.768 0.835 

three-dimensional case, @3 
Mes 20 | 25 | 30 35 | 40 | 45 


| 

| 

0.618 | 0.665 | 0.715 |, 0.773 | 0.840 | 0.914 | 
0.682 | 0.739 0.804 | 0.878 | 0.960 | 1.053 
0.743 0.819 0.902 | 


1.100'| 1.212 
0.814 0.901 | 1.255 1.400 
0.878 | 0.980 | 1.100 1.259) 1.428 1.610 
0.935 | 1.060 E 1.233) 1.398 1.615 1.840 
0.984} 1.126 1.308 1.533 1.796 2.083 
1.024 | 1.180 1.383 1,646 | 1.966 | 2.317 
1.047 | 1.211) 1.433 1.721 2.080 | 2.481 


1.054 1.225 | 1.451 | 1.749 2.124 | 2.547 


ouU, and usually large compared to ee), as confirmed by our measurement, we can 


approximately put p= independent of the value of a. Thus a may be conveniently put 
zero for calculating the pressure fluctuation. 
When the pressure pick-up is used with a hot-wire anemometer which is mounted close to 


the static pressure hole, the correlation between pressure and velocity components can be 
obtained by 
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ore [(k+ hex)? —(R—hgs)?] + [(R+e-)?—(R—Ney-)?] 0 in 
8 cos O4 2 
po= [(R+ hes)? —(R—e+)”] — [e+ ho-)—(R— hy)” aN la) le 
8 Sings Z 


| where 0, and @_ denote the angles measured clockwise and anticlockwise respectively. Here 
the residual coefficient @ can again be put equal to zero for the sake of convenience, 


since the contribution of the second term on the right-hand side of eq. (18) is negligible even 


§4. Results of Measurements in the Wake 
of a Cylinder 


From the measurement at the cross section 


' 42cm downstream from a cylinder of 1cm 


diameter, which was mounted in a uniform 


' flow of the speed 14 m/s, the following quanti- 


: 


ties were obtained; 


turbulent intensities: 22, 0”, w?, 


2 
mean square of velocity derivative: (ee) 


double velocity correlation: wv, 


Uw, v?, UV, WV, 


bu, po. 


triple velocity correlation: 
pressure-velocity correlation: 
Because of the two-dimensionality of the flow, 


the terms containing odd powers of w re- 
duce to zero. 


o Wy, 


Fig. 12. Distribution of mean velocity com- 
ponents in nondimensional form. 


In Fig. 12 are shown the distributions of 


Oana The 


Uo Up 
figure shows that the jet velocity, V, is notice- 


able at the edge of the wake. 
In Fig. 13 are shown in nondimensional 


mean velocity components 


| if the value of @ assumes its maximum value of unity. 


forms the distributions of the components of 
the turbulent intensity and those of its dif- 
fusion. 

The distributions of turbulent intensity and 
its diffusion are shown in Fig. 14. In the 
same figure the turbulent intensity multiplied 


Distribution of components of turbe- 
lent intensity and of its diffusion. 


Fig. 13. 


by the jet velocity is also shown. If the turbu- 
lent energy is transported by the jet velocity, 
as proposed by Townsend, the following re- 
lation must be expected 


wv+os+wo= View+V? +0) . (19) 
The measured results seem to support this 
proposition. 

In Fig. 15 quantities such as v? and v* are 
shown, which are used later for computing 
the pressure contributions. 

The measured values of pressure fluctuation 


are shown in Fig. 16, in which 50x10 is 
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also given for comparison. The results show 
that the contribution of the dynamic pressure 
term to the pick-up input is so small that we 
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a bell-shaped distribution in the wake. 
Fig. 17 shows the correlations between | 
pressure fluctuation and velosity components. 


U3 
x _TV+ VS Vw? 


Fig. 16. Distribution of pressure fluctuation 
and energy component. 


i 
i¢)) 
° 
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Fig. 14. Distribution of turbulent intensity 
and its diffusion. 


16] 
T 


Fig. 17. Distribution of correlations of Pres- 


sure fluctuation to velocity components. 
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“of 


Fig. 18. Energy balance in non-dimensional 
form. 


Fig. 15. 
characteristics in non dimensional form. 


Distribution of various turbulence 


An interesting trend of the results is that 
pu has the sense such that a positive p cor- 


responds to a_negative #, while pu has the 
sense such that a positive p corresponds to a 


can safely put kR=p as already mentioned in 
§3. The figure also shows that the pressure 
fluctuation is of the order of oU pw and has 


} 


[ 
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positive v. This tendency seems to be cor- 
related with the fact that the increase in v 


_ corresponds to the decrease in # to produce 


a positive shear stress in the wake. 


Since the turbulent energy must be con- 
served at each point in the wake, the equation 
of energy is expressed as 


2 
15>(5") agra oe 
Ox 2 02 | 
(20) 


1 9 app) Ope 
a 9 oa v+tove+wv)+ ae ==()) 


on the assumption of the boundary-layer ap- 
proximation and of local isotropy. Each term 
of the equation represents dissipation, ad- 
vection, shear production, local diffusion and 
pressure flow, respectively. All these terms 
are plotted in nondimensional forms in Fig. 
18, from which the validity of the relation 
(20) is confirmed. This in turn gives support 
to the reliability of the result obtained by the 
pressure pick-up. 


§5. Concluding Remarks 


The detailed description of the new pressure 
pick-up was given. The characteristics of the 
condenser microphone, the tubing and their 
combination was studied. The methods of 
compensating the secondary effects were con- 
sidered and a band-rejection filter for the 
resonance and a compensating amplifier for 
the attenuation at the higher frequency range 
were introduced. By these means an apparatus 
with a sufficiently flat freqency response was 
obtained. 

For the calibration of the apparatus, a new 
method was adopted in which Karman vortices 
were used as reference, and the results were 
found to be satisfactory. 

The principle of measuring turbulence 
characteristics by combined use of pressure 
pick-up and single rotary type hot-wire anemo- 
meter was discussed and the error and the 
limit of application were estimated. 

The experimental results obtained are as 
follows; 

(1) The pressure fluctuation is of the order 
of pU,u; this gives support to the fact that 
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the input to the pick-up is equal to the pres- 
sure signal itself. 


(2) The nature of the correlation between 
pressure and velocity fluctuation such as pu 


and pv is revealed for the first time both in 
the sense and the magnitude. 

(3) The balance between gain and loss of 
various kinds of turbulence energy at a section 
in the wake is confirmed by the measurements 
of all terms in the energy equation. This 
fact, in turn, gives support to the reliability 
of the pressure pick-up. 
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Experimental Studies on the Stability of the 
Transonic Flow past Airfoils 


By Fumio TAMAKI 
Institute of Industrial Science, University of Tokyo 
(Received February 7, 1957) 


Local flow fluctuations near the airfoil surface have been measured in 
the speed range near critical Mach number, by using a Mach-Zehnder 
interferometer and a rotating-drum camera. Airfoils tested are Tomo- 
tika-Tamada airfoil, NACA-0012 and 10 per cent thick elliptic cylinder. 
Experiments show that amplitude and frequency of oscillation that ap- 
pears when the local sonic speed is exceeded on the surface depend on 
the shape of the profile. In the cases of T.T.- and 0012-airfoils, the 
oscillation is of small amplitude and high frequency when the maximum 
local Mach number on the surface is not much above unity, and the 
time-mean pressure distribution on the surface is smooth and shows no 
appreciable distortion due to shock waves. In the case of the elliptic 
cylinder, slow oscillation of large amplitude involving distinct shock 


waves appears, as soon as sonic speed is exceeded on the surface. 


$1. Introduction 


Transonic flow with embedded supersonic 
region has been investigated theoretically by 
many authors, and it has been shown that a 
smooth, irrotational flow containing both sub- 
sonic and supersonic regions exists for some 
special shapes of the flow boundary. Wind 
tunnel experiments, however, contradict these 
theoretical findings in that the flow over the 
body surface either becomes unsteady or in- 
volves shock waves when the local sonic speed 
is exceeded anywhere on the surface. There 
have been many attempts to explain the reason 
for this discrepancy. (See references (1)-(5)). 
However, it seems to the present author that 
detailed experiments are still lacking in order 
to check these theories and to understand 
clearly the flow behavior at such critical 
speeds. 

In the present paper, experiments are de- 
scribed, which have been carried out for obtain- 
ing some quantitative data as to the stability 
or instability of the flow in the local supersonic 
region and the process of formation of a steady 
shock wave. 


§2. Experiments 


Experiments were carried out in the I.1.S. 
high speed induced wind tunnel having a 
rectangular test section of 6cmx9.2cm (Fig. 
1). Compressed air was supplied to the in- 
jector from a reservoir of 10m? volume and 
10 atms. pressure. In order to prevent the 


flow at the test section from being influenced 
by the flow fluctuation at the injector slot, a 
variable throat was inserted between the test 
section and the slot, so as to make the flow 
sonic at the minimum section. Control of 
flow speed was effected by changing its area. 

Models tested are: (1) Tomotika-Tamada 
airfoil® for which a smooth irrotational flow 
with substantial supersonic region has been 
predicted; (2) NACA-0012; and (3) 10 per cent 
thick elliptic cylinder. Each has a chord of 
3cm and a span of 6cm, which is equal to 
the tunnel width. Airfoil profile of Tomotika 
and Tamada changes with free-stream Mach 
number, but the profiles given for three Mach 
numbers, M=0.717, 0.745 and 0.752 differ 
quite little from each other, so only the profile 
for M=0.745 has been adopted for the model. 
The theoretical profile has a cusp at the trail- 
ing edge, but the model has a thickness of 
0.2mm there. Each model has a pressure 
hole on the surface, its position being 42, 40 
and 50 per cent chord from the leading edge 
for airfoils (1), (2) and (3) respectively. 

A Mach-Zehnder interferometer with a light 
source of high pressure mercury vapor lamp 
was used for measuring the density field. A 
monochromatic filter (5461A) was used for 
photographing the whole field, but it was re- 
moved for recording the flow fluctuations, in 
order to secure sufficient light intensity. 

Flow fluctuations that appeared when the 
sonic speed was approached or exceeded on 
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the surface were recorded by a rotating-drum 
camera. For this purpose, a diaphragm with 
a narrow slit was introduced into the light 
path, thus only the image of the fringes cor- 
responding to a strip region parallel or per- 
pendicular to the chord line was focused on a 
film wound on a rotating drum. (See Fig. 7). 
Fluctuations of flow in the wake were record- 
ed by the same method. Width of the strip 
in the real flow field was 5 per cent of the 
chord. Peripheral speed of the drum was 19 
m/sec, and the film length was 76cm. 
Experiments on the T.T.- 
were carried out at zero 


and 0012-airfoils 
incidence. 


A slight 


asymmetry was inevitable between the flow 
on the upper and the lower surface due to 
the presence of the support on the lower sur- 
face. Experiments on the elliptic cylinder 
were at first made for the case of small in- 
cidence (a=1°), because the maximum spee 
of our tunnel was not high enough for obtain- 
ing a flow with any appreciable shock wave 
in the case of zero incidence. It will be called 
the A-case later on. Experiments at zero in- 
cidence were tried afterwards, by reducing the 
tunnel section to 6cm*x8.6cm. This will be 
called the B-case. In this case, however, the 
tunnel chokes as soon as the sonic speed is 
exceeded on the surface, so this case should 
be considered as a channel flow rather than a 
flow around a body in free air. 
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Reynolds number based on chord length was 
4x 10° at M=0.75. Boundary layer was in 
general laminar, and separation occurred im- 
mediately behind the point of minimum pres- 
sure. As such a flow was not suitable for 
any comparison with theory, the boundary 
layer was made turbulent by sticking a cel- 
lophane strip of 1mm width and 0.1mm thick- 
ness to each side of the airfoil near the leading 
edge. This caused an additional peak of 
negative pressure on its back; accordingly, its 
position and thickness were selected such that 
the sonic speed should not be exceeded there. 
It should be remarked that when the sonic 
speed is exceeded there, a shock wave appears 
and causes flow separation. For this reason, 
the trip was not applied to the elliptic cylinder. 


§3. Discussion of Results 
i) Veloczty destribution on the airfoil surface 


Fig. 2 shows one of the interferograms of 


Interferogram of the flow past T.T. 
airfoil (M=0.754). 


Fig. 2. 


the flow field. Distributions of pressure and 
velocity around the airfoil were determined 
from the density by assuming the isentropic 
relation. Even when the flow involves shock 
waves, the error due to entropy change is 
small, because we are only dealing with the 
case of weak shock waves in the present ex- 
periments. Figs. 3, 4 and 5 show examples 
of the velocity distribution on the airfoil sur- 
face. Here q is the velocity divided by the 
critical sound speed. In Fig. 3a, which repre- 
sents the case of T.T. airfoil with boundary 
layer trip, theoretical curves for three Mach 
numbers are also included. Strictly speaking, 
these curves belong to three different profiles, 
but we may consider that these curves repre- 
sent approximately the velocity distributions 
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on a fixed profile at different Mach numbers. 
It can be seen that experimental points lie 
fairly close to the corresponding theoretical 
curves. In the case without trip, experiments 
do not agree with theory as shown in Fig. 3b. 


(b) without trip 


Fig. 3. Velocity distribution on the surface: 
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Fig. 4. Velocity distribution on the surface: 
NACA-0012 (with trip). 


Fig. 5 represents the A-case of the elliptic 
cylinder, at which the pressure gradient along 
the surface is positive. The flow on the 
surface at M slightly above 0.80 fluctuates 
considerably due to the oscillating shock 
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waves, as shown by the two different distribu- 
tions for M=0.803. 


ii) Extent of the supersonic region 
Based on the measurement of the density 
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Fig. 5. Velocity distribution on the surface: 
10 per cent thick elliptic cylinder (a=1°). 
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Fig. 7. Locations of the strip regions. 


distribution in the whole fieid, equal-velocity 
contours have been drawn for each case. In 
Fig. 6, the height of the sonic line from the 
surface is plotted against the maximum ve- 
locity qm on the surface. In this figure, Ys 18 
the distance between the top of the sonic line 
and the chord line, y» is the maximum ordi- 
nate of the profile and c the chord length. 
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Fig. 8. Records of the fringe fluctuations, 
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iii) Flow fluctuations near the surface 


Fringe fluctuations in the strip regions 
shown in Fig. 7 were recorded by a rotating- 
drum camera. Short cuts of these records 
are shown in Fig. 8. These pictures corres- 
pond to the time interval of 3 milliseconds. 
Here @m is the time mean of the maximum 
velocity on the surface estimated from the 
fringe analysis and the measurement of the 
static pressure at the hole. Accuracy of its 
value is rather poor when it approaches 1.1. 
Fringe records for the strip region tangential 
to the surface at the point of maximum thick- 
ness may be considered to represent approxi- 
mately the flow fluctuations on the surface 
itself. These fluctuations are in general aperi- 
odic and irregular, and the analysis is not easy. 
However, the following facts have been found. 

(I) When the maximum velocity on the 
surface is subsonic but near to the sonic speed, 
there appears on the surface a series of weak 
unsteady shock waves traveling against the 
stream. This phenomenon has been already 
noticed by Hilton and Fowler”. Our prelimi- 
nary experiments using spark photography 
also confirm this fact. Frequency of the un- 
steady shock is of the order of 5000 cps, as 
shown for example in Figs. 8al and bl. Fringe 
records for the strip perpendicular to the chord 
at the trailing edge show that the low fre- 
quency component in the wake has nearly the 
same frequency as the above-mentioned. From 
this, it may be concluded that these traveling 
shocks have their origin in the wake. Fig. 
8a5 shows that there are also fluctuations of 
10,000 to 20,000 cps behind the model support, 
but these do not affect the flow upstream due 
perhaps to their rapid decay. 

(I) When the local sonic speed is slightly 
exceeded on the surface of T.T.- and 0012-air- 
foils, a flow oscillation occurs with a frequency 
lower and an amplitude larger than mentioned 
in (1). (Figs. 8a2 and cl). The frequency is 
1000-1500 cps for the T.T. airfoil, and about 
500 cps for the 0012. This type of oscillation 
does not occur on the elliptic cylinder; in the 
A-case, oscillation of the type that will be 
mentioned in (III) occurs, and in the B-case, 
a steady shock appears as soon as the sonic 
speed is exceeded on the surface. 

(II) When the maximum local Mach num- 

er on the surface of T.T.- and 0012-airfoils 
approaches 1.1, there appears an oscillation 
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whose frequency is of the order of 100cps. In || 


the A-case of the elliptic cylinder, the fre- 
quency is 30-40cps. The flow involves oscil- 
lating shock waves, as shown in Figs. 8a3, b2 
and c2, though these photographs are cut too 
short to see the whole periods. 

(IV) These oscillations cease when the flow 
speed is raised further, and a flow involving 
a steady shock is formed (Fig. 8a4). 

The oscillation mentioned in (II) may be 
considered as the repetition of the following 
processes. When the sonic speed is exceeded 
on the surface, the traveling shocks tend to 
accumulate at a certain point, but their pres- 
sure rise can be transferred upstream through 
the subsonic region outside, where the up- 
stream movement of these shocks is still pos- 
sible. This raises the pressure ahead of the 
accumulation point and smoothes the pressure 
jump. After that the flow returns to its initial 
state and repeats the same process. 

The accumulation of the traveling shocks 
resembles the process described in Kuo’s sta- 
bility analysis (references (3) and (5)), but it 
should be noted that the process does not lead 
directly to the formation of a steady shock 
but causes flow oscillation at first. In view 
of the isolated character of the mixed potential 
flow, it is of course probable that the accumu- 
lation of the disturbances in the sense of 
Busemann’s theory takes place at the end of 
the supersonic region, but it is impossible to 
distinguish it from the accumulation of the 
traveling shocks. 

The above-mentioned two-dimensional shock 
diffusion exists also in stage (III), as clearly 
seen in Fig. 8b4 which shows the flow fluctua- 
tion in the subsonic region distant from the 
surface of the elliptic cylinder. Its effect on 
the flow ahead of the shock may be correlated 
to the extent of the local supersonic region. 
As shown in Fig. 6, it is much wider for the 
elliptic cylinder than for the two other airfoils. 
This seems to explain why a rapid oscillation 
of type (II) does not occur on the elliptic 
cylinder. 

Fig. 9 shows the pressure fluctuations at 
certain points near the surface of the T.T. 
airfoil. Here ~’ is the fluctuation about the 
mean pressure and fp is the stagnation pres- 
sure. Two curves in the right of each dia- 
gram are the pressure distributions correspond- 
ing to the extreme values of p’. Pressure 


: 
| 
| 


1957) 


distribution on the surface is smooth as a time 
mean, and approximately agrees with the 
theoretical prediction, as shown by the inter- 
ferograms taken under the exposure of the 
order of 1/100sec. Also, the pressure distribu- 
tion at the case when the steady shock appears 
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Fig. 9. Pressure fluctuation near T.T. air- 
foil (Strip region I). 


nearly agrees with the theoretical one at the 
breakdown of the potential flow. 

Finally the maximum amplitude 4p of the 
pressure fluctuation in the region downstream 
of the point of minimum pressure is shown in 
Fig. 10. Steep rise of 4p corresponds to the 
appearance of the oscillation of type (III), and 
sudden fall corresponds to the settling down 
of the shock wave. Fluctuations on the 0012 
are a little smaller than on the T.T. airfoil 
when gm is near unity, but get larger as gm 
is increased. It should be added here that in 
the case without the boundary layer trip 
fluctuations in the local supersonic region con- 
tain a considerable amount of high frequency 
components of about 5000cps or more due to 
laminar separation, but the amplitude of low 
frequency oscillation is small (Fig. 8a6). 

All these results have been obtained by 
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using very small models. A certain kind of 
scale effect is expected to exist with respect 
to the frequencies and amplitudes of these 
oscillations. Such an effect will be a subject 
of future investigation. 
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A shock tube having two partition diaphragms is devised for generat- 
ing a hypersonic flow free from air-liquefaction. The tube consists of a 
high and a medium pressure chambers of equal cross-section and a low 
pressure chamber with a narrow, slit-shaped inlet and a large area di- 
vergence. Hypersonic flow is generated by the expansion into the low 
pressure chamber of the air, which is initially contained in the medium 
pressure chamber and compressed to high pressure and temperature by 
the nearly clossed-wall reflection of the shock wave created by the rup- 


ture of the diaphragm between high and medium pressure chambers. 
Flow of Mach number 6.4 with a duration of 1 millisecond is obtained 


and used for the studies of the flow past elliptic-nosed plates. 
ratios tested are 8, 1 (semi-circular nose) and 0 (square nose). 


Axis- 
Pressure 


distribution over the surface and head drag coefficient are determined 
by using a Mach-Zehnder interferometer. 


Introduction 


§1. 

One of the difficulties in hypersonic wind- 
tunnel techniques lies in the prevention of air- 
liquefaction caused by a considerable drop of 
temperature due to a large degree of adiabatic 
expansion. Supply air must be heated to a 
high temperature in order to be kept above 
the dew line after the expansion. 

A shock tube method, utilizing a shock wave 
for heating the expanding air, has been devis- 
ed by Hertzberg”, and a certain modification 
has been reported by Nagamatsu®. An idea 
of a double-diaphragm shock tube with con- 
stant cross-section has been proposed by Bern- 
stein». Although his method is excellent as 
to the gain in temperature at high Mach 
numbers, it requires considerable tube length, 
and so far as the present authors are aware, 
the experimental results have not been re- 
ported yet. 

A divergent shock tube, having a diaphragm 
adjacent to the entrance of the divergent 
channel of the low pressure chamber, has 
been previously used by the present authors®,™ 
for the studies of supersonic flows of Mach 
numbers less than 6. In this shock tube, 
supersonic flow is obtained by the expansion 
of the air which is initially contained in the 
high pressure chamber, so the pre-heating of 


the air is necessary in order to use this shock 
tube for high Mach numbers. Addition of one 
more stage of high pressure chamber for this 
purpose has led us to a double-diaphragm 
shock tube somewhat different from the above 
mentioned. In order to obtain a flow of very 
high Mach number, maintaining its state above 
the dew line, and to secure sufficient duration 
of steady flow, it is of course necessary to 
use a long medium pressure chamber. The 
tube length is however shorter than the Bern- 
stein’s and the pressure adjustment of the 
low pressure chamber seems to be easier. 

The shock tube here constructed has been 
used for the investigation of the flow past 
elliptic-nosed plates at M=6.4. Such experi- 
ments at low and moderate supersonic speeds 
have been reported by Holder and Chinneck®, 
A. Ferri? and others®». In the present ex- 
periments, the same types of the leading edge 
shape as those of Holder and Chinneck have 
been dealt with. As the Reynolds numbers in 
both experiments are nearly the same, the 
comparison of the results is significant and 
enables us to understand the Mach number 
effect on the flow character near the leading 
edge, particularly on the nose drag of the 
body moving with supersonic speed. 
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2. 
The schematic diagram of the present shock 
tube and dimensions of the main parts are 
shown in Fig. 1. High and medium pressure 
channels are of equal cross-section. Medium 
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Fig. 1. Schematic diagram of hypersonic 
shock tube. T (Trigger), D, (1st draph- 
ragm), D2 (2nd diaphragm), N (Nozzle), M 
(Model), R (Receiver), ED, (High pressure 
chamber), D,;D, (Medium pressure chamber), 
D.F (Low pressure chamber), Dimensions 
in centimeter. 


pressure channel is bent in rectangle, due to 
the limit in the available height of the room. 
Low pressure chamber consists of a rectan- 
gular tube and a receiver of a large volume. 
Straightly diverged nozzle is formed by wooden 
liners inside the tube. Test chamber has a 
rectangular cross-section of 15x6cm?. This 
cross-section is continued by a duct inserted 
into the receiver nearly to its mid-point. As 
for the partition diaphragms, three or four 
sheets of cellophane of 40 micron thickness 
are used for D,, and a thin cellophane of 18 
micron thickness is used for D,. Dy, is broken 
by a needle, and D, by the shock wave. 

Models tested are three elliptic-nosed plates 
of axis-ratios A=2Z/t=8, 1 (semi-circular nose) 
and 0 (square nose). All the plates are 8mm 
thick, and supported by thin stings attached 
to their mid-span. Mach-Zehnder interfero- 
meter with a light source of magnesium spark 
has been used for optical measurements. The 
shock tube has been operated at a Mach num- 
ber of 6.4, and Reynolds number is 1.35 x 10° 
per centimeter. 
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§3. Theoretical Consideration 


As shown in Fig. 1 the whole tube is divid- 
ed into three parts by two diaphragms D, and 
D,. The first two chambers constitute an 
ordinary shock tube. Actually, there is a bent 
at the middle of the second chamber, but it 
is simply neglected in the present considera- 
tion, assuming that the weakening of the in- 
cident shock and the disturbance to the flow 
behind it are small. Then, the shock generat- 
ed in the second chamber by the rupture of 
D,, together with the flow state behind it, can 
be predicted by the usual shock tube theory. 
Fig. 2 shows a wave diagram for the case of 
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Fig. 2. Wave diagram. 


initial pressure ratio p,/p,;=13/4, where p, and 
p: denote the initial pressure in high and 
medium pressure chambers, respectively. Ab- 
scissa is the distance 2 along the tube axis, 
and ordinate is the time ¢ multiplied by the 
sound speed @, corresponding to the initial 
temperature. (It is assumed that the initial 
temperature is the same for all the chambers.) 

The second diaphragm D, is situated at the 
end of the second chamber, i.e., just in front 
of the slit-shaped inlet of the third, low pres- 
sure chamber. There the shock is reflected, 
and at the same time, D, is broken by the 
pressure rise due to the shock reflection, and 
a certain amount of air compressed to high 
pressure and temperature expands through the 
divergent channel to a hypersonic speed. 
Shock reflection at the position of D, can be 
calculated by using shock polars under the 
assumptions: flow is sonic at the throat and 
one-dimensional steady flow relation holds be- 
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tween the throat and the upstream tube, and 
the shock reflection takes place so as to satisfy 
the condition that the flow Mach number be- 
' hind the reflected shock is equal to the value 
determined by the area ratio A,/A; of the 
throat to the upstream tube. As A,/Aj is 
small, we may expect that the shock reflection 
does not differ much from that at a closed 
wall. Assuming the initial pressure ratio p,/pi 
=13/4, we have, for the closed-wall reflection, 
Ds/P1=2.97, 05/0,:=2.16 and T;/7,=1.38, where 
5 denotes the quantities behind the reflected 
shock; while in the case of real reflection, we 
have ~s5-/p:=2.87, 05-/01=2.11, Ts-/T;=1.37 
and w;-/a,=0.02, where ws, is the flow velocity 
behind the reflected shock. Here and in Fig. 
2, primes attached to the letters denote the 
case when the mass flow through the nozzle 
is taken into account. In this calculation, the 
effective value of A, has been assumed to be 
1.28 cm?, which is about a half of the geo- 
metrical area of the nozzle inlet. This value 
of A. has been estimated from the fact that 
a quasi-steady flow of M=6.4, which is con- 
siderably higher than expected from the geo- 
metrical area ratio of the test section to the 
nozzle inlet, has been obtained at the test 
section. This fact, which may be attributed 
to the viscosity effect at the throat was also 
experienced in our previous single-stage diver- 
gent shock tube”). 

The wave propagation and the associated 
flow in the low pressure chamber can be cal- 
culated by the method of characteristics. How- 
ever, for a rough estimation of the time of 
establishment of the quasi-steady flow at the 
end of the divergent channel, it is sufficient 
to approximate the continuous area change by 
one or two discontinuous steps. Procedure for 
such a calculation is given by Rudinger™. 
Wave diagram in the right part of Fig. 2 has 
been obtained by replacing the whole area 
change by a single step at the inlet of the 
divergent channel. In this diagram, the initial 
condition is .:p,;:p)>=13 atms: 4 atms: 2 
mmHg and T,=71=T)=285°K. <A quasi- 
steady flow of high Mach number is obtained 
in the test section after the passage of the 
primary shock, contact surface and the second- 
ary shock. Temperature of this flow is about 
42°K for M=6.4 which is actually obtained in 
the experiment. This is nearly equal to the 
air-liquefaction temperature estimated by an 
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extrapolation of Hausen’s J-S diagram™. 
However, since a certain degree of supersat- 
uration is expected, there may be no fear of 
air-liquefaction. 


§4. Results 


Schlieren photographs showing the flow 
history at the test section are given in Fig. 3. 
These photographs have been obtained under 
the condition: ~,=13 atms, ~:;=4 atms and 
pPo=2mmHg. Fig. 3a shows the primary 
shock advancing toward the wedge. Fig. 3b 
shows the flow near the contact surface. Here 
the wide zone of mixing of cold and hot airs 
appears instead of a thin contact surface. Fig. 
3c shows the flow near the secondary shock. 
After the secondary shock is swept down- 
stream, a quasi-steady flow of M=6.4 is estab- 
lished with a duration of 1 milli-second. This 
is shown in Fig. 3d. 

Mach number of the stationary flow has 
been determined by the measurement of Mach 
angle. For this purpose, several strips of 
cellophane tape have been sticked to each of 
the diverging walls, and the angle between 
the wave fronts originating from each side 
has been measured. This gives the value of 
M=6.4 for the initial condition given above. 
The same condition has been kept through the 
experiments. 

The flows past elliptic-nosed plates have been 
investigated by schlieren method and interfero- 
meter. Photographs for the case of A=8, 1 
and 0 are shown in Figs. 4a, 4b and 4c, re- 
spectively. Results will be discussed separate- 
ly according to the axis-ratio, and will be 
compared with the experiments of Holder and 
Chinneck at low supersonic speeds. 

A=8: Distribution of the static pressure p 
on the surface expressed in non-dimensional 
form by dividing it by the total pressure pp 
behind a normal shock is given in Fig. 5. 
Results of Holder and Chinneck for M=1.42 
and 1.79 are shown in the same figure. As 
seen in this figure, pressure falls monotonious- 
ly from the value at the nose, which is close 
to the theoretical total head p, behind the 
normal shock, to the free stream value p.. 
far back on the plate. In Fig. 6, the pressure 
distribution along the surface in non-dimen- 
sional forms of (p—p..)/p. is plotted against 
y, the coordinate normal to the free-stream 
direction. Dotted lines in the neighborhood of 
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the nose denote our experimental values of 
(p—p.)/p. for a circular cylinder, whose 
radius is taken to be equal to the radius of 
curvature at the nose. Chain lines in this 
figure and thin lines in Fig. 5 give the theoret- 
ical values of (p—p..)/p. and p/pn, respec- 
tively, calculated by Busemann’s second order 
theory assuming that the pressure at the 
shoulder is equal to the free-strerm value. 
Even in the case of M=6.4, Busemann’s 
theory shows good agreement with experi- 
ments except in the neighborhood of the nose. 

A=1: Experiments of Holder and Chinneck 
at low supersonic speed show that the mini- 
mum pressure occurs near the shoulder due 
to the over-expansion around it. But in our 
case, no striking peak of negative pressure is 
observed. (Fig. 7) 


Fig. 6. 


(P—Peo)/Poo VS. y (A=8). 


A=0: In the low supersonic flow, negative 
pressure near the shoulder becomes more and 
more pronounced as the nose becomes blunter 
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Fig. 8. Pressure distribution along the surface (A=0). 


and a distinct bubble caused by the separation 
and the reattachment of the flow appears at 
the shoulder. But in our case, these pheno- 
mena become less distinct due to a consider- 
able thickening of the boundary layer. The 
pressure on the surface is shown in Fig. 8. 
The nose drag coefficients defined by Cow= 
nose drag/3p~ u.*t, where op. and u.. are the 
density and the flow velocity of the free 
stream and Zz the thickness of the plate, are 
calculated from the pressure distribution, and 
are plotted aginst M together with the values 
at low supersonic speeds (reference 12) in Fig. 
9. Since our interferograms for the case of 
A4=0 are rather indistinct as shown in Fig. 4c, 
the determination of the pressure distribution 
on the frontal surface is almost impossible, so 
the value of Cpw for this case is obtained by 
assuming that the pressure at the stagnation 
point is equal to the theoretical value and 


11) 


12) 


6.0 


Fig. 9. Cpn vs. M. 


that the velocity increases linearly 
with the distance along the surface 
to the sonic speed at the shoulder. 
Experiments of Holder and Chinneck 
show that nose drag coefficient in- 
creases or decreases according to 
whether the nose is blunt or sharp, 
as expected from Ackeret’s formulas. 
Our results show that this tendency 
holds even in the hypersonic flow. 
However, the change of Coy with M 
seems to be smaller than in the low 
supersonic flow. 
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This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 


7cmx7cm will be counted as 150 words. 
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The Absorption Spectra of Ruby 


By Y. TANABE 
Department of Applied Physics, Tokyo 
University, Tokyo 
and S. SUGANO 
Department of Physics, Tokyo University, Tokyo 
(Received March 16, 1956) 


The absorption spectrum of Ruby (Cr?+; Al,O3) 
in the opical region is quite analogous to that of 
Cr alum; it consists of two bands (obs. max. 
18,000 cm-1, 25,000cm-1!) and several groups of 
lines situated at 14,000cm-! and 21,000 cm-1.) 
Ruby shows, however, remarkable dichroism,” 
which is not clearly observed in the case of alum. 

From the crystal structure of Al,03, we see that 
the Cr3+ ion which substitutes the Al%+ ion is 
surrounded by six O2-’s nearly octahedrally and 
therefore subjected to the strong cubic field as in 
the case of octahedral complex ion, besides the 
strong trigonal field which was weak in the latter. 

This resemblance and the difference of the en- 
vironment of the Cr3+ ion in these two cases lead 
us to expect that we can provide a firmer founda- 
tion of the theory of the absorption spectra of 
complex ions*) by analyzing the spectra of dichroic 
Ruby. 

We quote here several features of the spectrum. 

(1) The first band and the characteristic doublet 
FR, and Ry show similar behaviour for linearly 
polarized light, i.e., the absorption is maximum 
for the light whose electric vector FH is |LC3 
(the optical axis) and minimum for H//C3.9 The 
emitted light of A; and FR, is also polarized in the 
plane | C3.02) 

(2) The sharp doublet R, (14,418 cm-1) and R, 
(14,447 cm~-!) both show the Zeeman effect.5) The 
pattern consists of an unshifted line and two 
nearly equally displaced side components when 
H)//C3; and # |.C3 (6 component). Contrary to the 
case of free ion spectra, the central component is 
stronger than the side components. When Hy 1C; 
and # | C; (« and x component), the pattern con- 
sists of four almost equally spaced components, 
their intensity being almost equal. Aside from 
several small differences for R; and R», these are 
features common to the Zeeman pattern of both 
FR, and Re. 

We want to interprete these facts by using the 
model for the complex ion. 

(1) The existence of sharp lines: The sharp- 


ness of the lines is probably due to the lack of 
the first order interaction between electron and 
nuclear motion in both the exited and ground 
state. That fact is peculiar to the half filled 
shell. 

(2) The optical anisotropy: According to the 
theory of the absorption of the complex ion, the 
intensity of R,, Ry is stolen from that of the first 
band, so that it is quite reasonable that they show 
similar dichroism. The anisotropy of the first 
band is explained by assuming that the transition 
is that of the electric dipole coupled with the 
trigonal field V (Fi1uz) whose exis is C3. This as- 
sumption also explains the anisotropy of the second 
band. Thus we feel that the assignment (1st band: 
44,>4Fy, 2nd band: *4.—‘*F) made in the previous 
paper is now almost established. 

(3) The Zeeman pattern: The features of the 
Zeeman pattern enables us to conclude that A; and 
Ry» correspond respectively to the transition from 
the ground quartet to the doubly degenerate level 
(denoted as EH’) and the degenerate two levels 
(2A") (Kramers’ degeneracy) which are split from 
2H level by the interplay of the effects of the 
trigonal field and the spin orbit interaction. The 
g-values of these two exited states are anisotropic: 
|g); |=2, gs =0 for both of the levels. This ex- 
plains the number of Zeeman components when 
H//C3; and Ho 1C3. (The g-value of the ground 
quartet is almost isotropic and ~2.) The appear 
ance of the central line in the ¢ component when 
Hy//C3 is explained by g~-—2 for E’ (R)) and the 
transformation property of 2A’ state wave func- 


; Slut : : 
tion (~ exp (= 9 ie)) in spite of gj)~2 for 2A’ 


(F2). Furthermore the intensity distribution in 
Zeeman pattern is nicely explained by this as- 
signment. The observed asymmetry of the pattern 
can also be explained by taking the ground state 
natural splitting into account. 

Details will be given in a later communication. 
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The Absolute Intensities of Cosmic 
Rays at 2840 Meters and 
Geomagnetic Latitude 25°N 


By Masakazu MURAKAMI and Toshiro MAEDA 
Department of Physics, Kobe University 
(Received January 26, 1957) 


In a previous note), refered to hereafter as (A), 
the absolute intensities of cosmic rays at sea level 
(A=25°N) were reported by Kitamura and Mina- 
kawa. 

Those at Mt. Norikura (altitude 2840 m. 4=25°N) 
were measured in the fall of 1955 by the same 
apparatus”) as that used in (A). 

The procedure of measurement and notation of 
counting rate are identical with those in (A), except 
for slight differences in both cases*. 

The explanation of the notation and the corres- 
ponding energy intervals are tabulated in Table I, 
and the results are summalized in Table II and 
Fig. 1, where ¢ is the average atmospheric pres- 
sure during the period of our experiment; 
745.2 gr/cm2?. 
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In Fig. 1, it will be noted that the zenithal 
distribution of intensities are reported by the 
power of cos@ between 0° and 45°, the exponent 
being 2.140.1 and 3.1+0.2 for the hard and soft 
components respectively. 

We put J@)=K-No), then the value of K’s in 
respective cases were calculated as follows. 

K=1/2.65 for the hard component 
K=1/2.58 for the soft component 
Using these relations, we obtained the following 
absolute intensities at 2840 m elevation; 
Ty =(1.17+0.01) x 10-2 cm-2 sec-1 sterad-! 
for the hard component 
»’ =(0.90+0.02) x 10-2 cem-2 sec-! sterad-! 
for the hard component 
I,!'=(2.07 £0.02) x 10-2 cm-2 sec-1 sterad-1 
for the total 

* The thickness of the roof was 1.5 gr/cm? of 

wood and 0.2 gr/cm? of copper plate at the Nori- 


kura hut, and 0.4 gr/cm? of wood 0.3 gr/cm? of 
iron plate at the pent house of Kobe University, 


Short 


Notes Bo 
Table I. The explanation of the notation 
notation | explanation 


Counting rate per minute of hard com- 
| ponent, which are mainly proportional 
_to the number of protons and u-mesons 
| capable of penetrating 160 gr/cm? lead, 

whose energies are above 385 Mev and 
_ above 210 Mev for protons and mesons 

respectively. 


2 


Counting rate per minute of soft com- 

ponent, which are proportional to the 
number of protons, slow mesons and 
electrons capable of penetrating 4 gr/cm? 
aluminium but incapable of penetrating 
160 gr/cm? lead. 
The energy ranges are between 385 Mev 
and 60 Mev, between 210 Mev and 23 
Mey and above 6 Mev for protons, slow 
mesons and electrons respectively. 


Counting rate per minute of very soft 
, component, mainly consisting of electrons, 
whose energies lie between 6 Mev and 
1.5 Mev. 


Table II. The results of counting rate 


against zenith angles 


| 0° | a5° | age 45° 


N-+n 3.2840.03 2.46+0.02 1.69+0.02 1.36+0.01 
N  1.8740.011.49+£0.01 1.08+0.01 0.90+0.01 
nm  1.3940.03 0.9740.03 0.6240.02 0.4740.02 
1.1240.06 0.6040.05 0.77+0.03 0.44+0.03 


n+n' 2.51+0.071.5740.05 1.39+0.04'0.91+40.03 


The above results are compared with those at 
sea level in (A) in Table III. 


Table III. Ratio of the intensities at 2840 m 
and at sea level 
(eet zs A au ae 
Nin | 2,140.03 | 2.0+0.02! 2.0+0.02) 1.9+40.01 


N |) 1,640.02, 1.60.01 1.6+0.01, 1.640.01 
n | 3.940.04| 3.6+0.03) 3.5+0.02| 3.20.02 
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Precise Frequency of the 3,3 Inversion 
Line of Ammonia 


By Koichi SHIMODA 


Department of Physics, Faculiy of Science, 
University of Tokyo 


(Received March 8, 1957) 


Recent runs of the absorption type Stark-Zeeman 
ammonia clock!) during a period from March to 
November 1956 give the frequency of the 3,3 line 
on UT2 as 

va = 23,870,131.05 +0.05 kc/sec. 


Since the center frequency was found to shift to 
higher frequency by 4va=a4vy, where Avy is the 
width due only to pressure broadening*, the value 
of frequency extrapolated to zero-pressure is given 
above. 

A note on the frequency of a molecular beam 
maser oscillator has appeared, reporting the value 
on UT2 (Sept. 1956) as”) 


vm = 23,870, 129.42 +0.05+0.12 kc/sec, 


which is 1.63 kc/sec or 7x10-® smaller than vq. 

In comparing these values frequency shift due 
to different distribution of populations in qua- 
drupole hyperfine levels, #\=2, 3 and 4, must be 
considered. This type of shift was not described 
in reference 3, since it had already been shown by 
Gordon». Assuming that egQ in the lower inver- 
sion state is 4+1kc/sec larger than that in the 
upper, the center line of the 3,3 line corresponding 
to the transition 4#,=0 is made up of three com- 
ponents as shown in Fig. 1. 


emission 


~oscillation 


24" | 2 kc/sec 


Fig. 1. Spectra of absorption, emission and 
oscillation of the 3,3 inversion line. 


Short Notes 


* The coefficient, a, decreases sensitively with 
the impurity gas in the cell, hence the tentative 
estimate for pure ammonia is a=(4.0+0.5) x 10-2, 


Voleeh2 


The ratio of intensities of components with 
F,=3, 4 and 2 in the absorption line is 7:9:5, 
and hence the weighted average frequency coin- 
cides exactly with that undisplaced by hyperfine 
structure. The relative intensities of these com- 
ponents in a maser is determined by the relative 
number of focused molecules in the hyperfine levels. 
Since the focusing force is roughly proportional to 
M2, an approximate intensity ratio of components 
with #,=3, 4 and 2 is 45:37:2. Then the unresolved 
center of the emission line is shifted by 4ve= —0.48 
+0.12kc/sec. The situation in a maser oscillator 
is still different. Because of the regenerative ampli- 
fication, the oscillation in a long cavity must start 
at a frequency much closer to the strongest emis- 
sion line, #\=3. Then the frequency shift of oscil- 
lation near the threashold would be closer to —1.24 
+0.31 kc/sec. With increasing focuser voltage rf 
amplitude in the cavity increases and the saturation 
of #\=3 component tends to introduce more con- 
tribution of components with #\=4 and 2, which 
results in the shift approaching to 4dve. The detail 
will be published. 

Moreover, frequency shift caused by the pre- 
sence of traveling wave is rather large for a long 
cavity as shown by (57) in reference 3. Because 
rf enery released from the beam is proportional 
to ¢#2 or 2? in weak rf field, while the loss of rf 
energy is symmetrically distributed along the 
length of the cavity, the net flow of rf energy is 
opposite to the direction of the beam so that the 
frequency shift is negative. Taking Q;=1~2~x 104, 
L=30cm, and Q,=10', the shift caused by the 
traveling wave is 4dv;=—(0.48~0.24) kc/sec. 

Therefore, the frequency shift of the maser os- 
cillator is estimated to be —1.6 kc/sec near the 
threshold and it is —0.7 kc/sec near the saturation 
limit. It may be concluded that the absorption 
line might be a better etalon in view of absolute 
accuracy, while each maser shows better reset- 
tability. The only so far uninvestigated source of 
systematic error of the absorption frequency is 
the shift relating to wall collision. But it does not 
vary with operating conditions. Accurate com- 
parison of the absorption line with the maser has 
been planned in our laboratory. Since our maser 
can start oscillation at the focuser voltage of only 
2.4 kV, while allowing the maximum of 21 kV, the 
above mentioned shifts will be studied in detail. 
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Technique of Obtaining a Minute Pinhole 
in a Metal Plate 


By Tadasi NUMATA 
Nagasaki University, Ohasi-Machi, Nagasaki 


(Received April 15, 1957) 


Hitherto, minute pinholes have been bored in 
metal by some methods, By the following new 
method, the author was able to obtain easily very 
small circular pinholes of about 50 to 10, dia- 
meter in such metal plates as lead and Wood’s 
metal. The pinholes obtained by this method may 
be applicable for optical and X-ray researches. 
The method is as follows: 

(1) First fine long glass fibres of about 50 to 
10» in diameter are produced by drawing out a 
larger hard glass rod not having bubbles and striae 
by usual ways». Next among these fibres a fine 
straight glass fibre with a desirable diameter and a 
circular cross section is chosen by observing with 
a microscope. Then the needle of a fine straight 
glass fibre in length of about 3cm is cut off from 
this selected long glass fibre. 

(2) One end of a glass rod is tapered and the 
above needle is fixed on the tapered part of the 
glass rod parallel to the axis of the rod with a 
small piece of picein wax. Then the needle is cut 
again in a suitable length (2~0.5cm), and the 
surface of the needle is covered with oil film by 
putting the needle into suitable oil. The picein 
Wax connecting the needle with the glass rod is 
wrapped with cotton wetted by water in order to 
avoid softening of the picein wax. Then, the 
microscope in a travelling microscope instrument 
is replaced with the glass rod using rubber plug 
as a jointer. 

(3) A circular hole of about 3 to 2mm in dia- 
meter in a suitable metallic base plate of high 
melting point is covered with a molten metal of 
low melting point. The needle is then put into 
the molten metal at the center of the hole, until 
the tip of the needle comes out of the base metal 
plate, by lowering down carefully the needle per- 
pendicular to the surface of the molten metal with 
the aid of the screw of the travelling microscope 
instrument. 

(4) After congelation of the molten metal, the 
needle is slowly pulled up by turning the screw. 
In most cases, the needle smoothly comes out of 
the metal without snap of the needle. (Tensil 
strength of a glass fibre of 20, diameter is ap- 
proximately 70 Kg/mm?.) 

By the above method, very small 
circular pinholes of about 50 to 10 diameter can 
be easily obtained on a metal plate. These pinholes 


straight 


Short Notes 


Bog 


have, of course, the same sizes and forms as 


those of the needles used. This method can be 
applied to the metals which have lower melting 


|Rolass rod] 


Apparatus used in the method of obtain- 
ing a minute pinhole in a metal plate. 


(0) 
pinholes. 
white circles at the centers are the pinholes 
whose diameters are 15 (a) and 30yp (6) re- 
spectively. 


Fig. 2. Microphotographs of The 


points than the strain temperature of the glass 
used. 

Figs. 1 and 2 show, respectively, the apparatus 
used for the above method, and the examples of 
the microphotographs of the pinholes obtained by 
the present method. The diameters of the pinholes 
are 15 and 30, respectively. 

Finally, the author expresses his sincere thanks 
to Professor A. Okazaki of the Kyushu University 
for his encouragements. 
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Elastic Scattering of 5.7 Mev Protons from Ni and Cu 


By Minoru TAKEDA, Michiya Konpo, Syohei Kato, 
Chuin Hu, Ryuzo NAKASIMA and Shotaro YAMABE 
Department of Physics, Osaka University, Osaka 
(Received February 11, 1957) 


Using 5.7 Mev protons from the cyclotron, we have studied the angu- 
lar distributions of protons elastically scattered from Ni and Cu by 


means of nuclear emulsion technique. 


The angular distributions were 


measured from 14° to 161° at an interval of 5° in the laboratory system. 
The differential cross sections, in the ratio to the Rutherford cross sec- 
tion, have a minimum at about 85° in both cases, but at large scattering 
angles the cross section for Ni increases linearly, while there is a maxi- 


mum at about 130° in the case of Cu. 


The results are in essential agree- 


ment with those of Bromley and Wall. 


Introduction 


§1. 


Bromley and Wall” investigated the elastic 
scattering of 5.25 Mev protons from Co, Ni, Cu 
and Zn, and discussed the angular dependence 
of the deviation from the Rutherford scatter- 
ing. They found two characteristic features 
in the angular dependences. One was that 
the distribution had a minimum at about 85° 
in the relative cross sections in all cases, and 
the other was that it showed large deviations 
from the Rutherford scattering at large angles. 
As to the latter feature, the measured diffe- 
rential cross sections at large angles were 
larger than those expected from the Ruther- 
ford scattering in the case of Ni(Z=28) and 


' Zn(Z= 30), while they were smaller for Co 


(Z=27) and Cu(Z=29). They tried to explain 
these situations by the use of the complex 
potential well model”, and succeeded in the 
case of Ni but did not in the case of nearby 
elements with the same parameters. Because 
of many adjustable parameters involved in 
the formula of this theory, it seems to be 


- possible to obtain a considerable agreement 


between the experimental results and calculat- 
ed values. Since the measured angular depen- 
dences seem to be different corresponding to 
target spin, Bromley and Wall suggested as 
an alternative possibility that if one assumed 
the spin dependent nuclear interaction, the 
different tendency might be explained. 

It may be expected that the spread of the 
beam energy is sufficient to cover many levels 
of the compound nucleus in medium weight 
region such as Ni and Cu, and still the spac- 
ing of the lowest level of the target nucleus 


5 


61 


is large enough to allow an adequate resolution 
for the elastically scattered protons. We at- 
tempted to obtain further informations on the 
elastic scattering of protons by medium 
weight nuclei at incident energy of nearby 
Coulomb barrier height. The natural Ni and 
Cu targets were bombarded by 5.7 Mev proton 
beam from the 44-inch Osaka University cy- 
clotron®, and the elastically scattered protons 
were detected by nuclear plates. 


Experimental Arrangement and 
Procedure 


The focused proton beam from the recently 
built cyclotron has been used for this work. 
The experimental arrangement is schematically 
illustrated in Fig. 1. The emergent beam 
from the cyclotron was passed through the 
wedge shaped magnet, placed at about 2 
meters from the deflector exit, and was fo- 
cused at the center of a scattering chamber 
set at about 5 meters from the magnet. The 
60cm diameter scattering chamber made of 
aluminium was used, and the scattering 
angles were measured by a precise goniome- 
ter. A collimating slit system defined the 
beam with an angular divergence of +0.2°, 
forming an energy spread of about 50 kev, 
and the area of beam spot on the target was 
4mm x10mm. 

The proton beam was collected by a nega- 
tively biased Faraday cage with a_ small 
magnet which suppressed the secondary 
electrons. The scattered protons were detect- 
ed by Fuji ET-6B nuclear emulsions which 
were alike, in character, to Ilford C2. The 
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thickness of the emulsion was 70 and the 
plates were put in a plate camera with plate 
holders spaced at an interval of 5° from —9° 
to —74° and from 6.5° to 161.5° in the labo- 
ratory system, and the glancing angles of the 
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Fig. 1. The schematic illustration for present 
experimental arrangement. 
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The number of proton tracks in the emulsion 
was counted by using a microscope equipped 
with a x40 objective and x 10 eyepieces. 
The microscope had an ocular microscope 
disk inserted in one eyepiece. Since the 
numbers of the elastically scattered protons 
at small angles were very large, the exposure 
at small angle plates was made about one- 
tenth in intensity of that of large angles by 
the shutter in front of the camera. A target 
equipped in the stainless steel holder with an 
area of 15mmx15mm, was set at 45°+1° to 
the beam direction, and the target was placed 
at the center of the scattering chamber with ~ 
an accuracy of about--0.2mm. The angular 
resolution of this work was about +0.8°. The 
overall alignment was done within +0.2°, and 
the geometrical errors were estimated to be 
about 1%. 

The energy of the cyclotron beam was 
measured to be 5.70.1 Mev by the range of 
the elastically scattered protons from gold in 
C2 emulsion. It was believed that the energy 
used in both targets was the same within the 
spread of 0.1 Mev. 

The Ni foil 1.5 mg/cm? thick was prepared 
by electroplating from an aqueous solution 
onto a polished plate of stainless steel. After 
it was peeled off from the backing, it was 
baked in vacuum. The Cu foil of 0.8mg 
/cm? was prepared by evapo- 
rating onto a flat surface of 
sodium-chloride crystal, and 
then the crystal was dissolved 
into water. 

WINDOW 


§3. Results and Discussions 
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Fig. 2. The schematic diagram of the scattering chamber setting 


the plate camera. 


plates were 7.5°-+0.1°._ As shown in Fig. 2, 
the plate camera was set in the scattering 
chamber, and the centering was accurate 
within +0.2 mm. 


HL PARMANENT 
[> MAGNET 


INSULATER 


Our attempt was to measure 
the relative values of the dif- 
ferential cross sections, not to 
measure the absolute values. 
Since the Rutherford scatter- 
ing is predominant at small 
angles, they were normalized 
to the Rutherford cross sec- 
tion at small angles. The 
number of the tracks observed 
in each plate was about one 
thousand, but about four thou- 
sand tracks were counted in the plates at 
small angles for which the normalization was 
done. 


Since there are no excited levels below 500 
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kev in both elements except Ni® (1.25% in 
natural), the resolution of our experiment was 
sufficient to distinguish the elastic peak from 
the inelastic one. The typical range distribu- 
tion of the scattered protons from Ni target 
is shown in Fig. 3. For the first excited 
states at 1.45 Mev (2+) for Ni®® (67.76%) and 
at 1.33 Mev (2+) for Ni® (26.16%), the proton 
groups could not be resolved. The similar 
spectrum of the scattered protons by Cu is 
shown in Fig. 4. Each level of Cu isotopes 
was not resolved in this experiment as shown 
in Fig. 4 because of their low intensities. 


Elastic Scattering of 5.7 Mev Protons from Ni and Cu 
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Fig. 3. The typical range distribution of the 
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Fig. 4. The typical range distribution of the 
scattered protons from Cu at a center of mass 
angle of 111°59’. 1 div.=1.2y. 


The amounts of the target impurities in 
both elements were negligible, but there was 
an appreciable background due to elastic pro- 
tons which had escaped from the emulsion 
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surfaces. The correction for this effect 
amounted to 4% of the elastic proton group. 
This correction was estimated by a preliminary 
measurement on the elastic scattering of pro- 
tons from carbon by the same apparatus, 
because the inelastically scattered protons 
from carbon could not be detected energetical- 
ly in our experiment. It is expected that the 
relative errors of the cross sections are about 
+5%. The errors of the cross sections in 
the ratio to the Rutherford scattering are 
estimated to be +12% because of the un- 
certainty of the beam direction. 
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Fig. 6. Ratio of measured cross section in the 
center of mass system to the Rutherford for Cu. 


The angular distributions obtained are shown 
in Figs. 5 and 6. As is seen in these figures, 
the angular dependences of the deviations from 
the Rutherford scattering are quite similar to 
those of Bromley and Wall. In the case of 
Ni, the shape of the measured angular dis- 
tribution is in agreement with the calculated 
values by Saxon and Melkanoff». Although 
the incident energy of our experiments (5.7 
Mev) differs from that of Bromley and Wall’s 
experiments (5.25 Mev), the present results 
are quite similar to theirs. The behavior of 
the angular dependences obtained by Schnei- 
der? (6.0,6.5 and 7.0Mev) and Goldman” 
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(6.5 Mev) are also not so different from ours. 
Consequently, for Ni and Cu, it may be con- 
cluded that the behavior is not sensitive to 
the incident energy in these region. 
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Geometrical theory of convex molecules in uniform gases (T. Kihara, 
Revs. Modern Physics, 23 (1953) 831, 27 (1955) 412) is generalized to 
that in non-uniform gases when molecules are represented by rigid con- 


vex bodies without any additional intermolecular force. 


For this re- 


presentation collisions between heavy molecules and light spherical mole- 


cules are treated exactly. 
termined from diffusion coefficient. 
suggested for more general cases. 


Introduction 


§1. 

After Enskog and Chapman” had developed 
the kinetic theory of transport phenomena in 
dilute gases, several transport coefficients were 
calculated» for typical spherically symmetric 
intermolecular potentials and were compared 
with observation. The result was satisfactory 
for monatomic molecules. For non-monatomic 
molecules on the other hand there is no satis- 
factory treatment yet. 

In 1950 Isihara® proved a _ geometrical 
identity for convex bodies and pointed out the 
fact that the identity is useful for treatment 
of molecular interaction in uniform gases and 
liquid-solutions. His work was improved and 
generalized by the present author®. Owing to 
the generalization it became possible to treat 
the second virial coefficient for polyatomic 
molecules in a neat and simple manner. 


Shape and size of several molecules are de- 


A ‘‘ geometrical approximation ’’ is 


Recently the author noticed that Hadwiger®, 
a mathematician, had independently proved the 
same identity also in the year 1950. His result 
is constituted by three identities, one of which 
is the same as Isihara’s. The chief objective 
of the present article is to show that the 
second identity by Hadwiger can be applied to 
molecular interactions in non-uniform gases. 

It is to be noted that Curtiss is developing 
a kinetic theory of non-uniform gases by use 
of the convex-body model of molecules. Ow- 
ing to great difficulties of treating collisions 
between two convex bodies, however, he does 
not seem to have succeeded in obtaining 
a result capable of comparison with observa- 
tions. 

In this article a direct and simple proof of 
Hadwiger’s relations and other necessary for- 
mulas will be given first. The former is an 
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extension of the proof by the author of 
Isihara’s identity. After preparing necessary 
tables, our mathematical results will be applied 
to transport phenomena, chiefly to diffusion; 
the shape and size of several polyatomic mole- 
| cules will be determined as a result of com- 
parison with observations. 


§ 2. 
mA body is called convex if any segment 
whose end points are inside lies entirely in 
that body. 

Let us choose a coordinate origin O inside 
a (fixed) convex body and take coordinates of 
polar angles 6 and g 0O<0<z, 0<g<2z). For 
any direction (6, g), there is one and only one 
plane which is in contact with the convex 
body and whose normal from the origin is 
in the direction (6, g). This plane is named 
the supporting plane in the direction (0, ¢); 
the perpendicular distance from the origin to 
the supporting plane is called the supporting 
function, when it is considered as a function 
of 6 and g. The supporting function will be 
denoted by H(6, ¥). Let us further denote 
by M the supporting function integrated over 
all directions, 


Geometry of Convex Bodies 


M=\"\"H0, ¢\sin@déde.. (1) 
0 0 

We shall later see that M is the mean curva- 
ture integrated over the whole surface of the 
convex body. 

Let us first assume that convex body has 
a smooth surface and that each supporting 
plane has a contact of first order with the 
convex body. Let r(@,¢) be the radius vector 
from the origin to the contact point of the 
body with the supporting plane in the direc- 
tion (0, ¢); compare Fig. 1(a). Then by use 
of the unit vector u(@, yg) in the direction (0, 
gv) we have 


H(6, ¢)=r9, ¢) - u(9, ?) (2) 
and 
m=\{r-usinodody=\\r (hoe \dode 
(3) 


The surface area S and the volume V of the 
convex body are given by 
gal | | oT Or 


or 68 
dG Oel° - 
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or, since (Or/00) x Or/O¢%) is parallel to u, 
rs Or Or . 
s=\\r (55% p,)a0de (4) 
and 
1 Or Or 
V= a 
3\\r Gee )aode (5) 


Now we consider two convex bodies labelled 
A and B and in each body choose a coordinate 
origin O, and Oz. The volume, the surface 
area, the M-value, and the r-function will be 
denoted by 


Va OF by Ms, ra(O, 2) 


and 


Vz, Sz, Mz, rz(8, ¢) ’ 


respectively. Keeping O, and the orientation 
of A fixed, and keeping the orientation of B 
also fixed, let us move B around A keeping 
contact from outside. Then the locus of Oz 
forms the surface of another convex body, 
named AB, whose r-function is 


rd, g)=rab, ¢g)+re*(8, ~) ’ 
with 
ra" (O, ¢)=—rax—O,n+¢), 


( b) 


Convex bodies and their supporting planes. 


Fuge 1: 


see Fig. 1(b). 
The volume of the last convex body AB, 
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fs hi Ne Ora a 
Var= 3 \\atrs ) I( a0 ae AYA 


Ors ye) Jao 
sit a. De ?, 


will be first evaluated. Making use of the 


identity 
0 Ora OT ee hOld ) 
pol te : (r Fy La | re Gr Ses 
Ors Ora orz* Boil 
Dye Ae 
Sere Ga sa) 4 ( 00 * Og 
: os yy | 
ANG Oe 
we have 
Ors Ora Ora Orz* 
ay 0 
II ( a0 “og yet de * ay ) la 


OFA OTs 
ae * 
=2\ (rp (a dg 


since the integral of the divergence expression 


‘ade, 


vanishes. Making use of this relation and 

another similar one, we obtain 

Ors Ors 

= Vy *. do 
Vaz= V. +Vi+|(rs ee ae ) de 
Ors* Or,* 
4° déd¢ . 
+((rs ( 00 x Ey: ) Y 


Up to this point the orientation of the 
convex body B has been kept fixed. The next 
step is to take the average with respect to 
the orientations of the body B. The integrand 
of the third term on the right-hand side can 
be replaced by 


r is (7 rs 4) = 
* 00 Oy 
When rz*-u is averaged with respect to 


orientations of the body B, the value no longer 
depends on (@,¢) and is equal to (47)-1Msz. 
The average value of the third term is there- 
fore (47)-1MzS4. Thus the average value of 
Vaz becomes 


<Vas>av= Vat Kat; *(MxSu-+M.S») é 


(6) 
The surface area of the convex body AB, 


ns Ors Orn* Ora Orn* 
Sun fu be SpE TP) aan ) fare 


can be transformed in a similar way into 


Saz=Sa se Sz+ | [rs ‘ eee 7) aoe 
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Replacing 


Ora Ou Hee lage a 
re* lane x=a) by re" > uu 00 cae 


and taking the average with respect to orien- ; 


tations of the convex body B, we obtain 


<( Suz >Av 


1 Ors ou 
=S. +S, +z Ms] \lu-(GG x F) dade 


Ou Ors 
ddey 
+({u Gs ay ja |. 
The [ ]-bracket expression can be reduced to 


Ou Ou 
2 rs - (59% neyo 


which, by virtue of (3), 
Hence the result is 


is equal to 2M,. 


<Sus>avy=Sat+Se24+(1/277)MiaMz ! (> 
The third relation 
<Min>av =Mi+ Mz ( 8 ) 


is easy to see. 

After we have obtained these relations it is 
no longer necessary to assume that the convex 
body has a smooth surface and that each sup- 
porting plane has a contact of first order with 
the convex body. 

The formulas (6), (7) and (8) were given by 
Hadwiger®). The proof given above is partly 
due to Minkowski.” 

The particular case when the convex body 
B is a sphere of radius } is well known. A 
convex body formed by all points whose dis- 
tances from A are smaller than or equal to 
b is called the parallel body of A in the dis- 
tance 5. Its volume, surface area and the 
M-value are respectively given by 


Vi=V+Sb-+Mb?+ (47/3) , 
Sp=S+2Mb+4nb? , (10) 
M,=M-+4zb , (11) 


where V, S, M on the right-hand sides are 
constants of the convex body A. These three 
relations are called Steiner’s formulas. 

According to Gauss’ theorem on spherical 
representation the surface area S can be ex- 
pressed in another form 


(9) 


Ge \\x, R, sin 6 dé de 


where R, and R, are the principal radii of 
curvature at r(@,¢). The surface area of a 
parallel body is similarly 


1 pene: 


eee ee ee i a eee ee 


Saat 


SO 
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So= [ze +oyR. +2) sin 0 dé dy 


=S+ ol le +R sin 0 d@0 dg+4rxb? . 


Comparing (10) we obtain therefore 


ee 
2 


or, again by use of the Gauss theorem, 


hese: 1 
M=\- aS 
bs oa) 5 


The last relation indicates that M is the mean 
curvature integrated over the whole surface 
of the convex body. 

Values of V, S and M for several typical 
shapes are given in an article of the author” 
and in Hadwiger’s book.” 


M (Ver) Bie wea 


(12) 


§3. Convex Cores of Molecules 


For applications of the geometry of convex 
bodies to molecules in gases it is useful to 
define an appropriate convex core within each 
molecule. In order to determine the core of 
a molecule, it is necessary to have informa- 


Table I. Interatomic distances 


Molecules Bonds apes 
Hydrogen H, H-H 0.74 
Nitrogen Ny N-N 1.094 
Oxygen O, O-O ia) 
Fluorine F, F-F 1.44 
Chlorine Cle ClI-Cl PO! 
Carbon dioxide COs C-O els: 
Acetylene C,H, C-C 1.20 

C-H 1.06 
Boron trifluoride BF3 B-F 1230 
Boron Trichloride BCls B-Cl 4 
Ethylene CH, C-C i yeors3 

C-H 1.087 

(Angle H-C-H is 2 tan-1,/ 2 =109°30’ 

Benzene CoHe C-C 1.39 

C-H 1.08 
Methane CH, C-H 1.093 
Carbon tetrafluoride CF, C-F 36 
Carbon tetrachloride CCl C-Cl 1755 
Silicon tetrafluoride Sik, Si-F 1.54 
Silicon tetrachloride SiC, Si-Cl 2.01 
Sulfur hexafluoride SFs5 S-F 1.56 


The values are chiefly taken from L. Pauling, 
Nature of the Chemical Bond (Cornell Univ. Press, 
Ithaca, New York 1948). The value for SF, is due 
to H. Braune and S. Knocke, Z. physik. Chem. B 


21 (1933) 297. 
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tion about the interatomic distances (and 
bond angles if any) of the molecule. We 
prepare, therefore, Table I. Consulting this 
table we fix our cores as in Table II. The 
volume Vo, the surface area Sj, and the sur- 
face integral of the mean curvature M of the 
core are also tabulated. 

Table II. The cores of molecules 


cules Cores (AS) nO (A) 
Ne thin rod joining 2N’s 0 0 3.44 
Oz thin rod joining 20’s 0 0 on45 
CO, thin rod joining 20’s 0 0 7.23 
CCl, tetrahedron joining 4Cl’s 2.77 14.23 16.43 
SFs octahedron joining 6F’s 5.06 16.86 16.29 
CcHy hexagon joining mid-points 0 


of C-H 


19.4 18.2 


§4. Application to Transport Phenomena 
in Gases 


In order to apply our theory of convex bodies 
to transport phenomena in gases let a molecule 
be representated by a rigid convex body with- 
out additional intermolecular force. In the 
following the representing convex body will 
be called molecule for brevity. 

Diffusion between heavy convex molecules 
and light spherical molecules can be treated 
exactly so far as Enskog-Chapman’s first ap- 
proximation is concerned. Here we assume 
that the heavy molecule does not greatly 
change its linear and rotational velocities when 
it collides with a light molecule. 

The coefficient of diffusion Din general is 
inversely proportional both to the total num- 
ber-density N of gas molecules and to an ef- 
fective cross section @ of collisions between 
two unlike molecules, 

3 oe 


e 13 
D Q: (13) 


~AN\ m* 
Here m* is the reduced mass of a pair of un- 
like molecules; RT is the Boltzmann constant 
times temperature. Values of D at 0°C, 1 
atmosphere and values of @ defined by (13) 
are given in Table III. When the two diffus- 
ing molecules are spheres of radii @ and 0, 
Q is equal to 

Q=4r(a+b) , (14) 
which is the surface area of a sphere of col- 


lision radius. 
The coefficient of diffusion between heavy 


molecules and light spherical molecules can be 
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Table III. Coefficients of diffusion Dat 0°C, 1 atm. 
and the effective cross sections Q@ in Eq. (13) 


Sut+S : 4M, 
Gases shone (Ae) Pate ae : 
pepe, eae a ae Puss) ata 

H.-N 0.674 114 
H.-O, 0.697 109 
H,.-CO, 0.550 138 
H.-CCl, 0.293 255 
H.-SF; 0.420 178 
Hy-CgHe 0.318 236 
N,-O, 0.181 150 147 
Ne-CO, 0.144 176 L79 
O.-CO, 0.139 175 Nis 
O.-CCl, 0.0636 320 304 
O.-CsHg 0.0797 278 283 
O.-Oz 0.189 139 141 
CO.-COs 0.104 215 208 

The values of D are taken from 

S. Chapman and T. G. Cowling: Mathematical 


Theory of Non-Uniform Gases (Cambridge 
Univ. Press, 1953). 

W. Jost: Diffwsion (Academic Press, New York, 
1954). 

J. O. Hirschfelder et al.: Nolecular Theory of 
Gases and Liquids (John Wiley and Sons, Inc., 
New York, 1954) 


obtained if we replace 4z(a+b)? by the ex- 
pression (10): 


Q=S+2Mb+4zxb? . ai) 


Here S and M are the surface area and the 
surface integral of mean curvature of a heavy 
molecule, respectively, and 0d is the radius of 
a light molecule. This substitution is under- 
stood as follows. When a heavy molecule 
collides with a light spherical molecule the 
center of the light molecule is reflected at the 
surface of a parallel body in the distance b 
from the heavy molecule, which does not move 
during the collision. Two surface elements of 
equal amount on the parallel body reflect, in 
the average, equal number of light molecules 
into each scattering angle. In other words 
each surface element is independent of the 
shape of the whole surface. Therefore, the 
effective collision cross section is determined 
only by the total surface areas of the parallel 


body in the distance 6 from the heavy 
molecule. 
For practical applications it is useful to 


choose as the convex body representing the 
heavy molecule a parallel body of its mole- 
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cular core. Denoting by Sp and M, the sur- 
face area and the surface integral of the mean 
curvature of the core respectively, we let 
namely 
S=S.+2Ma+4ra , 
M=M,)+4za , 
where a is a parameter indicating the distance 
from the core to the molecular surface. Hence 
the relation (15) becomes 


Q=S)4+2M,(at+b)+4n(a+b) . (16) 


Table IV. Constants of rigid convex-body model 
of molecules determined from coefficients of dif- 
fusion at 0°C. 


M 

Molecules (A) ne (A) 
Ne 1.48 Stet 22.0 
Oz Ay 34.7 PALL 
CO, 1.50 50.0 26.1 
CGI 1.99 129 41.5 
SF 5 124 76.6 31.9 
CegHe 1.68 116 39.3 


CO2 


SFg 


Cet, 
234 5A 
————EE EE eS | 


Ont 


Fig. 2. Shape and size of molecules according to 
the rigid convex-body model determined from 
diffusion coefficients in hydrogen at 0°C. 


The result obtained above can be applied to 
diffusion between hydrogen molecule (which 
may be assumed to be spherical) and several 
heavier molecules. From observed coefficient 
of self diffusion for hydrogen at 0°C we have 
b=1.27A. Then using the coefficient of mutual 
diffusion at 0°C, we can determine a of 


reral molecules. 
ble IV and Fig. 2. 
Thermal diffusion between heavy convex 
ylecules and light spherical molecules can be 
sated similarly if the density of one of the 
mponents is much smaller than the density 
the other. (The last restriction is not nec- 
sary for ordinary diffusion,) For thermal 
fusion, however, our molecular model can 
used only at high temperatures, because the 
tractive part of the intermolecular potential 
ays an essential role at lower temperatures. 
Collisions between two convex bodies in 
sneral constitute a difficult dynamical problem 
ther than a mere geometrical one. Two 
lliding convex bodies rotate in a complicated 
anner, making several contacts in general; 
rect treatment of this dynamical and 
atistical problem seems to be formidable. 
he present author, therefore, suggests a 
geometrical approximation ” which is based 
yon the assumption that the effect of mole- 
ilar rotation vanishes in the average and the 
rmula (7) can be used. Thus, for the coef- 
sient of diffusion between A and B a sug- 
2sted approximation to @ is 
Q~S1tSe2+(1/27)MaMsz . (17) 
1 Table III calculated value of the right-hand 
de are compared with observed values of the 
ft-hand side. Since equality holds within 
sperimental accuracy our approximation 


The result is given in 
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seems to be close to the reality so far as 
rigid convex molecules are concerned. 

Similar approximation to the viscosity y of 
a pure gas composed of rigid convex mole- 
cules with constants S and M and the mass 
m is 


sil 
pee (ehTmy*( 25+ Me) _ (18) 
4 27 
Refefences 
1) See S. Chapman and T. G. Cowling: Mathe- 


matical Theory of Non-Uniform Gases (Cam- 
bridge Univ. Press, 1953). 

2) See J. O. Hirschfelder et al.: Molecular 
Theory of Gases and Liquids (John Wiley and 
Sons, Inc., New York, 1954). 

3) A. Isihara: J. Chem. Phys. 18 (1950) 1446; 
A. Isihara and T. Hayashida: Jj. Phys. Soc. 
Japan 6 (1951) 40; T. Kihara: J. Phys. Soc. 
Japan 8 (1953) 686. 
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Statistical-Mechanical Theory of Irreversible Processes. I. 
General Theory and Simple Applications to Magnetic 


and Conduction Problems 
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A general type of fluctuation-dissipation theorem is discussed to show 
that the physical quantities such as complex susceptibility of magnetic 
or electric polarization and complex conductivity for electric conduction 
are rigorously expressed in terms of time-fluctuation of dynamical variables 
associated with such irreversible processes. This is a generalization of 
statistical mechanics which affords exact formulation as the basis of 
calculation of such irreversible quantities from atomistic theory. The 
general formalism of this statistical-mechanical theory is examined in 
detail. The response, relaxation, and correlation functions are defined 
in quantummechanical way and their relations are investigated. The 
formalism is illustrated by simple examples of magnetic and conduction 


problems. 


Certain sum rules are discussed for these examples. 


Final- 


ly it is pointed out that this theory may be looked as a generalization 


of the Einstein relation. 


§ 1. Introduction 


The principal purpose of the present paper 
is to develop a general scheme for the calcu- 
lation of kinetic coefficient, or admittance for 
external forces such as electric or magnetic 
susceptibility for alternating field, electric 
conductivity, heat conductivity and so on. 
The most common method traditionally emp- 
loyed to calculate such non-equilibrium quan- 
tities is to set up the so-called kinetic equa- 
tion or transport equation for the molecular 
distribution functions. This will be solved 
for stationary or periodic conditions. It is 
however to be remineded that the kinetic 
equation is itself an approximation and can- 
not be derived without a certain condition 
which is rather strict and is not often satis- 
fied. For weakly interacting particles, it 
may be justified if the nature of interaction 
is appropriate. But certainly it is not always 
true, and we may not be able even to write 
down any equation of that sort. 

On the other hand, the recent development 
of the thermodynamic of irreversible proces- 
ses” indicates the possibility of constructing 
a general statistical-mechanical theory at 
least for those irreversible processes which 
are not far apart from thermal equilibrium. 
In fact, there have been a number of at- 
tempts in this direction®, A remarkable pro- 


gress has been made by Kirkwood wi 
showed that the friction constant, for instanc 
of a Brownian particle is determined by th 
correlation of forces acting on the partick 
This may be looked as a particular case ¢ 
the so-called dissipation-fluctuation theoren 
As was discussed from a general point ¢ 
view by Callen, Welton,» Takahasi® an 
others, the general admittance for an externi 
disturbance is related to the expectation ( 
the square of Fourier component of certai 
physical quantity which fluctuates in time 
thermal equilibrium. Thus it is shown tha 
as far as linear responses are concerned, tl 
admittance is reduced to the calculation « 
time-fluctuations in equilibrium. 

This idea was used by the present auth 
as the basis of the theory of magnetic r 
sonance problem. In a previous paper” tl 
author developed a quantum-mechanical theo 
of this and has shown a certain method | 
practical application. A straightforward a 
plication of this theory was made by Nakane 
for the conduction problem. He showed th 
the simplest approximation of the fundament 
expression of conductivity gives the we 
known Griineisen’s formula. 


A generalized form of Nyquist’s theore 
can be easily derived by application of pe 
turbation theory either classical or quantui 
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echanical. The complete conductivity tensor 
r a given frequency of applied electric field 
in be rigorously expressed in terms of 
ectric current components fluctuating spon- 
‘Neously in equilibrium state. We empha- 
ze here that this expression is quite rigorous 
hough admittedly somewhat abstract. It is 
jowever of great value, because the tradi- 
onal theory of conductivity has not been 
ware of existence of such rigorous expres- 
ion (although the Heisenberg-Kramers disper- 
ion formula is an equivalent). The abstract 
ature of the formula may be compared to 
hat of general theory of statistical mechanics. 
“he statistical mechanics can give a rigorous 
xpression for the equation of state in terms 
f£ partition function, but its calculation is not 
iecessarily easy. 

- This theory of electric conduction has been 
ictively discussed in last two years in Japan 
since the appearance of our paper on magnetic 
‘esonance” and its application to conduction 
yxroblem by Nakano. Feynman also discussed 
this when he visited Japan in the summer 
yf 1955. Also it has been discussed by Lax, 
Luttinger, Kohn and possibly by some others 
n the United States. Recently Mori? has 
Jublished a paper on the same problem. 

In the present paper, which will be the first 
part of a series of papers devoted to the 
jevelopment of statistical mechanics of ir- 
-eversible processes along this line and to its 
ipplications, we shall examine in detail the 
mplications of this new method. 

In §2, we shall treat the response of a 
system to an external force by simple per- 
urbation method. In order to make the idea 
‘learer we first discuss the classical case. 
Quantum-mechanical formulation is quite in 
yarallel with this classical theory. However, 
we notice a difficult problem of quantum- 
nechanical observation which might disturb 
he natural development of the motion. It 
vill be pointed out that the logical basis 
yf the whole theory is closely related to the 
‘rgodic properties of the system and the 
yhysical quantities we are concerned with. 
[his is discussed in § 3 inconnection with the 
lefinition of relaxation functions which des- 
‘ibe the relaxation of the system after re- 
noval of external disturbance. 

In §4, the correlation functions are intro- 
luced which describe the time correlation of 
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two quantities at different time points. The 
relation between the correlation function and 
the relaxation function is derived. This is 
somewhat complicated in quantum-mechanical 
case. 

§5 is devoted to the application of general 
argument to simple examples of magnetic and 
conduction phenomena. This is mostly to 
illustrate the general idea. The symmetry of 
the relaxation and response functions is dis- 
cussed in §6. The Onsager’s reciprocity is 
seen most clearly by this formalism. The 
complete form of fluctuation-dissipation theo- 
rem will be given in §7 taking the example 
of conductivity tensor. 

As an interesting application of the theory, 
some general rules for the admittance is dis- 
cussed in §8. The most general sum rule is 
mentioned with regard to the symmetric part 
of conductivity tensor. The integration of 
this over the whole range of frequency must be 
constant irrespective of the presence of inter- 
actions or magnetic field and at any tempe- 
rature. Another type of sum rule is derived 
for the antisymmetric part of conductivity. 
An interesting sum rule for the magnetic 
problem is that the integrated absorption in- 
tensity of circular wave by magnetic media 
is directly related to the gyromagnetic ratio 
of magnetic particles. 

In § 9, it will be pointed out that the theory 
may be looked as a generalization of Einstein 
relation which relates the mobility and the 
diffusion constant. The general nature of 
Einstein relation is thus most clearly revealed. 

In the present paper we confined ourselves 
to such type of external disturbance which 
can be expressed definitely as an additional 
term in the Hamiltonian of the system. Thus 
the heat flow, or mass flow phenomena under 
the gradient of temperature or chemical 
potential is logically out of the frame of this 
treatment. This problem has been treated 
recently by Mori. We shall, however, 
discuss this in a forthcoming paper from a 
somewhat different point of view. 

We also have applied the present theory to 
the galvanomagnetic effect at high magnetic 
field. This is an example for which the 
traditional transport equation has to be modi- 
fied. Our theory will be reported in another 


paper. 
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Response Function and Admittance of 
an Isolated System 


§ 2. 


Let us consider an isolated system, the 
Hamiltonian of which is denoted by 7. The 
dynamical motion of the system determined 
by & is called the “natural motion” of the 
system. We suppose that an external force 
F (2) is applied to the system, the effect of 
which is represented by the perturbation 
energy, 

KH’ bth=—-AF(. (271) 
The motion of the system is perturbed by 
this force, but the perturbation is small if 
the force is weak. We confine ourselves to 
weak perturbation and ask for the response 
of the system in the linear approximation. 
The response is observed through the change 
4B(t) of a physical quantity B. The problem 
is now to express 4B(f) in terms of the 
natural motion of the system. 

First, we shall treat this in classical 
mechanics. We conceive a statistical ensem- 
ble which is represented by a distribution 
function f(p,q) in the phase space. The 
natural motion is described by the equation 
of motion, 


Ort ashe OPE yO OF rt nes 
at 2 a Oh, sioheee \=(P) 


(2.2) 
where p and q mean the set of the canonical 
moments and coordinates and the bracket 
means the Poisson bracket, 

OAOB OA OB 

eet ( 0q Op Op Oq ) ‘int 
We assume that the distribution function is 
given by f at t=—oo, that is, at the infinite 
past. It is assumed to be in equilibrium, 
that is, (4° f)=0. The perturbation (2.1) is 
inserted adiabatically at t= —oo(F(—c)=0). 
The distribution function /’(¢) obeys the 
equation 


Of (2) 


yl hee FOAL OE Fis (2.4) 


Since we take the linear approximation, we 
put 


i @=f+df 
and replace (2.4) by 
OM! (9, AN)-FUNA, f). 5) 


The solution is easily found to be 
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Af(t)= =| (26 


AOA PIE) ae 
where the operator Z is defined by the operé 
tion” 

tLj=(H, 9) - (2.7 
Therefore, the change 4B (¢) of a dynamic 
quantity B is statistically given by | 


AB(t)= (4 f(t)-Bib, Dar’ 


| 
| 


=o far\ fee ee, PL -FUB at 


=—|ar\ (A, f)BU—-L) F) dt’ , 
(2.3: 
dI’ being the volume element of the phase 
space. The last expression is obtained fron 
the second remembering that the transforma- 
tion exp (zZf) is the natural motion which 
conserves the measure of the phase space and 
that B(¢) means the dynamical motion of the 
phase function B(p, g) which follows the 
equation 


B(d, D=(B, AH) . 
This corresponds to the Heisenberg equation 
of motion in quantum-mechanics. Eq. (2.8) 
means that the response 4B(¢) is a_ super- 
position of the effects of pulses F(t’) dt’, 
—o<?’<t. The response for an unit pulse 
will be called the vesponse function or the 
after-effect function ¢ax(t). From Eq. (2.8) 
we find at once that it is given by 


bsat)= -| ar(A, f) Bid) (2.9) 


which describes the response 4B at the time 
¢ after the pulse. The response 4B(Z), (2.8), 
is written as 


t 
sB(0)=| buatt—t) F(t) dt’. (2.10) 


The above consideration applies even when 
the initial distribution is very sharp, as far 
the perturbation is weak enough. But our 
aim is rather to apply this for a macroscopic 
system, in which case the statistical average 
itself acquires a realistic meaning. If A and 
B are both macroscopic quantities, we may 
think the ensemble average 4B(t) is what we 
actually observe, because a macroscopic 
System can be conceived to consist of smaller 
systems so that observed value of 4B is a 
sum of a number of components and has only 
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iivery small relative fluctuation. 

Let us now turn to quantum mechanics. 
he distribution function in phase space is 
yw replaced by the density matrix ». The 
§itial ensemble which represents statistically 
fie initial state of the system is specified by 
ie density matrix op satisfying [%, p]=0, 
hereas the motion of the ensemble under 
le perturbation (2.1) is represented by 0’ (2), 
hich obeys the equation, 


d 


dt 
Vith the initial condition 


oO) = FIX +2"), oO]. 1) 


0’ (t)=0+4otd) . 
he same procedure as we used for (2.5) leads 
is at once to 


i y 1 t 
tot) =— | 


exp (—z(t-1) H/h)[A, op] 


x exp ((t—t’) Hh) F(t’) dt’. (2.12) 


ncidentally, we note that it is sometimes 
yery convenient to introduce the operator a* 
yperating on another operator b by following 
lefinition, i.e., 


a*b=[a, b] , (2.13) 
or which one find the rule, 
e**b=ebe-“ | (2.14) 


With this notation, Eq. (2.11) and (2.12) can 
ye written as 


=P *+ ty 0) (2.15) 
t 
n= ——| exp (—¢(t-l) F&F */h) x 
x[A, op] F@) dt’ (2.16) 
This will make clear the similarity of Eqs. 
2.6) and (2.12). 
The response 4B(z) of the quantity B is 
tatistically 
(B(t)=Tr 4o(t)B 
1 T u 
et oR r| 
x[A, el exp @(¢-1) H |h) BF t’) dt’ 


pride tr[" [A, p] B¢—2’) F(t’) dt’ 
th ot 


2307) 
vhere B(t) is the Heisenberg representation 
f B following the equation 


exp (—2(t-1) # |h) 
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Bw)= = [B), |, BO)=B. (2.18) 


Eq. (2.17) corresponds to Eq. (2.8) 
The response function or the after-effect 
function is now 


guise 5 Tr[A, p] Bi) (2.19) 


corresponding to Eq. (2.9). We naturally 
have Eq. (2.10) for (2.17) with the use of 
response function (2.19). If the force is 
periodic, i.e., 


F (t)=F) cos wt, 


the response 4B (¢) will be conveniently writ- 
ten as 


4B(t)=Re xe4(@) Fy ee’? (2.20) 


with the complex admittance yz4(@), for which 
we have from Eq. (2.10) 


%B4(O) = i Pua(t) e-* at , (2.21) 


or more exactly 
XBA (o)=tim|” dealt) e-iwi-et Gt . 
20+ Jo 


We summarize the above by the theorem: 


Theorem 1. The linear response of a phy- 
sical quantity B to an external force F(t) is 
represented by Eq. (2.10) as the superpost- 
tion of after-effects. The after-effect function 
or the response function is given by 


bu=\arey, A) Bit) (classical) (2.22a) 


== Trle, A|B() (quantal). (2.22b) 
The admittance yn4(w) ts given by 
zoa(o) = lim |" et al ar f, A) BY) 
(classical) (2.23a) 
=lim|"e “et df 5 Tr[o, A]B(). 


(quantal) (2.23b) 


Eqs. (2.22) may be written as 
bn=| dl’ f(A, B(t)) (classical) (2.24a) 


1 


3 Trp[A, B(d] (quantal) (2.24b) 
Z 


which are sometimes more convenient. One 
must however be careful about the boundary 
conditions of f or p, which may, however, 
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be replaced by a suitable potential under 
certain circumstances. 

As we mentioned before, there is no dif- 
ficulty in classical cases to interprete the 
response thus obtained as the average which 
approximates closely the actual observation 
for large systems. In quantum-mechanical 
cases, however, we must note that there ex- 
ists a certain difficulty. 4B as given by Eq. 
(2.17) is the quantum-mechanical expectation 
of the first order change of B at the time 7¢. 
This means that we prepare at 7=—oo an 
ensemble of systems which corresponds to 
the statistical operator 9. At a certain time 
zt, we pick up a number of systems and ob- 
serve B. The average of the observed values 
will be 4B(é). We shall not follow these 
systems after this observation. At a later 
time point z’, we choose different systems 
which have not been observed before. This 
is the way to follow the time change 4B(?) 
to avoid the quantum-mechanical disturbance 
of observation process. 

For the most of practical applications, we 
are rather interested in a continuous obser- 
vation of a particular system, which is 
however macroscopic. The use of ensemble 
average for the actual observation will be 
justified by the same argument we made 
for the classical case. But the quantum- 
mechanical disturbance of observation is ano- 
ther thing. We may, however, expect: for 
most of macroscopic quantities which we ob- 
serve this disturbance can be neglected. This 
is a condition for macroscopic observations. 
Unfortunately, exact conditions for the ex- 
istence of such quantities are not known. 

Thus we shall rather introduce without 
proof the assumption that the identification 
of the statistically calculated 4B(z¢) with the 
actully observed time variation is legitimate 
at least for those macroscopic quantities we 


f=f+3(-) ears : 


—0o 
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shall be concerned with. We should howev 
make reservation that this assumption ma 
not be necessary for the identification of tk 
admittance calculated by Eq. (2.23b) wit 
what will be actually observed, because tf 
observation of admittance, for example, th 
refractivity and absorption in optical problem: 
is not the observation of the response fum 
tion itself. As a matter of fact, Eq. (2.23 
is equivalent to the well known dispersi 
formula of Heisenberg and Kramers™ piu 
the absorption calculated by time-depende 
perturbation method.” The dispersion formul 
represents the oscillation of expectation vaiu 
of dipole moments if the formula is applies 
to optical problems. This is not direcili 
observed. We observe the refraction 
measuring the number of photons passee 
through the material. The logical relation 
between this and that is not clear enough 
but the most common apologize is the use ob 
correspondence principle. Any further analysis 
of this delicate problem is not our maifi 
purpose in this paper so we shall leave it for 
a future occasion. 

Before concluding this section, we remark 
that the method employed here is also ap- 
plicable to higher approximations than the 
linear. For this purpose we note Eq. (2.5) 
can be used for successive approximation, 
namely 


Af _ 
ye 


(4, Ac f)—-FUYA, 4S), 


(2.25) 
where 4;f means the k-th term of the ex- 
pansion 

SJ OH=F+Af +f te---. (2.26 


The solution of Eq. (2.25) has the same from 
as Eq. (2.6), f being replaced by 4e-zf (¢’). 
Therefore we obtain the complete solution of 
Eq. (2.4) as 


(4, ea, Ma, 7)..-) 


XFL) F (h)- FGA) dhe dh 


—°o 


eS t th (Paeal 
=f + ea | 


where A(Z) is defined by 
A(f)= A( pr, qt) ) 


LL 
e (4@), (A(tr),-+ (A), f= re): EGO dh i die 


(2.27, 


Pi-o=P, Q-0=q. 


i7) 


‘hh 


—oo J —0o J —co 


fee Eqs. (2.13) and (2.14)). 
onses in higher approximation. 
can be written as 


3. Relaxation Function and Other Useful 
Formulae for Canonical Ensemble 


In the following we consider quantum- 
aechanical problems, because the classical 
mit is easily obtained from quantum- 
aechanical formulae by replacing [ , ]/zh by 
oission bracket or by making #0. 

First let us observe the behavior of the 
esponse function ¢z.4(¢) in the limit foo. 
t may approach to a limiting value or may 
1ot approach to any definite value. If it 
loes, we must have 


lim dna(#)=0 (if the limit exists). (3.1) 
[his is evident from Abel’s theorem 

lim daa(@=lim E\dndewae 8.2) 

vhich holds if the left hand side exists. The 


ight hand side is zero unless ¢z4(¢) has a 
inite Fourier-amplitude at zero frequency. If 
yz4(£) has finite Fourier components for a set 
f discrete frequencies, @¢zu4(¢) will oscillate 
ndefinitely and does not have any limit. But, 
or calculation of admittance we have the 
onvergence factor e-*’ so that we may even 
n this case regard the relation (3.1) to hold. 
f dea(t) is expressed by a Fourier integral 
vith continuous Fourier spectrum, Eq. (3.1) 
; generally true. This corresponds to actual 
ases of large systems, because the com- 
licated interaction within the system is 
lways enough to split the energy levels into 
structure so fine that the observation can 
ot discriminate. The error in the observa- 
ion of frequency certainly introduces an 
verage which allows us to replace the 
riginally discrete Fourier spectrum by con- 
nuous spectrum, Classically this corresponds 
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ABO=(4) Tr) _\" AGB), oll BE —ERAyF ty deat 
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‘Wie same expression is obtained for quantum-mechanical case, namely 


by oo 1\«c& ctr pte ; 
we @=0+>(— 3) | | \ exp (—22 4° */h) A(t,)* A(ts)* ++ - A(ti)* pF (ty): + -F (ty) dt,» + - dt 


(2.28) 


nere the cross means the commutator operation with the operation on its right hand side 
These solutions allow us to write down the expression of re- 
For instance, the second order change of B at the time 


(2.29) 


he corresponding classical formula is similar so that it is omitted here. 


to ellimination of long Poincaré cycles. 

If the perturbation is applied continuously 
from #=—co up to ¢=0 and is cut off at 
z=0, then the response 4B will relax following 
the formula 


aBe=\" 


—co 


baalt—l dt’ F 


=F\" baat )de, 07 Sas) 
t 
Therefore, the function 


I) =tim| “dnt e-2"" df’ (3.4) 
, a t 


describes the relaxation of 4B after removal 
of the outer disturbance. This will be called 
the relaxation function. 

Here, for later reference we note the theo- 
rem: 


Theorem 2. The admittance %p4(w) can be 
calculated by the following formulae; 


434 () =lim\" dpalt) e-'°'-©* di 
20+ Jo 


in 


) A ni a —twt-8t ft 
230+20 eon or) dza(t) e- torte 


= 01,(0)—io\” Onatye- dt. (3.5) 
0 


transformations are rather evident. 

The expression of ¢z4(t) has already been 
given by Eq. (2.22). We note here that other 
functions ¢zi(¢) and @z4(¢) have convenient 
transform if the statistical ensemble is as- 
sumed to be canonical. For this purpose, 
we observe the identity 


[A exp(-BH)] 
=exp(—850)\" expUX AF, A| 
; Xexp(—A#H&) da 


These 
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h 8 : 
ae (850) expiHX)A 
0 
xexp (—AS) dd 
= 5 exp (—B5)) A(—#ha) dk (3.6) 
or 
oe, Al=ih\""peA(— tha) di (3.7) 
0 


which is easily seen by writing the expression 
in matrix form in the representation dia- 
gonalizing #. 

Let us now assume that the system we 
observe is statistically represented by the 
canonical density matrix, 


o=exp(—B(F"—Y¥)), B=1/kT, 
exp (—B¥)= Trexp(—-BH) . 
By Eq. (2.22b) we have 


(3.8) 


bnilt= Trip, ABO 


A 


=|" 0 A(—iha)B(t) da 
0 


I 


B : 

=a Tonle Ear oa 
0 

and also 


bualt)= . Tr[o, AJB) 


ll 


a bold, BO|= | Tr ol A, BO) 


=|’ Tr pA(—tha) B(t) da (3.10) 


One may use any of these expressions 
depending on the nature of the quantities 
A and B. This will be illustrated later by 
examples. 

With the aid of Eq. (3.9), the relaxation 
is transformed into 


Onat)= 5 pe o[B(t’), A] dt’ (3. 11a) 


B 
= Tr pA(—thd) Bit)dA—BTrp AB? 
0 


(3.11b) 


where A® and B° are the diagonal parts of A 
B with respect to ~. The second term on 
the right hand side of Eq. (3.11) is the limit 


B 
lim Tr pA(—tha) B(t) da 
0 


t—co 


t B 
= lim | at\ Tr pA(—thad) Bit) da 
0 0 


to0%0 


=f Tr 0 A®°B? (i, 10) 
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because this limit process selects the zen 
frequency component of B(#). The limit 
the first expression, if it exists, must be equ 
to the last. 

We may also define the function 


= ~ 


 n,(6)=\" Tr SA(_hINB-BO) Gl 


0 
which we shall call the excztation function ‘| 
convenience, because this describes the it 
crease of 4B(¢t) when a constant force i 
applied from ¢=0. Thus 


lim 9° z4(4)=Oz4 (0). 


t—0o 


In particular, for <=0, we have from E 
(3.11) and Eq. (3.5) 


11.4(0)=On(0) = O'n4(0) 
B 
-| Tr pA(—thd) Bdi—B Tr pA°B? 
0 


B 
=| Tr p(A(—iha)-—A\(B—B) da 
0 
(3.15) 
where %z.4 (0) is the static admittance. 


Eq. (3.15) is a little embarrassing, since the 
isothermal admittance, %z47, is 


. a *. | 
ts? =| Tr p(A(—tha)—A)(B—B) da (3.16) 
0 


where A and B and the equilibrium expecta- 
tions of A and B in thermal equilibrium with 
F=0. 

Eq. (3.16) is obtained by using the expansion 


exp{—A( —FA} 
=exr(—8)(1+\" A(—éhdy ada +00") 


for the expression 
4B 
_Trexp{—B(4—FA)}B_Trexp(—8#&)B 
Trexp{—A(—FA)} Trexp(—8&) ’ 
%za" is defined by 
tas’ =AB/F., 


Expressions (3.15) and (3.16) are different 
unless 


Tr pA°R’= A B= Tr pA-Tr oB. (3.17) 


This will not however hold without certain 
restrictions imposed on A and B. In fact, 
z%z4(0) as given by Eq. (3.15) is the static 
admittance of an isolated system on which 
the force F is. inserted adiabatically. On the 
other hand yz47, Eq. (3.16), is isothermal, 


t gives the response when the system is 
a thermal contact with the heat reservoir. 
“hus they need not be equal. 

But, there are situations in which the dif- 
erence is quite negligible. For instance, 
uppose a magnetic system is magnetized by 
xternal field. If the magnetic energy is only 
. very small fraction of the total energy, the 
nagnetization process treated by Eq. (3.15) 
S practically isothermal. This means that, 
f the heat capacities associated with A and 
3 are only a small fraction of total heat 
sapacity, the equality (3.17) must be practical- 
y satisfied. 

It is noted here that this is concerned with 
the ergodic property of the system. Khin- 
thin'» has shown that the ergodicity for a 
quantity A, namely 

(A>=lim ; | 40 dt (3.18) 
must hold if the autocorrelation of A satisfies 
the relation 


lim <A0N)A®> = <A>. (3.19) 


Here <A>» means the phase average of a 
phase function A(p, g) over a microcanonical 
ensemble. The ergodicity of A, (3.18), means 
that the time average of A starting from 
any point P on the ergodic surface approaches 
to <A» independent of the initial point P. 
This will hold on the assumption of (3.19) 
for almost all of P except a set of measure 
zero. This Khintchin’s theorem can be re- 
versed. It can be proved that the correlation 
function < A(0)A(é)) satisfies Eq. (3.19) if 
(3.18) holds uniformly. 
In classical limit, (3.11b) in replaced by 


Oz4(t)=B{<A(0)BO)>—<A°B} , (3.20) 
where < »> means the phase average, and 
A° means the invariant part of A(p:,, g:) with 


respect to the natural motion. Eq. (3.16) 
becomes classically 
tea’ =B(A—<A)(B=<B>)> . (3.21) 


In general we must expect 
Oz4(0)= O24) =xX2(0) 
= B<(A—A°)(B—B?)> =< x24" . (3.22) 
The left hand side is the static admittance for 
an isolated system. This means that 
lim <A(0)(BW)> == <A<B> 


and hence that the ergodicity (3.18) does not 


(3.23) 
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hold. This is quite true as one would easily 
understand by the example of magnetization 
process of an ideal magnetic system. The 
isothermal and adiabatic susceptibilities are 
different, the later being zero. 

However, our aim is to apply the whole 
theory to realistic systems which contain 
various interactions. As we have mentioned 
before, we should expect that 


(3.24) 


will hold if the total system is large enough 
compared to the degrees of freedom associat- 
ed with the observed quantities A and B. 

For a very large system, the canonical 
distribution is almost equivalent to a micro- 
canonical distribution, the relative fluctuation 
being very small. The ensemble average in 
Eqs. (3.20), etc., can be regarded as that over 
an ergodic surface. Therefore, Eq. (3.24) 
must hold if the quantities A, B, and A(0)B(2) 
are ergodic, namely 


LBA (0) = Pew 


(A= lim . of A(t) dt, 
<By=lim ap Bt) dt , 


<A(0) Be>=lim 7 |" <A(t’) Bt +2) dt’ 
(3.25) 


Here the right hand sides of the equations are 
primarily determined by the location of the 
initial point of time average, but they do not 
depend on that. That is the assertion of 
ergodicity. 

If the requirement of ergodicity, (3.25), is 
fulfilled, we shall have 


lim <A(0) B@)) 


=lim lim — 


to t/00 


1 \ ve LAU) BU +0) dt’dt 


; =\ (AW)BL +2) dt’ 
gene 
=((AB))=(AX<B). 


Thus Eq. (3.22) holds. 
The above arguments apply to quantum- 
mechanical cases with small modifications 


ee Bit)> da enters 


(3.26) 


that the function 


0 
in place of the correlation function. 
Let us consider a magnetic system for 
illustration. The system, M, of the magnetic 
units are embedded in another large system, 
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R, with a certain interaction between M and 
R. The total system S we consider is M+R. 
If the heat capacity of R is large compared 
with M, R is a sort of heat bath for M. If 
we treat only M, assuming a canonical dis- 
tribution and ignore the interaction between 
M and R, the relaxation function calculated 
by (3.11) describes only the internal process 
inside the subsystem M. The magnetic sus- 
ceptibility, for instance, obtained from this, 
is adiabatic. For this canonical distribution, 
the ergodicity such as (3.25) will not hold. 

If we consider the interaction and suppose, 
for instance, that it induces a Markoffian 
process for the transition of M among its 
various states, the ergodicity (3.25) will be- 
come true; the Markoffian assumption makes 
it easy to treat the relaxation process. The 
Markoffian assumption may be adequate if 
the interaction is weak and satisfies certain 
conditions which may be required. If such 
conditions are not satisfied, we are forced to 
deal directly with the combined system M+R. 
The relaxation function or the response 
function has to be treated with the complete 
Hamiltonian for M+R. In this case, the 
ergodicity (8.25) may be approximately true 
if the subsystem M is small compared to R. 
A rigorous formulation of mathematical proof 
of this is not easy, so that we merely anti- 
cipate this. 


§ 4. Correlation Functions 

We have seen in the previous section that 
the relations function @,, (¢) in classical case 
for canonical ensemble is essentially the cor- 
relation function of A and B; namely 


Oz4(t)= 8 A(0)B(t)>— B¢< AB (classical) 
(4.1) 
where the bracket means the phase average 
over the canonical distribution. Or, the ex- 
citation function is 


Ox4° (t)=BLAO\B-B@))> . (4.2) 


Other functions, for example, the response 
functions, are also proportional to certain cor- 
relation functions; e.g. 


$ra(t)=—BCA(0)BY)> . (4.3) 

These are also valid for the microcanonical 

ensemble provided that the system in ques- 
tion is large. 

Now the question arises how the correlation 


| 


functions are defined in quantum-mechanics; 
We may define this by 


¥2,(2)=Tr p{A(0)B@)}=Tr op{ AG) BG+D} | 
(4.4) 

where p is the equilibrium density matrix, 
either canonical or microcanonical. Th 
bracket means the symmetrized product, 


{AB}= | (AB+ BA). 


We may call this the time correlation of 
and A at the time interval ¢, although it is 
not the correlation of two sets of actually 
observed values of B and A at different time 
points. The disturbance due to the observa-: 
tion is not taken into account. If the nature 
of the system and of A and B is such that 
this disturbance is not serious, which will be: 
true for macrosopic systems and macroscopic: 
observations, the function (4.4) describes the: 
actual correlation. Since o is equilibrium) 
density matrix, the time variation of A and! 
B makes a stochastic time series which is: 
stationary in time. For the sake of brevity,, 
we rewrite the relaxation function as 


Op4(t)= (vr o(A(—#hd)— A°)(B—B?) da 


(4.5) 
and in the following we shall deal with quan- 
tities A and B which satisfy the condition 

TrpA= TrpB=04 (4.6) 
which is achieved merely by substracting the 
invariant part from each of the quantities. 

We can show easily that the relaxation 
function and the correlation function are 
mutually connected by the following theorem: 


Theorem 3. Let the Fourier transforms oj 
Oxza(t) and Y pal) be 


Salo — 


CL 


” Onalt) e-%* dt, 


9Bs(@) = ae i Past) eo at. (4.7) 


then we have 


9za(o)=Ep(o) fea(o) (4.8) 
where Es(w) is the average energy of the 


oscillator with the frequency w at temperature 
T= /R8; 


Bs(w)= "2 coth Bho (4.9) 


Eq. (4.8) is equivalent to 


957) 


(Sp 


Ona @-\" P(t—t)¥ pall’) av (4.10) 

\|vhere A ts defined 

oo dot 
r eS ener pe 
as | a Big imag oe ay ltl 
| (4.11) 
Ir to 

V a()= Ea 6 ) Ona(t). (4.12) 

id 


, The easiest way of the proof is to write 

rst the functions 9;,(f) and Yz4(¢) as double 
lseries over the quantum states of YH and 
irearrange the double sum. An alternative 
method is to assume a function-theoretical 
‘conditions, i.e., 


lim Tr pAB)=0, (4.13) 
Ret >to 
and that Tr pAB(Z) is analytic in the domain 


0<Imi< pn. 
The condition (4.13) is fulfilled if one extends 
ae meaning of the limit process as was dis- 
cussed in § 2 and §3. 
is equivalent to the existence Tr pAB and 
Tr oBA. 
Now Eq. (4.8) is derived as follows. 
definition we can write 
Sra(@) 
1 
on 


al 
oe 


By 


rai i Tr pAB(t+thd) exp(—twt)didt 


ay Ay Tr pAB(t+thd) 
xexp {—tw(t+72hi)— 
= ee) 
7 0 


y co +4hh 
x \ : 
—co+tha 


Ahw} didt 


Tr opAB(t) exp (—twt) dt. 


Thus interchanging the order of integration 
and shifting the path of integration, we obtain 
by the above-mentioned assumptions 


hie is ee Bho) 
5 al pAb erpien da. (212) 
TT } —co 


Similarly we can show that 
\e Tr pAB(t)e-!" dt 
=exp (Bho) \ Tr pB(t) A exp (—Zut) dt 


(4.15) 
by shifting the integration path to —7%B—co 
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to —2hB+ oo. In the above transformations, 
we took as canonical given by Eq. (3.8). 

Eqs. (4.15) gives 

2 7 

pA es a ——————— 

ry oAB() L-texp (— Bho) 
so that Eq. (4.14) leads Eq. (4.8). 

Eq. (4.10) is easily obtained from (4.8). The 
kernel I(¢), (4.11) is calculated using the 


partial fraction expansion of tanhz/z. We 
note further that it has the property 
lim I" (#)=Bd(£), (4.16) 
h-0 


which in naturally to be expected. 


§ 5. Simple Examples 


It will be adequate to insert here simple 
examples to illustrate the general idea deve- 
loped in the previous sections. The author 
has applied this in a previous paper™ to the 
problem of magnetic resonance absorption. 
An uniform magnetic field H(¢) is applied to 
a magnetic system, the total magnetic moment 
of which is denoted by M. The perturbation 
energy due to H(f) is now 

I (t)= —MH (2) . (5.1) 
The natural motion of the magnetic moment 
in the absence of the external field is repre- 
sented by M(¢). Then, the response function 
éu(¢) for the magnetization in y-direction 
when the external field H(z) lies in v-direc- 
tion, is by Eq. (2.22). 


bu@)= z< [M,(¢), M,] > 


f <M, (—iha)M,(t) > da , (5.2) 
0 


and the relaxation function is, by Eq. (8.11), 


Ou(t)= \< (M,(—7h2)—M,°) (M, (¢)—M,.°) > da 

‘ (5:3) 
where M,° and M,.° mean the diagonal parts 
of M, and M, with respect to the unperturb- 
ed Hamiltonian &. 

If we consider a system with unit volume, 
the admittance becomes the magnetic sus- 
ceptibility. Thus the complex magnetic 
susceptibility tensor can be expressed either 
by @u(t) or Oy(¢). The convenient expres- 


siow is, by Eq..@.5) 
Za) =Oy(0)— ie | O,,(t)e-'dt. (6.4) 
0 


The static susceptibility is, in particular, 
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zo (O)="Me(—ih2)—M,9 (M,—M,®)) da 
(5) 


which is the susceptibility for the isolated 
system and is not necessarily equal to the 
isothermal susceptibility, 


ee \' <M,(—iha)M,yda—- BKM, <M,). 
0 
(5.6) 


In the expression for y..(0), the diagonal parts 
of M, and M, are substracted. This cor- 
responds to the fact the magnetization in an 
isolated system proceeds adiabatically, the 
occupation probabilities of the levels remain- 
ing unchanged. On the other hand they are 
changed in isothermal process for yyy”. The 
difference becomes smaller if the environment 
is taken into account in greater extent. 
In the classical limit, Eq. (5.5) becomes 


1100) = po (M—ML(M,—M,2)>. (6.7) 


while Eq. (5.6) becomes 
i 
1 is 
The last expression is first noticed by Kirk- 
wood™ for the classical theory of dielectric 
polarization. Eq. (5.7) is its extension to ad- 
iabatic susceptibility, and Eq. (5.4) to general 
complex susceptibility for non-equilibrium 
states. It is evident that the similar formulae 
are obtained for dielectric polarizations. 

As a second example we shall consider the 
electric conductivity. For an electric E(d), 
the perturbation energy is 


t= —> eink (t) (5.7) 


where e& is the charge of the z-th particle in 
the system and rm its position vector. The 
response of current in y-direction when a 
pulse of electric field is applied in y-direction 
at ¢=0 is, by Eq. (2.22) or Eq. (3.9) 


—__ be 
burt) = ih 


Xuv? = 4 (M,—<M,>)(Mu—<M,>) Ds 


(5.8) 


4b [o, >; ey xy] SS ej vipl(é) 
t 


L \ le OL ERODED. (5.10) 


where 
Ju = Dei Sip 
is the total current in the system. 
If we take the volume of the system as 


unity, the conductivity tensor oy,(w) for 
periodic field is given by 
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Veen i o-tot df \" da CJ(—thA) Jul) - 


This is an exact expression for the con- 
ductivity. In particular, for the static con- 
ductivity we have 


ee fa dai Ju(=thd) Jult)>. Gag 


This may be expressed in another form, 


a eine Pees (" uy (#) e-8" az (5.13) 
so0+ $ 0 ; 

where 
én=—--_Tralfy I). | Cae 


th 

The above expressions of conductivity tensor 
are, as a matter of fact, what one would 
obtain by simple application of dispersion 
formula of Heisenberg and Kramers. But 
they are more convenient and much clearer 
for physical interpretation. Nakano® has 
shown that the Griineisen formula is obtained 
from (5.11) as the first approximation. We 
emphasize again that the formulae given in 
the above are exact although they are ad- 
mittedly rather abstract and have to be ap- 
proximated in some way to deduce useful 
answers for assumed physical models. We 


can show that the usual method of employing — 


Boltzmann-Bloch type transport equations 
makes a certain approximation to calculate 
these exact expressions. But the transport 
equation can not always be justified since the 
Markoffian assumption involved is only valid 
under rather strict conditions for the scattering 
processes.» The exact theory will certainly 
give a starting point of actual calculations 
when the traditional methods are not justified. 
A good example of this is provided by the 
problem of electronic conduction in strong 
magnetic field. This will be treated in a 
forthcoming paper. 


§ 6. Symmetry Relations 


We note here some symmetry properties of 
the response and relaxation functions and those 
of the admittance. Let us consider for con- 
venience the relaxtion function defined by Eq. 
(3.11), for which we have the theorem: 


Theorem 4. The relaxation function Ona(t) 
has the following properties; 


1) Oza(t) ts real (6,1) 


(5.11) | 


| 
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1957) 


2) Dpa(—t)=O42(2) (6.2) 

3) reciprocity law: if a static magnetic 
field H ts present, the reversal of the 
direction of H results in 


Dealt, H)=€4€2054(—t, —H) 
= EE, Oaz(t, —H) (6.3) 


_ where €4 or €z is +1 or —1 according to the 
quantity A or B is even or odd with respect 
to the reversal of time. 

The proof is simple. The complex con- 
| jugate of Oz,4(z¢) is calculated as follows. 


Ora(t)= ‘i Tr pB(t) Alsha)dd 
0 
m hs Tr pB(t—iha) Adi 
0 
=|’ Tr pB(t—th(@—2)) Add 


-\' Tr pABU+ihada=Oza(t) . 
0 


The transformation from the second to the 
third line is simply the change of integration 
variable from 2 to B—A2. 

Similarly, we may proceed as 


B 
Ons (=| Tr pAB(—t+tha)di 
0 


B 
-| Tr pA(t—tha) Bdi 


0 


=|" Tr pBA(t+iha)da=On,(t) . 
0 
Eq. (6.3) follows from the fact that the 
simultaneous reversal of ¢ and H changes the 
q-representation of the Hamiltonian and the 
wave function to their complex conjugates. 
A corollary of the theorem is the symmetry 
of other functions such as $24 (4)=—Qzz (2). 
This is clear and so is omitted here. 

The second corollary is the symmetry of 
admittance. We write down here the sym- 
metry of the quantity defined by 


Opa(@)= i. Dna (2) Cease (6.4) 
0 
for which we have 
Re OpA(W)= Re Op4(—O) A (6.5) 
Im oz4(@)=—Im oz4(—o) , (6.6) 
6pa(@, —H)=E4€2042(o, H). (6.7) 


Eq. (6.7) is the well-known Onsager’s rela- 
tion. The derivation here made is very 
simple. 
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As examples, we note the symmetry of 
magnetic susceptibility tensor and that of the 
conductivity tensor. The susceptibility tensor 
has the symmetry 


Re yu(@, H)= Re xur(—, A) 


=Re Alo, —H) ’ 
Im Xu, H)= —Im Xv(—o, Hf) 
=Im75 nO; —H) . (6.8) 


For the conductivity tensor we have the same 
relations 


Re Cnr, i) Re Ou(—o, A) 


= Re Oy (@, —H) ’ 
Im 6u(@, H)=—Im on(—o, A) 
=Im oy(w, —H). (6.9) 


Thus, for the change w to —w, the real part 
is even while the imaginary part is odd. 
For the reversal of H, the symmetric part is 
even and the antisymmetric part is odd. 
§7. Fluctuation-Dissipation Theorems 

We have shown in §4 that the response and 
relaxation functions can be expressed by cor- 
relation functions. Thus the admittance can 
also be expressed in terms of correlation 
functions. This is rather trivial for classical 
cases, but in quantum mechanics it becomes 
rather complicated. The relation between 
the admittance and the Fourier components 
correlation functions is usually called the 
fluctuation-dissipation theorem. Thus our 
aim here is to give this theorem in its com- 
plete form. ) 

We treat as a typical example the case of 
electric conduction. Let us rewrite Eq. (5.11) 
in terms of the Fourier component of re- 
sponse function ¢yy (2), i.e., 


ae + y uy (t) e-** dt. 
Fe Ves 


Eq. (5.11) is transformed as 


(1) 


Opy(@)= i; hyy (z) a" at 
0 
_ \ dt |" dos’ furl or’) eb0"t—iot 
0 — co 
= sfwko)+i\ Jee dey. (7.2) 


— oo 


Thus we obtain at once 


Re op, (@) = 2h uy (@)= ; | fn) AP fu(w)} 
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Im 6% (@) = oT Ho)= ate (o)— fu (o)} 


(7.3) 
Im ayo(o)=\" ine ) dw’ 
oo A) S16) 
Re ats(w)=t\ LO) ey , (7.4) 
ae (Cy a) 


where the superscript s or @ means the sym- 
metric or the anti-symmetric part of the 
tensor. By the theorem 4 one has the sym- 
metry 


Vi On OU (7.5) 


which shows /‘uy(@) is real while f%ny(@) is 
purely imaginary. Eqs. (7.3) and (7.4) give the 
well-known Kramers-Kronig relation. Note 
that it holds for each of the symmetric and 
antisymmetric parts separately. 

Now let us introduce the correlation func- 
tion of current components, 


Puy (t)=Tr pt Jr (0) ju 2} , (7.6) 


which describes the correlation of spontaneous 
current fluctuating in equilibrium. We can 
show the following theorem: 


Theorem 5. The conductivity tensor oyy(w) 
ts connected with correlation function of cur- 


rent components, (7.6), by the following re- 
lations : 


Ep(w) Re 6 y(@)= 795 u(@) 
Hs if V'uy(t)cos wt dt (7.7a) 
0 


Es(w) Im 6% py(w)= 7 9" w(@) 


s — |" rill sin wtdt (7.7b) 


0 


F* ,(H= s |, Bao) Re o$,,,(@) cos wt dw 


0 


(7.84) 
Vi ()=—2 | MEME MO cMeE he 
0 
(7.8b) 
and 
i 7 1 ap y( iS) ; 
I s = Seg, een 
MO ny(@) We Pio, ee dw 


=— | Ie) cosord| Ys uy (£) sin wt at 
0 ie 


= I'(c) sin orde| "Py (t) cos wt dt 
0 0 
(7.9a) 
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ite 1 g*wlo’) 4, 
i aa le Ego’) Ft a 


=2\" I'(t)cos wedt ae (t) cos wt dt 


0 


—2\" I'(r)sin wtdr 


0 


T | 
| Y%,,(£) sin wot dt 

0 
(7.9b} 


DES 5 Gs) 4 ® Im o%,,(@) Re A(o, t) dw 
(7.10a) | 
Cot) = 2 \. Re Oo nya) Im do, t) dw 5 
(7.10b) 


where the kernel A(w, t) is defined by 
= i 
ACs | ye (A 
Toe Vos ea OO 
These expressions reduce, in classical limit, ~ 
to | 


Rosny . ¥ .., (t) cos wt dt ( 
0 tj 


co y 
fon = ¥.,(é)sinetdt (7.12 
0 


First we note that the symmetry of Yuy(é) 
is the same as that we have for dy,(é) 
(Theorem 4). Eqs. (7.7) and the first parts 
of (7.9a) and (7.9b) are obvious from Eq. (4.8). — 
Eq. (7.8a, b) is simply the inverse of Eq. — 
(7.7a, b). We need some calculation to derive 
(7.9) and (7.10) but the details are omitted — 
here. Only we note for the convenience of — 
reference that the function (7.11) can be 
transformed to 


Re A(w, t)=—Eg() sin wt-sign ¢ 
£ 1. & (az)? exp (—2nz|t|/Bh) 
7a ea (7)?-+(Bhw)?/4 
(7.132) 


Im 4(o, t)=Ep (w) cos wt: sign ¢ 
_ 1 > (an/2) Bho exp (—2nn|t\/Bh) 


TB nai 


(a2)*+ (Btheo)2/4 ota 


(7.13b) 

An useful corollary of the theorem is the 

expression of static conductivity cy,(0). We 
have the formulae; 


Pak =8\" Wsyy(t) di= ae 


W(t) de 
(7.14) 
ode o=alr (c) de\" vey, (2) dt 


=2(" V4,,(2) re de. (7.15) 


}. 1957) 


Thus the symmetric part of the static con- 
ductivity is calculated either as the integra- 
tion of the response function or as that of 
# the correlation function. The situation is 
more complicated for the antisymmetric part. 
If one wishes to use the correlation function 
instead of the response function, one has to 
be careful about a quantum effect which 
appears as 7’(c) in Eq. (7.15). 

Another remark is that, even at finite fre- 
quencies, the symmetric part is easily obtain- 
ed if the correlation function is known. This 
is, of particular interest, for instance, in the 
case of magnetic problem”. For a linearly 
polarized radiation, the absorption is deter- 
mined by the imaginary part of susceptibility 
tensor, for which we have from Eq. (5.4) 


X’ a2(@) =—Im Huw 
<{M.(0)M.(t)}> cos wt dt . 


(7.16) 


The corresponding expression for conduction 
is (7.7a) itself, i.e., 


Sarat - {{ Je(0) Ju(t)}> cos wt dt 
AO NSS 


Cfek7) 
The last equation is the well-known Niquist’s 
- theorem!®. If the fluctuating current is ex- 
panded into the Fourier components, Eq. (7.17) 
reduces to 


Baek 


SO ae 


Es e: j (7.18) 


xe (oO) = 


§8. Sum Rules 

It is interesting that the exact expressions 
of admittance derived in the above give 
proof of certain general laws. The simplest 
example of this is the well-known sum-rule of 
oscillator strength. This is generalized in the 
following way. 

We consider the expression (6.4), 
which we obtain 


LG 
7 —o 


and 


from 


FS Godt? fe Oya (t)0(t)dt= Ox, (0) 
0 
(8.1) 


lim 7@ o24(@)=9z4 (0) (8.2) 


@—> oo 


by Abel’s theorem if the left hand side does 


exist. 
Let us now apply this for electric conduc- 


tion. By Eq. (5.10) one can write 
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bw()= Tr p E DES SO | 


(8.3) 
If the Hamiltonian & has the general form 


ee ES . Av(r) | [2m Vin, o- Tv), 


A being the vector potential we have the 
commutation rule 


lee, iu] = oh 0:5 Ony (8.4) 
which gives 
bw(0)= 5: oC waa a (8.5) 


i=1 bp 


where 7 means the species of charge carriers, 
m, being the number of carriers of 7-th kind. 

Eq. (8.3) is derived from Eq. (5.10) by 
changing the order in the trace operation. 
One might doubt whether this is justfied or 
not, pointing out that the operators 2, may 
be singular if one uses the Born-Karman 
boundary conditions. As a matter of fact 
this will not affect the validity of the proof, 
because the commutators are actually regular 
operators. It might be worth while to see 
what one has in classical case. Classically 
we may proceed as (see Eq. (2.22a)) 


buO=\ares, Se 


, o Ses esl) 


=\ar f ED ees, o py, tu) B56) 


=-lar3 Se Gi 


Thus we have 
HOE [array eibign gp {bw 2 Adtr)} 


=\ar FT| ms Suv (8.7) 
This is exactly the same as Eq. (8.5). This 
does not prove directly the validity of (8.3), 
but will be enough to make it convincing. 
As as proof one may introduce a suitable 
potential to avoid the difficulty of singular 


operators wy, and make it vanish if one 
wants. 
Thus we have proved the sum rule 
co 2 a 
=| Oise 1S) 
mT Jo r Mr 


and 
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: en 
lim @ Im Op = em, LOiy 


@-> 0° ie r 


(8.9) 


which hold for any system irrespective of 
the interaction of particles, the temperature, 
the statistics and even in the presence of 
magnetic field. This is the most general 
form of the sum rule. 

For a system of electrons, Eqs. (8.8) and 
(8.9) are written as 


co 2 
“| Rec wde=— oe (8.10) 
7 Jo m 
2, 
Im 67,0) ooo), (8.10) 
mw 


Here we should remember that m is the true 
mass of electrons. The integration of a () 
has to be carried over all range of frequencies. 

If one considers electrons in a crystal and 
confines himself to the electrons in a particular 


band neglecting interband transitions, the 
sum rule has to be modified to 
es \" Rew olae 
@ Jo 
—- —lim @ Im O ny (w) 
=e Tr {p-OE(p)/Op, Opp} . (8.12) 


This holds if the electron system is described 
by the Hamiltonian 


A = > E(pi)+ Vn, +++ tx) (8.13) 


where £(p) is the energy of an electron with 
the crystal moments ~. Also one has to 
omit the interband elements of the potential 
V. The theorem (8.12) is wider than that 
usually given in text books only for the 
oscillator strength connecting one-electron 
states. 

Another interesting result is obtained from 
the second expression of (3.5) when applied 
to conduction problem. This give 


2 |" Gans) SABO de 


= Him 0°f (0) Oe } = by (0) 
(8.14) 
The tensor 


$b On Tee 


h (8.15) 


is antisymmetric. Therefore Eq. (8.14) is re- 
written as 
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as A Im 6%2y(@) odw 
To eee 


: ne, H, 
=lim w?6%zy(@) = — >) —— 
oul) cae 


(8.16) | 
Both sides of this equation are identically 
zero unless the system is in a magnetic field | 
(or rotating, in which case e,H./m,c must be 
replaced by the angular frequency of the 
rotation). This is seen from the fact that the | 


velocity of charged particles in magnetic . 


field is 
v= ( a Ae 
~Saptone 


and the commutation rule is now 


fost, poe ad (8.17) 
mc 4 } 
This gives 
a 
h 


which is the last expression in Eq. (8.16). 
In particular, for electrons we have 


Tr o [Jz, Jol => trer? H./m,*c , (8.18) 


2 he Im 6% n,(@)odw = —lim w?o%py (w) 
7 0 @-o 


ne 


Sa Be (8.19) | 
mc | 
This is another type of sum-rule which holds | 
quite generally, but is not usually remarked. 
Eq. (8.19) may also be written as 
3 Im <k] Jel 1| ul = — eH, 
1 2m?c 
(8.20) 
for a system of 2 electrons. 
Similar arguments can also be made for 
tensors of other kinds. For instance, the 
magnetic susceptibility tensor satisfies the 


rules, 
at eid tg | 
+ \" im x ws(00) 2? =x%9(0), (8.21) 
lim Re yn, (oj=0 ~ (8.22) 
! \" Re x%m(w) der 
7 —co 


=—lim o Im x%u(o)= 3 Tr o[M,, M,). 


(8.23) 
The relation (8.21) is well-known. This states 
that the properly weighted integration of 
absorption intensity for linearly polarized 
radiation is equal to the static susceptibility. 
The third relation, (8.23), requires more at- 
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tention. 
If M, is written as 


M.= SY, Tt era > 


where % is the angular momentum associated 
with the magnetic moment, we have 


a [M:, My]=—D r? tz. 


Therefore Eq. (8.23) can be written as 


i! oo 
a Re x%ey(c) deo 
2 Jo 
=—lim wIm Xey(w) = — >) relie= —S7rMy 
@> co 
(8.24) 
where M,. means the magnetization due to 
r-th component in the system. 
For circularly polarized radiation, the rate 
of energy absorption per unit volume is 
@ 
ae 


H, being the amplitude of the magnetic field 
of radiation. Thus, Re2%zy(w) is related to 


VAX xy XK yet Cea t x vy} 


‘the absorption intensity of circular waves. 


The total integration of the absorption in- 
tensity is directly connected with the gyro- 
magnetic ratio 7. This may not be of much 


value if y can be measured accurately by 


sharp resonance. But one has to remember 
that (8.24) is generally valid even in the pre- 
sence of strong interaction between magnetic 
moments. Thus the effects related to the ab- 


sorption of circular wave may be used for 
the determination of 7, for instance, for elec- 


tronic magnetic moments in ferromagnets or 
paramagnets. This sort of experiments may 


be considered to corresponds in a sense to 


those of gyromagnetic effects. 


§ 9. Einstein Relations 

We note here that the expression of con- 
ductivity given by Eq. (5.12) or (7.14) is the 
most general form of Einstein relation, which 
connects the conductivity or the mobility with 
the diffusion constant. 

To see this, let us take the simplest ex- 
ample of charged particles which are moving 
independently. By Eq. (7.14), the conducti- 


' vity is 


aN <v(0) old) dt, 


a — 


if we regard the system to be classical. If 
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we admit 
lim (0, (0)0n(2)> =(2,><a,> =0 


we can transform the right hand side of Eq. 
(9.1) as 


\ (vy(O)eu(é)> dt 
0 
Jim : «v (’) v(t) dt dt’ 
Par tiae DEG b. Aku 
=lim —57 << (a@(T)—2,(0)) (au(T) -2.0)) > 
[00 i 
=I Dir . (9.2) 
where Dy, is the diffusion constant defined by 
the third expression of Eq. (9.2). Eqs. (9.2) 
and (9.1) give at once 
Cap = OND sy [RL (9.3) 


which is the well known Einstein relation. 
For a system of interacting particles, the 
exact form of Einstein relation is 


O ny SS An Duy|/RT 


20) 
LF 


where Dy, is the diffusion constant in iso- 


(9.4a) 
(9.4b) 


thermal conditions, 4? the average fluctua- 
tion of particle density, and yw the chemical 
potential of the particle. This relation gives, 
for the diffusion constant, 


Ou eo B ; 
IDE ae =( ) | az Tr ol,(—th) I(t) dr 
T Jo 0 


On 
ey GE PL 
-( oe ). 7 Tr {Dl} (9.5) 
where 
= Viv 


is the total particle flow per unit volume. 
Eq. (9.5) can be used for the calculation of 
diffusion constant in gases and also condens- 
ed phases. This will be discussed further in 
a forthcoming paper. 

It might be worth while to note that Eq. 
(9.4) indicates at once how the factor 1/kT 
appearing in the expression of electric con- 
ductivity, Eq. (7.14) cancels out for degenerate 


Fermi particles. In this case, 4m® is propor- 
tional to T, or in other words (Oz/On)r is a 
constant of the order of //7, /o being the 
Fermi-level at the absolute zero. 
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It is shown that an electron gas exhibits the Meissner-Ochsenfeld effect 
if a special type of electron-electron interaction, ¢s,-s/7, is assumed 
and if the motion of an electron is considered to obey Dirac’s relativistic 


equation. 


(s: and s; are the spin operators belonging respectively to 


each interacting electron.) The perturbation method of statistical mecha- 
nics, when applied to this system, leads to the London equation though 
the coefficient is different from London’s original one. The theory talks 
in principle about the feature at the absolute zero of temperature in the 


sense that the electron-phonon interaction is not taken into account. 


The 


penetration depth of the field calculated according to the present model is 


quantitatively in good agreement with experiment. 


The known type of 


electron-electron interaction due to Breit, does not lead to superconduc- 


tivity even in the relativistic treatment. 


The proposed interaction is 


discussed in connection with some experimental facts, i.e. the existance 
of an impurity effect for the penetration depth and the smaller Knight 
shift in the superconducting than the normal state. 


Introduction 


§1. 

A perfectly free electron gas does not ex- 
hibit the Meissner-Ochsenfeld effect (M-O 
effect), and it has long been supposed that 


- introduction of some kind of electron-electron 


_ phenomenon. 


interaction would be able to account for this 
But no one has ever succeeded 


to establish a theory substantiating this 


- supposition. 


_ intermediaries. 
of this theory was the prediction of the iso- 


Frohlich? and Bardeen® proposed a theory 
of superconductivity based on an indirect 
electron-electron interaction with phonons as 
The most prominent success 


tope effect». However, the most important 
feature of a superconductor, i.e. the Meissner- 
Ochsenfeld effect, has not yet been under- 
stood on the basis of this theory. In this 
connection we should note the work of Scha- 
froth®, who showed that Froéhlich’s interaction 
does not lead to the M-O effect as long as 
the perturbation theory can be used. He 
showed besides that the Coulomb interaction 


cannot produce the M-O effect, and stated 


further that the absence of this effect is con- 


‘firmed generally for any not explicitly spin- 


* Work Partly supported by the Grant-in-Aid 
for Fundamental Scientific Research from the Mi- 


nistry of Education. 


dependent two-body force». On the other 
hand, Schafroth® has shown in a recent paper 
that an ideal Bose-Einstein gas exhibits the 
M-O effect below its condensation tempera- 
ture. Application of this model to an actual 
superconducting metal, however, is not easy, 
since the assembly of conduction electrons in 
a metal should be considered to be a Fermi 
gas as confirmed by various kinds of experi- 
mental evidence. 

Several years ago, the author investigated 
the magnetic property of a non-interacting 
electron gas by means of the relativistic theory 
of an electron by Dirac and the quantum hy- 
drodynamics by Born and Green”, and sug- 
gested that the M-O effect would occur if 
one assumes between two electrons such an 
interaction that makes the antiparallel-spin 
orientation more favourable than the parallel- 
spin orientation**. According to this conjec- 
ture we are led to introduce an interaction 
of the form e?s;-s,/7, where s; and s, are the 
spin operators belonging respectively to each 
interacting electron and each has eigenvalues 
+1/2. Applying the relativistic theory of an 
electron by Dirac and the perturbation theory 
in statistical mechanics by Schafroth® and 


oe Read at the Osaka meeting of the Physical 
Society of Japan, Nov. 2, 1950 (unpublished). 
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Nakajima®, we show in this paper that a 
stationary current is established in the sys- 
tem of electrons interacting each other through 
the above-mentioned interaction under the in- 
fluence of a magnetic field. Since the elec- 
tron-phonon interaction is not taken into ac- 
count, the theory should be considered to hold 
only at the absolute zero of temperature. 
The equation connecting current and field has 
the same form as the London equation, but 
the coefficient is different from London’s. The 
penetration depth of the field according to the 
present model is numerically of the same 
order of magnitude as that according to Lon- 
don, in spite of different appearences, and in 
good agreement with experiment. 

The M-O effect does not occur for the well- 
known type of electron-electron interaction 
due to Breit® even if the relativistic theoy 
is applied. 

In §2 the perturbation theory in statistical 
mechanics is re-formulated in terms of the 
Dirac theory of an electron. In §3 the well- 
known result that the M-O effect is absent 
in a free electron gas is confirmed in a rela- 
tivistic way. The subsequent two sections, 
§§4 and 5, are devoted to the theory of an 
electron gas with interaction. In §6 some 
experimental facts are discussed in the light 
of the present theory. 


SP 
(1) Relativistic wave mechanics of an electron 


Notations and Fundamental Equations 
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(Vol. 1 


The wave function ¢ for the stationar) 


state of a free Dirac electron satisfies 
(ca-p+m1C?am)p=EY , (23) 


where a(@z, @y, az) and am are the Dirac ope 
rators and satisfy 


Aphy+ayap=20 py 23, v=2, Y, as m) . 


As well known, these a’s can be represente: 
by the following four-four matrices: ) 


| 

Go Ot 00 0-“ — 

a a a RL satchel ol: tene | 

“A Oo dneOnOf vl, ska —8 00 On 

hep Oa nth £ 0000 | 
OraOierdEnO 1210..0) 70 
is a{euO OME ER NG Alert ee 
STE yt GaGa ae a6 
0-10 0 00 0-1 

(2.3% 


The solution (x) of (2.1) has four component! 
(0, x) (o=1, 2, 3, 4), so that (2.1) can be re 
garded as a set of four simultaneous equa: 
tions for ¢(o, x). The solution of (2.1) corn 
responding to a given momentum p=hk cai 
be given by 


P(x)=u, exp [zk-x] , (2.4 
where wu, satisfies the equation 
(cha-k+ Mmc?am)Uup= Eur (2.5 


and has four components z;,(o). For a give 
k, (2.5) has four independent solutions. / 
typical set of these solutions is: 


Uy? Uj) 1,68) yj, 
1 0 —chk, —chk,,+ichky 
mc?+€;, mc?+ Ex, 
mc?-+€;, mc? +-€x, 
. ‘ aa uA RAT (2.6 
chk, chk, —ichky 1 0 
me? +E; me +&x, 
chk,+ichky —chk, 
—— aes 0 i 
me" +- Ex, 


mcec?+ Ex 


e,= (mc! +c7hk?)1/2 ; 


The eigenvalue € in (2.5) should be & for 
ue) and uw, and —&, for wa, and u,, 
1.e. Ei; V=E,MO=E&, and €,VO=6,%= —Ex. 
call the eigenstates u,. and mw, the positive- 
energy states, and u,‘ and uw“ the negative- 
energy states. The normalization is 


Dy= (me? +€x)/2/(2E,) V2 


We 


Dhara "(04 (0)=(ks|kt)=Ssr , (2.7 
as easily confirmed by using the identity 
OTe gO ag 
2&x 2Ex(mc2+&,) 
The velocity of an electron in the Dira 


(2.8 


v=Cca. (2.9) 
|The wave equation for an electron in a mag- 


{netic field A is 
| (ca-p—ea-A+MC?am)b=E¢ . (2.10) 
|Note that the expression (2.9) represents the 
velocity not only for a free electron but also 
\for an electron in a field. This forms a strik- 
ing contrast to the non-relativistic case, in 
which the velocity explicitly depends on A 
and is given by the equation 
v=(p/m)+(eA/me) . 
The Dirac relativistic electron has the spin 


angular momentum sh. s is called the spin 
eecrator and defined by 


i s=a/2, (2.11) 
where oa is the spin matrix to be defined in 
‘terms of a by the equations 


| 


Oz =—1MyA,, Cy=—1AA, , 02=—1AzMy . 


In the representation in which a’s are ex- 
pressed in the form (2.3), o, is diagonal and 
its eigenvalues are +1. 

In later sections we need the explicit values 
of matrix elements of the following types 


(k's [ks =u? * Lupe , 

(k’s’ |oul ks’ Sy * opus , 

CK'S aul he’s aye * ayy , 
a 2, sate 208 ae) 


for W =k q and k”’=k+ ae 


listed in Table II of the Appendix. 


They are 


(ii) Perturbation expansion in statistical me- 
chanics 
A brief account of the perturbative expan- 
sion theorem in statistical mechanics is given. 
We follow the formulation developed by Na- 
kajima®. The Hamiltonian is assumed to be 
composed of two parts, namely, the unper- 
turbed Hy, and the perturbation H, and thus 
to be given by 
H=H,+H, . (2-12) 


For the canonical distribution the free energy 
of the system is 
F=—£8-!1nTr (exp[—PA)]) , QAlg) 
where B=(RT)-}. According to Nakajima we 
have the following expansion: 
F=F)+F\+F24+F3+ a 


Electron-Electron Interaction and Superconductivity. I 


589 


Fy=Free energy of the unperturbed system, 
F\=CA7r)s , 


Pe ; BCH, 92 — ; | diac FE (ds>Hiye 


1 B 
Frm 5 OKH eS — BH e | dix HAH 
0 
Via a 
ee | da, | ARKH (Ay) Hy (As) Hp , 
0 0) 
‘ieee . (2.14) 
where 


<@>e=Tr (@ exp [—B8H)])/Tr (exp [—BAb)) « 
(2.16) 


<Q»e is the expectation value of Q with res- 
pect to the unperturbed canonical distribution. 


Gii) Second quantization ; 
We consider a system of N Dirac electrons 
and impose on the wave functions a_ periodic 
boundary condition with periodic volume V. 
The formalism of second quantization is used, 
and the wave function is expanded in terms 
of the eigenfunctions of the Dirac equation 
for a free electron which are given by (2.4) 


and (2.6). Thus we write 
P(x) = VV? Sid's OU, exp [7k-x] , 
P*(x) = V-V2 Seis A *,* exp [—tk- x] , 


(2.17) 
where a,“ and ax‘)* are the usual destruc- 
tion and creation operators satisfying 

[a,.O*, a], =OyOst , 
[a,), a]. =[a,*, aO*].=0 , | (2.18) 
QO * a, =n, : 
According to statistical mechanics we see 
(ar )*ar> p= g= fe 


= (exp [B(E. —y)]+1)7? , (2.19) 
where 
eo={ Se Sail Le (2.20) 
—Ex, Sa, ah 


and 7 is determined by means of the equation 

Daz frO=N . (222) 
>i; stands for Sis-1,2. Note that f,AP=f. 
and f,®=f,, and that the latter is very 
nearly equal to 1 at ordinary temperatures. 
It is advantageous to use different notations 
for the distribution function in the positive- 
and negative-energy regions: 
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Fe feM =f, He =frLO =f. (2.22) 
Corresponding to the velocity of an electron 
expressed by (2.9), the current density is 


j=cep*ay , CR) 
which is compared with the non-relativistic 


expression 
j= —(teh/am)(f*7p—pP*d)—(e2]mc?)P* PA . 
(2.24) 
Let the Hamiltonian be 
A=H)+Hutf , (2.25) 


where 


Hy=c|$*(a-p+ MCAm) Pax. , (2.26) 


His — el ya Agar ; (Qizh 
and H’ represents the electron-electron, elec- 
tron-phonon and other interactions independent 
of the field A. It is clear that the current 
density (2.3) can be obtained as the functional 
derivative of H with respect to A: 


julx)= —cOH/dA (x) . 


The mean current density is then the func- 
tional derivative of the free energy: 


Ju(x)=TrGu(x) exp [—8A])/Tr(exp [— 8) 
=—coF/OA,(x) . (2.28) 


This expression was derived by Nakajima® 
in the non-relativistic case and the derivation 
in the relativistic case is much the same. 
Since, however, this current involves the in- 
finite contribution from the vacuum, the ac- 
tual current can be obtained by subtracting 
this contribution. Let F° be the free energy 
of the vacuum, then the mean current den- 
sity should be written as 


Julx)= —cd0/dAu(x) , (2.29) 
instead of (2.28), in terms of the corrected 
free energy 

O=F-—F°. 
(iv) Criterion for the occurrence of the Meis- 
sner-Ochsenfeld effect 


According to Schafroth® the mean current 
density Ju(x) in a weak magnetic field A(x) 
(in an arbitrary gauge) can be expressed by 
the equation 


Jue) =3s\ dx! Kinle—a VAs) ; 


Its Fourier transform is 
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Jig) = Xv Kul(QMAv@ - (2.30 
Assuming an isotropic system, gauge invari 
ance and continuity of current require Kyus( 
to take the form 


Ku(Q=(Cou—-uaK@® .« (2.31 

The M-O effect is established when K(q) 

a pole of order g-? at the origin, that is, whe; 

it has the form | 

K(qQ)=—Kog? + K+(@’) (2.32 

with Ky, a positive constant, and K,(q?), - 

regular function of qg?. Substituting (2.31) ani 

(2.32) in (2.30) and going back to the ordinar: 

space we have the London equation | 

curl J(x)=—K, B(x) , B(x)=curl A(x) , 

(2.4 

apart from an ordinarily negligible{{correctio 
term related to A;(q’). 


§3. Absence of the Meissner-Ochsenfel¢ 
Effect in a Free Electron Gas 


It is shown that the M-O effect cannot be 
established in a free electron gas even if th: 
motion of an electron is dealt with in thi 
relativistic theory. It is a well establishee 
fact in the non-relativistic case, and at firs 
sight it appears trivial in the relativistic theor: 
as well. But, as the calculations in this sec 
tion will show, the manner in which the M-€ 
effect disappears in the relativistic case is ver 
instructive and suggestive, and enables on 
to presume a type of electron-electron inte 
raction which is able to produce the M-€ 
effect. Before entering the actual calculatio: 
we should point out an important differenc 
between the relativistic and non-relativisti 
cases. The curent density in the former cas 
is expressed by a single term while that 1 
the latter consists of two terms, as indicate 
by eqs. (2.23) and (2.24). It is a well-know: 
fact that the vanishing of the M-O effec 
in the non-relativistic theory is due to th 
exact cancellation of the contributions fror 
these two terms in (2.24) (apart from highe 
order effects involving Landau’s diamagne 
tism). This sort of cancellation cannot occu 
in the relativistic case, because the expressio 
for current in the field contains only a sing] 
term in this case. This does not mean, how 
ever, that the relativistic treatment of a fre 
electron gas leads to the M-O effect. Th 
object of this section is to make this poir 
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clear. 1 1 
a eee here k’=k—- [ope plies * 
' The Hamiltonian for a free electron gas in aia : me et, 2% as polOre 
the magnetic field takes the form It follows immediately from (2.26) and (2.27) 
© A=H,+2,, if (2.17) is substituted in $(x). 
i "a reese We need to calculate the free energy to 
FDy= in Dec OA* A , (3.1) the second order of Hy in order to get the 
OT = —eV-U xd: Bee lire” . current linear in A. Putting H;=Has and 
? ee anes) Ae avoiding higher order terms in (2.14) we have 


«K ApS * aye) exp [¢q- 2x] . (3,2) F=F,+F,+F, ; (3.3) 


P= Haye = eV Dy Sal Pakslalts) A(X)KA,* a, Ye , (3.4) 
oi 1 p 
i CI am eV? Sk digDss'8” \ dh exp [A Exe? —Exr 9) | 
0 


x \\oxarw ws lalk’’s’’)- A(x)(k’'s” |alk’s’)- A(x’) 
x Cay Sage ag * ay) exp [ig-(x—x’)] . (3.5) 


It is first noted that Ff) and F; do not contribute to the current. Since it is evident for Fy, 
‘we need only to show it for F,. It can easily be shown that the summation with respect 
to s in (3.4) yields an odd function of k, use being made of the explicit values for the 
matrix elements of a@ given in the Appendix. In consequence, the right-hand side of (3.4) 
should vanish when the summation over k is performed. This happens in the respective 
contributions from the positive- and negative-energy states separately. It is concluded there- 
from that the F,-contribution of the vacuum and thus the corrected first-order free energy 
@, also vanish. Fy, is then the only term which might lead to a non-vanishing current. 
Making use of (2.18) and (2.19) we find 


Bp WAGID eas FO) 
Dp OF ay OO Ay MaDe EXP [A (En? Ex G)] = — ie ; de pe (3.6) 
; Ey) — Ey 


Substituting (3.6) in (8.5) gives 


Agi ae Pode) 
Ska 3) 3.7) 


F. = EXD ar 
2 2V2 Eyr 8) — Eger Dy 


where 


Pde a.2, s)= | dex! Ws |al’s) ACR Saik 9): A) exp lig-(x—x)).  (.8) 


According to the definition of the vacuum its F,-contribution is obtained by setting ficKP =f =0 
and f,2= 7, =1 in (3.7): 
1 


1 sy Pb gf, £- L, (3.9) 


Coe + - hs ae ale mi 
Fo =— 5 Su Dal SED PDS 8 ee eae 


where “i+ and Sy mean the summations on s=1,2 and 3, 4 respectively. Subtraction of 
(3.9) from (3.7) gives 


‘a TT. pS — fy") +S Pe fe Sl ee 
0,= Jo Dn Da] De Ce dss > S fe ee a PES as SS) antes 


Exr— Exe 
” , ’ 0) —f; nS") 
= y a” Fier 41 fer? _ = = fff Jes js Ios 
+ gig (By qd, Ss ? S ~ ee oe Sa ores q, Ss } S ) Ene — Exe 


- (3.10) 


4 preventer all singly and doubly primed wave numbers should be understood in an analogous way. 
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At ordinary temperatures we may put f,®=f;:=g,=1 with complete accuracy, and ther 
(3.10) becomes 


spy De Dial PD PU at pe 
| sia | 
+ \i— de wei Fur af st Fer 7 3 1 
BaP yl (k, q; Ss, s Jee rEye are Die (k, q; s , 52) eae ( * 


An important fact is that the corrected second-order free energy (3.11) can be obtained by 
putting f,©=f,=9,=0 in the corresponding uncorrected expression (3.7). | 


Substituting (3.11) in (2.29) we find, for the mean current density in the Fourier space, 


Jug) — Sv DaEFLIEAKS! lara S) (W'S a4, 1S VAY(Q) os 
2 eras ataleS”)(R'S eth SV ACQ) i : 

e Chel TT ST Shum 5 

— 0 Sv Daly DSW eels”) (KS Jeo |h's AM) a (3.12% 


As we are only concerned here with the Meissner-Ochsenfeld effect and not with other mag: 
netic effects generally small compared with it, it is sufficient to calculate the right-hand side 
of (3.12) in the limit of small g as discussed by Schafroth®. 

We now consider successively each term in (3.12). In the first term, s’<s’’ does not com! 
tribute in the limit q—0 as easily confirmed making use of the explicit values of (k’s’ |ay|k’s’” 
in the Appendix. For s’=s’’ we have easily, for q-0, 

_ 2c? x. Iuky Of, 


Diy uk 


bi Q 
7 ba 96, @ - (3.18) 


The summand for vss vanishes after the summation over k because it is an odd functior 
with respect to ky and ky. When the summation over k is replaced by integration, it is 
easy to show for v=y, by integration by parts, 

_ 20@°h? 2 Ofe 


se Aga A 


Vite a 08k V oo 


ERC PSE NEE 


Ex? 


We now consider the second term in (3.12). As the matrix elements of @, listed in Table 
II of the Appendix are not symmetrical in 4, the calculations are difficult to be carried out 
without specifying 4. Taking “= and applying the values in Table II together with (A.2 
and (A.3) of the Appendix, we have for q-0 


see As(@{Su— —Nak+ iN ghsky)(1 Nik —iNidey) J fe gt Dah, os a eas 
Ex 

In this expression, the first term in { } comes from 1224 and 223 and the second from 12% 

and 2724*. In both terms the non-vanishing contributions have only come from the case yp=yv=2 

The expression (3.15) can be further simplified by applying (2.8) and considering the defini 

tion of Nz in (A.2). One finds 


(1—Nik2?+¢Nikeky)(1—Nyk2?—iNiR2ky) 
200k? —_c*h*(Rat+Re*hy)_, Chk? chthkhy? 


Ex(me2+Ex)  &42(me?+€;)? Ei? Exe? Ge) 


According to this, (3.15) becomes 


* We mean the scattering s’=1, s’’=4 or s'=4, s'’=1 by simply writting 124 or 421. 
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al ce” 7 Sic Lt CHR? 
y Alay ea E( 1 SRE) | (3.16) 
We have similar results for v= y and z. 


_ Now consider the third term in (3.12). It is an easy matter to show that its contribution 
is equal to that of the second term. This is guaranteed by the relation 


De KS latulk’’s s/\Kk's | Oey eS a te ale sae AK’s’ \aulk’’s es) Vk’ Ss \atu |k’s’) Seer : 
ores 
‘which holds for any » in the limit g>0. See Table II in the Appendix. 


The sum of the second and third terms is thus equal to just twice the value given by 
(3.16) with x replaced by yu: 


_ 2ce* fel, CR 
AOS Bila es). (3.17) 


‘The right-hand side of (3.12), which is the sum of (3.14) and (3.17), has then to vanish in 
the limit g-0, and this means 


| Julq)=9 


in the same limit. This is the same result that obtained according to the usual non-relativistic 

theory, and means the absence of the M-O effect in a free electron gas. Note that the 
result is relativistically exact as we have not used any non-relativistic approximation. We 
‘should note further that the contribution in the first term of (3.12) comes from the virtual 
transitions between the electronic states with spins parallel while the main contribution in 
the second and third terms comes from those between the states with spins antiparallel to 
each other. Considering that the latter contribution is diamagnetic, we can presume that a 
spin-dependent electron-electron interaction can produce a diamagnetic current if it favours 
the antiparallel spin orientation of interacting electrons. This is just the conclusion reached 
in the earlier argument* by the author on the same reason as mentioned here. 


$4. A Special Type of Electron-Electron Interaction which Produces the Meissner- 
Ochsenfeld Effect : 
As suggested in §1 and at the end of §3 we introduce a special type of electron-electron 
interaction of the form** 


Un =€?81- 82/7 , (4.1) 


where s, and s, are the spin angular momenta belonging respectively to each interacting 
electron, measured in the unit #. They are related to the spin matrices o; and a by eq. 
(2.11). 7 is a distance between interacting electrons. Choice is made of the special form 
(4.1) according to the following considerations. Firstly, we require the scalar product of the 
spin angular momenta as a factor, in order to secure the property that the interaction lowers 
the energy of the state with antiparallel spin orientation. Secondly, the 7-!-dependence is 
introduced to obtain the required singularity of the kernel K(q) in (2.31), as discussed there. 
Finally, the analogy with the magnetic interaction 


Ca, * A>|7 (4.2) 


is considered. This is the Coulomb interaction multiplied by the product of velocities mea- 
‘sured in the unit of the light velocity c, the universal unit of velocity. The proposed ex- 


* Footnote on p. 587. 
** This interaction is not Lorentz invariant. 


ant interaction. 


It is to be considered as a part of some Lorentz invari- 
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pression (4.1) has a resemblance to this in the sense that it is the Coulomb interaction mul- 
tiplied: by the product of spin angular momenta measured in #, the universal unit of angula 
momentum. We shall show in this section that the interaction (4.1) brings upon the Meissner- 
Ochsenfeld effect of the correct order of magnitude. 

Write the Hamiltonian of the system in a magnetic field as 


| 
H= Hy +H, , y= fla Te (4.3y 


Here Hy is given by (3.2) and. Hy by | 


7 2 k’s’ Co | FRESE m GET CG Lets , wr wt , : 
oe 7 Says i ais lel Jay ag ay CGO , (4.4) 


For convenience o is used in place of s. | 
The free energy should be calculated to the first order of Hy and to the second order of 


H,. The expansion theorem (2.14) gives 


F=F)+F,4F,4+F; , 


ie Hive Bye (4.5) 
po 5 8(Hada+< Hye) ; | aX (Hs Q)+ Ha) Hat Ha) (4.6) 
Py BAC Haye + Hye) 5 ACHde + Hue) da (Hal 2)+ Hal 2) Hat Hu) 

+5) a% | daa He )+ Hea &)\(Ea(2a) + H(A) Hat Ho)do (4.2) 


In the above equations <H.>g should vanish as discussed in §3. After dropping all the: 
terms independent of A as well as those equal to zero, we are left with 


il B 1 nN 8 _ 

Pr=— | di H(A)Haye— 5 KH >| GRE ate ar, | Dds H(A) His) Hae , 
0 0 Y% Jo 0 

(4.8) 


where >’; means the summation over all different permutations of suffixes to H. We have 
here dropped terms of orders Hw?, Hy* and H3 as we are not concerned with these higher 
order terms. As concerns the first term on the right-hand side of (4.8), we have already 
developed a detailed discussion in §3 and have shown that it has nothing to do with the 
M-O effect. We are thus left with 


ihre x 8 \ 
Fy =— 9 Hu | G2. H4(A)Hyys+ : | ars CTCL ERY ROOTES. : (4.9)* 
0 0 0 


It is convenient to write 
Fy =Fyot+FuitF uth us , (4.10) 


where F'yo stands for the first term in (4.9), and Fy;, Fv. and Fw3 correspond to the permu- 
tations MAA, AMA and AAM respectively in the second term. Using (2.15), (3.2) and (4.4) 
and performing integrations with respect to 2, and 24, in the last three terms give 


* The first term on the right-hand side vanishes for the particular interaction (4.1) because <Hu dg 


vanishes in this case. This term is formally included here in order to apply in §5 the expression for 
the current derived in this section also to the case where this term does not vanish. We should note 
that the corrected free energy corresponding to this term does not vanish in the general case where 
the statistical average of the perturbative Hamiltonian due to interaction does not disappear, 
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- where 


| with 
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Fy ales ue 


ik 


aya a Deu Eee SO 2 @ ~ |k-T? 


Vines lolk’’s’’)-(Ut” alt’) 


. | arxaa (k's |alk')-AWWVUE ait”) Aw) exp tg ee Per ye), a 


Gm | RL Beet Salle hE BOsl = by. exp l 8 et de) oa) ol B= 


0,(01 +02) 5,0. d+) — . 6,0; 
XA aS aye ay ay QV ay OO QU g (4.12) 
Oy = Ep OI — Ee) Dy = ED — Ep") , (4.13) 
ane Sear -B0,J|—1  exp[Pd.J— 1 exp [— pos|—1 “exp ae 
8,(0; +02) 0,(0,+ 62) 62(0,+ 0.) 0,(0,+ 6) 
x Cay Fay ay apo ay Kay Oar * ay Og , (4.14) 
Ora aE Ss exp [80,)—1 exp [8(0,+0,)]—1 BEeXD lanl 
— 00(0, +02) 0,0, 6,(0,+ 02) 0,0, 
x Cag ay ay ¥ ay ay * ayn ay @*ay Og , (4.15) 


Fyre concerns those processes, in which Hy» scatters electrons initially in k’- and l’’-states 
into l’’- and k’-states respectively, initial and final states of the system being thus identical. 
Fyre contributes a regular term to the kernel K(qg) at g=0 and has nothing to do with the 
M-O effect. Faro also yields no required singularity in the kernel, as clearly seen from the 
appearence. The 1/|kK—J|? term, reqular in g, can be shown to vanish in the limit g—0 
when combined with the last two terms, Fu, and Fyre, as required by gauge invariance™. 
Making use of the definition (2.16) and of the invariance property of the trace of a product 
- with respect to the cyclic change in the order of factors, gives the following equations: 


Lay ay ay ay aq Fay aye *ay yg 
=exp [Bd.|ap@?* ap? ay Fag ay ap O ap * ay g 


SS exp [B(e, + 02) | ape Fay ay Fay age ag ap apg 4 (4. 16) 


With this one obtains 


Ti Qe=3 exp [—(0,+6:)]—1 , exp[—A(4.+0,)]—1_exp[—80,]—-1_ exp [—89:] =] 
ad 8,(8;-+6s) 5.8; +42) 3,8, 5,0, 
x fee (1 foe) fir O(1 — es 
_ (exp [—B0,]—D(exp [— f00) he (1 — fpr) fir C1 — fre?) 
005 : 
eegene trl Ak ge ie (4.17) 


= 3 5 OD Eqn Ey Ey ey 


Substituting this in (4.11) gives 


Salk AUC a EC) fr fe OO fo Sf? 
fos = FESS Deere’ g Ey 9 — Ege) Ey — Eye 


x [areca (e’salh’s’)- ACHE Halt’) A) exp [¢q:(x—x’)] . (4,18) 


To obtain the corrected free energy 21, we should take all f®’s and f®’s in (4.18) as 


* See Schafroth”. 
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equal to 0 as explained in §3*. Write, for convenience, 
Riss(k, qe q, s CC ae ee if = (k’ s ‘\oilk’s’ Ut \65|\UL \(k’’s etalk SME Flak. 64) ; (4.19) | 


then, by applying (2.28) to the corrected free energy 9 and taking the Fourier transform, 
one gets the mean current density in the form 


Julg) = dSvKuw(MAv@q) , 


Ku(M= i Te : 5 kts | die 13? rai rte Ruy"? 


fefur Sefer 
ate tee 


ni: ON at pee od ee eee 
” CR y? 3 x ‘ “tf vs” is (AR y? 
they ee a ba Exr—Exr Ev t&yr 2 : zi ; Exr— Exe Ee + Eur 


a ee Sees SS 
Rare AS > eae oR ee % 
Sar t/t a wy ai: Se Ey — Ey the rae 2s D Exe t+ Exer Ey —Eqn 


Fer tie = ‘4 Teer Ww 
Winey Dae ga kt = Triste. 
Fae Se Rey Ex? re Ev t+ Eyer Fae 2s Rey Exp t€xr Ev +Eyr 


ae See Si = Pi Ser Se + 
+ rr Dopey py ————— - LAND re cee ; 4.20 
tei Dar Ruy SS SOE» SAR se tsi Bir Ruy 64-8 be eee a 


where Ry) is the abbreviation of (4.19) for z=7. Note that Ru’ is a function of s’, s’, ¢ 
and 7’. For the sake of convenience we write 


4 
Kw(q)=— 6 = 1 Abe (4.21) 
where Au,, Auv*, +++, and Ax? stand for the first, second, ---, and nineth terms respectively 
on the right-hand side of (4.20) apart from a trivial factor —zce*/(Vq)?. 

In order to study the M-O effect it is sufficient to look for the values of 4A,,§’s to the 
order of g? in the limit of small g. The calculations are elaborate but can be performed in 
a straight-forward way by applying the explicit values of matrix elements listed in Table II 
of the Appendix. We should note that the evaluation of Ky.(qg) can be restricted to a single 
case “4=v=2 because the values for the other cases can readily be obtained according to the 
symmetry property of the kernel as mentioned in § 2, (iv). 

In the first place, we consider Azz! in which all the virtual transitions involved are those 
between positive-energy states. It is sufficient in this section to use approximate values 
correct to the first order of q. for all the matrix elements. Note that (fi-—Si)/(€x—Ex-) is 
an even function of k, then one obtains 


aoe =E43S2 Susy, (WS |as\k’S") x (WS laalWs) 2 FED} 
Cabs 


x] Ee DEt SOR OEP ECE lal Sg =o (4,22) 
ee 

where the (+) or (—) symbol attached to the matrix element means that the expression 

designates its even or odd part as a function of k, and iz means the summation on’ both 

pairs of double signs. Applying the list in the Appendix together with (A.2) and (A.3) we 

have the following results which are correct to the first order of qu: 


Dit Die ege S le71 hs”). (ks leaks) Surfer 
Exe —Eqer 


iD Nekeke( —KiQu-+ 2Lekeok-q) + KiNeke(heQy— hvg.)} 250 
k 


> J=2,, 


— > AGN: ees +NiRy*k:z 2\qz - ote J=y ) (4.23) 
k 


—t>,AG{1-— 2Nxky? +NiPRy?(Re? +k,? aya ee 


This procedure corresponds to the subtraction from (4.18) of the sum of the free energies belong- 
ing to those cases where either k- or l- or both electrons belong to the vacuum. 


* 
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Sone DDD sae: (k’s’|a;|k’’s Kaye (k's! |ae |k’s ‘as Tea te 


Eur — Eger 
t>inNrkyke(Kug:—2Lik-k- ie oe : f= i, 
Ex 
~ 8S Ki{1—Ni(he? +2h.2) + Ni2h.2(he? +R?) de Ae Ee San (4.24) 
EDA KN hyde oe 5 j=z2, 


where >'{_,, means the summation on pairs, (1, 1) and *(2, 2),"and Ss ,y, the summation on 
pairs, (1, 2) and (2,1). Combining (4.23) and (4.24) gives 


Dit Dak dugg (KS |o5|k' Ss’) 4 (KS |ate| K's’) 4 Sir Sur 


Cone: 
ue J=Y , 
22> rK(1—2N,k2 + N;7k?k,”) of : V=@ 
= k 
—iqy Sa K(1—2N hey? + Ni2h*hy?) She eases 
k 
0 ? =o ’ 
: OS; ; 
z EG ——— = 
_ 2Qz dinKily BE.’ G= 9 - (4.25) 
; 7) : 
~idy SaKiele go ; I= es, 
where 
2 in LAT 1 chk? 
== ING A= 
i=1 3 Nk? + 3 Ne WI 3 2 (4.26) 


Inserting (4.25) into the first brackets on the right-hand side of (4.22) and applying the same 
expression with Z and —q to the second brackets, we get 


Ave! = (Qe? +42) ZnKele Fe Suki Ohi 


Of) ; 
BE, = (dy? +z 2)( Sake 0g 3) (4.27) 


Note that the second term in the last expression of (4.26) is a small quantity usually 
negligible compared to 1 for the conduction electrons in a metal. This is clearly seen from 
the estimate 


ZOE RYE. ~ (jc)? S10-* . (4.28) 


It is also obvious that this term should be interpreted as the usual relativistic correction. 
We now proceed to the discussion of the next four terms, Ar2?>~Azx*, in (4.21). They all 
involve two kinds of virtual processes, of which one scatters the electron between positive- 
energy states and the other between positive- and negative-energy states. The details of 
calculation will be described only for the second term, 4z:?, because from this result those 
for the other three can be easily derived and shown to equal it. 
Note that 


Qz|K'S’) x 


See 


Aest= Dis} Sis Dade AWS ||’) (WS ame 


x eT lel LUE aa lt L")- ate : (4.29) 
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The first brackets have already been dealt with, so the second alone are to be worked out. 
The second brackets can be divided into two parts: 


—(ylyr 74s vy! ST tt Nita 
Deda UE a LE) UE art teeeee | 
1 Yr a aaa futher 
= DsLEE EW loll) Ut aE 2 ge | 
i s Sate: ppm Sede | 
+5 us ie Se Ne Fs Ce lel Ee Ae , (4.30) 


As the first brackets in (4.29) have no zeroth order term of gx, calculations in the first order of ; 
Qu are sufficient for the second brackets. We are then allowed to use the following approxi- 
mations: 


tutte is ti - tur—fe a Ff Of: - , Ke 29H, 4 31 
Ev ty &’ Evt+Eyr 2Er OE, a te 0€, ( ) 
in which the neglected terms are those of the second and higher orders of qu. 

Making use again of the explicit values in Table II of the Appendix for treating the 
right-hand side of (4.30) we have 


Dude’, )=C,3), an (Ut lo UE YUY ae |l't S48 
0 ? J=% , 
SS0 Gs : 9 222K: Nuz7l? 2 Of : I= (4.32) 
OE, 
Ox 72a 


In the derivation of this result, it proves that the contribution from the first term on the 
right-hand side of (4.30) vanishes on account of the cancellation of those terms due to 
(?, #)=(1, 3) and (2, 4) respectively. Similarly we obtain 


seyret says yary lweeuase fi 
DwdDe7t7=4,.4,0,3) Ut” os UE )UE allt’) Sy & 

| 0 paca 
. = , of : 

ig. > Ka(1—Nil1 oF ate 

A a Ye i cae aS J (4.33) 

1 mg bh 5 

| 9 WUKily 08,” j=2 


Only the second term in (4.30) gives again non-vanishing contributions. Combining (4.32) 
and (4.33) results in 


VUE Tee lol) Ce aelwe) 


Sy-E 
‘se meen DV j=z, 
#48 On : 
= z K,31, SC —— - 
aa ie (4.34) 
Pe eee 
9 1Qy ily dE,” J=zZ 


Substituting (4.25) and (4.34) in (4.29), with 72 or 1,2 in (4.34) replaced by 72/3, gives 


Of. 0 
Ae AC 4-42) Sukh Ke? ae a (4.35) 


i 
j 
{ 
{ 
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It is shown that the same result can be obtained for Aze>?, Azex* and Azz®. To show this 


for Az:*, note that this term is obtained if one interchanges ¢’ with 7” and Sv with fi~ in 


(4.30) and uses this result for the second factor on the right-hand side of (4.29). On the 
_ other hand, it is easily seen with the use of the table in the Appendix that the left-hand 
sides ot (4.32) and (4.33) and, in consequence, that of (4.30) retain their original values for 
_the simultaneous interchanges #2?’ and Svafir. This means that 4,23 can also be given 


by the right-hand side of (4.35). The same is true for Age! and Azz, because they are 
obtained respectively merely by interchanging k and J in the expressions for A,,? and Azz3. 
| We now proceed to the evaluation of the last four terms, Arz°~Ae2?. The virtual transi- 
tions involved are all those between positive- and negative-energy states. Applying (4.34) 
we readily obtain 


Aae= Es} Ea Dp TAKS asks” (HS eel k's) oe 
Pe 1g 


Vays y// iM eG hv 
x ee (Ca UIVUE \az f : 
{DBE Lee ee, wewwe ladle), | 


Se 1 2 2 3 3B272 Of Oh 
36 (Qi? +42") Sih Kirk7l O&, OE, (4.36) 


All the four terms Az2°~Azz* have the same contribution, as obvious from the argument 


_ developed in the discussion of the preceding terms. 


Introducing (4.27), (4.35) and (4.36) into (4.21) with consideration of Az2?= Are?= Ace! = Axx? 
Paes. = Aer — Aen —=Axe, We have 


Kedl@Q)=(@' +42) Ku(@ , (4.37) 
meet 1 Of? 
Ku(Q= eta ma eee aa 
1 © OS; G\? 
= 3 SKE Kehke+K 2d?) oe oh ag (Sake os 5) } (4.38) 


According to the general discussion of the kernel described in § 2, (iv), we have by inspec- 
tion, as the final result, 


KwhQ)=(POuv— Gud) Ka) 5 (4.39) 


with Ky(q) given by (4.33). The result obtained here is exact in the sense that our treat- 
ment does not involve any approximation to be allowed only for (w/c)?*<1. The second and 
third terms in the curly brackets of (4.38) provide respectively at most the first and second 
order relativistic corrections, in the ordinary sense, to the first term. These correction 
terms are, of course, of little importance for the conduction electrons in a metal as (w/c)?<1 
for these electrons. It might be argued that these terms could be discarded from the 
beginning by reason of their little importance in order to dispense with laborious calcula- 
tions. In this connection, however, we should note that similar terms involving virtual 
transitions between positive- and negative-energy states are sometimes of the same impor- 
tance as those involving only transitions among positive-energy states. It was the case, for 
instance, for a free electron gas discussed in §3. Another example of such a case is that 
of the magnetic interaction which will be discussed in § 5. Thus, we have no right without 
calculation to regard those terms as small corrections. 

In the present case, we can neglect in practice all the relativistic correction terms in 
(4.38). We can thus neglect the second and third terms in the curly brackets and further 


use the following approximations: 
jill? Ki,=h/me ; E,= me?2+(h?k?/2m) , 


and 
Fu= (exp [B(W?R?/2m)—BO|+1)~*. 
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Assuming temperatures sufficiently low compared with the degeneracy temperature and negy 
lecting small temperature-dependent terms, we get 


1/3 ai 
SiphiiieDiisSa ( f) (4.40) 


O& 2nch\ x 


were n is the number of electrons per volume. Introducing (4.40) into (4.38) and neglecting 
all the correction terms, we have, for the singular part of the kernel, 


Ku(Q=—-Ki/¢ , (4.4) 


1/3 \2/3 n2/3¢4 au 
SSeS = tee. 4.42 
is re Te ) Ci \ ‘ 


As discussed in § 2, (iv) the kernel given by (4.41) and (4.42) leads to the London equatioa 
of the form (2.33). It is of great interest that the expression for Ay obtained here has; 
quite a different form from that derived according to the London theory, 1.e. 


Ky=ne?/mc , (4.49) 


while the order of magnitude is the same in both cases. 

In order to examine the order of magnitude of the Meissner-Ochsenfeld effect to be ex-- 
pected in the present theory, it is convenient to derive the penetration depth of the field! 
and to compare it with that obtained in the experiment on actual superconductors. As well! 
known, the penetration depth, 2, is related to the constant Ky by the equation 


A=(c/4nxKo)¥? . (4.44) | 
From (4.42) and (4.44) the penetration depth according to the present model becomes 
A= (x/3)"3(C2h?/n2e*)1/2 . (4.45) 
Inserting (4.43) into (4.44) gives the penetration depth in the London theory: 
Ar=(1/47)/2(mc?/ne?)¥2 | (4.46) 


In Table I the theoretical values of 2 according to (4.45) and (4.46) assuming one electron 
per atom are listed for several elements and compared with the experimental values ex- 
trapolated to the absolute zero of temperature. We should note that the penetration depth 


Table I. Theoretical values of 4 assuming one electron per atom and experimental 
values at T=O0°K taken from D. Shoenberg: Superconductivity 2. ed. (1952) 188. 


Element In Sn Hg Pb 

"The present theory: Eq. (450) 41 4.2 3.9 43 
Ax 108 cm The London theory: Eq. (4.51) » 2.7 2.8 2.5 2.9 
Peceriens IRS re | 6.4 Daw 4.1 Sy) 


given by (4.45) is to be considered as giving the value at the absolute zero of temperature. 
The temperature variation will be discussed in Part II. It is rather surprising that (4.45) gets 
so good agreement with experiment, in view of the fact that the interaction (4.41) on which 
the whole theory is based has never been introduced in a quantitatively unambiguous way. 

We have shown that the interaction (4.1) produces the M-O effect, but this is not the 
only one to bring upon this effect. The interaction of the form 


u =(8°1r)(s.-n)/7? (r=xX2.—X)) (4.47) 


can be shown to have the same effect as (4.1). As simple mathematics shows, the perturba- 
tive term in the Hamiltonian due to this interaction is 


: . Electron-Electron Interaction and Superconductivity. I 601 


IL) ; 
| Hw'= Te yt ake ye Salk’) Uae) 


ey. ‘lo-q|k’s Wee: fee) A Kay ayhi Gy? (4.48) 


As we are considering the current linear in Hy’, the currents arising from separate terms 
‘in Ay’ are additive. The first term in { } on the right-hand side of (4.48) is identical to 
(4.4) and accordingly leads to the same M-O effect as already described. Only the second 
‘term in (4.48) is thus to be discussed here. The mean current density to be expected from 
this part of interaction is given, apart from a numerical factor, by replacing Ry) in (4.20) 
with 

Rw (k,l, gq, 8, 8", U, €=(qias PKS loi lk UE ao U1 )(K 8” aul k's’ UL lay|U/’) (4.49) 


‘and summing over z. The quantity corresponding to A,,£ in (4.21) is designated by the same 
‘symbol with a prime. We are again confined to the calculation for the case w=y=x. We 
have then 


A sexe” =q- * Sides] Sa Diby ARS louk’’S (K's leeks ‘) — 


x {Ede AE EA OCC ME taal IE) ee ; (4.50) 


, a , 
Aga” Aen Aza* Azz? 


=4* Des auds| Sa Shy (Spiddal ts) TE 


+ - Sf ass ’ ae VA Loe Vie Sf gl Si ! 4 51 
6 pat Ela E YUE a) Pe > ol) 


, , 27 ge 
Azz® Ales! Aileeps® AA eps 


= Diss} Dads Es (k’s’|oi|k’'s’’)(k’’s’’ |az|k’s’) 


tier } 
Eg +Exe J 


re —(WV/4// 7 tI\ (Wf! JT IT tr 
| BBP Del Ua sUE KEE alt") I L. (4.52) 


Note that 


duds] Sa Diy AWS ou] \de'S etalk’ s’) ae 


fe fr ) 
Ey—Ey J 


UF (Ot j—2) 


| BDz pita NONE y( UY jae |W Lt’) 


Of: ies Senge 
(Sikeh AYS sy QQ? ’ Ul Ole (4.53) 


— (Dekel; yh Qi? 4, J=¥ Of 2, t=), 


4 IT ofl We male Peep Se —Suer 
duds} Sa Dy ARS au RS URS al) gee 


a PAPA be iif 2 f 4s PLE Sf pts tur 
x {Eas Ta i ast \UE ast") 6 


Oi, or j=, 
i 0 0 2 ee ae 
a ghee KEP ae ms y?Qz , C=] Y Or Zz, (4,54) 


p Of Of 


i . coli til lned. Lanenas 
ie Shr LE? aE, OE; Qy’ae ; Z,j=Y OY 2; 17, 


| 
| 
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and 


aa Set Shs \olk SOs |az|K’S’) Sur } 


ELS? 
x {DED osWE UE naltt) — | 
. ; t OL —=25 
* ag KE Ke? ait k ei Pe ame aa dd 
ri LK EKER Of aoe Qy?Q2" , £, FY OF 27 fej: 


The derivations of these results are achieved by applying (4.25) and (4.34). 

Substitution of (4.53), (4.54) and (4.55) in (4.50), (4.51) and (4.52) respectively reveals tha 
all the Az2&’s vanish. This means that the kernel K;,2(q) and, in consequence, Kuy(q, 
vanish for the second part of Hx’ in (4.48) in the limit g>0. The current then arises oniy 
from the first part, which is identical to the interaction (4.4). It is thus concluded that the 
interactions Uy, and Uy’ give exactly the same Meissner-Ochsenfeld effect and that any 
linear combination of them, i.e. @Uy+6Un’, brings on the M-O effect of the correct orde: 
of magnitude provided that @+6 is a positive number of order 1. 


$5. The Known Type of Interaction 


According to Breit, the interaction energy between two moving electrons is given, in the 
order of (v/c)?, b 


2 2 02 “ry 
Uz=~ ~~ aya ape nt= UsitUsu+U zi , (9.1) 


where the first and third terms represent the retarded Coulomb interaction and the seconc 
term the magnetic interaction. The Hamiltonian of the system of electrons interacting eack 
other with this type of interaction is given by 


H=H)t+Hit HAs ) 
where Ay is the preturbation due to the magnetic field and 


Ay = Ay t+ Aen + Aeris ’ 


TOP Ce Ae a OY: nyse 
a= V2 DintQug Duss? : es ese) Ap Fae QO O* Gy OY) , (5.2) 
‘YUE alt! ¥ y i A 
Asrn=— Oe SHS Se nd ie ie iy al ay ap ay ay) , (5.3 
(k k’s'\a- KS VE Fe a: VE 
Hon = Li Hse egltgrtre —— q| gf | q| ) ays aye aay tay . (5.4 


The object of this section is to show that none of the three parts of H, exhibits the M-C 
effect even if the relativistic theory of an electron is applied. 


(i) The Coulomb interaction, Hy, 


In order to obtain the mean current density in this case (apart from a trivial numerica 
factor) we replace 31j;R,,%5 in (4.20) by 


Rouse. LE q, Ss Sie eS US (KS RS VUE WE KS” lau lk’ s UL lay |W”) , (5.5 


The equation obtained will be designated as (4.20’). It is again sufficient to evaluate Kusq 
only for the case w=y=z, 
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} : ee 
Applying the explicit values of the matrix elements in Table II of the Appendix, we can 
asily verify the following equations: 


Dae ae SKS) (RS cael hs?) Ie , 
Bee 
(5.6) 


Saggy SK’) ks az|k’s’) f Petey. 


Kr — Eg 


Chis implies that the first five terms on the right-hand side of (4.20’) vanish. We have 
urther 


Sy See I ee Ges ais a VEG St 
Lt BAU UWE age) I 


bel Nal at —(VIVINW I Sa PER iinet 7 
=p Sa DE DAC WEE ae 2 PE 6.1) 


SSC Eh alte fv 
DPT ae | Ut’) Ut’ |ae| ee ay 


il a AAA aa ATT, fu the 
— 2 DYE PS PPP Ie is \Ut NE laz|L is pe ae 5 (5.8) 


IRE a geil ma 


t is easy to show that the non-vanishing terms in (5.7) are just equal to the non-vanishing 
erms in (5.8) with opposite sign. This implies that the sixth and eighth terms in (4.20’) 
sancel the seventh and nineth terms respectively. 

It is thus confirmed that the right-hand side of (4.20’) vanishes and that the M-O effect 
loes not occur for the Coulomb interaction. 


li) The magnetic interaction, Herz 
Since the exact calculation is very troublesome for this interaction, only the zeroth order 
erms of gq, are evaluated exactly in the relativistic sense and the terms of order guqy are 
evaluated in the approximation neglecting all the relativistic (in the ordinary sense) correc- 
jons. As will be seen, the calculation in the present approximation is sufficient to show 
hat the magnetic interaction cannot be considered to produce superconductivity. 

The kernel K,,(q) for this interaction can be obtained (apart from a trivial numerical 
actor) when Ru,’ in (4.20) is replaced by the quantity 


Ryuyi(k, 1, qd, Se SA i UV=Kh'Ss lay SOME ag UL S alk’ SOUL lay Ue”) 7 (5.9) 


[The equation thus obtained will be quoted as (4.20) and, corresponding to A,,é in (4.21), 
ve introduce A,yi’. The calculations are restricted to the case w=v=ca. 
We first consider 


ees Re Ie (5.10) 
Alesse DE Pap ar $ D5 t bo ar. Breas 
t is insufficient for the present purpose to evaluate the expression 


Dadizg (KS |as| k's”) (k'S” |@e|k’s’) rae (5.11) 
oh eae 


nerely in the first order of g, as in the preceding section. It is necessary to take further 
the second order terms of q, into account, because (5.11) has non-vanishing zeroth order 
erms of g, and the current consists of the products of two expressions of this type. Using 
he values of matrix elements in the Appendix we obtain the following results correct in the 
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604 Ziro MIKURA (Vol. | 


ie 


Sadi (k's lanlk’s’) es” |azlk’s’) ee 


Da] 2M, qQyk22+2Lk, gy ly? +k2) +5 BX, Q)(Qu? +42”) 


—2K(k, Lik, gk-a} Te" jae, | 
- Daf 5 Kk, q)(dedu + GeQ2) + 2L°0k, q)(Reekey + Beaks) G.| 
—K(k, Lk, aik.a. kea)| Je , Fas | 

Takk, Lk, a) (bate + hae) Ee jaz. 


We have to consider here (fy-—Sk)/(Ex-—Ex) in the second order with respect to gu, becau 
the brackets preceding this quantity contain a zeroth order term in q, for j7=z. Substitutt 


(Fir — Fer?) | (Exe — Ex”) = (OF /OEx) + Ok, @) ; (G. 
CWE O02 fi ctht( k- -q) 03 fie a 


se ) 


8E, O&2 246.2 0&3’ 


o(k, qg)= 


in (5.12) and using the results, we have 


+ fe—Sur 
y ral Ree de 
TK 7 §/ St 1t/ J foe Ey — Cie 
2 2 Of; Of, 2 Of Of 
4S wh PR? ee Ee @ OE, 0, + PKR? +1,’ Ay Dy +q2" OE, 0€, 
0 : 
= +4 Da KePK hatte oll q) Fit ok, q sey TZ» (5.1 
0, j=, 
0, dingk 


We should note that the second and third terms on the right-hand side are of order Udy a 
of the same order with respect to (v/c)?, and further that the g.qv-terms of still high 
orders in (v/c)? are all neglected. Introducing this result into (5.10) and using 


Of. 2H2b 2 
DaKithse pat= — Sx(1— ERE) ST 6.1 
give 


fh 


Aes!” =4S alee Et! 4 SK? 1} (Qy?+ 92) + 2katolk, ohn. (6.1 


We proceed now to the next four terms on the right-hand side of (4.20). It is an ee 
matter to show that these four terms are equal to each other. We thus evaluate only t 
second term. We should note first 


See begiligibatic.: Sv: 


ieee 
SNA eer + NG, ala ehta| Leese jay 
3 C0 J=Y, (5.1 
gl MN (Le haa. oe , juz, 


Ub 
i alae 
PN MAAN 5 Pe haa. 


dl the g-dependent terms in (5.18) and (5.19). 
A.2) and (A.3), 


Dp he LAE VE lan|U/t/’)- 


DW fi/Ex ’ 


where J; is given by (4.26) with k replaced by J. 


, wt 
Aig = Azz? = 


= 23 ukielfhee + at-+arl of OF al, ale 


= —22d eli 


e.g 


Now we consider the last four terms in 
4.20’). It is also easy to see that these four 
erms are equal to each other. The q-depen- 
lent terms in (5.18) and (5.19) can be neglec- 
ed also in this case on account of the same 
eason as mentioned in the discussion preced- 
ng eq. (5.20). Then applying (5.20) twice 
yives 

ee = Are = Ang? (= Ane 


= DM ig yr Dag Ree! 


= Sadili fi filEn€E: . 
trom (5.17), (5.21) and (5.22) it follows 
DSeAeet”=0. 
This result means that Ky,,(q) vanishes ex- 
.ctly with respect to the zeroth order term 


n q. and approximately with respect to the 
econd order term. The approximation we 


- Ser fr 
Ey tener Evie 


(5.22) 
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Sie Wy 
Ey t Ey 
emer Uren (5.19) 
UF 
fir +h j=z 
"Ep Ey , 


t is then easily seen that all the quqg,-terms on the right-hand side of (5.18) and (5.19), when 
‘aultiplied by the right-hand side of (5.12) with the same j, provide at most small quantities 
f order (v/c)? compared with the largest guq,-term in (5.15). 
recond term of (4.20’’) in the same approximation as in the case of the first, we can neglect 


Accordingly in evaluating the 


From these equations we have then, using 


Sy 
Ey Ey 
ju ’ 
, (5.20) 
jHz , 
From (5.12) and (5.19) we get 
eT tte 
Exr—Equ Ey teEy 
ti 
(GAWD 


L 


have used leaves the possibility of the M-O 
effect with 


Ku(q= —(Duy—Quqr/q?)Ko’’ , 
Fale Naw ste Sy Kr 2K 7k? 


(Js 
c 
where K, is the constant given by (4.42). 
(Compare the expression in the middle of the 
second line in (5.23) with the main contribu- 
tion in (4.38).) Since the order of magnitude 
of this Ky gave a very nice correspondence 
to that required from experiment, we can 
say that the magnetic interaction never leads 
to the M-O effect larger than 10-® times that 
observed in superconductors and, in consequ- 
ence, that it is never be responsible for super- 
conductivity, at least, of real metals. 


Of: Of 
O&x OF; 


(5.23) 
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The interaction term arising Srom the 
retardation effect in the Coulomb force, 
Farr 


In order to obtain K,,(q) belonging to this 
interaction, the Ruz,’ in (4.20) should be re- 
placed by 

DiRuy i(k, I, q; Se at. ts, Yi4) 
=D(qigs GK alk’ s’ Ut’ aU) 
KS lak SEERA IE T ).. (5.24) 


(111) 


We need to carry out the actual calculation 
only for the case z=vy=z. The sum of the 
contributions from Rzz‘) with 7=j should give 
the same kernel as obtained for the magnetic 
interaction described in (ii) of this section, 
apart from a factor q,?/g?, and, in consequ- 
ence, it vanishes to the same degree of ap- 
proximation as adopted there. We have now 
to investigate the contributions from Ruy,’J 
with zj in the same approximation. For 
this purpose, the g-dependent terms in (5.18) 
and (5.19) can be again neglected and the ap- 
proximate result (5.20) can be applied. From 
(5.12) and (5.20) it is obvious that the non- 
vanishing contribution for 7*j might only 
arise in the two cases: 7=y, j=a and t=2, 
j=y. The contribution from these cases to 
the quantity corresponding to A;,! is obtained 
from (5.12) as 


—2(qetr| 0°) Sn 5 Dk 4 Ke'(Aedu t+ GeQz) Bat 
y 
Of, 
2K 72? =. 
x {4 ky aE, 
The contribution to the quantity correspond- 


ing to the sum }}_,Azzé 
(5.12) and (5.20): 


(5.29) 


is obtained from 


—4(qar/a?)} Sas Ki?(Q2du + q2Qz) = Of = 


x {owt | : 


Since the quantity corresponding to Deng Azz? 
has no contribution, the total contribution 
from the cases 7+j is the sum of those given 
by (5.25) and (5.26). Application of (5.16) 
shows that these two contributions cancel each 
other. Consequently, the whole contribution 
of Hzrrr to the M-O effect vanishes to the 
same degree of approximation as in the pre- 
ceding case, (ii). It is thus concluded that 


(5.26) 
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the retardation effect in the Coulomb interat 
tion cannot also produce the M-O effect, 4 
least, large enough to account for supercon] 
ductivity. 

Summarizing the results of this section, w 
conclude that the well-known type of electron 
electron interaction leads to no Meissner 
Ochsenfeld effect as long as the first orde 
effect is considered. 


§6. Discussion 


We have introduced in $4 a special type 
electron-electron interaction which brings upo 
the Meissner-Ochsenfeld effect in quantitatiy 
agreement with experiment. It is, however 
of an unfamiliar type, and there seems to ® 
two possible interpretations of it: one (i) & 
assume that the interaction originates fror 
an inherent property of the electron, and the 
other (ii) to assume that it arises as a resul! 
of modification, in a metal, of the known type 
of interaction, say (5.1). We do not want tc 
discuss in this paper the physical foundatior 
of this interaction and to decide which is the 
better of the above alternatives. However 
it seems worthwhile to discuss some other 
experimental facts besides the M-O effect ir 
connection with the proposed interaction. 


Pippard’ introduced a concept of coherence 
length in order to account for his findings 
that the penetration depth of the field depends 
on the amount of impurity and begings tc 
increase when the mean free path of an elec. 
tron becomes as small as the _penetratior 
depth. Schafroth and Blatt?» showed that 
in order to get agreement with this experi 
ment, the kernel for the London equatior 
should be modified as 


K(q)= —Ko/a(a+z) (6.1 


with 4 of the same order of magnitude as 
the reciprocal mean free path. y-! was callec 
the correlation length. The kernel (6.1) wit! 
“=0 corresponds of course to the Londor 
equation. 

It is interesting to note that, if we assume 
a finite effective range of interaction anc 
modify (4.1) in the form 


rid\ir , (2 >0) (6.2 


we can well explain the experiment of Pip 
pard. Indeed, the perturbative part of th 
Hamiltonian due to (6.2) becomes 


Uy =e?s,° 85 exp [— 


Ay = ues Pkt Ss wt 
— Le, S’sf7 m7 
2V : 


¥ (k’s’|a|k’’s’’) Ut” lalU’t’) 


hae 


X Ap * ayy Bay O* Ge (6.3) 
with 
M=d. (6.4) 
: The corresponding kernel is given by 
K(@)=—Kio(@+ 2?) (6.5) 


with Ky given by (4.42). It is clear that both 
kernels, (6.1) and (6.5), provide practically 
the same result as concerns the Meissner- 
‘Ochsenfeld effect in the case w<i4..7! (A.: 
penetration depth for p-!>00), because then 
the Fourier components of current, roughly 
Speaking, contribute or do not contribute to 
this effect in both kernels according as the 
wave number gq is larger or smaller than vy. 
As Pippard’s experiment belongs to this case, 
his experimental results are well explained if 
“we assume an effective range of interaction 
force, d, of the order of the mean free path. 

According to this consideration, we are led 
to conclude that the mean free path of an 
electron in the metal determines the effective 
range of the interaction causing superconduc- 
‘tivity. This conclusion seems to be in favour 
of the second of the alternative interpreta- 
tions of the interaction force mentioned at 
the beginning of this section, though not de- 
cisively. Comparing the two forms of ker- 
nel, (6.1) and (6.5), we should remark that, as 
mentioned above, the latter allows a simpler 
physical interpretation than the former. Since 
these kernels differ in detailed penetration 
law of the field, especially for a small mean 
free path, it is hoped to decide, by suitable 
experimental arrangements, which is the bet- 
ter form of the two.* 

There is another interesting result to be 
expected from the assumption of (4.1) or (6.2) 
and to be correlated to experiment. Before 
discussing this, it is advantageous to give a 
brief account of the problem of the super- 
conducting transition. (A detailed account of 
this topic will be given in Part II.) It can 


* Note added on March 8, 1957. Quite recently 
this problem has fully been discussed by Schafroth 
and Blatt (Nuovo Cimento 4 (1956) 786). For the 
details of the penetration laws expected from both 
kernels readers are referred to this work. 
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be shown that the M-O effect due to electron- 
electron interaction is suppressed by the dis- 
turbing effect of the electron-phonon interac- 
tion as the temperature increases. The super- 
conducting-normal transition is considered to 
occur when the temperature becomes so high 
that the electron-phonon interaction makes 
the electron-electron interaction causing super- 
conductivity completely ineffective. According 
to this consideration the interaction of the 
form (4.1) or (6.2) is supposed to be effective 
only in the superconducting state and ineffec- 
tive in the normal. Since the above-mentioned 
interaction tempts the Pauli paramagnetism 
to decrease, we expect the smaller Pauli 
susceptibility in the superconducting than in 
the normal state. In order to check this pre- 
diction, it is most advantageous to use the 
data on the conduction-electron spin resonance, 
if available. Unfortunately, this type of re- 
sonance has not yet been found experimen- 
tally for any superconducting element. Re- 
cent observation of the Knight shift in mer- 
cury due to Reif}, however, provides some 
information of this subject. According to 
Townes e¢ ai). the Knight shift in a simple 
metal should be proportional to the product 
of the Pauli spin susceptibility, x», and the 
average probability density at the nucleus of 
conduction electrons on the Fermi surface, 
<|Pr(0)|2>4r. In the experiment of Reif, a 
decrease of the shift was observed from 2.4% 
in the normal state to 1.5% in the super- 
conducting state at 1.45°K. It is felt that 
one can hardly expect such a large change in 
<|dx(0)|2547 between the normal and super- 
conducting states that accounts for the ob- 
served decrease in the Knight shift. On the 
other hand, if one assumes an electron-electron 
interaction of the form (4.1) or (6.2), it is not 
unlikely to expect such a large decrease of 
xy». In this connection it is interesting to 
quote the note of Dresdon™, which states 
that, if the electronic wave function differs 
considerably between the normol and super- 
conducting states, the lifetime of positrons 
should be different between these states. 
Recent experiments!),!© revealed that, within 
the limits of experimental error, no such dif- 
ference is observed. Independent determina- 
tion by means of experiment either of x» or 
of <|@r(0)|2>4r in superconductors is highly 
desirable. 
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Finally we should note that we have not 
discussed the convergence problem of our per- 
turbation treatment which is of course open 
to discussion. 


Ziro MIKURA 


(Vol. 12 } 


k’=k-+iq. For convenience, they are de 
composed into two parts, one being an ever 
function of k and the other its odd function, 
The former is quoted by a (+) symbol an 
the latter by a (—) symbol. The matrix ele: 


Appendix ments connecting two negative-energy states 
In Table II, the explicit values of matrix are omitted, for they do not appear in thet 
elements (K’s‘|k’’s’’), (k's |ou|k’’s’’) and text. 
(k’s’|au|k’s’’) are listed for k’=k—3q and The following abbreviations are used: | 
Kth, = oh__ | (met Ew)", (met+ Ey)” 

) 2Ex AE poll? (mc? + Ex)? (mc? + Exe)? , 

Le, = Ph, ime o_o 
i QE Eq? ( (me? +En V2 (ame? +Exr) 2)” (A.3) 
Mik, qa 20 Fee one? + Ene)? | 

QE url 2E yor? : 
Ch? 


Mk, q)= 


E71 2E gee? + Ex) 22 Eger)? 


It should be noted that K(k ,q), M(k, q) and Mk, q) are even functions of k and q while: 


Lik, q) is an odd function of each. 


All the matrix elements in the table are correct for small g to the second order of gx when) 


the following approximations are used: 
Kk, q)=Ki+4x; Kxe=ch/& , 
Lk, q)=Lrk-q; Ly=C7h?/282(nc? 
Mk, q)=Mit+4n; 
Nk, QM=Ni.t4y; 


Ax 


Me=(me*-+€x)/26e A= —Me(h2q2/16mc?) , 
Ny=Ch?/Ex(mc2+ Ex) , 


=—Kiig/8mee) , 


+€x) , ; 
(A.2)' 


4v=—N,(3h?q?/3m?c?) . 


Table II. 
f Fi (esis. (k’ s Nigw \k''s’") ier uy ks! ka!" “(kla!| k’’ y} a 
Sos (8) or (ks! laulk'’s"") ( | ‘oF tee lens) 
\ Mk, o+iNtk, atte 0) HiME, a kets lye) : 
ae Me mer HN, Qkedy—kg) 
ry Oy +. Nk, @){kzky— (G2Qy/4)} 20N(k, a)(kaQe— kzGe) 
. a +Mk, q+ Mk, Dike ee SGA 2/8)} 20N(k, Q)(hey Ix — key) 
da | £HK(K, agyFiL(k, aky K(k. alta 3LK, dn 
ay + 31K(k, Q)2tiLl(k, gke K(k, Qky-3L(k, a)qy 
oO aie ed ‘ py 4 p ; iow K(k, Hkze—4L(k, QG 
1 0) +3.MKk, Q)(k2dx —keQz) 
A —3tN(k, a)(k2Gy —kyqz) 
ox | Mk, g)+N(k, 9) {ka — 3k? —(qe2/4)+(G2/8)} 
FIN(k, @){hexky —(Ax%y/4)} 0 
Ley | Soy FiM(k, g)+iN(k, @){hy?— $k? —(qy2/4)+(@/8)} 
oy +M(k, Q){Kaky — (YxQy/4)} 0 
Oz Nk, @) {kekw — (GeQx/4)} FUN (k, @){Ieeky — (GeQy/4)} 0 
Qe F3K(k, QqztLk, kz 0 
ay 31K(k, g)gz—iL(k, g)kz 0 
ez +{2K(K, 9)d2—-L(k, Dk2}—i{3K(k, g)dy—L(k, q)ky} 0 


Electron-Electron Interaction and Superconductivity. I 


Table II. 


(continued) 
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WG) o!! (k’s’|k’'s!!)., (k's! |oyu|k’'s!’). | (k's!|k!'s!")_, (k’s!|ou|Kel’s!")— 
| ‘ or (k’s’\au|k!'s!!)4. or (k's![aulk!'s!!)— 
| 1 F3K(k, Q)qz+L(k, Qkz r 6) uihiee 2 
az | —3K(K, @)gn+L{k, ake | FIK(K, ay + MLK, a) dy 
7 3 oy —2K(k, Q)qy+L(k, gky +iK(k, QkaF3iLtk, g)dx 
2 4 Oz —3K(k, Q)9z+ L(k, QDkz 0 
ae FN, g){kekw —(G2Gx/4)} — MN(k, @)(keyd2—keYy) 
ay +N(k, ){kekey — (GeGy/4)} iN(K, Q)(koGz — kez) 
az + Mk, g) 4 N(k, 9){3h?— ke? —(@?/8)} | MN, a) (leva kendy) 
1 £3K(k, a)gzFL(k, ake | E sun 
| == = = = 
oz | K(k, Q)de—L(k, Qka | £iK(k, QkyFRiL(k, OI 
3,1 | % 2K(K, a)y— Lk, akey | FiK(k, kat VL(k, 4) Ia 
ee | LK(k, a)42—L(k, ake 0 
ae | FN(K, Q) {Keke —(424x/4)} RUM, a) Feu de — kody) 
ay FM Kk, a){kzky — (de2dy/4)} | 3UN(k, q)(kxGe— ktzJe) 
ae + Mik, a)+ Mk, 9){k?— ke? —(q7/8)} LiN(k, Q)(kyJe— key) 
1 ~{3K(k, a)q¢2—-L(k, Dko}ti{3K(k, a) dy -L(k, a)ky} 0 
ox | FAL(K, 9% EK, whe 
oy  ¥L(k, a)  ~iK(k, Dike 
°C ala 43L(k, Q)q2— i(k, 9)qy +Ktk, DkattK(k, gy 
23 tz | Mik, a)+N(k, a) {32~ ka?-+(q2"/4) -(@/8)} 
+iM(k, @){kaky —(dedy/4)} 0 
ay | FIM(k, a) +iMk, a){ ak? — ky? + (Wl) —(P/8)} 
| — Nk, g){kaky — (Ya Qy/4)} 0 
az | — NK, Q){kekx—(qedn/4)} EUN(K, 9) {haley — (GeFu/4)} | 0 
1 | {8K(k, aq2— Lk, Dka}+RK(K, @)qy—L(k, aky} | 0 
<a ideme st es St 
Ox +4L(k, NU | se Kk, Qkz 
oy — 7L(k, Q)de | iK(k, kz 
41 | % | ERLE, Woe tlk, Ody —FK(K, Dka- tk, Okey 
3,2 a» | M(k, a)+Nk, a){th?—Ka?+ (qe7/4)— (9/8) 
+iN(k, @){kaky — (qxGu/4)} | 0 
ay +iM(k, g)tiN(k, q){tk?— key?+ (qy?/4) —(@/8)} | 
— Mk, g){Kaky— (FeW/4)} 
Or FiN(K, a){keky — (Q2y'4)} | 


— Nk, a){kzkx — (GeGe/4)} 4 


In the text, use is frequently made of the relations 


ee : Ki.N«; 


Vie Ne 


(A.3) 


Note that Kx, Zx, M; and N; are all even functions of k and independent of g. The correc- 
tion terms Ax, du and 4y in (A.2) can be omitted when we want to calculate the matrix 


elements to the first order of qu. 


When double signs (-+— or *) are used, the upper 


upper (or lower) pair of s’, s” in the left column of the table. 


(or lower) sign always belongs to the 
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Diffuse Scattering of X-rays by a Point-Imperfection 


in Diamond Lattice 
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The temperature independent diffuse scattering of X-ray by a diamond 
lattice, in which a few carbon atoms are missing or have been replaced 
by foreign atoms of valency four is investigated. By the method given 
by Matsubara the intensity of diffuse scattering is calculated in terms 
of the force constants which are related to changes in bond length and 


of bond angle. 


The diffuse patterns observed by Lonsdale and Smith 


in natural diamonds are of streak or spike type but ours are of lemnis- 


cate type. 
crystals. 


Introduction 


§1. 

The object of this paper is to investigate 
theoretically the diffuse scattering of X-rays 
by a diamond lattice in which a few carbon 
atoms are missing or have been replaced by 
foreign atoms of valency four (Si, for example). 
Natural diamonds may or may not contain 
defects of such a kind, but a recent radiation 
damage experiment” and its interpretation” 
show an evidence of the creation of vacancies 
(as well as other kinks of defects) in the 
lattice. The originai aim of the present paper 
was to explain the well-known temperature- 
independent diffuse scattering of X-rays ob- 
served by Lonsdale and Smith® and recently 
by Hoerni and Wooster” in natural diamonds 


Our patterns may be observed in radiation damaged diamond 


of type I. This type is distinguished from 
type II by the existence of this diffuse scatter- 
ing, as well as of certain infrared and ultra- 
violet absorption, and the absence of mosaic 
structure. The results of our calculation were, 
however, unfavourable, and this deterred the 
present authors from publishing the calcula- 
tion, though the work was announced in 1952 
in a paper by Matsubara. Recently Frank® 
successfully explained the diffuse scattering in 
diamonds of type I assuming segregated Si 
atoms on (100) planes. Formerly Olmer” was 
also able to explain it assuming a suitable 
Fourier decomposition of the distortion which 
might exist in diamonds of typeI. We have, 
however, some hope in testing our theory with 
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a 


'we have so far no such data*. 
' We confine ourselves to point type defect 
/and assume that the atomic displacements 
“around the foreign atom or the vacancy have 
“cubic symmetry. The method used in the 
| present paper is based on that expounded by 
Matsubara’) He sets up the equation of 
equilibrium determining the atomic displace- 
ments around the defect and, by constructing 
their Fourier transforms, finds a set of equa- 
tions to be satisfied by the scattering ampli- 
| tudes. This method enables one to find the 
: intensity of diffuse scattering in terms of the 
force constants between the forign and normal 


atoms and those among normal atoms. 


§2. Deformation around a Foreign Atom 
; or Vacancy 


When a carbon atom in a diamond crystal 
is replaced by a foreign atom of valency four, 
the nearest neighbouring four carbon atoms 
will be acted upon by radial forces and will 
be radially displaced. We shall denote these 
forces by 7m, 7re, 7r3 and yrs, where rm’s are 

“the vectors joining each atom to its neigh- 

_bours in the normal lattice and 7 a constant. 

We assume that the elastic force constant 
-related with changes in bond angles, including 
‘the angle in (foreign atom)-(carbon)-(carbon) 
bonds, to be the same as that in the normal 
jattice. These simplifications will not serious- 

ly affect the result for the diffuse scattering, 
since the latter may arise mainly from a 
certain spread region of deformation around 
the foreign atom. In the case of a vacancy, 
the four unpaired electrons left in it will 
probably form the state of the highest multi- 
plicity® and the same situation will be realized 
with a different value of +. 

We shall denote by d the atomic distance 
in the normal lattice and by a the lattice 
constant (a=4d/\j/ 3). Dividing the normal 
lattice into two interpenetrating face-centred 
cubic lattice, A and B, of lattice constant a, 
the lattice points are given by 

A: Ri=ha,+la.+laz; 
(1, +l,+/;=even) 


B ; Rin = QA, + N2A2 “f+ 113Q3 a r; 
(7 -+m,+m;= even) 


* HH. Kanzaki recently made calculations similar 
to ours (private communication). 
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where 


a,=(a/2,0,0), a,=(0, a/2,0), a;=(0, 0, a/2), 
and 7,=(a/4, a/4, a/4). 

Let the displacement of the atom at R, 
be denoted by w and that at Rm’ by un’. 
The change of length of the bond between, 
say, Ri,’ and R: is ri-(ui’—u)/d, and the cor- 
responding increase in potential energy will 
be written as 

5 alr uu! wld (1) 


The change of the bond angle between, say, 
Ri —R, and Rin —R, with Rm’ =Ri+re is 


Agiitetaet) (ul — 
epee pelt? 11 COS %o)-(ur’ —ur) 
+(1r1— We COS 29): (Um’ —ur)] , (2) 
where cos %=—1/3 and sin d)=2V 2/3. The 


corresponding increase in potential energy will 
be written as 


jy feidaoy (3) 


The total potential energy will be assumed to 
be the sum of the potential energies of type 
(1) and type (3). For a moment we drop 
those terms which represent the interactions 
between next-nearest neighbours, but later (in 
§ 4) we shall take them into account. Then 
the potential energy can be written” 
W= + Su “Dou + + Sum! + Do- un’ 


4 Fe 
ts : 2 Sw Oi’ +> Ss WO; Wni , 
t=1 


m t=1 
(4) 
where Dy, 0;, O,, O;, O, are symmetric diadics 
defined by 
as, Rs (1—cos 9)* Sys 
pelt p sin®, Birt 
x (rit rei tre) ’ ( 5 ) 
aces ga sin, 
x (re tri) (rei COS Ip) , 
G=1,223,4 eRe 1p 2n374) 


Dy 


ses) 
(6) 


4 
Doi Gi= 0". Cy 


In (4), wu’ is the displacement of the atom 
at Rm =Ritri, and um: that of the atom at 
Ri=R,’—ri. If the atoms at Riand Rm’ are 
acted upon by external forces F; and Fn’, 
respectively, the equilibrium conditions are 
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ing that 
Oyu +d, O-uwi’ =F" , (8) 2 1 1 
Oy-Un’ + > oti) NAG ree, ee @); i351 4% e @) , 
a 
We now suppose that a foreign atom or a r3= Lae G, @, ), pee a, a); 
; Witt 4 4 
vacancy is at the origin. Then, external 
forces act only upon those atoms which direct- ntht+r+ni=0 , . 
ly surround the origin, i. e., and that therefore ®’s are simplified to 
Foo =7n » F_1-10 =Th ; Oo= Bh Z rifi , 
Tiveed Ga a t=1 
aaa, , Fo-1-1 =771 , tig =aih) aK 4 
@waee Ji 0) » alle i= 0r (9) O.=—~— ae rre— Pe rkVr . 


(8) and (9) determine the deformation around Then (11), with (12), can be written 
the defect. 


* * * / 
We define the Fourier transforms of the Sz Dol aut? aie: Se 


displacements by SPra[ogt an lets Sy |=0, 
S(b)= > ui exp [272b- Ri] , Solan WOo%, hii etal eos 
Shes ore Ret yee SY Fly Pon oe Dy 
where 6 is an arbitrary vector. From (8) Sh (EOS Og a Se ea 
we find Sv Oo hy Dole Noe On 
Dy SB) + 0; exp [—2zzb- ri]): S’(8) (159 
where 


ps F, exp [272b- Ri} ; 
l 


4 
Io= RS exp [2z7zb-ri| , 
Dy S(6)+( 29: exp [277b-ri])- S(6) an 
=) Bun EXD (LO Leen tes (11) C= 4a RP [2x7b- 11] exp [2z2b-r.] 


—exp [2zzb-r3]+exp [277b-ri]) , 
The right hand side of the first equation is 


zero and that of the second equation is eae £ (exp [2x2b-1r,]—exp [272b- rs] 


ii x riexp[2z7b- ri] . (12) +-exp [2z¢b- rs] —exp [2z2b-ra]) , 
To solve (11), we write, after Begbie®, Born” poe OS, [2z¢b-r:|+exp [272b- r.] 
and Smith™, the matrices of ®) and @,(z¢=1, fa 
2,3, 4) explicitly as follows: —exp [2z7b-rs]—exp [2ztb-ri]) , (16) 


10 0 a p 8B — 
O=4a10 1 0 0,=-|B a B Ks {simi oth i 
pod Asm af Eee ce aa 
x 3B a—B 8B Ace dy Tages Si iy 
O=—-| B a O3= >= 8 a8 DY "Bip S/ )=r’[ 02) (18) 
Veo eee Bree ae Ee tC te ee Saae 
a= 8p where 
0,=—|-—B a 8 (13) A=|00|?+ |d2|?-+|03|2 , 
38 Spa B= |do/?+]9,/?+| ds)? , 
where C= |8o/?-+] 1/2 +d]? , 


D= 8933* +0399* +0404"; 
E= 399 2* +030 1* +00 9* ’ 
(13) and (14) can be derived easily by observ- F= 8395" +3991* +00 9* (19) 


fe! ; (ki+8h,), B= (4k) ~ (14) 


| 
1957) 
Solving (18) we get S’, and putting it into the 
first equation of (15) we find S. Further cal- 
‘culations will be given in the next section. 


ES 3. 
' The intensity of the scattered X-ray with 
wave vector k when incident X-ray with wave 
vector ko is passing through the diamond 
crystal is given by 


I=I.|f (6) exp [2726 (Ri +u,)| 


+ f(b) = exp [277b( Rn’ +um’)+ fo (6), 


Intensity of Diffuse Scattering 


(20) 
where b=k—ko, f(b) the atom form factor of 
carbon (of a tetrahedral form when speaking 
rigorously), f(b) that of the foreign atom at 
the origin of the coordinates, 3%,’ indicating 
the sum with the exception of A:=0, and /, 
the Thomson factor, i. e. the intensity of 
scattering by one electron. 

Assuming b-u; and b-um’ to be very small 
compared with 1, (20) can be written, after 
expanding the exponential functions in power 
series and retaining the first order terms, as 


I=1,|Go(b)+Gi(6)/? , (21) 
where 
G)(b)= f (b)( x exp [272b- Ri] 
= > exp [272b- Rm’ |) , 
G,(b)=2ztf (b)[(6-S)+(6-S’)] 
+[f (b)—f(6)] . (22) 


G)(b) gives the Laue scattering and vanishes 
everywhere except at those 6 which coincide 

with reciprocal lattice vectors. Apart from 
the latter, J is given by 


I=I,|G,(6)|? . (23) 

We may further neglect fo(b)—/f(6) in (22), 

since the diffuse scattering would arise from 

a certain spread deformed region around the 

defect. The intensity of diffuse scattering is 
given by 

Taiffuse(b) = 1e| f (6) |?|22b-(S+ S)|? : (24) 


The quantity 2zb-(S+.S8’) can be calculated 
from the formulas given in § 2. 

In the following we shall confine ourselves 
to a simple case of b,=dy , and moreover only 
to those 6 which are in the neighbourhood 
of reciprocal lattice vectors with b,=by; it 
can be shown generally that the diffuse scat- 
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tering is intense in the neighbourhood of the 
Laue scattering vectors. We put 


C= tOUs C= G0... (25) 
and have 
Jy= 5 (els COS eno.) 
y= As es/2 sin E , 
2a 
V2=V1 ’ 
S= SB gigs cos &—e-‘s/2): (26) 
2a 
A=B=7(142 cos € cos €+cos?&) 
Bee 
-- —=—(1—cos € cos. &)), 
2a? 
Cz ; (1+2 cos € cos €+cos?&) 
Bi ee, 
ate 2a? sin? € ) 
pw By Choiss ) “2 
D= a € oe Siimecun 
pe pee (2 2 ee )sin & sin € 
2a 2a 
AG 
pes sin € (cos €—cos €) . (27) 


Solving (18) and (15) for S and S’, we have 
27" fo ne 
a (C—1)(A+D-—1)—2|E?| 
[2E{[(C—1)01 E03] (80% + 33* +1) 

+[(A+ D—1)d3—2E*d]01*} 

+ €{[(C—1)8 —1£83|20,* 

+[(A+D—1)03;—2E*d;](do* +1)}] 
We expand this expression in the neighbour- 
hood of reciprocal lattice vectors in powers 
of (E—£)) and (€—€o), where (&0/7, £0/7, €o/7) 
represent a reciprocal lattice vector, or indices 
of the corresponding reflection. Further, we 
put 


2xb-(S+S’)= 


(28) 


f-f=5e sing, €—Go=pcos¢y. (29) 


If the expansion of (28) in ascending powers 
of p around a given reciprocal lattice point 
begins with a constant term or a term pro- 
portional to e, then we have practically no 
observable diffuse pattern around the corres- 
ponding Laue spot. If, on the other hand, 
the expansion begins with a term proportional 
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to p-!, we have an intense diffuse pattern 
around the corresponding Laue spot which 
fades away with increasing distance from the 
Laue spot. In the latter case, the structure 
of the diffuse pattern is mainly determined by 
the g-dependence of that term. The infinite 
rise of the intensity for o—0 in this case re- 
sults from our mathematical simplification of 
replacing exp (2zzb-u:) and exp (272b-um’) of 
(20) by 14+2zib-u and 14+2z2um’, respectively, 
and thus it should not be taken seriously. 

The general expansion formula of (28) in 
powers 9 may not need be reproduced here. 
We summarize below our results obtained for 
several indices of reflection of lower degrees. 

For reciprocal lattice points 000,001,002,112, 
where there are no normal Laue spots by 
extiction law, the expansion begins with a 
constant term (a function of g). Therefore, 
there is no observable diffuse spot. 

For 110, where we have also no normal 
Laue spot, the expansion begins with a term 
proportional to po. Therefore, we have also 
no observable diffuse spot. 

For 111. 113, 220, where we have normal 
Laue spots and where anomalous patterns 
were observed in natural diamond of type I 
by Lonsdale and Smith®, and Hoerni and 
Wooster”), the expansion of (28) begins with 
a term proportionai to o-!. This term is as 


follows: 
Tes Seth; ) Sart ee 
Sie 2 (1—v+2 sin’¢) sin g+(1+ cos’¢) cos ¢ 
Du, ¢) 
1 
Kaa 
0 
La Qoctele = i) 4a a 
Vs Path See sen g+3(1+v cos’¢)cos g 
Ou, ¥) 
> ara 
990: —; 16V_2 x7’ L—H+2u sin*g)sing 1 
OH, Y) 0 
(30) 
where 
OH, y)=1t+u+H1—4 ») sin’?g+u%(4—y) sinte, 
B’=B/a (31) 
§4. Improved Treatment 


We have so far neglected the forces bet- 


S. YOMOSA and T. NAGAMIYA 


(Vol. 12 


ween next-nearest neighbours. Considering 
them, we have to add to (4) the following 
terms: 


a: 3 x ui" 


2 0 4,jH1 


Oij-uuj +, ls yy Un’ > Dij- Umign | 
Z, m t,j=1 
(4), 


Here SY indicates summation with 7xj; Oi, 
are symmetric diadics defined by 


;— Ti COS Jo) (Ti— Tj COS Vo) . 


(6 y) 
In (4),uuj is the displacement of the ato 
at Rv-=Ritri—rj, and umiy that of the ator 
at Rn-’=Rmn’+n—r;. Then(7), (8) and 1% 
are replaced by 


(77h 


Dor Ss O,+ Be 25=0, 
4, j= 
Dy-tit SOi-uni’ +d Vi;-uuij=Fr , 
a tJ) (8) 


, , 
Do-Un +3) 95 -Unit dy Vijtunis ==) Oh 
a tJ 


(ote 01; exp [—2z2b(ri—rj)])- S() 
Ham exp[—2z2b- ri])-S (6) 
= 2 Fiexp[27b- Ri] ; 

(Dy+ aa O:; exp [—2ztb(ri—r))])-.S’(8) 
HO exp [277b- ri])*S(b) 
=>! Fi’ exp [221b- Rm’) . 


me 


(11)’ 


To solve (11)’ we write after (Begbie, Born 
and) Smith! the matrices @i; explicitly as 
follows: 


ee) zB Ov 
0,,=0,=—[y uw 01,0,;=93;,=—[0 2 0], 

O08 Ona yp 048 

AR“) 40 0 
O4=90,=—-[0 uw vy], 93;=0,=—10 w—y], 

O Lys ke Ona vee 

“0 —yv u—yv 0 
92x=O.=—|0 2 0], O4=03=--| —v » O}], 

=i 0 OA& 
(13)’ 

where 

=+2/3k,, w=v=1/6k,. (14)’ 


(14)’ can be easily derived from (6). From 


(7Y, Do is 
h tO 
Dy =4a+A+2410 1 0 
Oe Oe ant 
Then we have 
Be ja f e\ [Se\  [do* Bs B*\ / Se! 
OL Sy feel ee Op” Oak [Sy 1=05 
ep a ed \S, By* B® o*/ \S,’ 
maf Py | Sf Ho B83 B2\ [Sz 
PN Se hl a. OF il oy 
ed ¢ S,’ 8, Bi dol \Sz 
cal 
ci lel anv ae 
O3 
(15)’ 
where 
a=(1 sp : +e “cos maby cos rab. 
LU 


Btigi cos zabz (cos zaby+cos zabz) , 


b=(1 radar ae \-4 cos mab, cos mab: 
aoe a a 
_* cos zab,(cos zab,+cos zab;z) , 
e=(1 -- 422) _ 4 cos tab, Cos 7aby , 
ae a a 


© cos nabz (cos zabz+cos zaby) , 
a 


d=—(v/a) sin zab, sin zab:z , 
e=—(v/a) sin zab, sin zab;z , 
f =—(v/a) sin zabz sin raby . (16) 
Solving (15), we get S and S’. Calculations 
similar to those before show that the expres- 


sions corresponding to (30) are as follows and 
that other things are qualitatively the same: 


Amie fe) 1. 


She) are ore 
~ Any’! h(y) 1 
113: (1—#) far a i: 
a 6 2a Be) 
sat ate a CY 
where 


f(y)=(1—-B2—4 w/Y1—42’ —2y1') 
+{(B/ —20 +2 w’(1—4 2’ —2y’) 
—p(5—4 8’ —4y’) }sin’g 
+ B'(4—56’ +8’2+21—2y’) sin'g , 
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ge)=V 2 {(14 82-28’ —42’) 
—2(B’2— B’ —22’ + 2n') sing} sin g 
+{(1—f’ —22’—2y’) 

—(8— B’—22’ +2’) cose} cos ¢ , 
h(g)=V 2 {(1+B/?—28’—42’) 

—2(8’2— B’ —2’ +2’) sin’g} sin ¢ 

+3{(1—P’ —22’—2p’) 

(BI BZA DY COS*G ) 

I(y)={(1+ B’?—28’ —42’) 
—2(B’?— B’ —22’ +2y’) sin’g} sin ¢ , 
Alas = les 


§5. Numerical Computation and Compari- 
son with Experiment 
(A) Inthe approximation of taking account 
of only the nearest neighbour interactions, the 
elastic constants are given in terms of @ and 
Bas 
C=C =C33=a/a , 


Cip=C13=C23=(28—@)/a , 


B? 
C44 =C55= Coe =(e-") /a 
a 


Therefore, from (14), the approximate relations 
between the elastic constants and the force 
constants k, and k, are given by 


(32) 


C= i —(Ry+ 8k.) ’ 
3a 


1 


Ch= 
3a 


-(k,—16 hk) ’ 


_ 8k ky, +2k, 
2 A. day Bore 
Determining the values of k,; and k, from the 
experimental values!” of ¢1, and ¢y , 
€4,=9.5 X10!2 dyne/cm? , 


(33) 


C12=3.9 X 10" dyne/cm? , (34) 
we have 
k,=8.13 x 10° dyne/cm , 
ky =0.246 x 10° dyne/cm . (35) 


Using these values and calculating cy from 
(33), we get 
(Cxs)cat=4.72 X 104 dyne/cm? . (36) 

This nearly agrees with the experimental 
value! of cu=4.4 X10! dyne/cm?. 

(B) When the next-neighbour interactions 
are taken into account, the elastic constants 
are, in terms of a, 8,4, 4, », 


Cy=(at8y)/a , 
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Ci =(28B—-a—4i—4yn4 8y)/a , 


cun(a—% + 4i+4n) /a : 


The relations between these elastic constants 
and k; and k, are given by 
Cu=(k, +12 k,)/3a , 
Cy =(ki—6 k,)/3a , 
1 18k,k, 


== 38 
C44 3a kh, +8 ky" (38) 


001) 
LSP 


(c) 


Fig. 1. The iso-diffusion curves calculated from 
the formula (30); (a) for 111, (b) for 113 and 
(c) for 220. 


These coincide with the results given by 
Bhagavantam and Bhimasenachar. Determir-: 
ing the values of &, and k, from the experi-: 
mental values of c,; and Cz, we get 


k, =6.16 x 10° dyne/cm, 
k= 0.332 x 10° dyne/cm . (39) | 


The value of cy determined from (38) using” 

these values is (Cx)ca1 = 3.92 102 dyne/cm?, 

which also nearly agrees with the experimen- 

tal value of cu. The value of parameter [’ 

in (30) and (31) in the approximation (A) is, 

according to (35) and (14), | 
k, —4k, 


8 ee ek Tae : 


and the values of parameters BX dt vee 


(30) and (81) of the approximation (B) are, 
according to (39), (14) and (14y, 


i _ky—4k, _ 
8 pier Ss =0.548 , 
, 2k, 
aS a= ee Big 
/a Pere 0.075 , 
Ww! =v! =pla=—_* 2 \ = 0.019 
2(k, +8 ky) ; 


In making numerical computation of the 
Scattering intensity, we take 2n|7’|/a=1. This 
corresponds to an elongation or a contraction 
of a C—C bond (C—C=1.544) of the order 
of 10 % when one of the C atoms is replaced 
by a Si atom or a vacancy. In drawing the 
iso-diffusion curves, we take as the unit of 
intensity the following: 


- afs2t7r'R \? (6.73 JZ, for (A) 
= 2), fae ey ee : 
J ui r( a ) ne Jp fora (BY . 


It 


(OOl 


(a)’ 


{001} 


an 


U0) 


Se 


(c)’ 
Fig. 2. The iso-diffusion curves calculated from 
the formula (30)’; (a)’ for 111, (b)’ for 113 and 
(c)’ for 220. 
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Accordingly, in (B) for example, the diffusion 
curves of intensity 1 around the reciprocal 
lattice points 111, 113 and 220 are given res- 
pectively as follows: 


(8) Ls} MO) 9 gq KO) 

Pera? OP Feo FOP 
4f,| I(g) | Ug) | 

oe =)2.92|—=— 

calle. HOSP TEAITE 


where fi, f2, and fs; are the atomic structure 
factor at the reciprocal lattice points 111, 113, 
220, respectively, and fy=2.60, f3:=1.70) and 
f2=1.90!. In Fig. 1 and Fig. 2 we show the 
iso-diffusion curves in the plane €=y around 
these reciprocal lattice points. We see that 
the both approximations give qualitatively the 
same results. 

The diffuse patterns observed by Lonsdale 
and Smith are as follows: at 111 six horns 
extend to the directions of the reciprocal axes, 
at 113 and 220 four horns extend to the direc- 
tions [100] and [010] but [001] horns are miss- 
ing, and the diffuse patterns are of streak or 
spike type (ours are of lemniscate type). 
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Effect of Inelastic Waves on Electron Diffraction 
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The effect of inelastic scattering™on electron diffraction by crystals is 
theoretically studied. It is proved that the effect of inelastic scattering 
gives rise to an additional complex term to Fourier coefficient of the 
inner potential. The imaginary part of the additional term explains 
qualitatively the observation that two components of a doubly refracted 
electron beam are subjected to different degrees of absorption (Honjo 
and Mihama, J. Phys. Soc. Japan 9 (1954) 184). The real part of the 
additional term gives a correction of about 6~7% to the calculated 
value of mean inner potential at accelerating voltages of 30~40kv. 
This explains the systematic difference between the mean inner potential 
experimentally obtained by electron diffraction and that calculated by 
the use of diamagnetic susceptibility (Miyake, Proc. Physico-Math. Soc. 


Japan 22 (1940) 666). 


Introduction 


§1. 

The high resolution method of electron 
diffraction revealed fine structures in Debye- 
Scherrer rings given by smoke particles of 
MgO and CdO, which particles show clear 
cut cubic shape in electron-microscope.)>2)>® 
The spot group due to a single crystallite 
appearing on a spotty diffraction ring is com- 
posed of a set of doublets. The doublet is caused 
by the double refraction effect which can be 
explained by the dynamical theory of electron 
diffraction.”»») Honjo and Mihama® observed 
that for a doublet the spot with larger devia- 
tion from the unrefracted position is always 
weaker than the other. This difference in 
intensity cannot be explained by the dynamical 
theory which assumes that the crystal is non- 
absorptive. 

Honjo and Mihama* explained this anomaly 
by the use of a complex periodic potential 
which was introduced by K. Moliére® as a 
phenomenological concept. In X-ray diffrac- 
tion, the complex structure factor similar to 
the complex potential in electron diffraction 
could explain the anomalous intensity of the 
transmitted X-rays through the crystal at the 
setting of Bragg reflexion.”»®)»%.10 This com- 
plex structure factor was established on the 
quantum-mechanical basis by G. Moliére™, 
and can be calculated theoretically. On the 
other hand, the complex potential in electron 
diffraction has not yet been established theo- 
retically. 


In this paper, we derive the so-called com- 


plex potential from a quantum mechanical! 
basis and estimate its numerical value. Our 
method is to take account of the effect of 
inelastic scattering on elastic scattering. It 
will be shown that this effect gives rise to 
an additional complex term to Fourier coef: 
ficients of the inner potential. The imaginary 
part of the additional term is due to the 
damping of incident and diffracted waves by 
inelastic scattering. The real part is due to 
virtual inelastic scattering process and may 
be interpreted as representing the dynamic 
polarization of the crystal induced by the 
incident electron. 

§2. Effect of Inelastically Scattered Waves 
on Elastic Scattering 


We consider the interaction of an incident 
electron with a crystal. The Schrédinger 
equation of our system is 

(- Ma HH! )o=E0 (1) 
2 
where —(h?/2m)p? is the kinetic energy of the 
electron, H, the energy of the crystal and HY’ 
the interaction energy between the electron 
and the crystal. The interaction energy is 
given by 
e LZre? 
—>- fact ee 5 
zt |r—R;,| 
where r is the coordinate of the incident 
electron, r; that of the jth electron of the 
crystal, Rz that of the &th nucleus with charge 
Zé in the crystal. The effect of thermal 


=> 
J ln—ry\ 


(2) 
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| upon the coordinates r and rj. 
} panded in the form 


normal state to the mth state. 


‘motion is neglected. 
The wave function of our system ®@ depends 
It can be ex- 


Or, TAscer. rv) = ¢rl(N)@n(ri, ees ry) , (3%) 


‘where @ is the wave function representing 
the mth excited state of the crystal, satisfying 
_the equation 


Hean= Enan . ( 4 ) 


where LE, is energy of the mth state of the 
crystal. Function g(r) in (3) describes the 
elastic scattering, and ¢,(r) the inelastic scat- 
tering which excites the crystal from the 
Substituting 
integrating 


(3) into (1), multiplying by an, 


over rj’s, and then by the help of (4) we ob- 


tain 
5 a, Oley __ 2m 
V Pot Ro = > tees 0 E DS Dn Pm ; 
h? 7 A? mx 
(5) 
2m 2m 
zi n 2 ATs ie ETS mM 4 
bag +(k he in)? h = nm? 
(6) 
where 
Rn? = (2m/h?)(E— En) (7) 
and 
Hig =|" Hane dre acl &) 


The term on the right-hand side of (5) repre- 
sents the effect of inelastic waves. In Bethe’s 
theory of electron diffraction® this effect is 
neglected. On the contrary, in this paper 
Bethe’s theory is modified by taking account 
of this term. 

Terms H,,,,0m (m2<0) in (6) give only the 
second order correction to Bethe’s theory, 
because ¢» is small compared with g and 
|2mH,,,,/%?|<kn?. In our theory, these terms 
are neglected, thus (6) is reduced to 


V? Qn + kn*Qn= (2m/h*) A, (nl). (9) 


The equation has a solution representing an 
out-going wave 


070 . 


Pnl(r)= 


m (exp (tkn|r— un a : /\ dy’ 
San rare o(M )golr)ar’ . 


(10) 
Substituting (10) into (5), we have 
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poo (ka Pe Her) \e 
+m [Ac r Jor dr’ =0 (11) 


where A(r, r’) is given by 
A(r, nie 
H! (WH! (7) OX? Chalr—r'l) 
— gaps > ont) at) lr—r’| © 
(12) 
The integral kernel A(r, r’) is considered to 
vanish for the values of |r—r’| larger than a 
few interatomic distances*, and satisfies the 
periodic condition 


A(r, r)=A(r-+a, r’+a), (13) 


where a is the unit-cell vector of the lattice. 


§3. Derivation of the Generalized Funda- 
mental Equations 


Inside the crystal, H),(r) represents the 
periodic crystal potential and the integral over 
infinite domain in (11) can be restricted to 
over the crystal volume owing to the short 
range of A(r,r’). Then, it can be shown, 
using (13) and the periodicity of Hj,(r), that 
¢gy(r+a) becomes a solution of (11) as well as 
g(r). This fact shows that the solution of 
(11) is given by a Bloch type function. There- 
fore, we can express the solution of (11) in 
the form 


Gor) = 2s Xn EXP (¢Kn-r) , (14) 
where 
Kn=K+2zh , 
h (ie a reciprocal lattice vector. Expression 


HS “When the crystal has a ‘filled ‘band electronic 
structure, A(r, r’) is easily transformed to 


me* exp (ik|r—r’|) 
2nh? |jr—r’| 


ne le i ye 7 


where & is given by (38) and p,(r, r’) is defined by 
(40) and the summation with respect to / is over 
all atoms in the crystal. Since p;(r, r’) vanishes if 
|r—r’| becomes larger than about an interatomic 
distance, A(r, r’) tends rapidly to vanish if |r—r’| 
goes beyond about an interatomic distance. We 
exclude the case of metals where collective motion 
of valence electrons seems to nessecitate a special 


treatment. 


A(r, r!)=— 
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(14) for ¢) has the same form as that used 
by Bethe for describing the electron wave in 
the crystal. We expand the crystal potential 
Hr) in a Fourier series 


Hy (r)= > Vn exp (227h-r) . (15) 
h 


Substituting (14) and (15) into (11), multiplying 
exp (—zKn-r) and integrating over the whole 
volume, V, of the crystal, we obtain 


EAR 2 hg SV ed Op 0b 
2m 9 g 
(16) 
where 
Cr A | A(r, r) exp (—2Kn-r 
V Sv Sr 
+7K,:r)drdr’ . (17) 


Equation (16) is the fundamental equation of 
the dynamical theory generalized by taking 
account of inelastic waves. 
Green function in (10) is expressed in the 
integral form 
1 exp (#kn|r—r'|) 
Ar |r—r’| 
1 exp [2¢K*-(r—r’)] 5 ? 
eee) 5 KK’. 
(27) { K”°?—kp? 
where the integration is over the whole K’ 
space!®. By the use of this form, the ex- 
pression of Cy, turns out (Appendix I) 


Crg= Ct, +7C8 


(18) 


hg hg * (19) 


Here, C7, is the volume integral in K’-space 
pd, gill 
wt V An*h? 


Eon Kn, — KB’ Eno K’ — Kz) 
s a \\\ K”°?—k,2 


taking the principal value with respect to the 
singularity at |K’|=kn. En is defined by 


Eon( Kn, —K’) 


dt(K’), (20) 


=| H,,,(r) exp [—#(Kn—K’)-r]dr, (21) 
and can be interpreted as the matrix element 
for inelastic scattering from the state (Kn, dp) 


to the state (K’, dm). There holds the relation 


Eno K’ — Kn) Sey [Eon(Kn— K’)|* (22) 
Term Cj, is the surface integral 
Ce eee 
ie Ann?V 
E. n Kin— 4 n ‘— 
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where the integration is over the surface: 

We mention, here, that |K’|=n means th 
energy conservation in the transition (Kn, a) 
—(K’, an) since, then, E= Ent WK (2m). 
Thus, we can interprete C7, is due to virtual 
process of inelastic scattering, whereas C;, is 
due to real process. 


From (20), (22) and (23), it is evident that — 
ie Ci 

=(C;,)* . 
If the crystal an a center of symmetry, the! 
wave function of the crystal @n(nm, ---, rv)! 


can be chosen as a real function with a de-> 
finite parity 


(24)) 


an(N, ~ Tey rv)= +anA—n, a ea ie) : 
Therefore, Cy, and C;, are real, thus 
Cia= Con | (25) 
Ch=CS,. 
§4. Solution of the Generalized Funda- 


mental Equation 


(1) No Bragg reflexion 

When no Bragg reflexion is excited in the 
crystal the generalized fundamental equation 
becomes simply 


h oe 
om (K?—Rp”)X0+ VoxrtotCoox0=0 . 
m1 
Since 
|K\~ ky 
we have 


[K| =k —(sm/N7Ro)(Vot+Ci,+7Ce) . (26) 


Vector K is determined by (26) and the tan- 
gential continuity of wave vector on the in- 
cident surface. For centrosymmetric crystals 
(26) indicates that inelastic waves result in 
the apparent increase of mean inner potential 
by Cj, and the absorption of elastic wave 
with the absorption coefficient given by 


(27) 


where the factor 2 is multiplied since the 
absorption coefficient is referred to intensity. 
(2) One Bragg reflexion 

When one Bragg reflexion of index h is ex- 
cited, the generalized fundamental equations 
are reduced to 
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h? } 
‘Pe (K?—k)?) Si Vot Coo} Xo 
+(V-n+ Con) xn=0 (28) 
(Vit Cro) Xo 
hh? 
+ {5p (Kn? —ho?) + VotCrnr a= 0. 
: If we define resonance errors by 
E=|K|—Ro+ -Vo 
hk 
sey (29) 
9” =|Kr| —Ro+ hh, Ve 


» and if we take into account 


(K?—k,*) ~ 2Ro{|K |—Ro} , 
the equation of the dispersion surface is writ- 
ten as 


ang 2h Coo) 74 Fa hh, ine”) 


| sae (Vit Cro)( V_n+Con) . (30) 


If we neglect Coo, Cun and Cro, (30) is reduced 
to the dispersion surface in Bethe’s approxi- 


mation, 
60 L.[ en\Y V,(2 
5° ic) |Vnl (31) 


It is convenient to determine the wave vector 


at first by Bethe’s approximation, and then 
calculate the correction caused by Cny. We 
consider the Laue case. The wave vectors in 
Bethe’s approximation are determined by 
wave points Q, and Q, which are intersections 
of the dispersion surface and the normal n to 
the incident surface determinined by the tan- 
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—(m|N*Ro) Coo i? + Cane?) + (1/7) VnCon-+ V-nCro) 
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gential continuity of wave vectors (Fig. 1). 
We denote the wave vectors corresponding 
to @: and Q, by K,° and K.” respectively, and 


Fig. 1. Dispersion surface in Bethe’s approxi- 
mation. 


their resonance errors by 


E&,°=|Ki°|—Ry+- We 
nv he (32) 
Ni os | —ky+- i Vo . Gall, 2) 
Next, we consider the correction, 4K;= 


K:i—Ki°, caused by Cy. By the tangential 
continuity of the wave vector, correction 4K; 
is in the direction of the normal n, i.e. 4Ki;= 
Ein. If we denote the angles between n and 
Ki° by a, and n and K?, by &:, then 


E,—E,°=E&; cos a | 
ni —ne =e; cos Bi 5 


Substituting (33) into (30), and neglecting 
higher orders of small quantities, we have 


(33) 


(34) 


= 


The absorption coefficient «: is given by twice the imaginary part of &. 
metric crystals the imaginary part comes from 
(Ce (Cx 


hh ho 


We prove in the next section that, (1) Cj, 


&,2 cos Bi +7i° cos aij 


For centrosym- 
Cy: Cin and Cho: 


and C*, can be treated practically as con- 


stants in the range where the resonance error (&°, 7:°) is the order of (9m/h?Ry) Vo, and that 
(2) Cnn are equal to Coo, and that (3) Cj, has the same sign as Va. 


Using 


COS a ~ COS A, & cos 8; & cos fz , 


we obtain 


_ 2m {- Ce 
“= WR, | cosa 


Thus the absorption coefficient is smaller for &°, 7:°<0 than fOrrtes, 7s 0. 


2m ; : 
h?ky (Ei°+71°) cos a& 


Vic}, (35) 


In the former 
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case the wave point lies on the branch nearer the origin. This fact agrees with the observe 
intensity difference in a refraction doublet. 


§5. Evaluation of Chg 

In this section we assume that the crystal have a filled band electronic structure, and 
calculate the wave functions of each band by the approximation of tight binding. Then, 
neglecting the overlap integrals, we can transform the expressions (20) and (23) to (Appendi 
II) 


x si(2n(h—g), K —K’+7(h+g)) exp [277Ri-(h—g)] 


PER ce 2 ca ee Bee ee gal Wags ‘ = | 
C= TVo \\\ (K’2—k?)(K,—K’)*(Ky—K’)? dc K ) (36)) 
4Ey x si(27(h—g), K —K’+7(h+g)) exp Se eee ; : 
Gat \\ hE ee ee (37) 


Here, the summation is over the atoms in a unit-cell, and wv) is the volume of the unit cell,, 
En the atomic unit of energy me‘*/(2h?) and | 


k= key —(m/h?ky ) 4E , (38) | 


where JF is an appropriately weighted mean of excitation energy E,—E, and is of the order 
of a half the ionization energy. Function s; is given by 


si(2x(h—g), K-K'+m(h+g)=2| lotr, r) exp [22z(h—g)-r]dr 


= (flo, 1)|? exp [7 Kn—K)r—1( Kg -K)r'\drar’ | ; (39) 
or, r’) is Dirac’s density matrix the integrand of (39) into power “series of 
olr, Y)=> bn*(NorAl) , (40) KK’ S"Theresultis 


where the summation is over all the orbitals (0, K—K’)=B,|K—K’|?+--- , (44) 
occupied in the /th atom. where B, is given by 
) 2C and, C% 

From (36) and (37) coefficients Cj, and Cz, 
are written as 


i AE gy > see) 
Cl oo et 
> (0, K-K’) 
Fee ey DLE oil et eee / 
BO ce, | \\ (Ky KK OE) | 


(42) 
Function s(0, K—K’) was calculated as a 
function of vw by Bewilogua’ using Thomas- 
Fermi model (Fig. 2), where 
m1=b,|\K—K’| 
_0.176 


Se x10-°x|K—K’| cm. (43) Fig. 2, 


8(0, K-K’')/Z, as a function of v= 
| ae bil K, 

However, this approximation becomes bad for solid curve: utilizing Thomas-Fermi model 
small values of |K—K’|. For small values dotted curve: utilizing power series expansion 
we evaluate s,; by expanding exponentials in for Mg ion 


Be: | olr, r)rdr . (45) 
In Fig. 2 the value of s; given by (44) is shown 
| by a dotted curve. According to Koppe?), 
the above expansion is a good approximation 
for |K—K’|<q.*, while for |K—K’|>q.* the 
Thomas-Fermi model gives a good approxi- 
mation, where q:*=0,v;*, v;* is the abscissa 
of intersection of the two curves in Fig. 2. 
| The contribution to the integral of C4 and 
Ci, from the domain |K—K’|>q* is very 
small and can be neglected. Thus we can 
_ calculated the integral by using (44) and obtain 
_ (Appendix IV) 


5 8rE x q* 
Coe ee Bog sant me 
| 00 Voko 7 U og | K | k (46) 
Ar? ig 
Ox a= Eee > 
00 Voko t U (47) 


Since C7, does not depend on K, C%, can be 
treated as a constant. The expression of Cj, 
depends on K. This is given by 


| |= Ro—(m/h? ky) Vo 


provided there is no Bragg reflexion. When 
one Bragg reflexion is excited, |K| is given 
by (29) 

m 


Sit ae hh, 


or using (38), 

|K | —R=(m/h?ky)(JE—Vo)+E , 
where the resonance error & has the order of 
(m/h?ko) Vn. Since, however, we have 4E—V, 
> |Vn|, the change of Cj, with |K| is so small 
that Cj, is practically a constant within a devi- 


ation of a few percents. 
Since the mean inner potential V» is ex- 
pressed in the form 


2 
i Pe LIES 2 (48) 
Vo U 
Cj, is proportional to Vo , 
Ci Berens, ort (49) 
Va a Rye? 2a 


where 2 is the wave length of the incident 
electron and a is Bohr radius. 
(2) Cf, and Cy, 

Coefficients C}, has the same form as Cy, 
and Cy, the same as Cj), K in Cy and Cy, 
being replaced by Kn in Cj, and Cy,. If h- 
reflexion is excited, the difference between 
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|K| and |Kn| is the order of resonance error. 
Thus, Cj, and Cy, can be treated as constants 
equal to Cj, and C%,, respectively. 

(3) Cy 

From (37), this coefficient is written as 


x si(2xh, K—K’+7h) exp (27th- R:) 
«| 


= Kak MKD aon 
(50) 


We evaluate (50) near h-reflexion, i.e. assum- 
ing the resonance error (32) is small. Func- 
tion si(2xzh, K—K’+ 7h) was calculated using 
Thomas-Fermi model (Appendix III) in the 
same way as s(0,K—K’)™. The result is 
shown in Fig. 3 as a function of 1~=b:|K—K’ 


Fig. 3. 8)(2xh, K-K’+ xh) as a function of w= 
b,|K—K'+xrh| with the parameter w;=a@)|2rh]. 


+zh|. Although Thomas-Fermi model gives 
inaccurate result for small value of |K—K’ 
+7h|*, the contribution from this range to 
the integral of C‘, may be less dominant than 
in the calculation of Ci, on account of a finite 
value of the denominator of the integrand at 
K-—K’+7zh=0. Therefore, the calculation 
using Thomas-Fermi model is not meaningless 
for a rough estimation of Cj,, though it is 
never exact. 

The curve in Fig. 3 is almost linear in the 
range from the origin of 2 to about ten times 
of b,|zh|, and the contribution to the integral 


i Though Pauling and Sherman’s method may 
be better for the calculation of this range, their 
method requires a very complicated calculation. 
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of (50) from the larger values of w is negli- 
gibly small owing to the large values of the 
denominator in the integrand. Hence, we can 
evaluate (50) approximately by replacing s, by 
Ti(h)(\K—K’+7h|—|zh|), where Ti(h) is the 
tangent of s(2zh, gq) at g=0, and given by 


Tih) = hzs\ o@ Eas (ot) 
2 0 v Ux 
where mz, is the parameter 
0.468 - 2 
u=a,|27h| = Za x 10-8 x |2zh| cm-1, (52) 


and @¢ is the function given by Fermi (Ap- 
pendix V). Thus, the integral turns out (Ap- 
pendix V) 


8xEn log2 ? 

——— 2 >) Tih 27th: Ri) . 

veh |2rh| ~ (h) exp (27th: Rr) 
(53) 


This coefficient can also be treated as a con- 
stant. 

Coefficient 7i(h) has a similar behavior to 
the atomic scattering factor for X-rays /i(h) 
which is given by 

fir =Z:\"( oe Sin Che 
0 By 


Ux 


ee 
C= — 


(54) 


Therefore, C, has a similar character to the 
crystal structure factor for X-rays and thus 
to Vn. Ci, is large, when V, is large, and 
Ci, has the same sign as that of V,; when 
the crystal is centrosymmetric. 
Numerical values for MgO 

We calculate the coefficients Cj, C%, and 
Cj, for MgO crystal using (45), (46) and (53). 


Table I. Values of Cy, and V;, for MgO. Values 
of Vo and V,, are those obtained by Honjo and 
Mihama?®). 


Gi, —0.59 (ev) 
Ve —1.47 (ev) Vo — 15.6 (ev) 
(111) —0.016 (111) ~-1.7 
| (200) —0.068 (200) ~-—7 
Ce BA Vn 9 aD 
no) (220) —0.027 (220) 575 
(420) —4.2 


(420) —0.009 


The value of B; can be calculated from the 
experimental value of diamagnetic suscepti- 
bility ymo1,: by the use of the relation 

Le? 


%mol, i= — = 
6mc? 


Bi=—2:832 410 Bie s55) 
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where Z is Loschmidt number. Using the 
value of ymo1 in Van Vleck’s book! we hav 
Bug=37.7 X 10-8 cm?, Bo=148 x 10-% cm?. Th 


value of JE is taken to be 25ev from the 
strongest peak in the energy loss curve re- 
ported by Watanabe. The energy of the 
incident electron is taken to be 40kv corre- 
sponding to 2=0.061A. The results are shown 
in Table I. | 


§6. Comparison with Experiments 


We have concluded above that inelastic! 
waves result in the increase of Vo by CZ, and! 
of V; by Cy,, as well as the absorption due} 
to Ci, and C},. We compare these results) 
with experiments. 

(1) Ch 

Previously, Miyake! calculated Vp» using 
the formula (48) with the value of B, deter 
mined from the experimental value of dia- 
magnetic susceptibility ymo1. He found that 
for simple ionic crystals the calculated value 
is systematically smaller than the experimental 
value measured by electron diffraction. He 
inferred that the deviation is caused by the 
underestimate of B, either through the neglect 
of temperature independent paramagnetic 
terms in ¥mo1 or through the effect of fer- 
romagnetic impurity in the sample. However, 
our result indicates that the deviation may be 
explained by the correction term C%,, which 
amounts to 6~7% of V» at accelerating volt- 
ages 30~40 kv. Table II gives the values re- 
ported by Miyake together with our corrected 
values V)+C*,. The agreement between the 
calculated values and the experimental values 
is fairly improved by the introduction of C7. 
The origin of the large deviation for MgO 
even after the correction is not clear. It is 
to be mentioned, however, that the experi- 
mental value of V) of MgO is obtained by 
transmission method, while all the other values 
are obtained by the rotating crystal method. 
(2) Cj, and Ce 

When there is no Bragg reflexion, the ab- 
sorption coefficient is given by (27). This 
result is the same as that obtained by Koppe), 
provided we neglect overlapping of neighbor 
atoms. 

When h-Bragg reflexion is excited, there 
exist two wave fields corresponding to the two 
wave points on the dispersion surface. The 


| 
957) 
| 
‘bsorption coefficients for these two wave 
lelds are different and are given by (25): 
Yquation (35) implies that the difference is 
arge for large Cj, Since Cj, is large for 
arge V,, the intensity difference must be 
onspicuous for strong Bragg reflexions. This 
: in accordance with the observations of 
fonjo and Mihama®). Their photograph for 
louble refraction implies that the order of 
to is 1/3~1/10 of the value of C%, for strong 
eflexions by MgO. The calculated value of 
2) in Table I is small compared with this 
wrder. The discrepancy between the calculated 
ralue and the experimental value is probably 
lue to the inaccuracy of the evaluation of 
3}, described in §5. We may expect that a 
etter agreement will be obtained by using 
auling and Sherman’s method in the calcu- 
ation of C;,. 

The coefficient CZ, gives a correction for 
V,. Although we cannot estimate its order 
ywing to the difficulty of the integration in 


Table II. Calculated mean inner potential Vo, cor- 


rected value Vo--C 7» and mean inner potential 


obtained by electron diffraction Voe. 


A CT. Vern) — Vee 
NaGly 761 0.4 TS eS 
NaF 7.4 0.5 7.9 8.3 
NaBre 8.2 0.5 8.7 7.5 
KCl Ged 0.4 Moll 8.5 
ZnS) | 10.6 0.6 il ASS 
PbS: 1.2 0.6 11.8 Se 
EDOM a9 0.7 12.6 Ws: 
ZnO 12.0 ORG WET 12.3 
MgO 12.8 0.8 13.6 15.6 


Values of Vy» for crystals except MgO are 
those calculated by Miyake!. Value of Vo for 
MgO is from the paper of Honjo and Mihama». 
Value of C7, for MgO is calculated from (49) 
using the above value of V» and, therefore, 
different from that given in Table I. 


he formula (37), it is worth noting that 
lonjo and Mihama report a deviation between 
he theoretical value of V» and the value 
measured by electron diffraction. 

The author would like to thank Prof. R. 
Jyeda for his guidance and Dr. Y. Kainuma 
or his helpful discussions. 
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Appendix 
(I) Derivation of (19) 
Substituting (18) into (17) we find 


ce eth 
Sia An3h2V 


x = \\ exp (—2Kn-r+7tKy- 1) y(n), (1) 
| exp [2K’-(r— 


r)| dK’ drdr’ 


K’— Rp? 
Bee wigs LER 
Te h2V 
Eys(Kin—K" Eng KK) 77, 
N p> { K?— hy dK’. (A.1) 


The last step is obtained by changing the 
order of integration and with definition (21). 


The volume element is dK’=p?dpdQ,, and 
integration for po is carried out along the 
contour shown in Fig. 4a, which is devided 
into two parts, one is the part on the real 
axis and the other the semicircle around k,!®. 
The integration over the real axis results in 
a volume integral over the whole K’-space 
except a shell shaded in Fig. 4b. In the limit 
of €-0 this integral becomes Cy, as defined 
by (20). 

The integration along the semicircle be- 
comes half the residue at p=, in the limit 
of €—0. Thus the result is 

[Ue le aa 

4 Piel Bn Vind KG) aoc 

J1K/l=ky m 
This gives Cj, defined in (23). 


(Il) Derivation of (36) (37). 
Using the formula” 
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— 7 exp (tK-r), (A.2) 


exp (2K-r) 
| (Ohi = = 


[r—r'| 


(21) can be transformed into 


Eon(Kn—K’) 
2 
aeenieie SS Exp [—2(Kn— —K’"):rj))aode 
= 
Sor y) Fon Kn K) (A.3) 
1 
Thus 
; 8E 
C= rae 
Fyn( Kn— K’) Fno( K’ — Ky) 7 
aa dc(K 
i ae: £2 —k,y”) Kn K’)? (Ky oe ie i mI 
(A.4) 
Hy 4E 
Cy as Beg 
Fyn Bn—K’) Fino KK’ — Kg) varie 
Pe \\ B= Rode ana os a 


where Ex=me'/(2h?) is the atomic unit of 

energy. Since E,—, is small compared with 

the kinetic energy of the incident electron 
h?k,?/(2m), we have from (7) 

Ren =Ry—m(En—Ep)/(h?Ro) . (A.6) 

We can obtain a simplified expression for 

Cng, if we replace E,—E, by an appropriately 


weighted mean of E,—E), say 4E. According 
to Koppe! the order of this mean excitation 


energy 4E is roughly a half the ionization 
energy. Then using k which is given by 


k=ky—(m/h?k, dE : (A.7) 
we have 
if 8E 
Ci,= aa 
S(Kn—K’ Ky—K’) 
. Wiiewes sree i)? (Kg — KO % ) 
(A.8) 
i 4k 
Cr ae 


: ecg Rs Ky = —K’Y 


where S(Ki,—K’, Ky— 
S(Ki—K’, Ky—K’) 
= 2t Fon Kn) Pig K’ — Ko) : 


do(K’) (A.9) 


K’) is given by 


(A.10) 


The functions S was calculated by Kainumal! 
in his study on Kikuchi patterns. According 
to him, 
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S(K,,—K’, K,—K’) 
=N > s,(2n(h—g), K—K’+7(h+g)) | 
U 


x exp (—2nxz(h—g)-R , (A.l 
where R; is the position of the /th atom i 
an unit cell relative to the lattice point, ar 
the sum is over the whole atoms in the un 
cell. The function s; is that is called E 
Kainuma the atomic scattering factor f¢ 
Kikuchi lines. In the case of all spins couples 
it is given by (39), if we neglect overlappin 
of atomic orbitals between neighbor atoms** 
UH) Calculation of si(2xh, K—K’-+ 7h) usix% 

Thomas-Fermt model. 
Equation (39) can be written as 


s(Q, a=2\\ ior, r}fexp( 


—t4 © rary) 


- 


— exp (—ig-(r— r))} 
x exp(7 ¢ Q -(r+r’) ))drdr , (A.1) 


where we put 
Q=2rx(h—g) 
g=K—-K’+7(h+Qg) . 
In the Thomas-Fermi model, we put 
a(n, = 5|dps (p)exp {5 p-(r—r) | 
(A.1 


(A.1 


where 


F(P\ST Mae PI< Pal is, 
(A. 
F(P)=0 for |PI>Pa( 3") 


and Pm((r-+r’)/2) is maximun of the momentur 


allowed at the point (r+r’)/2. Then SQ), ¢ é 
becomes 


S(Q, Q)=Z,(G(et1, Vor) —G(2e2, v:)) . re 
Here, 
G(u, v) 
SVS) Con Yast 
me! 


where (x) is the function given by Fermi an: 


i= 1|Q| , vi=bilq| Vor=H, Q 


? 


with a, b defined by (53) and (43). © “Tit 
upper limit of integration 2) is determined b> 
V=[9(a)/ao]/?. 

For Q=0, we have 
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s0, J=2:—-Z,G(v) , (A.18) 
which is the same function obtained by 
3ewilogua™. Our expression for s:, (A.16), 
8 a little different from that given by Kai- 
tuma since we applied the approximation 
A.14) to both the term in (39). Our procedure 
s needed to guarantee that s; vanishes when 
@—K, or K’=K,. 

V) Derivation of (46), (47). 

Coefficient Ci, is given by (41), 


rece ( aoe 


= ~~ d. of ; 
de NN KL Re? 


(A.19) 
yince the contribution to the integral is al- 
nost from the neighborhood of K, we can 
‘eplace the sphere |K’|=& by its tangential 
jlane. Then, we obtain immediately (46), 


8xE a qu 
cee ee eat ae B a Lee 
Ch Voko > 1 log a 
vhere 
For coefficient C%, given by (42) 
> 8Ex a si(0, g) = / 
Cio= ah) ~ \\\ (K?—k?)(K—K’)* ag 
(A.21) 


we can replace the |K’|=k by its tangential 
Jane, and put 


K’?—k? = 2ko(|K’|—k) 
since 
qk <k. 


Then, using the cylindrical coordinates, we have 


1 2avrdrdz 
(= il (2+ko—k)(7? + 2”) ) 


The integral becomes after integration of 7 


q* log (q@*/lal) 
2n pace a ak az. 


This integral can be shown by means of con- 
tour integration to be equal to 


2n[22/2—2 sinh {((Ky—h)/a*}}] - 
Thus we have, neglecting the small quantity 
of order (Ky—k)/a*, 
te Ar? a( >, Bi) 
UoRo 


V) Deviation of (52), (54). 
The tangent Ti(h) of s(Q,q) at q=0, Is 
ybtained from (A.17) 


Cr = (A.22) 
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Tih) = =2,( 2.2) ) by 
Ov v=() 
3 2 : 
= hei\ Go) Saal ae A oe 
0 x UL 


which is (51). 
Expression (50) for Cj, becomes, by the use 
of the approximation (51), 


Vok 


all 


Since the Bragg angle is usually small, we 
can consider the surface of the integration to 
be a plane as in the above case. In the case 
of |K,|=|K], the above integral becomes 


\ ale {(7?+qo?)/2—h}rdrd0- 


Co=— ee! = exp (227h: Ri) Ti(h) 
0 


[K—K’ +7h|—|zh| 


(K—-K)(K,—K’ OE) - 


0 (+492 +h?) —4rh? cos 0 


0 


e an” ____(q—h)adq ' 
dp (a+ h){(g— h?)2+- Agy*h?}4/2 


where q>=|K|—k and h=|zh|. We can neglect 
do in the above integral, since the error caused 
by the neglect is very small as long as q<h. 
Then, the integration is easily carried out 
with the result 
Cee ao can © Ti(h) exp 2nth- Ry) 
(A.24) 


Though we have assumed |K7|=|K]|, this as- 
sumption is not necessary because the final 
result is obtained with the neglect of q. We 
can consider the formula (A.24) holds as long 


as ||K|—A| and \|Kn|—R| are both <|zhl. 
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Samples of cobalt of the a-modification (hexagonal close-packed lattice) 
and the @-modification (face centered cubic lattice) and their mixtures 
were prepared, and their crystal structures were examined by means of 
the X-ray diffraction method. Fine structures of the X-ray K absorption 
spectra of these cobalt samples were photographed by a bent crystal 
spectrograph and the mass absorption coefficients in the X-ray K ab- 
sorption spectral region were measured by using the North American 
Philips Diffraction Unit and Wide Range Spectrometer modified to a 
tube spectrometer with a Geiger-Miiller counter. By comparing these 
photometer curves of these spectrograms or the recorded curves, the 
fine structures of the absorption spectra of these cobalt samples were 
found to be very similar. The wavelength values and the mass ab- 
sorption coefficient of the fine structures of the absorption spectra also 
nearly coincided within experimental errors, and thus the position and 
the form of the maximum and minimum of these structures were found 
to be the same. We conclude that this is due to the fact that atoms in 
the a-cobalt have the same immediate surroundings as those in the @- 
cobalt 


§1. Introduction 


According to Kronig’s theory” of the fine 
structure of X-ray K absorption edge in solid 
crystalline substances, the phenomenon of the 
fluctuation of the absorption coefficient in the 
short wave-length side of the absorption edge 
(so-called ‘‘ fine structure’’) is as follows. 
The X-rays are absorbed by the electrons, 
which make transitions from the X-ray K 
levels to empty levels lying above the Fermi 
distribution. These empty levels are grouped 
into zones and exist as forbidden and allowed 
bands caused by the periodic field in the 
crystal. As the absorption coefficient is pro- 
portional to the product of the transition pro- 
bability and the state density, a fine structure 


occurs. From Kronig’s theory it must H 
concluded that the fine structure should 
highly dependent upon the type of the cryst: 
lattice in which the absorption element is ir 
bedded. This can experimentally be testa 
in several ways® and many peculiarities ¢ 
the fine structure of X-ray absorption edge 
can fully be understood on the basis c 
Kronig’s theory. However in some _ specié 
cases, there seemed to be at first sight som 
discrepancy between theory and experiment 
and it has been demonstrated that the in 
mediate surroundings in the crystal lattice ¢ 
the atoms in question are also of great im 
portance.» ' Rigorously speaking, we may sai 
that the fine structures are identical (apa 


from the usual reduction) only for elements 
which have identical positions in the same 
|crystal or in the same type of the crystal 
lattice. However, the surroundings of atoms 
oc crystallize in a cubic close-packed 
crystal lattice are very similar to those of 
atoms which crystallize in a hexagonal close- 
packed crystal lattice, and it is therefore of 
/some importance to compare the fine struc- 
tures of these two kinds of crysral lattices. 
Thus, Coster” compared the absorption edge 
of Ti (hexagonal) to that of Ca (f.c.c.) and 
mico the edge of a-brass (f. c. c.) to that 
of €-brass (hexagonal) and concluded that 
the positions of the maximum and minimum 
relative to the main edges are the same. 
But there remained still some typical differen- 
ces in the forms of the maximum and mini- 
mum of the photometer curves for these two 
cases, which had to be ascribed to the dif- 
ference between the cubic and hexagonal close- 
packed lattices. However, Ti and &-brass are 
not exactly hexagonal closed-packed (c/a=1.59 
for Ti and 1.56 for €-brass respectively in- 
stead of 1.63 for the ideal close-packed hex- 
agonal), and the distance of the neighboring 
atoms are not the same in these cases of the 
hexagonal close-packed and face centered 
cubic lattices, though some reduction can be 
done at the comparison. Besides, the atomic 
numbers of the two elements are different in 
the case of Ti (22) and Ca (20), and in the 
case of a-brass and &-brass, the surrounding 
atoms in the crystal lattices of the atoms in 
question consist of two kinds of element, Zn 
(30) and Cu (29). 

The fact that the cobalt metal has two al- 
lotropic modifications, a@ (hexagonal close- 
packed lattice) and $8 (face contered cubic 
lattice), was found by A.W. Hull,® and it 
was ascertained later by H. Masumoto and 
others that each modification has its own 
stable temperature region. Though these 
facts have already been well-known, it has 
been experienced actuality by many investi- 
gators that the -modification (stable at high 
temperatures) is often observed at room tem- 
perature in a mixed state with the a@-modifi- 
cation. For instance, a sample of cobalt pre- 
pared by electrolysis, reducing the oxide in 
hydrogen at 600°C, crystallized almost in the 
face centered cubic lattice.» Similar pheno- 
mena have been reported by several investi- 
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gators also in the case of electrodeposited 
cobalt, which suggests itself that the electro- 
deposited cobalt is a mixture of the hexagonal 
close-packed and face centered cubic crystals, 
their contents differring in accordance with 
the electrolytic condition. Okuno” investigat- 
ed the crystal structure of the cobalt electro- 
deposited from  cobalt-sulfate solution at 
various electrolytic current densities and with 
various Py of the solution. He concluded 
that, at low current densities and high Pua, 
the deposits are always of the hexagonal 
close-packed lattice, while in all other cases 
the deposits are always of mixtures of the 
hexagonal close-packed lattice and the face 
centered cubic lattice, in general the former 
modification tending to deposit more easily at 
high Pz than at law Pa and vice versa for 
the latter modification. In the face centered 
cubic cobalt, the lattice constant is 3.554A and 
the distance to the nearest neighboring atom is 
2.514A, while in the hexagonal close-packed 
cobalt the lattice constants are a@=2.514A, 
c=4.105A, corresponding to the axial ratio 
a:c=1:1.633 (which corresponds to that of 
the ideal hexagonal close-packed lattice), and 
the distance to the nearest neighbor is 2.514 
A, exactly being equal to that of the face 
centered cubic cobalt. For this reason we 
compared directly, without reduction, the fine 
structures of the X-ray KK absorption edges 
of these two modifications of cobalt. 


§2. Experiments 


Preparation of the specimen. Following 
Okuno’s method, we made electrolyte of the 
following composition: CoSQO,-7H,0--- 150g, 
NaCl---6g, H;BO;---13 g and water: --1000cc. 
The Py of the electrolyte was regulated with 
sulfuric acid or ammonia-water. The electro- 
deposition was carried out in a 500cc beaker 
kept in the water bath held at 30°C. We 
used a stainless steel cathode 4.5cm wide im- 
mersed to a depth of 7cm placed 4cm apart 
from a cobalt anode. The contents of the a- 
cobalt and B-cobalt depended on the current 
density and Px of the electrolyte. These 
conditions are shown in Table I. The time 
of electrolysis was 0.2-1 hour to obtain a 
suitable thickness for the X-ray absorption 
spectrum. Some of them were annealed in a 
vaccum furnace at 600°C for 3-5 hours in 
order to increase the content of #-cobalt. 
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Table I. Electrolytic conditions and contents of each deposits. 


Contents 


almost all a 
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almost all B 


|? hex) eee eae Ce ee ANd 
: : | : — = 
Current Densities | | 
Amp./cm? | 0.03 0.03 0.03 0.03 0.005 | 
Pu | 5.0 2.0 al al Ae? | 
: | | 
Time of Electroly- 
sis Miniuts | 8 5 8 12 69 | 
Time of Heat ne 3 5 1 | 
Treatment Hours” | 
a im ga 
A-modification No oS © 
(hexagonal ) Yano = aoe 
Leer dSrorze: oS 
Cie, SS 


almost all & 


A) p 


aac 


d ¢B 


almost all b 


6B - modification 


Ky 
Grate Ce) 


: 


Photo. 1. X-ray diffraction patterns of cobalt in a-( 


and their mixed states, 


(222) 

(311) 

(220) 
(220) 


(Sa) 


S 
O 
Ss 


hexagonal) and B-(f.c.c.) modifications 


t 1957) 


They are also listed in Table I. Deposits 
are 7#—11y in thickness and could easily be 
stripped from the cathode plate together with 
a cigarette paper pasted on them. This paper 
was used to protect brittle samples without 


almost all a (hexagonal) 


a<p 
X-ray K absorption spectra of cobalt in a-(hexagonal) and 8-(f.c.c) modifications 
and their mixed states. 


Photo. 2. 


Table II. Wavelength values of fine structures of 
X-ray K absorption spectra of cobalt. 
almost all ca | lalweost Atl 
a (tes || CSB |) cent || wee 8 RULE) 
| agonal) | | 

; SUL | seen) eu X.U. X.U.- 
K 1604.7, | 1604.5.) 1604.4, 1604.4, 1604.74 
LY 1601.7 1601.4 1601.8 1601.4 1602.1 
1600.7 1600.6 1601.0 1600.7 1601.0 
a 1600.6 1600.4 | 1600.3 1600.3 1600.6 
B | 1599.5 1599.2 | 1599.0 | 1599.0 1599.3 
B 1598 .0 LSS TAS 9726 | 1597.5 WE 
iB’ 1597 21 TS596R6n e596. 54159623 1596.6 
Bp’ 1596.3 1596.1 | 1596.0 | 1595.8 1596 .0 
C 1594.8 1594.1 | 1594.5 | 1594.6 | 1594.7 
"a 1592.1 1592.1 | 1592.0 | 1592.1 159 ZZ 
, 1590.8 | 1590.4 1590.8 1591.3. 1591.0 
C’ | 1589.3 | 1589.3 | 1590.0 | 1590.2] 1590.3 
7’ | 1588.4 | L5SSe 5a bso 158981 1588.8 
D | 1584.4 1583.9 | 1584.3 | 1584.5 1584.1 
0” | 1580.8 1580.8 1580.4 | 1580.5 1580.9 
Del Loreal 1578.8 | 1578.8 | 1578.8 TORO 
[ON albyoes) LS 7Gm om elto/ Onli 7 Orel 1576.0 
6’ | 1575.6 | 1575.5 | 1574.6 | 1574.6 1574.3 
E a fleaZ 1570.8 | 1571.3 | 1570.8 ilteyal al 
€ 1566.2 1565.8 1566.0 1566.0 1566.1 
Ki’ 1561 P56 5OSe Lae 156320 1563.0 
Bi 1559.2 1558.7 | 1558.5 | 1558 .8 IS).83 
1 oil 1555.0 ooom 
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the loss of X-ray transmission. 

Diffraction pattern. For the diffraction 
study, the electrodeposit stripped from the 
cathode was cut into sheets of 0.2-0.5mm 
width and about 3mm length and _ several 


almost all 6 (f.c.c.) 


Table III. Energy-separations of fine structures 
from principal K absorption edges of cobalt. 


almost all | | Bence 
CNS ate Se oad P| ERA Baeezes) 
agonal) | | | 
K —eV. —eV. —eV. —eV. —eV. 
TE 14.9 14.9 12.9 14.4 a0) 
A LOR 18.7 16.8 17.8 7583 
a 20.2 ORT 202 19.8 19.7 
B ZOno P35) 18) 26.4 26.0 26.0 
B 32.8 o2au, Sone Soe) Shy, // 
jBy! Boll 38 .0 38.5 39.1 39.0 
Bp’ 41.0 40.4 40.9 41.5 41.9 
C 48.2 50.1 48.2 47 .3 48°2 
fal 61.4 59.9 60.4 59.5 60.4 
7 67.7 68.2 66.2 Ci | O78 
GC! 75.0 WO 70.1 68.7 69.6 
if (OR, UA! 74.5 74.1 GO 
D 99.0 100.0 98 .0 96.6 100.0 
OMLLORS) WIS} || IA 2 || ANG} 083 115.8 
0 WAS) 6 W252 || Wey. 124.7 25a 
Dia oor WAG |) skh | ilefes1 149.0 
oO! 142.5 VA | | tS 148.5 
EH 164.5 IGS0 || Me | lyst) 164.5 
é 189.5 190.1 189.0 188.6 189.5 
jBY | PAleyer} 2ND.3 IB.7 | ABIS | Ads 
e! 224.9 PES 0) | PEND |) BRO Zoon9 
BF AXDS 249.4 | 244.8 | 244.4 245.3 


| 
| 
| 
| 
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Fine Structures of X-ray Absorption Spectra of Co in F.C.C. and Hexagonal 


Photo. 3. Photometer curves of X-ray K absorption spectra of cobalt in a-(hexagonal) and @-(f.c.c.) 


(a) Showing the curves taken by the photometer with a slit of 0.1mm width. 
(b) Showing the curves taken by the photometer with a slit of 0.025 mm width. 


sheets were pasted one over the other. 

The radius of the powder camera was 57.3 
mm. The X-ray tube with a cobalt-target 
was loaded with 30kV, 10mA. The time of 
exposure ranged from about 2 to 3 hours. 
The specimens were rotated in order to avoid 
the influence of preferred orientations. Photo. 
1 shows these diffraction patterns. The con- 
tents of a-cobalt and 8-cobalt were compared 
by the intensities of the diffraction lines (101) 
Ku from a-cobalt and (200) Ka from £-cobalt 
following Okuno’s method,” that is, (1) for 


almost all B, aw (101) Ka is weak as compared 
even with @ (200) Ks; (2) for B >a, a@ (101) 
K, is fainter than B (200) AK. but more in- 
tense than 8 (200) Ke; (3) for B~a, a@ (101) 
Kx, has about the same intensity as 6 (200) 
K,. For opposite inequalities to the above 
apply similar criteria. The intensities of dif- 
fraction lines were also measured by the 
Geiger-counter method using the North Ameri- 
can Philips Diffraction Unit and Wide Range 
Goniometer. 

Absorption spectrum. The fine structures 
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of X-ray K absorption spectra of cobalt were 
taken with a bent crystal focusing spectro- 
graph of the Cauchois type. The diameter 
of the focal circule was 20cm, and the second 
order reflection by (100) plane of a quartz 


3 (hexagonal) 


« © 


*s 
° 

Be} 

° 

oO 

ie 

° 

Ys, 

2 

400+ 

oO 

= || 

o 

8300 

t=] 

Eaeal 

2200}- 

9 

re 1S 

fe} 

”100}- 

= 

Es fl l l 1 | 
O IO 1600 1590 1580 1570 1560 *¥ 
Wave length 

Fig. la. Curve of mass absorption coefficients 


with wavelengths of cobalt in close-nacked 
hexagonal lattice. 
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crystal was used. Generally a current 10 mA! 
at 10kV was passed through an ion-type X+ 
ray tube. The time of exposure was variek 
from 15 to 20 hours. The spectrograms and 
the microphotometer curves of the K absorp; 
tion spectral region of cobalt are reproduced 
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with wavelengths of cobalt in face centered 
cubic lattice. 
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Photo. 4. Recorded curves of X-ray K absorption spectra of a-(hexagonal) and £-(f.c.c.) cobalt. 


in Photo. 2 and Photo. 3. Photo. 3a shows 
the microphotometer curves taken by the 
photometer with a rather large slit width 
(0.1mm) which was used in order to avoid 
the influence of the grain size of the photo- 
graphic plate, and Photo. 3b shows the micro- 


photometer curves taken by a photometer 
with a slit 0.025mm wide in order to measure 
exactly the fine structure near the absorption 
edge. The measurements of wavelengths 
were carried out referring to the Co Ka, and 
Cu Ka, lines photographed on the same plate. 


liken from the Table in Y. Cauchois and H. 
julubei’s® ‘‘ Longueurs d’Onde des Emissions 
a et des Discontinuites d’Absorption X’’. 
the wavelength values of the fine structures 
K absorption edges of cobalt are shown in 
able II. Table III shows the energy-separa- 
ons from the XK principal absorption edges. In 
der to measure the mass absorption coefficient 
/o, the fine structures of absorption spectra of 
ese specimens were recorded automatically 
y using the North American Philips Diffrac- 
on Unit and Wide Range Spectrometer. This 
nit is an installation to record the ordinary 
owder diffraction Unit and Wide Range 
pectrometer. This unit is an installation to 
ecord the ordinary powder diffraction pattern. 


Table IV. Wavelength values and mass absorp- 
tion coefficients of fine structures of X-ray K 
absorption spectra of cobalt 
by recording method. 


Wavelengths ae popuce 
almostalla| a<®@ |almostall a | ee 
earl oii 46.2*cm2/g| 45.7*cm2/g 
K 1604.8 1604.6 — == 
kK’ 1601.4 1601.4 — = 
A 1600.8 1600.9 Boll 382 
a 1600.6 1600.0 345 365 
B 1599.7 1599.0 380 382 
p 1597.6 1597.8 813}5) 359 
oad 159 7e 1596.8 — ~ 
p’ 1596.3 | 1596.5 “ — 
C 1594.7 1594.7 403 405 
a 1592.4 1592.3 oa = 
y 1590.2 1591.0 348 Boo 
jG! 1588.8 1589.8 — -- 
‘nf 1588.2 1588.7 — _ 
D 1584.2 1584.3 412 419 
Dr! 1580.6 1580.6 B50 361 
N 1579.1 1579.1 338 334 
D’ UB) 1576.2 352 356 
D! 1575.8 1574.9 — = 
A} IGVAL isyAleal 388 394 
; 1566.0 1566.0 342 Bo2 
Ei}! 1561.8 15620 351 352 
M4 1558.7 1558.6 344 
i” 1554.3 | 15551 — 30% 


‘of This value is not the mass absorption coeffi- 
ent at the principal K edge of cobalt but is that 
the wavelength of 1610x. u. 
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The unit is mechanically so arranged as to main- 
tain a 1:2 ratio of rotational speed between 
the crystal holder of the center of the spec- 
trometer and Geiger-Miller counter as requir- 
ed for Bragg reflections. We used this unit 
as the tube spectrometer described by Coster 
and De Lang.» The details of our modified 
method will be published in another paper.2 
The divergency of the slit system of this in- 
strument is about 0.0004 radians. LiF is used 
as a reflecting crystal. As we can directly 
measure the primary X-ray intensity J) and 
the transmitted X-ray intensity J, it is easier 
to get the mass absorption coefficient 4/o from 
the equation 

vy 1 

—_=——(log —log DJ), 
0 px 
where z and o are the thickness and density 
of the material, respectively, and J) is the 
intensity of the spectrum without the absor- 
ber in the same condition in which the ab- 
sorption spectrum is recorded. Now oz is 
about 7.7 mg/cm? in the case of 8 > a-cobalt 
and 8.7 mg/cm? in the case of a@-cobalt. Fig. 
1 shows the z/o curves near the absorption 
edges of 6 >a-cobalt and a-cobalt thus 
measured and photo. 4 shows the recorded 
curves of the fine structures in the X-ray K 
absorption spectral region of these cobalts. 
Table IV shows the wavelength values and 
values of the mass absorption coefficients 
obtained by this method. 


§3. Results and Discussions 


By comparing photometer curves in Photo. 
3 or recorded curves in Photo. 4, it will be 
seen that the fine structures of the absorp- 
tion spectra of these sorts of cobalt are very 
similar. The wavelength values and the mass 
absorption coefficients of these fine structures 
also nearly coincide within the limit of ex- 
perimental errors as seen from Table II, III 
and IV. In our case, the form of the max- 
imum and minimum of the fine structures of 
the absorption edges are also the same con- 
trary to Coster’s case. This seems to be due 
to the fact mentioned in introduction. a@- 
cobalt is of an ideal close-packed hexagonal 
lattice, the neighboring atoms being of the 
same kind and the distance to the nearest 
neighbor being equal to that in f-cobalt (f.c.c.). 
This is clearly seen in Table V which gives 
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the successive shells of atoms in the case of 
a- and B-cobalt. The number of surrounding 
atoms and their distances from the central 
atom are identical in the first two shells. In 


Table V. Different successive shells of atom sur- 
rounding a definite cobalt atom in a close-packed 
hexagonal and face centered cubic lattice. 


Number of Atoms Distance 
f.c. cubic | hexagonal | f.c. cubic | hexagonal 

12 12 2.513 2.514 

6 6 3.554 3.559 
2 4.105 

24 18 4.353 4.354 
12 4.814 

12 5.025 


our previous paper!» on the fine structures 
of X-ray absorption spectra of amorphous 
substances, we found that the fine structures 
of the absorption spectra in amorphous state 
have similar forms and positions to those in 
substances which have undergone crystalliza- 
tion. We considered such results to be due 
to the fact that an amorphous substance is 
not an irregular assembly of atoms but has 
a certain definite structure, i.e., it has the 
same surroundings of atoms as in its crystal- 
line state. Kiestra!® remarks that the fine 
structure is determined by the immediate sur- 


M. SAWADA, K. TSUTSUMI and A. HAYASE 


(Vol. 1 


roundings of the atom in question in tl 
region about 40eV to 150eV from the absor} 
tion edge. This is well supported by ov 
experimental results. 
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apparently contradicts the present 


the effect of the temperature factor. 


| $1. Introduction 


J 


Intensity of electron diffraction Debye- 
Scherrer rings was first studied by G. P. 
Thomson» and later by several investiga- 
tors?. Thomson, Mark and Wierl” and 
Shirai® found that the observed intensity is 
proportional to the square of structure factor 
in accordance with the kinematical theory, 
but Ornstein ez al.** and Friesen and Lennan- 
der®” found that the observed intensity 
deviates from the kinematical value. Black- 
man® treated these results theoretically and 
concluded that the deviation found by Ornstein 
et al. is caused by the dynamical effect of 
the diffraction. 

In the diffraction of electrons, which interact 
with matter very strongly, the kinematical 
theory fails and the dynamical theory must be 
refered to even for comparatively small crys- 
tals. According to Blackman, the crystal size 
of Thomson’s specimens was small enough for 
the holding of the kinematical theory. How- 
ever, in the specimen of Mark and Wierl. and 
Ornstein e¢ al. the crystal size was not so 
small, as was indicated by the sharpness of 
their Debye-Scherrer rings. Blackman pointed 
out that the deviation found by Ornstein e7 al. 
could be explained by the dynamical theory 
but the agreement with the kinematical theory 
found by Mark & Wier] could not be explained. 

Recently, crystal analysis by electron diffrac- 
tion was developed mainly by Soviet investi- 
gators”. They assumed the holding of the 
kinematical theory, and in order to examine 
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Intensity of electron diffraction Debye-Scherrer rings was studied for 
evaporated films of Al, Ag, Au, NaCl, KCl and MgO of various thick- 
The observed intensity deviates from the 
value calculated by the kinematical theory of diffraction at crystal sizes 
less than 100 A for all the materials examined. This result agrees with 
the conclusion of Blackman’s dynamical theory (Proc. Roy. Soc. 173 


Yamzin & Pinsker’s conclusion (Dokl. Akad. Nauk 65 (1949) 645) 
that the kinematical theory can hold for films of thickness up to 500 A, 


result. It was pointed out that 


Yamzin & Pinsker’s conclusion resulted from the fact that they neglected 


the assumption, Yamzin!® and Yamzin and 
Pinsker!™ carried out an experiment similar 
to that of G. P. Thomson. Specimen studied 
by Yamzin were Al, Cu, Ag, Au, Zn and Sn, 
and the accelerating voltage was from 38 to 
56kV. Although he measured crystal size, he 
stated his conclusion not in terms of crystal 
size but in terms of film thickness. He con- 
cluded that the kinematical theory holds for 
thickness less than 500A, except for the 
material so heavy as Au. According to him, 
the apparent failure of the kinematical theory 
as observed by Ornstein ef al.*© and Friesen 
and Lennander® might be attributed to tex- 
tures in the specimen films. Based upon the 
experimental result of Yamzin, Pinsker1 
concluded that Blackman’s treatment is not 
sound. On the other hand, the dynamical 
theory was proved by many experiments! 
and we could not understand why Blackman’s 
treatment is not sound. 

The aim of the present investigation is to 
elucidate this contradiction. Specimens studied 
were Al, Ag, Au, NaCl, KCl and the accele- 
rating voltage was from 32 to 60kV. First, 
the relation between intensity and thickness 
was studied to check the result of Yamzin and 
Pinsker. Against their conclusion it was 
found that the dynamical effect appears for 
films thinner than 100A for all the materials 
examined. Next, the relation between inten- 
sity and crystal size was studied and it was 
found that the intensity varies with crystal 
size in accordance with Blackman’s theory, 
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In analysing the intensity data the temperature 
effect, which was neglected by Yamzin and 
Blackman, was taken into account. The con- 
tradicting conclusions of Yamzin and Pinsker 
seems to have been resulted from the neglect- 
ing of the temperature effect. 


§2. Experimentals 


Sphecimens. Specimen films of Al, Ag, Au, 
NaCl and KCl were prepared by evaporation 
in high vacua of the order of 10-°mmHg. 
Substrate for sepcimen was collodion film put 
on the standard specimen grid for electron 
microscope. The range of thickness was 100- 
1000 A for Al, 10-150 A for Ag and Au, and 
100-150 A for NaCl and KCl. Specimen film 
films of MgO were prepared by evaporating 
Mg in low vacua of the order of 10-? mmHg. 
Thus the evaporated Mg, which would produce 
Mg-film of thickness from 50 to 300A, was 
oxidized into MgO as confirmed by electron 
diffraction. If the condition of evaporation 
was kept the same, the crystal size increased 
with film thickness. To control the crystal 
size at a given film thickness, the rate of 
evaporation and the temperature were changed. 


(111) (200) 


same as that of Karle and Karle™. 
Fig. 1 shows an example of microphotometer 


Imm 


(220) (311)(222) 


ae 


(111) (200) 


Fig. 2. Intensity curves of Debye-Scherrer rings 
obtained from Fig. 1, 
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The time of evaporation was varied from 1 
seconds to 10 minutes. The temperature ¢ 
the substrate was changed from room temperé 
ture to 230°C. The crystal size was large 
for high substrate temperature and high eva 
ration rate. To prevent the crystal growt! 
after the evaporation, film was quickly coole: 
in vacuum by taking it away from the furna 
after the evaporation. 

Prefered orientation was examined carefull! 
by tilting the specimen film up to about 40° 
Diffraction patterns were photometered alo 
two directions, one is parallel and the othe 
perpendicular to the tilting axis. For Al, A 
Auand MgO no prefered orientation was foun 
while for NaCl and KCl there was a trene 
that (001) plane becomes parallel to the su 
strate film plane. 

Diffraction equipment. The electron diffrac 
tion equipment used in the present experimen’ 
was constructed in our laboratory. The 
specimen-plate distance was 338mm. The ae: 
celerating voltage was from 32 to 60kV. 

Method of intensity measurement. Intensity 
of Debye-Scherrer rings was measured by the 
photographic method which was almost the 


(220) 


(311) 
Fig. 1. Microphotometer curves of Debye-Scherrer rings of Al (Accelerating voltage 48 kV). 


— 


curves. In this example three records with 
different exposure times are shown. 

Intensity curves of Debye-Scherrer rings 
were obtained by substracting the background 
from the total intensity. 

For very thin specimen, the effect of halos 
due to collodion film was substracted by the 
method described by Kimoto™. For thicker 
specimen the effect of hales was negligible. 
Fig: 2 shows: an example of intensity curve: 
obtained from Fig. 1, 


I 
/1957) 


Determination of crystal size. Integral 
breadth B of a Debye-Scherrer ring is defined 
‘by 
i) 


where 7 is the radius, P(r) the intensity, Pn 
the maximum value of P(7) and B, the dia- 
‘meter of the incident spot (0.13 mm). 


Crystal size A is calculated by 
A=2L/B cos 6 ,* (2) 


where Z is the  specimen-plate distance 

(338mm) and @ is Bragg angle which is so 

small that cos @ can be taken as equal to unity. 

An example of crystal size and integrated 
) intensity determination is shown in Table I, 
which was obtained from the microphotometer 
meurve Fig. 1. 


B=\Pq7) cri reng 


_ Table I. Example of integrated intensity, 
integral breadth and crystal size of Al (Ac- 
celerating voltage 48kV). 


hkl 11) | (200), (220) | (311) | 


mean 
Se | 48 | 20: | 100] 9% | 
Be | 43, 22 | 100! % | 465 203 100 % 
Se | 47, | 20. | 100| 8 | 
Raq 0-1 | 0.114/ 0.12) 0.10, 
asl 
BEE 0.10; 0.125 0.09 0.102 0.115 
5 | 0.117 | 0.145 | 0.105 | 0.125 
a oat osu is (17%; 
So. | 
DSc 17% 14s 18 17 16, 
S Malt 12enaze~|l tds 


| 
| 
| 


Determination of integrated intensity. Inte- 
grated intensity J was obtained by measuring 
the area of the intensity curve. For all speci- 
mens (220)-intensity was normalized to 100. 


§3. Theoretical Formulas 


In the kinematical theory the integrated 
intensity of a Debye-Scherrer ring is given by 


T,X @|S,|?-p-e-™™ /0? 2 3) 
while in the dynamical theory it is given by 
T,?|Sn|-p-e-™/6? , (4) 


where the superfixes K and D indicate kine- 
matical and dynamical, respectively; / 1s the 


x In the previous paper! the crystal size was 
estimated too small, since the evaluation of By was 
incorrect. 
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index of a ring, S, the structure factor for 
electrons and p the lattice plane multiplicity. 
Factors e-°” and e” are the temperature 
factors for the kinematical and dynamical 
cases, respectively. Yamzin mentioned that 
the temperature effect is so small that it can 
be neglected for low order reflections. Actu- 
ally, however, it is not small as is shown in 
Table II. Thus in the following section the 
temperature effect is taken into account. 


Table II. Calculated values of temperature factor 


Speci- | | 
ke (111) (200) (220) (311) (400) (420) 
Al e-2m | 0.92) 0.895 0.803 0.745 0.644 0.585 
je 0.960 0.94; 0.895 0.86) 0.803 0.767 
r | e-2a | 0.935 0.914 0.833 0.78) 0.69; 0.63, 
8 io 0.965 0.95. 0.913 0.883 0.83, 0.797 
ia e-2M  ().94g 0.93; 0.867 0.823 0.75, 0.698 
"| e-¥ | 0.974 0.965 9.93, 0.907 0.863 0.835 
ie |e-28 0.93) 0.90) 0.82; 0.77) 0.683 0.62p 
e Hae 10.96; 0.953 0.903 0.873 0.825 0.787 
oe, |e-2™ 0.937 0.915 0.83; 0.783 0.702 0.649 
be x 0.96s 0.955 0.915 0.885; 0.833 0.809 
According to Blackman®, the integrated 
intensity for parallel sided single crystal is 
given by 
A 
Te2h1Su12*[(0)| Ji2uyde, (5) 
0 


where v is the volume of the unit cell, J, the 
zeroth order Bessel function and 


A= |Sp|Da/vo ? (6) 
where D means the thickness of the single 


crystal. For small values of A, Eq. (5) 
becomes 

I Ip|Sp|2DA3/(v078) , (ec) 
which is characteristic of the kinematical 


theory. For large value of A Eq. (5) becomes 
IcoIg|Sp|A2/(2098) . (43) 


Adopting Eq. (5), the intensity of Debye- 
Scherrer rings becomes 


Ae 
0 


M 
J o(2x)dx é 


SB) 
hohe 6 


sheryl (7) 


The numerical integration of this equation 
gives the relation between intensity and crystal 
size. In Fig. 4 the values calculated by Eq. 
(7) are shown by fully lines. 
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§4. Experimental Results 


(a) Intensity variaton with film thickness. 
The variation of intensity with film thickness 
was studied at first, the evaporation being 
carried out under the same evaporation speed 
and the same temperature of the substrate. 


Intensity 


fe) 
O 100 200 300 400A 
(Q) Thickness 


Crystal ;8 
size (A) 
300 


200 


100 


O 100 200 300 400A 
(b) Thickness 
Fig. 3. (a) Intensity variation with film thickness 
of Al (Accelerating voltage 40 kV). 


(b) Relation between crystrl size and film thick- 
ness of this specimen. 


The result obtained from Al is shown in 
Figs. 3a and b. The intensity ratios are 
plotted against the thickness of the film in (a), 
and the relation between crystal size and 
thickness is plotted in (b). The experimental 
errors are shown by the vertical line segments 
in each figure. As the thickness of film is 
increased the crystal size becomes larger, and 
at the same time, the intensity ratios vary 
appreciably. 

b) Intensity variation with crystal size. Next, 
the intensities were measured for many speci- 
mens of the same thickness but of various 
crystal sizes. For all the specimens except 
NaCl and KCl, intensity of (111)-, (200)-, (220)-, 
and (311)- or (222)-reflections were studied. 
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For NaCl and KCl only (hk0)-reflections wer¢ 
studied to avoid the effect of the texture. | 

The result is shown in Figs. 4a-f. In eack 
figure the experimental errors of intensity anc 
crystal size are shown by vertical and horizon 
tal line segments, respectively. The curves 
obtained from Fq. (7) are shown for accelerati 
ing voltage of 48kV. Except for MgO, the 
temperature effect was taken into account if 
the calculation of Eq. (7). (hkl)* shows the 
kinematical intensities from Eq. (3), ane 
(hkl))>* shows the kinematical intensities with: 
out the temperature effect (cf. Tables II od 
III). 


Table III. Kinematical intensity ratios with | 
and without the temperature factor. 

ae (111) (200) (220) (311) (400) (420) 

with [7x 28, | 1005289 9 == ean 

Al |-wttniat lni67_ i269 Wh 00g NOs yn 

with 52, “92, 100 . 05. =. 

AG Jl seittiout| 465810 2006 1 00MM 16111 

with 485" 20 opie gg _hg ee 

Au |\without| 44° 197 100°" 1039) = 4 

with | — 22 100 — Ome 

NaCl) without! —) 920)! 100' (=i) Higa 

| with "20, “100 

Kelg) | 

26 | 


| without; — 


The observed values do not exactly coincide 
with the theoretical values. However, it is 
obviously recognized that the observed inten. 
sities vary appreciably with crystal size anc 
the reflections, the structure factors of which 
are larger than that of the standard reflection, 
have an inclination to decrease in their inten: 
sities as the crystal size becomes larger, and 
the ones, the structure factors of which are 
smaller than that of the standard one, te 
increase in their intensities for the larger 
crystal size. This fact coincides at least 
qualitatively with the theoretical result ané 
can be considered to be due to the dynamica 
effect. 


§5. Discussions 


Comparison with Yamzin's result. Material: 
studied both by Yamzin and the present 
author are Al, Ag and Au. Yamzin performec 
the experiment with various film thicknesse: 
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Intensity 
goof (111) 


“eel 
(200) 
K =-4 
200)o = 
2001 : (200) 
(Eakpe 
See at 
(Zi) (311) 
O80 100 120 140 I60A 


Crystal size 


(a) Al (150A in thickness). 


Intensity 
500 


400 


300 


©7260 30 40 50 6ok 
Crystal size 


(c) Au (15A in thickness). 


Intensity 


400 


(111) 


300 


200 


20AAESO%- AO. C500 60pm a 70 A 
Crystal size 


(b) Ag (20A in thickness). 


Intensity 
(200) 
\60F 
120} 
(420) 
ee (400) 
rH ‘ 


©~g0 100 '20 140 160A 
Crystal size 


(da) NaCl (400A in thickness). 
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Intensity 
240 
Intensity 
200f(200)" 200 
160 (200) $ 160 
120 120 
80) 80 
40 40 
K 
ze rH +—t—1420)= as 
ee K 
ee E 7400) ——i}— 
O eGudlOO WieSne Gm eek O60 60.4 100; 190) #461160 16GuA 
Crystal size Crystal size 
(e) KCl (300A in thickness). (f) MgO (Mg, 100A in thickness). 
rig. 4. Intensity variation with crystal size. (Accelerating voltage, 48kV). Dotted plots show the 


results obtained from Yamzin and Shirai’s experiments. 


of crystal size. 
of KCl. 


and he did not observe any remarkable inten- 
sity change with the film thickness. His 
experimental values are plotted in Figs. 4a-c.* 

As is seen in these figures, his values do 
not deviate from those of the present investi- 
gation. They coincide with the kinematical 
values except the case of Au, if the tempera- 
ture factor is not taken into account. This 
agreement, however, does not mean the hold- 
ing of the kinematical theory. 

Comparison with the results of the other 
investigators. G. P. Thomson”, Mark and 
Wierl® and Shirai®» reported that the observed 
intensity agreed with the values expected by 
the kinematical theory, but all of them 
neglected the temperature factor. The results 
obtained by them are tabulated in Table IV. 


* Yamzin calculated the crystal size by using 
half-width. The accelerating voltage in his experi- 
ment was 45, 53 and 42 kv for Al, Ag and Au, 
respectively. 


Shirai did not show his result in terms 


Then only the intensity ratios should be compared with our result in the case 


Fig. 4, it can be said that their results con- 
tain the dynamical effect for low order reflec- 
tions as (111) and (200) except the case of Al. 

Ornstein ef al.4© and Lennander ef al.®. 
reported that the kinematical theory could not 
be applied for their specimen films. The re- 
sults obtained by them are also shown in 
Table IV. Their values show much more 
deviation from the kinematical values than 
those of G. P. Thomson and others. 

In conclusion, the kinematical theory can be 
applied when the crystal size of the specimen 
is very small, and the intensity varies gradu- 
ally when the crystal size becomes larger. In 
analysing the data it is necessary to take into 
account the temperature effect which is too 
large to be neglected. 
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Table IV. Intensity ratios reported by the previous investigators. 
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_ aa vos | 280 eto jigs WA=i) =) 16 | Se 46.) 16 
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Absorption Spectra I. 
Light Absorption of Triphenylmethane Dyes 


By Reikiti IToH* 
Kobayasi Institute of Physical Research Kokubunzi, Tokyo 
(Received August 28, 1956) 


The electronic energy levels of typical triphenylmethane dyes, Débner’s 
Violet and Rosaniline, are calculated through the simple LCAO MO 
method. The electron densities and the bond orders in the ground 
states are also computed. Then, with these values of electron densities 
and the bond orders, the differences of the coulomb and of the resonance 
integrals, 4a; and 48;;, respectively, as well as those between the carbon 
and the nitrogen atoms are taken into account and the electronic energy 
levels calculated above are modified by perturbation method. The dif- 
ferences of the coulomb integrals between the carbon and the nitrogen 
atoms cause profound effects to the absorption energy which amount to 
23~27 Kcal (40~50 %), whereas those of different carbon atoms affect 
to the absorption only 4 Kcal (10%). The energy levels of the various 
derivatives of Dobner’s Violet and Rosaniline, e.g. dimethyl and diethyl 
derivatives of Débner’s Violet, Malachite Green, Brilliant Green, Hoff- 
mann’s Violet, Crystal Violet, Ethyl Violet etc. are also calculated by 
the method of perturbation. The values of the coulomb integrals of 
attached end groups are estimated through the basicity of the groups. 
The calculated absorption energies for these derivatives are compared 
with the observed light absorptions and it is shown that the course of 
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the calculations is reasonable. 


Introduction 


§1. 


It is well known that the absorption spectra 
of triphenylmethane dyes e.g. Dobner’s Violet 
and Rosaniline vary in wave length” and in- 
tensities with the terminal groups attached to 
phenyl groups. Although there are evidences 
that three phenyl groups are not in the same 
plane, Brickstock and Pople” calculated the 
resonance energies and charge distributions of 
triphenylmethyl group by means of semi- 
empirical molecular orbital method in S.C. F. 
scheme, asuming as if they were planer, and 
their treatment seems to be allowable in the 
first order approximation. In this paper, the 
absorption spectra and charge distributions of 
triphenylmethyl group with two or three sub- 
stituents are calculated by the perturbation 
method in the simple semi-empirical MO 
theory. In the latter part of this paper (§5, 
6), the correlations between the basicities of 
terminal groups and the absorption spectra of 
the triphenylmethane dyes are investigated. 


* Previous name R. Miyasaka was altered by R. 
Itoh, 


The data of absorption spectra and pK; of. 
these dyes are collected in Table I and IX. 


NRe 


+ aE 
NRZ NRe NRZ NRp 


Fig. 1. Cations of Triphenylmethane dyes. 


In these dyes, altering basicity of the termi- 
nal groups influences the light absorption as 
it does in the dyes of cyanine type; increas- 
ing basicity shifts the absorption band towards 
longer wave lengths. Thus, Dodbner’s Violet 
(I) and its dimethyl (II) and diethyl (III) 
derivatives absorb the light of higher frequen- 
cies than Malachite Green (IV), while the 
tetraethyl derivative, Brilliant Green (V), 
absorbs at lower frequencies. In the same 
manner, Rosaniline (I’) derivatives, i.e. Hof- 
fmann’s Violet (III’), Crystal Violet (IV’) and 
Ethyl Violet (V’), also absorb the light of 
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Table I. The light absorption of Triphenylmethane dyes). 


NR» group No. of Days absorption wave length No. of Days absorption wave length 
NH, I 5616 A i? 5430 A 
NH(CHs) II 5870 (I? == 
NH(C.Hs) Ill 5898 III’ 5850 
N(CHs)2 IV 6160 IV’ 5905 
N(C2Hs)s Vv 6230 Vy! 5961 


longer wave lengths than Rosaniline in this lowing prescription; 

order. (1) Compute the roots, 2, of the secular 
In the first place, the light absorptions of the equation determining the LCAO MO’s, neglect- 

dyes (I) and (I’) will be computed by semi- ing overlap integrals, and setting all coulomb 

empirical LCAO MO method with first order integrals a; and all resonance integrals 8 

perturbation. In the second place, the light equal. 

absorptions of other dyes (11), (111), ---(IV’) (2) Compute the one electron energies cor- 

and (V’) etc. will be computed by the use of rected for 4a,, which is the difference in 

: PK, data of their terminal groups. coulomb integral between carbon atoms and 

) nitrogen atoms and is assumed to be 


4a,=1.68®. 
It is assumed that electronic absorption bands ) ; 
of these dyes arise from transitions involving (3) These energies are expressed in terms 
only the x electrons, not the o electrons, and B. Then put B=—3eV. 
our attention will be restricted to the former. With these eee the equations de- 
It is convenient to express the molecular termining the MO’s take the form 


§2. Theoretical Preparations 


orbitals (MO) of the electrons as linear com- (@—)e--- S78 7.c,= 0" (4) 

binations of suitable atomic orbitals (LCAO eae 

approximation). Each MO is then written in 6+ more briefly, 

the form 0 (3) 
. b=> Cror , CL) ie : 


where ¢, is the 2pz orbital of the 7-th atom. where z=(€—qa@)/8 and c, is the MO coefficient 
The predictions will all be made by the fol- of the 7th atom. 


19 2| 


19 Ke) 15 
Nie eaials \2 ee NH» 
13 i 14 
2 
6 7 
12 13 
NHe 
20 


Fig. 2. The ith atom is denoted by number i in the figures of Dobner’s 
Violet and Rosaniline. 


1) Molecular Orbitals in Dobner’s Violet 21 atoms of which the number is shown in 

The molecule of Débner’s Violet consists of Fig. 2. The « MO’s are, by definition, all 
triphenylmethyl radical and two amino groups antisymmetric with respect to the molecular 
as shown in Fig. 1, and the symmetry group plane and therefore belong to the species A; 
of this dye is Cy as shown in Fig. 2, if as- and B, as follows. From the character table 
suming the planer configuration, and it has of the irreducible representations of this group 
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we have for the splitting of /’(Cx») represen- 
tation 


operation # Cy, oy 

TC). SA Oe 
into its irreducible components 
T' (Cy) =9A2+12B, , 


Species of B,: the molecular orbitals of 
species B, may be written in the form 


(Bz) =61(b1+ 62) +62(b5+ b6)+C3(b4+ b7) 
+C4(P11t Piz) + C5(G10+ $13) 
+€5(b16+ $17) +C7(b19 +O”) +0863 
+€9(bs+ b9)+C10(b 14+ P15) 
+1118 +Ci2G21 

We see ,=-k03, C4==kCs (the double signs are 


to be read in the same order) and the appro- 
ximate MO’s are of the forms 


(Bz) =¢1(b1+ b2) +x b4+¢5+ bot 67) 
+¢3(b10+ G1+ $12 + $13) 
+€4(b16+ G17) +€5(b19 + 20) 
+0663+07(bs+ bo) +Cs(b14+ 15) 
+918 +Ciog21 

f' (Bz) =¢1(¢4—$5— b6+ $7) 
+¢2(¢10—¢11— 12+ $13) 

Species A,: the MO’s of species A, have the 

nodal planes through atoms 21, 3, 18 and 

they have the form 

(Az) =¢1(b2— $1) + C2(b7— $5) +€3(e— H4) 
+€1(b13— 10) +€s(b12— 11) 
+€6($17— 16) +C7($20—$ 19) 
+€3(b3—9) +C(b1s— G15) 


but, since there is no interaction between the 
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group of the atoms 8, 9, 14 and 15, and the 
other atoms, the MO’s will be the form with 
C.=-kC3, C= tc; (the double signs are to be 
read in the same order): 
b(Az)=C1(b2—61) + O2(b6+67—$5— $4) 
+¢3(b12+ $13—% 10 — $11) 
+¢4(b17— P16) tCs(h20— G19) 
(Ay) =C1(b1— 5 + bo— 7) 
+€2(¢10—$11+ G12— $13) 
fb (Az) =C1(bs—9) +62(b14— $15) 
Thus the secular equation of z MO can be! 
reduced and the determinants of 5(A,), 2(As;},, 
2(A,), 10(B,) and 2(B,) ranks are obtained... 
In the case of 5(A;), equation (3) gives 
—2xC,+2C, ==), 
—20,+ Ci +c3;=0, 
—203+ C+c,=0, 
—a4+2c3+¢,=0 , 
—26e-+ Cf) =O0OF 
Eliminating the coefficients ¢,, we have 
teste Gas WOU 


dpa dpi Or: 208) 
(0 1 -# 1 0 | =—2°+623—72=0 
Ole 205 257 lee 
uO Ou s Salh eee 


As this equation gives five roots % (¢=1, 2, 3, 
4,5), there are 5 MO’s of specy As, with 
energies €;=a+ 8a. The ratios of the coef- 
ficients c, for each of these are obtained by 
substituting the appropriate 2; back into the 
linear equations, and their absolute magnitu- 
des are determined by the normalized condition 
of MO; 


Table II. The normalized AO coefficients and energy levels of MO in species By of Cry, 
where most of higher vacant orbitals are omitted. 


Coy, Be, 10 ranks 


x=2.408088 2.040468 1.663987 
¢, 0.357080 0.098895 — 0.254779 
cz 0.210532 0.139689 — 0.040681 
cz; 0.149900 0.186137 0.187086 
cz 0.150440 0.240117 0.351990 
Cs 0.062473 0.117678 0.211534 
Cg 0.342548 — 0.356104 — 0.060501 
cz; 0.193072 — 0.324516 0.120940 
cg 0.122387 — 0.306060 0.261743 
cg 0.101647 — 0.299990 0.314597 
C10 0.438816 — 0.077587 — 0.342587 


1.079817 0.320359 — 0.320359 
— 0.182179 0.120938 0.120938 
— 0.156559 — 0.187087 0.187087 
0.013124 — 0.180874 — 0.180874 
0.170730 0.129143 — 0.129143 
0.158110 0.403119 0.403119 
0.490046 — 0.109594 — 0.109594 
0.206373 — 0.224027 0.224027 
— 0.267202 0.037825 0.037825 
— 0.494902 0.236144 —0.236144 
0.116399 0.412919 — 0.412919 


¥(Bz)=ci(pit pe) + cx hat b5+ be+ O72) +¢3(b10+ bu-+ bie-+ fis) + a(bie+ biz) + €s(19+ P20) 
+ cops + C:(hs+ Py) + Ca(Gia+ His) + CoPis + Cioda 


Coy, Az, 5 ranks 


x=2.101004 1.259280 (0.000000 
¢, 0.237981 0.397052 (0.267261 
€, 0.250000 0.250000 0.000000 
¢3 0.287270 — 0.082232 —().267261 
, cy 0.353554 — 0.353554 0.000000 
C5 0.168279 —(0.280758 0.534522 


¥(As)=c1(d2— $1)-+ ex(o-+7—$5— $4) 


+ ¢3(h12+ bis— fio— bir) + Ca( Piz — his) + C5($20 — $19) 


Table IV. AO coefficients of MO’s and their 
energy levels in species Ay and By of Coy. 


Cry, Ao, Bo, 2 ranks 


x=1.00000 —1.00000 
-¢€; 0.35355 0.35355 
C2 0.35355 — 0.35355 


w!(Ao)=e1(ha— $5+ bo — 7) + C2(h10— G11 + S12 — 13) 
Y(Bs)=¢1($1— $5— b6-+ b7) + Cx($is — Gu — Pi2+ hia) 


2c;? +4c.?+4¢32+ 2647+ 2C5? ile 


The values of 2; and the corresponding values 
of c, are given in Table II, III and IV. 


2) Molecular Orbitals in Rosaniline 
As shown in Fig. 2, the spatial symmetry 
of Rosaniline is D3,, if we assume the planer 
configuration as before, and it has 22 atoms 
of which the number is shown in the figure. 
MO’s are of species A,’, A.’’ and EF” as 
shown in the following. From the character 
table and the character of (D3) representa- 
tion 
operation E 21C, 2C; on 3U 36, 
Pe ee elo Net lee 22, 4 A 
we have the splitting of /’(D3,) representation 
into its irreducible components; 
TV'(D3n)=2Ay’ +6A)”’+7E”. 
The MO’s of these species have the form 
WA’ )=C1(b1— 65+ b6—67+ b8— $9) 
+¢2:(¢10—-1+¢12—bi13t b1u—-15) 5 
P(A.) =Cib22+C2(b1+ 624 $3) 
+063(¢4+ ost ¢o+b7+¢st bo) 
+¢x(b10+b1+ $124 G13 + Oat G15) 
+65(b1e+ bir + b18) +C6(P19 + G20 + G21) - 
As the MO’s of specy £’’ occur in degene- 
rated pairs, there is a certain freedom in the 
choice of the form of MO (though the energy 
of each pair is uniquely determined) and we 
will use the following form: 


2 ranks 
x=1.00000 
¢; 0.50000 
Cz 0.50000 


Table IN. The normalizid AO coefficients of MO in species Ay of Coy, 
except those of vacant levels. 
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— 1.00000 
0.50000 
— 0.50000 


WV!" Ax) =e1(bs— bg) + Co(b1s— Gis) 


P(E”) =¢,(61+.0b2+07b3) +0.(b4+ obe+ wd) 
+¢3($5+0¢7+07d9) 

+€4(¢10 + $12 +0744) 
+6s(b1 +6134 0745) 
+€6(b16+ 0617+ 7 18) 


+6(b19 + @b20-4 


P(E") =o*(E”) . 
where w=exp (272/3) and ¢,*(2”’) is the con- 


jugated complex of ¢,(E’’). 


ia Dor) ’ 


In the case of 


specy E” it is obvious that cg=+¢3, Cy==kCs 


and we have the form: 


b(E”)=¢,(¢1+0¢2+073) 
+62(b4+ 65+ 066+0¢67,+07b3+ why) 
+¢3(¢10+¢1+0¢21 0613 


+ 0714+" 15) 


+04($16 + 0617+ 0718) 
+65(b19 +Mb29 +o? b21) 
dy (LE) =c(b4—$5+ 065—0¢7+ 07 b3—07 ho) 


+¢2(¢10—-¢1+0¢12—-0613 
+07$14—07 15) 


and now 


P(E’ )\= pL") , 


bY (EB )= hE) . 


Table V. AO coefficients and energies in MO of 
species Ay!’ in D3,, most of higher vacant 
levels being omitted. 


D3, A2’!’, 6 ranks 


C= 


Ci 
C2 
C3 
C4 
C5 
C6 


2.41422 
0.43301 
0.34846 
0.20412 
0.14434 
0.14434 
0.05979 


a esyA0)9) 
0.35355 
0.20412 
0.00000 
—0.20412 
— 0.35355 
—0.20412 


0.414214 
0.43301 
0.05979 
~0.20412 
— 0.14434 
0.14434 
0.34846 


—0.414214 
— 0.43301 
0.05979 
0.20412 
—0.14434 
— 0.14434 
0.34846 


W(Ag!")=go2+ C2x(h1+ fat $3) + Ca pat bot $6 
+ 7+ dst bo) +e4(bi0 + Ot Piet O13 
+ bist Gis) +¢s( bie + iz + $18) 


+ ¢g(hi9 + b20+ gx) 
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Table VI. AO coefficients and energies of MO’s 
of species H’’ in D3,, vacant levels 
being omitted. 
D3,, Hl’, 5 ranks 

x=2.101000 1.259280 0.000000 
¢; 0.194311 0.324920 0.218218 
cy 0.204124 0.204124 0.000000 
ce3 0.234554 — 0.067142 —0.218218 
C4 0.288675 — 0.288675 0.000000 
€5 0.137399 — 0.229238 0.436436 


U1(E"") = e1($1 + wh2t ws) + Co($it+ bs+uoge+wd7 
+wh3+ wb) + ¢3($10+ bu +odi+ogis 
+ whit wd 15) + C4(Pig + eopi7+ wig) 
+ €5(f19+- wot wd21), 

Wo) = Wy *(E!’), 


Table VII. AO coefficients and eneagy levels in 
MO’s of species A;’’ and FE’ in D3p. 
D3, Ai’, H!’, 2 ranks 
x=1.00000 —1.00000 
¢, 0.288675 0.288675 
C2 0.288675 — 0.288675 


¥(Ay'")=c1($4—$5+b6— 7+ $8 — $3) 

+ ¢2(b10- dutdie— dis +b14— G15) 
Wi") =e1(ga— bs +wdbe— wh7 + ds — who) 

aly C2( P16 2 ou ae wr ee whys aie w7hr4 as 15) 
Yo! (B= y*(E""). 
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Fig. 3. Molecular diagrams of Dobner’s Violet and Rosaniline. 
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As described above, the spatial symmetry © 
the molecule leads to secular determinants 0 
2(A,”), 6(A,””), 5”) and* 202%) ranks. ~ Tes 
values of w and c; are readily obtained. The 
results are given in Table V, VI and VII. 
§3. Electron Densities and Bond Orders: 
in Dobner’s Violet and Rosaniline | 


It must be re-emphasized that the above 
values of the energy parameter, z, and tix 
AO coefficient, c-, have been calculated on thi 
assumption that all the nitrogen atoms ari 
the carbon atoms have the same value 9 
coulomb imtegral. Under this assumption, Je: 
us calculate the electron densities and mobiid 


bond orders in the ground state. These are 
defined by 
a Cr, Dis SS Cres ( “ 
oce Occ 


respectively, where the summations are taker 
over all the electrons in the occupied orbitais: 
As there are 227 electrons in Dobner’s Viole: 
cation, each of the 10 MO’s of positive x wil 
contain 2 electrons while there are 2 electrons 
in the MO for which x=0. On the other 


1381 NH, 
D3n 


Values in the left 


hand side of the figures are those of x charge densities and the values denoted 


by an arrow are those of bond orders. 


hand, as there are 247 electrons in the Rosa- 
niline cation, 10 MO’s of positive x (4 of them 
have no degeneracy, 3 pairs are doubly de- 
generated) and 2MO’s of x=0 (doubly de- 
generated) are occupied by 2 electrons each. 
Summing over these orbitals, we obtain the 
values given in Fig. 3 for the electron densi- 
ties and bond orders. It is intresting to note 
that z electron density is the highest on the 


atoms of terminal groups, even though no al. 
lowance has been made in the calculations 
for the greater electron affinity of nitroger 
than carbon. This suggests two things. 
Firstly, this piling up of the electrons may 
reduce the electron affinity of nitrogen atoms 
and, hence, it may not be a poor approxima 
tion to set the coulamb integrals of nitroger 
atoms equal to those of carbon atoms, Se. 


os 


londly, the basic strength of terminal groups 
lyhich depends on the o charge density of 
‘itrogen atoms, has some correlations with z 
harge density of the atoms. If the terminal 
‘roups becomes more basic, the non-bonding 
; electrons (lone pair) of nitrogen are decreas- 
d by the induction effects of alkyl groups 
ttaching to the nitrogen atom. 


\ 


14. Perturbation Treatments 

| In Dobner’s Violet, f level (the highest oc- 
‘upied orbital) corresponds to the one with z 
=0 in A, species of Cy, and g level (the low- 
‘st vacant orbital) corresponds to the one 
With x«—--0.320359 in By, species of Cw. 
flectronic transition from one to another is 
ulowed from symmetry consideration. It is 
uso readily known that in Rosaniline the 
lectronic transition between f level which is 
he one with z=0 in E” of Dz. and g level 
which is the one with «=—0.414214 in A, of 
he same group is allowed from symmetry. 
Up to this point, the common coulmb in- 
egral @ is used for all atoms, but this is, of 
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In this expression, the second term can be 
estimated by the relation® 


261j3=Ha—Es 


((1—p)/P)*(Rs/Ro)? — (Rs/Ra) 
1+ (ks/Ra)((1—p)/p) 
where Ea and EF, are the bond energies —146 
and —83 Kcal; wa and xz; are the bond 
lengths 1.34 and 1.54 A; ka and k, are the 
force constants, ka=9.5x10°dyn/cm?, ka/k.= 
0.765%, suffixes d and s being refered to the 
double and the single bond respectively, and 
p is the bond order between the zth and jth 
atom. The standard value of £8 is taken to 
be -— 40.36 Kcal, which corresponds to the 
bond order of p=2/3, and the values of 48:; 
are listed in Table VIII. With these values 
it can be shown that the effect of 48;; on the 
calculated value of absorption energy is less 
than 2 Kcal. The first term of expression (6) 
is most important since it includes the nitro- 
gen’s large day. da’s for carbon atoms can 
be estimated by the following expression” to 
be also the same order as 4f:;; in other 
words, the effects of da’s other than 4a, and 


+ 


(2s s— a)? ’ 


(7) 


sourse, not correct, as nitrogen is more ; 

lectronegative than carbon, it has certainly Ap . to the absorption energy are less than 
5 “ (Z) 

ower value of a. Matsen® has indicated 10% 


hat in the case of aniline the value of ay— a= I+} l Sy) ie oe (8) 
¥e= 4a, = —4.8 eV, is compatible with the spec- 2 vce J 
roscopic data. Here, too, the value of —4.8 where J, is the ionization potential®), —11.17 


sV, is used for 4a,, in both of Dobner’s Vio- 


eV, of carbon atom from the valence state 


et and Rosaniline, where amino groups are C(sf’, V,) to C+(sp?, V3), and &; is the elec- 
he substituents for benzene rings. The value tron affinity®, —0.69eV, of carbon atom in 
yf resonance integral 8 is taken to be —3eV. the valence state from C (spt, V3) to C(sp’, 


By the first order perturbation theory the 
erturbed energy levels are given by 
=E+ZE , (5) 
where 4€ is given from the perturbed one 
Jectron Hamiltonian HW” as follows, 


AE = (f(R)| 1 P(R)) 


=>) 67has+ > CiCj4 Bi; . (6) 
a a,j 


V.). The standard value of a, is taken to be 
—136.7 Kcal which corresponds to the atom 
with g-=1.00, while da,’s of nitrogens are 
dominating terms in expression (6), the effect 
of the latter to the absorption energy being 
23 ~ 27 Kcal, i.e. 40~50%. Therefore, we 
take only the main part of equation (6) into 
consideration, and the results obtained through 


Table VIII. Values of bond orders and resonance integral differences computed by equation 
(7). Standard value of @ is taken to — 40.36 Kceal/Mol which corresponds 
to the bond order of 0.667. 


Code “is 21-4 1-4 AsAQy 4021612 116-19. 21-3 3-9 9-15 15-18 
pis 0.530 0.528 0.766 0.485 0.700 0.421 0.600 0.682 0.655 
Bij 34.46 35.28 44.25 31.72 46.16 931.29 40.20 45.23 43.71 
ABii Bion 50s 3.89. 8.64 =5.80 9.07 0.16 4.87 ~3.35 

Ds, i-5 22-1 1-4 Mig 10-16) 16-19 
Pi 0.498 0.541 0.754 0.492 0.686 
Bp Vai sahose ied 97 9 43'89"32.70 41:14 
ABi5 Wise rs39 9) 48145-87166 0:78 
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simple perturbation with 4a,;=—4.8eV and 
the resonance integral B= —3eV are given in 
Table X. 

§5. Relation between 4a, and pK, of 
Amino Groups 


Various derivatives of Dobner’s Violet and 
Rosaniline of the types II, III, IV, V and II’, 
Ill’, IV’, V’, etc. have the alkyl substituted 
amino groups as their end groups, and the ex- 
istence of the correlation of the basic strength 
of these groups with the electronic absorp- 
tion spectra is reasonably expected. If bases, 
B; and B;, correspond to the dye of the type 
I and J (<j), respectively, the terminal 
groups of B; are more basic than those of By 
because of the electron donating character of 
NR, groups, and this causes the diminution 
of coulomb integrals of these groups, that is, 
if a; and a; are the coulomb integrals of the 
terminal groups in the bases B; and B;, re- 
spectively, 

Jaul le) (9) 
In comparing the dissociation constants of 
two bases B; and B; in a given solvent at a 


given temperature, we consider the equili- 
brium 


BiH++B;=B;4+Bj;At . (10) 


Longuett-Higgins® has pointed out that the 
potential energy change occuring in reaction 
(10) is principally due to the difference in re- 
sonance energy between the species on the 
right hand side of the equation and those on 
the left. When the difference in resonance 
energy between B;H+ and B; is indicated by 
4E;, the above postulate may be written in 
the equation 


AE ;— AE, =2. 3RT(pKa,—pKa,), Bd) 
where 
ed H;0*][B] 
Ka=—log Ku; K,— ie! - 
P oe [BH*] 


pKa corresponds to the logarithmic equilibrium 
constant of the reaction 


BH*++H,.O=B+H;0+. (12) 


In comparing the coulomb integral of termi- 
nal groups in B; with that in B;, it is con- 
venient to postulate that the magnitude of 
coulomb integral a; of NR, group depends up 
on the o charge density on the group, the 
magnitude of which being proportional to the 
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basic strength pK, of NR, groups, in orde 
words, coulomb integral of terminal grow 
NR, is proportional to basicity, PK», of amin) 
NHR,, where 
[BH*][OH-] 
[B] 
K, corresponds to the logarithmic equill 
brium constant of reaction (12). Then, p. : 
and pK, are related each other by 
pK,tpK=14. 
Now it can be shown that if 7 is an aten 
in a conjugated system and if coulomb integre 
of atom 7 is altered by a small amount @ 
4a,, then the change in resonance energy & 
the system is given by! 
Ae= Gg, Aas 
where gq, is the z electron density at th 
position of atom 7. This may be true in t@ 
case of bases B; and B;, where the differen 
ce, 4a;—da;, in coulomb integral of NR 
groups causes the difference in resonance: 
energy in B,; and B;, and the above postulate: 
may be summarized in the equations 


Aa —Aas=k(pKr,—pKo,), (13 
AE, — AE; =q,( dai; —Ja;), (14 


where pk, is the basic strength of amin 
NHR, and its values are shown in Table IX 
As it seems difficult to estimate the value o 
k in the exact manner, it was determine: 
empirically by the data of Crystal Violet, an 
the value of k=0.4605eV was obtained. 

Summarizing the above consideration on th 
situation of electronic sturcture, we rely o1 
the two assumptions: 

1) the differences in magnitudes of pK, o 
NR, groups owing to o charge density do no 
change appreciably the z electron density 
while 2) the induction effect of alkyl group 
which changes the ionization potential of NR 
groups correlates with coulomb integral 6 
the groups, a;, and the changes in a; and a 
cause the resonance energy differences Jé 
4E; as shown in the above equations. 


pKy=—logy Ky; Kyo= 


§6. Computed Absorption Spectra of Vari 
ous Derivatives 


The terminal groups in the dyes of th 
types. L) Ie Ith, IV, Vaand 4, Isl iae lV 
are indicated in Table IX, in which the relat 
ve magnitudes in coulomb integrals and basi 
strengths of various NR, groups are given, 
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Table IX. Valtes of coulomb integrals and pK, in alkyl substituted amino groups. 


Dyes NR,» group 4a,K cal/mol pKy literature 
Wee NH, —110.64 4.75 a 
JW ee FO NH(CHs3) — 95.89 3.36 b 
Ill, I’ NH(C;Hs) — 95.57 Boers Cc 
Ve! N(CHs)2 —95.15 3.29 a 
VENT! N(C2Hs)2 — 92.28 3.02 b 
a; Handbook of Chemistry (‘‘ Kagaku Binran’’), Chem. Soc. of Japan, (1954) Maruzen. 
b; I.M. Kolthoff: Acid-Base Indicator, Macmillan, N. Y. (1937) p. 384. 
c; H.C. Brown and M.D. Talor: J.A.C.S. 69 (1947) 1332.. 
# iis with the Dye I and I’. The results are as- 
sembled in Table X. 
The absorption frequencies of these dyes are 
compared in Table XI with experimental 
eal values in cm7! unit. 
| 
. | Table X. Calculated absorption energies of various 
derivatives in K cal/mol. 
Base B; I II Ill IV Vv 
17500 Cy» Symmetry 49.42 45.79 45.71 45.60 44.90 
Base Br W Il’ III’ Iv! Wi 
Ds, Symmetry 51.55 48.50 48.43 48.35 47.75 
17000- Table XI. Values of calculated and observed 
frequencies in cm~! unit. 
NR, NH» NHCH; NHC2H; N(CHs3)2 N(CsHs)s 
Dye I II Ul IV V 
16500b Yoos. 17810 17040 16960 16230 16050 
Veale. 17290 16020 15990 15960 15710 
Dye 1 sie III’ IV’ Wi 
Tors, 18510 = 17090 16920 16780 
Peo; Yealc, 18040 16970 16950 16920 16710 
These values are plotted in Fig. 4, where 
ordinate is absorption frequency in cm7! and 


heii 
5.00 450 400 3:00 ne 


Fig. 4. The absorption frequencies, m-}, of 
triphenylmethane dyes against the basic strength, 
pK,, of their terminal groups NR, are shown 
by full lines (observed) and dotted lines (calcu- 
lated). 
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The p&, values in Table IX are based on ac- 
tivity in place of conceneration. The coulomb 
integral of the 7th NR, groups is given by 
a,—=a-+da;, where 4a, is taken to be —4.8 
2=V from the data of Matsen and the other 
Aa;’s can be computed by equation (13). 
With the above values of 4a; the predicted 
slectronic transition energies are obtained in 
the same manner as in Dobner’s Violet and 
Rosaniline by the simple perturbation method 
from the orbital coefficients of AO’s in the 
resent molecules which are iso-electronic 


abscissa is pK, of NR: groups. It is now 
expected that electronic absorption energy is 
linear function of basic strength of terminal 
groups NR,. In this diagram dyes of type II 
and III are somewhat deviated from the line 
for Cy groups, but as the linear relation 
between absorption frequencies and _ basic 
strengths of substituents, NR:, has been con- 
firmed by the author!» in various aniline 
derivatives, the linearity will not be so far 
from the truth. Thus, it may be plausible to 
say that the computed transitions are in good 
agreement with experimental values within 
the error caused by slovent effects, and we 
may conclude that relative basic strength of 
alkyl substituted amino groups will be able 
to use as a measure of the relative magnitude 
in coulomb integral of the group. 
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Structural Investigation by Means of Nuclear 


Quadrupole Resonance I 


(Determination of Crystal Symmetry) 


By Kenji SHIMOMURA 
Minami Branch, Hiroshima University, Hiroshima 
(Received October 13, 1956) 


The number of nonequivalent directions of the z-axes of the field 


gradient in the crystal for every symmetry class is calculated. 


It is 


shown that we may discuss about the symmetry of the crystal and may 
determine the orientations of nonequivalent directions with respect to 
the axes of symmetry through the Zeeman analysis of nuclear quad- 


rupole resonance line. 


Introduction 


we 

As was briefly reported”, one may obtain 
the possible arrangements of resonant atoms 
by studying the multiplicity of pure quadrupole 
resonance spectrum and the intensity ratio of 
the multiplet. The values for the resonance 
frequency and asymmetry parameter of the 
field gradient at the resonant nucleus may 
give the percentage of ionic, single, and 
double bond character, which gives the bond 
distance. 

A resonance line is attributed to all the re- 
sonant atoms which occupy the equivalent 
positions in crystal but the bond, or strictly 
speaking, the z-axis of the field gradient, at 
each equivalent position may have one of 
many different sorts of directions, called ten- 
tatively ‘‘ xonequivalent directions (abbreviated 


to N. E. D.)’’. Since the behavior of the 
Zeeman splitting of nuclear quadrupole reso 
nance line in the external magnetic field de 
pends on the angle between the z-axis of th 
field gradient and the magnetic field, N.E.D 
may be determined through the investigatioz 
of the Zeeman splitting. On the other hand 
since the positive and negative z-axes of th 
field gradient have the same behavior of Zee 
man splitting, it will be noted that paralle 
and antiparallel directions of z-axis of the fiel 
gradient are not distinguished by this method 
Accordingly, these are called “equivalent dire 
tion (abbreviated to &. D.)”. Bond direction 
which are usually coincident with the 2-axes o 
the field gradient are decided through th 
Zeeman analysis of the resonance line, and fror 
these the orientation of axis of symmetry (c 


; 
ae 


| : 
1957) 


\§2. Calculations and Discussions 


/ Since translations do not alter the bond (the 


z-axis of the field gradient) directions, so far as 
the number of N. E. D. is concerned, screw- 
axis and glide-plane are equivalent to simple 
axis and plane of symmetry, respectively. 


;Consequently, the number of N. E. D. is the 
}same in all space-groups which are derived 
; from the same point-group. So it is only neces- 
) sary to consider the simple space-group such as 


Ci, Ci, Ci,,...which may be built up by hanging 
one of the 32 point-groups at the lattice points 
of the simple space-lattice having appropriate 
symmetry characteristics. . 

Let the resonant atom whose coordinate is 


(14121) be covalently bonded to the partner 


atom whose coordinate is (#4222), then each pair 
of atoms which situate at the positions which 
are crystallographically equivalent to (214121) 
and (22%/2.2.) and correspond to the same coor- 
dinate of the point-group, e. g., (@yi2,) and 
(a@Yo22), may also be bonded to each other, but 
the direction coefficient ratios of these bonds, 
such as (a@,—22) : (Y¥i—Y2) : (21 —22), are different 
from each other, hence the total number of 


NN. &. D. at the resonant atoms which occupy 


the equivalent positions is generally equal to 


Table I. Special cases. 
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the number of coordinates of the point-group 
of the crystal. On the other hand, if the 
point-group contains the coordinates (xyz) and 
(yZ), such as in the case of Cy, the bond 
directions that correspond to (ayz) and (#792) 
are equivalent, hence in this case the number 
of N. &. D. is equal to one half the number 
of coordinates of the point-group. 

On the other hand, when the bond lies along 
a special orientation, the number of N. E. D. 
will be less than the maximum number for 
the general case. For example, when the 
bond lies in a plane z=const. which is para- 
llel to the (001) plane, if the point-group 
contains the coordinates (ayz), (yz) and the 
coordinates (%7Z), («yz) specifing the antipara- 
llel bonds of the former two, respectively, it 
is very easy to verify that all bond directions 
which correspond to them are equivalent. . 

Generally, the special orientations in which 
the number of N. FE. D. will decrease, may 
be constituted by 2-combinations of the follow- 
ing nine cases: w=const., y=const., z=const., 
“Y=Y, Y=Z2, Z=z, = —Y, y=—2, Z=—x, when 
each case may be repeated, where xyz are the 
coordinates refered to the reference axes XYZ 
of the space-group, and in this paper Wyckoff’s 
notation” is adopted. So the number of special 
cases is equal to »H.=45 but all the independent 
cases among them are listed in Table I. In this 


Symbol Bi B, B; | C | Cy | C; D; D, 

Specification CeCe =a =G | on=cl| Gr=c |. yee w=Y Te ae 
| | lieeee)) kysc eee 

Symbol Ey E, Ez F, | F, F; Fy G, | G, 

ee en a eee!) Pard | ee) Bag cae ae 
P | y=e w= 2 v=Z v= —z w=Y | ye 

Symbol G3 Hy H, Hz 

Specification hea Sl alae a ag | Soe 
C=2 |0=—y | Y=—z tee 


Table, z=c,z=y, and «=—y mean that the 
pair of atoms lie in the plane that satisfies 
= Wy, Vj —X2=Yi—Y2 » ANd w—Aq_=Y2—Yi, TeS- 
pectively. In such special cases, it is very 
easy to verify that the directions which cor- 
respond to the coordinates in Table IV in the 


appendix are equivalent. In these cases, the 
number of N. E. D. is equal to the total 
number of coordinates of the point-group 
divided by that which correspond to the equi- 
valent directions. The results are listed in 
Table Il. In each Table the second row is 
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Number of N.H#.D. of the z-axes of field gradient in 
general and special orientations. 


Table II. 


Triclinic System 
Ci, Cs 


Monoclinic System 
Cs, Cr, Con 


the 


(Vol. 12 


Number of N.E.D. _ | 


1 Number of 2 1 
date a al se a —— NEED: | | 
Orientation of z-axis General = = i 
be Putian 5A sutoyitenuys 1s , A | B35 Gy i} 
Orientation General le oo | 
a | (010), 1 (010) — 
Orthorhombic System 
Cry, Dz, Dyn, 
Number of N.E.D. 4 | 2 | 1 
| Bi, Bs, Bs | Ci, Co, Cs 
Orientation of z-axis General | ~ : -|—— a : 
| || (001) (100) (010) | 1.(010) (001) (100) 
Tetragonal System 
Si, Cs, Can 
Number of N.E.D. 4 2 1 
oy eee 
Orientation of z-axis General : | oe 
|| (001) | 1 (001) 
Dra; Cay Du, Dyn 
Number of N.H#.D. | 8 | 4 2 1 
| By, Bs, Bs, Ei, Dy C1, Cs, Gi, Hi C. 
Orientati f{ z-axi 1 | laviups a 
rientation of z-axis Genera ; (001) (100) (010) | F (010) (100) | ee 
(110) (110) | (110) (110) 
Cubic System 
Shes Ilys 
Number of N.E.D. | 12 6 4 3 
| Bi, By, Bs F,, F,, Fs, Fy Ci, Co, Cs 
Orientati f z-axi G | Gilet lac c - =) ‘ See =a — 
rientation of z-axis enera \ (001) (100) | . (111) (111) 8 (010) (001) 
| / (010) | (111) (117) (100) 
las Oy On 
Number of N.H.D. 24 12 6 4 ( aoa 
B,, Bo, B3 Gi, G, F, F, Ci 
D,, Dy, D3 G3, Hy F3, Fy Cy 
E,, Ey, E3 He, Hs C3 
Orientation’ «| | 0 00 10) ay (010) 
of z-axis ape age (010) (110) (011) (111) 1 (001) 
| (011) (101) db (101) (111) (100) 
(110) (011) (110) (111) 
(101) (011) 
(101) 
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Table II. (continued) 
Hexagonal System 
A. Rhombohedral Division 
C3, C3e 
Number of N.#.D. | 3 f 1 
| 
| a 
Orientation of z-axis General [ E ie eS 
| Waa 
C3y, D3, Dasa 
Number of N.F.D. 6 7” 3 1 
| | ©, C2,Cs,Di,D2,D; | 
—_ tee LB ee Shae) eS | 
Orientation of z-axis General Parallel to the reference | 
axes, alls CLEIID) 
: | It (110) (011) (101) 
B. Hexagonal Division 
Czn, Ce, Con 
Number of N.E.D. le a 1 
sere a i ai 
Orientation of z-axis General - 
| (0001) 1 (0001) 
Dsn, Cov, De, Don 
Number of N.H#.D. 12 wae pix a 3 i icing : 
= = = = ae = = Le = 
By, Dy, Ey | G,, Hi | Cz 
Orientation of z-axis General | (0001) (1120) | (1120) | a 
| (1700) mar) iim 


the symbols that specify the orientation of 
the z-axis of the field gradient and are defined 
in Table I, while the third row is another 
expression of the orientation; ||(010) means 
that the z-axis lies in a plane parallel to the 
(010) plane, and 1(010) means that the z-axis 
is perpendicular to the (010) plane. 

In the above discussion the resonant atom 
and its partner are assumed to be placed in 
the general positions, but even in the special 
cases in which the number of the equivalent 
coordinates of these atoms will be less than 
the maximum number of generally equivalent 
90ints, we may suppose that a pair of these 
itoms are moved to the general positions 
seeping the bond direction unaltered and that 
he other pairs of equivalent atoms are shifted 
simultaneously, maintaining the equivalent con- 
lition, then the results above-mentioned may 


be applied to this case, while since the bond 
directions are not altered in this process, the 
number of N. Z£. D. must be unaltered before 
and after this process. So to these cases the 
above-mentioned results can be applied. And 
in the above discussion, the z-axis of the field 
gradient is assumed to coincide with the bond 
axis, but even when this does not hold, we 
may assume an imaginary partner atom on 
the z-axis of the field gradient, so these results 
are applicable to these cases also. 
Accordingly we may discuss about the crys- 
tal symmetry by studying the number and the 
relative orientations of N.Z.D. For example, 
2-N. E. D. is generally possible in the case 
of monoclinic symmetry but the crystals of 
orthorhombic or tetragonal symmetry may 
have 2-N. E. D. in the special cases; in the 
case of orthorhombic system 2-N. #. D. must 
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lie in a plane perpendicular to one of the a-, 
b-, and c-axes and in the case of tetragonal 
system 2-N. E. D. must be perpendicular to 
each other. The N. £. D. of the z- and y-axes 
of the field gradient tensor may be useful in 
determining the crystal symmetry, if we have 
few N. E. D. But generally speaking, in 
order to determine the crystal symmetry, all 
N.E.D. of the z-axes of the field gradient 
must be found out. 

By this method crystal of low symmetry 
can be treated rather easily than that of high 
symmetry, because in the low symmetry case 
few N. E. D. are expected to be found. 

While, by means of Zeeman effect there is 
no distinction between positive and negative 
directions of the z-axis of the field gradient. 
The equivalence of these two directions means 
that, judged by the Zeeman effect, all crystals 
will seem to have a center of symmetry. 
The symmetry of the crystal judged by this 
method will therefore be that of one of the 
eleven point-groups of Table III. 


Table III. The relation between crystallographic 
symmetry and symmetry judged by the Zeeman 
effect. 


Symmetry judged by 
the Zeeman Effect. 


Crystallographic 
Symmetry 


1. Triclinic System 


CG; C; 
2. Monoclinic System 
Cs C, Crp, Cop, 
3. Orthorhombic System 
Coy D, Don Deon, 
4. Tetragonal System 
Si Cy Cun Cin, 
Daya Cry dD, Dyn, Dap 
5. Cubic System 
SLIM Th 
Ta O On On 
6. Hexagonal System 
A. Rhombohedral Division 
C3 C3; C3; 
C3 Ds Daa Daa 
B. Hexagonal Division 
Cn Co Cen Con 


Dsp Coy Ds Dyn Den 

This relation is quite similar to that of the 
Laue symmetry” in the X-ray crystallography. 
The zerosplitting-direction-pattern?® of Zee- 
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man line corresponds to the Laue pattern 
the X-ray analysis, and the Zeeman analys: 
correspond to the Laue method in the X-ra 
crystallography. 


§3. Summary 


The number of N. FE. D. of the z-axes 
| 

Table IV. Coordinates of the point-group thar 

correspond to the #. D. in the special cases. 


Coordinates that correspond 


Special : 
to the #.D 


case 


B, (wyz),(@Yz), (wyz),(@Y2). 

B, (xyz), (@Y Z), (@yz), (xyz). 

Bs (wyz),(@yZ), (w@Yz), (@yz). 

Ci (wyz), (wyz), yz), yz), @Yz), (xyz), (wy 2) 
(xyz), (zyx), (zyx), (zyx), (2yX), (HX), @ym) 
(yx), (zyx). 

C» (xyz), (yz), (wyz), @¥z), @YZ), yz) @yD 
(yz), (yxz), (yxe), (yxe), YZ), (YRZ), (YX) 

Yxz),(yxz), 

(w-y wz), (a-y wz), (ay ye), 


w-Y YR), (w-y yz), (w-YYz), 

yy Aopen And the coordi 
(@ x-Y %), (a w-y 2), (% v-y 2), nates having 
%a-y 2), (Yu-yz),(Yu-yz), (the opposite up. 
y w-y 2), (Y w-y *), (w-y zz), | Per signs t& 
a-y B2) them. 

C3 (wy), aye), (xyz), (w¥z), (@YZ), (eyz), (BYz). 
(wyz), (wey), (wzy), (wey), (ZY), (Ezy), (@2y), 
(w2y), (wzy). 

D, (wyz), (@Yz), (ywz), (YU2). 


Dz (wyz), (yz), (wey), (ZY). 

Ds (ayz), (@¥z), (zyx), yz). 

E; (wyz), (@¥z), (Y%z), yxe). 

Ex (wyz), (@Y2), wey), (Bey). 

Es (wyz), (@yz), (ey@), (zye). 

F, (wyz), (wey), (yew), (yux), (eay), (eyx), (@Y2), 
(@zYy), (Yeu), YUZ), (RY), (ZYz). 

F, (wyz), (wey), (Yxz), (yeu), (ey), (zyz), 
(wyz), @zY), (ywz), (yzx), (ewy), (25x). 

F3 (wyz), (wzy), (YxZ), (Yeu), (ey), (ym), 
(wyz), (way), (yee), (Yer), (ey), (2YR). 

Fy (wyz), (wzy), (yex), (ywz), (exy), (yz), 
(xyz), ey), Yeu), (YRZ), (Rey), (eFax). 

Gi (wyz), (@YzZ), (yee), (YR), (wyz), (Bz), 
(yxz), (Y&e). 

G, (wyz), (~Yyz), (wz), (w¥z), (way), (@ZY), 
(ey), (wzY). 

G3 (wyz), (@ yz), (wyz), (@yz), (zyx), (2Y%), 
(zyx), (zyx). 

H, (xyz), (@Yz), (yw), (YUZ), (YR), (ymz), 
(wyz), (wyz). 

Hy (xyz), (@Yyz), (wyz), (wyz), (wey), 
(wzy), (wey), 

Hs (xyz), @YZ), (wyz), (wyz), (Rye), (zyx), 
(2y%), (eye). 


| 1957) 


|| field gradient was calculated for every sym- 
| metry class. By studying the Zeeman splitt- 
‘ing of the nuclear quadrupole resonance line 
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sor R. Kiriyama of Osaka University for 
their helpful advices and encouragement. This 
work has been partly supported by the 


one may discuss about the crystal symmetry 
and may determine the relative orientation of 
N. ££. D. of the bond with respect to the 
) symmetry axes of the crystal. It is concluded 
that, judged by the Zeeman analysis, all crys- 
‘tals will seem to have a center of symmetry, 
| and that the crystal symmetry will therefore 
be that of one of the eleven point-groups and 
| is quite similar to the symmetry of Laue 
| photograph. : 
| The author wishes to express his sincere mn algal ag 
| thanks to Professor H. Tazaki for his kind 
' guidance and Professor T. Fujiwara, Professor 
_Y. Seiki of Hiroshima University and Profes- 3) 


Scientific Research Expenditure of the Ministry 
of Education. 


Appendix 
The coordinates of the 


correspond to the &. D. 
are listed in Table IV. 


point-group_ that 
in the special cases 
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Details of the universal quadrupole resonance crystal analyzer were 
described, and using this apparatus the crystal structure of SnBr was 
studied at room temperature (15°~20°C). The SnBr, molecule is an 
almost exact tetrahedron, and each of the four resonance lines is as- 
signed to each bromine atom situated at the apexes of the tetrahedron, 
and the value of asymmetry parameter of the field gradient at the 
bromine nucleus is less than 0.025. The crystal has monoclinic symmetry 
and one of the Sn-Br bond in one molecule is perpendicular to the 6- 
axis and the other two orient at the same angle to the b-axis. All 
atoms including Sn in a molecule have nonequivalent general positions 
in the crystal, and the number of molecules in a unit-cell is equal to 
the maximum number of equivalent coordinates of the space-group. 
The existence of pair of two molecules is suggested, and the origin of 
the splitting of the spectrum is discussed. SnBr, may be assigned to 


the symmetry class C,,. The crystal symmetry of the low temperature 


phase is assigned to the cubic or hexagonal class. 


2\ 1/2 
Emesin=—Fadit+2) 


- obs 
Oo 

eQ uf 1/2 

4 ae( 1+ a ; 


$1. Introduction 
The energy levels of interaction between 
a nuclear quadrupole moment @ and electric 


field V ina crystal for nuclear spin J=3/2 are” 


En = £3/2= (2 ) 
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where y is an asymmetry parameter and is 

defined as 

BAY 
Oy?’ 


O7V 


Bi é 


ete 


duy 


and 2, y, z are the principal axes of the field 
gradient tensor, and z-axis is usually chosen 
so that 


lQzz|>|@uul > 


If the static magnetic field is applied, the 
2-fold degeneracy of the pure quadrupole 
energy levels is removed, and 3/2 and 
Es;;, are split into the energy levels E43/2, 
Besfg. and |, Harjep: Eeatyo, 2 respectively... Con- 
sequently each resonance line for a given 
nucleus is split into four components (Fig. 1). 


lQzz| . 


(2 
E43 
me 
Boo 
2 
(a) 
Era 
Eys 
2 
E-4 
ee e 
a | | E 
(b) i 
0+ OS 
Fig. 1. (a) The energy diagram showing Zeeman 


splitting in the external magnetic field. 

(b) Diagram illustrating the spacings of Zeeman 
lines. JZ and # denote the internal and external 
components, respectively. 


The splitting depends on the orientation of 
the magnetic field with respect to the electric 
field gradient at that nucleus. In the special 
orientation of the magnetic field which satisfies 
the following relation 


Ey 3/2 —Les1/o= E_3,—E-1/2 ’ ( 3) 


the inner component lines coalesce to a single 
line. For J=3/2, this relation is satisfied 
when” 

Z 
3—7 cos 2¢ ’ 


sin? d= Cae) 
where 6, @ are the polar coordinates of the 
magnetic field with respect to the principal 
axes zyz (Fig. 2). 

The relations between the multiplicity and the 
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intensity ratio of the pure quadrupole reson} 
ance lines and crystal structure have been 
discussed in the previous paper® whose nota: 
tion will be employed here. 


Fig. 2. Diagram illustrating a pair of zerosplit- 
ting cones. H denotes a direction of the mag- 
netic field when the zerosplitting is observed. 
@ is called zerosplitting angle. 


In this experiment, the method used in the 
author’s previous measurement” of the angle 
between the two nonequivalent directions» of 
the bond in iodine crystal was employed, the 
apparatus, however, being improved in order 
to yield more exact determination of the 
bond angles. 

The nuclear quadrupole resonance spectrum») 
of SnBr, consists of three lines grouped 
together with a fourth line at noticeably lower 
frequency and there is a striking similarity® 
in the spectra of SnBr,, SnCl, GeCl, and 
SiC]l,° which suggests that these substances 
may be isomorphous. 

Since most of Group IV tetrahalides are 
liquid at room temperature and moreover easy 
to hydrolyze when exposed to moisture, the 
analysis of the crystal structure is difficult in 
the usual way. 


§2. Determination of Structure 

(a) Determination of field gradient orien- 
tation 

Since Eq. (3’) does not contain the magni- 
tude of the static magnetic field H, the zero- 
splitting angle @ is independent of the magnitude 
of the magnetic field, while, when 70, 6 
depends on ¢, but when y=0, zerosplitting 


#94°44’. In a general case, zerosplitting is 
i Observed when the magnetic field orientates at 


angle @ that satisfies Eq. (3’), to the z-axis. 
The locus of zerosplitting direction is a circular 


‘cone (y=0) or roughly elliptical one (70) 
about the z-axis. This cone is called “zero- 


splitting cone”. 

Let XYZ be the orthogonal coordinate sys- 
tem fixed to the crystal where Z-axis is chosen 
to be the rotational axis of the crystal. Let 
the laboratory coordinate system X’ Y’Z’ be so 
chosen that Z’- and X’-axes lie in a horizontal 
plane, that Y’-axis is perpendicular to the 
Z X’-plane, and that Z’-axis coincides with 
the Z-axis. The crystal is rotated about Z, 
and the external magnetic field H is rotated 
in a horizontal Z’X’-plane. @, @ are the polar 
coordinates of H with respect to the XYZ 
axes (Fig. 3). 


y/ 


Fig. 3. The relative orientation of the two coordi- 
nate systems YYZ, X’Y’Z’. H represents the 
direction of the magnetic field which satisfies 
the zerosplitting condition (3'). 0, @ are the 
polar coordinates of H with respect to the XYZ 
system. 


When any independent values of 9 and @ 
are chosen, any relative orientation of H with 
respect to the XYZ axes may be obtained. Con- 
sequently, in principle, the location of any 
zerosplitting direction is possible by this 
method. In order to determine the direction 
of the z-axis of the field gradient from the 
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zerosplitting cone, let us suppose a plane 
that contains the z-axis and satisfies @=const. 
(Fig. 4), then this plane will intersect 


Fig. 4. The relation between zerosplitting cone 
and the plane which contains the z-axis and 
satisfies @=const. 


the zerosplitting cone along the two directions 
OA and OB which make the angles @; and @, 
with the z-axis, respectively. Since these two 
directions satisfy ¢,=¢2, it is concluded that 
6,=0, from Eq. (3’). Accordingly, the z-axis 
must lie in a locus of direction bisecting the 
angle between the intersecting lines of the 
zerosplitting cone with plane @®=const. In 
the. case of @=const. (Fig. 5) the same 
procedure may be applied when 7=0, but 


fe 


vE, 


Fig. 5. The relation between zerosplitting cone 
and the surface which contains the z-axis and 
satisfies 0=const. 
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when 70, this procedure is rather approxi- 
mate, because the surface @=const. is not 
a plane. But in either of the following cases 
when (1) the z-axis is nearly perpendicular to 
the Z-axis, (2) either x- or y-axis lies nearly 
in a plane ®=const., and (3) 7 is small and 
zerosplitting cone may be considered to be 
a spherical cone, we have good reason to do 
this. Thus, the orientation of the z-axis is 
determined from the two loci. 

An alternate method was used to obtain the 
direction of the z-axis. The direction of H is 
made to coincide with the X’-axis, and then 
the crystal is rotated until the z-axis comes 
to be perpendicular to [H (Fig. 6). This is 


/ 


ys 


Uf 


vad es 


Fig. 6. Diagram illustrating an alternate way determining 
z, @’ denote the directions 
of the z-axis when it lies in the 7’ Y’-, Z’X’-planes, re- 


the direction of field gradient. 


spectively, hence / Z’/Oz2'=/ Z'Oz=0,. 

easily found by the characteristic spectrum, 
i.e., the four components of Zeeman lines that 
are ascribed to one of the N.&.D.*®» coalesce 
into two lines. In that case the z-axis is 
expected to lie in the Z’Y’-plane. Let the 
crystal be rotated further by 90°, then the 
z-axis lies in the Z’X’-plane. And next, let 
the magnetic field be rotated in the Z’X’-plane, 
then the zerosplitting directions AO, A’O and 
the direction BOB’ that is perpendicular to the 
z-axis are easily found. Consequently, the 
direction of the z-axis may be decided as a 


* “ Nonequivalent directions of the E canes of 
the field gradient tensor” is abbreviated to N. ED. 
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line perpendicular to BOB’ or as the bisecto 
of the angle ZAOA’. 

Let the z-axis be specified by the pola 
coordinates (9,0,) where the angle @, iss 
measured from the Z-axis, and values for’ 
angle @, is determined from a divided circle 
mounted on the shaft of the crystal holder. . 
An excellent agreement was found between the: 
results obtained by the two methods. But in! 
the present experiment the former was chiefly’ 
employed. } 

(b) Calculation of angle 

The angle a between the two directions (@; 
@,) and (@,@,) is calculated from the following 
equation: 


cos a=sin 9, sin 9, cos (@,—@,) 


+cos 9, cos A, . (4) 


(c) Determination of orienta- 
tion of two-fold axis of symmetry 
(or a line perpendicular to the 
plane of symmetry) 


Nonequivalent directions are sys- 
tematically arranged about the axis 
of symmetry, which can be deter- 
mined from the nonequivalent direc- 
tions. In this paper we are con- 
cerned only with 2-fold axis of 
symmetry. This symmetry axis 
should bisect the angle between 
two proper N.E.D. of the z-axes, 
or be perpendicular to them, and 
it is easily found by plotting the 
directions of the z-axes on a globe. 
Three possible types of orientations 
of the axis of symmetry, ie., U, 
V and W (Fig. 7) are calculated by 
the following equations where U 
and V are the internal and external 


Fig. 7. Three possible types of 2-fold symmetry 
axis. (0,@:), (Oz'Oz') are the two proper 
N.H.D. of the z-axes. 


Jions of the z-axes (0.0.), (9.'0,/), respectively, 
nd W is a perpendicular to them, 


U: 
sin 9.cos,+sin9,’ cos.’ sg ogg 
5 ae (a/2) ar sym. sym. » 
sin @.sin9,+sin9,/sinO/ og ag 
sie es = sym. sym. 5 
cos 9,+cos 0,’ _ 
2 cos (@/2) =COSOsym. ; sae 


V: -+ should be replaced by — in the above 
equations. 


M)N,—Mn, 
2 * =sin Gsym. COS Deym. , 


sin @ 
M1,—Nol . i 
\- 1 zis itl Osym. sin Osym. , 
sin @ 
Lm,—l,m, 
== €0S Osym. , 
sin @ 


1,=sin 9,cos®,, m,=sin 9, sin @, , 


Wi=COS One is—sin O27 cosiO,” ,~ etc:, 


(6) 
where a denotes the angle between the two 
directions (9,0.), (9/0); and (Osym.Osym.) 
represents the direction of the symmetry axis. 

(d) Determination of 7 
The angle 0 between the z-axis (9.9,) and 


the generating line of zerosplitting cone is © 


calculated from Eq. 4. Using the maximum 
and minimum values for 9, 7 is determined 
from the formula 


_ 3(sin? Omax.—Sin? Omin.) 


: : (Gig) 
Sin? Omax. +sin? Omin. 

57 
Oo 
tJ 
iW 
oI56 
uJ 
2 
> 55 
€ 
io) = 
54 
oO 
E 
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53 

O 0:05 oO! O15 0:2 
Yi=——> 
Fig. 8. @max. (@min.) as a function of 7. This 


graph was obtained by putting ¢=0 (p=n/2) 
into Eq. (3). 


The alternate method for obtaining the value 
of 7 is shown in Fig. 8. From the value of 
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Omax. OY Omin., the value of 7 may be deter- 
mined. This method is easier than the former. 


§3. Experimental Procedure 


SnBr, was prepared by dropping bromine on 
tin metal, and was distilled at 201°C and 
sealed in a glass cylinder® (diameter 2.5 cm) 
with a bottom tapered to a capillary tube of 
about 15 cm long (inside diameter 1mm). The 
single crystal was obtained by descending the 
container slowly (at about 1 cm/hour) into water 
through a vertical furnace (at about 75°C) 
which has a large temperature gradient. 

The apparatus was a frequency-modulated 
superregenerative detector of the CV6x 2 push- 
pull Lecher-wire tuned type®, and the absorp- 
tion lines for Br®! were observed on a 
persistent-screen cathode-ray oscilloscope. The 
spectrum was obtained with the sample at 
room temperature (15°~20°C). 


7 


| 
( 
| 


Fig. 9. The universal quadrupole resonance crys- 


tal analyzer. H denotes the Helmholtz coil. 


As Fig. 9 shows, the crystal was set on the 
shaft M in a brass cylinder C which had been 
proved to be non-magnetic, and could be rotated 
about M as one pleases. No particular rela- 
tive orientation of the sample with respect to 
the shaft M was needed in this apparatus. 
Values for angle ® could be measured to 
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+0.1° from a divided circle P, which is 
mounted on the shaft M, and its vernier P’. 

The external magnetic field, which was 
provided by a Helmholtz coil H, could be 
rotated about the axis of cylinder C, i.e., 
N-N’ and the values for angle 9 could be 
measured to -+1’ from a divided circle Q and 
its vernier Q’. 

Copper static shield S was used in order to 
eliminate the electrostatic effect on the Lecher- 
wire produced by the rotation of the Helmholtz 
coil. In order to keep the effect of still surviv- 
ing faint magnetism constant during the 
rotation of the external magnetic field, axial 
symmetry was given to C and non-magnetic 
substance was used as much as possible. 


Fig. 10. The special coil used at the second step 
of the experiment. The sample S is rotated as 
this figure shows. 


In the present experiment, two kinds of hf 
coils were used. At the first step, the axis 
of hf coil of usual type was taken nearly 
parallel to the rotation axis M, and the zero- 
splitting directions were observed on each line 
of SnBry. The intensity of the resonance line 
varies as the square of the sine of the angle be- 
tween the rf magnetic field and the z-axis of the 
field gradient, accordingly, if the z-axis is nearly 
parallel to the hf coil axis (and therefore to 
the rotation axis M), the Zeeman line that is 
ascribed to it may be missed. In order to 
remove such apprehension, at the second step 
of the experiment another hf coil was used, 
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the axis of which was taken perpendicular { 
the rotation axis M (see Fig. 10). Then th 
zerosplitting line that was observed with dii 
ficulty at the first step, became comparativel 
strong, and the variation of its intensity wit 
rotation of the sample was reduced, hence t! 
possibility of missing the zerosplitting lin 
might be deminished. At the second step « 
the experiment, the intensity variation of th 
resonance line with rotation of the sample ii 
the absence of the external magnetic field wa: 
observed. This results give a rough estimat 
of orientation of the z-axis of field gradient. 


§4. Results Obtained 


The pure quadrupole resonance absorption 
of polycrystalline SnBr, in the absence 96 
external magnetic field shows M=4 ane 
Mm, : M,:™m3:mM4=1:1:1:1. Consequently 
one obtains the following five cases from Eqs: 
(1), (2), and (8) of the previous paper® (see 
Table I). In the seventh column of Table [| 


Table I. Possible arrangements of Br atoms 
which ae Eqs. (1), (2), and GB). 


Case | 2 | 2 | m3 | 24 | N 


Pij 
| 
a AV O050 1) 04) Dl or —po— vis pm 
b 3 il 0 0 2 
c | 2) 2] 0] 0} 2 | pn=p2=p1=pe=2 
d | 2 1 1 0) 3 | Pu=Pr2=2, Pu=P3=4 
e | i 1 Blt 4 | Pu=Pa=Pai=Pa=4 
2 
360r 
300r 
82 
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Fig. 11. Zerosplitting-direction-patterns of Zee- 


man lines of SnBry. 0©,-9 are polar coordinates 
with respect to the orthogonal coordinate axes 
XYZ fixed to the sample. Equivalent patterns 
are omitted in order to avoid confusion. A, B1, 
B2, etc. represent the zerosplitting-directions of 
Zeeman lines at the nuclei Bra, Brgi, Brpgp, etc., 
respectively. 
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the arrangements of atoms that do not satisfy 
ithe intensity relation are not included. The 
quartet lines of SnBr, (in the absence of 
external magnetic field) are called A, B, C, 
and D from the higher to the lower frequency. 
_ Let the bromine atoms that contribute to 
the line B, etc., be labeled as Brg, Brpp, etc., 
briefly, where the latter subscript is used to 
discriminate the N.E.D. At the first step of 
‘the determination of zerosplitting direction on 
each line, it has been shown that A has only 
one NV.#.D., while Brg, and Brg contribute 
to the line B; Brci, Bree to the line C; and 
Brp, to the line D. While at the second step 
Brpz has also been proved to contribute to 
the line D. 

| These experimental results are shown in 
‘Fig. 11 in which the closed or unclosed 
contour shows zerosplitting direction of each 


line. The orientations of the z-axes are plot- 
4 
Pilate 1. Plotting of directions of the z-axes of 


the field gradient ona globe. A, B1, B2, etc. 
represent the directions of the z-axes of the 
field gradient at the nuclei Bra, Brgy, Brge, etc., 
respectively. 


ted on a globe. As is shown in Plate 1, an 
axis of 2-fold symmetry (or a plane of sym- 
metry) can be found. 

The intensity variation with rotation of the 
crystal at the second step of the experiment 
is shown in Fig. 12. 

In the temperature range between about 
10°C and the dry-ice temperature two closely 
spaced lines were observed; the resonance 
frequency being 161.15 Mc, 160.95 Mc for Br*! 
at 12°C. The higher frequency resonance line is 
three times more intense than the lower one 
(Fig. 13). This spectrum is noticeably different 
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from those of the Snl, type crystals in the 
two points, namely the spacing and the inten- 
sity distribution of the doublets. These lines 
seem to be in good agreement with an earier 


INTENSITY (ARBITRARY UNIT) 


g (DEGREES) 


Fig. 12. The intensity variation of resonance 
lines with rotation of the sample in the hf field 
as shown in Fig. 10. The relative intensity of 
each line has no significance since each line was 
measured under different conditions, e.g., differ- 
ent quenching frequencies. 


203MC 205MC 


157MC I62MC 


(c) 


I57MC I62MC 


Resonance spectra of SnI, and SnBry, 
(b) a-SnBr4, (c) B-SnBry. 


Fig. 13. 
(a) Snli, 


measurement®. This spectrum suggests the 
existence of another phase of the crystal 
structure, which is tentatively called 8-phase, 
while the high temperature phase so far 
studied mainly is called a-phase. When the 
8-phase of the crystal is heated near room 
temperature, an increase in volume occurs 
often resulting in the fracture of the glass 
container. This fact seems to correspond to 
the phase transformation. 

In the temperature range between the liquid 
nitrogen and liquid air temperature, the strik- 
ing four-lines spectrum indicates that the 
crystal has the same structure as that of the 


a-phase. 
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§5. Discussions 


The number of N.£.D. of the lines A, B, 
C, and D are 1, 2, 2, and 2, respectively. 
Accordingly the single crystal must have been 
perfect, since otherwise the line A could not have 
only one N.E£.D. Moreover, one might expect 
no missed line, since at the second step, only 
Brp2 was newly added and moreover Bra, 
Brgy, Brge, Brci, Brcez, Brp; that had already 
been found at the first step and were expected 
to absorb weakly this time, were also observed, 
and since the positions of maxima and minima 
of each resonance line in Fig. 12 are compa- 
tible with Fig. 11. Accordingly, one may 
conclude that the crystal has monoclinic sym- 
metry, because each line has 2-N.E£.D. 
generally, and as Plate 1 shows, the crystal 
has only one 2-fold symmetry axis; i.e., b-axis, 
or a plane of symmetry. 

And the fact that A has only 1-N.E.D. 
shows that cases (c), (d), and (e) are impos- 
sible, because in these cases the line A also 
must have more than 2-N.E.D. Consequently 
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only case (a) is possible; each bromine anc 
Sn atoms in a SnBr, molecule situate at theii 
own crystallographically general positions 
which are nonequivalent to each other, because 
each atom of SnBr,; molecule must possess thé 
same number of equivalent positions in a unit: 
cell from the relations ~)1.=f12.=)3=Pu=U 
and five atoms including Sn in the molecule 
cannot situate simultaneously at their own 
special positions! having fewer equivalent 
points than the maximum number of generaliy 
equivalent ones in the monoclinic crystal. Sq 
the number of molecules in a unit-cell is equai 
to the maximum number of equivalent posii 
tions of the space-group of the crystal. 
the number of molecules per unit-cell is deter- 
mined from the density and dimensions of the 
unit-cell which are obtained by the X-ray 
method, the space-group may be discussed. _ 

The angles between any two Sn-Br bond 
directions calculated from Eq. 4 using the 
data obtained from Fig. 11 are listed in Table 
II, where the value in parenthesis is the sup- 


Table II. The angles between all the Sn-Br bonds in the crystal. 


| Bra | Brgy | Brpo Bre) Bre Brpy 
a a le : < SS ee ee ai ae oe 
Br, | 
Br 70°19! Bond 
Bl (109°41’) | | Angle 
“e om | 39°36’ | Pe 
B2 | (109°53’) (140°24’) | (180°-a) 
* 69°11’ 109°i1' ——| { 9)122°52" 
cl (110°49’) ( 70°49’) ( 57° 8’) 
Br HOZV3 i, 56°43’ 110°10’ 55°56/ ; “hi 
c2 (109°47’) (123°17’) ( 69°50’) (124° 4/) 
Br 109°14’ 70°28’ HAS2 2) 71°38’ 39° 2! 
D1 ( 70°46’) (109°32’) (125°38’) (108°22’) (140°58’) 
Br 70°43’ Homi TANGY 139°54! | 109° 0’ 122°35/ 
D2 (109°17’) (124°47’) (108°41’) (5405769) Re are (CSE 2S) 
plementary angle of the other. These two dron in the solid state also. 


possibilities of the bond angle are due to the 
fact that the Zeeman effect cannot distinguish 
between the positive and negative directions 
of the z-axis of the field gradient. In order 
to determine the true one of these two possi- 
bilities one must rely on other data. Since 
the gas molecule of SnBr, has been found to 
be an exact tetrahedron’, one may expect 
that this molecule is nearly an exact tetrahe- 


Taking this into consideration, we find from 
Table II that each of the groups Bra, Brg, 
Brci, Brp; and Brx, Brg, Brez, Brpg belongs 
to each molecule where the symbols A, A 
mean that the atoms that contribute to the 
resonance line A have £.D. of the z-axis. 
This fact is more easily verified in Fig: 18 
where the contours that correspond to Bra, 
Brpi, Bro, Brp; (or Bra, Brgg, Broz, Brpg) 


957) 


jontact with each other, which means that 
etc., may be an almost 


\e small, because two times of the zerosplitt- 
ng angle 0=54°44’ corresponding to 7=0, is 
aqual to 109°28’ which is the tetrahedral bond 
angle. The relative orientation of each Sn-Br 
dond with respect to the b-axis is obtained by 
4sing Eq.5. The results are given in Fig. 14. 


Fig. 14. Relative orientation of SnBr, tetrahedron 
with respect to the b-axis. 
Z Bra-Sn-Brp=109°47/+ 6’, 
Z Bra-Sn-Bre=110°18/ +31', 
Z Brg-Sn-Bro=109°40' +29’, 
Z Brp-Sn-Br,a=109°16/+ 2’, 
Z Brp-Sn-Brg=109° 7/+25’, 
Z Brp-Sn-Brc=108°41' +19’, 
Sn-Brc, Sn-Brp, Sn-Brg, Sn-Br, orient at the 
angles 62°2/+9’, 61°18’+24’, 19°48’+14’, and 
90°0’+ 20’, respectively, to the b-axis. 


From Fig. 14 we may conclude that the 
molecule is an exact tetrahedron within the 
experimental accuracy, and that the predo- 
minant configuration of electron of covalent 
bond of Sn atom is 4s (4p)°. 

As in the case of SnI,!™, the Sn-Br bond 
length in the solid state is assumed to be 
nearly equal to that of the gas molecule, i.e., 
2.4441), and considerable amount of double 
yond character®) may be expected, neverthe- 
ess, it is concluded that the value of 7 at the 
Br, nucleus does not exceed 0.025, from Fig. 
3 using the value of zerosplitting angle of 
tig. 15. The small value of 7 is ascribed to 
he 3-fold symmetry character of the SnBry 
nolecule about the Sn-Bra, etc. Consequently, 
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we may conclude that each Sn-Br bond length 
is nearly equal. As Fig. 14 shows Sn-Bra is 
perpendicular to the b-axis (this is the reason 
why the line A has only 1-N.E.D.), while 
Sn-Bre and Sn-Brp have almost the same 
angle between the b-axis, and the plane 


BrgBrcBrp may be almost parallel to the 
b-axis. 


ZEROSPLITTING ANGLE 


O 50 
D (OEGREES) 


100 


Fig. 15a. The zerosplitting angle 6 as a function 
of @. The straight line at 54°44’ corresponds 
to 7=0. 


ZEROSPLITTING ANGLE 


250 


200 
@ (DEGREES) 


150 


Fig. 15b. The zerosplitting angle @ as a function 
of 0. 


Unfortunately, the nuclear quadrupole re- 
sonance itself always introduces into the 
Zeeman analysis the effect of adding a center 
of symmetry to the crystal. It is therefore 
impossible on the basis of the Zeeman analysis 
alone to distinguish between Cs, Cy, and Cyp. 
But the resonance spectrum may discriminate 
these point-groups. The resonance frequency 
of Brp atom is considerably lower (1.8%) than 
those of Bra, Brs, and Bre. The spacing of 
the multiplets is too large to be ascribed only 
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to the difference of the nuclear sites* in the 
crystal. So it is concluded that the bond 
character of Brn may be slightly different 
from those of Bra, Brg, and Bre. 

The electric field gradient, that is produced 
primarily by the valence electron, at a given 
nucleus may be affected by the change in ionic 
character of the bonds due to electrostatic in- 
teractions!) between neighbouring ions. The 
consideration on the feature of the -spectrum 
consisting of three lines grouped together with 
a fourth line at noticeably lower frequency 
indicates that the arrangement of surrounding 
molecules must have approximately three-fold 
symmetry character about the Sn-Brp bond. 
As concluded before, this substance has mono- 
clinic symmetry, which has not three-fold axis, 
so we may deduce the existence of pair of 
tetrahedral molecules, whose interactions with 
each other are more prominent than those 
with the other neighbouring molecules, and 
which contribute three-fold symmetrical fields 
to each other. The three-fold symmetrical 
field will be given by the two neigh- 
bouring tetrahedral molecules whose Sn-Brp 
bond-directions are coincident. The models 
which are compatible with the striking 
pure quadrupole spectrum and with the rela- 
tive orientation of the SnBr, tetrahedron with 
respect to the b-axis, are shown in Fig, 16. 
In the model (a) of Fig. 16, the base of each 
tetrahedron, i.e., Bra-Brg-Brc-Bra, sites oppo- 
site to that of the other one, and the edges 
Bra—Brg, Brs—Brc and Brc—Bra of one 
tetrahedron are antiparallel to that of the 
other one, respectively, while in the other 
model (b), the two Brp atoms in a pair of 
tetrahedrons face to each other along the line 
connecting the two Sn atoms. This pair of 
molecules which satisfy the relative orientation 
with respect to the b-axis can be realized in 
the crystal which has Cy, symmetry among the 
three possible symmetry class mentioned 
above. 

While, in Snly!!, Gel,!21), and Sil21 
which have structures of the type (a) of Fig. 
16, six I atoms which form the facing planes 
of the two tetrahedrons contribute to the low 
frequency line of the doublets. Hence, on 
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the basis of the existence of pair of molecules 
of the type (a) the resonance frequencies 0} 
Bra, Brg, and Bre may be expected to be 
lower than that of Brp independently of the 
crystal structure. This conclusion is opposite 
to the spectrum, so we prefer the model (b))) 
And moreover in the #-phase the stronger 
resonance line has higher frequency than the 
other, and this may also be interpreted by the 
use of the model (b). 

While, in order to estimate the influence of 
the partner molecule in contrast with that 
the other neighbouring molecules, let us con 
sider the difference of the values of the fel! 
lowing quantity at each resonant nucleus 


* 


(€Q@)atom 
where q is the magnitude of the field gradient 
at the resonant nucleus and (€Q@)atom is the 
atomic coupling constant. 

Using the data on the resonance frequencies; 
one finds that dz, the difference of the value 
of w at Brp and the mean value of those at 
Bra, Brg, and Brc¢, is 9.7 x10-%. On the other 
hand, in SnI, in which the A, B, and C lines 
coalesce into a single line, du is 4.21073! 
Accordingly, 4, the intermolecular interaction 
of SnBr,, is about the same order of that of 
Snly. 

On the other hand, 4z in the @-phase is 
6.1x10-*. This small value of 4z in the B- 
phase indicates that the origin of du in the 
a-phase is not due to the covalent bond be- 
tween the pair of molecules but due to electro- 
static interaction between neighbouring ions 
tending to lower the energy of the ionic form 


B ie B % 


Br, WW, Br, Br, Br, 
Br Br 
(a) (b) 


Fig. 16. Proposed models of pair of molecules. 


* The moderate spacings of the lines, A, B, 
and C, are ascribed to the nonequivalency of sites 
of the atoms, Bry, Brg, and Bre, which have al- 
most the same bond character. 


* On the estimation of the unbalanced p-electron, 


eQq in the numerature is usually evaluated from 
the mean value of the resonance frequencies of 
component lines of the multiplets. 
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of each Sn-Br bond, because if the former is 
he true origin of dz, the same order of 
fmagnitude of du is expected also in the f- 
phase as in the a-phase. 

The arrangements of molecules which are 
jshown in Fig. 16 are possible in the space- 
feroups of Ci, Ci, Ci,, and C%,, and are 
impossible in the C, symmetry class. F fea ly 
shows an illustration of the arrangements of 
molecules. 


Fig. 17. An illustration of arrangement of SnBr4z 
tetrahedrons. The b-axis is taken upwards from 
the plane of the paper, while the directions of 
the a- and c-axes which cannot be determined 
from this experiment, are drawn arbitrarily. 


From the analysis of the spectrum of the 
B-phase, one may reasonably conclude that 
pu =3, and p,.=1, and that the structure must 
have cubic or hexagonal symmetry. The bond 
direction connecting the central Sn atom with 
one of the four Br atoms in one molecule is 
coincident with three-fold symmetrical axis of 
this crystal, and the other three bromine 
atoms occupy the three equivalent positions 
about the three-fold axis. The small value of 
du in the #-phase is interpreted as follows; 
the neighbouring molecules distributed about 
the three-fold axis contribute the same order 
of magitude of intermolecular interaction as 
that between the pair of molecules. 

A. E. Nordenskjold! (1863) showed that 
the crystals form rhombic pyramids with axial 
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ratios a: b: c =0.556: 1: 1.487. But we can- 
not give orthorhombic symmetry on the basis 
of Zeeman analysis. This substance is so 
hygroscopic that the treatment in the air is 
very difficult, and the optical study has not 
yet been made with any success by us. The 
study of the crystal structure by the optical 
and X-ray methods will be performed in 
near future. 
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This is the final report of a series of papers from this laboratory on 
the internal motion and the structure of methyl amine. 
observed lines including J=1<0, K=0+«0 lines were analyzed in the 
frequency range between 4 and 50kMc/sec. 
internal rotation has been determined to be 691.1cm~-! as well as the 
molecular structure, doyn=1.474A, /HNC=112°10', 
/HCH=109°30’ and the angle between CN and methyl axis=3°30’ on 
the assumption that dcu=1.093 A and dyn=1.014 A. These results were 
compared with the barrier height and the structure of other CH; MH, 
type molecules, methyl alcohol and methyl mercaptan. 


Most of the 
The barrier height of 


ZHNH=105°50" , 


The inversion doubling of the observed lines was also analyzed satis- 


factorily. 


The quadrupole coupling constant of N!* along the charge 


symmetry axis has been obtained as —3.6+0.3 Mc/sec, with the direction 
of the axis, 90°+8, from the methyl axis. 


$1. Introduction. 


Methyl amine is a unique molecule in micro- 
wave spectroscopy because of the remarkable 
effects of both internal rotation and inversion. 
The spectrum was observed in the frequency 
range between 4 and 34kMc/sec by several 
workers)”)»3), Since the spectrum is very 
much complicated by the internal motion, 
former analyses were entirely incomplete. A 
previous study!**, however, showed that the 
internal rotation of the molecule can be treat- 
ed by a theory similar to those of Dennison 
and others for methyl alcohol*:»©, with an 
additional treatment on the coupling between 
the internal rotation and inversion. The mole- 
cular structure calculated from frequencies of 
several lines by use of the theoretical method 
was reported by Itoh”. After these previous 
studies, the frequency range of observation 
has been extended to the millimeter wave 
region, where many important lines for the 
complete analysis, such as J=1<0 line, have 
been found. 


§2. 

The spectrometer used and the frequencies 
of the lines previously observed were already 
reported in SNI. Since the spectrum of 


Experimental Results 


* Present address: Institute for Nuclear Study, 
University of Tokyo, Tanashimachi, Tokyo, Japan. 
** We shall refer it as SNI in this paper. 


methyl amine consists of many lines due tc 

complicated transitions, it was important tc 

study the Stark effects of the lines precisely: 

All the observed lines can be classified intc 

five classes according as they show whether 

1) the first-order Stark effect with stronger 
outer components, 1(o), 

2) the first-order effect with stronger inner 
components, 1(i), 

3) the second-order Stark effect with positive 
Stark shift, 2(+), 

4) the second-order effect with negative Stark 
shift, 2(—), or 

5) the first-order effect similar to 1(0) in @ 
weaker field (<100 V/cm), and nearly the 
second-order effect, 2(+), in a_ stronge1 
field, 1-2. 

A high sensitivity Stark-modulation spectro: 
meter for the millimeter wave region was alsc 
constructed. A frequency multiplier using < 
commercial crystal mixer, 1N 26, driven by z 
K-band klystron, 2K 33, was employed as the 
power source. The conversion loss of the 
multiplier was estimated to be less than 15dk 
for the second harmonics. A K-band wave 
guide absorption cell of one meter long sealec 
by teflon sheets of 1 mil thick was used. The 
Stark electrode was supported by teflon plate: 
of 20 mils thick in a usual manner. The los: 
was as small as 0.7 db/ft at 48kMc/sec. A 
detector current of more than 504A was ob 
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Table il 


Microwave Spectrum of methyl amine, 
I. Lines in millimeter wave region. 


"Mug oe | Intensity Stark-effect 
q2 A1615.12 S 12 
41658. 42 MS bi 2a 
Se 41830 .54 WwW jaa 
ry 42101.94 MW | 24) 
42104 .30 Ww 1(i) 
So 42622 .36 MW 2a) 
11 42720 .94 S oir) 
42804 .58 M 1(i) 
43040 .72 M styl) 
85 43220 .12 REWal ) (2G) 
n 43346 .58 MW 1> 
43404 .8 Wee TT) 
43498 . 32 Ww 2(-) 
43711.80 Ww 2(+) 
43728 .61 WwW Ee 
Se 44188 .60 M Zi ate) 
44205. ww Ae 
44214. ww Ge 
44286 .56 Ww 2(+) 
444621 ww ae 
So 44573 .06 MW De 
44826 .66 Ww Cas 
44967 .40 Ww 1(i)? 
45256.68 Www 1(i)? 
q2 4532422 S 12 
qe 45325 .04 S 12 
45336 .60 Www 2? 
45458 .06 Ww 2(+) 
Ss 45759.26 MW 2(+) 
1 45769 .96 MW 2(+) 
Sy 45865 .08 M 2(+) 
45957 .66 MW 1(i) 
45994 .56 MS 1(4) 
46163 .84 ww 2(+) 
46368 . 42 Ww 2(+) 
46544 .84 MW 2(+)? 
ry 46575.18 S 2(+) 
46771 .70 Ww 2(+) 
46855 .6 Www 2? 
1 47032 .08 MW 12 
So 47075.84 MW 2(+) 
So 47239 .84 MW 2(+) 
47334 .60 Ww 1 (i) 
47608 .08 Ww 1(i) 
47732.44 Ww ha)? 
48082 .01 MW Ze) 
8 48180 .38 MW 2(+) 
48243 . 46 Ww 2(+) 
48385. Ww 22 
48387 .02 MS 25) 
48400. ww 22. 
48404 .06 Ww 1(i2) 
48414 .83 M 1 (i) 
82 48547 .14 MW | © 2Ci) 
48715.82 Ww 2(+) 
48857 .40 Ww 2(+) 
2 49085 .76 S 12 
In 49086 .38 S 12 
8» 49148 .90 MW 2(+) 
49229 64 M 1(i) 
49426 .06 WwW 1(i) 
T2 49560 .00 M te ety) 
S82 49614 .02 MW 2(+) 


Microwave Spectrum of Methyl Amine 
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Table I. (Continued) 
dae! Intensity Stark-effect 
49914 .58 MS 2(-) 
Sy 49952 .46 MW 2(+) 
Sy 50399 .24 W 2(+) 
ry 50423 .40 MS 2(+) 
So 50558 .60 Ww 2(+) 
nN 50658 . 48 MW 1>2 
Sy 50875 .60 W 2(+) 
Sy 50934 ..64 W 2(+) 
8» 51048 .46 WwW 2(+) 


tained at the output end of the absorption cell. 
About one hundred lines were found in the 
region between 40 and 50kMc/sec. Their 
observed frequencies and Stark effects are 
listed in Table I. 

After a careful study, some additional lines 
have also been found in the frequency range 
between 11 and 28kMc/sec; they are given in 
Table II. 


Table II. Microwave spectrum of methyl amine, 
II. Additional lines in centimeter wave region. 
(See also Table II in SNI.) 


Frequency (Mc/sec) Intensity 


| Stark-effect 

11786 .82 MW 2(+) 
11819.80 Ww "AG =) 
12445. WwW 1(i) 
13175.80 MW 1(i) 
13177 .04 MW 1(i) 
14961 .12 ww 1(i)? 
16228 .00 Www 1(i)? 
16373 .56 ww 1(i)? 
17148 .36 MW 2? 
18308 .64 MW 1(i) 
18348 .40 MW 2) 
18476. Www 2? 
18486. ww 2? 
18928 .16 ww 1? 
20302 .80 WwW 1(i) 
22060.71 MW 20) 
22082 .37 WwW 1(i) 
22369 .95 WwW 1(i) 
22381 .96 WwW {22 
22507 .42 ww 1 14) 
22637 .08 Ww (=)? 
22818 .83 | WwW i(i) 
23071 .58 W 2(+) 
23090 .83 Www 1(i) 
23106 .34 ww | 1) 
23608 .52 Ww | 2(+) 
24037 .31 | WwW PP eeha) 
24465 .58 ww | .1(0?) 
24472.77 Www 2(+)? 
24634 .0 ww 2? 
24647 .1 ww | 2? 
27553 ..24 ww |. 2G+) 
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§3. Theoretical Consideration 


The energy level of methyl amine type 
molecule may be written as 


Wi kunt — Wol kunt 4 YrKuns 
Wor kunt = WIE 4 Wen Wr : 


where J and K are the usual rotational quan- 
tum numbers, ” is the quantum number of 
torsional vibration, and “u(=0, +1)* ‘is the 
quantum number of hindered rotation; + or 
— indicates the inversion state, i.e. whether 
it corresponds to the triplet or singlet nuclear 
spin state of the two hydrogen nuclei in the 
amino group. 

In equation 1(b), W’* expresses the rota- 
tional energy when the molecule is assumed 
to be a rigid symmetric rotor, W*"” is the 
energy of internal rotation, and W”*, which 
is also affected by K and y because of the 
interaction with the internal rotation, is the 


energy of inversion. Wikun* in equation l(a) 
is the perturbation energy due to asymmeiry. 


(1a) 


and (1b) 


From the theory developed by Itoh”, W/*, 

Wer, and W”+ can be expressed by 
wee S42 (7 J41)-K)—CK, (2) 
WkK'2= VREen ; ( 3 ) 


meme) (— 1) de | “emer oyQrrn(e— nde , 


(4) 


h* h?ly 
peril. ~ 87>(Iy2-+ D2) ? 


ae r 
Wrens — WE, + WE sy 


= of 2 id ) (J-K+1)(J+ KE ‘2 


Wi Kune —V, JK t 
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Lule ( [Biot Age ) 
82? \Fyl.—D? 1+ D? 
al 


82? In(Iyli— D?) 
I,, I,, and I, are the moments of inertia about 
z, y and z axes, and D is the product of 
inertia with respect to y and z axes, z axis: 
being parallel to the symmetry axis of methyl 
group, y axis being comprised in the bisecting 
plane of HNH angle, and the origin bein: 
taken at the center of masses of the molecule. 
I, is defined as =1,—I, where Jf, is the 
moment of inertia of methyl group about its 
symmetry axis. R*#" and P£#"(x)= etX7@ <en(qz) 
are respectively the eigen value and the eigen! 
function of the internal rotation which were} 
introduced by Koehler and Dennison”, whereas; 


= Hy Aid giao. then equa-- 
: Aue ome I,(I,h—D ay 
tion are replaced by a’= h? H,(* LL—D ) 


and o’= ee I, Be + PK. The potential 


barrier is assumed to be a sinusoidal form, 
a —cos 32). 


ing can be calculated from equation (4), where 
the constant, 4), would correspond to the 
hypothetical inversion splitting if the coupling 
between inversion and internal rotation were 
absent. 


The energy of inversion doubl- 


The perturbation energy Wikene in equation 
(1.a) consists of the terms due to the K, K+1 
off-diagonal elements of the Hamiltonian and 
of the terms due to the K, K-+2 elements. It 
can be expressed by 


Wo JTKMNt 


Wot X tiene Onn 


Asa \ ue gs 


1 SPE) SIE Be) ee 
3 4 (A— —By| Wot kurt — Wts- zent Gs sore 
ils K)\J-—K-1)\(J+K+1)(J+K+4+2) [E+ uns 
Wi Kent —W yl K+ aun (Tein) | 5 (5) 
araee S=2 P55 and [K’un = [oeere(e) asymmetry _ of the molecule yields the A-type 
é nm ty 0 doublet for “=0 and K<0 states as in a rigid 
QE! a) dz. 


W,7*"* is equal to Wy%-kom+, so that the 
* K-r+n=1 (mod. 3), where c(=1, 2, 3) is the 
quantum number used by Dennison and others, 


asymmetric rotor. .When the effect of internal 
rotation is not so large as in the ground 
torsional state in methyl amine, the magni- 
tude of the doublet splitting is approximately 


iziven by Wang’s formula®, 


| 4-8 Seah 
ese 


4W=—— — 
2 W 
2; 
ale G doe 2G) 
16£-J—K)!(K—1)!(K—D! 
The asymmetry parameter 6 is 


(6) 


(7) 


_ It must be noted that the denominator of 
the K--kK=+2 interaction term in equation 
(5) is sometimes too small to use the pertur- 
bation method. For example, if #=0, the 
me utbation energy due to K=1-——1 inter- 
action is replaced by 


Wi ASF riety), (8) 
from equation (6), including the effect of 
internal rotation. 

For “=+1, Burkhard and Dennison” show- 
ed that the energy level W’*""+ always de- 
generates to the level W/-*-""+ belonging to 
a degenerate symmetry class, E, while the 
degeneracy of K and —K levels for the same 
J, 4; m, and inversion state is already removed 
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by the tunneling effect due to the internal 
rotation even in the symmetric top approxi- 
mation. However, in some cases as |K|=1, 
4W in equation (6) may be as large as the 
magnitude of W7*#"+—W7-ke2+, In such 
case, the energy level W/<#"+ must be cal- 
culated by solving a secular equation, 


Wi Ket— W 4W 
2 
=0 (9) 
au Wi Kent _—- W 


Again, the perturbation energy due to K=1 
<+-—] interaction must be excluded from 
equation (5), when its effect is taken account 
by means of equation (9). 

The selection rules for allowed transitions 
ANGE fl. Oe Seal AVC) Opasll ASU, Aes), 
and +<>+, or —<>—. 


§4. Analysis of the Spectrum 

a) Assignment of the series 

Eight well-defined series of lines have been 
found in the observed range; seven of them, 
Pi, Pos Qs G2, Ti, Y2 and s,, were already report- 
ed in SNI, the remaing one, s.,, having been 
found later in the millimeter wave region. 
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Fig. 1. Frequencies of the lines of series plotted 
values are only approximate except for p series. 


against theit rotational quantum numbet J. J 
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The Stark effect for p series is 1(0), that for 
q series is 1-2, and those for 7 and s series 
are 2(+). 

These series correspond to the transitions, 
4J=0 and 4K=+1, and member lines of a 
series correspond to successive J values. The 
frequencies of the observed lines are plotted 
against estimated J values in Fig. 1. Among 
the observed series the initial lines were ob- 
served only for p, and ~, series. The frequ- 
encies of initial lines of theoretically possible 
series were calculated as functions of the 
barrier height as shown in Fig. 2 of SNI. The 
first-order Stark effect of p series indicates 
that the series belongs to the transitions be- 
tween degenerated levels of internal rotation, 
“=+1. From the study of the Stark pattern 
of a few low J lines of : series and also 
from the intensity consideration, p series were 
previously assigned to the transition J </, 
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K=1<0, v=1<-1, and m=1<-1; p; correspond 
to the stronger inversion partner, + — | 
while p, to the weaker partner, —<-—. 
The Stark pattern of some low J lines of f 
series have also been resolved, and the mea 
frequency of the initial lines of s; and 
series can be estimated to be nearly 20 kMé 
sec. If one takes the barrier height of abou 
700cm-! which is infered from the assignmer 
of p series, s series can be uniquely assign 
to the transitions, J— J, K=0<1, w=0< ¢ 
and m=1<-1; s, to ++ and s, to —<——. 
On the other hand, the initial lines of g aa 
y series are in the higher frequency reg1o: 
than the observed range, and a few sets ¢ 
assignments are possible. The previous te 
tative assignments in SNI, however, we 
found to be incorrect, and the present assign 
ments are given in Table IIJ. The most im 
portant difference lies in the assignment of , 


Table III. Assignments of series. 
Assignment Frequency of initial line | . | Magnitude of inversion 
anise Inversion donne 
‘a ae = tate 
K'<K | we mn |Obs. (Mc/sec) Calc. (Mc/sec) Obs. (Mc/sec) Calc.(Mc/sec: 
pr 120 11 | ~ S674. (cet ee 
Ds 20 lee 33637" 38687 6903* 6903 
nh 120 10) oe 70428 = 
p 1<0 0G = 79069 + ~5000 8641 
ry 1<0 0 0 — | 79171 + | 
rs 1<0 0 0 = | Theosen tar ani ~10000 | 10690 
$1 Oatn | 01) “is 2000 2743 # | 
83 O21 4) ed ~38000  ~—-40807 :: a tule ne 
= J | 


for q series. Even by the crude theory in 
SNI, it could be expected that the frequencies 
of member lines of “=0, K=1<0 series (v= 
0) would greately deviate from the frequency 
of the initial line (80~90kMc/sec). Thus q 
series was assigned to this transition, though 
its peculiar Stark effect (1-2) was rather in- 
consistent with the assignment. The Stark 
effect of “=0 lines should be simple second- 
order as observed in s series. 

If the K=1——1 interaction in w<0 lines 
is taken into account, however, it is found 
that the frequencies of member lines of p= 
—1, K=1<0 series (z=0) also deviate to the 
lower frequency region from the frequency of 
initial line (70~80 kMc/sec). The Stark effect 
of this series should be primarily first-order, 
l(o), similar to f series, but should become 


second- order, +4), because of the hee ine 
interaction. This just accounts for the pecu 
liar Stark effect of q series, 1-2. Fron 
theoretical considerations, the qi series is as 
signed to be the weaker inversion partner 
—<«-—, whereas gq, series to +<+. Thea 
assignments differ from the previous ones no 
only in respect to 4, but also to the inversiot 
states. Since the intensities of lines in g, an 
qd: series were almost equal in the spectrun 
of centimeter wave region, it was difficult it 
SNI to decide from the experimental result: 
which of g: and q series belongs to th 
stronger inversion state. But it has bee 
clearly confirmed from the millimeter wav 
spectrum that the gq, series belongs to th 
stronger state because the intensity differenc 
of the lines becomes more significant as th 


\J value decreases. 


Now the transitions ~=0, K=1<0, and 
m=() are assigned to 7 series instead of qd 


‘series; 7, is the stronger inversion partner 


'+<—+ and 7 is —~—. The lines. of ~=0, 


| K=2<1, and m=1 series, that was assigned 


to 7 series in SNI, are considered to be so 
weak that the series could not be taken out 


‘from the observed spectrum; its initial line 


lies at a very high frequency region (~100 
kMc/sec) and it belongs to the excited torsio- 


/ nal state. 


b) Analysis of 4, <—5:, and 6,,;<—5, lines 


From the study of Stark effects some ten 
lines, which were expected to correspond to 
the transitions, Je=4.<5+; or 64; <5» in the 
ground torsional state, were found. In case 
of “=0, these lines show either 2(+) or 2(—) 
Stark effect according to the lower or higher 
frequency partner of the K-type doublet. 
Lide® assigned the lines at 23341, 23450 and 
36452 Mc/sec to 422-531, 615-593, and 423-545 
transitions, respectively. He also found their 
weaker inversion partners at 17476, 29312 and 
30566 Mc/sec”. 


Table IV. Assignments of 4dJ=+1, 4kK=7F1 
lines (1). 

Obs. freq. Calc. freq. 

Sxtcdn pn zl eioren: ot ae Soins a 

+State | —State | +State —State 

0 0 0 | 23341* | 17476* 23341 | 17476 

Bess) 0 0 1 | 36452*>) 30566*> 36442 | 30576 
0 14438 10262 14301 | 10342 

-10 | 19777 | 29771» | 20003 | 29795 
me 250, at or ri2g534 =; 28440 — 
0 0.0 | 23450*  29312*»| 23449 | 29313 

ps | -10 | 21931 | 12593 | 21709 | 12303 
6-1<5e 10 13176 — Ne2T2 I Pa 


a. y=0 or 1 as J+-K41—K-1 is even or odd. 
b.- These frequencies are taken from reference 9. 


In case of 4+<0, however, it was very diffi- 
cult to obtain a proper assignment, since all 
lines show similar Stark effect, 1(i), both for 
p=+1 and w=—1. If one takes into account 
the effect of K=1<-—1 interaction, however, 
it is shown as in the following section that 
the magnitudes of the Stark effect coefficient 
and the quadrupole hyperfine splitting would 
differ for each line. The consistent assign- 
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ments, which have been obtained from the 
study of these effects, are shown in Table IV. 
The transitions K=—1<->2, assigned to the 
lines at 13176 Mc/sec and 28533 Mc/sec, were 
forbidden by the crude theory neglecting the 
K=1<-—-—1 interaction. Due to this interac- 
tion, however, K is not a good quantum 
number and the state of K=—1 merges to 
Then the transition AK=—1<-2 
becomes to be allowed. It is also noted that 
the magnitude of inversion doubling largely 
depends on the quantum number, J, through 
the K=1<-—1 interaction. The present as- 
signments considerably differ from those by 
Lide®. The latter seems to have been given 
without proper consideration on the effect of 
K=1<->—1 interaction on “<0 lines. 
Recently, the molecular constants, A, B, C, 
D, V and 4) have been calculated by Itoh” 
from the observed frequencies of initial lines 
of p series, 4.<-5; (u=0) lines, and 61-5, (4 
=(0) lines. The results are also shown here 


Table V. Molecular parameters calculated from 
the observed frequencies marked by * in Table 
III and Table IV. 


44329.2 Mc/sec 


A+B 
A 5 B 461.46 Mc/sec 
C 10314.8 Mc/sec 
S —135. Mc/sec 
Vv 456609. Mc/sec 
A 28604. Mc/sec (n=0) 
t 29358. Mc/sec (r=1) 
a'( _ 2H T{Tyh— D*) ) 11.3444 
h2 TyTz — D2 
a'( _1- bVIp+D ) 0.344724 
IyIz— D? 


in Table V. By use of these values, the fre- 
quencies of other 4,—5i; and 6415, (u=+1) 
lines as well as those of the initial lines of q, 
y and s series have been calculated. They 
agree well with the observed values as shown 
in Table III and IV. 


c) The J=1<0 line 

To verify the above analysis, it is most 
important to find the line for which J=1< 0 
and K=0<—0. Edwards, Gilliam, and Gordy™ 
tentatively assigned the line at 45325 Mc/sec 
to this transition. However, that line is de- 
finitely assigned to a member of q2 series in 
the present analysis. Using the millimeter 
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wave Stark-modulation spectrometer, the 
iuthor found the line at 44286.56+-0.20 Mc/sec, 
which showed the correct Stark effect of J=1 
<0 transition. For methyl amine, the com- 
ponent of the dipole moment parallel to the 
methyl axis, “4, is as small as a quarter of 
the perpendicular component, 4,, so that the 
intensity of this line is very weak, perhaps 
as small as 10-’cmz-!. 

The fine structure due to internal- rotation 
and inversion could not be resolved for this 
line (7=0), but two satellite lines were 
found, which are expected to belong to the 
excited torsional state, m=1. Their frequ- 
encies are 44214+1 and 44205+1 Mc/sec. 
Similar vibrational fine structures were also 
observed in /=1<0 lines of other molecules 
with internal rotation. The method, which 
was presented by the author!» for the purpose 
of the analysis of the fine structure of methyl 
alcohol spectra, will also be applicable to this 
molecule. In order to obtain the complete 
analysis of the present case, at least three 
satellite lines have to be observed, because 
the line, for which ~=0 and m=1, is expected 
to be observed as an inversion doublet sepa- 
rated by several megacycles on account of 
the appreciable A, K-+1 perturbation energy. 
However, an approximate calculation shows 
that the value of A+ 8 including the vibra- 
tional correction should be about 40 Mc/sec 
larger than the observed frequency of ~=0 
line; hence A+B+44325 Mc/sec. This value 
is close to the value 44329.2 Mc/sec in Table 
V, calculated on the basis of a rigid hindered 
rotor model. The difference between two 
values is within the error of the approxima- 
tion used. 


d) K-type doublet lines 


Some lines corresponding to the transition 
from one to the other partner of a K-type 
doublet should be observed in case of “=0, 
as in spectra of usual rigid asymmetric 
rotors. 

However, the tentative assignments given 
in SNI were incorrect. After a careful study, 
lines corresponding to the transitions, for 
which J=6, 7, and 10 (|A|=1), have been found, 
while their intensities are very weak (~5x 
10-§cm-! for J=6). Each transition consists 
of two lines due to the inversion doubling. 

Their frequencies are theoretically given by 
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The values of 4»/J(J+1) ame 
Thus! 


1,13 is obtained. as 440. 


equation (8). 
listed in the third column of Table VI.: 
13 )5;5 


the value of ae 
Mc/sec from their mean value. Using th | 
calculated value of J7'0? (=0.9510), one obtain 


Table VI. Assignments of K-type doublet lines 1 
he rE 
Ay 
5 / ST | 
J 4y (Mc’/sec) TI+D (Mc/sec) 
, ( 18476. 439.90 
| 18486. 440.15 
7 ( 24634 .0 439 .89 
| 24647 .1 440.13 
10 { 48385. 439.86 
| 48400. 440 .00 
A-—B 


9 862.7 Mc/sec. This value is consistent: 


with that in Table V, 461.46Mc/sec, calculat- 
ed from the frequencies of 4,.<—5, and 6,<5.. 
transitions. 


e) Additional strong lines 

The remaining strong lines, which are rather 
irregularly spaced in the observed range, will 
be assigned to the transitions, 4J=+1 and 
AK=F1 (J=7 and K=>2). The frequencies 
of such lines were calculated using the values 
of molecular parameters in Table V. 

Following procedures were used for the 
simplicity of calculation. 

1) As pointed out by Dennison and 
others?-”, the energy of internal. rotation, 
ge ope is a periodic function of ;= 


= ee gr K+ i). Hence, RX" can be 


I,I,—D? 
expanded as a Fourier series in 7. The ex- 


pansion formula, 
R*"(cm-1) = —13.185372 —0.018873 cos y 
+0.000012 cos 27 , (10a) 
7 =78°38’ K+120° (10b) 
were used for 2=0 states. 


2) Itoh? showed that the inversion energy 
W"+ is also a periodic function of y= 7/3 


qr, 
ke 2V Ty+ D? ye 21 =39°19K—120°n. The 
overlap integral which expresses the coupling 


I, l,—D? 
between the inversion and the internal rota- 
tion is approximately given by, 


proses (x) QE M2 (a — )dx (cm) 


| 


=0.210803 cos +’ —0.000377 cos 37’ 

+0.000001 cos 57’ 
‘for the ground torsional state, »=0. 

3) The perturbation energy due to K, K+1 
off-diagonal elements of Hamiltonian, WE, 
‘can be neglected since their magnitudes are 
of the order of 10 Mc/sec. 

4) The perturbation energy due to K, K+2 
off-diagonal elements, WE +9, Cannot be neg- 
lected, because it may amount to a few hund- 
red megacycles even in large K levels. The 


; 


(11) 


| denominators of W*,,, however, were replaced 


Table VII. Assignments of 4J=+1, 4K= 71 
lines (II). 
Obs. freq. | Calc. freq. 
My kn + (Mc'sec) | 1 CMe See) 
+State — State | +State — State 
7< 8, 000 | 48387 46545 48088 | 46445 
3 ©2 001) 49915 | 48082 49660! 48017 
0014, “Sv67e 5505 == 
Bee 0) wy 1-0 46602 68672 —4441 6857 
=1 0 15908 | 64502 16047 6378 
000| 41658 | 43498 42051 | 43694 
migeee 1 Sh! 00" 1.492308) 49257 ES 
-10 | 28515 _ Q8a78 Wh heres 
0 0 0 | 23683 | 32104> | 23776 32171 
11,<12; 001 23861 | 32283! 23958 | 32353 
10 | 43041 | 32708» | 43355 | 32536 
000! 20831 | 12444 | 20800 12405 
ia.<12, 991) 20547 | 12162 | 20509) 12114 
Se ame ces 11961 | — 11985 
=1 0 8412 | 62702 | 8770} 6326 
14,<-13, 10 | 45995 a 45731 = 
0 0 0 | 23409 | 12239 | 23754} 12424 
15.<-16, 00 1 | 23429 | 12259 | 23773 | 12443 
Be 67994 0: 21713. ©| 27504 21427 | 27637 
F440) = 16682 = || 16256 
000 | 21052 | 32187» | 20770 | 32100 
1g, 901 / 21019 | 32155» | 20739 | 32069 
17-16; 1 Q | :99723 | 16948 | 23091 16881 
=O. 301520 = SOMG Ne 
; O20 10u) a 766u lear 49106 = 
Dad i pt 49107 
18-195 39 | 45958 | 47335 | 45711 46949 
—10 | 48415 ies 48262 a8 
000! 4858 | 13415 4611 | 13775 
19;-20; 001! 48602 | 13417 4613 | 13777 
st 0 as 65002 oo Bil 6625 
000! —_ | 30566» — | 30745 
715-203 001) — | 30565» == yi) 30742 
10 | 42805 ee AsQ024) = 


a: These lines are quoted from reference 3. 
b: These lines are quoted from the private com- 
munication sent by Dr. D. R. Lide, Jr. 
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by W7X—W/*#2 in the present calculation. 
This results in errors of several ten mega- 
cycles in the calculated frequencies. 

5) The energy of A-type doubling, 4W, is 
not so small for |K|=2 levels that it is neces- 
sary to calculate the effect of —K~«-K inter- 
actions by equation (9) for “=-+1 states. As 
K increases, 4W rapidly decreases by (0)K~ 
(0.1)* so that this effect can be neglected for 
llee oe 

The calculated frequencies based upon these 
procedures have fitted successfully the ob- 
served frebuencies. About fifty lines, which 

have J ranging from 7 to 21 and K from 
2 to 6, have been assigned and are listed in 
Table VII. The errors of two to three hund- 
red megacycles in the calculated frequencies 
are not surprising in view of the approxima- 
tion used, since the interactions of internal 
rotation with the other vibrations than torsion 
and inversion have been neglected, as well as 
other smaller interactions. 

Some experimental evidence for these as- 
signments have been given as follows: 

(1) The Stark effect patterns of the stronger 
inversion partners of 73<-8,, 839. and 10,<—93 
lines have been partially resolved. The J 
values of these lines could be estimated from 
the splittings of resolved component lines. 

(2) The Stark pattern of higher J lines (J 
> 14) could not be resolved. The Stark effect 
of most lines are similar to 1(i) since in case of 
u=0 the forbidden lines appear near the allowed 
lines even in a lower Stark field. The Stark 
pattern, however, shows an unsymmetrical 
feature about the center of the line in case of 
u=0, whereas a symmetrical feature in case 
of w=+1. This gives a check for the assign- 
ment of v. 

(3) The magnitude of K-type splitting for 
a 4=0 line is almost independent of the energy 
of internal rotation and inversion. Thus the 
magnitude gives a good verification for the 
value of J and K in case of “=0. 

(4) The magnitude of inversion doubling 
for these lines depends on K and y, but is 
almostly independent of J, since the effect due 
to —K-<-K interaction on the inversion energy 
is small as theoretically expected. This con- 
firms the choice of inversion pairs. 


§5. Molecular Parameters 


The molecular dimensions of methyl amine 
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calculated from the rotational constants in 
Table V are dcn=1.474+0.005 A, ZCNH= 
112°10’+1°, ZHCH=109°30’+ 1°, and ~HNH 
=105°50’+1°, on the assumption of dny= 
1.014A and dcy=1.093 A. The direction of 
methyl axis does not coincide with that of 
CN axis and passes through the NH, triangle 
having an angle of 3°30’ 20’ to the CN axis. 
The height of potential barrier hindering in- 
ternal rotation has been found to be.691.1+1 
cm-!. This value is between the previous 
value from the calorimetric data!”, 1000cm7!, 
and that from the infrared spectrum™, 530 
cm-!. Recently, Aston and others reexamin- 
ed the barrier height from the entropy mea- 
surement and obtained the value of 665 +140 
cm7!, which was close to the present value. 

The magnitude of inversion doubling is con- 
siderably large. The 4) in equation (4) (the 
hypothetical inversion splitting in case of no 
significant internal rotation) has been cal- 
culated to be 28,604Mc/sec for m=0 and 29,358 
Mc/sec for ~=1. If one assumes that the 
reduced mass is proportional to the inverse 
square of the frequency of the NH. wagging 
vibration, the value of 3,300 Mc/sec is calculat- 
ed from Dennison and Uhlenbeck’s formula. 
The observed inversion splitting is much 
larger than the calculated value, but the dif- 
ference can be explained, at least qualitatively, 
from the large CNH angle, which facilitates 
the inversion motion. If one takes a fictitious 
ammonia type symmetric top molecule, NMs3, 
which has the same reduced mass as methyl 
amine and a MNM angle of about 110°30’ 
(dym=1.014 A), the inversion splitting is calcu- 
lated to be about 30,000 Mc/sec, consistent with 
the observed value. 


$6. Dipole Moment and Quadrupole Coupl- 
ing Constant 


a) Stark effect and dipole moment 


The Stark patterns of the lines, for which 
uU=0, Je=4.—5; and 6,<52, were measured 
by Lide®. From the Stark coefficients he 
gave the component of dipole moment parallel 
to the z axis, “4, to be 0.304D and the per- 
pendicular component, “., to be 1.232D. 
These values are consistent with the Stark 
coefficient of the third and forth lines of p, 
series, which have been measured by the 
author. 

The first-order Stark energy of “=-+1 levels 


is given from the diagonal matrix element, 


KE 
Ws=m Che 
neglecting the perturbation term from the K,} 
K-+1 off-diagonal matrix element. However,} 
if the effect of —K-<-K interactions is taken 
into account, AK is no longer a good quantum 
number. The mixing of the wave functionss 
sx and #_x« is expressed by 


C1Paxte-P_x , (13); 


| 
(12) 


taking c.2-++c_-2=1. Hence K, which is used in) 
equation (12), should be replaced by 


cK —c7K . (14)) 


The Stark coefficient, bsx, for a observed line 

is approximately given by 

bere a Mg 15), 
atl Trey XG oray ©)» 08 

where JK and J’K’ mean the final and initial. 


states of the transition, respectively. The: 
Stark shift, dys, is 


dve= 5 breME (16) 


where M is the projection of J on the direc- 
tion of the applied field. 

The calculated Stark coefficients are com- 
pared with the observed values for 4,5, and 
6:5, lines in Table VIII. The agreement 


Table VIII. Stark effect coefficient and quadrupole 
hyperfine splitting. 


ie ad Stark coeff. Quad. Spl.* 

Iniedg gm 7 a (Mc’esu) (Mc/sec) 
iad | 2 | Obs. [Cale. | 1 Obss TeCates 
O10.) oF — | °— || =0.64 | — 0-68 
4y<-5y 1 1} 3.81/14.0 | 0.5] ren 
cal ait 4.0.) 450°) Gel 234.) sae 
ees. : Od ae 5.2015.15) S41 32 7 tees 
Gree eee. | ak —| —|/ +0.78 | +0:79 
cae. a fee | of 27h 2.8.5) 2-1 20 ean 
eal DOG) = 3.3) 344) S124 ee 

2 | 


* The sign of the splitting is plus when the 
frequency of the stronger component is higher than 
that of the weaker component, and vice versa. 


gives a good verification for the present 
assignment. 


b) Quadrupole hyperfine structure 


The quadrupole energy, Wo, due to the 
nuclear quadrupole moment, Q, of N™ can be 
written by 


BV\ #C(C+1)— 
OZ? 


iit JG7-1) 
ALC Sarre 
(17) 


where 


C=F(F+1)—174+-)—-JJ+) , 


land 
ee ee a TT 


= 1) is the nuclear spin of N“. The field 
Sradient averaged over the rotational wave 


function, Cee , is given by 


fa eV a 
| \ az? oo G8 pt Cea ae 


+ 6a ate Vt Katana e 


esa a 


Beteriea to the z, y and zaxes. The direction 
Rosine matrix element <@z,> is diagonal with 
respect to K, whereas <@z;> and <az,> have 
only A, K+1 off-diagonal elements. Thus 
the last two terms Lies and the remaining 


lie 2Kavsetinn) (18) 


cross term, erp sae is also zero since 


‘Oxdy 

y axis is implied in the symmetry plane which 
bisects HNH angle and 2 axis is perpendicular 
‘to this plane. Using the relations, 


Az? +Agy?+aAz/=1 (19) 
and 
OV @8V eV 
— | ——— 3 Was 20 
Ox? Oy? ~~ OZ? eo 
the following equation is obtained; 
O2V 1 OV 
ZV ed eae 
1 2s 2 ae ve 2) 
+ 2 {zy Azz ee Ax? ) 5 ( ) 


The first term is diagonal with respect to 
K and the second term has only K, K+2 off- 
diagonal elements. 
significant when |K|=1, through K=1--—1 


interactions. Hence equation (21) becomes 
/0°V K*-JJ+) eV, 
OZ? 4 aig SE Oxtie WXbt 


ve. c yas Ore ; (22) 


* 9743 \Oy? Ox 
Using equations (17) and (22), the quadrupole 
hyperfine splitting, 4ve, for 4,<—5, lines Is 
given by 
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av PV eV 
Av9=00 0. 18657 Ft 0. 37447 = “Yer es A 
(23a) 
and for 6,<—5, lines 

v9=e@) —0.1223 7 V= 0.3736 
eV av 

«(52 se par yee ] _ (23b) 


These formula have been obtained on the as- 
sumption that the doublet separation is given 
by the difference in frequencies between F=J 
line and the weighted mean of F=/J-+1 lines, 
because the F=J+1 and J—1 lines are close 
to each other. The double sign of the second 
term should be the upper one when the |A| 
=1 level is the upper state (u=1 for K=1 
and w=-—1 for K=-—1), and the lower one 
when the |AKj=1 level is the lower state (u= 
—1 for K=1 and n=1 for K=—1). 

The quadrupole coupling constants coe Y 
(® MORN A 
\Oy? Ox? 
as to give the best fit calculated values to the 
observed splittings. The results are 


and eQ ) have been determined so 


00(5.") =1.8-+0.2Mc/sec, (24a) 
OV OV 
eG an )= 5.4+0.3Mc/sec. (24b) 


The comparison between the observed and the 
calculated splittings are also given in Table 
VIII, confirming the present analysis. 

It is also interesting to transform the coupling 
constants to the charge symmetry axis around 
the nitrogen nucleus. The charge symmetry 
axis, €, is naturally comprised in the bisecting 
plane of the HNH angle, with an angle 0 
between z and € axes. Hence the transfor- 
mation is expressed by 


eV  10V 
Qe? 2:00? an 
ones osin oO =1 08 

da 25b 
Oy? 2 Oe? 2b) 
@2V_3.cos?O—1 &V 

Se ae 25 
Az? puMeinig paits we 


From equation (20), (24a, b), and (25a), the 
coupling constant along € direction is 

O2V 

CL oes 

This value is rather close to that of ammonia, 


= —3.6+0.3 Mc/sec . (26) 
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—4.10 Mc/sec.1 The angle 9 can also be de- 
termined by a relation 
OV PV 

Ce 9-1 SO ox ae (27 

3cos?9@-1 = @2V Mie ) 
The left term of this equation takes a value 
from 0 to —o as @ increases from 0 to , 
and it takes a value from +o to 3 as @ in- 
creases from @ to 90°, as shown in Fig. 2. 


3 cos4a-| 
3cos2|@- | 
lof: 
SF 
3}-------------- L-—--->> 
30°» 60°. . 90° 120° 
0 : 7 , — 
Oo @o 
| 
=6t ! 
| 
a {Or i 
Pigie2. 


QO) (~54°45’) is the angle for which cos? @)= 
1/3. From the experimental values in (24a, b), 
” is 3.0+0.2. This value gives the direction 
of charge symmetry axis to be 90°+8° to z 
axis. 

On the other hand, we can calculate the 
direction of charge symmetry axis from the 
bond angles using the orthogonal conditions 
for bonding orbitals. If no ionic structure is 
assumed, @ is calculated to be 105°-++-5°* from 
the molecular dimension described in the 
preceding section. @ determined from the 
quadrupole coupling constant is smaller than 
the calculated volue, even if the experimental 
errors are taken into account. However, if 
the ionic structure or the hyperconjugation 
effect is considered, the symmetry exis pro- 
bably in clines towards the perpendicular direc- 
tion to CN axis. 

* © is measured from the z axis in the clock- 
wise direction. 
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§7. Discussion 7 

Most of the important lines in the spectrun 
have been analyzed, giving the molecul 
parameters of methyl amine. The error of | 
few hundred megacycles in the calculates 
frequencies of lines may be attributed t 
higher order effects. For example, the effec: 
of other vibrations than torsion and inversio 
were entirely neglected in the calculated fre 
quencies. The assumption of a cosine for 
of the barrier to internal rotation, H=A)(1— 
cos 3x), and a simple treatment of the coupi 
ing of internal rotation and inversion may 
also cause some errors in the calculation of 
frequencies. The remaining weaker lines; 
which have not been assigned, will be attri4 
buted to the excited torisonal states (#=> 1), 
to the very high rotational states (J= 20, 
>6), or to other isotopic species. Furthen 
study on the lines belonging to the excited 
torsional states would give more precise know!- 
edge on the potential barrier to internal rota-: 
tion, such as the contribution of six-fold 
potential barrier term. 

It is interesting to compare the structure of! 
methyl amine with other CH;MH, type mole- 


Table IX. Molecular structure, barrier height, 
and dipole moment of CH3;MH, type molecule. 


Molecule 


CH3;NH, CH3;0H  CH3SH 
dom(A) 1.474 | 1.427 | 1Bt9 
Sum of covalent radii 1.471  — 1.431 1S 
dyu(A) ISO14 a 0 [953 ee836 
dcu(A) | 1.093¢ 1.096 | 1.091 
ZCMH | 112°10’ | 108°24’ | 96°30’ 
: | 106°47’ | 104° | «%92°303 
eo ae. MH +1 (ammonia) (water) (hydrogen 
| sulfide) 
ZHMH 105°50’ | — -— 
ZHCH 109°30’ | 109°4/ | 109°45’ 
o* Se! || alte 208 
Hy(cm-}) 691 373 444 
H calculated by 740 340 490 
Lassetree-Dean’s 
method | 
aD) | 0.304 0.893 1b. 389 
i (Sum of bond 0.21 0.70 1.30 
momenta) (1.01) | (0.10) (0.50) 
ys (D) | | 
w1 (Sum of bond e232 1.435 0.64 
moments) i le20 1.45 0.71 


* @ is the angle between CM and methyl axis. 
t~ Assumed values. 
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|cules, such as methyl alcohol’ and as methyl 
fmercaptan’. The molecular structures, bar- 
Kier heights, and dipole moments of these 
{molecules are listed in Table IX. First, the 
nd lengthes, dem, agree well with the sums 
fof the Pauling’s covalent radii, which are also 
)shown in the table. Secondly, the bond angles 
|\ZCMH are about five degrees larger than the 
bond angles “HMH in MH); type molecules, 
lthat is ammonia, water and hydrogen sulfide 
corresponding to methyl amine, methyl] alcohol, 
nd methyl mercaptan, respectively. It is 
Iso noted that the CM directions are not on 
the symmetry axis of methyl group and that 
the angles between CM and methyl! axes, 0’s, 
are almost equal for these molecules. These 
characteristics in the angles, “CMH and @, 
‘are probably explained by the repulsive effect 
between the MH, group and methyl group. 

_ Several theories on the potential barrier to 
internal rotation have already been given. 
Among them, Lassettre and Dean’s method'® 
on the electrostatic potential due to the dipole- 
dipole, dipole-quadrupole, and quadrupole- 
quadrupole interactions between MH and CH 
bonds seems to be valid for these simple 
molecules. They calculated the barrier height 
for methyl amine and methyl alcohol assum- 
ing a tetrahedral value, 109°28’, for CMH 
angles. The approximation is fairly good and 
they obtained the value of 740cm-! for methyl 
amine and 340cm~! for methyl alcohol, which 
show good agreement with the observed values. 
The bond angle of methyl mercaptan (7CSH 
=96°20’) is considerable less than the tetra- 
hedral value, so that their method should be 
slightly modified. The value of 490cm~ has 
been calculated by a modified Lassettre and 
Dean’s method for methyl mercaptan, show- 
ing the consistency with the experimental 
value (440 cm-?). 

In these calculations, the direction of CH 
bond dipole moment was taken to be C-—H?*. 
[it is also interesting to compare the observed 
values of the components of dipole moments 
with the calculated values using the molecular 
structures and the bond dipole moments by 
Pauling and others™. Table IX also shows 
zood agreement between the observed and 
calculated values, confirming the direction of 
SH bond moment, C--H*. If we take the 
‘everse direction C*«-H-, the agreement is 
completely destroyed as shown in parenthesis. 
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The perpendicular components, :, depend 
predominantly on the MH bond moments, so 
that the agreement also verifies the values of 
MH bond moments given by Pauling and 
others. 


Acknowledgement 


The author expresses his hearty thanks to 
Professor Koichi Shimoda for his continuous 
guidance and advice, and to Professors Masao 
Kotani and Charles H. Townes for their in- 
terests throughout this work. His thanks are 
also due to Dr. Takashi Itoh for his valuable 
discussion and help on the theoretical treat- 
ment and the numerical calculation. He is 
also grateful to Dr. David R. Lide, Jr. for 
his kind informations of his unpublished 
worthful results. 


APPENDIX 
Expansion Coefficients of p Series 


The positions of the lines of p series are 
expressed by means of a power series, v=v9 
+aJ(J+1)+b]J+1?+ ---. The expansion 
coefficients, a, b,---, can also be calculated 
from the molecular parameters. The value 
of @ is mainly determined by the centrifugal 
distorsion effect, and the contribution from 
the asymmetry is small. Although the rigor- 
ous treatment of the centrifugal effect is 
difficult, a rough estimation shows that its 
contribution is about —0.72 Mc/sec while the 
contribution from the asymmetry is less than 
0.1 Mc/sec. These values are compared with 
the observed value of a@, —0.77 Mc/sec. 

On the other hand, the coefficient, 5, springs 


from WE 4, and can be calculated more pre- 
cisely by the second-order perturbation method. 
The observed and the calculated values of D 
are —0.0614 and —0.0601Mc/sec, respectively. 
The above discussion concerns the mean 
values between p,; and py, series, though it is 
also right for the coefficients of each series. 
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The microwave spectrum of normal methyl mercaptan has been studied 


in the frequency range from 14 to 29kMc/sec. 


The potential barrier 


height hindering internal rotation has been determined as 444+10cm-}, 
from the analysis of the lines corresponding to the transitions involving 


both over-all and internal rotations. 


The fine structures of J=1<0, 


K=0<-0 lines of the various isotopic species have also been analysed and 
discussed. The molecular structure of methyl mercaptan has been calcu- 
lated to be dgq=1.336+0.01A, dos=1.819+0.005A, dcou=1.091+0.01A, 
ZCSH=96°30'+1°, ZHCH=109°45’+30’ and the angle between CS bond 


and methyl axis, 6=2°0’+30’. 


sx 


The resent development of microwave spec- 
troscopy has made it possible to study the 
internal rotation of free molecules and to 
determine the height of potential barrier with 
good accuracy. The internal rotation in 
methyl alcohol®>»):3) and methyl amine®» has 
been studied with precision by several work- 


Introduction 
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University of Tokyo, Tanashi-machi, Tokyo, Japan. 


ers. It will be interesting to study the mc 
lecular structure and the behaviour of th 
internal rotation of methyl mercaptan as | 
has the structural similarity to methyl alcohe 
and also in some respects to methyl amine. 

The barrier height, V,, of methyl mercapta 
was determined as about 510cm-! by Russ¢ 
and others» by the calorimetric method. B 
the microwave spectroscopic method, it we 
determined to be 371443cm-! by Solimer 
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Table I. Microwave Spectrum of Methyl Table I. (Continued). 
Mercaptan. 
aa Naan Intensity | Assignment the ae Sy Intensity | Assignment 
| | a 
14146 .3 1(0 Ww q 22329.8 ein MW 
14548 .4 1(0 Ww q 22560 .2 UG) Ww 
14643.1 2Ge) WwW Lie Tig 22661.4 1(0) MW p 
14865.1 qa Ww Bue 101) W | 
| 14888 .0 Ei) Ww aie nee an p 
15089.3 1 Ww 93230:3 1) bi I 
15102.2 Ges Ww 23256 .9 Dian) M 5os<414 
15103.5 1 WwW : 
23339 .2 Lie) Ww | 21 <—3p 
15123.2 2(+ Mw Shel 1( i) Ww | 
15165.1 1(0 WwW qg 23520.4 1(0) MW 
15335.9 Dees Ww r 23526 .2 26) WY Iis<—%o 
15339.4 C3) Ww 23566 .6 24. MW r 
16057 .0 Ce) Ww 93617.3 2(-+) M 
16059.8 2(+) Ww 23778.8 19) M a 
16066.1 1(0) WwW q : i 
16796 .4 1¢i.) WwW 23989 .0 1(0 MW Pp 
17320.4 1(0) MW q 24067 ..5 1(i M 
as hehelloa aa 2485.0 | 1(0) MW p 
18257 .8 (i) 24988 .5 1(i) Ww 
18396 .0 1(0) WwW p ZEN z 0 if 
18417 .6 1 Ww : 
18431.8 10) MW 25126.9 2 WwW 
18499.7 hee Ww : + 
18509.7 A 0) Ww p 25206 .8 2(+) a 101000 
18586 .1 1(0 WwW Dp 25219.7 2(+) 
18675.6 1(o WwW Pp 25290.8 | 2(+) MS 
18778 .6 1(0) AY, P 25291.8 AG) MS 
18806 .4 Gi MW 25562.0 1(0) Ww P 
18824 .2 aes Ww 817<-818 25659 .7 2(=) MW 9281019 
18895.7 icon Mw p 25917 .5 1 Ww 
Pe eel ope tig bd Pe (ne te tao ah 
. ° 26144.7 O / 
Mw D 26388 .4 Gin) M 
e736 1s ww ; 758 alee GO ae wa ml See 
19334.0 1(0) MW p 26947 .0 1(0) Ww q 
19510.4 1(0) MW Pp 26994 .2 1) M 59 At 
19568 .3 ae) Ww r 27235 .8 Aas iy 
MW 27333.9 2(+ r 
ial mangle 2736.5 | 2) | M ; 
19999.9 | 2(+) Ww 27402 .2 ee 
20052 .6 U7) MW 27419 .4 ide Ww 
20138 .6 d'Go;) MW Pp 27444.5 7 i hu 
F 27911.9 i 
20241 .9 14} MW 
20383 .2 Gop) MW Pp AME he W Pp 
20646 .4 1(0) MW p : 
20928 .9 1(0) MW Pp 28530. 1 2(+) Ww 
21057.4 2) Ww 98593.5 (i) hE 
21131.1 | 1(0) | W Y Ze ol ale ecg mre io SON 
28747 .9 2(+) DLO Sen 
Ziesi7 | lo) MW P 98786.0 | 1(0) Ww p 
21519.9 Voir) WwW : 
21555.6 1(0) MW p 28910.8 1(i) MW 
21734.6 1(i) W 28990.3 iis) eh 
21766.6 i . by se Toe MW AF, 
; i en 
91877.1 (i) MW FN ot ae amide Te yb 
21901.0 1(0) M p 29436 .3 1 WwW 
21943.5 2(+) Ww 29526 .2 1(0) W Pp 
: 29574.4 Gis) MW 
21973.24| I.Ci,) 9 Ms 99503.1 | 2(-+) | MW | 
22269.4 | l(oy | M P a tires Sra. LOY 
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and Dailey from the relative intensities of 
the satellites of J=1<—0, K=0<0 line. How- 
ever, since the measurements of intensities of 
spectral lines can not be very accurate, it is 
preferable to determine the barrier height 
from the frequency measurement. Kilb® ob- 
tained the height as 247 cm~! from the analysis 
of the doublet separation of J=1<—0, K=0<-0 
line in the ground torsional state. Kojima 
and Nishikawa” also estimated the height to 
be 280cm-! from a tentative assignment of 
the series originated at 18300 Mc/sec. These 
studies, however, were too crude to determine 
the reliable value of Vp. 


§2. Experimental Results 


The spectrum of methyl mercaptan has been 
observed in the frequency range from 14 to 
29kMc/sec, using an ordinary Stark-modu- 
lation spectrometer with an X-band waveguide 
cell of three meters in length. 

The sample of methyl mercaptan was pre- 
pared by adding sodium hydroxide to methyl- 
iso-thio-urea sulfate, and that of CH;SD was 
prepared by adding deuterated sodium hy- 
droxide. 

About one hundred and forty lines and their 
Stark effects have been observed as listed in 
Table I. The observed lines are classified 
into four kinds corresponding to their Stark 
effects. The lines which show first-order Stark 
effects are denoted by 1(1) or 1(0), according 
as the inner or outer Stark components are 
stronger. The lines which show second-order 
Stark effects are denoted by 2(+) or 2(—), 
according as the components shift to higher 
or lower frequency side with increasing Stark 
field. 

Four kinds of transmissions can be con- 
sidered: (1) 4J=0, 4K=+1 (2) 4J==+1, 
4K=+1 (3) dJ=+1, 4K=0 (4) 4J=0, 4K=0. 
(1) 4J=0, 4kK=+1 lines 

Three series of lines belonging to this kind 
(4J=0, 4K=+1) have been found in the ob- 
served range and are designated as p, q and 
yin Table I. The p series showing the Stark 
effect, 1(0), has its origin at about 18300 Mc/ 
sec. The member lines could not be resolved 
into distinct Stark patterns because of the 
weakness of their intensities. The lines arise 
from molecules in an excited torsional state, 
not in the ground state as was reported in 
our preliminary report®. 
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The origins of g and 7 series seem to lie: 
far beyond the observed range. The Stark; 
effect of q series is also 1(0), while that off 
ry series is 2(+). From their Stark effects, 
the internal rotation states of p and q series; 
must be degenerate (u*=-+1), and 7 series: 
non-degenerate (u=0). 1 
(2) AJ=+1, 4K=*¥1 lines | 

All of 1(i) lines and many of 2(+) andl 
2(—) lines belong to this kind (4J/==+-1, 4K= 
1). The g’s of 1(i) limes are 2] fand the: 
v's of 2(+) and 2(—) lines are 0. These lines: 
are irregularly distributed over the microwave: 


Table II. Lines of 4J=+1, 4K=F1. 
Frequency Stark | ys) 
(Mc/s) | Effect | in sl 
23339. 2 1 1 21 <—39 
26994 .2 th 1 59 <4y 
14764.5 1 —1 1, <2 
23256 .9 2 0 505444 
25699. 7 2 0 923<1019 
18039.5 1 1 82 ss 


Py Both # Tie Ss K) and Ku are listed ‘for p=0 
lines as in the spectrum of a rigid asymmetric- 
top molecule. 


29095 


i) 
© 
fe) 
© 
9 


9085 


Freq uency in Mc/sec 


29080}— 


29075 


100 
E? in volt®/cm2 


Fig. 1. Stark effect of 29091.9 line. 


* p is related by »=~(K+-c-—1) mod. 3 to the 
quantum number, ¢c, used by Dennison and others. 
see reference 4). 


‘region. Several low J lines, which are listed 
in Table II, have been resolved into Stark 
‘components for determination of J value. The 
frequencies of Stark components of 29091.9 
‘line were carefully measured and plotted 
‘against the square of field strength (£2) in 
fie. 1. 
() 4/=+1, 4K=0 lines 
' The J=1<0 and K=0<0 line is the only 
one of this kind in the observed region. This 
‘line was first found by Shaw and Windle, 
and some vibrational satellites of the line were 
‘assigned by Solimene and Dailey”), who also 
‘Observed similar fine structures for several 
isotopic species. Their assignment for CH,SH 
‘was confirmed by the present study, while a 
‘misassignment for CH;SD was detected. 
(4) AJ=0, 4K=0 lines 

The transition from one to the other partner 
of a K-type doublet belongs to this kind (4J/=0, 
4AK=0). Six lines (J=5 to 10 and K=1) have 
been observed and assigned as shown in Table 
VI. The frequencies of these lines are pro- 
portional to J(J+1) and their Stark effects are 
2(+). 


§3. Determination of the Barrier Height 


The heights of potential barriers of methyl 
alcohol and methyl amine were determined 
from the series of lines which belong to 4J/=0, 
4K=-+1 transitions. Similar series of lines 
in the methyl mercaptan spectrum were too 
weak to be given the definite assignment in 
the observed range. 

The lines which belong to 4J=+1, 4K=+1 
transitions are more appropriate to determine 
the barrier height for this molecule, as their 
frequencies are also sensitive to the barrier 
height. 

First, the line at 29091.9 Mc/sec could easily 
be assigned as 23,<-393. The frequency can 
be calculated using the theory on the inter- 
nally rotating molecules such as methyl alcohol 
and methyl amine. It is approximately given 
by 
_ We _(pi00_ poo) - Ass 
2001.9 = TT, (R R) — 3y9 9 
where J,, I, and /, are moments of inertia of 
the molecule, SH group and methyl group 
respectively along the methyl axis. RIV is 
a solution of Mathieu’s equation corresponding 
to K, w and m state. vo is the frequency of 
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J=1<—0, K=0<0 line. 4y.. is a K-type 
separation at J=2, K=1 which is calculated 
from the lines of 4J=0, 4K=0 transitions. 

The similar analysis was applied to the 
other six lines listed in Table II. Asa result, 
the value of the potential barrier height was 
determined as 444cm7}. 

The frequencies of the origins of p, g and 
y series were also estimated using the barrier 
height determined above. Their assignments 
are shown in Table III, while some ambiguity 


Table II. Assignments of series. 
= | ; Fre 
. quency of the 
ere Stark Assignment Origins in Mc/sec 
Effect | : ett Bis 
a pn < Kp’ n' Observed Calculated 
0 1 5 -12 <6 -12| 18300 | 20000 
Ga ele ie eo Go: Oe ae 65000 
re Qe ee ieeroe Ort ee 60000 


still remains since the origins of g and 7 series 
could not be observed. 

We are now studying the spectrum in the 
millimeter wave region and have observed two 
series of lines showing first-order Stark effect 
which have their origins at about 32000 Mc/sec 
and 32820 Mc/sec respectively. They are as- 
signed to be K, vw, n=0, 1, 1 — 1, 1, 1 and 
K, vw, n=3, —1, 1 <— 2, —1, 1, respectively, 
confirming the above value of the barrier 
height. Their data and discussions will be 
reported later in this Journal. 

The value of barrier height is also confirmed 
by the analysis of the vibrational fine struc- 
ture of J=1<0, K=0<0 line. The vibrational 
satellite lines arise from molecules in different 
torsional states denoted by z and furthermore, 
the line in each torsional state splits into a 
doublet, “=-+1 and “=0, due to the internal 
rotation. 

Kivelson™ developed a theory of the inter- 
action between internal rotation and vibrations 
to explain the similar fine structure of J=1 
<0 line for symmetric rotor. However, the 
fine structure of methyl mercaptan will occur 
even when we assume a rigid SH group at- 
tached at an arbitrary angle to the rigid 
methyl group because of asymmetry. Kilb® 
attempted to explain the doublet separation in 
the torsional ground state for the various iso- 
topic species by this asymmetry effect, and he 
proposed that the barrier height might be 247 
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cm-!. But it seems that he did note take 
account of the vibration-internal rotation inter- 
action. 

The method presented by one of us® (T.N.), 
which took into account these two effects, was 
applied successfully to this molecule as well 
as to methyl alcohol. The splitting due to 
the asymmetry was calculated to be of order 
of 0.1 Mc/sec or less for the barrier height 
440cm-! in CH;S2H and C#¥H39%2H. Hence 
the vibration-internal rotation interaction is 
predominant as for normal methyl alcohol. 
The calculated and observed frequencies of 
CH;SH and CH;S2H listed in Table IV 
and Table V is in good agreement. Appreci- 
able contribution of the asymmetry effect found 
in the deuterated molecules will be described 
in §4. 


Table IV. Lines of J=1<—0, K=0<0 of 


CPH3S?H. 
a , Observed Frequency Calculated Frequency 
in Mc/sec in Mc/sec 
0 0 25290.8 (25290 .8) 
0 +1 25291.8 25291.8 
1 0 25219.7 25219.3 
1 +1 25206.8 (25206 .8) 
2 0 25143.6 (25143 .6) 
Ao vocal 25154.8 25154 .2 
Sie Skul 25142.2 25140.5 
= 0 25126 .9 251243 


Three frequencies in parentheses were used to 
determine the three parameters in Kivelson’s 
theory; By=12666.3 Mc/sec, F',»=—61.41 Mc/sec, 
and G,=—0.980 Mc/sec. 


Table V. Lines of J=1<0, K=0<0 of 


C8H3SH. 
- Observed Frequen- Calculated Frequen- 
cy® in Mc/sec cy») in Mc/sec 
0 0 24389 .1 24389 .0 , 
0 +1 24388 .0 (24388 .0) 
1 0 24318.5 (24318.5) 
1 +1 24306 .2 24306 .5 
2 0 24245 .0 24244 6 
2 +1 24256 .2 (24256 .2) 


a) The data are quoted from Solimene and 
Dailey. 

b) Three parameters are B,=12214.45 Mc/sec, 
F'y= —53.82 Mc/sec and Gy=—0.937 Me/sec. 


$4. Determination of the Molecular Struc- 
ture 


The approximate value of ae and 7a 
were determined from the frequencies of! 
J=1<—0, K=0<0 line and 4J=+1, 4K=+1 
lines. Using the relations, Z,=+ and h=> 
I,—Iy, the molecular structure was roughly 
calculated. The frequencies of the 4J=@, 
4K=0 lines (transitions between the levels of! 
K-type doublets) which are proportional to 
+- . were also calculated and listed in) 

x vu 


Table VI. 


Table VI. Lines of 4J=0, 4K=0 of C?H3S%H. 


Observed Fre- | Calculated Fre 


Jeeartene | Tenea” | sya ie 
Bt, Sis | 7846.0 | 7700 
G2 Gis 10983.4 10800 
Teak Toe |, 146434 14400 
Bee | 18824.2 | 18500 
OetOus | 23526.2 | 23200 


10110:10 | 28747.9 | 28200 


To determine the exact structure of the 
molecule, it is necessary to determine D value 
which is the product of inertia in CSH plane. 
We have found that the contribution of the 
asymmetry effect to the frequency of the 
J=1<0, K=0<0, »=+1,2=1 line of CD,SH 
is about 1.4Mc/sec as shown in Table VII. 
The asymmetry effect is larger for CH;SD 


Table VII. Lines of J=1<0, K=0<—0 of 


Cep,S2H. 

Assign- iT wepinell | 

ment | ya) eas Waa eee 
Oy BR | | Effect | requency requency 
0 0 | 20732.5| —0.1 | 20732.4 20732.0 
0 +0 | 20733.0| -0.2 | (20732.8) | 20732.8 
1 0 | 20678.9| 0.0 | (20678.9) | 20678.9 
1° 41 | 20672. 79nd 4 3067484 20674.8 
2 0 | 20620.7; 0.0 | 20620.7 20619.0 
2 +1 | 20627.6, 0.0 


(20627.6) | 20627.6 


a) v=2By+2F'y(m|1— cos 36|m)+2Gy(m| [1 -2|m) 
where B,=10381.2 Mc/sec, F'y)=—47.33 Mc/sec 
and G,y=-—0.718 Mc/sec. 


b) The calculation was done assuming a=8.8 


RED 
: =80 Mc/sec. 


and Sn2e BR 


LS 


(957) 
oecause of its large D value. 

We tried to determine the D value of CH,SD 
from the fine structure of J=1<—0, K=0<—0 
line measured by Solimene and Dailey” but 
failed. Then we have remeasured the fine 
structure and detected the true =O line 
which they missed. The measured and calcu- 
lated frequencies agree very well and the D 
value of CH;SD has been determined as —0.78 
amu A’. They are listed in Table VIII. 


Table VII. Lines of J=1<0, K=0->0 of 
C2H:3S2D. 
Assign- Asym- seem 
ae ors | ae a ‘Calculated Observed 
ha ' | Effect | Frequency | Frequency 
0 0) | 24456.7 | —0.9 ies 24456 .0 
Oo +1 | 244571 —1.0 344561) 
mm 0 | 243925) —4.8 24387 .7 24388 .3 
T +1 | 24388.1| —1.8 24386 .3 24385 .9 
2 0 | 24322.0 +0.2 (24322 .2) 24322 .2 
2 +1 | 24330.3|; 0.0 | (24330.3) 24330 .3 
3 0 24302.2. 0.0 | 24302.2 24302 .9 
eat |) 2429358) 0.0) | 242903.8 | 8s... e. 


a) v=2B,+2F,(m|1— cos 39)m)+2G,(m|I122|m) 
where B,=12245.7 Mc/sec, F,=—58.83 Mc/sec 
and Gy=—0.839 Mc/sec. 
b) The calculation was done assuming a=10.6 
ae?) 


and Rte. Be 


= 250 Mc/sec. 


From the D value, the angle between CS 
bond and methyl axis has been determined as 
2°0’+-30’. Then the other molecular para- 
meters have been determined taking account 
of all the frequencies of J=1<0 lines of 
various isotopic species as follows: 


dsy=1.336+0.01 A 
dcs=1.819+0.005 A 
dcu=1.091+0.01 A 
ZCSi= 96° 30 =e 
ZHCH=109° 45’ +-30° 
The CS bond length is very close to the 
sum of covalent radii, 1.82 A. It is also inter- 
esting to see that the bond angle ACS al ig 
somewhat smaller than formerly reported,” 
while it is about 4° larger than HSH of 
hydrogen sulfide, (92°30’). On the other hand, 
the structure of the methyl group does not 
differ from that of methane within experi- 
mental error. The similar tendencies were 
also found in the structures of methyl alcohol 
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and methyl amine. 

Lassetree and Deans’ developed a theory, 
in which they pointed out that the interaction 
due to the quadrupole moments of CH and 
MH (M is O for methyl alcohol, and M is S 
for methyl mercaptan) bond take a consider- 
able part in forming potential barrier to intern- 
al rotation. Since the bond quadrupole moment 
is approximately proportional to the square 
of the bond length, a larger moment is ex- 
pected in SH bond than in OH bond (doy= 
0.95 A). Besides, since the bond angle “CSH 
is considerably smaller than the bond angle 
ZCOH (108°50’), the distances between the 
the midpoints of CH and MH bond does not 
differ so much as expected from the difference 
in the CM bond lengths of the two molecules. 
Hence the relatively high barrier of methyl 
mercaptan is conceivable when we consider 
the quadrupole-quadrupole and the quadrupole- 
dipole interactions. We have obtained the 
barrier height of 490cm-! for this molecule 
by a modified Lassetree-Dean’s method using 
the molecular structure determined above. 

The components of the dipole moment paral- 
lel and perpendicular to the methyl axis have 
been determined as “#4 =1.35+0.05 Dand 4, = 
0.64-0.05 D respectively from the Stark pat- 
terns of 4J=-+1, 4K==+1 lines. These values 
are also consistent with those calculated from 
the bond dipole moment (4;,=1.30 D and wy= 
0.71 D). 
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Fluctuations in Amplification of Quanta with 
Application to Maser Amplifiers 
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Fluctuations in the amplification and absorption of waves by quantum 
processes are considered. Assuming for each quantum the probability 
(per unit time) @ of producing another quantum, probability & of being 
absorbed, and assuming a probability ¢ that a new quantum is introduced, 
a set of differential equations is obtained. By solving these equations, 
a complete expression for the probability of distribution of quanta is 
obtained, as well as expressions for the average values and fractional 
fluctuation. 

The expressions developed are applied in particular to maser-type 
amplifiers, and certain fluctuations in the amplification of electromagnetic 
waves are pointed out which are important when their quantum character 
becomes significant. This condition can occur in maser-type amplifiers, 
where thermal and extraneous noises may be very small. For such an 
amplifier, @ is proportional to the number of excited molecules, whereas 
b consists of a term proportional to the number of molecules in the 
ground state plus terms due to certain other losses. The noise temper- 
ature of a maser-type traveling-wave amplifier is the “ effective temper- 
ature” a(a—b)-'hv/k. In superregenerative and regenerative amplifiers 
using resonant cavities, the noise temperature is rather similar, if losses 
through the input coupling hole are excluded from }. In any case, the 
limiting noise for an ideal amplifier corresponds to a classical noise 
temperature of hy/k. 


§1. Introduction 


The intensity of a classical wave may in- 
crease or decrease continuously with time, or 
as the wave progresses. The intensity of a 


ze Fulbright Professor, May-Aug. 1956. Permanent 


address, Department of Physics, Columbia Uni- 
versity. 


quantized wave, on the other hand, can change 
only by discrete amounts, and the extent of 
these changes is governed by probabilities. 
Hence a measurement of the number of quanta 
which it contains may give a variety of 
values. An evident example is a cosmic ray 
shower, in which a single initial electron may 


')roduce other electrons as it progresses through 
The expectation value for the number 
f{ particles in the shower after a certain 
ath length may have some definite non-inte- 
\'ral value, but the number of particles counted 
In the shower will of course be integral, and 
lnay have a wide variety of values. It is 
(his general type of fluctuation, associated 
lvith quantum effects, with which the follow- 
ng discussion is primarily concerned. 

A system involving stimulated emission and 
ibsorption of low energy photons by matter 
iffords a particularly simple case for study 
of these fluctuations, since every such photon 
jas the same energy, and the same probability 
der unit time of producing further absorption 
or emission. This case is also of interest 
decause it allows discussion of the ultimate 
sensitivity of maser-type amplifiers, to which 
30me application of the theory developed below 
will be made. However, the equation used 
and their solutions apply to certain simple 
Cases of a variety of experiments, such as 
fluctuations in the number of mutants of some 
organism”, in the growth of neutrons in fis- 
sionable material, in the multiplication of 
electrons by secondary emission, as well as 
Variations in cosmic ray showers”. 


§2. Definitions and Fundamental Equations 


Consider an initial number of particles, 7, 
each of which has a probability per unit time, 
a, for producing another similar particle, and 
a probability per unit time, 0b, of being ab- 
sorbed or destroyed. Also let c be the con- 
stant rate at which additional particles may 
be added from some unspecified source. If 
the total number of particles, 2, could in- 
crease continuously, it would then follow the 
equation 

dm 

it =(a—b)m-+c , 
with the initial condition, m=mn for ¢f=0. 
Solution of this equation, corresponding to the 
change in intensity of a classical wave, is 


pee resats [ 29) 


we) 


G 
m=( sas F 


; C : 3 
Hence the quantity #2+— b increases OF 
aQa— 


decreases exponentially with time. However, 
since 72 must be integral, equation (1) does 
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not apply precisely*, and it is convenient to 
consider the probability P,,»(¢) for having a 
total of mm particles at a time ¢#. Since 
(am+c)Pn,m is the probability per unit time 
that the number of particles are increased 
from m to m+1 and bmPn,m the probability 
for a decrease from m to m—1, the Pn,m are 
related by the set of differential equations 
APn,m 


dt —|(@+b)m+e)|Pn,m 


+[am—1)+¢]Pn, m1 
+b(m+1)Payms (3) 
with initial conditions that for 4=0, Pr,m=Onm 
Evidently, this equation is satisfied by any 
probability distribution corresponding to an 
arbitrary initial state, although the initial 
condition may differ from that given above. 


§ 3. Distributions when Absorption or Emis- 
sion Occurs Alone 


Since general solutions for the set of 
equations (3) are rather complicated, it is in- 
structive to first consider solutions of the 
simplified cases when only emission or only 
absorption occurs (b=0 or a=c=0 respective- 


ly). For emission only, 
ae oe —(am+c)Pn,m+lam—1)+e]Pn, m-1 
(4) 
Solutions satisfying the initial conditions, 
an Onn topes kare 
I'(m-+c/a) Lie le. 
(2s. AG )\= Ud os z at(n+e/a) 
m{d) (m—n)! I'(n-+ela) © 
Se Clee (5a) 
or 
ae I'(m+c/a) | & Neu 
™™ (n—n)! P(n+ela)\ K 
1 1 mn 5b 
x ( © a , (5b) 


where K=e” is the classical growth or am- 
plification factor from (2). When there is 
absorption or attenuation only, 


n! ——e-btm(] —— Qa 0h name 


~ ml! (n—m)! fe 


Prn,m 


or 


* Jt will been seen below, in equation (11), that 
even when the number of particles is finite and 
does not increase continuously, the average number 
of particles still changes with time in precisely the 
same manner given by the classical expression. 
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n! 
Pr,m= he sys iG els a aes (6b) 


m! (n—m) 
where K=e-" is from (2) the classical at- 
tenuation factor. 

After a very long time (6a) gives, as ex- 
pected, a probability zero for finding any 
number of particles other than m=0. How- 
ever, the asymptotic behavior of (5a) is more 
interesting. In the limit where e** or K is 
very large, 

mr te/4-le-m/K 


” Krsesa T'(n+c/a) : 


This probability is a maximum when m 
=K(n-+c/a—1), but from it the average value 
of m can be shown to be m=K(n-+c/a)—c/a, 
which is identical with the classical expres- 
sion (2). Furthermore when X is so large that 
(7) is a good approximation, the distribution 
does not change shape, but is a function of 


Feantela-l. 


Pim 


OTe) 


The fluctuations then depend, 


after a large amplification, only on the number 
n of initial particles and on c/a, which is the 
number of new particles introduced during 
the time required for the amplification to in- 
crease by a factor e. 

A special property of equation (6), or of (5) 
when c/a=1, is that an exponential probability 
distribution remains exponential after ampli- 
fication or attenuation. The latter case c/a=1 
is important, as will be shown below, for 
distributions of photons where ¢ is due only 
to spontaneous emission. Let there be initial- 
ly a probability p,(0)=(1—a)uo” that x 
particles are introduced, where w#<1. The 
probability pn of m particles after amplifi- 
cation is 


Pn= 2 Pr, mPn(O) 


(1—mo) m! tto\"(,__ 1 \m—m 
K 7 nl(m—n) oe ( ra 
= (=m) ie +Uo == | " 

K = 


K 
This is just another exponential distribution 
with somewhat larger spread, since 2 is re- 


(8a) 


placed by w= Aw} » and wm when 
K=1. Equation (8a) can be written in the 


form 


(8b) 
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Uy 
1—u l—u | 
value of ” and m respectively, (8b) meat 
that the classical relation (2) is again satisfi¢ 
for the average values. | 

Similarly, when attenuation occurs, a distr 
bution (1l—zp)z” is changed into (1—z)oe™ 
where 


Since and represent the averag 


nf Kuy . (9a 
1—w2,(1—K ) 
Here “#<m since now A<1. (9a) may ! 
written as 
u Kuy 


= (9H 
l—u 1-“% 
which again corresponds to the classical * 
lation (2) with @a=c=0. When c/a=0 in es 
pressions (6a) or (6b), an exponential distr 
bution can be shown to again remain e 
ponential after amplification, with exceptios 
of the unique case of m=0. The case 0) 
m=0 is exceptional when c/a=0, since it: 
probability must remain constant, while pru 
babilities for all other values of 22 may be 
changed by the effect of amplification. These 
properties will prove useful in a later section 
Expressions (5) and (6) giving the distri 
bution in the number of particles are quite 
general in the sense that they do not depenc 
on the particular mechanism of attenuatiot1 
or amplification. Thus if a group of particle: 
strike a partially reflecting surface, eact 
particle having a probability A of being re 
flected, the probability that 2 particles in al 
are reflected is given by (6b). Expressions 
(5b) and (6b) do not include time as a para 
meter, but simply the total amplification o: 
attenuation, and their validity can be showr 
not to depend on constant values of @ or b 
However, they do require that only emissio1 
or only absorption be present, and not both a’ 
once. 
§4. The General Case — Moments of the 
Distribution and Average Fluctuation 


When K=1, expressions (5b) and (6b) shov 
that there is no change from the initial value: 
of the probabilities. This is because no ampli 
fication. or absorption has occurred, so n 
disturbances are introduced. However, th 
net amplification may also be unity in a systen 
where both amplifying and absorbing processe 
occur simultaneously, and hence introduc 
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pictuations. Hence when neither a nor 0 is DX F(M)Pa,m1=>. f(M+VPr,m 
jr, equations (5) and (6) may need con- sy & 
ii lerable modification. Since a general solution = LOM)Pn, mer= & IEAM tes a 
| (8) in this case is complex, it is convenient This gives 
| examine first the various moments of the dm _ b 
|stribution and properties of the fluctuations dt BM OTKE ie 
hich can be easily deduced from them. By a similar process, one obtains 
}Behavior of the average value of m dm 
I ? ==] b)m? 
: > mPn,m, Can be obtained by multiplying dt SAS REDE Tae a al 
j E , dm’ 7 x\ 
quation (3) with m, summing over m, and a le; heen {m?-*i[a+(—1)%b]+m"*c} . 
laking pebstiiibions a the Neate: ; (13) 
oa i _ Laie Lo 
lutions of (11) and (12) are 
m= (Ti+ yt Gas 7 (14) 
a—b a—b 
| mi =| c(b+c) +(#4 : jes e2a-b)t 
| (a—b)? %a—b a—b 
| (pi 4 © \OF8+26) cary 4, COTO) 
Gass a—b T(a—?’ a 


where # and 7? are values of m and m* respectively at ¢=0. 
falue, m, follows the same equation (2) which is obtained for a classical wave. 


loted that when m=—~—° — and pa lore) 


a—b 


(a—by ° 


The average or expectation 
It may be 


m and m* are constant. This equilibrium 


condition can occur only when b>a, and will be shown below to represent thermal equi- 


ibrium in the case of photons. 


Furthermore, 


if b>a, (14) and (15) show that ™ and m? 


ipproach these equilibrium values after a long time. 


The most significant quantity for a ready measure of fluctuations is an 


—2 


This is the 


quare of what is usually called the coefficient of variation or more loosely the fractional 


luctuation &. 


€2 can be obtained from (14) and (15). 


If amplification occurs, so that a>), 


hen after a long time the first terms of expressions (14) and (15) are the only important 


mes. Neglecting other terms, 


Soke (ot) 
m—m Guy, | 


ac 
(a—b? ,  w-n 


E2= — 
m 


\ number of special cases are of interest. 
Suppose that there are a fixed number of 
nitial particles 7, and no new ones are added, 


., W=n and c=0. Then 


E=—_— 1 Ss . (17) 


f amplification alone occurs (b=0), then 
The fluctuation € is not due to any 
ncertainty in the initial number z, but simply 
> fundamental processes in the amplification 


—77-1/2 | 


=e (16) 


a CaNe = cid \h 
gears (a+ = 


of particles. This fluctuation occurs also in 
amplification of an electromagnetic wave, even 
in the absence of thermal noise, and represents 
a lower limit to fluctuation of any amplifying 
process. If both emission and absorption 
occur, (17) shows that fluctuations may be 
appreciably larger than 71/2. 

In many cases such fluctuations are negli- 
gible, particularly at low frequencies where 
the number of photons in thermal noise is 
large. Any degree of freedom of an electrical 
circuit has average energy kT and hence kT/hy 
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photons. . Hence as long as kRT>hy, and 
(a—b)/(a+b) is not very small, fluctuations of 
this type will be negligible. On the other 
hand, the discussion of amplifiers of electro- 
magnetic waves below will show that thermal 
noise at low frequencies is just the limiting 
case of the fluctuations discussed here when 
kT/hy becomes large and (a—b)/(a+6) becomes 
small as hy/kT. 

A second special case of interest occurs when 
c\(a—b)>n. Since c/(a—b) is the number of 
new particles introduced during the time re- 
quired for the amplification to increase by e, 
this condition represents the case where the 
initial number of particles can hardly be re- 
garded as fixed, but is dominated by the 
entrance of c/(a—b) new particles during the 
time required for an appreciable amplification. 


In this case 
e=y/ g 
ae 


Note that the fluctuations are determined not 
by c/(a—b), the number of particles entering 
during time for amplification, but by c/a, the 
smaller number which enters during the time 
required for appreciable emission (or absorp- 
tion if a—b<a, for then b~a). 


(18) 


§5. Complete Solution for the Distribution 
Function 


Values of the first few moments of ™ may 
be all that is usually needed for practical 
purposes, and these can be conveniently 
calculated from the set of equations (13). 
However, a complete solution of (3) may be 
useful in some cases, and will be given in the 
following. The solution has been obtained 
for the general case of arbitrary values of a, 
b and c by use of a generating function. 
However, the cases c=a and c=0, which have 
the special property mentioned above, can be 
dealt with in a somewhat different and more 
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detail. 
i) Case c=a i 
It has been shown above that, when c= 
the exponential form of probability distributil} 
is invariant and that there is a linear relatic( 
ship, (8b) or (9b), between the average numbg 
of quanta before and after either amplificati 
alone or attenuation alone. Hence this 
variance of an exponential distribution aj) 
the same type of linear relationship mu 
remain valid for any combination of succeé 
sive absorption and amplification and, as: 
limiting case, for simultaneous absorption ar 
amplification. It may then be assumed th 
some solution of the fundamental differenti 
equation ) 


EPn 
ae [a(m+1)+bn1] pm 


+ampm-1+b(m+1)Pm+i (& 


has the form 


Pr=A— au. (2 


Equation (19) is the form taken by (3) whe 
c=a. When expression (20) is substituted int: 
(19), a factor depending on a drops out fron 
both sides of the equation, and a single equa 
tion independent of 22 is obtained: 


du : 
dt =(1—u)(a—bu) . 


Integration of this expression yields a linea 
relation between the average numbers o 
quanta, 1.e., 


(21 


where K=e-)? is the classical amplificatioi 
factor and mw is the initial value of (fo 
t=)! 

Since (20) is the probability distribution cor 
responding to the initial distribution (1—2 zo” 
we have 


: ‘ r— Ma nm, m\4— C 
physical way. Since these are also quite im- Re 2F pio 4 
portant cases, they will be considered in some or 
(a—b)*Kuy m, 
DSP, mlty”" = 4 — nea ee i aa (23 
7 —uUy _ oe 
K — bye tt 1 =f. a ee Nea 
oa | ak—b uo Liarg Eg ape? 


Since (23) holds for any a (less than unity), it may be uséd to evaluate Py,m by expandin 
the right hand side in powers of # and equating coefficients of zm” on each side of th 
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dation. Such an expansion gives a convergent series when u<l, since always SL. 
} ais. —o0 
ter carrying out the expansion, one obtains the probability distribution 
min —])m+nr m or n lal as j 
ip, ae (a—b)a"b" (K—1) be vill intent (a—byPK | (24) 
(ak —bymtnt1 j=0 j\(m—j)!j!(n—j)! ab(k& —1)? 


re the upper limit of the summation should be ” for m<m and m for n>m. 
When a=0, expression (24) becomes - te WL 


m!(n—m)! 
agreement with the previous result (6b). Similarly, when b=0, (24) becomes aes can 


(m—n)!n! 
om —1)"” f x shar : 
msi or m=>n, and 0 for m<n, in agreement with (5b) when c=a. 

fm case c=0 

It has already been shown that the same type of invariance of the exponential distribution 
ds also when c=0, with the exception of the case m=0. Accordingly, one can proceed in 
‘way similar to that above for c=a, but with a few modifications. Since m=0 is exceptional, 
ie probabilities may be written in the form 


Fre K)r-™ for n=>m, and 0 for n<m, 


Pm=al—u)u™ (m=2<0) 
Po=l—au , (25) 


sing a positive parameter a. The lowest state m=0 is more or less populated than is re- 
uired by the strictly exponential distribution according as a>1 or a<l. One again obtains 
ie relation between zw and a): 


u Ku 


K-1, 26 
l—u caren Cy 


hich is identical with (8b). However, it should be noted that here the average number of 
uanta 77 is no longer w#/(1—z) but rather au/(1—z) and the physical meaning of (26) is quite 
ifferent. The proper equation for 77 is 


m= ae = [ke AXqUo (27) 
l—u 1—u 
here a, is the initial value of a at t=0. Note that (27) just corresponds to (14) when c=0. 
7) may be used to determine the additional parameter a. 
From these equations, one obtains after a little calculation for <0 


[(ak— b) —b(K— Leg ]™*3 


> Pr, mo” = 
n=1 


nd for m=0 


b(K—1)uo 


BaP as — (Kb) ii Kol ues 


xpansion of the right hand side gives 


jp So eee or n n!(m—1)! | (a— caek (29) 


(aKk—bym*” = ja0 ji(n—j)! G1 \!(m—j)!_Lab(k& —1)? 


1) General Case 
The form of Pm,» for the general case might he conjectured from expressions (24) and (29), 
r it may be rigorously derived by use of a generating function. It is 
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PE, ym — 


(aK— pym+n+e/a 5=0 i 


where the sum is to m when m<n or tom when m<m. The generating function and deta’ 
of the derivation of (30) are given in the Appendix. 
However, there are a number of special cases listed below whid 


values of K,a,b, and c. 
warrant separate consideration. 
(a) \Case.a=0, K=1 


Expression (30) holds for A>1 as well as for K<l. 
used directly for the limiting case K=1, that is, the case with neither amplification nor 
By the appropriate limiting process, K= (e- b)jt+1 and a—b, (30) can be broug 


tenuation. 
to the following from 


(CLD is morn 


le m= 


Case a=0, c<0 


(b) 


Another limiting case occurs when there is no amplification but a constant rate of generati 


of new quanta. Then 


ce™1 — Be, 


mor m 
i -G-K)e/b 


(c) K>«, m>oo, K/m=finite 


j'(n—j)! (m—j)!T(j+e/a) 


(a t+ ])mtnte/a jz j\(n— - 7)! (m— —j)!T'(j+c/a) 


ni P'(m-+c/a) bareaal (3 | 
ab(K—1) |’ 


Expression (30) holds for any positiy 


| 


However, the equation cannot 


n!T'(m-+ela) ‘ 1 | di 


at 


n! 
pm j=0 ji(n—j)! Psa e: 


bK y (33 


The asymptotic behavior of (30) for large AK and m is of special interest since such a cas: 
is related to a macroscopic observation of a small number of quanta by means of very larg 
amplification, as in the case of photo-multiplier tubes, or perhaps in a maser amplifier. 


The asymptotic form in this case is 


il one my b J exp (- 
m (IKE a 


le 


a—bm 
Gi IK 


When c=a, the right hand side becomes a Laguerre polynomial and 


a—b/b\ a—bm 
n,m — a bes _ 
Pre ) exp ( me a [ 


When a>), the highest term of the sum 
in (33) prevails and the distribution is nearly 
identical with the one given by (7). However, 
as the ratio b/a increases, the peak becomes 
broader and the value of Pr,m does not vanish 
at m=O corresponding to the fact that there 
is always some probability that all particles 
vanish during the process. 


(d) Equilibrium 

The distribution reaches an equilibrium 
after a long time only if @<.b. Phim may 
be evaluated in this case either by setting 
dPn,m/dt=0 in the fundamental equation (3) 
and solving the equation by a mathematical in- 
duction, or by letting AK approach zero in the 


general solution (30). This gives 
I’ (m-+e/a)a/b)™ 
Pn, m=(1—a/b)/- hs) 
Caters erty 39) 


) & n! Ee by? fn (33 
j= i (n— a! l'(j+c/a) G1 VEE 
ee id (34 


which is independent of ” and finite for a! 
values of m, since a<b. 

Finally, attention should be called to th 
generality of the expression of the type (30 
In case c=a and c=0, it can be shown tha 
any succession of absorption and emissio 
leaves the exponential form of distributio 
invariant and leads to a linear relation betwee 
u/(1—u) and u/(1—w). The expression cor 
tains two independent parameters K and a/l 
and represents the most general linear relatio 
between u/(l—z) and w)/(l—m). Hence 
follows that the forms (24) and (29) represe1 
the general case involving any arbitrary su 
cession of absorption, amplification, or mixtut 
of both, provided appropriate values of K an 
a/b are used, 


The same argument does not apply to tl 


157) 


eneral case represented by (30), but it will 
2 shown in the appendix, that this is true 
ven in this case, that is, when both a@ and 
depend on time, but c/a remains constant. 


6. Applicability of Results to Maser-type 
Amplification 


Equation (3) and solutions discussed above 
pply well to a group of photons which may 
wcrease or decrease in number as a result of 
rmal absorption, stimulated emission, or 
pontaneous emission. Consider some atomic 
r molecular system which may exist in one 
f two nearby levels, between which photons 
aay induce transitions. The probability of 
bsorption of a photon by a molecule in the 
ower state is the same as that for emission 
timulated by the photon from a molecule in 
he upper state. Under normal conditions, an 
msemble of such molecules is in thermal 
squilibrium, there are more molecules in the 
ower than in the upper state, and hence the 
snsemble attenuates a wave packet of photons. 
dowever, spontaneous emission also occurs 
und is responsible for maintaining the thermal 
‘radiation of photons by the molecules. More- 
yver, if an abnormal ensemble can be created 
mn which there are more molecules in the 
ipper than in the lower state, a wave packet 
»f photons passing through such an ensemble 
will be amplified rather than attenuated. This 
type of phenomenon occurs in a maser*), and 
zives promise of allowing construction of am- 
dlifiers which are exceptionally free of noise. 
To show that equation (3) applies to such 
amplifiers, two somewhat idealized cases will 
9e discussed. 

Consider first a cavity with perfectly re- 
fecting wails and containing molecules of the 
ype described above with 2, molecules in the 
upper state and m in the lower state. For 
simplicity, suppose that the response of these 
molecules is independent of frequency over 
the range of frequencies considered, which 
ncludes the frequency of a normal mode of 
he cavity. If there are m photons of this 
frequency in the cavity, the probability of 
yne of the photons being absorbed per unit 
ime is proportional to m and to ™ or hence 
1as the form Amm, where A is a constant. 
[The probability per unit time for a photon 
© be produced by stimulated emission is cor- 
‘espondingly Am. 


Fluctuations in Amplification of Quanta 


693 


Spontaneous emission may also provide new 
photons. When an excited atomic or mole- 
cular system interacts with one of the normal 
modes of an electromagnetic field in some 
enclosure, the probability for emission of a 
photon (of the same frequency as that of the 
normal mode) is proportional to +1, where 
mis the number of quanta present in the 
mode. The finite probability for emission 
when ~=0 represents spontaneous emission, 
or the effect of zero-point fluctuations of the 
electromagnetic field which have one-half the 
energy of one quantum. Hence the spon- 
taneous emission is given by Ama. 

From the above, it may be seen that the 
number of photons in a perfectly reflecting 
cavity containing molecules of the type dis- 
cussed will follow equations (3) with a=An,, 
b=Am, and c=a. If the walls are not 
perfectly reflecting, but absorb and emit 
photons, they may be replaced in principle 
by perfectly reflecting walls and a suitable 
number of molecules 2, and in the upper 
and lower states. Hence, with appropriate 
modification of the effective number of mole- 
cules involved, a cavity with absorbing walls 
is equivalent to the case with perfectly re- 
flecting walls already considered. If there is 
a coupling hole in the cavity, this allows 
photons to escape and corresponds simply to 
an increase in # or in } provided no new 
photons enter through the coupling hole. If 
a signal is introduced through the coupling 
hole, this corresponds to an increase in c, 
the rate of introduction of new photons, so 
that c>a. However, as will be seen below, 
some care must be taken to allow for possible 
interference of the waves of incoming and 
outgoing photons in this case. 

As a second example, consider a packet of 
m photons traveling along a waveguide filled 
with material containing the molecules in 
question with a density 7. of molecules in the 
upper state and a density 7, in the lower state. 
For simplicity, let the wave associated with 
the m photons be a packet of constant ampli- 
tude and finite length, with 4t the time re- 
quired for the entire packet to pass a given 
point in the waveguide. Now the probability 
of one of the photons being absorbed per unit 
time is again proportional to m and to m, or 
A’mn,. The probability per unit time for 
production of a photon by stimulated emission 
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is correspondingly A’mmn,. Again for simpli- 
city, the molecular systems will be assumed 
to respond uniformly over a wide range of 
frequencies so that A’ is independent of fre- 
quencies to be considered. 

The ratio of induced emission to spontaneous 
emission may be seen from the discussion 
above to be determined by the ratio of the 
energy density associated with photons to 
twice that of zero-point fluctuations of the 
normal modes which have appropriate frequen- 
cies to produce emission. 

A waveguide may be considered an enclosure, 
and the energy density of normal modes 
calculated, by assuming it has some arbitrary 
long length. Or, such a calculation may be 
circumvented by use of the well known re- 
lation for the power flow P of noise along a 
waveguide. 


P=kTa4p , (36) 


where 4» is the bandwidth to which the ampli- 
fying system responds. Since each normal 
mode has energy RT (when kRT>hy, which 
may be assumed for this derivation), and each 
mode may be considered as two traveling 
waves moving in opposite directions, it can 
be seen from (36) that the power which might 
be considered to flow in one direction due to 
zero-point vibration is 


hy A 
Po= : 5 
The power flow due to the wave packet of 2 


mhy 


photons is Now a wave packet of 


duration 4¢ has a frequency spectrum with 
the power per unit bandwith given as a function 
of frequency by 


ae sin (v— v9) xdt P 
D(vr)dv= 0 of ST i 


Integration of (37) gives the total power flow 
and allows evalution of @(v») 


mhy — x») 
At [ora ~ At 


(37) 


Hence the ratio of 


stimulated to spontaneous emission 
frequency » is 


— 80)se 90) a pf tine =ednaty 
hy (vy — v9) At | 


at the 


2Po 


Under the optimum condition, which occurs 
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when v=, Thus if the stimulat 
emission is given by A’, as indicated abovy 
the spontaneous emission is A’7,. This CO! 
responds to the case c=a in (3). If emissi 
and absorption of photons by the wavegui 
walls occur, they may be again regarded a4 
due to some equivalent number of absorbi; 
or emitting molecules, so that the above di 
cussion applies, but with modified number 
NM, and m, of molecules in the two states. — 


T=". 


Photons in Equilibrium 

If there is an equilibrium distribution 
particles, so that dPn,m/dt=0 for all Pn, 
then according to (35) 


, 
r(m +c/a) 
m!\1(c/a) 
If new photons are introduced into the systen 
only as a result of spontaneous or stimulatee 
emission then, as shown above, c/a=1, ana 
(35) becomes | 

Pna,m=(1—a/b)(a/b™ . (So 
This is just the probability distribution fos 
thermal equilibrium of photons with the 
molecules, since a/b=e-”/*? where T is the 
temperature of the molecules. 


Pn, m= (1—a/b)/* (a/b)” - ; 


§7. Fluctuations in a Traveling-wave Mase: 


Fluctuations in an amplifier of the maset 
type may now be related to the coefficients 
a,b, andc. In many cases, fluctuations whict 
determine the limiting sensitivity of such ar 
amplifier depend only on the ratio a/b, whict 
is conveniently expressed in terms of an ef 
fective temperature 7. defined by 


a =exp (5!) 
b ee 


Here hy is the energy gap between upper ant 
lower levels and k is Boltzmann’s constant 
T. may be positive or negative depending or 
the relative magnitude of a@ and b, but ths 
fluctuations are primarily dependent on th 
absolute value of T.. 

Consider first the waveguide case, wher 
for amplification to occur a>b. From (16) 
if exactly # photons are introduced into th 
amplifier, after a large amplification a measur 
of the fractional fluctuation is 


a+b ac 
) 3 (a—bp (41 
mv [pr ¢/(@=D) Pee 


Since in the present case c=a, 


(40 


957) 


pp leery 1 
1—e/kTe al = elv[kTe)2 

2— me. ce - ery 
I [2-+(1—e?/kTe)-1p : (42) 
Tf hy/k| T.|>1, (42) becomes 
| 1 

Ox 
n+1 (43) 


| 
ind the probability distribution is given by 


7) with c=a, or 


\ 2 p-m/K 
1 ( en (44) 


Matinee i pil, 


tquation (43) and (44) represent the behavior 
f a perfect amplifier, where the absolute 
value of the temperature approaches zero and 
mly emission processes occur (6-0). In this 
vase there remain fluctuations due to quantum 
ffects. The fractional variations which occur 
tpproach zero when the number of quanta to 
ye amplified is large, which is normally the 
‘ase for very low frequencies. It should be 
10ted that the effective temperature need not 
ye actually zero to approach a perfect ampli- 
jer, but k| T.| must be small compared with 
he energy hy of one quantum. In the case 
Mf 1-centimeter radiation, k|T.|=hv when 

T.|+1.5°K. || in an ammonia maser), 
‘or example, can be smaller than this value, 
since ammonia molecules in a well focused 
yeam flowing into the cavity are predominant- 
y in the upper inversion state and a>b. 

In the other extreme case where a is almost 
qual to b, or hy/k|T.|<1, 
~znhy|k| Te| +1 
~ (nhy/R\ Tel +1)?” 
A measure of the minimum detectable number 
yf quanta under such conditions can be obtained 
rom the equations (14) or (21). After large 
implification 


2 


(45) 


(46) 


where K is the classical amplification factor 
a-r)t For the signal to equal background 
10iSse 

a RT| 
a—b bw 
f a~b or hy/k\T.|<1. This value re- 
resents just the magnitude of thermal noise 
it a temperature |7.|. The thermal power 
evel in the same time interval 4¢ as the input 
ignal may be expressed by P;=k|Te| Ave , 
vhere Ay, , the effective bandwidth correspond- 


Nmin= ’ (47) 
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ing to the length of wave packet of the signal, 
is 1/(4¢) by (37). The thermal noise level in 
terms of number of photons in time 4¢ is then 


a _P:dt _A\T.| 
; hy hy - 


Thus the signal level which doubles the back- 
ground output of an amplifier has just the 
magnitude of the usual thermal noise at 
temperature |7.|. From (45), if the number 
of photons is s times the thermal noise level, 
n=sk|T.|/hv , the fluctuation is given by 


eon 2s+1 


2 petal Sok eon | 
rece ay, 
Hence the signal level must be considerably 
larger than k|T.|/hy before the fractional 
fluctuations become small. 
The probability distribution for this case -is 
obtained from (33) as 


1 
+ e-(s+m/mo) J, yD m Silit 
No Mo 


where mm) is the average number of quanta 
for the background noise only, and J is the 
modified Bessel function of order zero. Note 
that equations (48) and (49) agree precisely 
with the classical expressions for the fluctu- 
ation of power for the waves obtained by 
superposition of a sinusoidal wave and a 
thermal noise. 

It is important to note that |7.| may have 
very little to do with any ordinary idea of 
the temperature of the amplifying system. 
Suppose, for example, that the waveguide 
walls are at absolute zero temperature, but 
absorb photons. Suppose also that the material 
inside the waveguide is at a very small nega- 
tive temperature, so that for it b=0, and one 
might expect to have an ideal amplifier. 
However, absorption of photons by the wave- 
guide adds to the net value of J, and if this 
absorption is of sufficient size, the entire 
system may have b almost equal to a, so that 
|T.| would be extremely large and the am- 
plifier very noisy. 


(48) 


Pr, is (49) 


§8. Regenerative Amplifier Using a Cavity 

In the case of a resonant microwave cavity 
containing amplifying materials, the same 
equations (14) and (15) for ™ and me apply, 
but their physical significance is somewhat 
different. 2 then represents the total number 
of photons in the cavity, which does not give 
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directly the magnitude of the energy delivered 
by the amplifier. Furthermore, if a signal 
is fed into the cavity continuously, c must 
represent both this signal and spontaneous 
emission. Two general types of operation of 
an amplifier using a cavity are important: 

1) Superregenerative amplification where 
a>b and amplification results from an ex- 
ponentially increasing pulse initiated by the 
signal. The exponentially increasing pulse is 
quenched, and the build-up from the input 
signal is then repeated in a so-called quench- 
ing cycle. 

2) Stable amplification where a<.b. This 
gives continuous amplification without any 
exponential build-up. 

Consider first the case of a stable amplifier 
made up of a perfectly conducting cavity with 
input and output coupling holes and containing 
material with active molecules or atoms which 
responds uniformly to electromagnetic radiation 
at all frequencies of interest. If photons are 
put into the cavity, they will be absorbed in 
the material or escape from the input coupling 
holes. They may also stimulate emission and 
create new photons. Asa result, their average 
number m will decay (since a@<b) in ac- 
cordance with the expression 


= OM A (p— —aym= (buthi+b,—a)m mm, 


where 0, represents loss in the material, d; 
and b) losses through the input and output 
coupling holes respectively. The loaded Q for 
the cavity is easily shown to be Q=2z»/(b—a). 
Similarly the unloaded Q, and Q’s for the 
coupling holes are Q=2zy/(bu—a), Qi=2nv/bi, 
and Q.=2zv/b,. Here Qu may be negative, 
since the active material would have a<b to 
provide amplification or the equivalent of a 
negative resistance. 

Assume now an input signal of power P; 
per unit frequency interval. Standard theory 
for cavity resonators, which may be extended 
to the case where Q, is negative, gives for 


the power per unit bandwidth emerging from 
the output 


(50) 


27vQR(v) 
ViQo 7 


where R(v) is the resonant expression 


Ga) 


dite 


RW) = (52) 
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with », the resonance frequency of the cavity! 
Similarly, power reflected back to the inpu 
waveguide is 


Feta 0) Moe ae 


and the energy stored in the cavity as é 
result of the input signal is | 


we oe P| 
W, =Pig, (y) . ( 


The gain of this type of amplifier is, from (511 


Py _2xv@ at 
C= Re (Sop 
P; (AF Qo &) | 
which becomes 
42 4bido 7 
Ga : 56 
QiQo (b—a) =F 


at the resonance frequency, v=. . 

It is important now to note the difference 
in the reemission of an input signal from the 
cavity, and the escape of spontaneous emis: 
sion from the coupling holes. If the inpw 
signal is a long train of coherent waves 


(4» aie ay then there is an interference 


between the wave which is reflected from the 
input coupling hole without entering the cavity, 
and that which enters the cavity and is reemit! 
ted from the input hole. For example, in the 
case of a “matched” input, where 1/Q=2/Q; 
equation (53) shows that there is no powei 
reflected from the input when v=y,. Hence 
in this case none of the power W; accumulatec 
in the cavity can escape from the input hole 
which might lead one to suppose that b;=0 
However, the spontaneous emission withir 
the cavity undergoes no interference of this 
type and is emitted from the input according 


to the value pao indicated above. Be 


4 

cause of these same interference effects, it is 
also not immediately clear what values of ; 
should be attributed to the input signal. There 
are P;/hy photon/sec. per unit bandwidth flow 
ing towards the cavity input, but since the 
wave reflected directly from the input is in 
distinguishable from that reemitted from th 
cavity through the input coupling, the numbe 
of photons actually entering the cavity i 
subject to various interpretations. 

For use of equation (3) and its solutions, th 
effective value of c corresponding to a certai 
input power P; is the rate at which photon 


1957) 


would have to be released in the cavity to 
roduce an equivalent total number of photons 
r an equivalent power output. Now if ¢; 
hotons/sec. are released within the cavity, 
t can be shown by standard methods that 
hey produce the total output power which 
Q 
3 hye; Q 


2) 


Letting this power equal the total 


uutput power due to the input as given by 
51), the equivalent rate of introduction of 
hotons by the input signal is 


ars Pit 
hQ. hy ~ 


Fluctuations in the power output may now 
te obtained from expressions (14) and (15). 
The result is somewhat different from that 
f equation (16) because, in the case of a 
table amplifier, a<(b and the exponentials in 
14) and (15) decrease with time so that, under 


‘onstant conditions 
| 


vol | Poo)dv= (57) 


h=— 4, 
b-—a 
Dee ne). 
(b—a)? ’ 
mae’), 
ea (58) 


au 
substituting appropriate values into (58) one 
as 
oe 6 = a8 => 
atcG; 27 P; 
a ee 
aie nQ: 
lere it is assumed that P; is constant over 
he frequency range for which R(v) is of ap- 
reciable magnitude. For an amplifying system 
f reasonably large gain, @~b, so that 


(59) 


1 
ee ; 60 
gna e 
ah, 
27P; 
nd for € to be all, —~—>1. 
or O sm On 


As in the waveguide amplifier, there are 
ackground noise fluctuations due to spontane- 
us emission even when no signal is present. 
or the output power to be doubled as a 
ssult of an input signal, c; must equal a, or 
com. (57) 

ERVIN, (61) 
hQi 

1 terms of a noise temperature 7, for the 
mplifier, this gives 
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_ahy 

by 
Since 6=b;+bu+b,, and a~b for large am- 
plification, (62) becomes 


jenll bhy 
An effective temperature 7.(<0) for the 
molecular system can be defined which in- 


cludes all gains and losses except those due 
to the input coupling, that is 


Dy wer 1 hs 
bu +bo exp ( ars) 
Hence, when hy<k|T.|, the noise tempera- 
ture (63) is simply 
Lalo (65) 
and if hy>k|T-.| , the limiting noise tempera- 
ture becomes, from (63) and (64), 


Hd i—y oh Gries 


ahQ; 
On (62) 


(63) 


(64) 


T= (66) 


b 

Now a noise temperature T,=hv/k is based 
on the classical assumption that the flow of 
power per unit bandwidth is RT4v. An am- 
plifier with this ideal noise temperature is 
capable, as is the ideal waveguide amplifier, 
o “detect a single photon.” This may be 
demonstrated from the fact that the noise 
temperature hy/k corresponds to a rate of 
power flow hydy in a bandwidth dy, or to Ay 
quanta per unit time. But an amplifier of band- 
width 4y can amplify a pulse of minimum 
length 1/4» which would then contain just one 
photon at this minimum detectable power 
level.* 

From (63) and (64), it may be noted that 
the lowest noise temperature is obtained for 
an amplifier by making the output coupling 
very small, and that the limiting noise temper- 
ature when b,=0 just corresponds to the ef- 
fective temperature of the active material. 
Furthermore, as in the case of a waveguide 
amplifier, additional coupling holes or losses 
in the cavity can produce a very high noise 
temperature even when the cavity and its 
active material are at low temperatures. Of 
course it is also possible to dispense with the 
output coupling entirely and use the wave 
reflected from the input as the amplified 
signal. 

* This does not mean the possibility of unambi- 
guously observing a single photon as an individual 
pulse, 
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§9. Superregenerative Amplifier Using a 
Cavity 

To consider the noise properties of a super- 
regenerative cavity amplifier, assume that the 
rate of induced emission a is zero until time 
~=0, when suddenly a is made larger than 
b so that an exponential build-up of energy 
in the cavity is begun. There are on the 
average ” photons in the cavity at¢=0. Then 
equation (14) describes the growth of the 
number of photons in the cavity during the 
amplification period. For large gain (a—b)t>1 
and the average number of photons in the 
cavity after amplification lasting time 7; is 


= Ci a 

—(7n e(a-d)ty 
( 7 _ biG — 5) 

where c; is again given by (57). Since the 

initial number of photons 2 is determined by 

the input power before ¢=0, it is from equation 

(14) for a=0 


(67) 


sae 

= ra (68) 
where a term with exponential decay factor 
may be neglected. Whether the contribution 
of initial number of photons due to input 
signal before ¢=0, or that of continuing flow 
of photons during build-up denominates depends 
on the relative size of 1/b and 1/(a—b), as 
suming c; is same for ¢<.0 and ¢>0. 

Putting (68) into (67), one obtains 


77 |e CEE t. 
m ce el sore le 


Or, if the the cavity is operated as a stable 
regenerative amplifier until 4=0 with a=a,<b 
and after that a is suddenly increased so that 
a>b, 7m is equation (67) is given by 


(69) 


3! 


(Ci +o) (68a) 


yin 
b—ay 
Then one obtains from (67) 


sae b(a— ) Pe 
m= Cans ae ‘41 fe (69a) 


The background noise due to spontaneous 
emission when no photon is introduced from 
coupling holes is given by the second term, 
+1, in the brackets of (69) and (69a). The 
threshold signal is that which gives the same 
amount of output or the same number of 


instead of (68). 


quanta m as the background noise. Then 
Ct bP; 
=l or ——=!1 
b ‘ bhy 
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and the noise temperature of the amplifier al 
the resonance is | 


Pi _hy b \ 
ee 70 
Tn aay ee ( | 


It may be noted that the noise temperature 
in a superregenerative amplifier is essential! 1 
the same form as (63) in a regenerative ami) 
plifier, and that more detailed discussion ig 
allowed by the application of general solutions 
developed in §5. 

The discussion of noise and the number 9 
quanta in the cavity has dealt with a i. 
tinuous range of frequencies. The amplifier 
gain of course varies with frequency, but in 
any small part of its bandwidth the signal %& 
noise ratio is equivalent. The gain varies ag 


f lis 2 ree ls 
( sat) +( Yo 
and at maximum, v=»j, it is 


4ab; :Do 
he = — py” 


e(a—-b)ty 


(Til 


for the case described by equation (69), and 
ir A(a—ay)bibo 
~ (b—ay)(a—b)? 

for the case to which equation (69a) applies. 
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These results differ somewhat from the 
conclusions of Gordon, Zeiger, and Townes,*? 
partly because the earlier work did not take 
into account spontaneous emission from the 
molecules. Although this random spontaneous 
emission is generally small compared witk 
the stimulated emission occuring in the cavity: 
it is amplified and therefore may become ar 
important source of noise. Consider, for ex: 
ample, a group of molecules which are entirely 
in the upper state. Let them be in a cavity 
made of lossless and hence non-radiative 
material and let no photons enter through the 
coupling hole. One might then suppose that 
no noise would exist in the cavity. This is 
true only if there is no spontaneous emission 
(c=0). Actually c=a and if the system is 
stable, the noise level is given by m=a/(b—a) | 
which is equivalent to the input noise temper. 
ature b/bi-(hy)/k . 

Other differences between the present results 
and those of Gordon, Zeiger, and Townes come 
from the fact that they consider effects of 
thermal radiation which may enter the am 
plifier through input or output coupling holes 
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\Ithough this type of noise is quite im- 
jortant in some cases, it is not fundamental 
0 the amplification process, and has been 
leglected in the above discussion. Appropriate 
lesign of input and output circuits can in 
nost cases prevent such noise which is not 
sssentially associated with the signal from 
mtering the amplifier. 

Many varieties of design are possible for 
naser-type amplifiers, each of which needs 
inalysis for a precise evaluation of sensitivity. 
dowever, the above results for certain ideal- 
zed cases should indicate qualitatively the 
‘results which may be obtained, and illustrate 
che application to maser amplifiers of the 
general expressions for fluctuations developed 
n the former sections. 

In conclusion we would like to acknowledge 
a helpful correspondence on the subject of 
aoise between one of the authors and Mr. 
Marcel Muller. 


Appendix. Derivation of Solution (30)* 


The equation (3) will be solved here by use 
of a generating function for the most general 
case that a and 6 are functions of time and 
c/a is any positive constant. 

_ The generating function for Pnr,m is very 
similar to (23) and is defined by 


n= SS Pn, mx . (Al) 


By substituting (Al) into (3), one obtains a 
partial differential equation satisfied by fr(x,2): 


Ofn 5 le it of, es 8 aos A2 
at =(1—2x)(b—ax) at cl—a)fn (Az) 
This is linear in f, and may be solved by 
standard methods. The characteristic equation 
for (A2) is given by 


—dx —=at= —Fn 
(1—x)(b—az) c(l—2)fn 


The desired solution of (A2) is obtained by 
solving (A3) with the initial conditions: =x 
and fn=20” for ¢=0, and then eliminating 2. 

The equation (A3) may be solved by putting 


(A3) 


ai (A4) 


Then (A3) becomes 


uaa derivation similar to that indicated here 
was obtained independently by Dr. L.R. Walker 
and kindly communicated to one of the authors. 


Fluctuations in Amplification of Quanta 


699 
gt 
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The left part of the equation (A5) is 
dy/dt=(a—b)y—a (A6) 


which is linear in y. The solution is given by 
ynedne (| vem oF dt+40) (A7) 


where yp is the initial value of y for ¢=0, ie. 


A 1 
1—2% 
Using the notations 
Kee is, (A8) 
G=K| fy (AQ) 
(A7) is written in the form 
y=Ky—G (A10) 
Evidently, K is the classical amplification 


factor. 
fn is obtained from the right part of (A5), 
i.e. 
air Cc 
= All 


By (A7), the equation takes the form 
La Dia N. (—| att) (A12) 


Integrating (A12), one obtains 


Cc a 


Fmilin wads Ke 


cla 
aes (—|aiecat-+) x const 
=(—G/K+4y)/* x const. 


(A13) 


Considering the initial condition f =a,” 
=(1—1/y))” at ¢=0, (A13) becomes 


G cla 1 \% 
fol C4) 
KY Yo 
Eliminating yp by use of (A10), the generating 
function is finally given by 


ne y an mee y 
w=(_ fo) : y+G 
(6 : & +(G—K)1—2) i 


(A14) 


1 
=| paras 1G 2) 
(A15) 
Expansion of the numerator and denominator 


in powers of x gives 


700 K. SHIMODA, H. TAKAHASI and C. H. TOWNES (Vol. 1 


G"(G—K+1)"(K—1)"" 


Pr m= (G+ lyetete/4 i 
Met nil atmtela—j) (G2IG=K) } (Ale 
fy (n—p)! j\(m—j)'T'(n-+e/a) _ GG@—K+1(K-1) | | 


Or, if (A15) is put into a form like that of (23) and similarly expanded, one obtains a mor 
convenient expression 


G"(G—K+ 1)"(k—1)"*” 


Pa,m= (G+1)mnre/a 
se morn 2 . mL \ di r(m-+cla) [ K a (Al 
j=0 gl(n—j)!(m—j)! P(j+c/a) | GG —-K-+}1) 
When a and 0b are constant, AK and G are 
given by References 


LACORS 1) D.E. Lee and C.A. Coulson: Journal of Ge 
a 


Ga = G-ia EATS) netics, 49 (1949) 264. 
a—b a—b 2) W. Furry: Phys. Rev. 52 (1937) 567. 
and substituting this into (A17), one obtains 3) J. P. Gordon, H. J. Zeiger and C. H. Townes; 
the expression (30) as a result. Phys. Rev. 99 (1955) 1264. 
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Magnetic Susceptibility of Iron-Nickel Alloys 
in Liquid and Solid States 
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Department of Physics, Faculty of Science, University of Tokyo 
(Received March 2, 1957) 


The magnetic susceptibilities of various Fe-Ni alloys have been 
measured through their melting points up to 1600°C. The susceptibilities 
of the alloys with less than 60 % Ni increase discontinuously on melting, 
while those of the alloys with more than 60 7% Ni decrease. The temper- 
ature variation of the susceptibilities is approximately expressed by the 
Curie-Weiss law in the liquid state as well as in the solid state, but 
the Curie constants and the paramagnetic Curie temperatures of liquids 
are in general different from those of solids. 

These results can be explained by assuming that the atomic magnetic 
moments remain unaltered and that the magnetic interaction varies with 
the interatomic distance as indicated by the Bethe-Slater curve. The 
change of susceptibility at the melting point is solely due to the dif- 
ference in interatomic distance between the liquid and the solid. 

It is expected, in some cases, that the especially strong dependence of the 
magnetic interaction on the interatomic distance results in an appreciable 
change of interaction with temperature through the thermal expansion. 
It can account for the anomalously large Curie constants of pure 7-Fe 
and Fe-rich alloys in the solid state. 


§1. Introduction alloys decrease or increase on melting, de 
As reported previouslyY, the magnetic sus- pending on whether the interatomic interactiot 
ceptibilities of various transition metals and favours parallel alignment of atomic magneti 


’ 
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noments or not. This result may indicate 
hhat the interaction is always weaker in liquid 
chan in solid. Some Fe-rich alloys with face- 
sentred cubic lattice, however, form excep- 
dons to the simple rule mentioned above, i.e. 
cheir susceptibilities increase on melting though 
they are ferromagnetic at low temperatures. 
These exceptions can be also explained, if the 
Bethe-Slater interaction curve is taken into 
account*. 

The magnetic interaction is expressed as a 
function of the ratio R of the interatomic dis- 
tance D to the diameter of 3d-shall 6, as shown 
in Fig. 1. The value of the interaction has 


a maximum at R=R, and vanishes at R=R). 
If Ro<R<Rm, the interaction is ferromagnetic 
and may become larger on melting, since R 


may be larger in liquid than in solid. 


Antiferro. 


Magnetic Interaction 


p = Olinteratomic Distance) 
JS" &(Diameter of 3d-shell) 


Fig. 1. Interaction Curve. 


In the Fe-Ni system, the values of R for 
Ni-rich alloys are larger than Rm, while those 
for Fe-rich alloys are smaller. It was supposed 
in the previous paper? that the suscepti- 
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bility of the alloy with about 65% Ni might 
remain unaltered at the melting point, since 
this alloy might correspond to the maximum 
point on the Bethe-Slater curve. This sup- 
position, however, was based upon rough 
measurements on merely three alloys. In the 
present paper, detailed experimental data on 
Fe-Ni alloys will be reported together with 
further discussions about the Bethe-Slater 
curve. 

Up to the present, several investigations on 
the susceptibility of solid Fe-Ni alloys have 
been reported. Wohlfarth® discussed the ex- 
perimental data of Peschard® and of Fallot® 
on the basis of the collective electron theory 
of ferromagnetism. This theory, however, 
seems less satisfactory for Fe-Ni alloys than 
for Ni-Cu or Ni-Co alloys. At the present 
stage, the collective electron theory is unlikely 
to be suitable to account for the properties of 
the ferromagnetic metals which have more 
than two holes in 3d-shell per atom. Thus 
the Heitler-London theory will be used in the 
present discussion though it also encounters 
some difficulties. 


Experimental Procedures and Results 


§ 2. 

The experimental method is the same as 
that described previously. The susceptibili- 
ties of nine different alloys ranging in com- 
position from 10 to 89% of Ni were measured 
through their melting points up to 1600°C. 
These alloys were prepared by T. Nagashima 
by melting pure Fe and Ni together in a 


Table I. Impurities in electrolytic Fe and Ni used 
(Spectroscopic analysis) 
| Al Ca Co Caw Fe, (Mes) Mn Ni Pb Si 
Fe | trace trace trace 0.01 — 0.001 0.01 0.001 trace none 
Ni | (OmltTACe 0 le O2 Ol Olan Oren OnC= Ss ssenOness trace 


(in weight % 


* After publishing the previous paper, the au- 
thor found Weil’s» experimental data on the sus- 
ceptibilities of some liquid alloys of transition ele- 
ments. Among these alloys, those of homogeneous 
solid solutions such as Cu-Mn, Cu-Ni and Ag-Mn 
are interesting in view of the change of suscep- 
tibility on melting. Weil’s results can be also ac- 
counted for by the general rule given in the pre- 


vious paper. 


vacuum induction furnace for the purpose of 
other investigations». The impurities in Fe 
and Ni used and the composition of alloys are 
listed in Table I and Table II respectively. 
As can be seen in the phase diagram”, all 
alloys investigated are face-centred cubic at 
high temperatures. The susceptibilties of Fe- 
Ni alloys at low temperatures show anoma- 
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Table II. 


(Chemical analysis) 


Yasuaki NAKAGAWA 


Composition of specimens 


(Vol. 12 


Specimen No. 1 2 3 4 5 6 ff 8 9 
Fe (weight 2%) 89.26 79.01 69.02 59.27 49.82 40.02 30.22 20.65 10.30 
Ni (weight %) 10.36 20.69 79.18 
Fe (atomic 2%) 90 80 70 60 51 41 31 22 11 
Ni (atomic %) 10 20 30 40 49 59 69 78 89 


1/x X10 7 (X «Magnetic Susceptibility per gram ) 


600 800 1000 1200 1400 1600 
Temperature (°C) 
Fig. 2. Susceptibility Curves. 


ie) 
600 800 I600 


1000 1200 1400 
Temperature (°C) 


o: Walue of susceptibility measured during heating. 
+: Value of susceptibility measured during cooling. 
¢: Melting point (Mean value of liquidus and solidus temperature). 


lously large values owing to the transforma- 
tion into the body-centred cubic phase. 
Figure 2 shows the experimental results on 
the temperature variation of the susceptibili- 
ties per gram. The change of susceptibility 
on melting, 4y=z:—xzs, is plotted against com- 
position in Fig. 3 together with its relative 


value 4y/ys. dy changes its sign at about 
60% Ni, as has been supposed. 


The susceptibilities of these alloys are ap- 
proximately expressed by the Curie-Weiss law, 


r—C i T—6). Gia) 


in the liquid state as well as in the solid 


(57) 


ate. The Curie constants per gram C’ and 
€ paramagnetic Curie temperatures @ are 
termined from the straight lines shown in 
ig. 2. Cs’ and @s are those of solid, while 
Y and @; are those of liquid. Each of them is 


40 
atomic % Ni 


60 80 Ni 
fig. 3. Change of Susceptibility on melting. 
| AL=%i— Us 
 %1: Susceptibility per gram of liquid at melting 
point. 
X¥s: Susceptibility per gram of solid at melting 
point. 


lotted as a function of composition in Fig. 4. 
nstead of C’, the Curie constant per mole 
> is shown for convenience. C is equal to 
”M, where M is the ‘mean’ atomic weight 


(°K) 
4 1000 
8 

800 
3 

600 
2 

400 
itm Wimh patie ely ss 

200 
fo) - SPINS 

Fe 20 40 60 80 Ni 


atomic % Ni 


Fig. 4. Curie constant per mole C and paramag- 
netic Curie temperature 6. 


Solid: o Cy 2 
Liquid: ° Ce; O 6; 
Theoretical:  --------------- C; 


f the alloy. The C vs composition curve, how- 
ver, is not essentially different from the C’vs 
omposition curve, since there is no large dif- 
erence in atomic weight between Fe and Ni. 
It should be mentioned that remarkable 
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supercooling of liquid was observed in all casse. 
As shown in the previous paper, the magnetic 
behaviours of supercooled liquids are not 
different from those of ordinary liquids. Thus 
the values of C; and @; can be determined 
precisely enough. 

For pure Fe and Ni, the data reported be- 
foreD are used. The susceptibility of Ni, 
however, shows a large deviation from the 
Curie-Weiss law at high temperatures, and so 
the Curie constant and the paramagnetic Curie 
temperature of liquid Ni are quite uncertain. 

The very small deviations from the Curie- 
Weiss law for the alloys are somewhat system- 
atic: the 1/y vs T curves for Ni-rich alloys are 
concave downwards, while those for Ferich 
alloys are convex. 

It is to be noted that Peschard’s*) and Fal- 
lot’s» results on the susceptibilities of Fe-Ni 
alloys in the solid state are in good agreement 
with those reported here. 


§3. Theoretical Interpretation 


The experimental results summarized in 
Fig. 4 may be explained on the basis of the 
following assumptions: 

(I) The magnetic susceptibilities of these 
alloys can be treated with Weiss’ molecular 
field theory. 

(II) The atomic magnetic moments of Fe 
and Ni in Fe-Ni alloys are 3 and i Bohr 
magneton respectively, not depending on the 
composition of alloys. These moments re- 
main unaltered on melting. 

(III) The magnetic interaction varies with 
the ratio R of the interatomic distance D to 
the diameter of 3d-shall 0, as indicated by the 
Bethe-Slater curve (Fig. 1). In order to treat 
the liquid and the solid together, the cubic root 
of atomic volume is used as the value of D, 
being larger in liquid than in solid. In cases 
where the slope of the Bethe-Slater curve is 
very steep, the interaction varies appreciably 
with temperature owing to the thermal ex- 
pansion. 

Discussions about these assumptions will be 
presented in the next section. 

It is deduced from the assumption (J) that 
the susceptibility per mole x» can be expressed 
as 

Xu =C./(T—C:W) ; (2h) 
where C; is the ‘theoretical’ Curie constant 
and W the coefficient of molecular field. For 
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a pure metal, 


C= MH asiS+1), 
where N is the Avogadro number, » the Bohr 
magneton, k the Boltzmann constant and S 
the resultant spin of the atom. According to 
the assumption (II), S is equal to 3/2 for Fe 
and 1/2 for Ni. 

For the Fe-Ni alloys, 


COS A—2)Cre +2Cwy ’ ( 4 ) 


where Cre and Cyi are the ‘theoretical’ Curie 
constants of Fe and Ni respectively, and x is 
the atomic concentration of Ni. The values 
of C:, given by Eq. (4), are shown in Fig. 4 
with a dotted line. 

If the molecular field coefficient W is in- 
dependent of temperature, it is found easily 
that C=C; and 6=C.W by comparing Eq. (2) 
with Eq. (1). This is the case of the alloys 
with more than 50% Ni, since both Cs; and C, 
are about equal to C; as’ shown in Fig. 4. 
Thus the change of susceptibility at the melt- 
ing point is solely due to the difference in W 
between liquid and solid. 

This difference may be explained on the 
basis of the assumption (IJ). As has been 
suggested by Bozorth®, the Curie temperature 
6, instead of W, is expressed as a function 
of R(=D/6). Since it has been assumed that 
the values of R for the alloys depend linearly 
on the composition, the @ vs composition curve 
should be analogous to the Bethe-Slater curve. 
According to Slater, the value of R for pure 
Ni is about 10% larger than that for pure Fe 
(with face-centred cubic lattice). On the other 
hand, R may be about 1% larger in liquid 
than in solid owing to the volume expansion 
on melting™. Thus the increase in R due 
to melting corresponds to that due to 10% 
increase in Ni content. Therefore, the @, vs 
composition curve must coincide with the @s5 vs 
composition curve if the former is shifted 
along the composition axis by about 10%. 
This conclusion is in agreement with the ex- 
perimental result on the alloys with more 
than 50% Ni, as shown in Fig. 4. 

For the ailoys with less than 50% Ni, how- 
ever, the above theory is not satisfactory, be- 
cause Cs is much larger than C; while C; is 
not so different from C:. In this case the 
temperature dependence of W should be taken 
into account. 


(3) 
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Since it is expected that these alloys in tl 
solid state correspond to the steep range 4| 
the Bethe-Slater curve, even the small chan: 
in interatomic distance, caused by the thers 
expansion, can produce an appreciable effes 
on the magnetic interaction. This effect wy 
first treated by Néel!”. | 

The temperature dependence of W can 
expressed approximately by the formula, 


W=Wot(dWidT)(T-T),  (& 


near an arbitrary temperature 7). 
stituting (5) in (2), one obtains again the Curt 
Weiss law [Eq. (1)], where 


- Ct - — 
1—Ci(dW/dT)y ’ 


C= 


and 

os eeleel GC Moy 
1—C.(dW/dT)o © 

If TJ) is chosen to be equal to 6, Eq. (7) Be 

comes 


0=T>) 


6=C.Wo. (3: 


When the value of Ci(dW/dT)) approache 
unity, the apparent Curie constant C become 
much greater than the ‘theoretical’ one C; 
This is the case of the alloys with less thai 
50% Ni in the solid state. The value o 
(dW/dT)), calculated from the experimenta 
Curie constant C(=Cs) by using Eq. (6), be 
comes larger with decreasing Ni content. 

The value of (dW/dT)) can be also estimat 
ed from the change of ferromagnetic Curi 
point with hydrostatic pressure. It is interest 
ing to note that the two results are closel 
similar. 

The interaction W is expressed as a func 
tion of the interatomic distance D which de 
pends on both temperature T and pressure f 
1.€. 


WS COD as (9 


The ferromagnetic Curie point, equal to @ i 
Eq. (8), is given implicitly as a solution c 
the equation, 


0=Crf (p, @). (1¢ 
Therefore, 
do CiOf /Op)r 
ip Li=COrOTy bao 
From Eq. (9) it is found that 
OF |p) _ ODIOp\r _ —K8 a, 


OF /OT)»: 1 \QD/O Da aoumias 
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here « is the compressibility and a the line- 
r thermal expansion coefficient. Since 


do K 6 
tenes ee =i (13) 
[ the values of « and a at the Curie point 
re known, d@/dp can be calculated from the 
xperimental Curie constant C(=C>;). 

For the 70 Fe-30 Ni alloy, for example, it 
aay be estimated that a=1.3x10-5 (per deg- 
e) and «=0.55x10-* (per atm.), and the 
‘alue of Cs/C; is about 1.31 as shown in Fig. 4. 
Thus dé/dp=—4.4x10-? (degrees/atm.). On 
he other hand Patrick! has shown by a 
lirect measurement that dé/dp=—5.8x10-3 
degrees/atm.). It may be said that these two 


values are in good agreement with each other. 
?atrick has also shown that d6/dp decreases 
with increasing Ni content and becomes nearly 
zero for the 32 Fe-68 Ni alloy, as can be 
expected from the present susceptibility data. 

These results are consistent with the Bethe- 


Slater curve. Moreover, the curvature of the 
Bethe-Slater curve can account for the experi- 
mental fact that the 1/xyvs T curves for Fe- 
rich alloys are slightly convex downwards. 

It is to be mentioned here that the suscep- 
tibility data on Fe-Co and Co-Ni alloys, re- 
ported in the previous paper, can be also 
explained by the above assumptions. The 
atomic moment of Co is assumed to be 2 Bohr 
magnetons, i.e. S=1 in Eq. (3). The ‘theo- 
retical’ Curie constants C,; for these alloys are 
given by a similar equation to (4). For the 
Co-Ni alloys both C; and C; are not so differ- 
ent from C;. For the Fe-Co alloys, on the 
other hand, C; is not so different from Ci, 
while Cs is much larger than C., just as for 
the Fe-Ni alloys with less than 50% Ni. 


§4. Discussions 


Although the susceptibilities of these alloys 
can be consistently explained by using the 
above-mentioned assumptions, these assump- 
tions may be open to some objections. 

(1) The assumption that the susceptibility 
can be simply treated with Weiss’ molecular 
field theory is questionable in the case of the 
alloys containing two kinds of transition ele- 
ments. In order to calculate the susceptibili- 
ties of these alloys on the basis of the Heitler- 
London theory, three kinds of the nearest 
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neighbor interactions between two kinds of 
atoms should be taken into account. It follows 
from this that the susceptibilities do not obey 
the Curie-Weiss law except at very high 
temperatures. According to Néel!®, the 1/z 
vs T curve should be a hyperbola, the asymp- 
totic line of which corresponds to the Curie- 
Weiss law [Eq. (2)], where the Curie constant 
is given by Eq. (4). It is not so hopeless, 
however, that a more careful treatment of 
this statistical problem would prove the ap- 
plicability of Eq. (2) to the present case. 

(II) The second assumption is based on the 
electronic configuration of the atoms (3d)”(4s)!, 
where mz is equal to 7 for Fe, 8 for Co and 
9 for Ni*. Although the lowest-energy con- 
figuration of these atoms in the isolated state 
is expressed as (3d)"-1(4s)?, the former con- 
figuration can be more stable than the latter 
in the metallic state. According to Pauling’, 
there is no large difference in cohesion among 
various transition metals of Fe-group, and Cu 
[(3d)(4s)4] is much more cohesive than Zn 
[(3d)'%(4s)?]. These facts indicate that the 
number of 3d-electrons per atom is not an 
important factor in cohesion and that the con- 
figuration (4s)! is more stable than the con- 
figuration (4s)?. 

This conclusion is based on the assumption 
that the number of 3d-electrons per atom in 
the metallic state should be an integer. Al- 
though this assumption may be quite natural 
as far as the Heilter-London theory is adopt- 
ed, it seems to conflict with the fact that the 
ferromagnetic saturation moment per atoni is 
not equal to an integral multiple of the Bohr 
magneton. In the ferromagnetic state, how- 
ever, the magnetic moment due to the localized 
3d-electrons might be partly compensated by 
that due to the non-localized 4s-electrons**. 


According to Shull and Wilkinson!”, the neu- 
tron diffraction experiments on Fe-Ni alloys 


* The magnetic resonance experiment by Bag- 
guley and Harrick) has proved that the g-factor 
of Ni is equal to 2.0 in the paramagnetic state, 7.e. 
the orbital magnetic moment is completely quench- 
ed. 

** Zener!) has considered that the non-localized 
4s-electrons participate in the ferromagnetic satura- 
tion moment of a metal. According to his theory, 
however, the resultant moment due to the 4s-elec- 
trons should be parallel to that due to the 3d-elec- 
trons. 
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in the ferromagnetic state have shown that 
the difference in atomic moment between Fe 
and Ni amounts to about 2 Bohr magnetons, 
being nearly independent of the composition 
of alloys. This result is consistent with the 
present theory. 

(III) Although it may be valid that the 
magnetic interaction in a transition metal 
varies with the interatomic distance as indi- 
cated by the Bethe-Slater curve, it is very 
doubtful whether a ‘single’ Bethe-Slater curve 
can be applicable in common to all the tran- 
sition metals and alloys. 

For the Fe-Ni alloys, however, Bozorth® 
has suggested that the magnetic interaction 
energy, assumed to be proportional to the 
Curie temperature, may be expressed as a 
unique function of R(=D/6)*. Although Bo- 
zorth’s suggestion is unlikely to be based on 
any plausible theory, it can well account for 
various experimental results, e.g. the change 
of ferromagnetic Curie point with hydrostatic 
pressure, the anomalous thermal expansion 
near the Curie point, the volume magneto- 
striction etc. The present experiment on the 
magnetic susceptibility is also explained by 
Bozorth’s interaction curve, as shown in the 
preceding section. This interaction curve, 
however, cannot be applied to other metals 
and alloys. It may be rather fortuitous that 
Bozorth’s suggestion has been helpful in the 
case of Fe-Ni alloys. In general, different 
interaction curves for different metals should 
be looked for, as proposed by Dehlinger’®. 

It should be emphasized here that the 
anomalously large Curie constant of pure y-Fe 
(face-centred cubic) can be explained by the 
present theory as due to the temperature de- 
pendence of the magnetic interaction. If this 
effect were not taken into account, very large 
atomic moment (6 Bohr magnetons) and very 
large negative interaction (9= —2500°K) would 
be derived from the Curie-Weiss law [Eq. 
(1)]. According to Wilkinson and Shull, how- 
ever, the neutron diffraction experiment on 
Fe at high temperatures has shown that there 
is no remarkable difference in atomic moment 


* According to Néel!), the molecular field co- 
efficient W can be expressed as a function of 
D-—0o for various transition metals and alloys. His 
interaction curve, however, seems to be inconsist- 
ent with the experiment on the change of ferro- 
magnetic Curie point with hydrostatic pressure. 
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between 7-Fe and a-Fe; the atomic momet 
of a-Fe may be 2 or 3 Bohr magneton 
Moreover, such large negative interaction - 
likely to conflict with the fact that the ant 
ferromagnetism has not been confirmed iJ 
7-Fe*. These contradictions are overcome 
the present theory: the anomalously lar 
Curie constant is solely due to the temper 
ture dependence of the interaction W, an 
the value of W at 900°C is only slightly nega 
tive if it is calculated from Eq. (2) by using 
the experimental value of y, and the theoreti 
cal value of Cy. 


§5. Conclusions 


The magnetic susceptibilities of Fe-Ni alloy; 
follow the Curie-Weiss law in the liquid state 
as well as in the solid state. The Curie con 
stants are approximately equal to the theo 
retical values calculated from the atomic 
magnetic moments, 3 Bohr magnetons for Fe 
and 1 Bohr magneton for Ni, except in the 
case of pure y-Fe and Fe-rich alloys in the 
solid state. . 

In this case the temperature variation of 
the magnetic interaction is expected to be 
large, resulting in the anomalously large value 
of the apparent Curie constant. This effect 
can be related quantitatively to the especially 
sensible change of ferromagnetic Curie points 
of these alloys with hydrostatic pressure. 

Since there is no difference in atomic mo- 
ment between liquid and solid, the change of 
susceptibility on melting is only due to the 
difference in magnetic interaction. The interac: 
tion varies with the interatomic distance, as 
indicated by the Bethe-Slater curve, and _ the 
interatomic distance is larger in liquid thar 
in solid. 

The alloys with less than 60% Ni, corres: 
ponding to the left-hand side of the maximun 
on the Bethe-Slater curve, show an increase 
in susceptibility on melting, and the opposite 
in true for the alloys with more than 60% Ni 
Thus the slope of the Bethe-Slater curve car 
be found out experimentally by using the sus 
ceptibility change on melting. 

* According to Corliss, Hastings and Weiss [ef 
reference 20)|, a weak antiferromagnetism with low 
Néel temperature (~80°K) is suggested for pure 


7y-Fe by extrapolation of the properties of the Fe- 
Mn system. 
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Electronic Structure of Simple Homonuclear 


Diatomic Molecules 


I. Oxygen Molecule 


By Masao KOTANI, Yukio MIZUNO, Kunihusa KAYAMA 
Department of Physics, University of Tokyo, Tokyo 
and Eiichi ISHIGURO 


Department of Physics, Ochanomizu University, Tokyo 


The wave functions of the ground state and several lower excited 
states of Oz, and O.+ are calculated non-empirically at R=2.3a.u. by 
LCAO MO method, where all sixteen electrons are taken into con- 
sideration and Slater type ls, 2s, and 29 atomic orbitals are used. For 
the ground state of O,, various approximate treatments are investigated. 
Further, for 1A,, ‘pate Sistas ie and 3>\7 states, improved calcu- 
lations are performed by mixing several configurations. By using the 
wave functions thus obtained, dissociation energy De , excitation energies 
4E, molecular quadrupole moment @, magnetic hyperfine structure 
parameters <¢2(0)> and <P2/r3>, oscillator strengths f, diamagnetic 
second order Zeeman term Xaia., and polarizabilities a,, and a, are 
calculated and compared with the observed values. The results are 
found to be improved appreciably by mixing a small number of con- 
figurations. Finally, several of the wave functions of the Oz ground 
state are analyzed by the population analysis method developed by Mul- 


liken. 


$1. Introduction 

Since the classical work of Heitler-London- 
Sugiura on the hydrogen molecule, mechanism 
y»f chemical binding and the electronic struc- 


ture of molecules in general have been under- 
stood in principle. Useful concepts in molecu- 
lar quantum theory, such as electron pair 
bond, hydridization, valence states of atoms 
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in molecules, were introduced in early days, 
and have been extensively employed in theo- 
retical interpretation of molecular electronic 
structure. However, on account of the mathe- 
matical difficulty of quantum mechanics of 
many electron systems, the early developments 
were of more or less semi-empirical nature 
except in the case of the hydrogen molecule, 
and very often in the formulation of the theory 
some drastic approximations had to be intro- 
duced, which were not easy to justify; par- 
ticularly the neglect of non-orthogonality of 
orbitals localized on two adjacent atoms, which 
was made commonly in the generalization of 
Heitler-London method to more complex mole- 
cules, has been criticized by Slater and others. 

Under these circumstances, rigorous, non- 
empirical treatment of molecules with more 
than two electrons seems to be highly desira- 
ble. The possibility of calculating quantum- 
mechanically properties of molecules with a 
fairly large number of electrons within man- 
ageable amount of labour has been shown by 
the recent developments of molecular orbital 
theory; success of MO SCF calculations of CO, 
H.O, Nz etc., extensive studies of configuration 
interaction by Parr, Craig and Ross, members 
of Slater’s laboratory in M.I.T., and others 
have encouraged us to undertake purely non- 
empirical, detailed study of simple molecules 
of the first row atoms and their hydrides. We 
chose Li, and O, as objects of our first study; the 
reason of this choice is as follows: Li, is the 
simplest molecule having 2-quantum o bond, 
which may have characteristics quite different 
from those of 1s bond in H;, while O, is par- 
ticularly rich in spectroscopic and other data, 
including microwave data on magnetic hyper- 
fine structure of O1"O'*. In the first and second 
papers of this series, the results of our study 
of O, and Li, will bé reported, and the third 
paper will contain summarizing discussions on 
these and similar diatomic molecules. 

The calculation which is described in this 
series of papers is based on the so-called MOCI 
method. Taking all electrons into account, 
we calculate energies of the ground and lower 
excited states, on different choice of configu- 
rations, and comparing the results, discuss 
the relative merits of various approximation 
procedures. Further we evaluate various 
physical quantities such as electronic quadru- 
pole moment, electric polarizability, transition 
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probability, constants in microwave hfs spee 
tra, etc., with different wave functions. 

As is well-known, wave functions in Heitler 
London approach can be covered by MO 
procedure, as long as in the former metho# 
the same atomic orbitals are used irrespec 
tively of the degree of ionization of ator 
concerned, and in this way we shall be abl) 
to discuss, among others, the relative supert 
ority between Heitler-London and molecula 
orbital methods. 

Very interesting results, particularly op 
excitation energies, have recently been o! 
tained by Moffitt®, Mulliken*®), Ohno-Itoh® ane 
others on the assumption that atoms will pre 
serve their properties of their different states 
even in molecules. In orbital approximation 
this requires the use of different atomic orbit 
als according as the amount of charge whic 
happens to be located on the atom concerned! 
This sort of refinement of Heitler-Londorm 
method is not covered by our MOCI procedure. 
However, their methods are either semi- 
empirical, or involve approximations, which’ 
make the exact estimate of their effect more: 
or less difficult. 

To develop the theory on unambiguous basis, 
it seemed to us inevitable to carry out MOC] 
calculation, taking, at least, important configu- 
rations constructed out of ls, 2s, and 2p AO’s. 
We hope that, even for those interested in 
such refined approaches of HL type as men- 
tioned above, our results will provide reliable 
data useful for their study. 

MOCI study of the oxygen molecule has 
already been made by Meckler®. Meckler used 
Gaussian type atomic orbitals, while we em- 
ploy Slater type ones, as building blocks of 
molecular orbitals. Further he did not con- 
sider the configurations in which 2s core elec- 
trons are excited. We shall show that 2s 
excitation is by no means negligible. 


§2. Construction of Molecular Orbitals 


The two oxygen nuclei will be denoted by 
A and B and the AO’s of atoms A and B are 
denoted by ya and y respectively. Since the 
electronic configuration of the ground state of 
an oxygen atom is (1s)?(2s)2(2p)!, we confined 
ourselves to ls, 2s, and 2p type AO’s. Fur- 
ther, we adopted for these AQ’s the normal- 
ized Slater-type AO’s, namely, 
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)1)’s are defined in a similar way. Here 
ia, %1, 9a, 901, and ¢, have meanings as 
j1own in Fig. 1, and 0; and 0, are the orbital 
xponents. For the orbitals 2s, 2h0, and 2px 
ae same value of the orbital exponent, 02, is 
ssumed. Throughout this paper, unless other- 
ise noticed, we shall use the atomic units, 


> 


Fig. 1. Diagram of notation of coordinates. 


energy: 27.206 e.v., length: 0.5292A). The 
squilibrium internuclear distance R of the O, 
molecule in its ground state *>),~ is 2.282 a.u., 
and according to Slater’s rule 6, and 0d, are 
squal to 7.70 and 2.275 respectively. But the 
molecular integrals involving Slater-type AO’s 
1) are expressed in terms of a=0,R, 8=0:R, 
and R. Hence, for convenience of numerical 
work, we have chosen the following values, 
f—17.75, B=5.25, and R=2.30 a.u. The cor- 
responding values of 0, and 0, are 7.717 and 
2.283 respectively. 

From the AO’s (1) we set up the unnormal- 

(a1S)g,u=1sa1s> , 


ized symmetry orbitals 
(02S)9 ,u= 28a 2S» y | ( 2 ) 


(62p)9,u=2Poat2po, , | 
(7 *2D)¢.u = 2 pia + 2pry = 


Orthogonalized molecular orbitals (OMO’s) can 
he constructed as linear combinations of these 
symmetry orbitals in various ways; OMO’s 
most commonly used are those of the following 
form, which we shall call “ Schmidt-or- 
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1sq(1) = (0,3/7)"/? exp (—0,7a1) , 
28a(1)= (025/370)? ray EXP (—O27a1) , 
2po,(1) Cos Bay (iH 
2pra*(1) = (0.°/7)/?7a1 EXP (—dy7a1) sin 64; exp (+2¥;) 
2p7a (1) sin 0g, exp (—29) . 


thogonalized molecular orbitals* ” (abbreviated 
as Schmidt-OMO’s) 
F1g=Ay,(OlS)y , 
Fxg = Ay1(G1S)g + @z2(425)q , 
33g =A31(018)g + A39(028)g+A33(02p)zq , 
Tg*=7o(x*2Dp)q , 
Ow=Bir(ols)u , 
O2u= Boi(a1s)u+ Boo(o2s)u , 
F3u= Bsi(01S)u+ B32(42S8)u+ B33(o2D)u , 
ay =u 2D 
In the above equations, the coefficients aij, 
8:3, ro, and y~ are determined by the con- 


ditions of orthonormality and are given in 
Table I. 


(3) 


Table I. Values of coefficients a, 8, and 
y in OMO». 
an 0.70710 59 Bu 0.70710 76 
a —0.16451 50 Bo —0.18141 32 
22 0.64420 46 Boo 0.85443 12 
031 0.01656 28 B31 —0.05226 28 
a32 —0.15659 10 B39 0.40917 14 
033 0.63726 88 B33 0.94154 OL 
V9 0.76305 78 if 0.66189 67 


a) See Eq, (3). 


The evaluation of the molecular integrals 
involving the AO’s (1) is laborious, but the 
method of integration and the numerical values 
of them are already published and need not 
be repeated here.» Then the molecular 
integrals concerning the unnormalized sym- 
metry orbitals are evaluated easily. Finally 
we have calculated from these the integrals 
involving Schmidt-OMO’s. These values 
have been published in another paper™. 


§3. Methods of Calculation 


The ‘number of electrons contained in the 
O. molecule is sixteen, and the Hamiltonian 


* Such procedure of orthonormalization as em- 
ployed in (3) is known as Schmidt method among 
mathematicians. See, for example, R. Courant und 
D. Hilbert: Methoden der Mathematischen Physik I, 
p. 34. 
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of our problem is 


16 16 16 1 64 
H= 5-3 dis [ts cote 
t>j Vij R 


Tai Toi 
(4) 


Since this Hamiltonian has D.n, symmetry, 
its eigenfunctions are bases of an irreducible 
representation of D... group and may be clas- 
sified by the quantum numbers 4, J, and », 
specifying the component of the orbital angular 
momentum of the electrons along the inter- 
nuclear axis, the character of the inversion 
at the center, and the character of the reflec- 
tion at any plane passing through both nuclei 
(for the case of A=0), respectively. A set of 
these quantum numbers 4, J, and v is abbre- 
viated as ©. Moreover, as the Hamiltonian 
(4) is free from spin operators, the total spin 
quantum number S and its component along 
a fixed axis M are good quantum numbers. 
Accordingly the eigenfunctions of (4) have 
the symmetry character specified by (OQ, S, 
and M). We impose this property also on 
the approximate solutions of (4) which are 
composed of Schmidt-OMO’s. 

As is usually accepted, we suppose that the 
orbital energies of Schmidt-OMO’s increase 
in the order Of 649, 61u, Goq, Sou, 030, Mu, Eo, 
and 631, So we assume that the wave functions 
of the normal state and of lower excited states 
of the O, molecule are composed mainly of 
configurations which contain two electrons in 
Eachnor og .Onm oeen Cou. dndeos7sOLbitals sana 
no electron in o3, orbital. Within these limi- 
tations it is sufficient to consider only six 
electrons accomodated in z,* and z,* orbitals, 
and the molecular states compatible with this 
assumption are shown in Table II. 


Table II. Electronic states arising from 
(o19)?(o1u)"(G29)"(G21)*(o39)?[r]° as 
i A UR ee | States 
oP meet _ oe sad oe 
ile bak Saye 
alg 
2 | 


Om 


del 
LSS a DE Syne 
| a7 ’ , 
i 1 at 


(44); C4) 


a) Electron configurations are shown by specify- 
ing the unoccupied orbitals. 


M. Koran, Y. Mizuno, K. KAYAMA and E. ISHIGURO 


‘are convenient both for calculations and fo 


(Vol. 1 


In Table II, electron configurations ai 
shown by their electron holes and the stall 
with the parenthesis are those not observ 
experimentally. In this paper we shall cor 
sider those nine states shown in Table IJ 
which are the same as those considered b 
Fumi-Parr® and Itoh-Ohno”. | 

We shall explain briefly the method of com 
structing a complete set of orthonormaliz 
wave functions, which have a symmetr; 
character specified by (4, J, (v), S, M) ane 


their physical understanding, from ten kin 
of Schmidt-OMO’s given by (3)®. . 

In the first place, we pick up from these 
ten Schmidt-OMO’s all the sets of sixteer 
orbitals, whose products have the given sym: 
metry (4,JZ), considering that each orbita: 
can only accomodate at most two electrons 
Then we make a product function of these 
sixteen orbitals for each set, in which sixteen 
orbitals are arranged in the order to be ex- 
plained later. Then by multiplying these 
products by various spin functions with the 
symmetry (S,M) and by antisymmetrizing 
these results, we can obtain the required wave 
functions with the given symmetry (4, J, S, 

M) for 40. When A=0, we can easily find 
the required wave functions with the given 
symmetry (4, J, v, S, M) by taking the real 
parts (for Si+) or the imaginary parts (for 4{-) 
of the product functions of sixteen orbitals 
and then performing the same procedure as 
for the case of 40. In this paper the spin- 
free functions having the orbital symmetry 
© correctly, such as the ones mentioned above, 
are called “ primitive functions,” in the sense 
that they can give wave functions with the 
complete symmetry character only after being 
multiplied by the spin functions and then 
antisymmetrized. Generally, many primitive 
functions exist for a given ©. Then they 
are denoted by A,B,C, ---, and the normal- 
ized forms of them are written as Ube ee 

-+, respectively. 

Secondly we shall consider spin functions. 
The number of spin functions that correspond 
to given values of S and M is independent of 
M and amounts to 

fa (2S+1)-N! 
(N/2+S+1)!(N/2—S)! ’ 
where NV is “the total number of electrons. 
These spin functions are denoted by Os mk 


=1,2,---, fs”). Let P be any permutation 
mong WN! permutations of N electrons, then 
Qs,u;x iS expressed linearly in terms of 
i functions Os .u: ki 
x 
POs,u; == Vi AP)O@s,a32 5 (5) 
there V‘(P) is called the representation ma- 
‘ix of the permutation group Gy. Further 
7e put 
UAP)=EpVE(P=)T (6) 
there + means the transposition of matrix and 
=(—1)’. Then we have antisymmetric 
vave functions specified by letters A, k, QO, 


*, and M of the following form 
; 
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On3.u= 7 oe ak Us ik (P)P¥§-Os,ar;n ; (Hf ) 
Now, we consider the case of the O, 
molecule. As we must assign sixteen elec- 


trons to ten Schmidt-OMO’s, each of which 
can accomodate at most two electrons, the 
number of orbitals which contain only one 
electron is at most four. These orbitals are 
called unpaired ones. The orbitals appearing 
in the primitive function ¥4 are divided into 
paired orbitals and a few (two or four) un- 
paired ones. In writing ¥4, we put the un- 
paired orbitals first and then the paired ones. 
For example 


Vpn = py (ral) (2) (3) oau(4)1e0"B)ra(6)ru*(Tra*(8) 


— Tg" (1)tu*(2)439(3)o3u(4)9*(5)79*(6)7u-(7)7u-(8)} 


X dou(9)Gou(10)o29(11)629(12)o1u(13)o1u(14)019(15)o19(16) . 


(8) 


Generally, if we assume that 7 paired orbitals are present in yv%, it is invariant with respect 


o the interchange between electrons in each pair. 


nd they are expressed as 


Q=(N—2r+1, N—2r+2)4(N—27r+3, N—27r-+4)%-- 


! 
f we select ee permutations Po, Py, ---, 


7 Qr 
n such a way that each of all MN! 
78) (u=0, i, ee it: 5 
Py. 


, On the other hand, since 2” elements Q are 
Il commutable and Q?=1, we can transform 
/(Q) to the following form 


‘able III. Adopted forms of spin functions 9,(1, 2, 
3, 4)”. 
mol. AT] 


O,= : 5 a(1)a(2){a(3)A(4) — B(3)a(4)} 
C=) 5 {a(1)A(2) — B(L)a(2)} a(3)a(4) 


@s=5 {a(1)A(2)a(3)a(4)-+ B(La(2)a(3)a4) 


— a(1)a(2)a(3)B(4) — a(1)a(2)8(3)a(4)} 
mS—=0, M=—0 


r= 5 {a(1)8(2)— BCIa(2)} fa(3AC4) ~ BCS )aC4)} 
=F gla(La(2)6(8)6(4) + 8C1)2)a(8)a(4) 
— 3 fa(y9(2)-+ A¢1)a(2)} {a(8)8C4) +83 )a(4) 


a) See Eq, (10). 


Pe Out sole Vi 


The nen bor of such permutations is 2” 


-(N—1, N)*r GAi=0%or RP CS) 


permutations of XN electrons, 


elements can be expressed uniquely in the form 
s—l), we have, in general, s mutually independent functions Pu.¥¢ among 


Vin(Q)= (Rh), 
Vnn(Q) a Sell 


In this case we can assign the suffix Fk so 
that if R<g, Vex(Q)=—1 for every Q and if 
k>g, VixQ)=+1 for at least one Q. Then 
it is proved that 0% ,,’s for k<g are linearly 
independent, and those for k>>g vanish identi- 


cally. The spin functions of these first g 
numbers must be of the form 
Os usr, 2, --°, N) 
=O url, 2, «++, N—27) 
x ip (aN 20+ 1)B(N— 27+ 2) 


—B(N—2r+ la(N—2r+2)} 


et eeee 


x saa (a(N—-1)BWV)— BIN—laN )} 


(<hsg). (10) 
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Here Oy,u:x (1,2, -+-, N—27)’s are the spin 
functions of (N—27) electrons, and their ex- 
plicit forms adopted in this paper are given 
in Table III. Then we can construct g anti- 
symmetrized wave functions 94% ,, with quan- 
tum numbers 0, S, and M from the primitive 
function #4. The explicit form of these func- 
tions is 
OF aL Zs pial), N) 
= [ TTS A 
Baer pl ne Sy Se 

Ae hg) op eet) 
The factor in (11) appears on account of 
normalization. In general we have many 
primitive functions 74, ¥8,---, for each of 
which the functions of the form (11) can be 
constructed. The best wave function in our 
approximation is therefore a suitable linear 
combination of them, namely 


Oo,s,a(1, 2, eet N) 


=SeaObv(l, 2, -+,N). (2) 
Kk 


As is well known, the coefficients c,,x. of 
(12) and the total energy E are determined 
from the following linear algebraic equations 


2 {1 (,k),(8,n) EA (4 ,4)¢B,n) $CB,n=0 , (13) 


where As,x),cR,n) and 4ca,x),c8,n) are the ma- 
trix elements of the Hamiltonian (4) and the 
unity, respectively, referring to the functions 
(11). The evaluation of these matrix elements 


is performed according to the following 
formulae 


H(a,k),(B,n) = x Un(Pa)| PP SHE RAD (14) 


dea,c0.y= Uia( Pu) [Pug Adv 4 wilh 


In the above equations Unx(Pu) can be obtained 
according to the rules explained in KAIK®, 
As the primitive functions PO Beas age 
constructed simply from Schmidt-OMO’s, the 
integrals in (14) and (15) can be reduced easily 
and are expressed in terms of one or two 
electron integrals involving Schmidt-OMO’s. 
We notice here that this reduction can not be 
done so easily without the help of orthogonal- 
ity of orbitals. 
§4. Calculation of the Energy of the Ground 
State °Sj,- 


As can be shown by actual examination, we 


KAYAMA and E. ISHIGURO (Vol. 
can construct thirty wave functions (11) ie | 
3S',- symmetry from Schmidt-OMO’s (3) a 
the spin functions given in Table II. TY 
wave functions are denoted by Aj, Bi, --; 
E,, E,, --- and so on, where suffices 1, 2, + 
refer to the choice of spin functions | 
Table III. Each of these functions correspon 
to a “configuration.” In case for a giv 
primitive function the wave functions Gh 
with suffices other than 1 vanish, we om 
the suffix 1, for example, we write simply: 
A instead A, Among thirty configuration 
seventeen are shown explicitly in Table 5 
where the product functions, contained 
the primitive functions 74, ¥®, --- with pes 
tive coefficients are specified by the numbet 
and the orders of electrons accomodated i 
each Schmidt-OMO written on the first lia 
The whole primitive function can be co» 
structed from this product function easily 4 
symmetry considerations. Configuration 
corresponds to the usual antisymmetrize 
orthogonalized-molecular-orbital wave functia 
(ASOMO) built from linear combinations ¢ 
atomic orbitals (LCAO). In nine configuration 
from A to F; in Table IV, Schmidt-OMO) 
O19, Siu, Gog, and ogy are fully occupied b 
eight electrons, while in the remaining twenty 
one configurations it is not the case. 

Now, a lot of proposals have been put fot 
ward hitherto on the procedure of calculatin 
non-empirically the electronic ground state 
a molecule and we actually applied several c 
these methods to the O. molecule. To explai 
our calculations it is convenient to divide ther 
into sixteen cases. 


Case 1. A (single configuration) 

The total energy for single configuratio 
A, calculated by the formula (A.1), is foun 
to be —149.00734 a.u. 


Case 2. A+C (xz _ electron 
interaction 

In the z electron theory, z electrons az 
considered to be loosely bound to the m 
lecular framework and play an importa 
role to the electronic structure of the grour 
state and lower excited states. In fact, almo 
all the calculations hitherto made on the ¢ 
molecule except perhaps Meckler’s one”, a1 
based on the z electron theory. Since tt 
mz electron theory is widely accepted in i 
simplicity and usefulness, we have studie 
the configurational interaction within this a 


configuratione 


957) 


| 


ground state *>’7. 
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fable IV. Configurations used in CI calculation and their coefficients in normalized wave function for 


Configurations™ Coefnicients ce») 

_ ha _ te r iy inn Cay O3u Oxy O2u Fig = Oly Case 8 Meche Case to: i 
A 2 2 1 1 2 2 2 2 2 0.9629 0.9749 0.9490 
B 2: 2 1 1 2 2 2 2 2 —0.0959 -—0.0826 -—0.0735 

Cc 1 1 2 2 2 2 ae, 2 —0.1719 -0.1352 ~0.1521 

iD 1 1 2 2 2 2 2 2 2 0.0515 0.0329 

Er, I I ! a 2 ce ee ONE 20. 0027 res 
E, 1 a. 1 I 2 2 2 2 2 2 0.0259 0.0233 0.0272 
F, 1 2 2 1 il 4 2 2 2 2 0.1716 0.1473 0.1465 
F, 1 2 2 a i 1 2 2 Z 2 —0.0309 -0.0263 -—0.0226 
F, 1 2 2 I HP i 2 2 2 2 0.0179 0.0178 0.0184 
H 2 2 1 1 2 2 2 2 2 — 0.0005 
hh 2 2 iy Te 1 2 1 2 2 ~0.2118 
Js 2 2 I iq 2 { 2 I 2 2 ~ 0.0438 
o 2 2 1 1 2 2 2 2 2 —0.0162 
Mi az 2 2 1 2 i if 2 2 2 0.0202 
M, 1 2 2 ik 2 I ih 2 2 2 0.0132 
M; i 2 2 i 2 T i 2 D 2 —0.0073 
| healt Ail id ih Salad ll RE CE) 0.0156 
a) The product function contained with the positive coefficient in the primitive function of each con- 


figurational wave function is shown by specifying the numbers of electrons occupying each orbital. 
Further in this product function, it is assumed that the 7-th unpaired orbital ({=1, 2,---, 27), if 
numbered from left to right, accomodates the i-th electron, and the j-th paired orbital (j=1, 2, 
-++,8—7) accomodates the (2j7+2r—1)th and the (27+-27)th electrons. 


pb) See Eq. (12). 


roximation. Then the configurations which 
lust be considered are only A and C. The 
ormalized wave function determined by the 
rinciple of minimun energy is 

0.9629A —0.2698C , (16) 


nd the corresponding total energy is lower 
1an that of Case 1 by 1.403 e.v. 
ase 3. A--J, (s-p hybridization) 
Contrary to Case 2, we consider in Case 3 
1e configurations, whose primitive functions 
iffer from that of A only in the o orbital 
art. B,H, Ji, --- belong to such configu- 
tions. Since, however, the orbital energy 
F ga, is far above those of 637, dou, and dag, 
ie contribution of B, H, --- except J; may 
2 considered small. Among Ji’s, it is shown 
y actual examination that the contribution 
: J, is most important. The wave function 
stained by taking into account only J, be- 
des A is 

0.9704A—0.2414J, , (17) 


1d the total energy is lower than that of 


Case 1 by 2.1687 e.v. Since in Ji, o2, and 
634 are coupled to a singlet, the mixing of J, 
may be taken in some sense as the s-p hy- 
bridization in the molecuiar orbital scheme, 
and is outside the scope of Meckler’s approxi- 
mation (cf. Case 8). 


Case 4. (u)? abproximation 

In spite of the much higher orbital energy 
of 63, than oo, the contribution of J, turns 
out to be so large that we are not always 
permitted to neglect J,. While, we are allowed 
to use some other OMO’s instead of Schmidt- 
OMO’s (3) as the building block of our 
primitive functions. Then configuration A, 
if composed of suitable OMO’s, may be ac- 
cepted to give in general a better result than 
Case 1, and the corresponding best OMO’s 
are nothing but the Roothaan’s self-consistent 
field molecular orbitals (SCFMO). Now the 
result does not depend upon the form of oy 
orbitals as they are fully occupied in A, while 
it depends of course upon the form of ox orbit- 
als we employed. Here we shall limit our- 
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selves to the case where 1s AO’s are fully 
occupied, and the form of o1x orbital is fixed 
to Schmidt-OMO (3). Then among the OMO’s 
included in A, only the form of oz, orbital is 
left undetermined. The best o., orbital, deter- 
mined by the principle of minimum energy 
with o., held fixed to Schmidt-OMO (3), will 
be called here z orbital. The variational calcu- 
lation shows that the form of z is 


u=(0.9855621—0.169803u , (18) 


where oo, and ¢3, are Schmidt-OMO’s defined 
by (3), and the total energy obtained is lower 
than that of Case 1 by 2.108 e.v. The wave 
function here obtained can be expressed in 
terms of the configurations in Table IV as 
follows 


0.9712A —0.2367J, +0.0288H . (19) 


By comparing this result with that of Case 3, 
we can confirm that the contribution of con- 
figuration J, can be much reduced, if we adopt 
a suitable z orbital instead of cow. 


Case 5. A+J,+H (uu approximation) 

In Case 4, paired electrons are assigned to 
the same molecular orbital #, but we can 
generalize this treatment by introducing two 
different orbitals wz’ and w’’. This generali- 
zation has in some sense a nature of the so- 
called in-out effect, although it must be men- 
tioned that the same values of the orbital 
exponents 0, and 0, are taken for w’ and w’’. 
After the variation, we found 


U =().94266ou—0.3339 63x, ’ | 
#’ =1.000002u1+0.0027o3u , 


and the corresponding total energy is lower 
than that of Case 1 by 2.1689 e.v. xz’ and u”’ 
can be shown to represent the outer and inner 
orbitals respectively. The wave functions here 
obtained can be written down also in terms 
of the configurations in Table IV as follows 
0.9705A —0.2412J,—0.0009H . (21) 

Case 6. The LCAO SCF method 

As the O, molecule does not have a closed 
shell configuration of electrons, we have car- 
ried out a LCAO SCF calculation by modify- 
ing slightly Roothaan’s method». We have 
assumed the wave function as 


(20) 


AEs 1)PP(17g*)(1ag7)(17tu*)? Atu-)? 


X (30 9)*(20u)"(209)*(1ou)*(1og)? 
x &(1)a(2)a(3)B(4) - ++ a@(15)B(16) , 


are 


(22) 
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KAYAMA and E. ISHIGURO (Vol. ] 
where a(z) and A(z) are the spin functions 
electron z corresponding to the spin paralll 
and antiparallel to a fixed direction, respé 
tively. Further we assumed that log, lou, dj 
are the molecular orbitals whose symmetr? 
are oy, du, °*: respectively, and can be e 
| 
| 


pressed in terms of Schmidt-OMO’s (3) as 


Log =Ci1019g +C12629 +C13039 5 


— 


Lou=Cay Oyu tC4d2.u+Cs303u , 
and so on. By the help of Eq. (A.1) and a 
principle of minimum energy, we can set t 
the equations, by which the coefficients in ( 
are determined. Adopting Roothaan’s nct 
tions, we can write the quations as 


{ht > (2Jc—K) +3 (2Ja—Ka)} 9; 
—€;9;=0, (2) 
(ht > (2)i:—Kx)+( Jp—Fr)} Pa 
—€¢.=0 : 


In the above equations, gx’s denote the ful] 
occupied orbitals in (22) and ga’s are Iz,g*t ar 
lz,-. Ss and @a’s are often abbreviate 
simply as k’s and a’s respectively. h, J. 
and K; are the one electron, Coulomb, ar 
exchange operators respectively. €; and & az 
the orbital energies. Inserting (23) into (24 
we can obtain the equations involving coe 
ficients cij. These can be determined follov 
ing Roothaann’s self-consistent method. Tt 
values of orbital energies &;’s, and the coe 
ficients c:j3s are shown in Table V. Tot: 
energies thus obtained is lower than in Case 
by 2.167 e.v. 

The wave function for Case 5 is superic 
to that for Case 4 in so far as the former — 
more flexible than the latter on account ¢ 
adopting different # orbitals and the way 
function for Case 6 is superior to that for Cas 
4 in so far as it takes into account the cot 
figurations in which ls electrons do not fort 
a closed shell. The amount of the improv 
ment in the total energy is 0.061 e.v. for tk 
former and 0.059 e.v. for the latter. 

Case 7. A-+F, (0-2 interaction) 

In the z electron approximation, on whic 
our calculation till now has been based, tt 
primitive functions can be written, even 
configurational mixing is taken into conside 
ation, in the form of the product of a z pa 
and a o part, and so the correlation betwee 


\ 
I 


B) 
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‘able V. Expansion coefficients” of SCF MO’s of ground state 3>'7 with respect to Schmidt-OMO’s» 
a unnormalized Sey pie and orbital energies (R=2.3a.u.). 


SCF Schmidt: MO» ‘Unnormalized symmetry orbital = VGrien 
'MO E - = energy 
a 1a, Pau 83g ,u To, ls), a (028) - (2p), wu (n*2p)94| (in a.u.) 

lc, 0.9998 0.0188 0.0004 | 0.7067 0. 0117 0. 0002 : ~ 20.5951 
264 — 0.0182 0.9646 0.2631 —0.0315 0.5641 0.1677 — 1.5219 
304 0.0046 —0.2631 0.9648 —0.0125  —0.3117 0.6148 — 0.5564 
ihre; 1 0.7631 — 0.3944 
lo, 0.9999 0.0148 0.0049 0.7075 0.0142 0.0046 —20. 5927 
20u —0.0137 0.9850 --0.1717 0.0009 0.7500 —0.1617 — 0.9782 
36% — 0.0073 0.1717 0.9851 | 0.0408 0.5345 0.9275 0.7392 

+ 

Int al, 0.6619 | — 0.5499 

ima) See Eq. (23). 

| b) See Eq. (3). 

mc) See Eq. (2). 

id) See Eq. (30). 

‘electrons and z electrons, usually called the Case 9. Five dimensional configurational 


-z interaction, is not taken into account. 
We have attempted here to improve this 
int by mixing to A configuration F,, which 
s derived from A by replacing one o3y by osu 
nd one zu* by z z+. The wave function ob- 
ained by the variational method is 


0.9739A +0.2269F;, , (25) 


nd the corresponding total energy is lower 
han that of Case 1 by 2.339 e.v. 


Jase 8. p electron configurational interaction 
(Meckler’s case) 

In this case, we considered the nine configu- 
ations from A to F; in Table IV, which are 
quivalent as a whole to those considered by 
feckler® in studying the O, molecule. If 1s 
nd 2s AO’s can be considered fully occupied 
ctually, a wave function derived by the vari- 
tion from a linear combination of these nine 
onfigurations will be a good approximation. 
“he wave function obtained is shown in Table 
V, where the coefficients (cf. Eq. (12)) in our 
vave function are listed in column 3, and for 
omparison the coefficients obtained by inter- 
olating Meckler’s ones to R=2.3 a.u. are 
iven in column 4. It is interesting to notice 
hat the coefficients here obtained agree well 
vith the corresponding Meckler’s ones, though 
his seems rather fortuitous as the latter were 
alculated with the use of the AO’s of Gaus- 
ian type. The depression of the total energy 
rom Case 1 is 3.424 e.v. in. our calculation, 
ompared with 2.29 e.v. in Meckler’s one. 


enteraction 

Judging from the coefficients of Case 8 in 
Table IV, we can expect that configurations 
A, F,, C, and B contribute dominantly to the 
result. Further from the result of Case 3 we 
know that configuration J, is also very im- 
portant. Thus it is likely that a rather simple 
but comparatively good wave function can be 
constructed from configurations A, B, C, Fi, 
and J,. Here we examined this approximation. 
The resulting wave function after the vari- 
ational calculation turned out to be 


0.9526A —0.0774B—0.1541C 
+.0.1481F;—0.2023], , (26) 


and the corresponding total energy is lower 
than that of Case 1 by 4.781 e.v. 


Case 10. Fifteen dimensional configurational 
interaction 

In order to obtain the best wave function 
within our framework, we must take into 
account all the thirty configurations. As this 
requires, however, a considerably laborious 
work, we selected only those fifteen configu- 
rations which have non-vanishing matrix ele- 
ments between the main configuration A and 
themselves. From the standpoint of the second 
order perturbation theory, this selection seems 
to be reasonable. The configurations given 
in Table IV, except D and E,, correspond to 
these fifteen ones. The wave function ob- 
tained by the variational calculation is given 
in Table IV. The corresponding total energy 
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is lower than that in Case 1 by 5.000 e.v. The 
difference between the total energies of Case 
9 and Case 10 is 0.219 e.v., whereas the 
number of configurations involved is only five 
for the former in contrast with fifteen for the 
latter, 
Case 11. Pure HL approximation 
The wave function for the Heitler-London 
(HL) approximation can be obtained by the 
following primitive function 
¥ =(normalization constant) x {Va+¥o,a} 5° 
Va,o={Ma* Mo (ta)*(10*)? —Ha- Ho* (a*)*( Ho )?} 
X dadv(2Sa)*(2Sp)*(1S2)2(1S0)? . 
(27) 
This wave function is shown to be expressed 
with the configurations of Table IV as 
0.7265A—0.3328B—0.5466C +0.2504D . (28) 
By using this relation we have calculated the 
energy and this is found to be 4.160 e.v. 
higher than that in Case 1. Thus, unexpect- 
edly, in the case of the O, molecule ground 
state, the straightforward application of the 
HL method proves to be not superior to that 
of the MO method. In part III of this series 
we shall explain the reason for this result. 


Case 12. o-HL, z-MO approximation 

We have found that the pure HL method 
is a much poorer approximation compared 
with the pure MO method mentioned in Case 
1. So we here examined an intermediate ap- 
proximation shown by the following primitive 
function, 


¥ =(normalization constant) 


x {(Ya,o+V¥o,2)—complex conjugate} . (29) 
Vays Mgt Mg (Tu*)*( tu)? 


X Ga50(28a)(28y)2(1Sa)(1Sp)? . 


In the above, 2s. is the orthonormalized 2s 
function of the following form 


984(1)=c;1sa(1)+e22s4(1) , (30) 
where c, and c, are the constants to be deter- 
mined by the conditions of orthogonality of 
2S, and 1s, and of normalization. In our case 
cy and c, are —0.24051 76 and 1.02851 77, 
respectively. In Eq. (29), atomic orbitals are 


used for ls, 2s, and 2po, but for 2p7z, mo- 
lecular orbitals are used. Accordingly we may 
call this treatment o-HL, z-MO approximation. 
The total energy obtained turns out to be 
still 3.033 e.v. higher than that of Case 1. 
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The wave function in this case is express 
in terms of the configurations of Table IV é| 
Oo-11,.mo=0.9091A—0.4165B. (3 
Case 13. z-HL, o-MO approximation 
Contrary to the previous case, we shall tree 
here the o electrons by the MO scheme am 
the z electrons by the HL scheme. Then cu 
primitive function is 
¥Y =(normalization constant) x {PYa,»+¥o,a}, 
Vay = {That Ro (a )(tt0*)*— a Te0* (ea) (0) 


X (d3q)"(G2u)*(G29)"(O1u)*( G19)? - 


(32 
The energy value obtained by (32) is highe 
than that of Case 1 by 1.141 e.v. The way 


function obtained can be written as 
Oz-HL,c-Mo=0.7991A —0.6012C . (32 


Summarizing the results of Cases 11, 12 
and 13, we can conclude that (i) the Mé 
method is superior to the HL method for tha 
o electrons as well as for the z electrons, ana 
(ii) the MO method is more appropriate fo 
the o electrons than for the z electrons. 

Case 14. o (s-p hybridized)-HL, z-MO ap 

proximation | 

We here attempted to improve Case 12 bi 
taking into consideration the s-p hybridization 
that is, by using the primitive function | 


¥ =(normalization constant) 
Xx {(¥a,o+¥,a)—complex conjugate}, . 
Wa,» =Tq* Mg (ut) mu-)(a +A2Sq) | 
X (do +.428»)(28a—Ada) (2S —Agr)*(15q)2(150)2, 
(34 


where 4 is the variational parameter showing 
the degree of s-p hybridization. The tota 
energy obtained is still higher than that o 
Case 1 by 0.061 e.v., and the corresponding 
value of 4 is found to be 0.2557. The im 
provement due to this second order hybridi 
zation is 2.972 e.v. (cf. Cases 3, 4, and 6) 
The wave function here obtained is expressec 
in terms of configurations in Table IV as fol 
lows, 


0.9095A —0.2991B + 0.0377H 
—0.2619J, —0.0214L+0.11330,. (35 
If the degree of s-p hybridization is definec 
by 2/(1+22), it can be estimated from the 
above value of 2 as 6.1%. 
Case 15. o-SO, z-MO approximation 
In general, a better approximation than the 


method as well as than the HL method 
n be obtained by the semilocalized orbital 
ethod (SO). We here applied this method 
| the o electrons, by replacing the o, and 
€ o» orbitals in (29) by the orbitals of the 
rm 

Oa =OatHor, o'=ortH0a, (36) 
_the above » represents the degree of semi- 
calization and is obtained by the variational 
sinciple. The energy depression from Case 
was found to be 0.881 e.v., and the value 
iw to be 0.2912. The wave function thus 
dtained is decomposed into the configurations 
: Table IV as follows: 
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®>-S0,2-Mo=0.9906A —0.1367B . (37) 


Further the ionic character of the o-bond 
can be seen by reexpressing wave function 
(37) as 


Os-so, x-MO 
=(1/de)(Oc-H1, <-MO+C€c9c-ion, <-MO) ; 


where @.-ion, z-mMo iS the normalized wave 
function having o-ionic, z-MO character, and 
we have found d,=1.4105 and c,=0.5369. 

Finally, it is worth while to notice that the 
z-SO, o-MO method is identical with Case 2, 
and Eq. (16) can be constructed from the 
following primitive function 


¥Y =(normalization constant) x {(Va,.+V%0,a} ; 


VF a,o={(tat + y70*) (57 +707 )(ta7 —vTo~)*(0t — vat)? 


—(ta~ + y70- (0? + ya*)(a* — vIy*)*(0~ —YTa)?} (63g) *(Oau)?(G2g)*(O1u) (1g)? (38) 


ith v=0.2420. 


Further the ionic character of the z-bond can be seen by reexpressing wave function (16) 


btained in Case 2 as 


0>-Mmo, x-so= (1/d)(Do-mo, 2-HL+Cz95-Mo, x-ion) ’ 


here O>_-mo, z-ion 18 the normalized wave 
inction having o-MO, z-ionic character, and 
have found d,=1.2093 and cx=0.4573. 

ase 16 A’(assuming S(2s, 2po)=S(2s, 1s)=0) 
Here we have calculated the energy using 
le wave function obtained by replacing 63, 
y the normalized symmetry orbital (o2p), in 
mnfiguration A and assuming the overlap 
tegrals, of 260 with ls and 2s to be zero. 
his treatment is similar to that assumed by 
reenhow and Smith™ in calculating the Q 
alues of the O, molecule and to that by Rosen 
1d Ikehara'» in treating the Li, molecule. 
he total energy obtained is —149.3898 a.u., 
id this is lower than that of Case 1 by 
).406 e.v. 

The énergies obtained by the various appro- 
mations are illustrated in Fig. 2. Matrix 
ements of Hamiltonian for the configurations 
msidered in this section will be published 
sewhere!”. 


5. Calculation of the Energies of the 
Excited States 

As shown in Table II, we have eight excited 

ates by distributing six electrons into four 

MO’s. The primitive function of the most 


E(le.v.) 


5 Approximation rag 
4 4:60 (HL) ------------ in| 
3 3-033 (e&-HL,*-MO) -------- 12 
2 

Wal (-HL, «-MO) -------- 13 


0-061 (e{s-p hybrid)-HL,x-MO)_. 4 


oO OOO%singte configuration) ~~ | 
z -0-881__(6-SO,7-MO) 
HOOARBIO (x61) 2 7== TE 4 
— {267 sep) preer 
“2 Fag l2:169 (u'tt, (a3) , 
(A+F\)) --===--=--= 1 
a “3A2Q  (P-Cl) ano 8 


“Aa bl WU Se ee Ey ne A 
-478| (Sr cine ee 10 

= “5001 (15dim.) 

-6 

as 

-8 

=e) 

x -10°-406 l—_——— 16 


Fig. 2. Comparison of energy values of ground 
state. 


important configuration for each excited state 
can be written down from Table II as 
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‘Ag = (g*)*(tu*) (eu)? X (639)"(G2u)*(F29)*(O1u)*(F19)? 
a" : -{ig* Hg (tu*) (tu)? 


+complex conjugate} 


1 + 
a V gira, Ty (Kg )*(eu ye 
—complex conjugate} 
Au Tq* Tu*(Hg~)*(Teu)? 
ay ut 1 a = = 
eon Va lt Tu (1g )*(zu*)? 
--complex conjugate} 
Ay, Tg*Tu*(7g~)*(eu-)? 
i! : 
1 De* VY Q {t9*u~(mu*)*(79~)? 
+complex conjugate} Rice whe (SE 


For the O,+ molecular ion, the ground state, ?J7,, and the three lower excited states, ‘7%, 
27T,, and *>},~, are found by the spectroscopic measurements. For these states, the primitiv 
functions of the main configurations may be the following | 


"IT g  Tg* (u-)*(Hu*)*(o39)” X (au)*(29)(1u)*(G19)? 
4 
fe Ty* Tey” Tu (Tu*)*(F39)” 
Spat 1/2{tg*79~ O39(7u*)*(7u-)? 

—complex conjugate} ---° (49 


Table VI. Vertical excitation energies) relative to the ground state oDi7 0f/O, in €.¥; 


oe SCR "CI@®,  CleBae sees l1toh-Ohno® Fumi-Parr®) Mofiitt®) 
Of 47 14.765 16.184 18.32 
21, 14.410 15.859 ier, .* 
Wy 10.303 11.752 16.8% 
2, 10.108 11.040 12.50 | 
0; 2 18.452 18.969 Waa OR BS 13.6 
| 15.817 16.334 eb aah 11.7 
az 13.182 13.699 14.587 10.748 9.59) 8.9 9.3 5.7 
svt 3.419 3.936 4.824 5.677. 7.50 6.9 8.6 4.8 
5A, 3.293 3.810 6.7 8.4 
isc 3.166 3.683 4.570 - 5.376 7.98) 6.6 8.2 
se | 2.969 2.969 1.423 1.986 1.60 | Pe 1.8 Tez 
A, | 1.484 1.484 0.764. 1.120 1.0 | ig 0.9 1.0 
ay 0 0 0 0 Qe) 0 0 0 


a) These values are those calculated at R=2.3a.u. 

b), c), and d) These values are those calculated at the equiliblium internuclear distance 2.282 a.u. 
See references (4), (8) and (2), respectively. 

e) From references (13) and (2). 

f) From reference (15). 

g) From reference (14). 


157) 


or each primitive function (39) or (40), we 
in determine the spin function @ (1, 2,-- ‘; 
'—2r) uniquely, except the case of 2717 4(Oz*). 
the latter case, we have adopted, as the 
yin function of the main configuration, the 


e 
in ev) 
| Oo(’r4) 


: O2(355) ——- Ua 


‘ig. 3. Comparison of energy levels calculated by various 


approximations with experiment. 


ne in which the spins of two electrons in 
g, and z,~ couple to a triplet, because this 
Inction is simple and its contribution to the 
est one was found to amount even to 99.96 
». Lhis fact can be expected from the begin- 
ing, if we notice that the exchange integral 
volving z, and zx- is considerably large 
ympared with the other exchange integrals 
volving z orbitals. 

Then we can construct the wave function 
om (39) and (40). Since these functions 
respond to that considered in Case 1 of the 
‘evious section, we shall denote them by A 
id give the formulae of Haa’s in Appendix 
\. 1). The values of AHya’s are calculated 
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kl See 
Oo2('E. fy 
Oa(’dg) —— ------- Sa ee oa 
Oo Cxg) a ne Sp wie a 
single iS , ?: , 
- atigurationt CF) | (Cliz)) (CI (a-c)) fabs.) 
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at the fixed internuclear distance 2.30 a. u., 

using the same orbital exponents as used in 

the previous section. Numerical values of Haa 

relative to the Haya of the ground state of the 

O; molecule are given in column 2 in Table VI 
and also in Fig. 3a. 

If, in the above calculation, we 
use SCF MO’s obtained for the 
ground state instead of Schmidt- 
OMO’s, we shall have a different 


pee approximation for the excited and 


ee = —— 


ionized states. These calculations 
beg were actually performed and the 
results are shown in the column 
indicated by (SCFY in Table VI, 
and Fig. 3b. 

As to the five excited states 
Syme SST ae ae Dotan 14, of 
the O, molecule, the spectroscopic 
data are available and various 
Re methods have hitherto been ex- 
amined of calculating the respec- 
tive excitation energies. Since these 
//—— calculations assumed usually the z 
v electron approximation, we also 
have, for the sake of comparison, 
carried out a similar calculation to 
Case 2 of the previous section for 
each state. The results are shown 
in the column indicated by ClI(z) 
in Tables VI-X. In Tables VIJ-X, 
the coefficients of the linear com- 
bination and the total energy, rela- 
tive to that of configuration A, for 
each state are given. In Table VI 
and in Fig. 3c. the excitation 
energies obtained by this z electron 
approximation are given. 

Finally for the above five excited states we 
have performed the calculations which, as Case 
9 for the ground state, are simple but may 
probably give the total energies in quite satis- 
factory agreement with fuller calculations. 
Configurations which are expected to play an 
important role can be easily selected from the 
experience in the previous section and are 
listed in column 1 in Tables VII-X. The 
rough meaning of the approximations of con- 
sidering each configuration besides configura- 
tion A can be understood by seeing the last 
columns of the same tables. The matrix ele- 
ments of the Hamiltonian operator for these 
configurations are to be published elsewhere’. 
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Table VU. i incline used in CI calculation and its results for sais state. 


Pr Conacurations» VGocmicients ejb) 

s R ie 
j Ty Tey Ty Ty 939 O8u G2g Pau Gig Flu pe Sect Cl() Cl(a-o) emarks 
A Pe SD) 2 py Dal Te 1 0.9470 0.9464 
Cr cian? a ae 2 2 Oe —0.3212 —0.2089 n-semiloc. 
D Vi A we y; 2 2 Zea — 0.0723 a-semiloc. 
G, ho 02 tedect ttte, Derceeec aa —0.1426 | o-n 
J PONE oN ua | oe —0.1873 | s8- -P hybrid. 


AE® | 0 —0°0781 —0.1891 
— | = — x i = 


a) and b) See the caption in Table IV. 

c) The physical meaning of mixing the respective configuration to configuration A is qualitativel) 
shown in the remarks column, in terms of x-semilocalication, o-semilocalization, o-x interaction 
and s-p hybridization which are explained in Section 4. 

d) AF is the difference of the calculated total energy for each case, #, from that of the single cc 
figuration Hy, in atomic unit; that is, 4#=H— Hy. Here Hyp=—148.9528 a.u., including the nucleas 
repulsion. |4#| means the depression of energy due to CI. 


Table VIII. Gonhewatigns used in CI calculation and its results for 1>)* state. 


og 


Conhoaranemee | Coeticente oye) | 
a ee | Single Remarks 
Ty Ty Ty Ty O39 G3w G2xg P2w Gig Glu configuration Cl (x) Cl(x-o) 
Ne SEA a pe ae a Mr 2 DI 1 0.9309 0.9333 | 
Bo. | dead to. wore Dan bin ae D —0.3653 -—0.2683  r-semiloc. 
eee keh Oe) ee —0.0813 | a-semiloc. 
ie Auer eisls ol, 2 2 0.1109 o-r 
NAL odie Seiclay IN? wbale Ginmee oe —0.1952 | s-p hybrid. 
—|— : hs = Be eee : ee See 
4B ® | 0 —0.1084 -—0.2118 


a) and b) “See the caption in Table Iv, 
c) and d) See the caption in Table VII. For this state, Hy=— 148.8982 a.u. 


Table IX. Configurations used in CI calculation and its results for 1°7 state. 


gAonigunaiones [ Coefficients ¢;») 

i Ty Tay, oR Ty 937 O23 Org Oru Gig Olu el CI(x) Ci(x-o Romania 

| | eee 
eee Haeniil 2 a) xl HSoe™| 1 1 0.9695 bite ot 
B | 2a vities ae? 2 2 2 2) Om —0.1136 _ a-semiloc. 
1, 2: ML: atch 2 1 Sh wa —0.2170 s-p hybrid. 

| a ee ae ee | --————— = E 
| 4E% 0 0 —0°0945 


a) and b) See the caption in Table IV. 
c) and d) See the caption in Table VII. For this state, Hy=—148.8909a.u. 


The coefficients of configurations and the total citation energies are written in column 6 in 
energy relative to that of configuration A, Table VI, and in Fig. 3e. They have been 
obtained for each state, are given in the colu- derived by fitting the spectroscopic data tc 
mn indicated by CI (z-o) in the same tables. Morse curves. We notice here that the rea! 
The excitation energies are also listed in the potential curves cannot be reproduced very 
column indicated by CI (z-e) in Table VI, and closely by the Morse curves, so that some 
in Fig. 3d. The observed values of the ex- ambiguity is left for these experimental values. 


57) 


Table X. COREE used in CI calculation and its results for "Dow and 27 states. 
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oe a: 


Galfiguraione Cobtficienté Ci) 
i x a 
: : | Single * at | Single *Dae Remarks” 
My To Ty Ty 39 O3u O29 Jou Sig Ory ani Cl(r)  Cl(m-o)|configu- CI(x) — Cl(r-c) 
satebinaed ee ee cao 2 e etation 
\ & Din elie 72 A it is Daatay ad Mea 1 0.9707 1 1 0.9087 ; 
3 1 2 DR ak eee eee De, —0.1143 0.0025 o-semiloc. 
meet 2 2 i 1 eS OS 0.3447 on 
eee kes in vies (I aaa halle am eae 0.1855 o-n 
i )1 ec etal 2 2 | — 0.2113 —0.1450 s-p hybrid. 
ial 0 0 0.0928 0 —0.2652 


a) and b) See the caption in Table eal 
| c) and d) See the caption in Table VII. 
148 .5228 a.u. 


i 

Ispecially for the #>'u-,4>iu7!, and 331,718 
cates, whose potential curves are very steep 
1 the neighbourhood of the equiliblium dis- 
ance of the ground state, the resulting error 
uight possibly be rather large. 


6. Molecular Quantities 


The wave functions obtained by the above 
alculations will serve to calculate the physi- 
al quantities of the O, molecule. Further by 
omparing these results with the experiments, 
ye can study the validity, usefulness, and 
satures of our approximations. Among the 
onstants of the O, molecule, we have con- 
idered here the dissociation energy D,, mole- 
ular quadrupole moment Q, magnetic 
yperfine structure parameters, <#2(0)> and 
P,/7>>, oscillator strengths fiz, and diamagne- 
c second order Zeeman term 74q;,'%. Also 
yw the polarizability a@ we have tried a rough 
stimation. The necessary matrix elements, 
sferring to the configurational wave functions 
efined earlier, can be calculated easily and 
eir numerical values are given elsewhere”. 


1) Dissociation Energy D, 
In principle, the dissociation energy D, can 
e obtained by 

=E(R.)—E(R:) , (41) 
here E(R..) is the energy of a pair of non- 
iteracting atoms in the ground state, and 
(R-) is the total energy of the molecule at 
1e equiliblium internuclear distance. In ap- 
lying (41), we must remark that very accurate 
alues of E(R..) and E(R.) are required, since 
lese quantities are of comparable magnitude 
1d both are very large compared with D.. 


For 3>)*% state Hy=—148.8816a.u., 


and for 337, state Hy=— 


However, the calculated value of ECR.) has 
usually an error much larger than the magni- 
tude of D.. Therefore, to obtain a reasonable 
value of D., it is inevitably necessary to find 
a suitable value of H#(UR..) that is calculated in 
the same degree of approximation as F(R). 

Now we shall here adopt for E(R.), the 
values calculated at R=2.30 a.u. by using 
the various approximations in Section 4, though 
the observed equilibrium internuclear distance 
is slightly smaller than 2.3 a.u. Then it 
seems appropriate, for our purpose, to use the 
value of E(R.) calculated by the same atomic 
orbitals (1) as were used for the calculation 
of E(R.). The values of D, obtained in such 
a manner are listed in Table XI. D, obtained 
by our best wave function (Case 10) is 3.629 
e.v. compared with the observed value of 
5.08 e.v. Further Table XI shows that all the 
calculated values of D., exept that of Case 16, 
do not exceed the observed value. This means 
that the approximation for the calculation of 
E(R..) is, in our case, better than that of 
E(R.). In the exceptional Case 16, D, calcu- 
lated is very large compared with the observed 
one, since in this case the exchange repulsion 
between the valence electrons and the closed 
shell electrons is neglected. 
(2) Molecular Quadrupole Moment of the 

O. Molecule © 

Though the O, molecule is non-polar, it can 

possess the quadrupole moment 


e=|n0 cos? 6—1)odv 


=8R?—22) 12 ty") 5 


0=O0nt Pet - (42) 
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Table XI. Molecular constants. eee | 
De® <O+y2 >” <A>” QM <Pr/rFD>O <GO) > xaie) 
Case ey Ta je CeO) (a.u.) (a.u.) — cm#/mol 
1 7 (A) any —1.372 2.3183 5.1448 0.152 —0.8504 0) —31.2 
2, n-CI 0.032 PREC DR NS SVAN 0.046 —0.8359 0 —3i1. 
3 (A+ Ji) 0.797 2.3108 5.3186  —1.726 — 9.8504 0 —31. 
4 uz 0.736 2.3108 5.3204 -—-1.745  —0.8504 0 —31. 
3) wu! 0.797 273008 OL olSs —1.723 —().8504 0) —31. 
6 SCF 0.795 2.3108 5.3214 -—1.757 —0.8504 0 — 31.99) 
ia (A+ Fj) 1.027 23156 51453 0.132 — 0.8453 0) —31.2 
0.0025 
8 p-Cl 2.052 2.3082 5.1340 0.213 —0.8346 (0.0022) —31.27 
9 (5 dim.) 3.409 2.3100 5.2903  -—1.431 —0.8435 0 — 31.85) 
; Z 0.1948 al 
10 (15 dim.) 3.629 2.3091 5.2994 -—1.533  -—0.8589 (0.1732) — 31.8% 
11 Gy) —5.532 2.2896 5.1692 -—0.259 -—0.7784 0 — 31.26% 
12, (o-HL, «-MO) —4,.405 2ESIOl | MOS 29G 0.268 —0.8504 0 —31.18) 
13 (x-HL, o-MO) —2.513 2.2978 5.1843 -—0.375 -—0.7784 0 — 31.36) 
14 (a(s-p hybrid.)-HL, x-MO) —1.433 2.3039 5.3499 -—2.094 -—0.8504 0 — 32.08 | 
15 (a-SO, x-MO) —0.491 Zot A Oelaol 0.165 — 0.8504 0 — 31.2 
16 (A’) 9.034 DEB Al SHiaill 3.053 —0.8504 0 — 30.16 
obs. 5.08 }Q|<0.82 —1.32 0.187 


a) See Eq. (41). b) See Eq. (42). c) See Eq. (43). d) See Eq. (44). e) See Eq. (49). 


f) The values within parenthesis are those obtained by using the H-F' orbital. 


(3) of $6. 


Here pn and pe are the charge densities of 
the nuclei and the electrons respectively, 7 is 
the distance to the charge from the center of 
the molecule, @ is the angle between the sym- 
metry axis and r, and the meaning of x, y, and z 


is explained in Fig. 1. Further, C2)=| pace 


and Cot y)=|(attype dv. We shall here 


study this quantity. 

In Table XI, the values <a?+y?)/R?,<2?)/R?, 
and @ obtained with the use of the various 
approximations explained earlier are given. 
From this table we can see that the values 
of Q calculated, except the one of Case (16), 
can be classified into two groups, namely, one 
group consisting of values around 0.1 and the 
other one around —1.5, and that the latter 
values are obtained only by the use of the 
wave functions taking into account s-p 
hydridization. Table XI shows, moreover, 
that the value of <x?+y?)/R? does not vary 
appreciably from one approximation to another. 
So the said difference of the values of Q is 
chiefly ascribed to that of <z?)/R?. This diffe- 
rence of <z%>/R? can be easily understood on 
the valence bond theory as follaws. As two 


See also subsectior 


O atoms approach each other, two 20 elect: 
rons suffer a positive hybridization but four 2: 
ones suffer correspondingly a negative hybri. 
dization, and so the net charge density in the 
outer region becomes larger than that obtainec 
without s-p hybridization. 

Next we shall consider the value of Q ir 
Case 16, which is much the largest of all 
From Table XI, we can see that this situation 
comes mainly from the fact that <2?)/R? is by 
far the smallest of all. This implies that the 
charge density of the symmetry orbital (029), 
is inside of that of Schmidt-OMO o3,. Green: 
how and Smith!” have also performed a similaa 
calculation by neglecting 1s electrons, and have 
obtained Q=3.1103 a.u. for the case of ne 
s-P hydridization and this value agrees wel 
with our result. On this occasion, we shal 
point out a strange property of Schmidt-OMO. 
By comparing the @ value of Case 12 or Case 
15 with that of Case 1, it can be found thai 
the former are larger than that of the latter. 
This means that the charge density of the ox, 
orbital is larger than that of o39 in the regior 
between two nuclei. 

Now the value of @ obtained by our best 
wave function (Case 10) is —1.533. On the 


| 
| her hand the observed value is reported by 
jownes and Schawlow,™, and Gordy, Smith, 
jad ‘Trambarulo™ as |Q|<0.82 a.u. Accord- 
ligly the agreement of the theory with the 
foservation seems not to be so satisfactory. 
his does not, however, necessarily lead to the 
jonclusion that our calculation should be criti- 
jized. As a matter of fact, the observed value 
ibove quoted is open to some questions, be- 
jause this value has been derived from the 
ine width measurement of the microwave 
pectrum, which is accompanied with the dif- 
culty of the experimental technique and of 
he analysis of the measurement. Therefore, 
ore refined observations and their analysis 
re desirable. 


3) Magnetic Hyperfine Structure 
_ Parameters <P./r*> and ¢$(0)> 


| From the microwave absorption measure- 
nents on OO" gas, Miller and Townes! 
letermined the values of the following quan- 


ities 
P, 3 cos?6a—1 
all Seto )ore, de, (43) 


ind 


(IO))=| (O(n) 9} 007 aes 
where ra is the position vector with its origin 
aken at the nucleus A, 04 is the angle bet- 
veen rz and the symmetry axis, and o is the 
pin variable. Further o(ra,o) is the total 
umber density of electrons at (ra, ¢) which is 
ummarized as t. In this subsection these 
juantities will be investigated. 

As can be seen from (43) and (44), only the 
mpaired orbitals contribute to the values of 
P./7?> and <#2(0)>. Moreover, z electrons 
o not contribute to <~2(0)>. Therefore <~2(0)> 
anishes in the simple valence bond theory or 
he single configuration of MO (Case 1) and 
as a finite value only after introducing con- 
gurations which have unpaired o-orbitals. 
“hus <?(0)> depends on a very “‘ fine-struc- 
ure’’ of the electronic wave function and 
rovides an important clue for the study of 
he configurational mixing. 

In the paper succeeding to that of Miller 
nd Townes, they and one of us, Kotani, 
ave already estimated the value of <P,/7*> 
rom the standpoint of the simple valence bond 
heory. They considered that the experimen- 
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tal value of this quantity could be explained 
approximately by taking into account the con- 
tribution from the unpaired electron, which 
is accomodated in a z AO of the nucleus 
considered’ Then it was shown that 


P, vier, 1 
& - ye : [rem 7s Pe(Lid 
ee Goss) 
ets OF Naar 


and it amounts to 71 and 78 percent of the 
observed value by the use of the Hartree-Fock 
atomic orbital??? and  Yamanouchi-Horie’s 
data?» based on the atomic fine structure 
analysis, respectively. If we now use the 
Slater-type z orbital employed in our paper 
instead of the Hartree’s one, we have 60 per- 
cent of the observed value. According to 
Miller, Townes, and Kotani?, the agreement 
with the experiment may be improved by a 
few percent, if the overlapping of atomic or- 
bitals is taken into account. 

Kleiner?» also calculated <P,/7*> and <?(0)> 
by the use of Meckler’s wave function». He 
found that the calculated value of <P,/7*> is 
almost determined by configuration A of Table 
IV, which, however, afforded only 27 percent 
of the observed value. Kleiner showed, how- 
ever, that if the Hartree-Fock AO’s were 
adopted instead of the Gaussian-type AO’s in 


(45) 


calculating the integral [ret J rade, this re- 


a 


sult could be improved to 85-90 percent of the 
observed value. The inclusion of the remain- 
ing eight configurations did not alter the 
matter seriously and rather made the agree- 
ment worse. The value of <¢2(0)> found by 
Kleiner using Meckler’s wave function was 
too small to explain the experiment. If the 
Hartree-Fock AO’s were used instead of the 
Gaussian-type orbitals, the result was improved 
appreciably, but still accounted only for at 
most one percent of the observed value (<#~?(0)> 
<0.001). 

Since the previous calculations are only a 
rough estimation or based on the Gaussian- 
type AO’s we have tried to study these quanti- 
ties again with the use of the wave functions 
described in Section 4. The results of calcu- 
lations are summarized in Table XI. 

The differences between the values of <P,/7*> 
calculated by various approximations are rather 
small and indeed most of the contribution to 
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this quantity comes from configuration A. 
More precisely speaking, the values of <P;/7*>, 
imiCasesjol)3;'4, By6y12; 14) 15pand Lescome 
solely from unpaired z,* and z,~ electrons and 
coincide with one another. This situation does 
not change appreciably for the other cases, in 
which the mixing of the configurations with 
the unpaired orbitals different from those of 
configuration A is taken into account. The 
value of <P,/7*> obtained is about 65 percent 
of the observed one and the difference from 
60 percent estimated by the single atom ap- 
proximation (45) is due to the overlapping of 
orbitals. If we assume that the overlapping 
effect can be taken into account by multiplying 
the factor 65/60 to the results of the single 
atom approximation, Miller, Townes, and 
Kotani’s values are improved to 77 and 85 
percent from 71 and 78 percent, respectively. 
These values are a little smaller than that 
estimated by Kleiner. The remaining discre- 
pancy of about 15% might be expected to 
result from contraction of z orbitals in a 
molecule due to the molecular formation. 
Then it requires the change of the orbital 
exponent 0, from 2.283 to 2.410, and it seems 
difficult energetically to explain the change of 
0, of this magnitude. We might well expect 
another possiblity of eliminating this discre- 
pancy on the fact that the ground state of O, 
is half-ionic in character and the orbitals in 
the positive ion O* will probably contract 
compared with those in neutral atom O, even 
if embedded in the molecule. A rough esti- 
mation of this effect shows that the discrep- 
ancy can be reduced to 5%. 

The situation is quite different for the case 
of <f2(0)>. We can see in Table XI that 
<~2(0))=0 except Cases 8 and 10. This is 
because there is no unpaired o orbital in all 
the configurations except F:, F3, J;, Mz, and M; 
of Table IV. The value obtained by the p 
electron configurational wave function (Case 
8) which includes only F, and F; among the 
above five configurations, is far smaller than 
that observed and agrees in its order of magni- 
tude with the Kleiner’s estimation. On the 
other hand the fifteen configurational wave 
function (Case 10) gives a quite satisfactory 
result. In Table XII, the contributions of 
each configuration and of their cross terms are 
shown. From this table we can see that the 
cross terms with the main configuration A give 
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an important contribution. A similar fact 
found also by Abragam, Horowitz, and Price 
in connection with a similar problem concer 
ing a paramagnetic ion. Further we can Si 
that the contribution of configurations F, ar 
F; is small compared with that of J; and 
in spite of the fact that the coefficients } 
them in the fifteen configurational wave fun 
tion are almost comparable. However this cz 
be explained as follows. Since the values ¢ 
the nodeless Slater-type 2s and 2p orbita 
vanish at the nucleus, the values of Schmid 
OMO’s at the nucleus are mainly due to tk 
1s orbital involved in them. Then from t 
coefficients of Schmidt-OMO’s (3), we can ex 
pect that |o2~(0)| and |o2g(0)| are much larg 
than |o2,(0)| and |o3u(0)|. Since, however, un 
paired o orbitals considered are d3g and o3~ 1 
F, and F3, while they are oy and oz, in jd 
and oy and o3. in M3, the above situation i 
what should be so. Thus we can see that fo: 


Table XII. Numerical details of calculation o1 
<¢2(0)> (values of c¢,2<¢2(0)>4; and 2¢;¢;<¢2(0)>s, 
G@>7))” 


Case 8 


yy Case 10 
7) ae 
Slater H-F» Slater H-F») 

AJs i (0212839 0.11401 
FiF; 0.00188 0.00166 0.00164 0.00145 
F.F, 0.00051 0.00045 | 0.00027 0.00024 
F3F3 0.00009 0.00008 | 0.00009 0.00008 
HJ3 | 0.00008 0.00006 
JiJs 0.05838 0.05202 
JsJs 0.00520 0.00463 
M.M3 | —0.00070 —0.00063 
M.My, | 0.00074 0.00067 
M3M3 0.00012 0.00010 
FM; 0.00068 0.00062 
F.M, —0.00027 —0.00024 
F3M, 0.00024 0.00021 
F3Ms3 0.00006 ~0.00006 
Sum | 0.0025 0.0022 0.1948 0.1732 


a) ¢;’s are the expansion coefficients given ir 
Table IV. 


b) From reference (21). 


<?7(0)>, the configurations not so importan 
for the energy, make remarkable contributions 
Hence a satisfactory agreement of our resul 
with the observed value seems a little for 
tuitous. 


In this respect it is interesting to calculati 


57) 


—— 


\2°(0)> by. using some other suitable AO’s 
tian the Slater’s ones. We adopt here the 
partree-Fock (H-F) AO’s? which are likely to 
ve a more reliable result of <#?(0)> than the 
jlater’s ones. It is difficult, however, to con- 


(b) 


lectron configurational and fifteen configu- 
ational wave functions are at first written 
1 terms of the values of the orthogonalized 


later’s AO’s, Is, 2s, and 2po0 at the nucleus 


onsidered, which are then replaced by those of 
he corresponding H-F AO’s. This procedure 
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struct the wave function built from the H-F 
AO’s including the CI, by carring out a varia- 
tional calculation. Accordingly a simplified 
calculation is attempted here. Namely, the 
expressions for <#?(0)> associated with the p 


D A 
ae 
Se If 
24. 28° 30 36 40 


Fig. 4. Comparison of normalized Slater type 
radial functions R(28) and R(2px) used in this 
paper with the corresponding Hartree-Fock 
functions. A:R(28) of Hartree-Fock, B:R(28) 
of Slater, C:R(2p) of Hartree-Fock, D:R(2p) 
of Slater. 7 is measured in a.u. 


may be justified, provided that coefficients of 
the configurational wave functions and the 
values of the overlapping integrals between 
the AO’s do not change appreciably for the 
case of the H-F AO’s from the case of the 
Slater’s AO’s. The values of <2(0)> calcu- 
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lated by the method just explained are 0.0022 
and 0.1732 for the p electron configurational 
and fifteen configurational wave functions, re- 
spectively, while the corresponding values ob- 
tained previously are 0.0025 and 0.1948. The 
reason for this good agreement of the values 
obtained by the different methods is that the 


values of the Slater’s 2s AO and the H-F 2s 
AO are not so different even in the neigh- 
bourhood of the nucleus. This situation can 
be seen from Fig. 4, where the radial parts of 
the H-F and Slater’s AO’s are shown. The 
contribution to the value of <f7(0)> of each 
configuration and their cross parts is shown 
in Table XII. 


(4) Oscillator Strengths fix 
The oscillator strength fix with respect to 
the transition from a state k to an energeti- 
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Oscillator strength fir. 


cally higher level 7 is expressed, in atomic 
units, as 
fu=2/3-|(Sridul4E je , (46) 
Table XIII. 
a ) 
; I Method  (4H)u)) “#28 
—— —— Single AQ) 
*2o *2uu configuration — 0.7143 
(SCF)’ 0.5035 0.7143 
Cl(x) 0.5362 0.4950 
Cl(x—«) 0.3951 0.3303 
Obs. 0.35 
aaivie = 
TAg 1A, configuration 5269 | —0.7143 
(SCF)’ 0.5458 -—0.7143 
Obs. ~ 
3 GL Single. 0.5691 0.7143 
9 Bhs configuration , : 
(SCF)’ 0.5881 0.7143 | 
Obs. ~ 


AN b), Cc) and’ f) eicered in atomic units. 
d) by the dipole length method (Eq. (46)). 
e) by the dipole velocity method (Eq. (47)). 
f) obtained by Eq. (48). 

g) From reference (25). 


plained in the calculation of the excitation 
energies. These values are listed in Table 
XII. Column 4 shows the values of (4E)x, 
found by the calculation of the previous sec- 
tion. 1/R¢z>x and R<d/dz>x are given in 
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where (4E)x=Ex— Ey. (46) can also | 
expressed as 


Fe=2/3-|(SPael?/AE ue ; (4) 


Accordingly, in calculating fiz we may use an 
of these equations. When approximate wa 
functions are used these two equations giv 
in general, different results. The method 
calculation by (46) is called the dipole lengt 
method and that by (47) is called the dipal 
velocity method. 

Concerning the nine states of O, bonaiieae 
in this paper, neither z nor y components ¢ 
the dipole length and velocity introduce aa: 
transition, but their z components give rise ti 
the transitions *>ig- —*Diu-, 14g —1'4u, aM 
1Sg*—!D>iut, all of which correspond to t 
one electron jump zu*—7zg*. We have cale 
lated the f-values concerning these transition: 
by using four kinds of approximations, singh! 
configuration, (SCF)’, Cl(z), and Cl(z—o), ex 


Six 
R<djde>a° |———_——_——_|| Obs. | (4a 
 @ | 
Ve. i 
0:6379 | 0.872 | 0.106 0.1688 
0.6379 | 0.907 | 0.102 _ 0.1688 
0.7864 | 0.464 | 0.145 — 0.3003 
0.1806 | 0.152 | 0.010 | 0.1033 
| | 0.198) | 0.35 
~. 
~0.6379 | 0.948 | 0.097 | 0.1688 
— 0.6379 0.983 | 0.094 | 0.1688 
0.6379 1.025 | 0.090 | 0.1688 
| 
0.6379 1.059 | 0.087 | 0.1688 
| ~ ~ 
| 


columns 5 and 6. fix obtained by the dipol 
length method (46) and the dipole velocity 
method (47) are shown in the next two columns 
In the last scolumn of Table XIII are showr 
the values of <4E)>:, which have been obtainec 


957) 


‘om the following formula 


4B Du = (27 0)ux/ re : (48) 


rom this table, we can see that the configu- 
ational interaction reduces the values of <2> 
ad the corresponding fix, and that for the 
itter quantity this reduction is very remark- 
ble. The observed value of fx for *¥,- 
-85..- (Schuman- -Runge bands) was reported 
3 0.197) and this agrees well with that cal- 
alated by the use of the dipole length method 
od ClI(z-c). It is known that the similar 
‘tuation occurs in the 1A;,7—14),, transition of 
re CoH.” molecule and the !A,,—1B, transi- 
on of the C,H,” molecule. Concerning the 
ipole velocity method, we mention here that, 
nough we obtained f values of reasonable 
jagnitude by the single configuration, (SCF)’, 
nd Cl(z), Cl(z-c) makes the result, unfortu- 
ately, very wrong. The effect of the con- 
gurational interaction to 4E obtained by (48) 
5 also not so satisfactory. Further we can 
2e that f-values from the dipole length 
vethod are much larger than those from the 
elocity method. The studies on other mole- 
ules by several authors!)?®), however, show 
qat this is not always the case. 


i) Diamagnetic Second Order Zeeman Term 
Xaia 

The temperature independent part of the 
usceptibility is given as the sum of two 
arms, the paramagnetic high-frequency term 
ur and the diagmagnetic second order 
eeman term Yai. Tinkham and Strandberg’ 
stimated the value of yx-» with the use of 
ye data on the rotational magnetic moment 
f the the O, molecule and obtained (24.6+1.7) 
<10-° cm?/mol for it. aia, on the other hand, 
; given by the following formula 


Vain = —0.7922 x <7? > x 10-§.cm3/mol , 


there <*> is measured in atomic units. 
With the use of Meckler’s wave function® 
nd (49), Tinkham and Strandberg obtained 
-29.5x10-® cm3/mol as the value of Yaia, SO 
ye temperature independent part of the 
isceptibility estimated by them becomes 
—4,9-+1.7) x 10-® cm*/mol. 

Now we have calculated ysis by using the 
arious approximate wave functions considered 
1 Section 4 and the results are given in Table 
I. ain calculated by our fifteen configura- 
onal wave function together with xn esti- 


(49) 
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mated by Tinkham and Strandberg, yields the 
temperature independent part of the suscepti- 
bility of —7.3x10-®cm3/mol. This value is 
of the same order as that of Tinkham and 
Strandberg, and seems to support their inter- 
pretation that the departure of the observed 
total susceptibility from Curie’s law, found by 
Woltjer, Coppoolse, and Wiersma2”, would be 
due to the experimental error. 


(6) Polarizabilities aj; and ay 


The Hamiltonian of a molecule in the 


presence of a static field F is written down 
as follows 


= Hy+F( (50) 


728 r:) ; 
where Hy is the field free Hamiltonian of the 
molecule (4). Following the second order 
perturbation theory, the total energy E is 
expressed to the second order of F as follows 
F 
i? Sh 7 
a aE be (ie > r) 
Therefore the polarizability parallel to the 
molecular axis, @/;, and that perpendicular to 
it, a,, become 


2 
E=Ey— y (6) 


0 


10 2 nol® 

a1j=2 iS ee (AAD 
(Ss 2)nol* 

Ape py lg aot ‘ (2) 


In order to calculate a by means of Eq. (52), 
we have to know, in advance, the exact energy 
values and the corresponding wave functions 
of all the eigenstates of A. Therefore, the 
straightforward application of Eq. (52) is 
practically impossible. Hence we have here 
tried an approximate calculation by taking 
into account only the nine states of O, con- 
sidered in Section 5 and using the eigenvalues 
and the eigen-functions obtained there by the 
various approximations. The values of the 
polarizabilities calculated by this procedure 
are listed in the column indicated by “ per- 
turbation ” in Table XIV. The observed values 
are also added in the same table.*? From 
this table we see that a; decreases appreci- 
ably by introducing the CI. Further from 
the fact that a,,; of ClI(z-o) is very small 
compared with the observed value and all the 
calculated values of a@, vanish, it seems 
necessary to take into account other states 
besides the above mentioned nine states. In 
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Table XIV. Polarizabilities (in a. u.) 


Pertarbation®) erent iS aporerinanonee! 
SF he Ag age a(N=16) a(N=12) (N=6) | a 
. . Lew iar 
Hed sleeteties 11.140 0.995 15.634 20.548 11.195 
(SCF)’ 10.720 0.888 12-464, 9 165368) e195, 
CI(x) 4.835 0.824 10.716 14.044 4.996 | 
CI(x-c) 2.922 0.661 6.908 9.017 7.638 | 
Obs. 1529 
ms Bonnets 0 0.889 3.323 4.311 8.157 
(SCE)? 0 Deri «| 3.378 4.396 8.157 
CI(x) 0 0.888 | 3.314 4.298 8.105 
Cl(x-o) 0 0.894 3.358 4.356 1.133 
Obs. 8.2 
Bl Seer eqeual Goyrand Gay 
b) See Eqs. (54) and (55). 
c) From reference (30). 
order to investigate this situation, we estimated lah 4 L{( Se) boo]? 65. 
the values of (4E),, and (4£), defined by the N Fi 


relations 


eno Zi)? tool » 


aE (53.1) 


ay=2 


mea) tool (53.2) 


a= i 


(4B). 
using the observed values of a; and a,, and 
the calculated values of CS Zi)*}oo| and 


l{(> zi)}00]. These values of (4£)’s represent 
4 


some average values of the energy denomina- 
tors (F,—E)) of Eq. (52), and suggest that we 
must take into account excited levels higher 
than the ground state at least by these amounts. 
In Table XIV are listed these calculated values. 
The polarizabilities can be derived also by 
variational treatment. In fact, the simplest 
method along this line was given by Kirk- 
wood*)), The perturbed wave function adopted 
is 
i 
| 


where @ is a parameter to be determined by 
the energy minimum condition, and @) is the 
eigenfunction of the unperturbed Hamiltonian 
Hy. By picking up the coefficients of F? in 
the total energy expression, we obtain the 
following formulae for the polarizabilities, a// 
and OE 


o= Ltar(e Src) hoe, (54) 


a= CE Zi)” Sool? , 


(55.1) 


where N is the number of the electrons co: 
sidered. Thus in Kirkwood’s approximatio: 
we can calculate the polarizabilities from on) 
the knowledge of the wave function of th 
ground state. Using the wave functions : 
single configuration, (SCF) ClI(z), and Cl(z— 
for the ground state, we have calculated a 
and a, and the results are listed in tt 
column indicated by N=16 in Table XIV. Fro: 
these values we can see that 

(i) the effect of the CI on a; is appreciab: 
also here, while that on a, is not so importan 
and 

(ii) ay; and a, obtained for our best way 
function, CI(z-c), are very small compare 
with the observed values. However, this di 
crepancy may be ascribed to some extent ° 
the fcat that, in Kirkwood’s approximatio: 
each orbital involved is assumed to suffe 
a similar change governed by the same fact 
ar due to the perturbation caused by the applic 
electric field. Hence we may improve Kir] 
wood’s approximation by allowing to multip! 
each orbital gy; by a different modulation fa 
tor ari. It is, however, laborious to carry ot 
this procedure strictly, and so we have aims 
to take into account this effect by omittir 
the inner shell electrons, which would be vei 
difficult to suffer any polarization. Namel 
we have applied Kirkwood’s approximation > 
(i) the twelve electrons except o1,2 and a, 


ae rons, and (ii) the six z electrons. The 
ults are shown in the column indicated by 
'=12 and 6 respectively in Table XIV. As has 


dering that Kirkwood’s approximation is 
ther crude, we may say that the agreement 
ith the experiment of the value of a, for 
A(a-c), N=12) and that of a1 for (CI(z-o), 
[=6) is satisfactory. 


Population Analysis 


‘Tn order to obtain a useful insight for the 
fave function of the molecule, Mulliken’: 3% 
eveloped a population analysis method, and 
method was already applied to N,', 
a), BH*, and H;,0%).»), We also at- 
mpted the similar analysis for the O. wave 
ictions obtained in Case 1 (single configura- 
ion), Case 7 (SCF MO), and Case 4 (w? appro- 
imation) of Section 4. For the sake of 
onvenience we introduced specific overlap 
opulations and specific AO populations in 
rthonormalized MO 


— Qh= » Ci rkXrk 
(r=a,b; k=1s, 28, 2p0, 2pn*) (56) 
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WAGE) =>, 2Ci tr nCisar es (57-1) 
n'(i)=% 1 (Uke b) (57.2) 


NSS) {ov re( Cire + 3 C1,s1Srx,e1)} 3) 
where Sien= | zrennd Then the overlap 


Table XV. Coefficients ¢;%2 in MO g;. 


(o18)g,u  (028)g,4) — (42p)q nu? 


au 0.70711 0 0 
A ~ 0.01387 0.62634 0 
03, ~0.02006  —0.15225 0.63727 
Tt 0.70711 0 0 
Coy he OLOLS 39 0.83074 0 
Osu 0.04342 0.39783 0.94154 
u 0.01075 0.75111  —0.15990 
wu! 0.00284 0.65025 —0.31435 
ul 0.01851 0.83183 0.00258 
duu’ | 0.01212 0.76669  —0.13214 
63,’ | 0.04557 0.51048 0.93222 


a) See Ee (56). 
b) See Eq. (2). 
c) See Eq. (30). 


population (Zz) and the gross AO population 
N(i; k) in each orbital and the total overlap 


population #” are given by 


n' (a; 282, 285) 


n'(i; 28 , 2pa») 
+(a--b) 


Table XVI. Specific overlap populations »/(¢; k, 1) 


{ | 
B | n'G; 184,18) | Cs 184, 280) es 16a, ;. 2pav) 
‘a1, | 0.00000 0 0 
“a, | 0.00000 —0.00077 0 
3, | 0.00000 0.00027 —0.00188 
‘om 0.00000 0 | 0 
ay 0.00000 —0.00135 0 
“G3, | 0.00000 —0.00153 — 0.00601 
lo, 0.00000 0.00073 0.00002 
2s, | 0.00000 | —0.00158 — 0.00078 
3s, , 0.00000 0.00035 | —0.00113 
lo, | 0.00000 —0.00089 — 0.00048 
26, 0.00000 — 0.00007 0.00003 
30, 0.00000 —0.00193 — 0.00556 
U 0.00000 —0.00072 0.00025 
0.00000 ~ 0.00082 0.00024 
0.00000 — 0.00206 — 0.00625 


0 
0.21577 
0.01275 

0 

— 0.37958 
— 0.08705 

0.00010 

0.17503 

0.05342 
—0.00011 
— 0.30938 
—0.15714 
—0.31030 
— 0.32330 
— 0.14333 


0 

0 
—0.11849 

0 

0 
— 0.45744 
0.00000 
0.11551 
—0.23400 
— 0.00008 
0.14811 
— 0.60546 
0.14667 
0.12372 


— 0.58116 


be baal 
| 0.24796 
0 
0 
| 0.54127 
0.00000 
0.01717 
0.23080 
—0.00001 
| ~0.01597 
| ~0.52530 
| 0.01561 
— 0.01066 
~ 0.53061 


wa; 2pnz, 


2p) 


0.12379 
—0.16452 


730 M: Kotani, Y. MIZUNO, K. 
n(t)= N(a)n'(2) , (58.1) 
NG; k)=N@)N'(; R), (58.2) 
and 
=> nt) , (58.3) 
respectively. 


The coefficients in Eq. (56) are summarized 
in Table V and Table XV. The values of 
various populations obtained by using these 
values of ci,,« are listed in Tables XVI-XVIII. 


Table XVII. Specific gross AO populations N’/(i; k)® 
and specific overlap populations 7/(7)») in each 
orbital. 


i | NUG,1s) N(i:28) N(i;2po) n'(4) 
oxy 1 0 0 0.00000 
Org 0 1 0.21501 
O37 0 0 1 0. 14061 
Su il 0 0 0.00000 
oon 0 1 0 ~ 0.38094 
O3u 0 0 1 —1.09330 
log 0.99925 0.00074 0.00001 0.00085 
254 0.00082 0.86842 0.13076 0.30535 
3a, | —0.00007 0.13084 0.86923 0.04944 
loy 1.00044 —0.00019 ~—0.00025 | —0.00157 
2o¢y% | —0.00002 0.88962 0.11040 | —0.17728 
36, | —0.00042 0.11057 0.88985 | —1.29539 
UW 0 0.89101 0.10899 | —0.17970 
Oy," 0 0.91376 0.08624 | —0.21083 
03," 0 0.08624 0.91376 | —1.26340 
nt 0.12379 
ne —0.16452 
a See Bq. (57.3) 
b) See Eq. (57.2). 

The amounts of s-p promotion obtained by the 


population analysis method for the wave func- 
tions of single configuration, SCF, and w? ap- 
roximations, together with the total overlap 
populations ” are listed in Table XIX. The 
corresponding values of the N., CO, and BH 
mclecules are also shown in the same table. 
From this table we can see that 

(i) the charge distribution is nearly the 
same for SCF and w? wave functions, 

(ii) the values of 2 for SCF and uw? wave 
functions are much larger than that for the 
single configurational wave function, which 
manifests well that the bonding power in- 
creases due to s-p promotion, and 

(iii) the amount of s-p promotion for O, is 


KAYAMA and E. ISHIGURO (Vol. 
smaller than that for Nz, as is usually 
posed. | 
Next we have examined the relation ss 
gested by Mulliken*” 
salle pe 

att 


Ri—Ro 


Sales 


( 


Table XVIII. Occupation numbers N(?), over 
populations 2(7)® in each orbital, and 2/(7)/7. 
1). Single configuration (Case 1). 


a | NG) n(t) n'(t)/n 
iy 2 0.00000 0.0000 
Gay 2 0.43002 1.8620 
tag 2 0.28122 1, 2197 
rir 2 0.00000 0.0000 
Gi, 2 —0.76188 ~3.2990 
O3u 0 0 | 9.4683 
nu 4 0.49514 1.0720 
ny 2 — 0.32903 —1.4247 
2). u approximation (Case 4). 

4 shat INGA) n(i) n'(i)/n 
de 2 0.00000 0.00000 
dae 2 0.43002 0.41512 
Gay 2 0.28122 0.27147 
ae 2 0.00000 0.00000 
wu 2 — 0.35940 ~0.34694 
Ra 4 0.49514 0.23899 
n> 2 — 0.32903 — 0.31763 
3). LCAO SCF (Case 6). 

i | N@ n(i) n'(a)in 
log 2 0.00170 0.00164 
26,4 2 0.61070 0.58756 
3ay 2 0.09888 0.09513 
low 2 —0.00314 —0.00302 
2ecuiw.0 2 — 0.35456 ~0.34113 
30x | 0 0 — 2.49262 
Tu n.0'4 0.49514 0.23819 
rg lamin — 0.32903 ~ 0.31656 

| = 
a) See Eq. (58.1). 


See Eqs. (57.2) and (58.2). 


Here 2 and Ry are respectively the total ov 
lap population and the equiliblium internuclk 
distance in the O, ground state, and m% < 
Ri. are those in the excited or ionized stat 
Here it is worth while to note that the re 
tion (59) tells us the equiliblium internucl 


able XIX. Total overlap populations n® and s-p 


promotion in percent. 


fethod Os NY CO BH® 
Bingle | » 0.11547 
onfigu- 
fation | °-P 0 
(SCF m 0.51969 1.27553 1.018 0.5204 
s-p 11.02 26.13 9.78 
Ww nm 0.51795 
s-p 10.90 
Mes) | m 0.38562 
{ s-p 8.57 


- — es oe — 
a) See Eq. (58.3). 

b) From reference (lc). 

c) From reference (32). 

d) From reference (35). 


istances of all the states with the same orbital 
ssignment to be equal, although this state- 
yent can also be derived by only assuming 
ae (SCF) approximation to be valid for all 
aese states. In Table XX are shown the ex- 
erimental values of (R:i—R))/Ry and the 
alues of (7%%—%)/m) calculated by using the 
SCF’ wave functions. From this table we 
nd the relation (59) to hold satisfactorily. 
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Finally we wish to investigate the electron 
distribution in the wave function obtained in 
Case 9 of Section 4 (CI(z-c)). For this purpose, 
we have applied the population analysis method 
to the natural orbitals g;’36), which are con- 
structed by diagonalizing the one electron 
density materix in the following way, 


Hab |orodedes + dey=De4(I) Hs (0) 
= Seit(DN@e'(), 


where su; is the matrix element of (1) for 
Schmidt-OMO’s gi(1), and ¢;’(1) and N(¢) are 
respectively the eigenfunction and the eigen- 
value. From Eq. (60), Miz) may be taken as the 
effective number of electron occupying natural 
orbital g;’(1). The natural orbitals for the wave 
function of CI(z-oc) are the same as Schmidt- 
OMO (3) except the higher two o. orbitals which 
are here designated as o,,, and o,,,. The coeffi- 
cients Ci,rx in oj, and o,, are listed in Table 
XV. The various populations in these orbitals 
are given in Tables XVI, XVII, and XXI. The 
amount of s-p promotion and the total overlap 
population 2 in ClI(z-c) wave function were 
calculated by using the natural orbitals and 
the results are shown in Table XIX. From 


(60) 


Fable XX. Comparison between values of (7%—® )/7%9 calculated by (SCF)’ and experimental values of 


| 2 Fee — Fo)/Ro. : 


ke ee oe | Remarks 

Ox Ce 9) 0.09513 0.119 one o3, electron in >); (Oz) being ionized. 

OF (4771) 0.23819 0.288 one x, electron in #>)7 (Oz) being ionized. 

OF (Iq) —0.31656 -—0.140 one xZ electron in *3)7 (O2) being ionized. 

O, Gdn) | 0.55475 0.648 one electron in *3)7 (O,) being excited from nj to x% . 
Oy Qa) | 0.55475 0.541 one electron in *>)7 (Oz) being excited from na to ieee 
O; @>);,) 0.55475 0.645 one electron in #3), (Oz) being excited from nt to ne : 
aap) | 0 0.026 same orbital assignment. 

O, (4y) | 0 0.013 same orbital assignment. 


) See Eq. (59). 


equiliblium internuclear distance calculated by 
ASMO wave function, 0.850A (0.732A)?, with 
that by ASMO CI wave function, 0.884A 
(0.7504)%®); the values within parenthesis being 
those found by taking into account the screen- 
ing effect. 


lis table, we can see that the value of 7 is 
maller in this case than in SCF case. Thus 
re find that electron correlation decreases the 
onding power. It is interesting to notice 
ere that we can expect the similar situation 
Iso in the H, molecule by comparing the 


732 


Table XXI. Occupation numbers M(i), gross AO populations N(¢; k), and overlap 
populations 7(z)») in each orbital, for the case of five dimensional configurational 


interaction ClI(x-0) (Case 9). 


M. Koran, Y. Mizuno, K. KAYAMA and E. ISHIGURO 


(Vol| 


§ 8. Summary 

The results of our calculations hitherto made 
are compared with the observations in Table 
XXII by taking the ratio of the computed to 


observed values. 


A) See Eqs. (58.2) and (57.3). 
b) See Eqs. (58.1) and (57.2). 


3.82854 


From this table, it is seen 


that all the results of the single configuration 
theory, except the f value calculated by the 


oda aod CH NG; 1s)  N(, 28) Ni; 2po) | 
aa 2 Z 0 0 0.00000 
asi 2 0 2 0 0.43002 

ae 1.96608 0 0 1.96608 0.27645 
état 2 2 0 0 0.00000 

aon! 1.99770 0 1.82542 0.17228 — 0.42118 

a5u! 0.03622 0 0.00312 0.03310 — 0.04576 

nt 3.93056 0.48654 

ni 2.06944 — 0.34045 
Sum | 16 4 2.17146 0.38562 


well though not fully, taking into acca 
the mixing of a relatively small number 
Especially satisfactory res: 


configurations. 


are obtained for <#0)> and for f ve 
calculated by the dipole length method. 
By examining the CI(z-0) wave functia 


Table XXII. Ratio of computed to observed value of each molecular quantity. 


A). Total energy H, De, Q, <P./r3>, and <¢2(0)> of ground state.®) 


Case E De QD <Pi/r> <¥2(0)> 
1 (A) 0.9907 =0.27 " 0,19 “orem 0 
2 x«-Cl 0.9910 0.01 —0.06 0.633 0) 
3 (ALI) 0.9912 0.16 210-1 0,644 0 
4 uw 0.9912 0.14 2s 0.644 0) 
5. t/a” 0.9912 0.16 2.10 0.644 0 
6 SCF 0.9912 0.16 2.14 0.644 0 
7 (A+F)) 0.9913 0.20 —0.16 0.640 0 
8 p-Cl 0.9915 0.40 -0.26 0.682 "Sr ye 
9 5dim 0.9919 0.67 Wess 0.639 0 
10 15 dim | 0.9919 0.71 1.87 0.651 eee 
iE (806) | 0.9897 —1.09 OFS 0.590 0 
12 (¢-HL, x-MO) 0.9900 — (0°87 —0.33 0.644 0 
13 (x-HL, o-MO) 0.9904 —0.49 0.46 0.590 0) 
14 (o(s-p hybrid.)-HL, x-MO) 0.9907 —0.28 255 064d 0 
15 (¢-SO, n-MO) | 0.9909 —0.10 —0.20 0.644 0 
16 (A’) 0.9932 Las —3.72 0.644 0 
a) See Table XI. 
b) In this column are listed the values found by taking Qobs. = —0.82. 
Cc) 


The values within parenthesis are those obtained by using the H-F' orbital. See 
also subsection (3) of § 6. 
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0.755 0.683 


Table XXII. (continued) 
B). Excitation energies from the ground state of Oh, Dac 
| = 
PY OD; ) OF CIT x) OF (Au) OF CUI q) 0.0 > 2) 
— = = = pwd — 2 SS ee = 
ae ae eee =— a: 
Single 
configuration 0.807 0.812 0.614 0.806 1.387 
GIGIN)/ 0.884 0.894 0.700 0.880 1.441 
Cl(x) il layers 
Cl(x-c) Si 
O22 D7) O.0 Da) On dG) O2(14,) O23 23)” 
Single 0.455 ; pa nore vr ee 
Conhioucation .455 0.402 1.817 Lous 0.483 
(SCE) 0.524 0.468 1.817 IE 0.483 
Cl(x) | 0.642 0.581 0.871 0.780 0.860 
Cl(x-o) | 1.216 1.144 


0.296 


a) From Eq. (48) 


C). fu of transition from 3>(7 to Di, , a/;, and a. .») 


Six Sik a// a// 
(length) (velocity) Perturb. Kirkwood (N=12) 
See 4.59 0.558 0.701 ; o = 
configuration } : ‘ g 
(Gein 4.77 0.537 0.674 1.029 
Cl (x) 2.44 0.763 0.304 0.883 
ClI(x-a) 0.80 0.053 0.184 0.567 
Qa// (eae aL AL > 
Kirkwood (N=6) Perturb. Kirkwood (V=12) Kirkwoord(N=6) 
single 0.704 0 0.526 0.995 
configuration é i ; 
(SCF)! 0.704 0 0.536 0.995 
CI(r) 0.314 0 0.524 0.988 
ClI(x-a) 0.480 0 0.531 0.992 


a) See Table XIII. 
b) See Table XIV. 


one can see that the interatomic correlation 
among valence electrons, above all among z 
and o electrons, plays an important role in 
the present ASMO CI treatment. 

Further from this table, one can see that 
the MO approach yields better results than 
the HL one in so far as the total energy is 
concerned (compare Case I with Cases 11, 12, 
and 13). 

These interesting results, will be discussed* 
in Part III of this series of papers, for various 


A brief account of the last topic was already 
given in the Progress Report No. 6 of our research 


* 


group. 


diatomic molecules in a summarized form. 
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Appendix 1. Some Matrix Elements H;; (¢=A, jJ=A,B,>:--) 


We shall list for each state the formulae for the diagonal elements of the Hamiltonia: 
matrix for the main configurational wave function, relative to that of the ground state of Oz; 


Hs So)=EEth+ => Ch)+ (E ECM, DK, j) 


+E E 2Mb, Kb, Oh (Mra) — Keres ty Yh + 


(2=o19, O1u, S29, O2u, O39, Tu*, and Tg* OY Tq~) 


(j, R2<Tg* ; a=T,*) 


State Ty x 
O33) 97) 0 
O.(14,) K(tq*7q-) 


OCS) 2K(etn-) 

Os0Zu*) af — Ext) + Sea", 0") — Jota", rut) + K (tty, to) 4 1K ty", hu") 
+3K(19*, Tu )AL{(g*Hq~|u-u*) + (gt ru" |79* 7 u*)} 

O23 diu*) (Ext —Ent)+J(tq*, %9*)—J(q+, rut) +K(19*, %9-)—3K (709+, Tu7) 


+3K(74*, Tu) {(1g*7g~ |y-Tu*) —(tg*ru* |7gtu*)} 


0234.) (Ex¢ — End) +I t0*, o*)—I reg", rut) +.K(teg*, y-) + 4.K (tq*, Team) (A.1) 
—3K(i9"*, mu*) 

O2(14u) (Ext Ext) +J(z09*, Tq*)—J(%g*, Zut)+ K(x", Tq )+2K(79*, 77) 
+ 2K (79*, mu*) 

O.*(71T,) —E,# 

O.*(4Tu) —é,+— 2K (19%, Hu) —4K(109*, u*) 

O2*(?/T«) Ege +K(1g*, Tu-)—3.K(r9*, mu*)+ 3K (t9", ryt 


0,*(4>%07) € 639 —K (039, To*) 


in the above 


(outhlen)= [vet h?, dv : h=— 74-( 8 +7) 
hi=(gi|h|¢2) 
(GiP 5|PxG.) = forote)! (1) gi(2) dv,dv, 
12 

Jk, 1) =(gxgi\geg.) (Coulomb integral) 

Kh, 1) =(¢x¢| ex) (Exchange integral) 
Es= hy t+ DK2(k, )—Kk, D}+AT2(a, D-Ka,j)} (Gi, keemg*, a= r4*) 
Ea= Mit S{2Ik, a)—kk, @)}+{J(b, a)—K(b, a)} (a, b= 7+, kxctg*) , 

and g:’s mean Schmidt-OMO’s (3). &)’s and &,’s may be taken as the orbital energies. 


Next we shall list for each state the non-diagonal elements: between the main configuration 
and the configurations considered in the present CI calculation. 


. 


i i a Ey Fmd ae 


ee 
Ay3= (6390 3u| F3903u) 
Aac= (gt7u*| Tg Tu )—( yt y- 7g" Ty*) 


Ayn=0 


Ay, =0 
May, = iV? (F3u7u*|O3u7u-) 
Figr, — —2(63903u|7g*7u*) + (Os97g* |O3u7u~) 


Har,=(6397%9*| Ogu7tu-) 
Aap, = mye (O3q7g*| O3uTu-) 


Aun= (62u03u|C2u03u) 


Fixs,=V 2 {(G2u|h| osu) +2(Gou03u|79*79*) F4(O2n6 3u| ut Tu) + (F2uF3u|F2uF2u) 
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+2(62u03u|639039) +2(6 216 3u| 629529) +2(G2u03u| 01nd u) 


+2(62u 5301019919) — (Gout g*|surtg~)—2(Gyuttu*|OguTu-—) 


~ (439920 F3053u) —(42962u| 020030) (1ub2u!01u03u)—(41920)01905u)} 


F143, =2(Goutg* |o3u7tg~) 

A= (62903u|F2g03u) 

iy, = —2(62903u|79*u*)+(Cxg7tqt O3uTy~) 
Aun= —(G2g7g* |Ozu7tu7) 

Hau,=V 2 (6297%9* |ozuttu-) 

Hyo,=—V 2 (F2903u|F3903u) 


8S aut 
Ay3= (63963u|03903u) 


—2(63903ulttg*u*) + (6397 u* |63u7g~) 
Ay, = 01=0 


—2(03903u| 79 *7u*) + (0397 g* |O3u7u-) 
Fay, = O"1=0 


Far, =V 2 {(G2u|h|o3u)+3(62u03u|29t 79") +3(62u03u|7u*7u*) + (G2 2u| F210 3u) 


a 2(2u03u | 039039) + 2(62u03u F290 2g) si 2(C2u03u O1u01w) 


+2(63u62u|019019) — 8(G2u7tq* |Oguttg~) — 2(S2uTu*|ozu7u-) 


ug" 


Ay= (2g*tu*|7g~ u-)+ (%q*7u-|%g-Tu*) 


(35 

(A.2) 
(for *S)u7) 
(or #3377) 
(fort uw 
for *Siu* 

(for ?>1u*) (A.3) 

— (399 2u|43953u)— (F299 2u| 29430) —(F1uF2u|F I 3u)—(0 1962015 95u)} . 
Le 
7 3= (03903u|03903u) | (A.6) 
f1,=H 41,0 du*) 


Fy = (63903u| 039030) 


(A.4) 


TAKS = —2(63903u|7g*7u*) + (6397g*|O3uTu™) 
Flay, =Aa;,P D007) 
14, 


Fm (eet | 
Fp = (63903u|03903u) 

Fg, =2(63903u| 794 2u*) —(Ogg7%g* |Osurtu) 
A y3=AA3,C D9") 


(A.5) 
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Hartree-Fock Values of Diamagnetic 
Susceptibilities of Neon-like Ions* 


By Shigehiro KOBAYASHI 


Department of Physics, Kagawa University, 
Takamatsu 


(Received March 25, 1957) 


On the basis of the Thomas-Fermi-Dirac (TFD) 
model Thomas and Umeda! have recently investi- 
gated the dependence on degree of ionization of 
the molar diamagnetic susceptibilities %»p by cal- 
culating these for the neutral atom as well as 
positive ions up to quadruply ionized, all homo- 
logous to inert gases. 

It may be of some interest to compare this 
result with that based on the Hartree-Fock (HF) 
method. We have done it for neon-homologue for 
which alone the HF fields are known at present 
up to quadruple ionization, by calculating anew 
the values of X%ur for F-, Al*+ and Sit+. For 
completeness the values for Ne, Na+ and Mg?+ 
were also recalculated more accurately than hith- 
erto. The results are given in Table I. 

Since neon-homologue has not sufficient number 
of electrons to make the statistical treatment valid, 


Table I. Molar diamagnetic susceptibility 
y in unit of 10-§ cm%. 

Ioni- — aR 
Ion Zao —| —%rrp 

degree as 2e © Zpw|* Total 
He —1/9 | 0.066 2.21; 14.803) 17.08 
Ne 0 0.053 1.755 6.243) 8.064 | 14.33 
Na+ W/11 |\0'.044 1.159, 3.883) 5.085 | 7.83 
Mg?t+ 1/6 | 0.036 0.908 2.79) 3.74¢ | 5.24 
AG+ | 3/13 | 0.031 0.724 2.12) 2.88 | 3.81 
Sift 2/7 |0.026 0.594 1.67.; 2.29 2.92 


a: previously 8.8 by P. Gombas®) 
b: previously 5.7 by P. Gombas?) and 4.9 by D. 
R. Hartree and W. Hartree?) 
c: previously the same value by W. J. Yost” 
Note: These three values of a and b are not in 
favor to the smooth dependence of x on 
the degree of ionization. 


there are some deviations between %qr and Xprp 
which decrease, however, with the increasing de- 
gree of ionization, as seen from Fig. 1. This can 
be reasoned from the fact that the higher ioniza- 
tion causes the larger electron density due to 
stronger contraction of the electron cloud. 


HX X 10° cm? 


a 


Fig, 1 


Thomas & Umeda 


Kobayashi 


Gombas 
Hartree | 


>» FTO ce 


ionization degree 


The author wishes to express his sincere thanks 
to Professor K. Umeda of Okayama University for 
his suggestion of this calculation and his kind 
guidance. 
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Beta Interaction in the Decay of Cs!" 


By Toshio KATOH, Masao NOZAWA, 
Yasukazu YOSHIZAWA 
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and Yujiro KOH 
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(Received April 5, 1957) 


Recently it has been said that the ratio of 
|Gs/Gr| in beta interaction is close to one.) Its 
sign, however, has not been determined, though some 
attempts have been done.2)»%) The present paper 
concerns a trial for this problem, investigating 
the spectrum of the higher component of beta rays 
from Cs}87, 

A two directional focusing beta ray spectrometer 
of mushroom type with the mean radius of 40cm 
was used. Theresolution of the spectrometer was 
0.17~0.5%. It could be concluded from the mea- 
surements of P%2 and Y spectra that the distortion 
due to the spectrometer was negligible. The 
thickness of the source was about 0.2 mg/cm2. 


Fig. 1. The experimental and theoretical correc- 
tion factors of the higher component of beta 
rays. Points show experimental values, 
N/(Bof@?) in arbitrary ordinate axis. The values 
in Figure indicate Y. Curves are theoretical 
ones normalized at 2.6mc?, and for each Y, 
parameters except Y were selected to fit them 
to experimental points. 


The experimental results and the calculated cor- 
rection factors of the higher component of beta 
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rays are shown in Fig. 1. This spectrum was 
analysed in the following ways. First, measured 
spins and estimated parities of the ground states of 
Cs187 and Ba!37 were to be reliable, i.e., the higher 
component was analysed on the basis of the second 
forbidden transition AJ=2, no parity change. Sec- 
ond, the linear combination of the scalar and tensor 
interactions was used. Third, the maximum energy 
of the higher component, 1176+2 kev, was taken 
to be the sum of precisely measured gamma ray 
energy, 662kev, and the maximum energy of the 
lower component, 514+2kev, which was observed 
in our experiment 

It was the important feature that this spectrum 
became a straight line in the Kurie plot using the 
correction factor C=g? within the experimental 
error, where g was the momentum of neutrino. 

When the lower component was analysed, this 
correction factor was used to subtract the higher 
component from the total spectrum and was obtained 
the straight corrected Kurie plot of the lower com- 
ponent using unique first forbidden correction factor. 
The branching ratio of the lower and the higher 
component was 92.4/7.6 which agreed with the 
result of Langer and Moffat.) 

We tried to determine the value of Y=(iGsR;;) 
/(GrTij) in the approximate formula for the correc- 
tion factor of Konopinski and Uhlenbeck.5) The 
experimental correction factor was found to agree 
with the theoretical one in the region 2> Y>0, 
but was not in the region Y <0. Assuming the 
time reversal property and the single particle 
model approximation, Rj;/Ti;=7/28) in the case of 
Cs87. Then Y=—Gs/2Gr, and Y=+0.5 was rather 
good as shown in Fig. 1, whereby |Gs/Gr|=1. It 
was concluded that the negative sign of Gs/Grz 
was better than another, as Morita, Fujita and 
Yamada*) had pointed out. Details of experiments 
and discussions will be published in near future. 
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Intermolecular Free Length in Liquids 
in Relation to Sound Velocity 


By Otohiko Nomoto 


Kobayasi Institute of Physical Research, 
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(Received March 29, 1957) 


Jacobson) has found an empirical relation 
B=kL»Y (1) 
(k and p=constants, slightly dependent on tem- 
perature) between the compressibility (adiabatic or 


isothermal) @ and the intermolecular free length 
ZL of the organic liquids, defined by 


L=2vq/Y=2(v—)/Y , G2) 
where vg means the available volume, v the molar 
volume and vp the actual volume of the molecules 
in one mole, and Y is the total surface area of 
the molecules in one mole of the liquid, given by 

Y=(36nN 7092))/8 , (3) 
where Nr denotes the Loschmidt number. In case 
B is the adiabatic compressibility, p and k in (1) 
becomes as p=2.083 and log k=7.097 at 20°C, when 
the value of Z is determined by adopting as wv, 
the difference of the molar volumes at 20°C and 
O°K. The approximation »=2 leads to the relation 

VLo/2=const.=K (A) 
by (1). 

Explanation for this relation has been put for- 
ward by Wada”) by employing the hole-theory of 
Eyring et al.3) and giving the expression of the 
constant K as 

Kyw=(6/nN2)3(7gRT)V20-V8 , (5) 
where 7, means the ratio of the specific heats of 
the gas or vapour of the corresponding liquid, 
the universal gas constant and J the absolute 
temperature. The factor 7,}/2v-1/° being only slightly 
dependent on the various kinds of the liquids, K 
is expected to be nearly independent of the kinds 
of liquids and proportional to 7/2, as has been 
pointed out and ascertained by Wada by employing 
Jacobson’s data. 

The numerical value of the constant K calcu- 
lated by Wada, however, is about twice the ex- 
perimental value. The reason for this discrepancy 
seems to be involved in the use of Eyring’s liquid 
model for the calculation. So we performed a 
similar calculation by employing Toncks’ equation 
of state, which becomes ; 
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pVq=3RT (6) 
for liquids, where p means the pressure. The 


corresponding sound velocity is given by Kittel» 
as 


Vx=(0/ea)yAP3RT/M)I? , (7) 
where M is the molecular weight and 7; the ratio 
of the specific heats of the liquid, being equal to 
(C,»+3R)/C, in this case, where Cy is th molar 
specific heat at constant volume. The constant K 
in (4) becomes in this case as 


2vil2 
(B6nN zr) 13"! 


W2ZRTYUE , (8) 


ya 


Comparing this constant with that of Wada, we 
have 


Kx/Kw=(1/¥ 3 ral)! (v/vo)? . (9) 


Jacobson’s empirical value is K=618 at 20°C, 
and we have K/,“7 =36.1, while Wada’s value of 
K affords Kyw/7 =69, when it is assumed that 
v=90cm* and 7g=1.2. The relation (9) gives, on 
the other hand, Kx/) 7 =46, if it is assumed that 
M=fg and v/vgj—1-.25. 

Collins and Navidi® has obtained the expression 
of the sound velocity also by employing Toncks’ 
equation of state, but without employing the geo- 
metrical, assumption of the sound propagation 
model and directly from the thermodynamical equa- 
tion of the sound velocity. Expanding their ex- 
pression in terms of (v,q/v) and conserving the first 
order terms, we have as the sound velocity 


e={1-(1/3)(va/vri-D} VE , (10) 
where Vx means Kittel’s sound velocity given by 
(7). This gives the value of K given by 


= 1 
KelKw= (lv 3 rir 14 @alerr-Df, AY) 
the corresponding value of K/,“7 becoming 
Kol T =45 , 


nearly in agreement with the empirical value. 


(12) 
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On the Conducting Mechanism of Oxide 
Coated Cathode 


By Hiroyuki MIZUNO 
Matsushita Electronics Corporation Takatsuki 
(Received March 15, 1957) 


We have pointed out that the theory of Loosjes- 
Vink can be applied on the rectification theory at 
the interface of oxide cathode. Referring to this 
consideration we have studied some rectification 
properties between sleeve and coated oxide. Experi- 
mental cathodes consist of nickel circular sleeve*) 


\ mA 
log I Coon? 
A's, B's show independent experimental 
40- tubes respectively 
30 
204 
104 
o4 
-10-4 
2:04 
+ 4 1 4 40 
O 20 30 
JG, pa 1000 
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Fig. 1. Log J-1/T curves for forward direction flow. 
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Fig. 2. Log Z/T2—1/T curves for high temperatures. 


coated with oxide, and double probes embedded in 
it. Direct voltage was applied through the contact 
between sleeve and first probe, first probe and second 
probe were used to measure the currents**) and tem- 
perature was measured simultaneously by using 


* It is to be noted that the sleeve must be 
cleaned completely. If there should be oxide films 
on the surface, the rectification property was 
something curious. 

** Note: The rectifying area between sleeve 
and coating is computed by substraction of the 
contact area between probe and coating from the 
total contact area between sleeve and coating. 
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thermo-couple and micropyrometer. The difference 
between these two measured currents was taken as 
the conducting current through blocking layer. Fig. 
1 shows the logarithm of current as a function of 
(1/T) for forward direction. The curves consist of 
two regions. The one is the low temperature 
region (below 700°K) and the other is the high 
temperature region (beyond 700°K). There are 
some fluctuations according to different tubes but 
these tendencies are similar. In Fig. 2 we ploted 
log J/T? as a function of 1/T in the high temperature 
region. Fig 3 and 4 show the logarithms of the 
currents in reverse direction in low temperature 
region (< 700° K) and of current divided by J? in 
high temperature region (> 700° K) respectively. 
Contrary to the case of forward flow, the gradients 
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change with applied voltages in high temperature 
region and do not change in low temperature region. 
From these results, it can be assured that the low 
temperture conduction is attributed to the electrons 
moving through a granule to a granule, while high 
temperature conduction is attributed to electron 
gas emitted from granules. However the critical 
temperature is about 700° K, not 800° K as pointed 
by Loosjes and Vink. 
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On the Carrier Recombination through 
Nickel Impurities in Germanium 


By Jun’ichi OKADA 
Matsuda Research Laboratory, Tokyo-Shibaura 
Electric Co., Kawasaki-city, Japan 
(Received April 2, 1957) 


| 


! Several recent experiments indicate that there 
/ 


_ exist impurities which act as both recombination 
and trapping centers in germanium: examples are 
Cu, Au, Fe and Ni. These results have been 
explained by assuming that such impurities each 
introduce at least two acceptor levels whose charge 
distribution affects capture cross-sections for free 
| carriers. A proposal will be presented here that 
_ there is a temperature range where carrier recom- 
_ bination through these impurities can be interpreted 
- without above assumption. 

The samples used in this study were prepared 
by diffusing nickel into originally n-type germanium. 
This method permits us to control the concentration 
of nickel and the position of Fermi level in ger- 
manium. 

Figure 1 shows experimental results characteristic 

of high-resistivity p-type samples. Intrinsic photo- 

conductivity do and resistivity o are plotted as 
a function of temperature 7. Results indicate that 
do increases with decreasing temperature but 
saturates gradually. This fact cannot be interpreted 
by simple recombination theory”), but we can explain 
it by assuming that each nickel atom introduces 
two acceptor levels, and applying the theory of 
recombination through multiple levels of constant 
capture cross-sections.*) Rather simple explanations 
proposed here are as follows. 

Assume that, for high-resistivity nickel-doped 
germanium, there exist two independent levels, one 
(upper level) 0.3eV below the bottom of the con- 
duction band, the other (lower level) 0.22eV above 
the top of the valence band‘). In the case of 
high-resistivity p-type samples, upper level captures 
excess electrons which recombine with free holes 
through this level. Therefore, in steady state, 
Poy m4Ni-—=Anyz1N:, where jn is the rate of filling 
an empty site of upper level per unit electron 
concentration, 7»1 is the rate of emptying an oc- 
cupied site per unit hole concentration, 7 is the 
equilibrium free hole concentration, 4Ni- is the 
change of the density of electron captured in this 
level and N;, is the concentration of nickel. On 
the other hand, lower level acts as hole trapping 
centers. Thus, poy p24Not~4Ap7p2Ni, where 7 ps is 
the capture constant for holes, p2 is the free hole 
concentration when the Fermi level equals to the 
lower level and 4N2+ is the change of the density 
of empty sites in this level. In this case, we have 
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two carrier lifetimes principally determined by the 
recombination rate U at upper level which is given 
by <4AnyniN; and neutrality condition requires 
4n+4N\-=4p+aN,+. Then, if we define an 
effective lifetime c* by the equation 


T*(un+ Mp) 

=trilen+ ep {1+ (rni/7m)Ni/po}/1+Ni/p2)], (1) 

photoconductivity 4o is given by 
Ao=Anpn+ 4Ppp=Lrt*(up+bey), (2) 
where 7,,1:=1/7n1N; and LZ is the rate of excitation. 
In this expression, N; and po are obtained from 
resistivity data and » can be calculated by assum- 
ing the position of lower level. yn, and 7»: are 
determined by comparing the effective lifetimes. 
At room temperature, we have obtained, using two 
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Fig. 1. Photoconductivity and resistivity vs tem- 
perature for high-resistivity p-type Ni-doped 
sample. 


p-type samples of different concentrations of nickel, 
¥ni=0.9x10-9cm3/sec and 7»1=1.8 x 10-9 cm3/sec. 
Figure 1 also shows the 4o curve calculated from 
Eq. (2) with N;=7x104/cm’. This is in good 
agreement with the experiment. Moreover, from 
Hall coefficient measurements, we have obtained 
4p/4n ~3 for above sample at room temperature, 
while calculated value is 2.9. 

The author thanks Mr. M. Takabayashi for his 
kindness of preparing the samples. 
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Magnetic Annealing Effect 
in Iron-Nickel Ferrites 


By Yoshimichi AIlyYAMA, Hisashi SEKIZAWA 
and Shtichi IDA 
Department of Physics, Faculty of Science, 
Tokyo University, Tokyo, Japan 
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It has been shown by us’ that the magnetic 
annealing effect in iron-cobalt ferrites can well be 
accounted for by the mechanism of the directional 
short range order, which is analogous to the case 
of metallic solid solution,*) among Co?+ ions and 
cation vacancies on 16d sites of the spinel structure. 
The details will be published soon.2) One of the 
experimental facts which lead us to this conclusion 
is that the magnetic annealing effect disappears 
after the specimens have been heat-treated in a high 
vacuum and recovers again by oxidizing the speci- 
mens, and the magnitude of the uniaxial anisotropy 
depends strongly on the degree of oxidation of the 
specimens. According to the phase diagram esta- 
blished by one of the authors"), it is certain that 
the specimens after the vacuum heat-treatment are 
almost stoichiometric and the oxidation of the 
specimens means the oxidation of iron ions from 
Fe?+ to Fe’+, accompanied by the increase of 
cation vacancies in the spinel matrixes. It is pre- 
sumed that the orbital of Co?+ ion neighbouring 
a vacancy of a cation suffers the axial crystalline 
field and hence, combined with the spin-orbit 
coupling, the electronic energy of the Co?+ ion 
depends considerably on the direction of magnetiza- 
tion. According to this mechanism, every kind of 
mixed ferrites of magnetite and other ferrites are 
expected to show the magnetic annealing effect to 
some extent after appropriate oxidation heat-treat- 
ment, although the magnitude of the induced 
uniaxial anisotropy is to depend on both the 
manner of splitting of the orbital energy levels 
under the influence of the crystalline field and the 
strength of the spin-orbit coupling of the metal 
ions concerned. 

Our preliminary experiments have shown that 
the magnetic annealing is effective in Fe-Ni ferrites, 
and also in Fe-Mn and Fe-Cu ferrites to some 
extent. It seems probable that the uniaxial aniso- 
tropy of these ferrites is also induced by the above 
mechanism. In order to confirm this presumption 
in the case of Fe-Ni ferrites, the dependence of 
the magnitude of the uniaxial anisotropy on the 
concentration of vacancies, i.e. the degree of oxi- 
dation of specimens, has been studied with the 
same method as in the case of Fe-Co ferrites). 

Eight disk-shaped polycrystalline specimens, rang- 
ing in composition from Ni/(Fe+-Ni)=0,083 to 0.417, 
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were prepared by using cobalt-free carbonyl nickel 
and electrolytic iron. After prepared by sintering: 
at 1400°C under an appropriate pressure of oxygen, 
they were heated up to 1000°C in a high vacuum, 
kept for one hour and then cooled slowly to room» 
temperature. The cation-anion ratio of the speci-} 
mens at this stage is thought to be almost stoichio- 
metric. Then they were heated up to 400° in 
a high vacuum, kept ten minutes and cooled with) 
an applied magnetic field of about 5000 Oe. The 
uniaxial anisotropy constants measured after this 
treatment are shown by curve (I) in figure. Similar: 
magnetic annealing treatments from 400°C were? 
repeated four times in various atmospheres. The! 
anisotropy constants measured after each heat-: 
treatment are shown in figure by curves (2), (Spe 
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(4) and (5), respectively. The atmospheres used 
are also indicated in the figure. 

These results show that the magnitude of the 
uniaxial anisotropy of iron-nickel ferrites also 
depends essentially on the degree of oxidation of 
the specimens and the mechanism of this magnetic 
anneling effect will be the same as in the case of 
iron-cobalt ferrites. Contrary to the case of iron- 
cobalt ferrites, the magnetic annealing is ineffective 
in nickel rich specimens. It is perhaps due to the 
insufficiency of the vacancy concentration, for the 
ionization potential of Ni?+ ion is higher than that 
of Co?+ ion and the specimens were not so much 
oxidized as to have sufficient vacancies in our 
heat-treatments. 

The authors wish to express their hearty thanks 
to Prof. S. Kaya for his constant encouragement. 
The authors are also indebted to Mr. H. Yamato 
who helped them in some parts of this work. 
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7 

_ We have reported on the behavior of the mag- 
‘neticD and electrical?) anisotropies of iron sulfide 
single crystal at the a-transformation temperature 
(Ta), and are now studying it in the temperature 
Tange over the Néel point (Ty, about 330°C). 

- The thermal variation of susceptibility is shown 
in Fig. 1, in which curve 1 and 2 are results when 
an applied magnetic field H, is perpendicular and 
parallel to the c-axis of the single crystal respec- 
tively. At temperatures above the Néel point there 
still remains a small but obvious anisotropy of 
susceptibility. Oxidation of the specimen was 
carefully avoided, because even very small quanti- 
Te of oxide would disturb the measurements. 


[The results shown in Fig. 1 may be explained 
qualitatively in the following way. 
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Fig. 1. Anisotropy of magnetic susceptibility. 


As mentioned in [1] (the reference 1 will be 
denoted as [1]), the direction of antiferromagnetism 
is parallel to the c-axis at temperatures below Ta 
and is perpendicular to the c-axis at temeratures 
above Ty. On the basis of the fact that the crystal 
contracts along the c-axis as temperature rises 
through the a-transformation point, we may suppose 
that a super-exchange interaction between antiparal- 
lel spin pairs decreases and hence it causes an 
abrupt increase of susceptibility. 
After the transformation the 
energy would again increase on account of the usual 
lattice expansion and the gradual decrease of 
susceptibility follows in the temperature range 


super-exchange 
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between Ta and Ty, as seen in curve 2 in Figo 
In the same range of temperature curve 1 gradual- 
ly increases, and hence we suppose that spins in 
the c-plane take two or more different directions 
in two or more sublattices (or domains) in the c- 
plane and their components parallel to the field 
contribute to the increment of susceptibility in this 
temperature range. 

We now remark that the presence of two or more 
sublattices (or domains) is prerequisite in order to 
expain the constant susceptibility for the rotating 
measurements of [I] (curve B’ of Fig. 2), though 
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Fig. 2. Anisotropy of electrical conductivity. 


in [I] we concluded incorrectly that spins in the 
c-plane turn easily keeping themselves perpendicu- 
larly to the external field H. 

The thermal variation of electrical conductivity 
is shown in Fig. 2, in which curves 1 and 2 are 
the results when an applied electric field is 
perpendicular and parallel to the c-axis respective- 
ly. The explanation for the anisotropy of conduc- 
tion may be as follows. 

In the range of temperature below Ta an easy 
flow of current will take place along a direction 
perpendicular to the c-axis because the spins in 
this direction are arrayed in parallel with each 
other, and a hard flow will be expected along the 
c-axis because the spins in this direction are arrayed 
in antiparallel with each other. In the range of 
temperature between Ty, and Ty, the spins are 
disposed in the c-plane as mentioned above, and 
hence a flow of current along the c-axis increases 
to the same amount as a: flow along a direction 
perpendicular to the c-axis. Above the Néel point 
the electrons released from antiferromagnetic inter- 
action behave as ones in the conduction band and 
contribute to the metallic conduction as seen in 
Fig. 2. This work was partially supported by the 
Scientific Research Expenditure of the Ministry of 
Education. 
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A Density Filter Improving Aberrant 
Optical Image 


By Jumpei TSUJIUCHI 


Government Mechanical Laboratory, 
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In the image-forming optical system, the com- 
plex amplitude of the image of an axial point source 
can be calculated, apart from constant factors, as 
follows: 


U(o)=2| Tr) exp [skW(r)] Jocor) rdr, (1) 


where » and o are the normalized radial coordi- 
nates in the pupil and image plane respectively, 
T(r) the amplitude transmittivity, W(7) the wave 
aberration, and k=2rn/A, then the intensity is 


I(p)= U(e) U*(o) . (2) 

In case of the density filter attached to the 

ordinary optical system with J(r)=1, it is not 

introduced but the variation of absorption, so it is 
said that T(7) is real and positive. Taking 


T(r)= 5 (1+ c08 kW") al} (3) 
T(r) exp [tkW/(r)] in (1) can be changed into the 
summation of two terms, of which one contains 
Wr) and 6, and another contains 0 only, so it is 
expected that the effect of W(r) on the image can 
be reduced by the suitable choice of 6 value. 

We took (3) as the filter which improved the 
image formed by the aberrant system and was 
specified by the parameter 6, and studied the effect 
of this filter about the defocused system with 


Wr)=ar? . (4) 

As to the evaluation of the optical image, Strehl’s 
definition) has been used, and the definition in 
this case is obtained by setting 9=0 in (2), which 


is calculated by (3), (4) and (1), and finally we have, 
with sinc t=sin t/t, 


: it ka 1 1 
D(6)=1(0)= | sinc?) +, sine? 
(6)=T(0) 4| sinc’, F 4 Sine ka + 4 

; : k 
+sinc  (L-+sincka) cos ( a + 0) 


fe sinc ka cos (5 +8) | : >») 
2 2 
Taking dD/dd=0, the following values of 6 are 
obtained corresponding to the extremums of D(0); 


ka 


d=2nn— "5 ; (6) 


On the other hand, the transmitted flux of the 
system with this filter can be calculated, using that 
without filter as unit; 


02=01+7 . 


Notes ( 


E(6)= At {1+ cos [kar?+-6]}?2 rdr 
0 


173 _ ka, ka ) 
=o Se sinc “5 cos ( 9 +0 


+ sinc ka cos ris ++ 6) | : af 


Here we take 


ae EDO) 6 

Dj(0)= E06) eh 

as the normalized definition, and the relations f 
tween a and D, for the filters of 6; and d2 a 


shown in Fig. 1, where we find that the definiti 


amount of defocus a(A) 


Fig. 1. Strehl’s definition of defocused optice 
system with filter of 0), 62 and without filter. 


oe TT 
(B) with 01-filter 
Images of 3/44 defocused system. 


(A) without filter 
Fig. 2. 


with the suitable filter is larger than that withor 
filter, or in other words, such a filter can improy 
the aberrant image. For 2x4<a<(2n+1)A the filte 
of 0; makes the definition maximum and that « 
02 makes it mimium, whereas for (2%+1)A<a<27 
the relations become contrary. 

In order to ascertain the effect of this filter, v 
used as an appoximate filter the developed phot 
graphic plate of interferogram taken by Twyman 
lens interferometer, in which the objective to } 
tested was arranged to show the half amount « 
aberration due to defocusing, and the value of 
was adjusted by slight variation of the optical pat 
difference between two beams. 

Thus, Fig. 2 (A) shows the nearly axial imas 
formed by 34/4-defocused objective without filte 
and (B) with the filter of 6;=5n/4. The effect | 
improving the image is well recognized. 
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Angular Distribution of Proton Groups 
from the Reaction F" (d,p) F”° 
Kazuo Ono, Junji SHIMADA, Keiichi KURODA 
and Shigeya TANAKA 


Institute of Science & Technology, 
University of Tokyo 


Bromley et al® at Rochester University measured 
the angular distribution of the protons from the 
_TYeaction F! (d,p) F using 3.6 Mev. deuterons. 
| From the results they concluded that the proton 
i group from the reaction in the ground state of F2 
_was interpreted with a mixture of ln =0 and 1p =2 
stripping. After that, the same reaction was also 
_ investigated by Takemoto et al™® with 0.75-1.45 
Mev. deuterons and by Black®) with 14.3 Mev. 
"deuterons. These two results can not be available 
to determine whether F? in the ground state is 
_ formed by capturing s-neutron or not, because in 
_ Takemoto’s experiment the proton angular distribu- 
tion is nearly isotropic, and in the other one’s the 
angular distribution has been measured from 20 to 
100 degrees, which indicates only the existence of 
captured d-neutrons. 
_ Our experiments were begun in order to probe 
| the angular distribution characterized by two lp» 
; values, which were obtained by Bromley et al. So 
we measured the proton angular distribution near 
- angles of zero degree with great precautions. 
 Deuterons of energy 1.92 and 2.03 Mev. from the 
16-inch variable energy cyclotron were used to 
bombard a thin PbF, target. The out-going protons 
were detected from —10° to 160° with 100 micron 
Sakura nuclear plate. The proton group of Po 
corresponding to the F” in the ground state, and 
that of P; corresponding to the 0.65 Mev. level 
were clearly resolved. The proton angular distribu- 
tions of our experiments are shown in Fig 1. The 
group P; shows a large peak at about 60°(c.m. 
angle) and it seems to be caused by the stripping 
process of d-neutrons in good agreement with the 
results obtained hitherto. 
On the contrary, the angular distribution of Po 
shows no peak at 0° and a large peak in the bac- 
kward direction. These results at our bombarding 
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energies indicate that the reaction proceeds mostly 
by compound nucleus formation. Recently, Roches- 
ter group has repeated the previous experiment 
with the deuteron energy in the range 3.5-4.0 Mev. 
and they have obtained the same results with ours. 
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Fig. 1. Angular distribution of protons leaving 
F2® from F!9 (d,p) F®. 
We are indepted to Professor T. Muto and 


Professor H. Kumagai for valuable discussions and 
contineous encouragements. We also thank to Mr. 
Y. Wakabayashi of Konishiroku Photo Manufactur- 
ing Co. for supplying nuclear plates for us. 
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Observations have been made on the heavy fragments from stars 
produced by cosmic-rays and 6.2 BeV protons from the Bevatrons. The 
charges of the heavy fragments were determined by measuring the width 
of tracks.) The charge distribution of the heavy fragments emitted 
from silver or bromine nuclei seems approximately to decrease exponen- 
tially. The energy distributions of lithium and beryllium nearly agreed 
with the curves deduced from the evaporation model, assuming the ap- 
propriate nuclear temperatures and Coulomb barrier heights. The angular 
distributions of them were nearly isotropic. According to these results, 
the process of slow fragment emission seems to be interpreted as that 


of evaporation. 


§1. Introduction 


Studies of heavy fragments associated with 


cosmic ray stars have been made by several 


investigators.» Perkins®» analysed the heavy 
fragments, both stable and unstable, emitted 
from heavy nuclei contained in C2 and G5 
emulsions exposed at high altitude. He found 


that fragment emission might be interpreted 


cascade process in the heavy nuclei. 


in terms of an asymmetric fission process. 
Recently, Munir® reported® Li fragments 
from proton induced stars at 950 MeV, and 
found that they were ejected as part of the 
In the 
present paper we have also examined the 
fragments emitted from heavy nuclei (Ag or 
Br) of G5 emulsions exposed to cosmic rays 
in the high altitude and 6.2 BeV proton beam 
of Bevatron. 155 heavy fragments have been 
analysed from 1450 cosmic ray stars of more 
than 8 prongs. In the plates exposed to the 
Bevatron beam, 62 measurable heavy frag- 
ments have been observed in 680 stars. Distri- 
butions of charges, energies, and emission 
angles of the heavy fragments obtained from 
these two exposures were examined and in 
this paper the analysis of the relatively slow 
fragments were discussed. 


§2. Experimental Procedure 


G5 emulsions 600 microns thick were exposed 


for 3.5 hours to cosmic rays at 27,000 m in 


England* and. to 6.2 BeV proton beam of the 
Berkeley Bevatron.** As the emulsion con- 
tains several elements and the determination 
of the light target nuclei is rather difficult in 
the analysis of stars, we only measured the 
stars produced by Ag and Br in selecting those 
which had more than 8 prongs (grey tracks 
+black tracks). Moreover, as written in the 
previous paper,” the analysis of star prongs 
were made by selecting those which fitted to 
the following restrictions: 
i) the tracks terminated in the emulsions, 
ii) location of tracks were more than 20 
microns apart from the surface and 
bottom of the emulsions, 
iii) the dip angles of the tracks were less 
than 12.5° before processing of emulsion. 
The mean width over 6 microns lengths of 
the track was measured step by step along 
the track from its end point using an eyepiece 
with secrew micrometer. Since it was found 
in the previous analysis» that the width of 
track was approximately proportional to 1/ Z 
(Z: atomic number), in this experiment also 
the charge of the stable fragments was deter- 
mined by the track width. Fig. 1 shows one 
example of the distribution of the track width 


BY ‘These plates were ~ furnished through ‘the 
courtesy of Professor C. F. Powell. 

** These plates we owed to Professor Y. Yama- 
guchi and these were exposed and processed at 


Berkeley. 
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and frem this figure, we can see that the 
separation of each group is good enough to 
identify the charge of the fragment. The 
identification of the unstable fragments was 
also made according to the method given by 


Perkins.» In the analysis we observed only 
26 
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Width of tracks(y.) 
Fig. 1. Distribution of track width. The arrows 


show the estimated width of the each group by 
assuming the proportionality of the width to 
wZ. In the case of He we analysed the tracks 
from Radio Thorium stars in the emulsion. 
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the simpler cases such as 

i) *Be-—2'He disintegration, 

ii) °B —2*He+H! disintegration, 
and in the more complex cases we could not 
obtain any clear event. Besides these, weé 
have of course observed the “ hammer tracks ” 
due to 8Li and 8B. However, as the “ recoi} 
fragments” always have ranges of less than 
10 microns,» our observations were restricted 
to the fragments of ranges in excess of 2& 
microns. 


§3. Experimental Results 

3-1. Charge distribution of heavy fragmenis: 

In this experiments we analysed the fras- 
ments which have charge Z>3. The number 
of fragments, are given in Table I (A) and 
I (B). In these Tables, (A) represents the: 
charge distribution of heavy fragments emittec 
from cosmic ray stars and (B) shows that 
from the stars produced by the Bevatron 
proton beam. Total number of observed frag 
ments of (A) and (B) are 155 and 62, res 
spectively. 


Z 4 5 
Observed 95 38 16 
Corrected 468 + 47 179 +29 73+18 


0.12 


Frequency/star 0.32 


0.05 


Z 3 4 


Observed 37 14 
Corrected 168 +27 63+17 


Frequency/star 0.25 0.09 


These frequencies were corrected for 

(i) geometrical loss of long tracks out of 
the emulsion layer, (ii) restriction in dip angle 
(9 <12.5°), (iii) location of star in the emulsion, 
on the assumption that the distribution of 
tracks is isotropic. The assumption of isotropic 
distribution seems to be correct in the case 
of the slow fragments as will be seen in 
section 3-3. 

The corrected frequencies of heavy frag- 
ments (Z=3) in both (A) and (B) case are 
equally about 0.5 per star and it seems to 
show that the emission probability does not 


(B) Accelerator (Bevatron) beam 


6 ik 8 = 13 


total 
2 2 1 — 1 159 
11+8 (ED 4+4 — 4+4 750 
5 6 7 total 
5 4 2 62 
22+10 18+9 96 280 


0.03 oo a = 


depend on the incident proton energy above 
6.2 BeV. 

Fig. 2 shows the charge distributions of the 
fragments which have the energies greater 
than the Coulomb potential barrier heights 
experimentally deduced, as indicated in Fig: 
3 and 4, and the three plots were done ac: 
cording to the star sizes (1) 9-14 prongs, (2’ 
15-28 prongs, (3) 9-28 prongs in the case of 
cosmic ray stars. In the Bevatron case we 
obtained the curve (4). It is seen that the 
four curves: are similar in shape and show < 
exponential decrease when the charge Z in. 


1957) 


creases, although the statistical error is yet 


large at the region of higher charges. This 


decrease can be represented approximately by 


the following formula: 


100 
(3) X 9-14 prongs 
° >l4 prongs 
500+ ® 29 prongs 
A Bevatron siar 
OF Oxpl-Z°) 
100r 
50; ra] 
ca ee exp(-Z"" ) 
oO 
c 
® 
ee 
tom 
@® 
Sy 
re 
10} 
| 
Jf see et elt al eg 
| Zao > Om ToT oY TO 
He he, Litter sree N hOncrenNe 
Charge(Z) 


Fig. 2. Charge distribution of heavy fragments 
from cosmic ray stars with (1) 9 to 14 prongs; 
(2) >14 prongs; (3) =9 prongs. The plot of 
(4) was obtained from 6.2 BeV proton induced 
stars. 

PB x'exp(—Z), 
where F is the frequency of the heavy frag- 
ment of the charge Z. 


3-2. Energy distribution of fragments 

The energies of the heavy fragments were 
obtained by measuring their ranges. Although 
the range-energy relation is not well established 
for slow heavy particles, some uncertainty of 
energies of the slower particles does not ap- 
preciably change the energy distribution. The 
energy distribution of Li fragments emitted 
from cosmic ray stars in the center of mass 
system is shown in Fig. 3. The full curve 
shows the theoretical evaporation distribution 


- and is plotted after the following formula”: 


N(bE)dE=2—) exp (-25") dE 
T? q 
for E> V, 
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in which V means the average Coulomb bar- 
rier height during the evaporation process 
and Tis the nuclear temperature. The value 
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V: 15MeV 
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Fig. 3. Energy distribution of Li fragments in 
the center of mass system. 
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Fig. 4. Energy distribution of Be fragments in 
the center of mass system. 


of V was calculated as 15 MeV (corresponding 
to Z=34, A=79) and that of T was given as 
10 MeV to fit to the experimental histogram. 
Fig. 4 shows the energy distribution histogram 
of Be fragments in the center of mass system. 
In this case since the data of Be fragments 
from the cosmic ray induced stars were not 
sufficient in number, those from 6.2 BeV 
proton stars were added. In this figure, also 
the full curve was obtained from the evapo- 
ration theory, using the values T=10 MeV, 
V=19 MeV. It is found that the both ex- 
perimental distributions are in good agreement 
with the calculated ones, except the lower 
energy region. 

This excess of slow particles was discussed 
by several authors” on the case of a@-particle. 
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They suggested that these slow particles may 
be due to expansion of nuclear volume or to 
secondary emission from the fragment emitted 
by the fission of mother nuclei. On the case 
of Li and Be, also slow particle excess was 
shown but we are not sure whether this is 
due to the above suggestion or to the emission 
at the near end of successive evaporation 
process. 

We observed about ten more energetic frag- 
ments emitted from the stars and whéther 
these fragments form a tail of the main dis- 
tribution or are generated by a knock-on 
process is not certain. This point will be 
further studied. Fig. 5 and 6 show the energy 


=| 


60} V: 6 MeV 


T: 3Mev 
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Energy (MeV) 


Fig. 5. Energy distribution of protons in the 
center of mass system. 
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distributions of protons and a@-particles. There 
were plotted in the center of mass system 
from that in the laboratory of the previous 
paper.» The temperatures deduced from this 
figures are 3 and 5 MeV in proton and a- 
particle cases respectively. It seems to be 
interesting that the mean temperature is lower 
in emitting lighter particles than heavier ones. 

For the fragments with charge Z>5 the 
statistics are now poor for describing the 
energy distribution. 
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3-3. Angular distribution of fragments — 


For obtaining the angular distribution, the: 
analysis of the nuclear plates exposed to the: 


V: Il MeV 
T: 5 MeV 


Frequency 


10 15 20 25 30 35 40 45 50 
Energy (MeV) 


ODE 


Fig. 6. Energy distribution of a-particles in the 
center of mass system. 


Bevatron beam is available. In this case the: 
incident protons lay nearly in the plane paral-: 
lel to the emulsion surface and the dip angles: 
of the heavy fragments in our measuremeni! 
are less than 12.5°, so that measured angular: 
distribution may approximately indicate the: 
true distribution. Fig. 7 shows the angular: 


167 


eT Sy Ge ene ne oD 


Frequency 


O 30 60 90 120 {50 180 
Angle(degree) with incident 
Fig. 7. Angular distribution of the fragments 


(Z=3) emitted from 6.2 BeV proton induced 
stars. 


distribution of the fragments Z=>3 emitted 
from 6.2 BeV proton induced stars. The 
histogram seems to indicate nearly the isotropic 
angular distribution. In Fig. 8 the data is re- 
plotted in the center of mass system by cor- 
recting the forward motion of target nucleus. 
Considering the slower particles emitted back- 
wards lost in the measurement by the forward 
motion of target nucleus, these two figures 
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Angle(degree) with incident 


Fig. 8. Corrected angular distribution for the 
distribution of Fig. 7. 
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Fig. 9. Angular distribution of Li fragments 
(slow) emitted from the cosmic ray stars. 
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Angle(degree) with incident 
Fig. 10. Angular distribution of the higher 
charged fragments (7=4) emitted from the 
cosmic ray stars. 


fairly represent the isotropic distributions of 
the emitted fragments. In Fig. 9 and 10, the 
distributions of fragments from the cosmic 
ray stars are shown. These figures also shows 


the nearly same distributions as in the case 


of the Bevatron exposure. So it seems to be 
that the angular distribution of the slow frag- 
ments emitted from the stars is isotropic and 


according to this conclusion, we corrected the 
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frequency and energy distributions as was 
described in 3-1 and 3-2. In Fig. 11, the 
angular distribution of the more energetic 


4. 
2 


Frequency 


030 60 90 120 150 180 
Angle(degree) with incident 

Fig. 11. Angular distribution of the more ener- 
getic fragments (7=> 3) from cosmic ray stars. 


fragments of Z=>3 is shown, although the 
data are poor. This distribution shows strong- 
ly collimated in the direction of the star- 
producing particle. 


§ 4. 


The results of the measurements may be 
summarized as follows: 

(a) At high excitation energies (the number 
of star prong is more than 8), a heavy 
fragment is emitted from a silver or 
bromine nucleus, with a probability of 
0.5. 

The charge distribution of these emitted 
at high excitation energy (U~800 MeV) 
seems nearly to decrease exponentially. 
The both energy spectra of the lithium 
and the beryllium fragments (slow) 
approximately agree with the calculated 
spectra assuming the appropriate nu- 
clear temperature and Coulomb poten- 
tial. 

The angular distribution of the Li frag- 
ments and that of the fragments of 
Z=>4 are nearly isotropic, except the 
more energetic fragments. 

On the basis of the above results described 
in (c) and (d), the most suitable model to 
explain the emission of the slow fragments, 
at least Li and Be fragments, from the nuclei 
Ag or Br seems to be due to the evaporation 
process. The most suitable value of nuclear 
temperature T is 10 MeV in both cases of Li 
and Be, although, on account of poor statistics, 
the nuclear temperature could not be analysed 
more precisely by classifying the star size. 
We can estimate the excitation energy U of 
the parent nucleus (Ag or Br) using the follow- 
ing relation,” 

U=aT?<800 MeV, a=const, 


assuming the Fermi gas model. And _ this 
value is comparable to the total nuclear binding 


Interpretation 


(b) 


(c) 


(d) 
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energy of Ag or Br nucleus. In the cases of 
proton and a-particle emissions, the nuclear 
temperatures were evaluated as 3 and 5 MeV 
(Fig. 5 and Fig. 6), respectively, so the ex- 
citation energy of nucleus becomes higher for 
emission of heavy fragments. We are not 
assured that in both Li and Be cases the 10 
MeV temperature indicates the true one, how- 
ever, it seems to be probable that the emission 
of heavy fragments takes place at higher ex- 
citation energy state than proton and a- 
particle. As the temperature of nucleus is 
roughly same for Li and Be and it amounts 
nearly to the highest excitation state of 
nucleus, we can consider that the more heavier 
particles may probably be emitted at nearly 
same condition of nucleus. On _ discussion 
more detail, the data of heavier fragments 
Z=5 are not yet sufficient and we are now 
accumulating more data on these. 

However, it is very interesting to examine 
the emission probability of various particles 
from the definite excited state of nuclei and 
to obtain some informations, especially on the 
existence or formation probabilities of heavy 
fragments in the nucleus. From this point 
of view the exponential decrease of Z de- 
pendence of emitted fragments may give us 
some clue, provided that more _ precise 
knowledge may be obtained. Above obtained 
results indicate only the mean value of emis- 
sion probability, and so it is necessary to 
obtain more precise knowledge, that is, by 
classifying the star size. And also the in- 
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vestigation of more energetic particles emitted! 
from the nuclei may give us important data. 
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Cluster Variation Method of Cooperative Phenomena 


and its Generalization I 
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The cluster variation method of approximation for the cooperative 
phenomena in the lattice system is generalized so as to be applicable to 
the cases where the range of the interaction is long compared to the 
distance of neighboring (lattice) points. 


The cluster variation method*) was originally 
proposed by Kikuchi? and Kurata, Kikuchi 


and Watari» and applied to lattice systems 
_ with the nearest neighbor interaction”, and 


» 


ee ee ee Pe yy oe 


denoted by ai, Bi: 


then extended by Kikuchi» to those with the 
2nd and 3rd neighbor interactions. However, 
it is difficult to apply this method in its original 
form to cases where the interaction is of much 
longer range. In this paper a formulation of 
the method will be proposed which is valid 
independently of the kind of lattice structure 
and is applicable to cases where the range 
of interaction is long compared to the distance 
of neighboring (lattice) points. 

The system to be considered in this paper 


is one which is characterized by the following 


three conditions: 1) The configuration of the 
system is described by the configurations of Z 
fixed points in it. 2) The possible configura- 
tions 2 for the z-th point (¢=1, 2,---, Z) are 
--,¥;. 3) The potential 
energy of the system is given by 


oe) zr) 


ib 1 
=>) VO(axs) + — 
j=1 2 


O(a, 25 oe 


$2 EE LVOHs: (1) 
for the configuration (21, a, +++, az). 

Our problem is to calculate the free energy 
of the system. The free energy is given by 
the minimum value of 


V1 v2 


VHA, T2= Ag 


VE 
DS 0 (a1, Lop ey as “r) 
Lp=ar 


F= 


x D(x, We,°°* 5 X14) 


V1 v2 Vi 
abe SMS) pai, ay") et) 
M= 01 %2=AZ, Lp=az 
x In 021, %2, +++, Ur) (2) 


ee Full references on this method are found in 


- reference 2. 


for the variation of the probability distribution 
function p“(a1,---,@z), the variation being 
restricted by the normalization condition 


VL 
> 0 (x1, Bo, enya 1 . 
Lr=aAL 
(3) 


Some approximate procedures will be neces- 
sary to find the minimum value of F. 


Hay %.=A2 


For this purpose we introduce clusters of 
points, a cluster meaning any set of points 
from JZ fixed points. Then we introduce 
several functions connected with a cluster (4, 
++, tn), ISAS: + +<eSL; n=, 2,---, Z): 
The probability distribution function pa, 

--,a1,) defined by 


0” (xi,, tee, in) 
V1 VL fe 
== AK-Or eri Ut Opi aa elaine arn 
Ai barn Hoh —=Con Ik ied 
(4) 
the correlation function g™(x:,,-++,2i,,) defined 
by 
O(a, #5) = 0O (21) 0M (aj) (ai, 5) (5”") 


(ari, 25, 2) = O(wi)p™ (aj) 0O (ae) 9 (aa, es) 


X J (225, ee )9?(aei, GO (ei, 25, tx) (5) 
L .\ 
0P(a,,-++,0r)= TL par) IT g(a, x5) 
i=1 t>j 
x II g®- 5 g(a, see, Xr) : (52) 


and the function G@(¢,,---,2n) defined by 
In GO(t,,-++, ta) 


Viz Vin ; é 
=- 3 Sosy +75 ty) 
Uji Ay Lin =Ain 
~ Inip Gr, < + 32%, )) (6) 
The last function G(z,,---,2n) has been intro- 


duced by the following considerations. When 
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we consider an ensemble of M (M->cc) simi- 
lar systems to ours, [G@(z¢,,--+, ¢)}¥ is equal 
to the number of ways in which each of the 
M systems can be in one of the configurations 
(vi,,°°+, 2) in such a way that Mo™(z:,---, 
z;,) Systems among M systems are in configu- 
ration (#i,,---, 2:,), so that [G(z,,---, Z,)]* is 
equal to 


Vin 


mt. / fh wt aig 
VKH Ai 2 


Vin = Qin 


(0(xi,, ae %in)M)! 


and (6) follows from this in the limit M-o. 

It will be noticed that In GO(#,,---,én) is of 

a nature of entropy for cluster (4, ---, én). 

Next, we introduce functions FC (4), ---, Zn) 
given by 

GO, J)=GO¢) GO(/)FOG, 7) (7’") 

GO, 7, P=GOWMCO( J) GO(R) FOG, j) 
x FOQ(7, R)/FOGE, k)FO(G, 7, k) 
Cia 


aS 
—— 


L Vi 
oxi) VO(@) + - Sues 
1 Vi NE ) 


L 


1 
2% 


c 


(t+) 
Tae 
+---+kT) & nGO@)+ 


—! t> 


The minimum value of this cannot be calcu- 
lated if no approximate procedures are adopted. 

The cluster variation method is as follows: 
We divide 2%—1 clusters into two groups, 
““preserved clusters’’ and  ‘‘ not-preserved 
clusters’’. In the following, if the cluster of 
points (2,,--+, Zn) belongs to the group of pre- 
served clusters, F(4,--+, én), GO(¢,,-++, in), 
0 (xi,,+++, vi,,) and g@(zi,,---, 2¢,) will be call- 
ed functions for a preserved cluster or briefly 
the preserved 7, G@, p™ and g@™, and if 
otherwise they will be called not-preserved 
functions. Using (5) and (7) we rewrite the 
right-hand side of (9) so as to express the 
first row in terms of the preserved o™ and 
the not-preserved g“ with no not-preserved 
e™ or preserved g@™ and the second row in 
terms of the preserved G™ and the not-pre- 
served F© with no not-preserved G@™ or 
preserved F@, In the expression for F thus 
obtained, we equate F® and g™ to 1**), and 


* To equate g@ for any configuration for not- 


preserved clusters constitutes an extension of the 
superposition approximation introduced by Kirk- 
wood. 
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L | 

GO(1L,---, = 0 GO) 0 FO, 7) | 
i=1 i>j | 

x F®.--F@(1,---,Z), (7) 

and note that from these difinitions we have 
In F@(2,,-++, tn) | 
Viz vin 


re S es 3 (243, see, Bin) | 


@jy= Ay Vin=Ain | 
xIn g (Xi, . +, %,) 4 (8) 
In the following we will adopt the approxima- 
tions that F™=1 for most of the clusters, sot 
that it is desired to get some knowledges: 
about the plausibility of the assumption FC) 
=1l. First, from the definitions of G™ andl 
F© and the meaning of GM, F™ for a clus- 
ter composed of groups of points far apartt 
from each other can be taken to be nearly 
equal to unity. Secondly, some plausible dis-. 
cussions are found in Takagi’s® and Kiku- 
chi’s» papers that F™ for a large ~ may be 
approximated to 1. 
By means of these functions, we rewrite (2) as: 


s 02%, Xj) VO (ai, Xj) = ee 565 So@VE 


1 resi VjHay Vj=aj 


EY MFO", /)+5 FD ln FO+---+In FOU, ---, 1) | ee) 
J 


make use of (6) for the preserved G™. Then: 
function F can be expressed in terms of the: 
preserved o’s only. Now we let this approx-: 
imate expression for F take the minimum) 
value with respect to the preserved p™’s,, 
where we notice that there exist the recur-: 
rence relations 


poli ++, 45-1) 


Vis Vin 
= 9) Soe Soc , 2 
a Tie Ss DS oS Cee ’ Vio, Vis, > Lin) 
Vis=Qis Lin =Ain 


(10) 
between two preserved o“-) and p™ and the 
normalization conditions 


Viq Vin 
= ac SS p™(a4,, iis red oo) 
cy t=ay Sy Oia 


ds 
for preserved p™’s; Eqs. (10) and (11) follow 
from the definition of p™, Eq. (4), and the 
normalization condition for p, Eq. (3). The 
minimum value obtained can be considered to 
be an approximate value to the exact free 
energy. 


Which clusters are to be the ‘“ preserved ”’ 


4 
| 
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mes is to be decided from the physical con- 
siderations. The approximation will generally 
become better if we have more preserved 
eos in our theory*?, 

In the development by Kikuchi et al., the 
Reserved clusters are lattice points, bonds of 


“nearest neighbor lattice points and also poly- 


-gons and polyhedrons which are composed of 
the bonds; the approximation has been shown 


_ to be generally improved as larger clusters 


-are preserved*?. It is easily shown that for 
nearest neighbor interacting systems, their 
bond approximation is equivalent to our pair 
approximation where the preserved clusters 
are all pairs of Z points. 


es SW) VOR)+ 3 SS 


a=1 Bj=a; tj M=Aj Vj=az 


+ 3 


4=1 xwj=ai 


cL --+3)--- SoM ing® | ‘ 


| and express the right-hand side in terms of 


mor [**): 


the preserved 0 and the not-preserved g™ 
with no not-preserved o™ or preserved g™, 
and finally equate g™ to 1 in the expression 
it should be noted that to equate 
g(zi,,°°-, v:,) for any of configurations (a, 
-a@,,°°°,Yi,; S=1,---,) to unity is to as- 


sume much more than to equate /™ to unity 
for the same cluster**?. 


We have assumed in the above considera- 
tions that any configuration «; is not degene- 
rate. In case configuration 2 is m(zi)-fold 
degenerate so that point z represents configu- 
ration x in ”(2,) ways, 0 In o™ in the second 
term in the right-hand side of (2) SHG be 


replaced by 0 In| ola, ses, ae ir sth ) | 


and so in the right-hand side of (9) Sid (9) 
the term 
—kT s > 0 (2a) In nai) (12) 
t= 1 H=ai 
Ss This point is , illustrated for nearest neighbor 
interacting cases in ref. 1 and 2. An exception is 
also given in ref. 1. 
** Note that g2=1 for any configuration is 
followed by #*™=1, while the converse is not true: 


see Eq. (8). 
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As to the degree of approximation of our 
method, nothing can be said from our formu- 
lation, but if the method is applied to a case 
where our approximations F™-=1 for not- 
preserved clusters are justified for p“™ = exp 
[(F—@)/kT], our variation gives an underesti- 
mated value for the free energy. 

We have considered a system which satisfies 
1), 2) and 3). However, we can easily gene- 
ralize the method to apply to cases where the 
possible configurations 2; are continuous. 

Our scheme of formulation to introduce G™ 
is due to Kikuchi. An equivalent formulation 
is obtained as follows: We substitute from 
(5") into Ino™ in Eq. (2) so as to obtain 


pai, &3)Vwi, a3) +--+ S pOVO+.- 


Ss > eM (as) In pPP(ax)+ > S > oar, 25) Ing@(a1, 25) + >1--> Sp Ing 


tj ty —04 Li— Aj 


(9) 
should be added. (This i is obtained ‘if we con- 
sider that allowed configurations of point 7 
AYE Giz, Wiz,***, Minca;),°** Vi1,° °° Vinci)» which 
are all simple, and aj; and viz (7, R<n(ai)) are 
equally probable.) 

In conclusion, it should be emphasized again 
that this scheme of approximation is applicable 
to the cases where the range of interaction is 
long compared to the distance of neighboring 
points. Applications of this method will be 
published in the near future for lattice gases 
composed of molecules with hard core and for 
liquids. The latter constitutes an example of 
the case of continuous configuration for points. 
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and the latter’s suggestive discussions and also 
for their kind inspection of the manuscript. 


References 


1) R. Kikuchi: Phys. Rev. 81 (1951) 988. 

2) M. Kurata, R. Kikuchi and T. Watari: J. Chem. 
Phys. 21 (1953) 434. 

3) R. Kikuchi: J. Chem. Phys. 19 (1951) 1230. 

4) Y. Takagi: Proc. Phys. Math. Soc. Japan 23 
(1941) 44. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 12, No. 7, Juty, 1957 


Some Experiments on the Surface Field Effects 


in Germanium Single Crystals 
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From the combined measurements of the field effect on the surface 
conductance G and on the surface recombination velosity s, it has been 
found that gz (i.e., the difference between the Fermi level and the middle 
of the energy gap at the surface) drifts towards a negative value when 
the surface is kept in room air after being submitted to CP-4 etching. 
This drift is accompanied by a gradual growth of oxide layer on the 
surface, which has been checked by the observation of the relaxation 


effect. 


Introduction 


§ 1. 
It has already been observed that the sur- 
face conductance of a germanium single cry- 
stal varies with the electric field applied per- 
pendicular to the surface. The first experi- 
ment of this kind was performed by Pearson 
and Shockley’, which gave strong evidence 
for the existence of the “surface states”. 
The remarkable progress in the experiments 
and theories on the surface field effect, how- 
ever, has been made in these three years. 

By using suitable experimental apparatus, 
Montgomery”? succeeded in seeing the varia- 
tion of the surface conductance with applied 
transverse field directly on an oscilloscope. 
Thomas and others® performed the similar 
experiments on the variation of surface re- 
combination velocity s using an alloyed junc- 
tion diode, taking the saturation current as a 
measure of s. A number of experimental 
results on the field effect have been reported 
in these three years*-1, 

On the other hand, the models for the 
interpretation of surface phenomena have be- 
come quite clear. For instance, we can cal- 
culate the variation of the surface conductance 
G as a function of ¢s (the difference between 
the Fermi level and the middle of energy 
gap at the surface), using Schrieffer’s calcu- 
lation of the mobility!®. As for the surface 
recombination velocity s, we have a work by 
Stevenson et al! on the basis of Shockley- 
Read model? for the recombination through 
deathnium centers. 

The purposes of this paper are to find more 
evidences for the models accepted at present, 


It is suggested from the results that s~gs curves calculated by 
Stevenson el al!®) must be shifted by 0.1-0.2 Volts towards right. 


and to find informations for clarifying th 
mechanisms underlying “relaxation effects e 
The experiment was at first planned 

(1) to find variation of surface recambina- 

tion velocity s with applied field, 

(2) to measure the accompanying change 

of s and G, 
(3) to observe the relaxation effects in G 
and s. 

On the course of the study, however, it has 
been found out that it is possible to see the 
variation of s qualitatively from the experi- 
mental results. It has also been intended, 
therefore, to observe the change of @s in the 
room air after CP-4 etching. 

On the other hand, the experimental results 
on the relaxation effect has shown that the 
oxide layer gradually grows up in the room 
air after the etching. 

The experimental apparatus and the results 
are mentioned in the following sections, and 
the discussions will be given in the last sec- 
tion in some detail. 


§2. Experimental Procedures 


The experimental apparatus is shown in 
Fig. 1 with schematic diagrams of the mea- 
suring circuits. A light beam of about 50 
microns in width which is chopped at 200 c.p.s. 
is focused on the upper surface of the speci- 
men. A thin mica plate is sandwiched be- 
tween the specimen and a fine metal mesh. 
as a spacer. A voltage Vy» of either plus or 
minus 1,000 volts are applied to this mesh 
plate from the d.c. voltage source to cause 
the field effect. A constant d.c. current J is 
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upplied to the specimen and the variation 
f the surface conductance G is measured as 
the variation of the voltage across the speci- 


CHOPPED LIGHTBEAM 


D.C. 
VOLTAGE 
SOURCE 


‘Fig. 1. Experimental apparatus and the measur- 
ing circuits. 


men by means of a d.c. V.T.V.M. The vol- 
‘tage signal of 200c.p.s. across the resistor 
Ry is measured as a measure of surface re- 
combination velocity. Of course, leakage cur- 
rent through the mica spacer and undesirable 
‘disturbances of 50c.p.s. are checked by in- 
-serting high sensitivity ampere-meters in 
“proper places in the circuits. 

- For the #-2 junction experiments, the rod 
specimen in Fig. 1 is replaced by a germa- 
nium grown p-7 junction bar. 

m= The specimens used in this work are a 
grown p-2 junction bar and a single crystal 
‘rod. The junction was prepared by zone 
leveling, whose 7-side is Sb-doped 20 cm, and 
p-side is In-doped 40Qcm. The rod specimen 
is n-type 25Qcm, which was cut from an 
Sb-doped pulled single crystal. When the 
photoresponse is measured as a function of 
distance, the specimen is moved by the mi- 
cromanipulator on which it is mounted. 


$3. 
A. p-n junction experiments 

The photoresponse was measured as a func- 
tion of distance along the reverse biased p-7 
junction. When the voltage Vp» of +1000 
volts is suddenly applied, the photoresponse 
R, decreases nearly instantaneously?” on the 
-n-side and the magnitude of this decrease is 
greater for larger distances from the junction. 
On the g-side, however, almost no change is 
observed in the pliotoresponse. The results 
‘are shown in Fig. 2. (Similar result was 
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observed when the open-circuited photovol- 
tage across the junction was measured instead 
of the photocurrent.) 


PHOTORESPONSE(db) 
Rp 


£—a Vp =-|OOOV 


-—_-: Vp= O 
x——x Vp= atric 


p SIDE 


DISTANCE 


Fig. 2. The local photoresponse as a function of 
distance along the junction bar with and without 
the applied voltage Vy. 


When V» of either +1000 or —1000 volts 
is applied, also the voltage across the junc- 
tion (Vz) varies instantaneously. It has been 
observed that these instantaneous change in 
Vz and R, is followed by slow decay as shown 
Higa 3: 

These relaxation effects in Vz and FR» occur 
in a sense that they tend to recover the 


values before applying voltage Vy. In the 
PHCTORESPONSE(db) 
Rp 
27 
OorF 
24 = 
OON ae 
@orrF VA 
21 


—| so 
SECONDS 


VOLTAGE ACROSS 
THE P-N JUNCTION(VOLTS) 


© OFF 
Ve 0:7 
@OFF 
mee CON 
@OnN 
0-62 
Fig. 3. Accompanying variation of fy and Vz 


and the relaxation effect on the p-z junction. 
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case of Fig. 3, they reach the equilibrium 
values in 40-50 seconds, but the decay curves 
can not in general be expressed in a simple 
exponential function. An example of the 
time dependence of the photoresponse after 
“on” and “off” of —1000 volts is shown in 
Fig. 4. 


bb) 


PHOTORESPONSE 
Rp 


OOFF TIME(SEC) 
Q_10 20 _ 30. 


30 40 50 60 
TIME (SEC ) 


Orn lOanco”” 


2 


Fig. 4. Example of the relaxation effect. 


The time constant, although it can not be 
defined well, has been found to change under 
certain surface treatments. For instance, 
when the surface is etched by CP-4 for 15 
minutes, the decay occurs in a very short 
time. Sometimes, it is very difficult to ob- 
serve the first “instantaneous” change by 
applied field just after the CP-4 etching, 
since the recovery time constant becomes 
much less than the time constant of the in- 
dicator of the V.T.V.M. 

If the surface is exposed to the room air, 
however, the time constant gradually in- 
creases as shown in Fig. 5. The decay time 


CHANGE OF 
PHOTORESPONSE(NORMAL1ZED) 
| 


a, 2HOURS AFTER CP-4 ETCHING 

Dea 3 2 

Geadt ? 

d, 2MONTHS) 2 

€, O TREATED AFTER CP-4 
d 


20 30 40 50 60 
Fig. 5. Time dependence of the relaxation effect 
for different exposure time to the room air after 


CP-4 etching. 


increases with the time of exposure in the 
room air after CP-4 etching. When the sur- 
face is exposed to O3 just after CP-4 etching, 
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the decay curve becomes as shown in t 
figure by a broken line (e). 


B. Single crystal rod experiments 
Fig. 6 shows the results of the photores 


PHOTORESPONSE . 
(ARBITRARY UNIT) we | 
ok 
e r 
e 4 aN of UN | 

Rac ; 
— 
: i ie 


Q9 MM. 
DISTANCE ALONG THE SPECIMEN 


3 4 5 6 fi 8 


a; SMINUTES, 
d; 48HOURS, 

Fig. 6. Local photoresponse along the single cry- 
stal rod for different times after HF surface: 
treatment. 


b; I7HOURS, ci; 24HOURS, 
e; 72HOURS, AFTER HF TREATMENT 


ponse as a function of distance along the 
single crystal rod for five different times after 
HF surface treatment. As is shown, the 
photoconductance increases after HF treat: 
ment, which shows that the surface recom: 
bination velocity s decreases also monotoni. 
cally. 

When the d.c. voltage Vy is applied to the 
mesh plate, the photoresponse R, and_ the 
surface conductance G vary with time as 
shown in Fig. 7. 


if 
CHANGE 


40 SECONDS 


CHANGE 
PHOTORESPONSE 30 40 
ARp SECONDS 
(ARBITRARY op a 
UNIT) 
-10 
Fig. 7. Accompanying variation of surface con- 


ductance G and the surface recombination velo- 
city s with the voltage V,, and the “relaxation 
effect ” on the single crystal rod. 


It should be noticed that the result show1 
in Fig. 7 is the case of (b) in Fig. 6, i.e. 
17 hours after HF treatment. In this case 
the relaxation effect occurs in about 10 seconds 

It has been observed that the instantaneou: 
variations of the surface conductance and th 
photoresponse depend on the polarity of th 


of (a), while it decreases in (d). 
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plied voltage V» both in sign and magni- 
ude. The results are shown in Fig. 8 for 
the cases of a, b, c,d in Fig. 6, respectively. 


} 


CHANGE OF ; 
SURFACE CONDUCTANCE 


AG (ud ) 
2 


CHANGE OF 
PHOTORESPONSE 
ARp (ARB. UNIT) 


+1000 -l1000 


Fig. 8. The field effect on G and FR, of the sin- 
gle crystal rod. (a), (b), (c), (d) corresponding 
to (a), (b), (c), (d) in Fig. 6. 


As is shown, the surface conductance in- 
creases with +1000 volts of V>» in the case 
In the case 
of (c), it increases either with +1000 volts or 
—1000 volts in nearly the same magnitude. 
On the other hand, the magnitude of the 


variation of photoresponse R, is greater for 


—1000 volts than +1000 volts of V» in (a), 
while it becomes opposite in the case of (d). 
Since the accuracy of the measurements is 
high enough, above mentioned analysis is 
quite meaningful. 

Fig: 9 shows the results of the same kind 
of measurements. Fig. 9 (a) is the result 
when the specimen is kept in high humidity 
ambient (~95% RH). When it is taken out 
from the high humidity ambient to the room 
air, it returns to the state shown in (c) 
‘within few minutes, passing through (b). It 
should be noted that the variation of G is 
larger in this case than in Fig. 8. 

The time dependence of the relaxation 
effects is shown in Fig. 10 for the single cry- 
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stal rod. These are the reiaxation of the pho- 
toresponse (normalized), when +1000 volts of 
V»y is abruptly applied, for the cases of abs 


CHANGE OF 
SURFACE CONDUCTANCE 
AG (ud) 


CHANGE OF 
PHOTORESPONSE 
ARp(ARB. UNIT) 


5 


| 


+1000 -1000 --* 


+1000 -1000 
(c) 


Fig. 9. The field effect on G and FR» of the sin- 
gle crystal rod. (a); in high humidity, (b), (c); 
when returned into the room air. 


CHANGE OF PHOTORESPONSE 
(NORMALIZED) 


Vp =tl000V (Vpi ON) 


(a) 5 MINUTES 
(b) 17 HOURS 
(Cc) 24 4 

(d) 48 
(e) 72 


AFTER CP-4 
ETCHING 


° “10 20 
TIME (SECONDS) 


30 


Fig. 10. Time dependence of the relaxation ef- 
fect. (a), (b), (c), (d), (e) correspond to (a), (b), 
(c), (d), (e) in Fig. 6. 


c,d and e in Fig. 6, respectively. The gene- 
ral trend is quite similar to the result obser- 
ved on p-7 junction. 


§ 4. Discussion 
A. Field effect on the surface recombination 
velocity s 


From the experimental results shown in 
Fig. 2 on p- junction bar, we can conclude 
directly that the surface recombination velo- 
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city s on the #-side varies with the applied 
voltage V». The photoresponse R» may be 
roughly written as a function of distance 


Fp We ; (1) 


where x is the distance from the junction, A 
is a constant, and Z, is the effective diffu- 
sion length, which in turn may be written; 
Ly=V Dut (2) 

Dyn, tm are the diffusion constant and effective 
lifetime of the minority carriers, respectively. 
As has been calculated by Shockley??, tm 
depends on the bulk lifetime rt», the surface 
recombination velocity s and also on some 
geometrical factors. Hence, in general, 
(3) 
It may well be expected that t,, is a monoto- 
nic function of s, which decreases with in- 
creasing s. Since Dm,t», and geometrical 
factors are kept constant during the field 
effect experiment, the result shown in Fig. 2, 

e., the variation of the slope of log Ry~x 
curve with Vy, may serve as a direct evidence 
for the field effect on the surface recombina- 
tion velocity. 

In Fig. 2, no field effect on s can be seen 
on the p-side, which will be discussed later. 


Tm=F (to, S, geometry) . 


B. Accompanying variation of conductance 
G and surface recombination velocity s 

As are shown in Fig. 3, 4, for p-m junction 
and in Fig. 7 for single crystal rod, surface 
conductance G and _ surface recombination 
velocity s show accompanying variation in 
the field effect. These experimental results 
are qualitatively in good agreement with the 
work of Harrik et al?®. 

These results give also strong evidence for 
the fact that both the surface conductance 
and the surface recombination velocity are 
determined by common factors, one of which 
is the quantity gs as discussed later. The 
experimental fact, that the time dependence 
of the relaxation effect is almost same for G 
and s, shows that the relaxation occurs also 
through that common factor ¢s. The details 
are discussed in the following paragraph. 


C. The “drift” of gs in the room atr - 
Discussions on the results of Fig. 6,8 and 
9 will be given here. First, the quantity ¢s 
is defined as the energy difference between 
the Fermi level and the middle of the energy 
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gap at the surface (Fig. 11). Roughly speal! 
ing, the sign of gs is plus for #-type surfac 
and minus for p-type surface. | 


CONDUCTION 
BAND 


FERMI LEVEL 


es ees ees 


-- 
IO 
tad 


VALENCE BOND 
BAND 


Schematic energy diagram. | 


Fig. 11. 


For simplicity, only the experimental resu‘t 
on single crystal rod are discussed. In thi 
case, the photoresponse FR, is proportional tt 
the usua! photoconductance, which in turn i: 
a function of effective lifetime tm, since tha 
thickness of the rod is much smaller thaa 
the diffusion length of minority carriers ans 
the d.c. current flowing in the specimen i 
small enough that sweeping-out effect is neg: 


ligible. Hence, 
=B\" e eee CV tm - (5) 
According to Shockley’s estimation’, the 


effective lifetime t» of a rod specimen whose 
cross-sectional dimensions are 2X and 2Y may 
be expressed by; 

ibe 


Tm 


SaVieis (6 


Tb 


where rt, is the bulk lifetime, and vs is writ 
ten in the form; 


nasty) ; s>0 (7 
see See A oe ee 
AA INEXe yay” 
Therefore, tm can be expressed; 
Jgeidead eth imu (9 
eee 
Tm = ot ‘ S— 00 (10 
+8 
TD 


where a, 8 are constants which includes th 


| 


ae Cee 
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fe 
of Stevenson’s calculation™, s varies with Ps 


factor that s is varied only on one surface 
of the rod. Taking Eqs. (9), (10) and (4), (5) 


into consideration, R»~s curve is plotted 


qualitatively in Fig. 12. 


On the other hand, according to the result 


as shown in Fig. 13 by a broken line. Com- 


bining the curves of R»~s in Fig. 12 with 


S~¢s in Fig. 13, we can obtain the shape of 


| Ro~g¢s curve as shown in Fig. 14. The posi- 
tion of the minimum of R, in Fig. 14 is 


shifted towards right, which will be discussed 
later. 
As for the surface conductance G, we can 


Rp 
cl% 
= 
Cy +6 
Th 
a 


> 
SURFACE RECOMBINATION VELOCITY 
Fig. 12. Qualitative plotting of R»y~s curve. 
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Fig. 14. G~¢s, Ry~¢s curves. 
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calculate it using the Schrieffer’s estimation 
of the mobility. The solid curve in Fig. 14 
is the 4G~¢; curve for n-type 25Q.cm sample. 

Comparing the results of Fig. 8 with the 
curves in Fig. 14, it may be directly con- 
cluded, that the value of gs drifted from the 
point A to D on the ¢; axis in Fig. 14 when 
the etched surface was kept in the room air, 
since positive and negative values of V>» cor- 
responds to the increase and decrease of Qs, 
respectively. This conclusion is consistent 
with the result of Fig. 6. 

If, in this process of estimation, the Ry~gs 
curve were plotted without shifting towards 
right, it is impossible to obtain one unique 
point on the gs axis for one pair of the results 
of 4G and AR». This means, therefore, that 
the curves obtained by Stevenson must be 
shifted towards right, which has been inde- 
pendently suggested by Harrik et al!®. 

The similar procedure applies to the result 
of Fig. 9, which shows that ¢s increases to 
the value of (J in Fig. 14 in the high relative 
humidity ambient, and goes back to (III) pas- 
sing through the point of Rp minimum when 
the specimen is again taken out to the room 
air. 

From this standpoint, the result in Fig. 2, 
that no change of photoresponse occurs with 
V, on the p-side of p-% junction bar, can be 
explained as that ¢s is just near the minimum 
point of Rp~¥s curve in Fig. 14. 

This kind of procedure is quite reliable 
since it is qualitative rather than quantitative. 
For instance, the minimum of G or R, can 
be directly checked by experiments. 


D. The relaxation effect 

The relaxation effects are already discussed 
by Kingston, Mcwhorter, and other workers 
on the model of two kinds of surface states. 
These surface states are usually called “ fast ” 
states and “slow” states. “Fast” states are 
localized between the germanium bulk and 
the germanium oxide layer and has the den- 
sity of about 10"%/cm?. They have time con- 
stant comparable to the lifetime of minority 
carriers, and they are believed to be respon- 
sible for the surface recombination. On the 
other hand, “slow” states exist in or on the 
outer surface of the oxide layer and have 
large density of about 10'%/cm’. 

When the external voltage V» is applied, 
vs is changed in the time which is necessary 
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for the readjustment of the carrier distribu- 
tion through “fast” states. After that, gra- 
dual recovery of gs to the initial value occurs 
as the transport of electrons to the “slow” 
states goes on. This is the relaxation effect 
on the above mentioned model. 

There are two standpoints in explaining the 
slow transport of electrons to the “slow” 
states. One is the jumping of electrons over 
the potential barrier of oxide layer with 
kinetic energy. The time constant r of this 
process may be written in the form; 


_eH 
T=Te KT , 


(11) 


where H is the height of the potential bar- 
rier. Therefore, t must be quite temperature 
dependent. Experimental results show, how- 
ever, that +r is not temperature sensitive, so 
this may be not a predominant process. 

The other standpoint is the transport by 
the tunnel effect. In this case, rt will have 
the form, 

T=TMErY , (12) 
where W is the thickness of the oxide layer. 

According to the result in Fig. 5 and 10, 
the time constant is drastically decreased by 
CP-4 etching or HF treatment, both treat- 
ments are effective in removing the oxide 
layer on the surface. The time constant 
tends to increase when the etched surface is 
kept in the room air, which seems to show 
that W in Eq. (12) is increased. Brattain et 
al?) have quoted the results of Heidenreich. 
Measuring the thickness of the oxide layer 
on germanium surface, he found it was 10A 
just after CP-4 etching, while it was increa- 
sed to 20-50A after being aged in the air. 
Kingston” has reported that Green et al found 
3 layers of the oxide 5 minutes after etching, 
and 6 layers after 3 days’ exposure to the 
room air. These results are in agreement 
with our observations. 

The experimental result in Fig. 5 that O; 
treatment increases the time constant of re- 
laxation effect may be another evidence for 
the above mentioned model”. _ 

It might be concluded that the drift of @s 
in the air after HF treatment is either caused 
or accompanied by the gradual growing up of 
the oxide layer on the freshly etched surface. 

As is well known, there are also two dif- 
ferent theories for the explanation of non- 
exponential decay of relaxation effect. One 
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is Mcwhorter’s theory of multi-time-constants: 
and the other is the theory of non-lineai 
equation by Morrison. Both theories are cle 
sely related with the 1/f noise in semicor 
ductors. However, nothing has been checkee 
on these problems in this work. 


§5. Conclusion 


By observing combined field effect on t) 
surface conductance and surface recombinatio» 
velocity, it has been found that gs drifts ta 
wards some negative value when the surface 
is kept in the room air after being submittee 
to CP-4 etching or HF treatment. This drifi 
is accompanied by the gradual growth 9) 
oxide layer on the surface, which has beer 
verified by the observation of the relaxatios 
time constant of the field effect. 
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Hyperfine structure in the nuclear quadrupole resonance spectrum of 
solid iodine observed by Kojima, Ogawa, Hagiwara, Abe and Minematsu 
is analysed in terms of electron coupled interaction between nuclear 
spins. Theoretical expression for the Hamiltonian of the electron coupled 
interaction between two nuclei in an iodine molecule is derived, having 
the form of JZ 42Ip2+K(T4rInz+LayIpy), where 2 is the bond axis. 
Electron coupled interactions between nuclei belonging to different 
molecules in the crystal are neglected. Values of the coupling constants 
J and K are determined to be both equal to 3.0kc from the comparison 
with the experimental data. 

Electronic structure of the chemical bond is discussed on the basis of 
the above coupling constants in combination with the previously known 
quadrupole coupling constants. It is concluded that the bond in an iodine 
molecule has 22% s character and 33% d character. It is also concluded 
that there are auxiliary bonds between neighboring molecules with 


a fractional importance of 10%. 


§1. Introduction 


Nuclear quadrupole resonance spectrum of 
solid iodine has been observed by Dehmelt,? 
Pound” and Kamei.» Two lines have been 
found, and their frequencies are 332 Mc and 
644 Mc. Recently Kojima and Tsukada” found 
that the lower frequency line has a hyperfine 
structure with an overall spreading of about 
80 kc. Tsukada» investigated the Zeeman 
effect on this line, and observed a very com- 
plicated pattern in the case of weak magnetic 
field where Zeeman energy is comparable with 
the hyperfine energy. This hyperfine structure 
has been studied more precisely by Kojima, 
Ogawa, Hagiwara, Abe and Minematsu.© The 
same pattern has also been observed in- 
dependently by Watkins and Walker.” 

Solid iodine is a molecular crystal of or- 
thorhombic symmetry.» The lattice constants 
are a=4.78A, B=7.254 and c=9.77A. A 
unit ceil contains four molecules, whose centers 
of gravity are located at (0,0,0), (3a, 20,0), 
(3a, 0, 4c) and (0, 3b, 3c). The direction of the 
bound axes of the molecule at (0,0,0) and 


- (4a, 36,0) is (sing, 0,cos¢), and that of the 


* Present address: Department of Physics, Uni- 
versity of Chicago, Chicago, Illinois, U.S.A. 
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molecules at (4a, 0, 4c) and (0, 30, 4c) is (—sin ¢, 
0,cos ¥), where g=32°4’. All the nuclei are 
equivalent in the sense that they can be 
superimposed on each other by a symmetry 
operation of the crystal. Therefore, no mul- 
tiplet structure would appear if there were 
no interaction between nuclear spins. Thus 
the hyperfine structure observed by Kojima 
and others must be due to some kind of 
interaction between nuclear spins. 

There are various interactions between nucle- 
ar spins, which might give rise to a hyperfine 
structure such as observed by Kojima and 
others. Among them, the direct interaction 
between nuclear magnetic moments is of the 
order of 1kc. This is too small to account 
for the observed spreading. Also the inter- 
action between nuclear quadrupole moments 
is very small. However, there is another type 
of interaction between nuclear spins, which 
is called electron coupled interactions. This 
is the second order perturbation energy of 
the interaction between nuclei and electrons. 
This has been often invoked to explain the 
hyperfine structure in nuclear magnetic reso- 
nance spectra of liquids.°?% In the case of 
iodine crystal, the second order energy of the 
magnetic interaction between nuclei and e- 


2 
rs) 
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lectron proves to be of a reasonable order of 
magnitude to explain the observed spreading. 
The second order energy of quadrupole inter- 
actions and the crossed second order energy 
of magnetic and quadrupole interactions are 
so small as to be negligible. 


§ 2. 


Electron Coupled Interation Between 
Nuclear Spins 


Theory of the electron coupled interaction 
between nuclear spins has been developed by 
Ramsey” and Gutowsky, NcCall and Slichter.1” 
The coupling constant for this interaction 
depends on the electronic structure of the 
chemical bond. In our paper, we consider an 
iodine molecule in which an electron pair bond 
between s -p hybridized orbitals of the con- 
stituent atoms is assumed. Since intermolecu- 
lar bond is weak, the electron coupled inter- 
action between nuclei of different molecules 
can be neglected. 

The Hamiltonian for the magnetic interaction 
between nuclei and electrons is given by 


D5 Pw hae (ey, 


Hy =>, Hw; , (2) 
a} 


Hys=2prn\ te 
Yin 
oni: 8))T in —3(Iw ‘Tin )(85* Tin) 


Ty 
(3) 


where £ is the Bohr magneton, 7 the magneto- 
mechanical ratio of the nucleus, Zy the spin 
of the N th nucleus, s; the spin of the 7 th 
electron, ljw the angular momentum of the j 
th electron around the N th nucleus, and rjw 
is the radius vector joining the N th nucleus 
and the 7 th electron. The electron coupled 
interaction between the nuclei A and B is 
given by 


Hyy= —> OE al Ha 0) + O| Ha|2)(2| 410) 
ie 8p —EK, 


+ °F ars9) Iv-a)} ; 


(4) 
where /) and E,, are the energies of the ground 
state and ” th excited state of the molecule. 
To simplify the calculation, we replace the 
denominator F,—E,, as usual, by a certain 
average excitation energy 4E, obtaining 


_ (0|/ Hu + HeH4\0) 


Has AE 


(9) 
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The calculation of this demands essentially) 
the knowledge about the ground state electronic: 
wave function only. The ground state function) 
is assumed to have the form 


OD ="¥ Xo ( 6), 
Vy=(/V 2 (pal pa(2) toe D2) (7) 
to=(1/V 2 a1) B(2) -B(1L)a(2)) (8)) 


where #4 and wz are the s -p hybridized orbit: 
als of the two iodine atoms: 


pa=V ssa tV 1s Pope (of 
pe=V sdpenV 1 —$ Pspon 


s is the s character of #4 and dz. a@ and BF 
in Eq. (8) are spin functions. We neglect the: 
overlapping between #4 and dz, which ensures: 
the normality of %. The above wave function) 
represents the electron pair bonded state. We: 
do not consider inner core electrons, since: 
their contribution to electron coupled inter-- 
action is not important. 
Eq. (5) can further be rewritten as 


5 OHH t HoH 3|0) | 
5k 4E 
where 7 and k may be 1 and 2. Au; is ap-- 
preciable only when the electron 7 is near the: 
nucleus A, and similarly Az, is appreciable: 
only when the electron k is near the nucleus: 
B. Therefore, when j7=k, Hu;Hoex, is small! 
everywhere. We neglect this type of terms: 
in (10). When jak, Au; and Hex commute,, 
so that the two terms Hy;Hz, and AHy.Aa; in 
(10) make equal contributions on account of! 


Hin= (10) 


the antisymmetry property of the wave: 
function. Thus we obtain 
Now we consider the integral 

| YP Hane ¥ dvidv, , (12) 


where ¥% is the spatial wave function given 
by (7). From the forms of (7) and (12) it is: 
obvious that the second term of ¥%, can safely, 
be omitted. Then we obtain 


| V HAV \dv,dv, 


at \ th MUTI: | hn(2)H anh x(2)ddy 


2 
(13) 
(3) and (9) give 
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| sd) Aang (Ade, 

= PIL 428,2+ QL azSie+ LaySyy) ; (14) 
and a similar equation for | $2) rabal2)d, : 
where 

eh 87 A ic ir pa nee 

P=28rh' s\KO)|+ © er 

87 2 PS ac 
Q=28rh} Fs) - a-9¢ 7 yt 


\(0)| is the absolute value of the #5; atomic 
orbital function at the position of the nucleus, 


is the average value of 


r 
the #5» orbital. Z axis in (14) is taken in the 
direction of the chemical bond, and 2 axis is 
for convenience taken in the direction of the 
crystalline b axis. 
Substituting (14) into (13) and averaging 
over the spin state (8), we have 
(0| Hu, 20) 

7 : P*LasTne— GU salve+ Lard) - (16) 
Thus the final expression for the electron 
coupled interaction between A and B becomes 


Hae=Jlaloet KLacloctLayloy) ’ (17) 
where 


eZ abbr tie] sig(O) 2+ Raines >t . 


PL. iC san (este fee ae ik SOE 
K=— (arny}', sir — = (1 d¢- > 
(18) 
§3. Analysis of the Hamiltonian for the 
Electron Coupled Interaction and the 


Experimental Results 


and s for 


The Hamiltonian of the nuclear spin system is 


Vm, mn 3 A; A =) =C{Pm(A)gm(B)+ din(A)Pn(B)+0-m(A)P-m(BY#P-m(A)p-m(B)} ’ 
v(m, m’, As, +)=C{Lm(A)pm(B)—pm(A)Ym(B) + p-m( A) p-m( B)FP-m(A)P-m(B)} 
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SF = Ho+ Hap . (19) 


Here Hg is the Hamiltonian for the quadrupole 
coupling 


Hoe= > CQ ga EMI) + Tw Tie) 
B 


4I(21—1) oy) 


with »=(re—Qvy)/Qzz, where q’s are the 
principal values of the electric field gradient 
tensor, and A4, is the Hamiltonian for the 
electron coupled interaction given by (17). 
Rigorously speaking, the x,y,z axes in (20) 
may be different from the 2,y,z axes defined 


-in the preceding section, that is, the former 


ones are the principal axes: of the electric 
field gradient tensor, whereas the latter ones 
are the principal axes of the electron coupled 
interaction and these two sets of axes may 


not necessarily coincide with each other. 


However, according to the Zeeman effect 
study of Tsukada® the principal axes of the 
field gradient tensor coincide with the x,y,z 
axes defined in the preceding section within 
experimental error, so that we may use com- 
mon axes in (17) and (20). 

The Hamiltonian (19) has certain symmetry 
properties. It is not only symmetrical with 
respect to two nuclear spins, but also invariant 
under the reflection in the ac plane. The 
eigenvalue problem can be greatly simplified 
if we take into account these symmetries. 
The eigenfunctions must therefore be sym- 
metrical or antisymmetrical with respect to 
these symmetry operations. Now, if we regard 
the term Hus in (19) as a perturbation, the 
unperturbed eigenfunctions with the above 
symmetry properties are given by 


(21) 


where #m are the eigenfunctions of the quadrupole coupling of individual nuclei, (=-+5/2, 
+3/2, +1/2) being the approximate quantum number corresponding to the z component of 
the nuclear spin angular momentum, and A,, A, and + indicate whether the wave function 
is symmetrical with respect to the exchange of two nuclei and with respect to the reflection 
about the ac plane respectively. C is the normalization factor, equal to 1/21/2 when m=-:m’ 
and 1/2 when m-<:’. 

The energy of electron coupled interaction is to be calculated on the basis of the above 
wave functions. Since two functions Y(m,m’, Aj,.,+) and Y(m, —m’, Ai,2, =) have equal 
4 unperturbed energies, we should take into account the mixing of these two states, if there 
were interaction between them. However, in the case of the spin quantum number equal 
to a half odd integer as in the present case, the off diagonal element connecting the above 
two states vanishes identically, so that the wave functions of (21) are by themselves correct 


eigenfunctions. The hyperfine energies for them are 
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where |m, m’) means the wave function ¢m(A)¢m-(B) and so on. 
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E(m, m’, Ay, +)=C*[(m, m’|H4u|m, m’)+(m, m’|Haz|m’, m) 
+(m, m’'|Han|—m, —m’)+(m, m’|Han|—m’, —m)] , 
E(m, m’, Ay, +)=C?[(m, m’|Hazu|m, m’)—(m, m’|Hax\m’, m) 
+(m, m’|H4»|—m, —m’)(m, m’|H4x|—m’, —m)] , 
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12; | 


(22) 


Although rigorous calculation: 


of (22) is somewhat tedious, we may neglect the terms of higher order than 7 since 7 iS: 


sufficiently small; 7=—0.15. First, we consider the case of m-<m’. 


where the four terms correspond to the four terms of (22) in that order. 


E(m, m’, Ay, +)=Jmm'+Kf (m, m’)+7Kg(m, m’)+7nKh(m, m’) , 
E(m, m’, Ay, +)=Jmm’ —Kf (m, m’)+nKg(m, m’)F7Kh(m, m) , 


values of f,g,h are 


f(m,m+1)= ; (Em) I+m+}), 


3 li ee 
(+5, =H 


him, —m=1)=| 


1 
8 


leap ese Ayre 
gies. aud (7 
aa) =) = ( 


fe Ibe Who 
24m (7 +1) 


i 
2 


Mery) 


{Usem)(em-+1). 


Then (22) is rewritten as: 


Nonvanishing: 


(24) 


Next, in the case of m=-:m’, it can be proved that Eq. (23) and (24) still hold, although 
the correspondence between the terms of (22) and (23) is not as above in this case. 
Hyperfine energies of the eigenstates calculated by (23) and (24) are listed in Table If. 


Table I. 
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Allowed transitions between these states are Table III. Hyperfine component lines for the 
listed in Table II and II with their frequencies aARtOANS Ds 
and relative intensities. Intensities of some Art 22 


i hyperfine component _lines depend on the yi) Srincthy REG UEEE Intensi- 
_ direction of the radiation field, but since the by, 
_ dependence is not so prominent, we consider Sta | | i 
ee: : — | 4,,4—>A Sy z 
in the following only the average spectrum Doel tae = | rye’ 9K 2 
over all the directions of the radiation field, 8 3 
. . . . | Ay +> A, +| = Byer 2, 
although slight variation of the spectrum with 2 rile’ ei: 2 2 
the direction of the radiation field has been LA hed by ie ; 
. . . e | jee 3 , | ai J+ 
observed in qualitative agreement with our L | ‘ oe 2 
theory. Y lets 97 Nga mate aye 1 
The pattern of the hyperfine structure ae 2 
1 98 1 
A A ST ep z 
Table II. Hyperfine component lines for the trans- beater es 9 Wi 142 
x eae | | ] 98 1 
ition m= > > Ay,+7A,,-— | J € as 
2 2 cu Dyce an i g 7K 9 
ee: in? 310 1 
m! Symmetry Frequency “yt | Ag, t—>Ae,+ ae 5 7K = 
> nana: ‘ Papesund| Nts “alien 
5 (| Ar. 7 Ai, + a se 1 bela ei ea z 
3 | 2 2 Ay, +> Aj + 8], 110 ox 
| Bo a? 
Ay,+—7Ae2,+ Ee age 1 = 3 | Ay, -—>Az2,— 2 9 
| eae a Se ae aaa BT 7K 2¥ 
. | Ay, +> A1,+ | 33 +4K anne PAS a2, 2 9 
Jaby saecaetali pa | 5 10 
| LI+ 59K 2x 
(Aveo Abt | 54 ~(4412)K 1 2 beak ae peas rae ENE 
= | 2 \\A1,+—>A1,— | 5, 10 
D | | ori ys a 1, iss oy fae A 2Y 
A; ,+>Ai,-— aed —(4— 12n)K | 1 pas, sar aa | 2 ee 
1 Die 98 * X and Y are the same as in Table Il. 
: Bapenl Hie Pil\ resis x2 
Sg nae Tig =7+(4 9”) 
1 9 98 
- 27 4( 49 \K 
lah bed, 4 See deparcgs) Y 
1 oF 10 xs 
| Az, +7 Az,- ge @ 91 )K x 
1 9 10 
Se duels yd fs EE NX 
Ag An at is 9”) 
[Ai Ag+ $540k xX 
Ay, +27A1,- S joan ks Y 
2 9 
Aste AgtAci She Og 
apaoeerataat) 
Se) 
= Ass ae fe ee © | xX 
Ag, >A, il g VK | 
Pa Ags Ee. 10 
— J = — K | 
VA eee AD tte 2 9” | : P 
A, ,-7A,,+ 7g ge 1 -8K -6K -4K -2K O 2K 4K 6K 8K 
ae viva } 2 cen | Fig. 1. Frequencies of hyperfine component lines 
i for the transition m=3/2 > 1/2 as function J/K. 
* X=cos’eH ra, » Y=cos’ UH, Bold lines, solid lines and broken lines represent 
Here xHyaq, and YH;aa, denote the angles between the frequencies of hyperfine component lines 
the direction of the radiofrequency field and the x with a unit intensity, a half intensity and a 


and y axes respectively quarter intensity, respectively. 
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depends on the ratio J/K. In Figs. 1 and 2 
the frequencies of hyperfine component lines 
are plotted as functions of J/K. Best agree- 
ment with experiment has been obtained for 
the pattern of the m=3/2-—1/2 transition by 
putting J=K=3.0 kc. Comparison of observed 
and calculated spectra is shown in Figs. 3 and 
4 for the transitions m=3/2-1/2 and m= 
5/2->3/2 respectively. The observed spectrum 
for the m=5/2-—3/2 transition has not a well 


-2 A 

=6K-6K AK =oK ol PekmrakKi eka 6K 

Fig. 2. Frequencies of hyperfine component lines 
for the transition m=5/2 3/2 as functions of 
J/K. Three types of lines indicate the same 


intensities as in Fig. 1. 


- 
——— 


-20 -I0 O 10 20 ke 
Fig. 3. Hyperfine structure of the m=3/2—1/2 
spectrum. The smooth continuous curve re- 


presents the observed spectrum while the sharp 
vertical lines represent the calculated spectrum. 


+20. =10 © 710), 20) \jke 
Fig. 4. Hyperfine structure of the m=5/2— 3/2 


spectrum. 
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resolved structure, and it may be due to ai 
large broadening of hyperfine component lines. . 


§4. Discussion of the Electric Structure: 
of the Chemical Bond 


In the preceding section values of J and K |! 
have been determined to be both equal to) 
3.0kc. According to (18), the equality of /| 
and K would be ensured only when s=1, that: 
is, only when the bond has 100 % s character.. 
However, (18) can not be considered as very’ 
accurate, since we have introduced various‘ 
approximations in deriving it. Thus, we must! 
confine ourselves to the discussion of the order: 
of magnitude of these constants. Now, since: 
jJ and K are sensitive functions of s, we cam 
obtain a rather precise value of s from the: 
observed magnitude of Jand K. Before doin; 
so, we must estimate the values of several! 
quantities involved in (18). The value ol! 


Bra > is very accurately known to be: 


115) 
16 
of the atomic spectra of iodine, but Prh|h(0)|*? 
can only be estimated by the conventiona!}| 
approximate formula  |q(0)|?=2Z6?/za,3n’,™) 
where Z is the atomic number, 0 Slater’s: 
orbital exponent, #’ the effective principal! 
quantum number, and @ is the Bohr radius. 
4E may be put equal to be about 5 ev.™! 
Then the values of J and A in (18) are: 
functions of s. If we put s=1, J and K become | 
about 78kc, while if we put s=0, J becomes: 
about 0.6kc. To fit Jand K with the observed 
magnitude, s must be about 0.22, that is, the. 
s character of the bond is about 22 %. 

We can discuss the electronic structure of 
the chemical bond in an iodine crystal in 
more detail by also using the previously known 
quadrupole coupling constants. Solid iodine 
has a layer structure and the molecules in 
each layer are believed to be held together 
by auxiliary bonds, since the internuclear 
distance between nuclei of neighboring mole- 
cules is smaller than the sum of van der 
Waals radii. According to the crystalline 
structure, each atom is involved in two aux- 
iliary bonds, one directed nearly along the z 
axis while the other directed nearly along the 
y axis. The auxiliary bonds have been dis- 
cussed by Townes and Dailey as due to the 
resonance switching of the bonds, and later 
by Robinson, Dehmelt and Gordy, as due to 


x 827.265 Mc!» from the hyperfine structure! 


' the excitation of electrons to d orbitals. In 
| this paper, we postulate that the auxiliary 
| bonds are formed by excitation of electrons 

_to d orbitals, since the resonance switching 
| of the bonds would be accompanied with the 
_ rotation of the principal axes of field gradient 


| tensor in contradiction to the experiment. 


We denote by a the fractional importance 
with which the auxiliary bond is formed, and 
denote by d the d character of the intra- 
molecular bond. Then theoretical expression 
for the quadrupole coupling constants are 


Qe. =eOdaror( 1 —s+d— ; a) ) 
(25) 


We have neglected higher order terms such 
as sd, sa in the above expression. eQqatom 
means the quadrupole coupling constant for an 
iodine atom. Its value is known to be —2 
x 1146.356 Mc.' Putting eQq..= —2157Mc,»*® 
y=—0.15 and s=0.22, we obtain a@=0.1 and 
Be (i 33. 

The nature of the bonds in halogen mole- 
cules has been discussed theoretically by 
Mulliken,’ and it has been concluded that 
the s character in the F, molecule is about 
2% and the s character in the Cl, molecule 
is about 10%, so that the present value of 
22 % for the s character in the I, molecule is 
quite reasonable. The value of d and a are 
also of reasonable order of magnitude. 

We express our hearty thanks to Prof. M. 
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couragements and discussions, and to Prof. 
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The secondary emission yield is observed to decay very rapidly under 
electron bombardment especially during the exhaust process using oil 
diffusion pump. In this paper, factors affecting the decay, a method of 
remedy to make the decayed yield to recover, and effects of various 
gases and vapors on the yield are discussed. A major cause of the 
secondary yield decay is attributed to the deposition of amorphous 
carbon, which is produced on the dynode surface through the decomposi- 
tion of hydrocarbon or carbon-containing gases by the electron beam. 
Heating the contaminated dynode at high temperatures in oxygen atmos- 
phere for some period results in a recovery of the yield. Keeping the 
dynode at high temperatures during electron bombardment is effective 
in bringing about a marked decrease in the decay. From the data on 
the temperature dependence of the decay, the heat of adsorption of a gas 
which is considered to be the source of contamination, is calculated to 
be about 1.6 kcal'‘mole. Ns, CO and CO, do not exert any harmful 
effects upon activated dynodes, while H, exerts somewhat harmful effects, 
and, particularly, electric discharge in Hz should be avoided. The most 


unfavorable gas is the grease vapor. 


briefly discussed. 


$1. Introduction 

In the course of experiments carried out 
to determine optimum activating conditions 
of silver-magnesium alloy secondary electron 
emitters, using water vapor and oxygen as 
oxidizing agents, we were confronted with 
some difficulty in obtaining reproducible re- 
sults. It was also noticed that the secondary 
electron yield, 6, decayed so rapidly during 
the measurements that the values of yield 
measured at the beginning and at the end of 
the experiment under the same condition dif- 
fer considerably from each other. It was 
considered necessary, therefore, to search into 
factors affecting the decrease in the yield 
prior to the determination of optimum activat- 
ing conditions. 

It is the object of this paper to describe 
the results thus obtained. A probable cause 
of the decay of secondary yield will be dis- 
cussed in some detail, and effects of various 
gases or vapors on the yield will also be 
described. 


* Now at Department of Communication Engi- 
neering, Tokai University, 
Shibuya-ku, Tokyo. 
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The process of contamination is 


Measurements of Secondary Yield on 
the Pump 


2.1 Apparatus 


The description which follows pertains to the 
measurements on experimental tubes on the 
pump, except where otherwise noted. In 
order to save time and labor for making a 
number of experimental tubes to be used to 
determine optimum activating conditions, we 
carried out experiments with experimental 
tubes on the pump in place of sealed-off tubes. 
A schematic diagram of the apparatus used 
is shown in Fig. 1. Water vapor or oxygen 
was employed as oxidizing agent, and such 
gases as carbon monoxide, carbon dioxide, 
hydrogen, and nitrogen were used to study 
their effects on the secondary yield. The 
pressure of these gases was measured by the 
Pirani gauge. Most of the experimental tubes 
used in the following experiments were of 
usual construction with an exception of the 
provision of a shutter for protecting the con- 
tamination deposits on the dynode from the 
tungsten filament, as roughly sketched in the 
figure. The specimens used were Ag-Mg rib- 
bons 20mm in length, 5mm in width, and 
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“about 0.1 mm in thickness and contained about measurements. If maxima of these curves, 
2 per cent Mg in weight. The Mg content has 
nothing to do with the following discussions. an activation curve such as shown in Fig. 3 


{ 


a) 
Pirani gauge Fea] EXP: 
bE tube 
| 
]) lonization | il 
ST gauge TTT 
(Wp 
to ally ry 
pump |f | v Z 
wy: GY 
ZW G Coolin 
Zy H20 tube 
Fig. 1. Schematic view of the apparatus for 


measuring the yield decay and the effect of 
various gases on the yield. 


These specimens were well polished before 
formed into [| shape, by the polishing pro- 
cess described in a previous paper.” 


2.2. Dependence of the Secondary Yield on 


Activating Time. 
At the start, the secondary yield was 


measured with a dynode not subjected to an 


activating treatment. It was assumed that 
since the dynode was not activated, the 
maximum secondary yield would be of the 
order of unity. This was, however, not the 
case, and somewhat larger value of the yield 
could perhaps be attributed to MgO film formed 
on the surface during glass-working and bulb- 
baking stages. Water vapor was then ad- 
mitted into the experimental tube at a certain 
pressure; the dynode was heated at the 
desired temperature for a prescribed period 
by passing an electric current through the 
ribbon, and the temperature was measured by 
means of a thermojunction welded to its 
back; the current was stopped and the tube 
evacuated. After the bulb was baked out, 
the electrodes were degassed by induction 
heating, and the tungsten filament was 
flashed as usual, with the shutter closed, and 
the experimental tube was ready for measure- 
ment of the yield against primary voltage. 
These measurements were carried out in 
succession as many times as desired. The 
curves of Fig. 2 are typical results of such 


Omax, are plotted against the activating time, 


§ 


Secondary yield, 


10) 
QO 200 400 600 800 1000 (200 1400 


——~* Primary voltage, Vp,in volts. 


Fig. 2. Yield vs. primary voltage curves. 
Activating condition: Py,9=6 x 10-2mmHg.; 
Temp. =620°C; 

Time: Omin. (curve 1), 3min. (curve 2), 
6 min. (curve 3). 
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Fig. 3. 


is obtained. The curve shows a pronounced 
maximum, and even with prolonged activation 
with water vapor as the oxidizing agent, the 
yield could not be recovered. 

When oxygen was employed in place of 
water vapor as the oxidizing agent at this 
stage, the secondary yield recovered to a 
higher value, reaching a nearly steady value 
after 15 to 30 minutes of activating time ac- 
cording to the oxygen pressure and the dynode 
temperature. 

After a number of similar experiments were 
carried out with a variety of water vapor 
pressures and dynode temperatures, it was 
found that the maxima of the activation 
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curves always occurred at the first measuring 
points. This fact seems to suggest that 
something unfavorable to secondary electron 
emission was produced on the dynode surface 
upon bombardment by primary electrons even 
for a short time during the yield measure- 
ment. In fact, when the dynode was taken 
out of the experimental tube, purple- or blue 
black-colored staining was observed on the 
portion, of the surface bombarded by the 
primary beam, and the diameter of the stain 
was quite equal to the primary beam dia- 
meter. 
2.3. Decay of the Secondary Yield and 
Primary Electron Bombardment. 


It was our next step to determine whether 
the contamination deposit stated above is 
formed only through the bombardment by 
primary electron beam, or due to evaporation 
of contaminant from the tungsten filament. 
The simplest way to do this is to cut off the 
primary beam for a short time during the 
course of the decay. If the contamination 
deposit in question came from the filament, 
it would have nothing to do with the primary 
electron bombardment. Curve A of Fig. 4 
shows, however, that this is not the actual 
case. The fact that the cessation of the 
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Fig. 4. 


decay characteristics. 


primary beam with the filament being lit 
resulted in no decay of the secondary yield 
indicated that the evaporation of contaminants 
from the filament need not be taken into 
account in the present case. The only cause 
of contamination deposit is then attributed to 
the primary electron bombardment. This 
point was also confirmed by experiments 
carried out with experimental tubes of special 
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Effect of cessation of primary electron bom- 
bardment and of secondary electron extraction on 
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construction using magnetically deflected pri- 
mary electron beams. | 

Intermittent suppression of the secondar 
electrons by applying the collector a negativ 
potential with respect to the dynode, while th 
primary beam was held constant throughout 
the measurements, gives no effect upon th 
yield decay as shown by curve B of the sam = 
figure. On suddenly recovering the collector 
voltage from a negative value with respectt 
to the dynode (V.=—15 volts) to the normal 
positive value (V-=50 volts), the gradual ris 
of the curves as shown dotted in Fig. 4 B& 
was observed in cases where insulators such 
as glass exposed to stray electrons were: 
present; stored charge on these is believed tx 
be the cause of this phenomenon. | 

The result of a similar experiment with a 
sealed-off tube is also illustrated in the same: 
figure by curve C. No decay is observed in 
this case, and only with prolonged primary 
electron bombardment a normal decay due to 
the decomposition of MgO into Mg and Oz 
was noticed. 


2.4. Effects of Primary Electron Energy and 
Current Density on the Yield Decay. 


As it has become evident that the primary, 
electron beam plays a major role in producing: 
the contamination deposit, it is im- 
portant next to know the effect of the 
primary electron energy and current 
density on the yield decay. As seen 
from Fig. 5, yield decay does not 
depend too much on electron energy 
in the range covered by our experi- 
ments. 

On the other hand, the primary cur- 
rent density exerts a marked effect on 
the yield decay, as seen from Fig. 6. 
In this figure, curves A and B have 
been obtained with the same primary 
voltage (Vp=620 volts) but with differ- 
ent values of primary current (J»=1uA 
and 2A, respectively). Comparison of these 
two curves indicates that the time required 
for the yield to decay to the same value of 
0 is inversely proportional to the primary 
current, and that the same quantity of charge 
laid down by the bombarding beam on the 
dynode gives rise to equal decay of the 
secondary yield when the primary voltages are 
kept equal. 
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Fig. 5. Effect of primary electron 


energy on the decay. 


Target temp=70°C 
=620 volts 


—- Time in minutes 
Fig. 6. Effect of primary current density on 
the yield decay. 
Curves A and B: on oil diffusion pump 
Curve C: on mercury diffusion pump. 
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Fig. 7. Effect of target temperature on the decay. 


2.5. Effect of the Dynode Temperature on 
the Decay. 

In order to see the effect of the dynode 

temperature on the decay, dynode temperature 
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was varied over the range from room tem- 
perature to 200°C. In the range of tempera- 
tures covered by our experiments, keeping 
the dynode at higher temperatures during the 
primary electron bombardment resulted in a 
considerable decrease in the decay of the 
yield, as shown in Fig. 7. 


§ 3. The Cause of the Yield Decay during 
Primary Electron Bombardment 


It is evident that the cause of the yield 
decay should be attributed to residual gases 
in the system, as shown by curve C of Fig. 4 
for a sealed-off tube. A glance at Fig. 3 
through Fig. 7 affords an impression that 
electron bombardment gives rise to something 
on the bombarded surface. which is a poor 
secondary electron-emitting substance. Fig. 3 
indicates definitely that the yield decay is not 
caused by the decomposition of MgO into Mg 
and O, by electron bombardment. A number 
of papers have been published on the so- 
called “electron-bombardment contamination” 
in the field of electron microscopy.?#?” 
In the field of secondary electron emission, 
Lempicki seems to be the first to publish the 
result of experiments on the yield decay 
during primary electron -bombardment,®?® 
and he attributed this to the deposition of 
silicone on the surface which was decomposed 
by electron bombardment from the silicone 
vapor originated from the pump oil. The 
pump oil used in the present experiments was 
not the silicone oil but the alkyl-naphthalene 
oil, although silicone grease was used in the 
taps. These taps were cooled with water 
during the experiments. 

The curve of Fig. 3 seems likely to reveal 
that something déposited on the dynode sur- 
face by electron bombardment does not have 
great enough affinity for oxygen to deprive 
oxygen of water molecules. Referring to 
Fig. 8 which represents the relation between 
the dissociation pressure of various oxides 
and the reciprocal of temperature,” it is 
considered that the substance deposited on the 
dynode surface by electron bombardment 
must form an oxide whose dissociation pres- 
sure should lie above the H,O curve. There- 
fore, the probable substance is assumed to be 
carbon. The fact that the contamination 
deposits disappear completely when they were 
heated in air to about 800°C for about one 
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minute indicates this to be the actual case. 
Although an electron diffraction study is 
unable to give any concrete conclusion to its 
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Fig. 8. Dissociation pressure of various oxides. 
CO,(1): C+0O,=CO, 


identification, the patterns obtained reveal 
that it is amorphous and of carbonaceous 
nature. The gas that is produced by subjec- 
ing the stained dynode to activation with 
oxygen, therefore, will be either CO or CO,. 


§ 4. The Process of Contamination of the 


Dynode Surface 


In conformity with the work of Hillier», 
and of Konig® the present investigation has 
shown that the contamination deposit has an 
amorphous structure and is of carbonaceous 
nature as stated above. This suggests that 
the source material is organic in nature or 
carbon-containing gas, and that contamination 
is formed by the reaction of the electron 
beam with the vapor or gas molecules on the 
dynode. The source of these organic vapors 
or gases may come from oil, grease, etc. in 
the system. The conversion of these organic 
substances to form the contamination deposit 
must take place on the surface of the dynode 
and not in the vapor, because the contamina- 
tion deposit is formed only on the portion of 
the surface bombarded by primary electron 
beam. On the dynode surface, there may 
exist an adsorbed layer of hydrocarbon or 
carbon-containing gas which effectively in- 
creases the concentration of molecules. What- 
ever electronic mechanism causes the forma- 
tion of contamination, the orignal organic or 
gas molecules are effectively fixed by the 
electron beam. The electron energies neces- 
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sary to bring about the chemical reactions are 
relatively small in comparison with the beam 
energies employed,!” which would explain why: 
there is no great dependence of contamination 
on the electron energy (see Fig. 5). 

The contamination process is continuous: 
with time for so long as the electron beam is 
operative, so that a steady state condition 
must be set up between the rate of conver? 
sion of hydrocarbon molecules to contamina: 
tion on the surface, and the net rate of 
supply of fresh molecules from outside. [1 
has been established that no build-up of 
carbon layer takes place on the surface im 
the absence of the electron beam. And 
any hydrocarbon or carbon-containing gas ‘s 
present on the surface, it must result from 
an equilibrium between molecules arriving om 
the surface and those leaving it. At low 
surface concentrations, the contamination rate 
will be directly proportional to the surface 
concentration of molecules and to the current 
density. We have already seen that this was 
the actual case (Fig. 6). 

We agree with A. E. Ennos® in attribut- 
ing the replenishment of the hydrocarbon on 
carbon-containing gas film to the arrival of 
hydrocarbon or gas molecules by condensa- 
tion from the surrounding vapor or gas. 
The concentration of these molecules, which 
are in dynamic equilibrium with the vapor, 
is dependent upon the pressure of the vapor, 
the temperature of the surface and _ the 
binding energy of the vapor molecules on the: 
surface. At very high temperatures, no 
vapor molecules can exist for a_ significant! 
time on the surface, but as the temperature: 
is lowered, the average time for which a: 
molecule can stay on it increases, with con- 
sequent increase in surface concentration.. 
The degree of adsorption will be directly pro- 
portional to the pressure of the vapor since 
for the low vapor pressures which exist in 
a normal kinetic vacuum system, it is reason- 
able to assume that the surface concentration 
of vapor molecules never exceeds monolayer 
except under conditions of very low surface 
temperature. The fraction of the surface 
covered with molecules will then be given 
by a formula due to Langmuir: 
Ay EO/RT 


hy (22nMRT )12 P, 
since p is very small in the present case 


(1) 


| sary to evaporate 1 mole of the condensate 


t 


' p the pressure. 
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‘(~10-8 mm Hg). Here a is the condensation 
coefficient, @ is the activation energy neces- 


or the heat of adsorption, R the gas constant, 
M the molecular weight of the condensate, 


_k a constant, T the absolute temperature and 


In view of the experimental results obtain- 


ed by Ennos® showing that the thickness of 


contamination deposit is nearly a linear func- 
tion of bombarding time in the initial stage, 
it will not be unreasonable, as a first appro- 


' ximation, to assume that the square of the 
' drop in the secondary yield from the initial 
_value, (—40)?, is proportional to the quantity 


of deposited carbon. m: 
(—d0)200 m. (2) 
On the other hand, the contamination rate, 
dm/dt, should be proportional to the primary 
current, z», and also to @: 
dm 
3 
a (3) 
Taking K as the proportional constant, we 
obtain 
dm ; ; Ay EQ/RT 
a Ke,0 Kz, eee . 
a ia *» by (Qn MRT)? 
Squaring both sides and assuming zp and p 
constant, the following relation is obtained: 
dm 20 
{| ees ARS 
loz ( mn eX 04343. 6) 
In Fig. 9 (—40)?, taken from Fig. 7, is plotted 


co 2,0 . 
(4) 


2 
) T =constant+ 


30 
Time in minutes 
(— 46)? vs. time plot. 
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against time. The slope of the linear parts 
of these curves gives dm/dt. If we plot 
log (dm/dt)? T against 1/T, a straight line is 
obtained as shown in Fig. 10, whose slope 


lo! 


2 3) 
lov T 
Fig. 10. Heat of adsorption. 
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giving @, the heat of adsorption, as 1.6 kcal/ 
mole. In the absence of data on the heat of 
adsorption of gases on MgO surface, we can 
not deduce from the above result what kind 
of gases plays the major role in the contami- 
nation in question. 

When the oil diffusion pump is replaced by 
a mercury diffusion pump, it is observed that 
the yield decay shows a marked decrease as 
shown by curve C of Fig. 6. From this, we 
may conclude that gases or vapors originated 
from the pump oil play a significant role in 
producing contamination deposit in the present 
case. 


§ 5. Effects of Heating Well- Activated 
Dynodes in Various Gases upon the 
Yield 

5.1. Effect of Heating in Vacuo. 


It is important to know the effect of heat 
treatment of an activated dynode in vacuum 
pon its secondary yield. From our experi- 
ments it has been shown that heat treat- 
ment at 300°C for about 5 minutes in vacuum 
causes the yield to increase slightly, but 
heating up to higher temperatures (over ca. 
500°C) causes a considerable decrease in the 
yield. 

5.2. Effect of Air. 

Short-time exposure of an activated dynode 
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kept at 590°C to air did not produce any 
change in the yield. 


5.3. Effect of Heating in Hydrogen and of 
Electric Discharge in Hydrogen. 

Heating of an activated dynode in line hy- 
drogen at 1 atmospheric pressure up to about 
600°C for 30 minutes causes the yield to 
decrease by approximately 30% or more, 
while a similar heat treatment in dry hydro- 
gen at a pressure of the order of 10-? mm Hg. 
does not affect the yield to a marked degree. 
This is probably due to partial decomposition 
of MgO film by hydrogen. 

A more pronounced effect on the secondary 
yield is produced by subjecting the dynode to 
an electric discharge in an atmosphere of 
hydrogen. Furthermore, it was observed that 
the effect was more pronounced with the 
dynode negative and the collector positive, 
than with the dynode positive and the collector 
or the other electrodes negative. A decrease 
in the yield of about 40% was not rare. The 
reason for this effect might be considered as 
roughening of the dynode surface due to 
positive ion bombardment, giving rise to 
labyrinth-like structure of the surface. 


5.4. Lffect of Heating in Nitrogen. 


Heating an activated dynode in dry nitrogen 
to about 600°C has no noticeable effect upon 
the secondary yield. 


5.5. Effect of Heating in Carbon Monoxide 


and Carbon Dioxide. 


At first, it was expected that such gases as 
CO and CO, would be decomposed on the 
dynode surface by being deprived oxygen 
atoms by magnesium atoms, thereby giving 
rise to carbon deposit on that surface. Con- 
trary to our expectation, however, heating an 
activated dynode at 400-600°C for about 15 
minutes or so in an atmosphere of dry CO or 
CO, at a pressure of about 1x10-?mmHg 
did not result in a decrease in the secondary 
yield. Rather, in conformity with the data 
obtained by Wargo et al,!!8 a virgin dynode 
is activated in CO and CO, atmospheres. 


5.6. Effect of Grease Vapors. 


From our preliminary experiments carried 
out some time ago it has been known that 
the vapor of grease used in taps has un- 
favorable effects upon the secondary yield. 


M. HIRASHIMA and S. MIYASHIRO 


(Vol. 12 


This has been confirmed again by the fol) 
lowing experiment. 

An experimental tube containing a dynod! 
activated with oxygen is evacuated on the 
pump. The vacuum system is equipped with 
an appendage in which a small quantity 0) 
vacuum grease* is contained. Within this 
grease is embedded a Ni-W thermojunction 
by which the temperature of the grease may 
be measured. After the vacuum system was 
evacuated to as perfect a vacuum as possible 
the system is shut off from the pump by < 
tap, the grease is heated from outside of the 
appendage by a gas flame, the vapor of the 
grease is admitted into the system directly 9 
through a liquid-air trap, and then the dynode 
is heated to the desired temperature for < 
prescribed period. After the system has bee 
exhausted again, the degassing of the bulb anc 
of the electrodes is done as usual, and then the 
secondary yield is measured as a function od 
the primary voltage. It is found from this 
experiment that the grease vapor has the most 
influence in causing the secondary yield tc 
decrease, and the dynode seems to be per- 
manently damaged by the silicone grease 
vapor, as reported by Lempicki®. 

A mass spectrographic study of the vapor 
of the silicone grease at 100°C gives the 
following result: 


Table I 
Components Percentage 
HA Teo 
H,0 69.85 
CO | 16.50 
Ne 20) 
O, None 
CO, | 1.05 
Mass No. 73 2ROD 
Others | Trace 


The vapor from the grease above 100°C was 
not measured because of the perplexing effects 
of the grease on the apparatus. Table I does 
not contain any harmful components of the 
grease vapor for the dynodes in questior 
except for an unknown component of mass 
number 73, so far as our experiments on the 
effects of gases on the secondary yield are 


* Dow Corning High Vacuum Grease (silicone 
grease), 


f 


' 
| 
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concerned. The component with mass number 


73 seems to be hydrocarbon vapor, and along 
with vapors evolved from the grease at higher 
temperatures than 100°C which might contain 


some unfavorable components, it is very likely 


to be the source of the contamination deposit 
in the present case. 


§6. Concluding Remarks 


It has been found that the major cause of 
the yield decay of Ag-Mg alloy secondary 
electron emitters under electron bombardment 
during exhaust on the pump is not the de- 
composition of MgO film due to electron 
bombardment, but is the deposition of con- 


_taminant which is believed to be amorphous 


carbon decomposed from hydrocarbon vapors 
or carbon-containing gases by the electron 
beam. The contamination deposit is formed 


only on the portion of the surface of the 


dynodes bombarded by the primary electron 
beam. It seems to be very probable that the 
same phenomena occur more or less even in 
sealed-off tubes. Therefore, this should be 
taken into account, in connection with the in- 
terpretation of life test result of dynode 
materials. 
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Conical Spiral Structure and Laminar Cleavage of Graphite 


By Takuro TSUZUKU* 
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Apparently circular crystals of graphite prepared from carbon black 
were investigated by electron microscope. These crystals show circular 
growth patterns and produce spotty electron diffraction rings accompanied 
by ellipses and diffuse bands. Moreover, the circular crystal folded in 
half presents a fan-shaped appearance instead of a semi-circular form; 
i.e., two radii along the folded line makes an angle smaller than 180°. 

These facts verify that the apparently circular crystal is really a stack 
of conical graphite sheets, each of which is successively rotated about 
the common axis in e-direction. It is pointed out that such a conical 
crystal can be formed by a spiral mechanism. 

Laminar cleavage of conical crystals was observed, and the gliding 
mechanism connected with the spiral structure has been explained in 
terms of dislocations. From the spots distribution on the electron diffrac- 
tion rings produced by some cleft sheets, the crystal has been concluded 
to be in the form of polygonal cone. 


Introduction 


§1. 

Previously the present author and his co- 
worker” have reported that hexagonal single 
crystals of graphite 1-5 in diameter were 
produced by heat treatment of carbon black 
‘Seast 116**’ at 2500°C. From the pyramidal 
structure stepped by 150-300 A in height, the 
crystals were concluded to be grown by 
Frank’s spiral mechanism”. 

In the subsquent course of the study by 
electron microscope, apparently circular crys- 
tals were found besides the hexagonal ones. 
A set of round growth patterns was observed 
on the face of each crystal, suggesting that 
the crystal might be formed also by the spiral 
mechanism. It should be remarked that the 
circular crystals produce spotty Debye-Scher- 
rer rings while the ordinary spiral mechanism 
leads to the formation of pyramidal monocrys- 
tals which may produce single crystal diffrac- 
tion patterns. This apparent discrepancy 
suggests that there exist some unknown as- 
pects of the crystal structure, which will be 
investigated and revealed in the following 
sections, 

The experimental work has been mainly 
carried out by means of a three-stage electron 


* Now at the Chuetsu Factory of the Tokai 
Electrode Mfg. Co., Ltd., Namerikawa-City, Toyama- 
Ken, Japan. 

** Reinforcing-furnace black made by the Tokai 
Electrode Mfg. Co. 


microscope»? (HU-9 Type made by the Hitachi 
Co., Ltd***.) which enables us to observe <4 
micrograph and a diffraction diagram froin 
the same small object in the restricted area 
about 2 2sq. microns. 


§2. Conical Spiral Structure 
2A. General Observations 


Photo. 1 reproduces a pair of electron micro: 
graph and diffraction diagram of an apparently 
circular crystal of graphite. 

A set of circular loops observed in the 
micrograph (Photo. la) represents the growth 
front of each layer. Since the central part is 
hardly penetrated by the electron beam, it is 
concluded that the crystal has a pyramida) 
form stepped by the circular growth fronts: 
Two straight lines running toward the centre 
from the round external edges, A and B, are 
worthy of special attention in the respect that 
the fan-shaped portion bounded by these twe 
lines (A and B) and the round edge (arc AB} 
is more transparent for electron beam thar 
the rest. This suggest that the fan-shaped 
portion adheres to the surface of the support: 
ing mount (collodion film) intersecting the in- 
cident beam nearly vertically while the rest 
are so appreciably inclined as to lengthen the 


*** The writer is indebted to Dr. B. Tadanc 
and to Mr. T. Komoda of Hitachi Central Labora: 
tory for kindly allowing to utilize their electron 
microscope apparatus. 
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path of electron beam in the crystal, 
In the diffraction diagram (Photo. 1b) we 
can see spotty Debye-Scherrer rings accom- 


b 
Original form of conical crystal. 


Ehotonele 


panied by elliptic arcs and diffuse bands. 
Since all the rings have indices of the type 
(hko), the crystal has been concluded to con- 
sist of numerous thin graphite layers each of 
which has the common axis in c-direction but 
is disoriented in a-direction. This seems, at 
first sight, to be associated with Warren’s 
turbostratic structure which implies stacking 
of graphitic monolayers parallel one to ano- 
ther but with random orientation about the 
layer normal. However, the ¢urbostratic struc- 
ture is generally seen in poorly- or non-gra- 
phitized carbons, and it produces quite diffuse 
patterns of (hk) 2-dimensional reflections in 
the diffraction diagram. All the rings obtained 
in this experiment are too clear to be those 
of turbostratic carbon. 

As well known, elliptic diffraction patterns 
are produced when electron beam is obliquely 
projected to the basal plane of thin layered 
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crystal of fibrous structure. A typical elliptic 
pattern is reproduced in Photo. 2b. It is seen 
in the corresponding micrograph (Photo. 2a) 
that the crystal is obliquely suspended on the 
grid-mesh. The oblique angle, a, is given by 

@=COS (aly. es 
where Z; and Z; represent the length of two 
principal axes of the ellipse, short and long 


respectively. For Photo. 2 the angle a is 
computed at 19°+2°, 26°-++3° and 32°+3°. 


b 
Photo. 2. Typical oblique photograph of graphite. 


Conclusively, we can suppose that the spot- 
ty diffraction rings in Photo. 1b are produced 
by the abovesaid fan-shaped portion in Photo. 
la where the basal plane is vertical to the 
electron beam, and that the three ellipses are 
produced by the rest which are oblique to the 
electron beam. It should be remarked, more- 
over, that all the diffraction patterns are to 
be ascribed to the thin peripheral parts of the 
crystal because the central part is hardly 
penetrated by the electron beam as observed 
in the micrograph. 


2B. Evidences of Conical Form 


In order to explain the ellipses and diffuse 
bands indicated in Photo. 1b, it is convenient 
to assume that the crystal is not merely a 
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stack of thin graphite layers but of conical 
form. The setting pose of the conical crystal 
is illustrated in Fig. 1. The fan-shaped por- 


Incident beam 


Vie a, 


\ Inclined 
part 


Horizontal 
port 


\ Support 


Fig. 1. Setting pose of a conical crystal corres- 
ponding to Photo. 1. 


tion bounded by dotted lines A and B in the 
figure may correspond to those in Photo. la, 
adhering to the supporting film, and the thin 
peripheral parts are expected to be quite 
flexible and wavy somewhat like a lolus leaf. 

An important microscopic image consistent 
with these expectations is given in Photo. 3 


Photo. 3. Lotus-leaf-like form exhibited by metal- 
lic shadowing. 


where the crystal form is clearly exhibited by 
metallic (germanium) shadow-casting. It is 
very striking that the crystal is so concave as 
to prove the conical structure, and the peri- 
pheral parts are surely in wavy form and seem 
quite flexible. On the other hand, the conical 
form is confirmed by another fact that the 
folded crystals do not show perfect semi-cir- 
cles but indicate fan-shaped appearance. In 
Photo. 4a, for example, two radii along the 
folded lines make an angle of 167.5° instead 
of 180°. From this, the angle gy made by the 
cone axis and the perpendicular to the gene- 
rating line of the original cone is computed 
at 


y=cos7!(167.5/180)~21.5°, 
which gives a measure of the shapness of 
the cone. 
Thus, the apparently circular crystal is con- 
cluded to be a stack of conical graphite sheets 
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which intersects with electron beam (Fig. 1) 
so as to produce Debye-Sherrer diffractiorr 
rings, ellipses and diffuse bands together with. 


™ 


b 
Photo. 4. Folded conical crystals. 


2C. Spiral Formation Mechanism 


Such a conical crystal can be formed by 
spiral growth mechanism as follows: When 
a thin graphite layer is twisted after the 
mechanical buckling producing the centra‘ 
screw dislocation, it partly overlaps by ar 
angle @ (z. e. rotational slip proposed by Wil: 
man”), forming a cone as shown in Fig. 2(a), 
The further growth of the crystal results ir 
the conical spiral structure as in Fig. 2(b) 
where a helical twist boundary is introducec 


So So 
ae <P 
| | 
(a) (b) 
Fig. 2. Formation of conical crystal by spiral 


mechanism. 


between the succesive layers. This mechanisn 
seems particularly to conform to graphite be 
cause the interplanar binding is very weak i 
contrast with the extremly strong cohesion it 
the aromatic net plane. 


The twisting angle @ can be estimated fron 


1957) 


the microscopic observation and_ diffraction 
data. For example, @ of the specimen in 
Photo. 4a is 2x (180°—167.5°)=25° on the as- 
sumption that the crystal is folded in comple- 
tely flat form. Exactly speaking, however, 
this assumption is not suitable, because, in 
Photo. 4b, the Debye-Scherrer diffraction rings 


split into two maxima in the direction corres- 
ponding to that nearly vertical to the folded 
line in Photo. 4a. This means that the folded 
halves are inclined one to another, and the 
angle of inclination, a, is computed at about 
15° from the distance between the two maxima. 
The geometrical relation between # and a@ is 


EAC, 
=3(180~ 
iy @ 2) 6 


Fig. 3. Imperfectly folded crystal, illustrating the 
case of Photo. 4. 
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illustrated in Fig. 3, by which the correct 
value of # is computed at about 22°. In con- 
nection with this, the value of angle g men- 
tioned in the last sub-section should be revised 
as follows, 
g=cos {x—(6/2)}/z 
=cos7!(169/180)~20°. 


(general expression) 


$3. Laminar Cleavage 
3A. Gliding of Conical Csystal 


In Photo. 5 we can observe nearly circular 
crystal flakes arranged in a row extending 
over up to 80 microns. The similar forms 
exhibited by adjacent flakes prove that they 
have been generated by the gliding of a crys- 
tal which is probably of such conical structure 
as mentioned in the last section. The shear- 
ing force promoting the glide might have 
been given in the process of specimen prepa- 
ration for microscopy (rubbing method), be- 
cause some scratches running nearly parallel 


Photo. 5. 
a conical crystal. 


Remarkable gliding 
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per-left part of the row exhibit each two | 
radii making an angle smaller than 180°, 
somewhat like the folded crystal shown 
in Photo. 4a. This provides an evidence 
of the conical structure. On the other 
hand, the flakes in the under-right part 
are nearly circular and are traversed by 
a midrib-like fold along the gliding direc 

tion. Since the folded crystals are larger 
in diameter than circular ones, the origi- 
nal conical crystal,the parent of these 
flakes, might have been situated at the 
upper-left corner of the micrograph (in- 
dicated by arrow). 


YIP 


b 
Photo. 6. Ceavage of a conical crystal 
presenting the mechanism in Fig. 6. 


b 
Photo. 7. A dark-field image corresponding to 


Photo. 6. 
to the gliding direction are observed on the 


supporting film in the micrograph 
; ‘ ip Photo. 8. Cleft sheet 
It is noticeable that some flakes in the up- concave ones, imeem ES es 
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At first sight, it would seem improbable 
that these flat discs glide away from a conical 
spiral. This is possible, however, if one as- 
sumes the mechanism as follows (cf. Fig. 4): 

a) The central screw dislocation S, inter- 
secting the active slip plane (conical plane) is 
so immobile that each gliding sheet may get 
over it successively, cancelling the initial spi- 
raled structure of the sheet one by one. 

b) The cancellation of the screw dislocation 
is similar to that demonstrated by Dawson 
and Anderson” on #-nonatriacontane crystal. 

c) In order that each conical sheet is deve- 
loped into flat one, a fairly sharp fold should 
be produced along the direction of the locus 
of the central screw axis, which may surely 
correspond to the abovesaid midrib-like one. 


Fig. 4. Diagramatic representation of gliding of 
a conical spiraled crystal. 


3B. Another Mode of Cleavage 


In Photo. 6a. one can see another important 
aspect of the gliding of a conical crystal. 
Some broken sheets are observed at the place 
indicated by the arrow S, which suggests that 
the gliding in this case is not so simple. Be- 
sides, it should be remarked that the midrib- 
like striations are terminated at the centres 
of circular flakes indicated by the arrows B 
and D’. In order to explain these facts, 
another gliding mechanism of spiraled crystal 
should be introduced. 

Firstly, if each glinding sheet gets over the 
central screw axis, it breaks itself into two 
semi-circular platelets (Fig. 5). 

Secondly, if adjacent several sheets glide 
as a whole over the underneath, the initial 


Fig. 5. Gliding of a spiraled crystal different 
from that shown in Fig. 4. 
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screw dislocation is not cancelled but is cut 
into some shorter segments holding the conical 
spiral structure in each cleft sheet. 


(a ) 


Slip vector 


(b) 
illustration of the gliding 
shown in Photo. 6a; the central screw dislocation 
AD becomes zig-zag form. 


Fig. 6. Schematic 


These mechanisms are used to explain Photo. 
6a. The arrows B and D” in Fig. 6(a), cor- 
responding to those in Photo. 6a, indicate the 
positions of emergence of such dislocation seg- 
ments on the cleavage surfaces. A schematic 
picture representing the behavior of the dislo- 
cation line in this case is drawn in Fig. 6(b); 
the initial dislocation AD is transformed into 
such zigzag one consisting of five segments 
as below, 

AD — AB+BB’+B’'C’ +C’'C’+C’D” 
(screw) (screw) (edge) (screw) (edge) (screw), 
where the signs in the round brackets denote 
the types of those dislocation segments just 
above them. Among these segments, BB’ and 
B’C’ are so to say imaginary dislocations lying 
on the upper and side exposed surfaces res- 
pectively. AB and C’ D” are the very seg- 
ments of screw type considered above. Thus, 
the midrib-like striations in this case can be 
attributed not only to the locus of the central 
screw axis but to the ledges of the edge-type 
components BB’ and C’C” which terminate 
at the centres of discs. In connection with 
this, the diagramatic representation in Fig. 6 
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(a) enables us to understand the reason why 
the striation BB’ in Photo. 6a is apparently 
jointed to the round edge of the right-hamdl 
adjacent disc. 

Photo. 6b is the diffraction diagram corres-- 
ponding to Photo. 6a, in which the Debye- 
Scherrer rings exhibit two intensity maxima 
respectively, suggesting that the two halves 
of each disc are slightly inclined one to another. 

Photo. 7a reproduces a dark-field micrograph 
of the same specimen as that in Photo. 6a, 
and it is participated by only such a portion 
of the diffracted electron wave that passes 
through’ the aparture corresponding to the 
circular restricted area in Photo. 7b. Although 
the resolution is lowered owing to aberations,, 
the above mentioned structural markings; 
(midrib-like folds, dislocation ledges and other 
bending lines) are rather distinctly observed 
than in Photo. 6a. From the nearly uniform 
brightness of this image, it is concluded that: 
any restricted portion of the diffraction rings: 
corresponds to the whole parts of the speci- 
men projected on the paper surface. Further- 
more, can see numerous double diffraction: 
fringes nearly all over the dark-field image, 
which have been discussed by Finch-Wilman 
and Mitsuishi-Nagasaki-Uyeda” independently. 
These observations are well consistent with 
our proposal, z.e. stacking of thin crystal 
layers successively rotated about the common 
axis in c-direction. 


3C. Glide Motion of Dislocations along 
Helical Interface 


As pointed out by Read® and other authors, 
the translational slip of a spiraled crystal 
along the helical plane leads to the intersec- 
tion of moving dislocations with the screw 
axis and produces the dislocation jogs which 
generally slow down the glide motion. More- 
over, except in the special case where the 
moving dislocations are of pure edge-type, each 
jog leaves behind a trail of lattice vacancies 
or interstitial atoms which may require con- 
siderable energy for the creation. At first 
sight, these difficulties would seem to make 
immpossible to explain the gliding of conical 
crystals in terms of the dislocation theory. 

These difficulties can be removed, however, 
by introducing an assumption that the dislo- 
cation density is kept uniform all over the 
helical slip plane throughout the gliding pro- 
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cess. The simplest example is schematically 
illustrated in Fig. 7, where the crystal is re- 


presented by a continuous plane in the form 


recombination’ 


Fig. 7. ‘Split and 


dislocations. 


of moving 


of a helicoid and the dislocations lie on the 
successive layers one to one as indicated by 
AypDo, CoDo, Eo o::+. When the shearing force 
is exerted on the crystal, these dislocations 
glide over the spiral ramp from right to left 
(as shown by arrows) and get to split in every 
two segments through the intersection with 
the central screw axis. It may be convenient 
to express this splitting process in the follow- 
ing formulae, 


A,B, x, A,S+SB, ’ 
CD, = C,S+SD, ’ 


eee eee eee eens 


where S denotes the central screw axis. 


ordinary circumstances, further glide makes) 


those segments to move on the different levels | 


of the spiral ramp, and the jogs are inevitably — 
formed. 


levels of the spiral, which are to be expressed 
as below, 


A,S+SD, Se A,D, ’ 
CS+SF, > GF, , 


In the other words, the recombination forms: 


In the present case, however, none: 
of jog is necessarily produced, because the. 
foregoing split of moving dislocations can be. 
immediately followed by the recombination 


between the segments lying on the same. 


In. 


| 


again the system of moving dislocations which. | 


can continue to glide over the helical plane, , 
as indicated by A,D,, C.F,--+. in Bigw te 


In the case of the conical crystal, the slip) 
along the helical twist boundary is generally; 


represented by a moving set of crossed grid off 


screw dislocations. Parallel dislocations for- 


' ming the grid sweep over the spiral ramp, 


repeating the aforesaid ‘ split and recombina- 
tion’ one after the another, so as to keep the 
dislocation density uniform all over the inter- 
face. This means that the orientation diffe- 
rence between the adjacent conical layers, 
defined by 8@=2 tan-1(b/h) (6; Burgers vector, 
h; dislocation spacing), is not altered through- 
out the gliding process, and that a local dis- 
tortion is not produced anywhere on the helical 
interface. Therefore, in principle, it is ex- 
pected that a conical crystal is ultimately 
resolved into individual monocrystal sheets, 
each of which has the unit thickness corres- 
ponding to one revolution of the spiral. In 
the actual case, however, the glide motion is 
usually so turbulent that the abovesaid theo- 


retical expectation may not be satisfactorily 


realized. For example, as observed in Photo. 
6a, the continuous spiral layer is broken off 
at places into flakes, which consists of multi- 
ple layeas producing spotty electron diffraction 
rings. 


§4. Polygonization of Cone 

4A. Microscopic Observation 

Photo. 8a gives an image of gliding in 
which a conical crystal has been cleft so re- 
markably that individual sheets are almost 
separated from each other. Most of the cleft 
sheets are in flat form accompanying the mid- 
rib-like folds mentioned in the last section; 
e.g. the sheet indicated by the notation B. 
The sheet denoted by c is exceptionally thick, 
and is not flat but concave upward. Compa- 
rison between the largest diameters suggests 
that the sheet c is the parent of other flat 
ones. 


4B. Equidistant Spot Distribution on 
Diffraction Rings 

Photo. 8b reproduces the diffraction diagram 
of the sheet b. Each diffraction ring consists 
of thirty principal spots making angular inter- 
vals of 12° at the centre and those weak 
spots which are slightly displaced from the 
principals. The angular interval of these dif- 
fraction spots is closely related to the twisting 
angle @ at the first stage of the cone formation. 


- Photo. 8b can be explained by assuming, for 


example, that the sheet consists of five revolu- 
tions of a conical spiral layer, 9 of which is 
equal to 12°, However, this explanation is 
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not necessarily unique, because the microsco- 
pic image shows that the sheet is folded into 
three. If a conical monocrystal layer of 
graphite corresponding to one revolution of 
the spiral is folded into flat form as shown in 
Figs. 8 (a) and (b), two halves on the both 
sides of the midrib-like fold are mutually dis- 
oriented by 6/2 in a-direction. Accordingly, 
if the sheet } consists of three revolutions of 
the conical spiral and @ is equal to 24°, it may 
produce the diffraction spots at intervals of 
12° similar to those in Photo. 8b. 


Incident beam 


rv told sasty 


LRPT=2L0ST-2/STQ 
=2L0QT 
=O6/2 


(b) 
Fig. 8. Remarkable veining during the glide leads 
to triple folding of sheet in nearly flat form. 


It is noteworthy that the thickness of the 
cleft sheet is expected to be multiple of the 
spiral pitch defined by the Burgers vector of 
the initial screw dislocation. This is consistent 
with the prediction on the gliding mechanism 
described in sub-section 3C. On the other hand, 
one finds that the numerical value of @ sup- 
posed here, either 12° or 24°, is in simple 
relation with the three-fold symmetry of 
graphite lattice. This suggests that the ro- 
tational slip is governed by certain crystallo- 
graphic law to some extent, but requires for 
its affirmation further investigations in future. 

The weak spots accompanying the principals 
are firstly due to the midrib-like fold (AOAB 
in Fig. 8(b)), but may partly be of seperate 
origin, é. g. the contribution of the right-hand 
neighbour sheets partly projecting into the 
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rectangular area (broken lines in the micro- 
graph) restricted by the aperture. 


4C,. Evidence of Polygonal Form 


Photo. 8c gives the diffraction diagram of 
the sheet c in Photo. 8a. The spotty diffrac- 
tion rings and the accompanying elliptic arcs 
suggest, in connection with the concave form 
observed in the micrograph, that the conical 
structure is held to some extent. It should be 
remarked, moreover, that in this diagram the 
diffraction spots on (100)-, (110)- and (200)-rings 
are counted to two hundred and fourty respec- 
tively. These observations present another 
important aspect of the conical crystal as 
described in the following paragraphs. 

Let suppose a conical crystal laid on the 
supporting mount as one puts a bowler. As 
mentioned before, only the peripheral part 
which is turned up like the rim of bowler 
participates in electron diffraction. Then, let 
trace a spiral path arround the cone axis 
starting from the most exterior layer of the 
conical crystal toward the centre. Then, one 
finds that the crystal orientation in a-direction 
changes successively with the shift of the 
position (the angular displacement about the 
cone axis) at the rate of @ per 2z (in radians). 
Accordingly, so long as @ is not much large, 
one revolution of the spiral layer correspond- 
ing to one round of the path may produce 
every six arcs of (100)-, (110)- and (200)-reflec- 
tions in the diffraction diagram, and each arc 
makes an angle as large as @ at the centre. 
When @ is 24°, for example, one revolution 
corresponds to six arcs making the central 
angle of 24°, twice to successive 24° (48° in 
total), and finally the third revolution may 
complete a set of continuous diffraction rings. 


Incident beam 


{4 4 
So| 


| Support 
i 
Fig. 9. Polygonization of conical crystal. 


From such a viewpoint, it is of considerable 
importance that the diffraction rings observed 
are not continuous but spotty. This means 
that the peripheral part discretely changes the 
orientation arround the cone axis (along the 
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spiral path considered before), and can be ex- 


plained only by assuming that the cone is in > 


polygonal form as illustrated in Fig. 9; 2. e., 
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the discrete change in orientation is expected © 
to occur at intervals of 2z/N radians, where — 
N denotes number of the spots on each diff- | 
raction ring. For example, in the case of © 


Photo. 8c, the interval is computed at 1.5° 
(=360°/240), and if @ is equal to 24° the crys- 


tal should be a hexadecagonal cone (24/1.5 — 


=16) consisting of two and half revolution of 


the spiral layer at least. 


Fig. 10. Schematic illustration of R—v- relation. 


4D. Considerations 


It is easily understood that the aforesaid 
polygonization is closely associated with those 
edge dislocations of one sign which are pro- 
duced by the plastic bend deformation of lat- 
tice into conical form. According to the 
schematic illustration given in Fig. 10, the 
radius of curvature and the average density 
of dislocations are expressed by 


R=z2/tan g=2/V {2x]/(2n—0}?—1 (3) 


and 
o=1/Rb= tan g/xb=V {27](2x—0)}?—1/zb , 
(4) 


where x is the distance from the cone top and 
b is the magnitude of the Burgers vector. 
Substituting 6=24° and b=10-* cm to eq. (4), 
for example, one can obtain a typical p—z 
relation curve in Fig. 11. As seen there, the 
dislocation density rapidly decreases with in- 
creasing x, from the central part toward the 
exterior. The average density 9 is calculated 
by substituting half length of the generating 
line of the cone, x, into eq. (4). For the 
example shown in Fig. 11, assuming ==0.5 w 
(taken from the sheet ¢ in Photo. 8a), @ is 
computed at about 8x10"%cm-? which is of 
same order as in cold-worked metals. 
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The polygonization occurs through the climb 


motion of these dislocations in order to form 


the tilt boundaries, involving the migration of 
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point lattice defects to or from the edges of 
their half planes. Since the specimen were 
treated at about 2500°C, well above the tempera- 
ture at which graphite softens”? (about 2000°C) 
this self-diffusion process is expected to occur 
quite rapidly. According to the schematic 
illustration in Fig. 12, the orientation difference 
¢@ at the polygonization boundary is approxi- 
mately expressed by 


$~2 cos! [sin (27/2)-cos g/sin{(2z—8)/n}] 
=2cos~![sin (27/n){1—(0/27)} 
x 1/sin{(2z—8)/n}] , (SS) 


where 7 is number of the polygonized domains. 
Substituting 9=24° and m=16 to this, ¢ is 
computed at about 9° for the sheet c in Photo. 
8, which implies that the dislocation spacing 


| 
! 
| 


fels 


Fig. 12. Geometrical relation between ¢, y and 6. 
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in the boundary is about 12.5 b. 

On the other hand, one has to take note of 
the following fact; when the crystal is ex- 
tremely thin it is only elastically bent, 
producing no dislocation. As a rough approxi- 
mation, one can assume that the average 
dislocation spacing 1/V 9 gives the critical 
thickness deciding whether the bent crystal 
contains dislocations or not. A 1/V p vs. x 
relation curve is also indicated in Fig. 11. 
This curve suggests that if the thickness of 
the spiraled layer is about 100 A, for example, 
the central-side part of 7<0.4 is subjected 
to plastic deformation which may lead to the 
polygonization, whereas the exterior-side only 
to elastic circumferential bending. 

It should be noted, however, that the fore- 
going discussion has revealed only the so-called 
geometrical aspect of the problem, taking no 
account of the energy condition and other 
mechanical circumstances associated with the 
creation of dislocations. In order to reveal 
the physical aspect, the author thinks, it must 
be settled first to overcome the general diffi- 
culties similar to those in the problem of 
fracture mechanism, which is to be attempted 
in future. 


§5. Summary and Conclusion 


By means of electron microscope apparently 
circular crystals of graphite were found. 
They have round growth patterns and show 
laminar cleavage accompanied by the formation 
of midrib-like folds. Moreover, they produced 
spotty electron diffraction rings accompanied 
by ellipses and diffuse bands. All these facts 
support that the apparently circular crystals 
are of conical layered structure. 

Such a conical crystal can be formed by 
the spiral growth mechanism, if a thin mono- 
crystal layer is mechanically buckled, producing 
the central screw dislocation, and then sub- 
jected to the rotational slip arround the screw 
axis so as to overlap by an angle. 

The laminar cleavage has been explained 
also in terms of the dislocation theory by sup- 
posing that the gliding of conical sheets occurs 
along the helical interface so as to keep the 
density of moving dislocations uniform. 

From the spots distribution on the diffraction 
rings produced by some cleft sheets, the crys- 
tal is concluded to be in the form of polygo- 
nal cone. It is theoretically verified that the. 
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polygonization of this kind is probable to occur 
under some restrictions concerning the thick- 
ness and the curvature of the conical spiral 
layer. 

These results suggest that some important 
aspect of structure and properties of graphite 
can be revealed from the viewpoint of the 
dislocation theory, and further investigations 
along this course are expected to be attemted 
in future. 
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The X-ray absorption spectra of crystalline and amorphous germanium 
were photographed and fine structures at the K absorption edges were 
observed to 500ev. in the crystalline and to 350 ev. in the amorphous 
state. The shape of the fine structure of amorphous germanium is like 
that of crystalline germanium though the small fluctuations disappear 
and the energy values measured from the main edge are smaller than 
the values of corresponding absorption maxima and minima of the 
crystalline germanium. From the comparison of the fine structures of 
both states we suggest that a structure which is like the diamond 
lattice of crystalline Ge with the smaller spacing exists in the amorphous 
Ge and this result coincides with the result of analysis of the X-ray 


diffraction pattern by Richter. 


$1. Introduction 

It has been reported that the fine structures 
existed even in the absorption spectrum of 
an amorphous substance”. The amorphous 
samples used in the above experiment was 
electrodeposited nickelsulfur and the fine 
structure obtained was of nearly ‘the same 
form but of less appearance in the’ higher 
energy region -as that of crystalline state. 


However, for reasons of their crystalline sta- 
tes being two-phase region of Ni and Ni;S, 
which complicated the analysis of the fine 
structures, and also of the low resolving power 
of the spectrograph, the comparison between 
both states was not accomplished in detail. 
In the present experiment we treated germa- 
nium, as its amorphous state is that of a 
single element and the crystal structure was 
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a comparatively simple diamond lattice. 

The amorphous germanium can be prepared 
by evaporation method as a form of a thin 
film (<(10-‘ cm) and it is stable at room tem- 
perature». The electron” and X-ray diffrac- 
tion patterns have been studied by few 
authors and especially the Fourier analysis of 
the X-ray diffraction pattern has been done 
by Richter and Fiirst according to Debye and 
Menke’s method. 


§2. Experiment 

The crystalline or metallic germanium was 
99.999% pure and the amorphous samples 
were prepared by evaporation in high vacuum. 
The furnace was made of tungsten plate and 
the substrate was a collodion film formed on 
a copper plate. The copper plate was a part 
of the bottom of a container of liquid air (A) 
and the radiation from outside to the sub- 
strate was interrupted by a wall of another 
liquid air bottle (B) except a hole (C) for the 
molecular beam of evaporated material. (See 
Fig. 1) 


Glass 


Fig. 1. A schematic diagram of the evaporation 
apparatus. 
The prepared amorphous samples were 


studied by X-ray diffraction with a vacuum 
camera and Cu Ka radiation monochromati- 
zed by a pentaerithrit crystal. But, as a 
pattern of the collodion film overlapped on 
the amorphous haloes, we dare not analyse 
them. Amorphous haloes coincided with other 
author’s results in their positions but were 
accompanied by diffuse weak lines. The small 
angle part of the diffraction was photographed 
by a Guinier’s type camera, which had a 
bended quartz monochrometer and the dis- 
tance from the sample to the film was 20cm, 
and the small angle diffraction pattern was 
not recognized and this fact showed that there 
was no small particle. According to Richter 
the evaporated germanium exists in an amor- 
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phous state only in a case of a thin film and 
in a thick film it is in a crystalline state. So, 
in our sample it was assumed that the pro- 
cess of crystalization partly had been deve- 
loped but there were no perfect crystalline 
particle and the amorphous phase was still 
maintained. 

The spectrograph was Johann’s type and a 
radius of Rowland circle was 25cm. The 
crystal was a quartz plate of 0.1 cm thickness 
and the first order reflection of (130) plane 
was used. The half width of Cu Ka, line 
was 0.6x.u. with 7mm opening of crystal 
surface and it can be thought that the crystal 
was bended considerable precisely. The dis- 
persion at germanium K edge was 4.14 
x.u./mm. In order to avoid the disturbing 
strong W Ly series lines an X-ray tube of a 
gas-ion type with Mo target was used and 
for the reference lines W Z73 and other lines 
of shorter wavelength of W Zy series were 
photographed after an exposure of the absorp- 
tion spectrum was finished. The photo-plate 
was Fuji A-1 and situated tangentially to the 
Rowland circle. The angle between a photo- 
plate and a tangent to the Rowland circle at 
the center of the crystal was computed from 
intervals between three reference lines. 

The time of exposure was about 80~100h. 
with 20k.v.p. and 8mA for the crystalline 
specimen. For the specimen of amorphous 
samples a few tens sheet of thin films were 
assembled and the fairly larger exposure time 
was needed because of the absorption of col- 
lodion films. 

For the measurement of intensity, absor- 
bers of aluminium foil of four sorts of thick- 
ness were put in front of a photo-plate and 
spectrograms of various relative intensities 
were photographed on the same plate. 

The photometer curves were recorded by a 
pen recorder type microphotometer with a 
photo-cell and the effect of grains were eli- 
minated by registering records of about twenty 
curves on the same chart paper. (Photo. 1) 
§3. Results and Discussion 

The values of wavelengths of K absorption 
edge and absorption maxima and minima of 
the fine structure and energy separations 
measured from the main edge are listed in 
Table I. Wavelengths of reference lines were 
referred to Cauchois and Hulubei’s table”. 
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(b) 


Photo. 1. Photometer curves of the absorption spectra near the K absorption 
edges of (a) crystalline Ge and (b) amorphous Ge, 


The absorption spectrogram of a crystalline 
germanium has been photographed by Hulubei 
and Cauchois® and a fine structure extended 
to 300 eV. from the edge was observed. They 


resolved the structure more finely than us in 
the neighbourhood of the edge, and in higer 
energy region than 70eV. their result coin- 
cided with our measurement, 
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Table I. The wavelengths of K absorption edges 
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and absorption maxima and minima of fine structures 


and their energy values measured from the edges for crystalline and amorphous Ge. 


Crystalline Ge 


Amorphous Ge 


Wavelength Energy value Wavelength Energy value Energy value 
4 rhe D440 ip from edge in eV. Vieoeahy, from edge in eV. Bee 

Kabs. 1114.2, 0 Kabs. 1114.6, 0 

A 1P3.6 6.6 A OBE | beg 

a PIAA, 15<5 

B 1111.8 25 

B 1110.1 4) a TAO? 44 

GC: 1109.0 585 

i 1107.6 67 

D 1106.5 78 B 1107.0 76 79 

O 1102.2 121 B 1102.8 119 123 

E 1099.9 145 C 1100.8 139 144 

Cc’ 1097.8 170 

€ 1095.5 190 7 1096.4 184 191 

KF 1091.2 234 D 1092.7 Zee, 230 

v7] 1087.5 ZA 2, i) 1089.0 260 270 

G 1083.5 314 H 1084.8 304 315 

¢ 1079.2 360 € 1080.7 349 362 

H 1075.4 400 

6 1072.0 436 

I 1068.3 476 


Fig. 2 (a) and (b) show the curves of values 
r= Ut—Mo/Meage—H4o, Of a crystalline and an 
_ amorphous Ge respectively. In the above for- 
mula yw is the absorption coefficient and 
is the value if the fine structure does not 
occur and this value was obtained from the 
point on the line V,V2 in Photo. 1 which was 
drawn to path the mean points of the fine 
structure. The /age is the absorption coefh- 
cient at longer wavelength side of the edge, 
that is Meage—HMo is the difference at the edge. 

The abnormal absorption minima A appea- 
res next to the edge which has been noticed 
by Cauchois and Mott® as a white line in a 
crystalline states is also present strongly in 
the amorphous phase. 

The wavelength of the edge slightly increa- 
ses in the amorphous phase and this shows 
that the germanium atom in the amorphous 


F § i: 


20 bis sah 


Showing the behavior of the fine 
py is the ratio of 


Fig. 2 (a). 
structure of crystalline Ge. 
the change of the absorption coefficient to the 


K absorption jump. 


structure have the isolated atomic feature 


compared to the crystalline phase. 


iA 


Fig. 2 (b). Showing the behavior of the fine struc- 
ture of amorphous Ge. 


In the case of crystalline state, the weak 
absorption minima (a, 8,7) appear next to 
the white line A and in the amorphous phase 
the broad band @ appears instead of these 
weak structures. From the results of Fourier 
analysis, Richter suggested that the tetrahe- 


5g Ss wv, dron composed by five atoms which consti- 


tutes the diamond lattice in the crystalline 
germanium is still retained in the amorphous 
phase (Fig. 3), and he called this tetrahedron 
as a structure unit (Baueinheit) and combin- 
ing these structure units he considered a model 
of the amorphous structure like diamond lattice 
but of less regularity. If the fine structure of 
the absorption spectrum is caused by the 
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regular atomic arrangement increase of the 
irregularity in the amorphous substance will 
obscures the fine structure and this suggesion 
illustrates the phenomena that the a, B andr 
of the crystal phase change into a broad band 
a in the amorphous phase, and small struc- 
tures appeared between D and 0 in the cry- 
stalline phase disappear in the amorphous 
phase. 


Fig. 3. 
and (b) in an amorphous Ge. 


Tetrahedron bonds (a) in a crystalline Ge 
Richter illustrated 
that the irregularity of the amorphous Ge was due 
to the rotations of tetrahedrons around the axis 
combining centeral atoms of the tetrahedrons. 


In the higher energy region than 100eV. 
the curves of yw, in both phase are similar 
and when the values of abscissa of Fig. 2 (b) 
are multiplided by 1,036 for the amorphous 
phase, both maxima and minima are almost 
coincident though the magnitude in the amor- 
phous phase is smaller than the crystalline. 
Their reduced values are listed in the last 
column in Table I. On the other hand it has 
well been known that the energy values of 
the fine structure measured from the main 
edge are inversely proportional to the square 
of the lattice constant when the crystal lattice 
is the same. So we may say that the struc- 
ture of amorphous germanium is nearly the 
same structure with larger spacing than the 
crystalline germanium. 

Generally (for ex. As, Se, etc.) the density 
in amorphous phase is smaller than in the 
crystalline and Richter analysed the X-ray 
diffraction patten on the assumption that the 
density decreased 20% in the amorphous phase. 
From our result the decrease of density is 
estimated at 5.4% but the real density will 
deviate from this value by the absorbed atoms 
or molecules which constitute partly the 
amorphous structure in the process of the 
condensation of germanium atoms. 

Richter’s result that the structure units of 
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tetrahedrons constitute the amorphous germa- 
nium agrees with our result apart from the 


displacement of the wavelength of the edge, | 


that is, in our result the bonds of atoms are 
weak in the amorphous phase, which suggest 
the increase of the inter atomic distance but 
in Richter’s result the distance to the first 
nearest neighbors decreases. 


In the higher energy region the magnitude © 


of variation of uw, becomes smaller in the 


amorphous state compared to that of the cry- _ 


stalline state with increasing energy. This 
phenomenon was recognized in an earlier ex- 
periment on Ni-S and these phenomenon will 
be probably due to the decrease of regularity 
of atomic positions or finite crystal size. 
According to Richer the regularity of ato- 
mic positions was recognized within about 7 A 
from a centered atom and this distance corre- 
sponds to the distance to the mid point be- 
tween the third and the fourth nearest neigh- 
bors in the lattice of metallic germanium. 
Therefore, if the sample used by us and by 
Richter are the same the fine structure are 
determined by some ndighboring atoms sur- 
rounding the atom which absorbs X-ray energy 
in the region to the considerably high energy. 


§4. Summary 


The K X-ray absorption spectra of metallic 
and amorphous germanium were photographed 
and from the comparison of both fine struc- 
tures the structure of amorphous germanium 
was infered, as a one coincident with Richter’s 
result, namely, the structure unit like lattice 
was retained in the amorphous phase, and it 
was shown that the fine structure of the ab- 
sorption spectrum was determined by the 
neighboring atoms arround the atom which 
absorbed the X-ray quantum. 
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Fine Structures of X-ray K Absorption Spectra 
of Copper in Various Copper Compounds 
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By using the North American Philips Diffraction Unit and Wide Range 
Goniometer modified to a tube spectrometer described by Coster and De 
Lang, the fine structures of the X-ray K absorption edges of copper in 
following compounds were recorded: cupric chloride (CuCl,), cupric 
chloride dihydrate (CuGl,-2 H,O), cupric bromide (CuBr.), cupric sulfate 
pentahydrate (CuSO,-5 H,O), cupric nitrate trihydrate (Cu(NO3).-3 H,0), 
cupric carbonate (CuCOs), cupric formate tetrahydrate (Cu(HCOO),-4 H,0), 
cupric acetate monohydrate (Cu(CH3COO),:H,O), bis glycino copper mono- 
hydrate (Cu(C,H;NO,).-H»,O), bis glycino copper hydrate (Cu(C,HiNO,)s 
-H,O), copper phthalocyanine @-form (CuC3,HjgNs), copper phthalocyanine 
a-form (CuC3,HisNs), cuprous chrloride (CuCl), cuprous bromide (CuBr) 
and cuprous iodide (Cul). The recorded curves of the fine structures of 
the Cu kK absorption edges of these compounds, except a- and f-phthalo- 
cyanine, were found to be very similar in forms and the wavelength 
values of these structures also nearly coincided within experimental 
errors. We consider that this is due to the fact that the copper atom 
is surrounded by the various kinds of atoms in octahedral configuration 
in many cases and above exceptional case (a- and #-phthalocyanine) in 
planer configuration. We conclude that the fine structures of the Cu K 
absorption edges of these compounds are mainly determined by the im- 
mediate surroundings of the atom in question in our experimental energy 


region from the main edges. 


§1. Introduction 


On the short wavelength side of the X-ray 
absorption edges, typical for a certain element, 
the absorption coefficient has not a monotonic 
variation but fluctuates over a distance of 
several hundred volts from the main edge in 
the case of crystalline solids or polyatomic 
molecules in which the absorption element 
forms a constituent. This phenomenon, the 
so-called “fine structure of X-ray absorption 
edges,” finds its explanation in the scattering 
of a K photoelectron in the crystalline solid 
or in the polyatomic molecule that contains 
the absorbing atom. According to Kronig? 
the origin of this phenomenon in the case of 
crystalline solids is as follows. X-rays are 
absorbed by the electrons which make tran- 
sitions from the X-ray K levels to empty 
levels lying above the Fermi distribution. 
When atoms are grouped in the crystal lattice, 
these empty levels are grouped into zones, 
characteristic of the crystal as a whole and 
extended sometimes several hundred volts out 
beyond the ordinary atomic optical levels, 


and exist as forbidden and allowed bands. As 
the absorption coefficient is proportional to 
the product of the transition probability and 
state density, a fine structure occurs. From 
the Kronig’s theory the fine structures of the 
absorption edge must be highly depend upon 
the type of the crystal lattice in which the 
absorbing element is imbeded. This can ex- 
perimentally be tested in several ways” and 
many peculiarities of the fine structures of 
the X-ray absorption edges can be fully under- 
stood in the basis of Kronig’ theory. However, 
there seemed to be at first sight some dis- 
crepancy between theory and experiment in 
some special cases, for instance in the case 
of ionic crystals and complex compounds, and 
it has been demonstrated that the immediate 
surroundings in the crystal lattice of the atoms 
in question are also of great importance.” 
Thus in the case of the chemical compounds, 
the situation is more complex due to the 
presence of several kinds of atoms, the greater 
complexity of the lattice structure and the 
fact that a given sort of atom may have dif- 
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ferent valences and even different surround- 
ings in the same lattice. Many investigations” 
have been carried out on compounds of the 
various elements for the various purposes. It 
is therefore of some importance to extend the 
experimental data of the fine structures of 
the X-ray absorption edges of various chemi- 
cal compounds, and to investigate the relation 
of the fine structures of the absorption edges 
to the chemical bond to the absorbing elements, 
the immediate surroundings in the crystal 
lattice of the atom in question and the crystal 
lattice in which the absorbing element is im- 
beded. Therefore the present authors in- 
vestigated the fine structures of the X-ray K 
absorption edges of copper in following cupric 
and cuprous compounds: cupric chloride 
(CuCl,), cupric chloride dihydrate (CuCl,-2H,0), 
cupric bromide (CuBr,), cupric sulfate penta- 
hydrate (CuSO,-5H,0), cupric nitrate trihydrate 
(Cu(NOs).-3H,O), cupric carbonate (CuCQOs), 
cupric formate tetrahydrate (Cu(HCOO),-4H,0), 
cupric acetate monohydrate (Cu(CH3;COO),- H,O) 
bis glycino copper monohydrate (Cu(C,H,NO,),- 
H,O), bis glycino copper hydrate (Cu(C;H,NO,).- 
xH,O), copper phthalocyanine a-form (CuC3,- 
HisNs), copper phthalocyanine 8-form (CuC3,- 
HisNs), cuprous chloride (CuCl), cuprous 
bromide (CuBr) and cuprous iodide (Cul). 


§2. Experiments 


X-ray Diffraction Unit and Wide Range Goni- 
ometer of North American Philips Company 
Inc. (Norelco)» are used. The unit is me- 
chanically so arranged as to maintain a 1:2 
ratio of the rotational speed between the crystal 
holder of the center of the goniometer and 
the Geiger-Miiller counter as required for 
Bragg reflections. This unit is an installation 
to record the ordinary powder diffraction pat- 
tern. This unit is modified to a tube spectro- 
meter described by Coster and De Lang® who 
used the customary single crystal spectro- 
meter removing its slit and used the line 
focus of the X-ray tube as the source and 
also as the slit, and could get the sufficient 
resolving power and intensity by their method. 
We attached Geiger-Miiller counter to their 
method and let the crystal and the counter 
rotate automatically, therefore we could get 
the absorption spectrum by recording auto- 
matically on the strip-chart. The details of 
this modified method will be published in 
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another paper”. The effective target area of! 
this unit is about 1.2x10mm?, and we take: 
off X-rays in 3° angle to the target surface, 
then the width of the effective target is aboutt 
0.06mm. The X-rays of various wavelengths: 
which satisfy the Bragg condition in the centert 
of the spectrometer will be able to pass the: 
receiving slit in front of the Geiger-Miiller 
counter (Fig. 1). The width of the receiving: 


Geiger tube —~ iq 


Absorber __——— 
Scatter slit ———* Ty 


Recieving parullel slit- D2. pee 


a 
Recieving slit ———?"““Sttinn 


These X-rays can not. 


inthe recieving 
enter i eit 


Line focus | ; 


Diver ence Divergent slit 


parallel slit / Center of spectro- 


LIF single crystal meter 


Kigaals 
meter. 


Schematic diagram of the X-ray spectro- 


slit was 0.003 in. and the distance between 
the focus of the X-ray tube and the center of! 
the spectrometer and that between the center; 
of the spectrometer and the receiving slit are: 
17cm each. The X-ray divergency caused by 
the width of the effective target area and the 
width of the receiving slit (collimating slit 
system) has a relation® to the resolving power 
of this spectrometer. In our case the maxi- 
mum divergency of the slit system is about 
0.0004 radians. As a reflecting crystal LiF 
was used. The resolving power of this in- 
strument is rather well, and taking into con- 
sideration the undesirable influences of the 
slit width of the photometer and the grain 
size of the photographic plate it is sufficient 
to use this instrument for such research of 
the extended fine structures of the X-ray ab- 
sorption spectra. The fine structures of the 
X-ray Cu K absorption spectra of the sub- 
stances already described in introduction were 
recorded on the strip-charts. They are re- 
produced in Fig. 2 to Fig. 16. The X-ray 
tube with a cobalt taget at hand was loaded 
with 15kV, 10mA. Considering the time 
constants of the rate-meter and the recorder, 


|| 
I 1957) Fine Structure of X-ray CuK Absorption Spectra of Copper Compound 795 


iH pc BAK E DCBBAK 


Fig. 2. CuCl, ae 
Fig. 5. CuS0O,-5H,0 


710 


co HN 


E DC B A K 20 
10 E D C B A K 

Fig. 3: CuCl, -2H,O 
10 


80 80 


7o0 70 


20 
E C AK E DEC. BA 


20 20 


Fig. 4. CuBr Fig. 7. CuCOs 


~] 
ce} 
or) 


80 
7 
nt) ? B @ 
40 
1 DEC 2B AK 


Fig. 8. Cu(HCOO),-4H,0 


Anti 


EQ’ Dc BAK 
20 
Fig. 9. Cu(CH COO-H20)>, 


the scanning speed of the Geiger-Miiller tube 
1/8° per min was used in all cases, and the 
time constant of the rate-meter was 2 or 4 
sec, and one scale division of the stripchart 
correspondings about 9 X-ray quanta. The 
absorbers were held in front of the Geiger- 
Miller tube, and the best results were obtained 
by mixing a small amount of grease for 
vacuum seal with the powdered sample and 
spreading the mixture on a thin paper up to 
the required amount 10 mg/cm? to 30 mg/cm?. 
This grease also protect against the various 
chemical attack with moisture. The first 
order reflection of general rays from the 


cobalt target was used. As we can directly 


measure the primary X-ray intensity and the 
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Table I. Wavelength values of the fine structures of Cu K absorption 
edges of cupric compounds 


CuCl, | <CuCl,-2H,0 CuBr, | CuS0,-5H,0 | Cu(NO,),-3H,0 
xu. | ty esr i. eure aie 

Ko 1377.1 1377.1 1376.9 | 1376.9 1377.1 
K’ 1375.1 | 

A 1374.8 | 1375.0 1374.9 | 1374.8 1374.9 
aol 1374.2 | 137315 | | 1373.1 1373.3 
B 1373.7 | 1372.7 | 1372"3 1372.8 
B 1370.4 | 1370.9 1370.8 | 1370.9 1371.2 
B' | | 1370.1 | 

C 1366.0 | 1367.0 | 1367.8 | 1368.6 | 1368.1 

i 1365.0 | | 1366.9 1366.2 
D 1364.2 | 1364.4 | 1365.3 | 1365.2 1364.9 
n 1360.4 | 1360.9 | 1360.4 | 1360.8 1361.4 
E 1354.5 | 1354.2 | 1354.0 | 1354.2 1354.2 
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Table II. Wavelength values of the fine structures of Cu K absorption 
edges of cupric compounds 
CuO, | Cu(HCO0)g-4H,O | Cu(CHsCO0)_-H,0 | Cu(C;H,NO.),-H.0 | Cu(CsH,NO,)»-2H,0_ 
xu = Le X.u. | xr X.U. 
K | andere | 1376.9 MEH G3 SH) SVE 
A> 1375.4 | 137520 1374.8 1374.8 1375.0 
aay BY.) 137322 | 137259 IBY (e574 137321 
B 1372.9 137225 | 1372.5 1372.4 137200 
B Wsyakall 1370.9 1370.1 1370.9 1370.9 
C 1367.8 1367.3 1368.0 136757 | 1367.5 
r | 1366.4 1365.7 1366.7 | 
D | 1364.7 1364.5 1365.0 1366.5 1366.4 
0 | 1360.6 1360.7 1361.0 1360.9 1361.4 
BH | | 1358.1 
EH | 1354.0 | 1354.1 1354.2 1353.57 1354.2 
Table III. Wavelength values of the fine structures Table IV. Wavelength values of the fine structures 
of Cu K absorption edges of copper phthalocya- of Cu K absorption edges of cuprous compounds 
nines 
CuCetheNe CuCasHieNe ) cach | CuBr | ll 
a-form 8-form | x.u Kal, X.U. 
X.u. an K 1377.5 1377.4 | 1377.5 
K 1377.2 1377.3 A’ 1376.3 1376.3 1376.4 
A’ 1375.4 1375.6 a! 137522 1375.8 
A 137Ac3 1374.5 A 1374.0 1375-3 1374.8 
a 1371.9 1371.6 a 1371.4 1373.8 1374.3 
B 1371.3 1371.0 B 1367 .6 Bye ISiSeo 
B 137035 1370.6 B 1362.4 1370.0 1370.7 
Bi 1368.8 1368.5 C 1359.3 1368 .0 1367 .2 
p’ | 1367.7 i be “136325 1364.8 
oe 1365.4 1366 .9 D 1359.4 1363.1 
rom 1362.2 1365.6 ny 1360.7 
Do | 1358.9 1364.3 E 1358.6 
6 1357.3 1359.8 | 
#H | 1353.0 1354.2 
Table V. Energy separations of the fine structures of Cu K absoption 
edges of cupric compounds from the main edges 
Shia eats CuCl, -2H,O | CuBr, CuSO,4-5H,O Cu(NO3)2-3H,O 
7 | aes on | A on oh 
ion 13 | 
A | 15 14 13 14 15 
ai 19 24 25 95 
B | 23 29 30 | 28 
B | 44 41 40 AO | 39 
Brin) | 45 | 
C | 13 66 60 54 59 
7, oy 79 65 72 
D | 85 83 76 77 80 
6 | 110 107 109 107 103 
#H | 150 152 152 152 152 
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Table VI. Energy separations of the fine structures of Cu K absorption 


edges of cupric compounds from the main edges 


CuCOs 
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155 


_Cu(HC00)2-4H0 — Cu(CHCOO)»-Hs0 | Cu(CsHiNO,):-H,0 | Cu(C:H.NO,)2- 220 
“ i's | ia | EVA eo a ae | ou 
A 12 | 13 15 15 14 
a a Sane 24 28 26 26 
B 28 30 30 31 29 
B 40 40 46 Al | Al 
C 62 63 60 62 63 
r 71 73 | 68 
D 82 81 79 69 70 
F) 109 | 107 106 | 107 103 
E! | 125 | | 
E ie Male 151 152 | 152 
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. Table VII. Energy separations of the fine structures 
of Cu K absoption edges of copper phthalocyanines 
from the main edges 


Table VIII. Energy separations of the fine structures 
of Cu K absorption edges of cuprous compounds 
from the main edges 


CuC3.HisNs CuCy.HigNg 
a-form | @-form 
? ae ‘ eV. 
K 0 0 
A! 12 | 11 
A 19 18 
a 35 37 
B 39 41 
B | 44 44 
B' 55 58 
p’ | 62 
C 77 68 
if 99 a 
D 121 85 
O 131 HS 
Eo 160 153 


transmission X-ray intensity in this case, this 
recording method is easily changed so as to 
enable the measurement of the absorption 
coefficient. Table I, IJ, III and IV show the 
wavelength values of the fine structures of 
Cu K absorption edges of these compounds 
thus measured and Table V, VI, VII and VIII 
show energy separations of these fine structures 
from the K main absorption edges of copper. 
In the case of cuprous bromide and cuprous 
iodide, the fine structures of the Cu absorp- 
tion edges were very faint so that we took 
‘the photographs of the Cu absorption edges 
of copper halide (Cul, CuBr, CuCl, Cube 
CuCl,) with a bent crystal focusing spectro- 
graph of the Cauchois type. The fine structures 


CuCl | CuBr Cul 
P oeahikeh cae ON ~ eNom 

K | 0 0 0 
A’ | i 7 7 
a 5. | 
A 23 14 18 
av 40 24 21 
B 65 35 26 
B 99 WB 4 4A 
C 120g 62 68 
i | O1tn ral 83 
D 118 95 
é 111 
B | 124 


of the Cu absorption edges of Cul and CuBr 
were also very faint on the photographic plates, 
but we measured the wavelength values by 
means of a comparater with low magnification 
approximately five. These results fairly well 
coincided with those of recording method. 


§3. Results and Discussions 


The various compounds which have been 
treated in this paper are classified in three 
cases and discussed respectively as follows. 

Case A. Cupric compounds: 

CuCl,, CuCl,-2H,O, CuBr., CuSO,-5H,0O, 
Cu(NO,),-3H,O, CuCO;, Cu(HCOO), - 4H,0, 
Cu(CH;COO),-H,O, Cu(C.HyNO,).-H,0, and 
Cu(C,H,NO,).-2H,0. 
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In the case of the above compounds, it will 
be seen that the fine structures of the Cu K 
absorption edges of those compounds are very 
similar in forms by comparing each recorded 
curve in Fig. 2 to Fig. 11. As one sees 
from Table I and Table II, the wavelength 
values of the large absorption minima 8, 0 
and maxima A, C, E, nearly coincide within 
the limit of experimental errors. This is 
clearly seen in Fig. 17 which shows a diagram 


AA Be} ew Cc | i) | e 
CuCatHeNe f 
a # 1 3 
KA 8 1°) | E 
* CuCactieNe « | 
a é 
° 
CulCaHaNOz )axH20) + ; 
A 8 [omm>) E 
CulCaHeNOz)e He0} jt, J : aL 
c D E 
Cu(CHsCO0)2H20) L 
Ak Beal emaO € 
Cu(HCOO),4H,0{ | ee |e es 
a 4 
‘Noe ae i eth eB E 
CuCO3 
Aiea] Gif | E 
CulNOs 34,0 el el ie sel 
WetiGee To E 
CuSO, 5H,0 
jj é 
A ie D E 
Cu Bre 
a B a 3 
AY enn Cap 
CuClg 2H20 | 1 
a 8 r 3 
CuCle Ae Le 
° 50 100 180 eV 
Fig. 17. Diagram of the energy separations of 


fine structures of absorption edges from the 
main edges. 


of energy separations of the fine structures 
of the Cu absorption edges of these compounds 
from the main edges. It is regarded that 
this is due to the following facts. In these 
compounds the copper atom is bounded to the 
surrounding atoms by the bonds which one 
considered to be essentially ionic bond or 
essentially covalent bond or their mixture, 
and the bonding types are not the same in 
the all compounds. But, in these compounds 
the copper atom is surrounded by four atoms 
of nitrogen, oxygen, or halogens at the corners 
of the pseudo-square, and by two atoms of 
various kinds which situated upwards and 
downwards of the central copper atom at a 
little larger distance from the copper atom 
than those of four atoms at the corners of the 
square from the same copper atom. By these 
six atoms the elongated pseudo-octahedron” is 
formed. If the fine structures of the ab- 
sorption edges are mainly determined by the 
immediate surroundings, they must be similar 
in all cases of these compounds. The little 
differences of forms of the fine structures of 
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absorption edges of these compounds are dug 
to the differences of the forms of these pseudo 
octahedrons. The crystal structures of thesé 
compounds and their bonding types are very 
complicated and are not the same in all com 
pounds but in the energy region here studiee| 
we can not find any difference which is causee' 
by the crystal lattice as expected from Kronig’! 
theory and also by bonding types. The distance 
from the immediate surroundings to the atom 
in question has not also significant influence 
on the fine structures of the absorption edge 
It is rather probable that the fine structure 
are determined by the radii of copper atoms 
in question which are considered to be nearty 
equal in all these cases. 


Case B. Copper phthalocynaine (a- and 33 
torm) 


In the case of $-phthalocyanine (Kienle’: 
nomenclature) this is in the metastable state: 
and its crystal structure and the atomic ar! 
rangement of this molecule are not well studied! 
In the case of a-phthalocyanine™ the atomi« 
arrangement is very much resemble as the 
preceding compounds, namely the copper atom 
is surrounded by four nitrogen atoms at the 
coners of the pseudo-square but in this case 
the distances of two copper atoms coordinatec 
upwards and downwards the central one are 
each 4.76 A. As this distance (Cu-Cu) is large 
compared to that of the nitrogen atom fror 
the central copper atoms (Cu-N) it is considerec 
that these two copper atoms have less in 
fluence on the electric field around the centra 
copper atom than four nitrogen atoms. f 
seems to us that this is the reason why the 
fine structures of the Cu K absorption edge: 
of phthalocyanines differ from those of preced 
ing cupric compounds. 


Case. C; Cul, CuBr, and CuCl 


Among above cuprous compounds, the fins 
structures of Cu K absorption edges of Cu 
and CuBr were very faint. As all these com 
pounds crystallize in the lattice of Zn-S typ 
(Zincblende type)!» and the copper atom ha 
the identical position in all cases, the similarity 
of the fine structures of absorption edges ac 
cording to Kronig’s theory was expected. Bu 
we failed to compare well these structures 
Stephenson” reported that the fine structure 
of the Cu K absorption edges of CuBr are n 
repeatable structures, 
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Summary 


In general the wavelengths of main edges 
of copper do not greatly change in every 
cases, but tend to slightly displace towards 
the shorter wavelength sides with valencies 
than that of pure metallic copper. In the 
energy regions here studied the fine structures 
of absorption edges of copper are mainly 
determined by the immediate surroundings of 
the atom in question. There are no difference 
which should be caused by the crystal lattice 
according to the Kronig’s theory. Coster! 
and others™ show that even the fine structures 
of absorption edges of metals are influenced 
by the surrounding atoms. Also Kiestra! 
remarks that the fine structures are determined 
by the immediate surroundings of the atom 
in question in the regions about 40 eV to 150 
eV from the main absoption edges. This 
statement is well supported in our present 
experimental results. 

Recently we saw the manuscript by Cotton 
and Hanson! after we had written this paper. 
In our cases the fine structures close to the 
main edges were not studied and some of the 
small maxima and minima of these structures 
might not be measured. As many compounds 
in our experiment are not the perfectly ionic 
crystals, Cotton and Ballhausen’s theory’? can 
not directly be applied to these compounds. 

We wish to express our sincere thanks to the 
members of Nitta and Watanabe laboratory 
where some of the samples were prepared. 
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The temperature dependences of the frequencies and the widths of 
absorption lines of pure nuclear quadrupole resonances in hexachloro- 
ethane were studied. The change of resonance frequencies with tem- 
perature was explained as influences both of a torsional vibration of 
one end of CCl; groups with respect to the other end and of a rotational 
vibration of those groups as a whole around the C-C axis, the frequency 
of the latter vibration being changed with temperature owing to a 
thermal expansion of the lattice. The line widths at half-maximum 
intensity were about 2 Kc/s at temperatures of 77°K and 90°K, and about 
10 Kc/s at 196°K, although no absorption was detected at room tempera- 


ture. 


The broadening of the resonance spectrum seems to be explainable 


by a reorientational motion around the C-C axis with much lower fre- 


quency than the resonance one. 


Introduction 


§1. 


Although the resonance spectra of pure 
nuclear quadrupole of Cl;C-CCls were observed 
at 20°K and 77°K by R. Livingston”, no ab- 
sorption spectrum was detected at room tem- 
perature. The melting point of this molecule 
is 185°C and any phase transition which dis- 
turbs the observation of the spectra between 
77°K% and the room temperature has not been 
known. The purpose of the present work is 
to find the cause which may disturb the ob- 
servation at room temperature, by the study 
of the temperature dependences of both the 
frequencies and the widths of absorption lines 
measured at 77°K, 90°K and 196°K. The 
temperature dependences on the resonance 
frequencies are explained as influences both 
of a torsional vibration of one end of CCls 
groups with respect to the other and of a 
rotational vibration of the groups as a whole 
around the C-C axis, the frequency of the 
latter vibration being changed with tempera- 
ture owing to a thermal expansion of the 
lattice. The full line widths at half-maximum 
intensity were about 2Kc/s at 77°K and 90°K, 
and about 10 Kc/s at 196°K. The broadening 
of the resonance line widths can not be ex- 
plained by relaxation mechanisms due to these 
vibrations, which are given first by H. Bayer” 
for CIHC=CHCl. Y. Ayant® >” reported that 
the reorientational motion with much lower 
frequencies that the resonance one could broa- 


den the line width exponentially with the in- 
crease of temperature. If the effect of this 
reorientational motion is applied to the width 
at 196°K, it is found that the resonance line 
is never detected at room temperature. 

§2. Experimental Apparatuses and Proce- 
dures 


The spectrometer used in this work was a 
super regenerative type with a Collpitts cir- 
cuit which was similar to that reported by 
K. Torizuka®. A frequency modulation was 
applied for the oscillator and a detected signal 
was observed either on a C.R.O. or an auto- 
matic recorder, the latter employing the 
method of a narrow band amplifier and a 
phase sensitive detector. The modulation 
frequency was 270c/s and the band width of 
the narrow band amplifier was about 10 c/s. 
The time constant of recording system was 
about lsec. The velocity of frequency sweep 
was about 0.1~0.2 Kcps/sec and its sweeping 
was established with a capacitor driven by a 
phonomotor. The shape of the detected signal 
very sensitively depended both on the quench 
amplitude and on quench frequency as pointed 
by K. Tsukada®. In order to obtain the deri- 
vative curve of pure absorption, both the qu- 
ench amplitude and quench frequency had 
to be experimentally adjusted by observing the 
signal. The resonance frequency was deter- 
mined by observing the beat frequency be- 
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tween the oscillation of spectrometer and a 
higher harmonic of a heterodyne frequency 
meter. For the measurement of the width, 
signals of the higher harmonic frequency 
_ modulated by 4 Kc/s was occasionally recorded. 
_ Both the heterodyne frequency meter and the 
modulating frequency were calibrated through 
radio station, J. J. Y... The sample used in 
this work was Kanto Chemical Company rea- 
' gent grade powdered material and had a 
melting point of 185°C in a sealed capillary 
tube. The powder of Cl,;C-CCl, put in a thin 
glass tube was placed inside the six turned 
r-f coil of tuning circuit and was cooled to 
77°K, 90°K and 196°K, being immersed in 
liquid nitrogen, liquid oxygen and solid carbon 
dioxide respectively. In order to avoid the 
broadening of the absorption line owing to 
the temperature inhomogeneity in the sample, 
the measurements were made about one hour 
after the sample was placed in a cooled Dewer 
vessel. 


§3. Preliminary Discussions 
A) Temperature Dependence of the Reso- 


nance Frequency 


It is well known that the quadrupole reso- 
'_ nance frequency generally decreases in mag- 
nitude with the increase of temperature”. 
This effect was explained by H. G. Dehmelt, 
H. Kriiger? and Bayer? as an influence of 
the lattice vibration in solid. Recently, T. 
Kushida® extended their theory to more gene- 
ral case. According to Bayer’s model the 
direction of the maximum principal axis of 
field gradient tensor (z’-axis) vibrates around 
the z-axis. 

The z-axis is the direction of the maximum 
principal axis when there is neither molecular 
vibration nor lattice vibration. If the z’-axis 
inclines by a small angle @ from the original 
direction, z-axis, the Hamiltonian operator of 
interaction between the field gradient tensor 
and the nuclear quadrupole moment is given 
by 

eQq 3 ge \972_ 
enim 58 \(ak I+) 


430(Ely +h) — ; oxT.t+1-")| (1) 


* Jt is reported there are some exceptions.: 
K[Cu(CN),], (Kriger and M. Berkhaut: Zeit. fur 
Physik 132 (1952) 171), WCle (R. P. Hamlen and 
W. S. Koski: J. Chem. Phys. 25 (1956) 360). 
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assuming the asymmetery parameter is zero. 
The notations in Eq. (1) have their usual 


meanings. The frequencies of the molecular 
C-C axis 
Fig. 1. Molecular structure of hexachloroethene 


and its torsional vibration. The parameters! 
at 115°C are C-Cl=1.76 A~1:77 A; C-C=1.54A 
and /CICCI=109.8°. 


vibration and the lattice vibration are much 
higher than the resonance frequency. There- 
fore, #? in the first term of Eq. (1) can be 


replaced by its average @?. Accordingly, the 
resonance frequency »(T) is expressed as 


WD) =v(1— , T)) 


where ». is the resonance frequency when 
0=0 and equals to eQq/2h for a nucleus with 
spin 3/2. The symmetry of ClC-CCl; is D3a 
as shown in Fig. 1 and the frequencies of 
normal vibrations in the molecular vibration 
are well known” except Ain mode of a tor- 
sional vibration. The Ajy mode is both Ram- 
man and infra-red inactive owing to Dzq sym- 
metry of Cl;C-CCl;. However, the height of 
potential wall against this vibration is es- 
timated approximately 7~15 Kcal/mole by an 
electron diffraction investigation™. It is 
assumed that the potential function hindering 
the torsional vibration has the form of 


(2) 


Ve : Vo(1—cos 3¢1) (3) 
where, ¢; is the relative angle of rotation of 
two groups CCl, and Vp is the wall height. 
It follows that the torsional frequency » is 
given by 

3 Vy 
= aS 4 

Die Vai, ae 


Yt 


| 
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quadrupole resonance were reported by 
Bayer, Ayant®»” and E. R. Andrew”. These 
causes are (a) magnetic dipolar interaction — 
between neighbouring nuclei and Zeeman | 
effect in the terrestrial magnetic field, (b) 
fluctuation of 6 in the first term of Eq. (1) 
which does not give a relaxation, but has 4. 
relation with line broadening, (c) fluctuation | 


of @ in the second term of Eq. (1) which in-— 


where J, is the reduced moment of inertia, 
243.5 10-!2 gr-cm?. The available structure 
parameters to determine J, is refered to the 
results of X-ray analysis!». From Eq. (4), 
is 60cm-! assuming V)=10Kcal/mole. This 
frequency is much lower than any other nor- 
mal frequency of Cl;C-CCl;. Therefore, it 
may be assumed that the contribution to the 
resonance frequency of any other normal vi- 


bration is negligible compared with that of 
the torsional vibration among molecular vi- 
brations. Considering the symmetry of this 
molecule, it is assumed that a rotational vi- 
bration around the C-C axis is the most fa- 
vourable lattice vibration in solid state. From 
these points of view, 8 can be expressed as 
0=6.4+-6; , (5) 
where 9; and @, are deflection angles of the 
maximum principal axis of the field gradient 
tensor due to the torsional and the rotational 
vibration respectively. The direction of the 
maximum principal axis of the field gradient 
tensor is assumed to coincide with the direc- 
tion of the C-Cl bond. For simplicity, assum- 
ing that the torsional vibration is incoherent 
with the rotational vibration, @; is independent 
of 0,. Taking the time average, it follows 


P=02+0, , (6) 


Toe Le isoe ss eae ) 
[, 47714 2 exp(hv:/kT)—1 
(7) 


degli x Gael Bete hob, 
it emt 2 ay, 

(8) 
respectively, (cf. Appendix), and J is the mo- 
ment of inertia of Cl,C-CCl, around the C-C 
axis, which is equal to 4/, and A is the angle 
ZCCIC which is taken as 109.8°. Inserting 
the Eq. (6), (7) and (8) in Eq. (2), the next 
relation is obtained. 


wise DD 1 sin? A ooh, t 

Yo 2 Dy eal 

er 
vi\2 a7 


1 ( il 1 
+ == — he x 

yy MeleSa aA So 
Temperature Dependences of the Line 
Width 


The causes of line broadening in a pure 


B) 


duces a transition of |4|=1, (d) fluctuation 
of 6? in the third term of Eq. (1) which in: 
duces a transition of |47m|=2, (e) imperfections 
in a crystal lattice which cause the field 


gradient to vary somewhat from molecule tc 
molecule and (f) reorientational motion of CCl, | 


group around the C-C axis, which limits a 
mean life time of the energy levels at each 
position, and gives a line broadening inten- 
sively depending on temperature. 

The features of these causes are as follows. 
(a) does not depend on temperature. (b) and 
(d) depend on temperature and the line width 
is approximately proportional to square of 
temperature. (c) gives a negligible effect on 
the line width compared with (d). (f) depends 
on temperature remarkably. The full line 
width increases exponentially with the increase 
of temperature and is approximately, at half- 
Maximum intensity», 


A Ww 
(A)iie= “ i=2vexp(— pe), (10) 


where 4 is a transition probability of the re- 
orientational motion and W is a height of 
potential wall in which the molecule vibrates 
with frequency »v. 


$4. Experimental Results and Discussions 


The results of the experiment are listed in 
Table I. The resonance frequencies at 20°K 
and 77°K are quoted from Livingston’s re- 
search” and values at 77°K are in agreement 
with those of the results of the present work 
within the experimental error of 0.001 Mc/s. 

The resonance absorption of Cl37 were ob- 
served at the frequencies expected from the 
known ratio of quadrupole moments. The 
existence of four absorption lines is in agree- 
ment with the result of X-ray analysis!) 
which reported that this crystal contained four 
molecules in the unit cell. The value of 1», 
for each absorption line was determined by 
the extrapolation of the curve of resonance 
frequency against temperature to absolute 


F 


805 


_ 1957) Influence of Temperature on the Pure Nuclear Quadrupole Resonance 
Table I. Resonance frequency and line width in Cl3C-CCls. 
- Temperature hs Frequency (Mc/s) 
! (°K) j eames 
; 7 ; 1 v2, V3, V4. 
20* 40.885 40.823 40.798 40.652 
70* 40.761 40.714 40.685 40.551 
90 40.725+0.001 40.681 40.651 40.520 
196 40.350+0.01 40.305 40.273 40.150 


* From R. Livingston! for resonance frequency. 


line width (Kc/s) 
(4y)ip2 


2.0 OF2 
2.022 092 
IMs iseal. 


_ zero as shown in Fig. 2. They are 40.920, 
' 40.852, 40.825 and 40.676 Mc/s respectively. 
As there is no available data, unfortunately, 
_ to determine the frequency of rotational vi- 
bration »,, the validity of Eq. (9) could not 


be examined directly from the resonance fre- 
quencies. If », was calculated from Eq. (9) 
by the use of resonance frequency conversely, 
some informations would be obtained concern- 
ing the employed model in §3. In the calcu- 
lation of Eq. (9), the frequency of torsional 
vibration », was assumed to be 60cm7! at 
each temperature, because the frequency of 
molecular vibration does not change with 
temperature. The calculated results are listed 
in Table II. As seen in Table II, each reso- 
nance line gives slightly different value for 
vy, at the same temperature and moreover, 
each y, increases with the decrease of tem- 
perature. The small differences among »,’s 
calculated from resonance frequencies seem 
to be due to the existence of anisotropic: van 
der Waals interaction! between molecules in 
the crystal lattice. The variation of v, with 
temperature is explained by the consideration 
of variation of cohesive forces caused to the 
thermal expansion as suggested by B. Dreyfus 
and D. Dautreppe! in paradichlorobenzene. 
Assuming that the Griineisen’s formula is 
valid in the rotational vibration, 7 is given by 


; 00 
O AKO) (IO) 0) [Kees °K) ___dlog Vy . (1) 
AN d log V 
Fig. 2. Variation of the resonance frequency of 
C85 in Cl,C-CClz with temperature. hence, 
Table II. Calculated values using Eq. (9). 
iii: Comat er ak ii 196°K = 
My as weenie = a ee 
e Nognys cae al | ne | =) | : 
V Of x 103 ( os 0 ade = - x 103 ( 0 x aan rm 10% aA r | Chel 
108 a 2 Va pa Sion ae 
V4 : 3.89 2.63 40.4 4.77 BaSZ 38.6 13.92 10.96 | 31.0 
Ve 3.38 DelZ, 45.4 4.18 2.74 ADT SESS 10.42 | 31.8 
31.6 
v3 3.43 Dini 45.1 4,26 2.82 ADP S| IB Sey 10.56 
V4 3.07 1.81 49.4 3.84 2.40 Aly W288 9.97 S250 
<vpPAv ¢<45.1>av <42..3>Av a <31.7>Av 
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. ! : vo 
is contribution of rotational vibration to —— 
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elt) ~ exp [ra(ts—t)] - (12) 
vr(ty) 

Where 7 represents Griineisen constant, V, 


volume and a», volume expansion coefficient, 
and »,(¢,) and »v,(¢,) represent »v, at tempera- 
tures of ¢, and #, respectively. yr is found to 
be 2.9 from Eq. (12) using the following sets 
of values: <v,(77)>avy=45.lcm7}, <v,-(196)> av 
=31.7cm-} and a@y~1x 10-33. Each (y(t) av 
is given in Table II. In a similar way, from 
the values of <v,(90)>ay, 42.3cm7! and 
<v(196)>ay, 7 becomes 2.7. Taking the mean 
value, y is 2.8. On the other hand, Griineisen 


constant, using thermodynamical relations, 
can be expressed as follows. 
v | ye VT 
pemVignich 6k (13) 
KCs Kk 


where « is the compressibility, and Cp» and 
C» the molar heat at constant pressure and 
constant volume respectively. 

By the X-ray analysis, the unit cell of 
this crystal at 15°C has a dimension of 
a=11.56 A, b=10.18A , c=6.42 A, and it con- 
tains four molecules and belongs to the space 
group Pnma. There is no data about Cy» at 
15°C but it has been measured at 22.25°C 
and is equal to 48.9 cal/mole!. The volume 
per mole is calculated to be 114.12 cc/mole 
using the volume expansion coefficient. From 
Eq. (13), using the numerical values, 7=2.8, 
Cyp=48.9 cal/mole, @=1x10-§, V=114.12 cc/ 
mole and T7=295.25°K, tae value of « is ob- 
tained as 37x 10-§ Atm=!, which is compatible 
with the compressibility of other organic 
compounds listed in Table HIP, taking the 


Table IN. Compressibility of organic molecule, 
Tem. (°C) Pressure (Atm~1) x 108 
CoHe 0 (Solid) 100 ~300 Kg/cem?2 31.69 
20 (liquid) 100~300 Kg/cm? 77.68 
CHCl, 18 (liquid) 0~8 Atm 97.43 
C3HsCl 17 (liquid) 0~8 Atm 71.41 


difference between solid and liquid into con- 
sideration. Recently, it is reported that the 
temperature dependence of the resonance 
frequency at atmospheric pressure has to be 
considered including the contribution of the 
effect of volume expansion on |g|!. Then, in 
order to do an adequate analysis of the ob- 
served temperature variation of the resonance 
frequency, it is required that the resonance 
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frequency has to be measured as a function 


of volume for a series of different tempera- 


tures. From this point of view, the value of 
compressibility which is obtained by the pre- 
sent analysis seemes somewhat fortuitous. 


The line widths of four absorption lines 
coincide with each other within an experi-_ 
mental error and their mean values are listed 


in Table I. 


hiceroe 
curve, at 90°K. Frequency was swept at a rate 
about 0.1 Kc/s per second and the paper speed 
was six divisions per minute. 
at 196°K. Frequency was swept at a rate about 
0.2 Kc/s per second and the paper speed was two 
divisions per minute. 


Derivative curves of Cl;C-CCl3. Upper 


Lower curve, 


of absorption lines at 90°K and 196°K. The 
line width is defined as the interval between 
the two points where the integrated curve 
falls to half the maximum value. The dif- 
ference between the widths at 77°K and 90°K 
is negligible, within the experimental error. 
The total width which is caused by b), c) and 
d) in §3 is at most 50c/s at 77°K and 90°K 
and is on the order of 500 c/s at 196°K, which 
are roughly estimated by considering the effect 
of a torsional and a rotational vibration using 
the formula given by Ayant. Hence, it 
might follow that the main causes of the line 
widths at 77°K and 90°K are those stated in 
the item a) and e). It seems reasonable to 
consider that the causes of the broadening of 


Fig. 3 shows the derivative curves | 
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absorption line at 196°K are those stated in 
the item a), e) and f). Among these causes, 
it is estimated that the one stated in the item 
f) is the most important, which represents a 
slow reorientational motion around the C-C 
axis, because the item a) and e) are nearly 
independent of temperature. 

From this point of view, the line width 
due to the reorientational motion is of the 
order of 8-+-1Kc/s at 196°K. It is expected 
that the reorientational motion consists of the 
torsional and the rotational reorientation. The 
line width is given by 


2yt exp(—}*) 2v-exp(— Jr) 
_ ‘J ae. Br 


7 7 


(Avi p= 


, 


(14) 
where W is the height of potential wall where 
Cl;C-CCl,; vibrates as a whole and the nume- 
rical values of other parameters are given 
above. 

In Eq. (14), it is found that the contribution 
of the first term is negligibly small, and that 
the reorientational frequency is 25-+3Kc/s 
and using <v,(196)>4y=31.7 cm-1, W becomes 
to be about 7.0 Kcal/mole. Through out the 
present work, it is assumed that |q| does not 
change with volume expansion. Actually, 
however, |q| will increase as volume ex- 
pands. In molecular crystals such as _para- 
dichlorobenzene, it is considered, |q|co< V”, 
with 0<7<. 0.041. Assuming |q@o|oc V°~9-% 
also in Cls3C-CClz, the value of », is between 
26 and 31.8cm7! at 196°K in the absorption 
line v. by the use of Eq. (9), where vox V°~?-%, 
If the value v;=26cm~! is inserted in Eq. (14), 
it is found that the value of W is nearly 
equal to 7.0Kcal/mole, the value of which is 
obtained with v,=31.7cm-!. The intermole- 
cular distance are of the order of 3.7~4.1 A, 
as given by Sasada and Atoji!». These dis- 
tances are slightly larger than the two times 
of van der Waals radius of Cl atom, 3.6A. 
It is plausible that the reorientational motion 
as a whole is apt to occur than the torsional 
reorientation. Being accepted the above broa- 
dening mechanism at 196°K, it was clarified 
that the absorption line could not be detected 
at room temperature, because of an extra- 
ordinary broadening with the increase of tem- 
perature. 

The measurements reported in this paper 
yield some information about the temperature 
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dependences of the resonance frequencies and 
the line widths of Clz;C-CCl,. There are many 
molecular crystals whose pure quadrupole 
resonance are not detected at room tempera- 
ture, though the large signals are detected 
at the temperature of liquid oxygen. This 
failure of detection is not explained by the 
decrease of population difference, accompanied 
with the increase of temperature, between 
the two energy levels which are concerned 
in transition. 

Cl;C-CCl; in this work was chosen only for 
reason that this molecule was employded 
broadly in other fields of study, such as, X- 
ray analysis, Raman and infra-red spectra, 
electron diffraction, and specific heat etc. The 
measurements were carried out only at tem- 
peratures of 77°K, 90°K and 196°K, because 
of difficulty of keeping temperature constant 
in other temperatures within +0.01°C, which 
was necessary for measuring of the line 
width. 


Appendix 
In a torsional vibration, ¢: and @:’’ are 
angles specifying the twist of the two parts 
of the molecule. The classical energy of the 
torsional vibration is given by 


5 Le? + ; V ° Gi? , (Al) 
where 
pi=bi —hi’ , Ibe’ |=|601 . (A2) 
The normal coordinate is given by 
“n=V I, i . (A3) 


Assuming that the time dependency of q: is 


simple harmonic, q is expressed as 
aid=D, sin 2rvit . (A4) 


Being the mean energy of the classical har- 
monic oscillator equated with the mean energy 
of the corresponding Planck’s oscillator as 
usual, the following relation is derived. 


1 1 et te 
(3 eS Sy err as 
ie ( 2 See Er) GO a2 


With assumptions, |¢:’|=|¢.’’| and ¢:’ is co- 
herent with ¢:”, 

@bO=Lhor=41-br? . (A6) 
From the geometrical configulation, % is con- 
nected with ¢,’ as follows, 


(A7) 


0; =— bi sin f 
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Hence Eq. (7) is obtained. In the similar 
way, Eq. (8) is obtained. 
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After this paper was prepared, we found that 
M. Buyle-Bodin (Ann. de Physique 10 (1955) 533) 
treated the reorientational motion of Cl3;C-CCl3. 
He found the height of potential wall was about 
6 Kcal/mole insead of our 7 Kcal/mole. Taking 
the difficulty accompanied with a measuring of 
the line width it seems that these values give a 
reasonable order of the height of potential wall. 
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The absorption spectra of para-substituted aniline derivatives of the 
type of A:CsH,B, where A; is one of the electron donating groups such 
as NHz, NHCH;, NHC:H;, N(CH3)2, N(CsH;), etc. and B is one of the 
electron attracting groups such as COOH, COCH3, CHO, NO; etc., change 
with the basic strength of the group A;. The first absorption maxima 
of these molecules between 2800 and 4000 A are originated from the 
second absorption maxima of unsubstituted molecules (in 2600~2900 A 
region) under the influence of the group A;. This is explained by semi- 
empirical MO theory with perturbation. The effects of B groups are 
taken into consideration by the delocalization of the molecular orbitals 
of benzene molecule, while the effects of A; groups are calculated 
through the method of electron migration, in which the non-bonding x 
electrons on the nitrogen atom of A; migrate to the parent molecule. 
The induction effect of the substituted alkyl group in A;, which deter- 
mines the degree of the electron migration, can be estimated from the 
relative basic strength of the end group, i.e. dissociation constant of 
amine NHR». The calculated absorption energies are in good agreement 
with the observed values if we take the solvent effect into consideration. 


1. Introduction 


In most of the previous discussions of ab- 
wption spectra in aromatic molecules”, there 
,no quantitative consideration concerning the 
fect of basic character of substituents on 
bsorption energies. There exists qualitative 
slation between the shift of the absorption spec- 
‘a of substituted products of aromatic mole- 
ales and the basicities of the substituents. In 
le previous paper”, the author derived a qu- 
ntitative relation between the absorption fre- 
uencies of triphenylmethane dyes*? and the 
asicities of the substiuted aminoalkyl groups 
IR, on the ground of semi-empirical LCAO 
IO method. It was found that the fre- 
uencies of absorption vary linearly with the 
asicities of the terminal groups attached to 
1e derivatives of Doébner’s Violet and Rosani- 
ne. The similar correlation is found for 
arasubstituted aniline derivatives”, in which 
splacement of amino group NH, with one of 
he more basic amino alkyl groups NR, 
quses a red shift of the main absorption 
Jaximum. We denote this type of molecule 
y B(C,H,A:, where B is an electron attract- 
Wg group such as H, COOH, COCH;, CHO, 


NO,, etc. and A; is one of the electron 
donating, alkyl substituted amino groups, such 
as HN,, NHCH;, NHC.H;, N(CHs3)2, N(C2Hs)2, 
CLGE: 

The present work is concerned with the 
study of the relation between basic strength 
of substituted amino-alkyl group and _ the 
position of absorption maximum using the 
semi-empirical MO method, in which the in- 
teraction between the NR, radical and the 
rest of the molecule, C,H,B, is taken into 
account through the second order perturba- 
tion. Thus, in the following sections, the 
theoretical explanation of electronic spectra 
in para-substituted aniline derivatives is ex- 
tended. 


$2. Interaction between the Parent Mole- 
cule and NH, Group 


In the molecules BC;,NiNH2, the amino group 
is an electron donor on account of its non- 
bonding electron pair on the N atom which 
is in the valence state of trivalent sp*. Then, 
the attachment of NH. to BC,H, causes a 
perturbation to electronic states of the mole- 
cule due to the effect of electron migration 
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from the amino group to the parent molecule. 
In our case, we owe the method of calcula- 
tion for the perturbation to the theory of 
electron migration which is orignated by 
Sklar® and later discussed by Herzfeld® on 
monosubstituted benzene derivatives. 

Here, we assume that the wave function of 
the migrating electron, O(v), is 


0v)=>: adi + bow (1 ) 
with the normalization condition 
DS a2+26 + aT +0?=1, C2) 


= (bel éx)= | ih Mice 


where ¢’s are vacant orbitals of parent 
molecule and ¢y is 2pz orbital of non-bond- 
ing electrons in N atoms, and 7; is the over- 


lap integral between ~ and ¢@yv. The Hamil- 
tonian is the form of 
A(v)=Ay(v)+HAv), (3) 


where HA, is the potential of parent molecule 
and H; is that of amino group for the migrat- 
ing electron. Here, interaction parameters 
a; and b are determined by the variational 
method minimizing the energy of orbital O(v) 
by the use of expressions (1), (2) and (3), and 
are given by the formula 
afb Pet Tee 


LTE 


a) 


were 
Ox: Yesonance integral between %, and ¢y, 
z%: coulomb integral of the amino group, 
wx: energy levels of vacant orbitals x. 
These are given as follows: 
20r=2(dx| | by) 
= (~x| Hn\ ow) + (by| Heldn) + Te(x+orn), (5) 
1=(¢w| s\n), wx=(bx|Hn| dx). 
Thus for non-zero values of a, the energy 
of parent molecule goes down by the amount 
of 4U which is calculated by the expressions 
(2) and (4), and neglecting (x|Hsjdx) and 
(dw|Hp| by) 
AU=(0|H|®)—(on|H|¢x) 
=>) FOr +2b > aroxr+b?y—x 
= 3) Gx? (%— x). @G))) 
Corresponding to the two non-bonding elect- 
rons in the substituent and two electronic 
states of the parent molecule, the ground 
state g and the excited state e, there are two 
expressions for 4U, that is, 
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(Vol. | 
MAU 7 =2 > a2(X— Ox), 
AU. = a2 %— 01) +2 D ai? (X— Ox) — 27 (A— a} 

AU, and AU. are the stabilization energies & 

to the migration to the parent molecule in ti 

ground state and in the excited state ; 

spectively, where suffixes 1 and 2 mean t 

highest occupied orbital in the ground and | 

the excited state respectively. Then it) 
easily found that yCoi;<w.<0, and the shh 
of absorption energy due to the substitutii 
of NH, is given by : 
files dUa acy, aa 0 

Here we simplify the expression by introdu 

ing the assumption that b is close to uni 

and a; is very small. Then we have 


jee ee (02— - Tx)" 
Lae Oi X—O2 
where 49, is the shift of the absorbed wai 
number from that of the parent molecule d1 
to the substitution of NH: and h is Planck 


constant and c the velocity of light. 


§ 3. Effects of Alikyl-substituted Amii 
Groups 


Up to this point, we have ignored the di 
ference among the substituents Ai, but no 
let us consider the various electron donatit 
groups A; as follows”: 


Z 1 2 s1 4 5 
A: NH. NHCH; NHC.H; N(CH3). N(C2HI 
52) Cane AAS SS \0) Jd 3.29 3.02 


where PK, the basic strength of amine NHR 
is calculated with activity coefficient in tt 
place of concentration. If A; group is mo: 
basic than A;, the density of o electrons ¢ 
N atom of A; will be larger than that of 
and this causes the difference in the exte: 
of z electron migration to the parent mol 
cule by induction effects. Then coulomb iv 
tegrals of A; and A; are different by a sme 
amount 44:5; 

Mj=Uitde;, ( 
where 4; is positive if Aj; is more basic the 
A;, and expression (8) becomes 


he Ady =e ats)?” _ (02 Tos)? F ( 
Xj—O1 Xj— W2 

In the following we ignore the differen 

between the overlap integrals T,; and T, a1 

use a single T in common. Now, we céz 

calculate the expression (8) for ¢ and 7 | 


using the relation (9), Expanding with 4; 
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ind neglecting higher order terms of Axij3 we 
vave the following expressions: 


he Avi 5=he(dj;—31)=he(Ad);—Adq:), (11) 
4i43=—A 4xi;—B(dxi3)?, (12) 
where 
A=—Ta)T (o—Ty)T | (a- Tx)? 
Hes Hg Qa (yee 
i 
(%i—@,2)? 3 
B=- if — 1 —— 1 \- eat ONG 
4\ x—o@ Xi — We (Xi—@,)? 
| aCe PT (a—T%) | (o.— Tr) 
. (i— vn i (io) (Xi— Wz) 
| (13) 
In our case, according to the condition 
| Xt< Xj <a, a,<0 
we have 
(= @3) Ly, 1) <0": 
From this and the inequality p:<9.<0 which 


can be seen from the expression (5), it follows 
that A>B>0 and ¥j;<y;, which gives the 
qualitative explanation for that the molecule 
with A; has the absorption maxima at lower 
frequencies than those with Ai, if A; is more 
basic than A;. 

Ih the previous paper the author has shown 
that the coulomb integrals of NH, groups can 
be estimated by their relative basic strength 
pK, by the formula 


Axij=k(pPKy,—pKo,) , (14) 


where k is a parameter determined by the 
expression (12) so as to agree with the ob- 
served shift of absorption maximum between 
aniline and dimethyl aniline. As shown 
later, R=0.4146 is obtained in eV unit which 
is nearly equal to the & value in the case of 
triphenylmethane dyes, i.e., k=0.4605 eV. 

Using the expression (14), we are able to 
rewright the expressions (11) and (12) in the 
following form 

¥j=i—A (pKo,—pKo,)—B ( pKo,—PKo,) , 

(15) 

where A>B>0 and A is smaller than unity. 
This leads to the observed linear relation 
between the absorption wave numbers and 
bK, of the substituents. 
§4. Forms of the Orbitals %, and ¢, 


For the evaluation of numerical values in 
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the expressions (8) and (12), it is necessary to 
determine the values of w,, w, y, and Or 
which are given by 


(Yilo|pry)=o1, ($2|Ho|b2)= a2, (bw|Hs| dy) =n, 
20r=(Pe| | on) + T(X,+ x), T=(ex| dy), 


respectively. The value of , is taken to the 
ionization potential of parent molecule BC,H; 
and w, is determined by 


W2—O,=he dy . (16) 
where %) is the absorption wave number of 
the secondary band in BC,H; molecule. 
Further, %, is taken to the ionization energy! 
of N atom in the valence state, from 
N(sp*, V3) to N*(sp3, V,), this is —12.24eV. 
Values of ox and T depend on the form of 
MO’s in the parent molecule, and it is con- 
venient to choose the linear combinations of 
atomic orbitals for MO’s in the following 


form 
=cp,/+1—¢c?)? dp, 
dho=Cypo’ + (1—c?)/? bp , (17) 
where” 
P= — ae -(2¢,+¢.— gs —261,—¢5+ se) 5) 
b= 750 26, —¢2—$3+264—¢5—6) , (18) 


go; is the 2pz orbital on the zth atom and ¢z 
is molecular orbital of the electron attracting 
group B in the system of nomenclature 


3a STS 
Bak aN, 
ii aS 


Here, the parameter c gives a measure of 
degree of localization of electrons in the benzene 
ring against the electron attracting group B. 
If we assume that the degree of localization 
in ¢,’ and ¢,’ can be expressed by the same 
parameter c which is closed to unity and ¢z 
is normalized molecular orbital, then, ~, and 
#2, constitute a nearly orthonormal system 
and will be able to be used as the orbitals 
of the parent molecule in the ground and the 
first excited state respectively. Nagakura” 
has determined the parameter c in the case 
of intra-molecular charge transfer spectra by 
the variation method using LCAO MO for the 
ground state of monosubstituted benzene 
derivatives. These spectra are nearly equal 
to the primary bands of the molecules, 
however, it is allowed to use the same para- 
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meter c to the secondary absorption of that 
molecule about which ¢, and q, orbitals are 
concerned, because of the approximations in 
the theory of LCAO MO in benzene where 
four observed spectra are degenerated under 
the difference in energies of )’ and ¢,’ orbitals. 
These spectra are shown in Table I for com- 
parison. 


Table I. Comparison of the spectra and 
values of c. 
i b = calculated 
Ba ae intramolecular 
group 2 : charge transfer | values 
Ro) on ey Wa ispectaginyeV. | ote 
orl (Oy) Wn We 
NO, 10.15 | 5.75.’ 9176! 6:33:\" 0.912 
CHO 9.82 5.39 9.84 HOI) 20F931 
COCHs Os 07 5.31 9.82 5.16} 0.936 
10.12 byali6) 
COOH (9.52)| (4.96) 11.34 3.35 | 0.968 
H 9.52 4.66 — — | 1.000 
eee =I aa = 
Literatures: 


a) As for ionization potentials of CsH;B, see 
the reference (10) and as for the secondary 
absorption band see the references (8) and 
(9). 

b) For the charge transfer spectra, see re- 
ference (7). 


That the ionization potential of C,H;COOH is 
not known experimentally is probably due to 
the fact that it likely dissociates into anion 
C,H;COO- in the solution, and here value 
10.12 eV is estimated from the values of analo- 
gous molecules, and for the anion C,H;COO-, 
the value of 9.52 eV in parenthesis is assumed. 
Though existence of the secondary bands for 
nitrobenzene and benzaldehyde is not certain 
in the absorption spectra of these molecules, 
there are shoulders which are considered to 
be the positions of the secondary bands as 
shown in Fig. 1. 

Using the orbitals ¢, and ¢. of the expres- 
sions (17) and (18), we have for ox and T in 
the first order approximation 


je ees . oa , 
Ve .Y 


where 7» and sy) are the resonance and over- 
lap integrals of the 2pz atomic orbitals in 
benzene (C-C distance 1.39 A) respectively, 
and for aniline we make use of the relation 
proposed by Wheland!, 7/ro=s/s)=0.8, where 
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vy) and s are taken to be —5 eV and i 
respectively.1® | 
; 


loge 
4 Sf ar 
i FX | 
SE 
Bat --- (>-COCHg | 
“Th —- ©>-NO. 
2¢ gan i| - 
/ He sg <>-COOH 
i ie | 
‘ ‘ 1O%m! 
= 
253095 4045 
Fig. 1. The absorption maxima at 40000 cm-?! 
region are the primary bands of monosubstitut-- 
ed benzene derivatives. Those of 35000 cm-?! 


region are the secondary bands and those of! 


30000 cm-! region are the bands due to n—a: 
transition. The solvents of the above twa) 
solutes are ethylalcohol and those of remains; 
are hexane. 


§ 5. Comparison between the Calculated anc 
the Observed Spectra 


As the orbitals ~; and ¢, and values of 
their energies w, and w, and coulcomb inte? 
grals xy, were given in § 4, interactions 
between the parent molecules and substituents 
A; can be determind completely. There 
remains only one parameter k unknown: 
Now, & is determind so as expression (12) te 
match with observed spectral shift, for ex- 
ample, from aniline to dimethyl aniline, and 
thus k=0.4146 eV is obtained. In the cases 
of triphenylmethane dyes kR=0.4605 eV was 
obtained. Relative values of x for various 
A; groups are shown in Table II. 


Table II. Difference of Ky, and corresponding 
AX; j 
tj pKy Ax in eV 
1-1 0 1) 
1-2 1.39 0.332 
1-3 1.42 0.347 
1-4 1.46 0.460 
1-5 Ws} 0.514 


Using equations (8) and (12), we compute the 
absorption wave number 4; by the relation 
Vy=Yyt Ady ? 
Yj=Vi+47,;. (20) 
Results are assorted in Table III, IV and V. 
These results are shown in Fig. 2, 3; 4:and 


| 
1957) 


i 


5, where the absorption wave numbers are 
plotted against the basicity of the substituents. 
Table III. Values of A and B 


3group|  H __ | coon | COCK: CHO 4 ‘NO, 


A | 0.250] 0.371} 0.259] 0.265 | 0.336 
(0.231) 
B OFNOSMOLLOG SOM SHO M25a\ O79 
~ |0.098), rei 
Values in parenthesis correspond to w= —9.52eV. 


A and B are defined by Eq. (13). 


Table V. Comparison with 
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Table IV. Calculated spectral shifts in 

? 9 Dancing: unit. = 
B | H COOH COCH; CHO NO, 
0-1 2404. 3130 (2210)| 2348 | 2380 2807 
1-2 |} 1444) 2251 (1339) 1517 1573 2041 
1-3 1476 | 2299(1371)| 1565 1605 2098 

| 
1-4 1525 | 2428(1412) 1605 1654 2154 
1-5 1880 | 2961 (1743) 1993 2049 | 2686 


Values in parenthesis correspond to a= —9,52 eV. 


experiment in cm7! unit. 


B=H B=COOH Be cOctiay A) B=-Clo) B= NO; 
Dd; calc. | obs. calc obs. oe ae eae obs. Cale oe 
0) — | 39216 | — (  —) | 36765* —| 35971 Se GyAw! —| 35461 
1 36812 35088 | 33635 (34555) | 34722 33623 | 31546} 33334 | 30488 | 32654 | 26667 
2 35368 | 33898 | 31384 (33216) — 32106 —| 31761 — | 30614 | 25907 
the 3 35336 | 33898 | 31336 (33184) _ 32058 | 30120 | 31729 — | 30556} 25641 
4 35287 | 33557. 31207 (33143) | 32468 32018 | 29674 31680 | 29240/ 30500| 25641 
5 34932 — 30674 (32812) | 32051 31630 | — | 31285 | 28736} 29968} 25000 


- The observed values 
B=COOH, the value of 
ethyl-alchol in all cases. 


are taken mostly from the paper of W. D. Kumler” except the case of 
which is taken from the paper of W. W. Robertson"). 
Value with asterisk is an assumed one based on the estimation from 


The solvent is 


general spectral shifts given by Lewis‘) who found an average shift of 130 A in a large number 
_ of dyes occuring when an alkyl group replaces a hydrogen and that of 30 A average when an ethyl 
replace a methyl group. Values in parenthsis corespond to w;=—9.52 ev. 


10%em-! 


xICQLC, 


pKp 


Fig. 2. Comparison with experiment. If the 
calculated absorption energies in vacuum are 
stabilized in ethylalcohol by about 2000cm~, 
Yeale agrees well with observation within the 
variance of the solvent effects. 
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10%m-! 
~ 
Vv A 


x 
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Fig. 3. Comparison with experiment. Veaie’s for 
the two cases agree with observations within 
the variance of the solvent effects. 
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Fig. 4. Comparison with experiment. That Yons’s 
are higher than Veaic’s is probably due to the 
dissociation of proton in the carboxyl group in 
alcohol. If we change the value of ionization 
potential from w,;=—10.12 eV to m,=—9.52 eV 
taking the dissociation effect into consideration, 
Vealc’S move to the dotted line. 


§ 6. Discussions 


As seen from the comparison with obser- 
vation, there are several points we have to 
put considerable importance on the solvent 
effect which seems to appear in two ways. 
The one is the dielectric character of solvents 
which shifts the absorption maxima towards 
lower frequencies and the other is the effect 
of the hydrogen bond formed between the 
solute and solvent molecules which produces 
the larger shift towards longer wave length. 
As in our calculation these effects have not 
been taken into consideration, it should be 
necessary to discuss the magnitude of these 
effects separately for the sake of comparing 
our result with the observation. 


1) Derivatives of aniline, p-aminoacetphenone 
and p-aminoacetaldehyde. 
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Fig. 5. Comparison with experiment. In this: 


case, differences between Veaie and Vobs amount 
to 5000-6000 cm-! owing to the two sort of 
solvent effects, the one is due to the dielectric 
character of solvent being about 2000 cm-!, the 
other is due to the hydrogen bond formations 
with nitro group causing the shift of about 
3000cm-! and with amino group causing the 
shift of about 1000 cm-! which is shown by 
the deviation from the dotted line in the figure. 


In these groups, the calculated absorptio1 
energies, »;, are in good agreement with thi 
observation, if we take the solvent effect int 
consideration, which makes the calculate: 
frequencies in vacuum shift to lower values 
by the amount of 2000cm-!. Here it shoul 
be noted two things: 

a) The values of absorption wave lengti 
for each B group is in the order of 

H< COOH<COCH;< CHO< NO; ; 
which coincides to the order of electron at 
tracting character of B groups and agree 
well with observation. 

b) The parallelism between the calculate 
and the observed >;’s against pK, in Figs 
2, 3, 4 and 5 shows the applicability of th 
expression (14) and possibility of estimatin: 
the values of coulomb integrals of A; fron 
their pK, data. 


i 


| 
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) Derivatives of p-aminobenzoic acid. 


“Molecules in this group are probably in 
mic forms in solution owing to the dissocia- 
lon of proton in COOH group, and the ioni- 
ation potential of benzoic acid has not been 
teasured. This suggests two things: 

a) The calculated »,’s should be larger than 
ne observed values as in the case of B groups 


ther than COOH. This contradiction may 
rise from the assumed value of the ioniza- 
ion potential wi of benzoic acid, and if we 
hange w, tentatively from —10.12eV to 
-9.52 eV and w, from —5.56 eV to —4.96eV, 
aie comes to the higher value than Dos as 
hown by the dotted line in Fig. 4. 

-b) If these molecules are anions, induction 
ffects of alkyl groups may be greater than 
hose in the neutral molecules because of the 
egative charge. This fact explains the 
arger slope »;—pK~> line in this case. 


) Derivatives of p-nitroaniline. 


In these molecules, there may be formed 
ne or two hydrogen bonds between the solute 
nd the solvent molecules, one side at NH, 
roup (in dioxane) and other side, if any, at 
YO, group (in alcohol or water). Kumler 
nd Strait! pointed out that the shift in 
he absorption wave length with different 
olvents in the case of p-nitroaniline is in 
auch closer relation with the ability of the 
drogen bond formation of the solvent with 
he solute than it is with the dielectric con- 
tant of the solvent. Thus in going over 
rom hexane to dioxane the shift in wave 
sngth is 350 A, i.e., from 3200 A to 3550 A, 
nd from hexane to water it is 380 A, ie., 
rom 3550 A to 3930 A. The difference in the 
jelectric constant of the first two solvents is 
.3 and that of the second two is 78.9. On 
he other hand, p-nitroaniline can not form 
ydrogen bond with hexane, but can form 
hem at one end of the molecule with dioxane 
nd at both ends with water. These effects 
uggest the following: 

a) There are the differences of about 
000 cm-! between the observed absorption 
nergies with singly hydrogen bonded cases 
for example, p-dimethylamino- and f-diethyl- 
minonitrobenze, etc.) and the calculated ab- 
orption energies. The difference may be 
artly attributed to the hydrogen-bonded 
ffect mentioned above being about 3000 cm 7! 
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and partly to the normal solvet effects which 
amount to about 2000 cm-}. 

b) If hydrogen bonds are responsible for 
the solvent effect, then one can expect smaller 
shift for -nitrodimethylaniline, which can 
form hydrogen bond only at one end by chang- 
ing the solvent from hexane to alcohol than for 
p-nitroaniline, which can form hydrogen bonds 
at both ends, by changing the solvent simi- 
lary. This is observed to be the case, the 
shift for the fomer being the 380 A (from 
3520 A to 3900 A) and for the latter 550 A 
(from 3200 A to 3750 A). The effect of the 
second hydrogen bond of p-nitroaniline can be 
seen in Fig. 5 where the deviation from the 
datted line is about 1000 cm-!, corresponding 
to the hydrogen bond effect between amino 
group and alcohol. The shift is also observ- 
ed in the absorption of aniline? for which 
the energy shift is also of the order of 
1000 cm-! going over from heptene (2853 A) 
to dioxane (2906 A). These solvent effects 
appearing in Yors- PK» diagrams about which 
several points were mentioned above show 
that the Yeai- pK, lines are probaly true in 
vacuum or in the non-polar solvent and thus 
our conclusion that the first primary bands of 
BC,H.iNR, molecules are caused by the sub- 
stitution effect of NR, groups on the secondary 
bands of BC;,H; molecules would be accepted. 

This work was supported by the Scientific 
Research Fund granted by the Ministry of 
Education. 
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A Study on the Effects of Off-Resonance on the Spin-Echo Signals. 


By T. GHose, S. K. GHosH and D. K. Roy 
Institute of Nuclear Physics, Calcutta, India 
(Received March 11, 1957) 


A comprehensive study of the off-resonance effects on the different 
spin-echo signals obtained with three rf-pulses has been made—both 


theoretically and experimentally. 


The main experimental bearing of 


this investigation lies in choosing the most suitable angles of the rf- 
pulses for which the fluctuations in the current, driving the electro- 
magnet, will cause minimum effect on the amplitudes of the echo signals 


used for relaxation time measurements. 


Besides this, the above study 


has also been used for explaining another phenomenon associated with 


offresonance. 


Introduction 


Sul. 

The spin echo technique is now being wide- 
ly used for relaxation time measurements. 
Hahn first introduced methods of measuring 
relaxation times T, and T, from the primary 
and stimulated echoes. Relaxation time T, 
is measured from the variation of the primary 
echo amplitude with the interval between the 
two pulses. 7 , the spin-lattice relaxation 
time can be measured from the variation of 
the stimulated echo Pi123) by changing the in- 
terval between the second and third pluse, 
while the interval between the first and the 
second pulse is held fixed. A high degree of 
stability of the magnetic field is essential in 
these studies of the growth or decay of any 
echo signal in order to avoid the change in 
amplitude due to off-resonance during the 
time of observation. As this condition is not 
perfectly satisfied in the case of an electro- 
magnet, the angle of the-pulses should be so 
chosen that the echo amplitude vs. off- 
resonance curve has the flattest peak. Hence 
the need arises for studying the off-resonance. 
Pfeifer has formerly treated the case of the 


primary echo from such a consideration. He 
the treatment has been applied to the case 
the stimulated echo P23). The investigati 
also brings out the fact that the maximum 
this echo does not necessarily occur at tl 
resonance value of the field for differe 
angles of the rf-pulses—as is true for t 
case of the primary echo. Moreover, by e 
tending the theoretical analysis to the oth 
echoes obtained with three rf-pulses, anoth 
observed phenomenon associated with t 


superposition of different echoes has been e 
plained. 

§ 2. Effects of Off- resonance on the Amp 
tude of the Stimulated Echo Po; 


The classical analysis of the spin ec 
phenomena has previously been done 
Hahn and also by Das and Saha® under t 
simplifying conditions of exact resonance a 
H,, the rf-field amplitude S(4H).4», the latt 
being the average value of the inhomogene: 
over the sample volume. Under these si 
plifying assumptions, contribution of the 
mode to the total signal comes out as zé 
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when the average was taken over different 
isochromatic groups dw. But in the case of 
off-reasonance, the contribution of the U-term 
does not vanish, the assumption HS (4H) 4» 
remaining intact. The U and V terms for 
the case of the stimulated echo at the echo 
maxima, i.e. at ¢—r,+7, are then given by: 
a 


at 


hota Aw*2 » Xto Stat sgh) tas 
ai qe sin’) sin? 5” sin? 5 
: ee 2 
+ sin at,,, sin?— 5 sin hs, 
Abs 


—sin at,, sin at, sin? 9 


sets Abe, 
sin rs 


sin az. sin ate, | 


i 
exp] —(e—n) ( = z) SS al 


(1) 
Wiar+75 
IL. a8 nO mee hat nt bn, 
9s | ga SIN’ psi’ sin Ato, 
ne all Te bam rs, Oban 
ot fe Sta ag Sl oo 
+ sin at., Sin @fo, Sin Ato, 
i tee. ee 
+4 ae sin* 5 sin af, sin?- 9 | 
1 Paley 1 
x0) = Gey“. — |) aa ails 
Pf of ye 7 
(2) 
where, o*=7H)—o, HM being the central 
value of the magnetic field distribution, 
(On == Flaky 
e= 07+," 


tude 


Stimulated Echo Ampli 


‘5 oh x 27 
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and t.,, to,, te, are the widths of the three 
rf-pulses. 


If all the pulses are of equal width ¢, we 
have 
Gir. 


x wo* wy3 sin? at.| 4a*? 
a 2 


exp) —(.—11) qa) —(t1+ T2) 7 


sin! ap 


2 


Paki sille at. | 


Visrers 


ly arab eis 4m . at . 
= 5 =e sin at, i sin’ + sin? at 


exp] —(e—n) ‘e -7) =(rrb =p | 
(3) 


The theoretical and experimental curves of 
the stimulated echo amplitude with different 
amounts of off-resonance are shown in Fig. 1 
for different angles (rH;t.=7/2 and 27/3). It 
is evident that for yH,t.=7/2, there is very 
little change in the tip of the signal amplitude 
with off-resonance and the top of the curve 
is quite flat indicating that the measurements 
of relaxation time 7 with stimulated echo 
has to be performed near about such an 
angle. It is also evident from the curve for 
7H,-t.=27/3, that the maximum does not 
occur at w*=0, wereas for the corresponding 
curve for the primary echo as given by 
Pfeifer shows that the maximum does occur 
at this point. 

Experimental measurements of the ampli- 
tude variation of echoes with different off- 
resonance values were carried out by observ- 


Fig. 1. Curves showing the variation of the stimulated echo amplitude with off-resonance. 
The theoretical curves are denoted by continuous lines; the encircled points represent 


the experimental values. n=w"*/w,. 
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ing simultaneously the steady signal of a quency was accurately measured by beating 
fluorine compound viewed on another oscillo- with the signal produced by a 805C GR Signa 
scope. The steady signal was produced by Generator. Different amounts of off-reasonance 
an autodyne detector circuit having stable and was recorded accurately by noting the change 
easily variable frequency output. This fre- in fluorine resonance frequency. 


§ 3. Application of the Off-resonance Study | 

The analysis of the off-resonance signal amplitude of different echoes with three pule 
system can be extended to the three other echoes at f=2r,, 2r. and t.—t: and yields the 
following results, 


Pay: 
U=[a cos w*(t—2r,)—b sin w*(¢—2r,)] exp [—271/T?] 
V=[b cos w*(¢—2r,) +a sin w*(t—2r,)] exp [—2r/T2] (4) 
Pas): 
U=[c cos w*(t—2r,)—d sin w*(¢—2r2)] exp [—2r2/T2] 
V=[d cos w*(¢—2r2)+e sin w*(t—2r2)] exp [—2r./T»] (3: 
Pos): 
U=[e cos w*(¢—2r,+1,)— f sinw*(¢ —2r.+7,)] exp [—2r.—27,/T2] 
V=[f cos w*(t—2r, +11) +e sin w*(¢—2r.+7,)] exp [—2t2—2r,/T2] (6) 
where, . 
1 w*2 
= ri On oe -(l1—cos at] a (LCOS at.,) 1—cos ata) 
+(1—cos at.,,)—2 sin at», sin at., + (1—cos a#,.,) cos ate, | 
b _ il 0 ws (tees 
5 a (1—cos at.,)(1—cos at.) sin Ato, 
Lx, 2. A (1 ; 
Pog ag aut (1—COS @tp,)(1—COS @tws) 
cor nae 
_ ; sca sin @ty,(1—cos at,,)(1+C0s @to,) 
1 Or . 
+ 2 yn At» (1—cos Ato, COS At) 
IR as te 
+ Mae sin at, (COS Ato, — COS ate, | 
ee as Oho ay, 1a 
Caen oe (1—cos ate, 9 a (l—c0s a7; )(1— cos ai...) 
4 © sin ats:sin ats, fod 
Ee @, $in At. + 5 (1l—cos @fa,) COS ato, 
1 or ioe 
antar (l—cos ats.) = ae (1— cos at) | 
Ik ay wo . 
d= rage | - ay (e608 at.,){sin ato, (1—cos at.,) + 2(1—cos at.,) sin att.,} 


+sin at.,(1—cos at, COs Ato,)+sin at.,(Cos ats,—COs at, | 


w*a, 7 bes 


e=2Wc) i ~ sins sin? 


: 


Al», 


Oye % : 
f=W) i sin at. sin? 


2 
We)=1+ = (cos at..,—1) exp(—t,/T;) 


( 
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‘Now, if the third Pulse be applied very close 
(within T,*) to the second pulse, all the echoes 
‘due to the third pulse will be superimposed 
‘on each other. A single echo having ap- 
proximately a gaussian shape will then be 
observed experimentally. If all the three 
pulses be of 90°, and third pulse be applied 
‘practically at the end of the second pulse 
‘then the total signal will be of double 
‘the magnitude due to the first two pulses 
alone if resonance be maintained. With a 
slight off-resonance and gradually increasing 
interval between the second and third pulses, 
‘the tip of the total signal goes through 
maxima and minima. The position of the tip 
also changes slightly due to increased separa- 
‘tion between the two pulses. In case of 
exact resonance, there is no change in the 
amplitude of the total signal. The number 
of times that the total signal goes through 
‘maxima and minima depends on the amount 
off-resonance and the interval between the 
two pulses. Mathematically this can be seen 


o*(t,—t1). By varying (t,—1,), ie. the inter- 
val between the third and the second pulse, 
the relative phases will change and hence 
there will be maxima and minima at intervals 
determined by multiples of 2z/w*. It is also 
seen from above that the number of times 
that the total signal passes through maxima 
and minima before the echoes are completely 
separated out depends on w%*, i.e. the amount 
of off-resonance, and t.—r. 

The enhancement of the signal amplitude 
when the third pulse is applied near the 
second pulse may be used also for determin- 
ing accurately the resonance value of the 
magnetic field. In the resonance condition, 
there will be no change of the amplitude if 
the interval between the third pulse and the 
second pulse be varied slightly. 

The authors express their thanks to Prof. 
A. K. Saha for his encouragement during the 
progress of the work. 
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Microwave Spectrum of BrCN and Dependence of Quadrupole 


Coupling Constant on 


By Takeshi Oka and Hiromasa HIRAKAWA 
Department of Physics, Faculty of Science, 
University of Tokyo, Tokyo, Japan | 
(Received April 8, 1957) | 


The hyperfine structure of the J= 
tions of BrCN has been measured. The values of eqQ(Br™) and eqQ(Br*!) 
for each vibrational state were obtained as follows. : 


the Vibrational State 


1<0 and J=2<1 rotational transi- 


Vibrational From the frequencies From the frequencies 
State of the J=1<0 of the J=2<1 

(V1, Vz, V3) transition transition 
as (0,0, 0) 685.640.4 685.3-40.8 
ie dhe (1,0, 0) 687.94.0.6 689.1+40.7 
in Mcjsec | (9’93 9) 681 .6-£0.7 680.2-£0.9 
(0,0, 0) 572.8+0.2 572.740.6 
ae (1,0, 0) 576.1+0.9 574.24+0.7 
in Mc/sec ( (9’93 9) 568.9-41.5 567.3461 5 


Considerable increase of eqQ for the stretching vibration (vj=1) is 
explained in terms of the decrease of the double bond character of 


Br-C bond, and the decrease of eqQ 


vibration (72=1) is ascribed to the variation of the 


tensor. 


Introduction 


$1. 

The measurement of the quadrupole hyper- 
fine structure of the spectrum of pure rota- 
tional transitions in a simple molecule gives 
the quadrupole coupling constant with con- 
siderable accuracy. As is well known, mole- 
cules in different vibrational states have dif- 
ferent rotational constants, and if the micro- 
wave spectrum of a molecule in the excited 
vibrational state is measurable, it gives the 
quadrupole coupling constants in the excited 
vibrational states. 

Tetenbaum and Javan measured the hyper- 
fine structure of the J=6<—5 transition of 
BrCN and the J=4<3 transition of ICN, res- 
pectively, and found the variation of eqQ 
with the excitation of the bending vibration”. 
The hyperfine components of the J=1<0 and 
the J=2<1 transitions of ICN molecule in the 
(0, 0,0), 1, 0,0) and (0, 2°, 0) vibrational states 
were reported by the present authors, and 
the variation of eqQ was found to come not 
only from the excitation of the bending vibra- 
tion but also from the excitation of the stret- 
ching vibration®. Lower J transitions are 
more appropriate for this type of investigation. 

In the present paper, the results of the 
measurement of the hyperfine components of 
the J=1<—0 and the J=2<1 transitions of 


for the excitation of the bending 
component of q 


2 
& 


BrCN are described. The three vibrations 
frequencies of BrCN are »,;=580cm7!, y= 
368 cm-! and »3=2187cm7!. The microwayw 
spectrum of the molecule in the (0, 0 ,0), G 
0,0) and (0, 2,0) states were observed bu 
the study of the molecule in (0,1, 0) state 
was given up as they show the complicate 
Stark behavior of the 7-type doublets. 


§2. Experiments and Results 


The measured frequencies are listed i: 
Tables I, II, III and IV. The errors of th 
observed frequencies mainly come from th 
weakness of the lines and from the hyperfin 
splittings due to the quadrupole moment o 
N'*. The errors are expected to be less tha: 
0.1 Mc/sec for almost all lines. 

From these measured frequencies, the rota 
tional constant B and the quadrupole couplir: 
constant eqQ in each vibrational state wer 
derived by means of the least square fit t 
the formula 


y=2(J+)DB+Y(F )eqQ+ ZF )\(eqQ)/B . 
Some lines with large experimental error 
were not used in the analysis. In addition t 
the hyperfine structures due to the quadrupol 
moment of Br, some lines show further spli 
tings due to the quadrupole moment of N! 
From these splittings, eqQ(N™) in BrCN ; 
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Table I. Frequencies of the hyperfine components of the J=1<—0 rotational 
transition of Br®CN molecule in Mc/sec. 


F, F; 
PF, FY, F, Fy. 


(0, 0, 0) lines 


observed calculated calculated absorption 
coefficient in cm-1! 


! Oy 2a He Die tle 8206 .92 8207.05 | 

| 3/2, 5/2 5/2, 2 8206.18 8206.24 Zl x A=8 
3} 2/2 bi Ds las} 2 8207 .39 8207.40 J 

Si2e 3/2 3) 2am Ze 8377 .95 8377.91 ) 

| 3/2; O12 BIDE By 8378 .58 8378 .53 1.9x10-5 

| SA == Sy l/A SZ AZ 8379 .38 8379.31 

Sie 1/2 8070.45 8070 .43 0.9x 10-6 

(1, 0, 0) lines 
Syl 5/2 8183.87 8183.97 127 105% 
3/2 3f2 8356.48 8356. 38 1.2x10-7 
3/2 1/2 8047 .08 8047 .08 0.6x10-7 

, (0, 2°, 0) lines 

3/2 5/2 8245.29 8245.39 8.0x10-8 
Se ay 8416.30 8216.22 beealO=® 
3/2 1/2 8109.78 8109.75 2.8x10-8 


Table II. Frequencies of the hyperfine components of the J=2<1 rotational 
transition of Br®ICN molecule in Mc/sec. 


F; Fs observed calculated calculated absorption 
: FP, Fy FP, Fy coefficient in cm-l 
(0, 0,0) lines 
: Sie oie) Ted ae 8165.68 8165.74 | ee 
} 212, S/S IO 512, 52 8164.96 8164.93 J soir 
SOARS ZnSO Siz 8308.27 8308 .27 
SH wes/D «8/2. {319 8308.89 £308.89 | 1.8x 10-6 
Bit 2/2 —3/2, a2 8309.67 8309.67 
; 3/2 1/2 8051.48 8051.47 0.8 10-8 
(1, 0, 0) lines 
j 3/2 5/2 8142.89 8142.74 1.5x 10-7 
3/2 3/2 8286.87 8286.95 1.1x10-7 
3/2 1/2 8028 .04 8028.11 0.5x10-7 
. (0, 2, 0) lines 
; 3/2 3/2 8346.07 8346.07 5.2x10-8 
: 3/2 1/2 8090.25 8090.25 2.4x 10-8 


. : = -_ 


Table III. Frequencies of the hyperfine components of the J=2<-1 rotational 
j transition of Br’?CN molecule in Mc/sec. 


| FY; Fy observed calculated calculated absorption 
| Py) F, Kr, Ff. coefficient in cm7} 
(0, 0, 0) lines 
| ale ies 27 10-8 
5/2 5/2 16638 . 40 16638 .19 4.0x10-§ 
5/2 3/2 16517.8 16517 .25 0.4x10-§ 
S/2t/2  03/2205/2 16345.38 16345 .35 | 6x 10-8 
i 3/2, B/2 3/2, 3/2 16346. 17 16346. 10 J 2 
. S(O /2 01 2p.3/2 16172.90 16172.82 
i 3 SMR 2 i 2ee ed) 2, 16172.30 1617220 | ORE TORS 
| Bi2erdl2 Gli2ur3!2 16173.40 16173.60 
1/2 3/2 16653.58 16653 .62 Sal Seal ew 
iz i 16480 .92 16481 .11 3. Ox 10 a8 
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FP; Fy observed calculated calculated absorption 
F, Fy, Fi, Fy coefficient in cm~! 
‘ (1, 0, 0) lines 
5/2 ae } 16420.97 16420.91 17 x10-7 
3/2 5/2 0. 
Bie, SZ 16593 .38 16593. 40 2.5 1055 
Se 3/2 16299 .07 16299. 10 2.8x10-7 
1GiZ, By 16608 .6 16608 .93 233 1084 
1/2 IW 16435.3 16435 .46 2:2*105% 
(0, 29, 0) lines 
45 es } 16542.45 16542.38 8.0 10-7 
5/2 Sy 16712.9 16712 .64 2 < 10r* 
WW 3/2 16727 .97 16727 .96 teal TOS" 
1/2 1/2 16556. 67 16556.75 1s 10=* 


Table IV. Frequencies of the hyperfine components of the J=2<1 rotational 


transition of Br®!CN molecule in Mc/sec. 


(Vol. 12) 


By; F; observed calculated calculated absorption 

PF, F, PF, Fy, coefficient in cm-t 
(0, 0,0) lines 

5/2 7/2 =o 

3/2 5/2 16375.43 16375.18 Zo - <10 

5/2 5/2 16518 .62 16518 .52 SrOnchOae 

5/2 3/2 16417.0 16417 .25 Ora 105% 

3/2, 5/2 3/2) S52 16273 .00 16272299 

a ae Has Wee 16273 .62 16273.61 | Ac4 51.078 

aia) 1g gait Bap 16274. 38 1627439 

3/2 1/2 16129 .96 16129.75 On x 10ne 

1/2 3/2 16531.31 16531 .32 3.0% Ome 

1/2 1/2 16387 .20 16387 .30 SrA 10S 
ql; 0, 0). limes 

ae Ha 16329.72 1632955 15 x 10-7 

9/2 5/2 16473 .20 15473.25 225010 me 

3/2 3/2 16227 .73 16227 .88 2.7 AO ae 

1/2 3/2 16486 .04 16486 .09 2. 2PeOa 
(0, 2?, 0) lines 

315 ail 16451.27 16451.27 7.5%10-7 

1/2 3/2 16605 .92 16605 .92 aL Seo 


calculated by means of Bardeen and Townes’s 
The values of quadrupole coupling 


theory”. 


Table V. Values of eqQ(Br79), eqQ(Br8!) and 


eqQ(N!*) in Mc/sec. 


Table VI. 


constants and the rotational constants ar 
listed in Tables V and VI, respectively. 


Values of rotational constants used in 


the calculation of the frequencies in Mc/sec. 


Vibrational 


Gree Transition eqQ(Br7) eqQ(Br®!) hea Poe Transition Br°CN Br8iCN 
J=1<-0 685.640.4  572.840.2 J=1<0 4120.32 4096 .92 

(0, 0, 0) yet 685.340.8  572.740.6 ADE 0510) (geet 4120.278 4096.82! 
J=1<0  687.9+0.6  576.1+0.9 JHIL0 A108. 93 4085.74 

(1, 0, 0) ats 689.140.7  574.240.7 (1, 0, 0) Kylee, 4108.864 4085.42! 
J=1<0 681.640.7  568.9-+41.5 T2VEOH 0413949 4115.83 

) << . . 
(0, 2", 0) (eae 66).2-0u0 eoshey 8415 (0, 2°, 0) Te 4139.189 4115.82 


eqQ(N!)= — 3.89 Mc/sec. 


( 


\ 
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§3. Discussions 


From Table V it is seen that eqQ increases 
-when the stretching vibration is excited. This 


‘is reasonable in view of the variation of the 


double bond character of Br-C bond. When 
the stretching vibration is excited, Br-C bond 


is elongated owing to the anharmonicity of 
the potential, and the double bond character 
of the Br-C bond decreases, and thus eqQ 


increases. 


The elongation of the bond is cal- 
culated from the variation of the moment of 


inertia of the molecule with the vibrational 


excitation. 
“mainly with the stretching of the Br—C bond, 
-C-N distance may be assumed to be con- 


Fermi resonance”. 


Since y, vibration is concerned 


stant. Accordingly, the elongation of the 
Br-C bond is calculated to be 


OR=(Mpr+Mct+ Mn\(l —D/ 
2MprlMch, + Muni; +/,)] ’ 


where Mp,, Mc, Mn are the masses of Br, C 
and N atoms, /, and 7, are the bond lengths 
of Br-C and C-N bonds in the ground vibra- 
tional state, and /’ and J are the moments 
of inertia of the molecule in the (1, 0, 0) and 
the (0, 0, 0) states, respectively. J’ is calcul- 
lated from the values of B, obtained by 
Tetenbaum taking into account the effect of 
Substituting 7,=1.789 A, 
Ie=1.160 A? and I’—J=0.465a.m.u. A’, OR 
was calculated to be 0.0049 A both for Br*°CN 


and Br®'CN. It was reported in the preceding 
' paper that the variation of g is given by the 
formula” 
G10d 4 
qd 


[-&@-st+d@)|eQr+1) aR 
+[-d—s-+d\(1—2)-(d-s+d\(1+8)e] (R-R) ’ 
Using the values s—d=0.15%, €=0.15°, z= 
0.159 and 6R=0.0049, it is found that 
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(q+6q)/q=1.0044 . 
This is in fair agreement with the experi- 
mental values of (egQ)»,-:/(eqQ)y) listed in 
Table VII. 


Tabla VII. Values of (eqQ),/(eqQ)o 


Transition (1, 0, 0) (0, 2°, 0) 
: J=1<0 1.0034 0.9942 
7§ a 
lp oabes iy 1.0055 0.9924 
observed ‘ 
| BrsiCN sen! 1.0058 0.9905 
J=2<-1 1.0026 0.9932 
calculated 


1.0044 0.9910 


It is seen from Table V that eqQ decreases 
when the bending vibration is excited. This 
decrease is expressed by the formula”, 


Go=(1—36?/2)qp . 
In the case of BrCN, 1—36?/2 is calculated 
to be 0.9910, using the data from the vibra- 
tional analysis. This should be compared with 


the experimental values of (eqQ)o,-»/(eqQ)o » 
listed in Table VIL. 
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A Simpler Method for Removing 
Copper from Germanium 


By Makoto KIKUCHI and Sigeru IIZIMA 
Electrotechnical Laboratory, Tokyo, Japan 


(Received April 18, 1957) 


On the course of study on the “thermal conver- 
sion” phenomenon, it has been found out that 
lattice defects (e.g. dislocations) act as sin/ces of Cu 
atoms. For instance, when the surface of a slice 
of n-type germanium single crystal was wetted 
with Cu(NO3;)2 solution and then heated to 650°C, 
one portion of the specimen, where the dislocation 
density was very high, was not converted to 
p-type. 

Utilizing this feature of lattice defects on the 
precipitation of Cu atoms, we have found out a 
new simpler method for removal of Cu from 
germanium crystal.“ Experimental results are as 
follows. 

After wetting the surface with Cu(NOs)2 solution, 
the specimens are heated to 650°C and Cu atoms 
of about 4~7x10-1!/cm} are introduced into the 


crystals. Surface contaminations are etched off 
with CP4. 

100 

" Orso SO ala ee leer 
water 
SURFACE 

ACCEPTORS O----- ~ CP-4 ETCHED 
REMAINING 


@—— POLISHED AND HNO, TREATED 
(----= CALCULATED) 


(%) 


5 6 
NUMBER OF TIMES 
OF HEAT-TREATMENT 


Experimental results of Cu removal from 


Sikes, AN 
germanium. Upper curve is for the case of 
CP4 etched surface, lower curve is for the 
“roughened ” surface. 


The surface of a specimen is polished with 
emery paper, washed with alcohol and de-ionized 
water, and then immersed into conc. HNO, for 
1 hour. The roughened surface is washed and 
dried. The specimen is then heated at 650°C for 
1.5 hours in Ar gas. The surface is again etched 
with CP-4, 


A figure of size 


As is shown in Fig. 1 (solid line), about 45% of 
Cu atoms are taken out from the specimen after 
this treatment. Repeating the treatment 4~5 
times, almost all of the Cu atoms are removed. 
The results of Fig. 1 were obtained from the re- 
sistivity measurements, while Fig. 2 shows the 
recovery of the minority carrier lifetime along the: 
repeated treatment. 


T POLISHED AND HNO; TREATED 


be 
LIFE TIME (44 SEC) i CP-4 ETCHED 


100 


i 9) ee | 
| 


) 
U be=----4 


NUMBER OF TIMES 


i | 2 > a 3 6 c 
OF HEAT-TREATMENT 


Cu INTRODUCED 
ORIGINAL 


Fig. 2. Recovery of the minority carrier lifetime 
by the repeated heat-treatment (corresponding 
to) Piss i). 


As is shown, nearly the same value of the lifetime 
is restored after repeating the treatment six times. 
The results of the heat treatment with normal 
CP4 etched surface are shown in Fig. 1 and 2 for 
comparison. The effect of the surface roughening 
method for the removal of Cu is quite evident. 

If we take a quantity “relative distribution 
coefhcient ” into account as an analogy to the 
segregation phenomena, the removal effect can be 
calculated for the first approximation. The dotted 
line in Fig. 1 is the calculated curve. 

The details will be presented elsewhere in the 
near future.@) 
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On the Mechanism of Deformation Twin 
in fee Crystal 


By Akiya OOKAWA 


Department of Physics and Chemistry, 
Gakushuin University, Mejiro, Tokyo. 


(Received April 24, 1957) 


With the pole mechanism suggested by Cottrell 
and BilbyY, the deformation twin in bcc crystal is 
expected to grow easily in its width, while that in 
1 (oly crystal can not be expected to form any more 
‘than in a single atomic plane. It is reported), 
however, that single crystal of copper shows when 
‘cold worked at low temperature (4.2°K) an ap- 
parent twin with {111} as twinning plane at 
‘stresses 12-16 kg/mm?. Here, we suggest a similar 
‘mechanism of deformation twin in fcc crystal, 
‘with reference to the Lomer-Cottrell barrier. 

When a dislocation segment on a (111) 
dissociates according to the reaction 


plane 


(a/2) [110] 2 (a/8) [111] + (a/6) [112] 
and the twin dislocation (a/6)[112] sweeps once 
around the segment, a stacking fault on the (111) 
is formed but further repitition in the state is 
impossible (see Fig. 3 in ref. 1). As the perfect dis- 
location (a/2) [110] after the rejoinment is movile 
on (110), the dislocation segment, if happened to 


‘lie along [112], can glide out of the (111). If the 
segment displaces itself parallel to a neighbouring 
(111) plane, another stacking fault on the new 
(i11) plane can be formed. 


JEnea5 dhe 


In the above treatment, two dislocation lines 
connected by the segment are tacitly assumed to 
emerge on the same side of the (111) plane. When 
the two dislocations emerge on different sides, the 
one on lower side and the other on upper side, 
the (111) planes look like a scheme in Fig. 1. It 
is characteristic to this state, that the sweeping 
‘dislocations BP; and CQ;, both starting from the 
mother segment BC, rotate on different net planes 
consecutively. The one dislocation BP, sweeps in 
the sequence BP,>BP,—> BP;> BPs BCPs> CPs 
---, and afterwards the twin dislocation CPs 


’ 
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rotates around the pole dislocation CD, resulting 
in growth of deformation twin on upper side of 
the reference plane. The growth on lower side is 
maintained by BQ 5 as consequence of CQ). 
According to the above mechanism, neither the 
original segment is extended nor the two partial 
dislocations have elastic interaction after dissocia- 
tion. The critical stress for twinning is, therefore, 
governed in main by the critical stress gy~pb/l 
needed to expand a dislocation segment of length 
l and the stress os~é€s/b necessary to drag the 
twin dislocation trailing the stacking fault of 
energy €s. With €s;~20 erg/cm? for copper, we 
have os;~10% dyne/cm?, in the same order of 
magnitude as the experimental value. As the stress 
oy~10® dyne/cm? estimated for 7~10-! cm is much 
smaller than this value of o;, we can interpret the 
apparent twin in copper with the present mechanism, 
if provided the mother segment is sufficiently long. 


Fig. 2 


A dislocation segment on (111) sufficiently long 
is realized in the Cottrell-Lome barrier), stabilized 
under dissociation 


(a/2)[110] 2 (a/6)[112] + (a/6)[110] + (a/6)[112]. 


When the twin dislocation (a/6)[112] sweeps on (111), 
the dislocation lines AB and CD on the crossing 


(111) stand for the pole dislocations. In contrast 
to Fig. 1, however, the growth on either side is 


suppressed by the intrinsic fault on (111). 

It is to be noted that at low temperature the in- 
duced deformation twin is expected stable, because 
the thermal energy does not suffice to activate the 
sessile dislocation (a/6)[110] to dissociate; this is 
the mode prefered at high temperature”). 
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Nuclear Magnetic Resonance in 
Irradiated Teflon 


By Hazime KusuMOTO* 


Institute of Science and Technology 
University of Tokyo, Tokyo 
(Received March 27, 1957) 


We have examined at room temperature the F'? 
magnetic resonance in Teflon (polytetrafluoroethy- 
lene, PTFE) irradiated with deuterons from the 
cyclotron of our institute. The Teflon was com- 
mercial thin film and was irradiated repeatedly in 
vacuum at room temperature so much that it was 
powdered easily. The another four sheets were 
irradiated in the same condition of irradiation for 
2)sec., 1min., 3min. and 10min. respectively. 
They seem to have no change apparently. These 
samples were very kindly furnished by Prof. K. 
Ono and H. Abe of this institute. 


Table [. The experimental values of line width 
and,second moment of PTFE’s and PTFE*-1. 


PUEEAR1S PLE eARNe aeACS:S." 


Line width (gauss) 


AH (m.sl.) 2.8 0.7 OR. 20 
AH (1/2) Abe ith Pas) 29 — 
Second Moment 
(gauss?) Pacis 1.8 2.8 3.8 


* These values of A.N.@) and J.A.S.S.” were 
interpolated approximately in their data. 


Fig. 1. F!® magnetic resonance in (a) PTFE, (b) 
PTFE*-1 (irradiated to be powdered), (c) PTFE*- 
2 (irradiated for three min.) and (d) PTFE*-3 
(irradiated for ten min.). 

* Now at University of Illinois, Urbana, Illinois, 

WsSia\e 
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In Fig. 1 there are reproduced the observed lin 
shapes. The experimental values of line widil 
and second moment of the original PTFE ar 
irradiated PTFE (PTFE*-1) are described in Ta 
I compared with such values obtained by anoths 
authors. H 

As shown in Fig. 1 the sharp central peak be 
came broad with increasing of irradiation tinr 
and line shape would become similar to that ‘ 
PTFE*-1. | 

According to Charlesby®), the energy absorbed : 
Teflon breaks it mainly at C-C bond to make . 
smaller molecules. However, the experimental = 
sults suggest that the motion of F!’ nuclei, nana 
the segmental motion of the molecules, in PTFE 
is more disturbed compared with the origina 
molecules- Therefore, it might be supposed tha 
such structures that disturb segmental motion haw 
been produced in irradiated Teflon. | 

In irradiated Teflon: (1) at a broken C-C bene 
producing a free radical, oxygen atom might 
trapped#»5) during aging in air after irradiaticc 
and/or double bond might be produced. Further 
more there would exist possibility for a broker 
chain to form some of ring»), (2) some of C— 
bonds must be broken releasing gases?) to leave 
free radical, which might produce double bone 
make a cross-linkage with a free radical produce: 
in other molecule as at the case of polyethylene 
Unfortunately, since the irradiation dose and thi 
quantity of released gas*) were not known, estime 
tion of cross-linkage could not be done. 

Though Teflon molecules become smaller b: 
irradiation, these double bond, cross-linkage an: 
rings produced sametime disturb the segmenta 
motion and cause broadening of line width. Fur 
ther measurement on variation of line width an: 
second moment vs. temperature has been done 
The results will be published later, 

The author wishes to express his sincere thank 
to Prof. K. Oshima for his suggestions of thi 
work. 
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Some Comments on the Theory of Coercive 


Force of Fine Particles 


By Tetuo OHOYAMA 


Depariment of Physics, Faculty of Science, 
Tokyo Metropolitan University 


(Received April 26, 1957) 


It is well known that the coercive force H, of 
ferromagnetic fine particles increases with decreas- 
ing diameter d of the particle, and that a theore- 
tical explanation of this variation has been given 
by Kittel). 

Recently Néel?) raised a theoretical objection 
against it, but it seems not to be absolutely correct 
to conclude that Kittel’s model must lead to a con- 
stant H, independent of d, on the basis of Néel’s 
discussion. The model on which Néel carried out 
his calculation (Fig. 2) differs somewhat from Kittel’s 
model (Fig. 1). Moreover, Néel’s expression for 
the magnetostatic energy has an ambiguity connect- 
ed with the conditional convergency. 


—® 


He 


Fig. 1. 


Higa 2. 


In Fig. 1, the spherical cap is a wall itself, but 


in Fig. 2, it is a domain of reversed magnetization 


bounded by an infinitely thin wall. In Fig. 1, 0 has 
a definite meaning, the wall thickness, but in Fig. 
2, its physical meaning is not very clear. 
In both cases, the energy blance is given by the 
equation 
o(np?/4)=He(S2+Js)v+(—4U) . (1) 
Here o is the surface energy density of a domain 
wall, J, is the average of the x-component of the 
magnetization in the interior of the spherical cap. 
— AU is the gain in magnetostatic 
Jz=ds 


v is its volume. 
energy due to the varied magnetization. 
in Fig. 2. 

Kittel put J, = 0 and —4U= (1/2)-Js2-(4n/3)(d/2)3- 
(6/2d) as a crude estimate in his model, coming to 
the expression H,/H.*=1-—d/d,. As Néel pointed 
out, he would have come to an expression for He 


- independent of d, if he had put (6/2d)? instead of 


(6/2d). 
The magnetostatic energy of a system shown in 
Fig. 2 has been calculated by Néel®) and can be 
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written*, with an abbreviation 1—2¢/d=u, 
ie eed (ui= 36)? 
2 18 
+(1—uwp eS) n(n DIPa-*c)Pt. (2) 


According to Néel®), U can be written, if 6<d, 
as** 

U= (rd 2/9)[1 —12(6/d)2+ ---] , @) 
thus —4U<d%*§/d)2, leading to the d-independent 
He. 

After some calculations we come, however, to 
infinitely large coefficients*** of (d/d)*, (d/d)?,---, 
in the expansion of U in the power series in 6/d. 
It seems that we can not trace the energy curve as 
a function of d/d, without numerical calculations. 

This difficulty might be avoided by breaking off 
the series (2) after a finite number of terms. 
Then we can neglect the terms of higher order in 
6/d unambiguously, if d/d is sufficiently small. 
But if we reserve one more higher order term than 
Néel, we have, using geometrical identities v=(i/2) 
n(dd2—293/3) and p?=4d(d—-6), 


a Atel a 
He=(75- 3) wa? C<0)- 


The last term on the right might be, in some cases, 
comparable to the quantity in the parenthesis****, 
and, with constant values of o and 6, it makes H, 
even decrease with decreasing d. 

As Néel pointed out, He would become, to the 
first approximation, independent of d in the Kittel’s 
model, if, and only if, —d4Ued*(j/d)?._ But Néel’s 
calculation corresponds to an infinitely thin wall and 
another calculation seems to be necessary to decide 
the question that —4U in the Kittel’s model be 
proportional to d#(g/d)? . 
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* ¢, in the literatures (2) and (3) is equal to 
(uw8 — 3u)/2. 

** O(26/d)t in the literature (2) might be a 
misprint of O[(2d/d)*]. 

*** This does not mean that Eq. (2) is a diver- 

gent series. 

**** This is what appeared in the Neéel’s dis- 
cussion and are independent of d. 
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Electron Transport in Metals 


By Mikio Tsuji 
General Hducation Department, Kyusyu 
University, Fukuoka, Japan 
(Received May 13, 1957) 


Barrie) has calculated the change produced in 
the conductivity and thermoelectric power of me- 
tals when one uses Bohm and Pines’ #;~k curve?) 
instead of the usual parabolic curve of free elect- 
rons. Barrie’s calculation is confined to the case 
of high temperatures and pure metals, and there 
is a mistake in Barrie’s paper. We have calculat- 
ed the conductivity and thermoelectric power for 
the general case of arbitrary temperatures and 
arbitrary concentrations of impurities. 

If the spherical energy surface is assumed, the 
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energy of electron EH, may be expanded as follows, 


B= C+ ak ~ ko) +(1/2)B (he — ko), (1)) 
where k& is the wave number vector of electrons, 
¢ the energy of Fermi level, and ko the wave num-- 
ber at the Fermi level. We derive Boltzmann’s: 
equation for the distribution function of electrons: 
whose energy surface are given by Eq. (1). 
lattice scattering term in the equation is identical! 
to that given by Klemens»), and in the impurity’ 
scattering term we expand the scattering cross: 
section Q as Q=Q@o {1+ n(B-O)+ 7 B-O2+ +} 
We solve the Boltzmann equation by a variational! 
method similar to that of Sondheimer), and obtain | 
the electrical conductivity o and thermoelectric : 
power S as follows, 

5 

)vs 


1 


i 
1/s=p= 00+ Or » ce ak 
aes e 


0,= Ba?) , 


ae 00 2a i Qa J7 3 eo? @ \2 
Soa peg 
ga. 2UR van 29" Or Bko 2n? 2Bko /Js 1? g072\ T 
3ea? fe bo f.- gpm B be ( C) yi rhe (4) 
Or 2n2Js° re qo?\T/) J 
where A is a constant proportional to the interac- Table I. Conductivity and thermoelectric 
tion between electrons and lattice waves, go the power of alkali metals. 
maximum wave number of phonons, © the Debye Li Na K Rb Cs 
temperature, « Boltzmann’s constant, Jp, Griineisen’s  _——____ = R: bins : 
function and B a constant proportional to Q). a/o0 1.43 1.23 1,14 1.12 1.08 
Eqs. (2) and (3) show the well known fact that (S/Sojm 082°". 91. 0.97. 090 eee 
the conductivity is proportional to (dH//dk)2 at the (S/So)z 0.80 0.91 1.04 1.11 1. te 


Fermi surface. Eq. (4) is our new expression for 
the thermoelectric power. 

In the case of high temperatures and pure metals, 
(2) and (4) reduce to 


wat oa es 
= AT a’), ( ) ) 

an an Be Bb 4 J 

SS 3e ( ako a eT (6) 


Eqs. (5) and (6) are different from the results 
of Barrie. (The error of Barrie is due to his Eq. 
(3), which should be replaced by c=ck3(m*)-1.) 
We calculate the values of a and @ in (1) from 
the #~k relation obtained by Bohm and Pines, and 
use these values in (5) and (6); then we obtain 
the numerical results given in the first two rows 
of Table I. 

In the Table oo and So are the values for the 
standard parabolic bands, and o and S are the 
values for the band modified by the theory of 
Bohm and Pines. «o/o) is decreased considerably 
from Barrie’s results, but S/S is only slightly dif- 
ferent from Barrie’s result. The values of a/o9 do 
not depend on temperatures and impurity concent- 


rations, but the values of S/So depend on them. 
At low temperatures (4) gives the following re- 
sult for pure metals: 


(7) 


The values of S/So calculated from (7) are 
shown in the last row of Table I. It is seen that 
the effect of modification of the band on S/Sp is 
more appreciable at low temperatures than at high 
temperatures, but the effect is not so large. For 
impure metals at low temperatures, the values of 
S/So are nearer to unity than those for pure metals. 

Our conclusion is that, for any temperature and 
any concentration of impurity, the modification of 
the H~k curve by the theory of Bohm and Pines 
dose not have very large influence on the electron 
transport phenomena of metals. 

Eq. (4) shows that deviations of the band struc- 
ture from the free electron model have very im- 
portant effect on the thermoelectric power. In fact 
if B<0, the sign of thermoelectric power may be- 
come positive. The detailed calculations will be 
published in this journal. 
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Constant in the Excited State 


. A Method of Evaluating the Dissociation 
of a Molecule 


By Reikiti IToH 
Kobayasi Institute of Physical Research 
Kokubunzi, Tokyo 


(Received May 13, 1957) 


If a molecule liberates a proton in the excited 
state as well as in the ground state, one can 
evaluate the dissociation constant of the molecule 
from the pK value of the molecule in the ground 
state and the absorption spectra of the molecule 
in the acid and alkali solution. It is naturally 
expected that the dissociation of proton is easier 
in the excited state than in the ground state. 
Then, the excited molecule, if it is meta stable, 
has the smaller pK value than that of ground 
state. For the sake of comparison of the dissocia- 
tion constants of the two states in a given solvent 
at a given temperature, we consider the equilibrium 

GH+H-=G-+HH, 

where GH and #H correspond to the ground and 
the excited state of a molecule respectively. 
Hammet and lately Longuet-Higgins”) have dis- 
cussed in detail how the equilibrium constant for 
such a reaction is related to the kinetic and po- 
tential energies of the reacting species. If we 
ignore the entropy difference between the states 
in the right and left hand sides of the reaction, 
the standard free energy change in the reaction 
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can be expressed by the difference in resonance 
energy of the n-electrons between the species on 
the right hand side of the equation and those of 
the left. This assumption may be expressed by 
the equation 
(Ena Ean) — (En— Ea) = — 2.303 RT (pKe — pK,), 

where €4 is the x-electron energy of the specy A 
and pK is the logarithmic equilibrium constant of 
the molecule for the proton dissociation, and suf- 
fixes g and e correspond to the ground and the 
excited state of the molecule respectively. Then, 
the left hand side of the equation can be replaced 
by 


he Vacia — heFaixali=he AT, 


where Vacia and Yatkali are the absorption wave 
numbers in the acidic and alkaline solution of the 
molecule respectively, and h and ¢ are the Planck’s 
constant and the light velocity. For example, we 
take @-Naphthol for which the pK data have been 
reported, i.e., pK y=9.499) and pKe=2.823) . (at 
25C°), and the absorption wave numbers are 
Yacia = 31250 cm-! (solvent HCl, 1/100 N) and 
Valkali = 28570 cm-1! (solvent NaOH, 1/100 N),. 
From the difference of the absorption wave numbers 
between the two solutions, one can obtain 5.62 
for the value of pK,—pKe, which is near the 
observed value, that is 9.49 -—2.82=6.67. The small 
difference between the calculated and the observed 
value may be attributed to the effects of hydration 
and entropy change of the reaction. 

The author thanks to Prof. I. Oshida for valuable 
discussion. 
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Electrical Resistance of CuAu; and 
Cu;Au at Low Temperatures* 


By Makoto HIRABAYASHI and Yoshio MUT6 


The Research Institute for 
Iron, Steel and Other Metals, Sendai. 


(Received May 16, 1957) 


One of the present authors!) has previously re- 
ported that the electrical resistance of. CuAu3 is 
larger in the ordered state than in the disordered 
state near room temperature. The behaviour 
seems to have an opposite sense to that of usual 
ordered alloys, so that it is of interest to clarify 
the dependence of the residual resistance of CuAuz 
on the degree of order. Although Passaglia and 
Love”) found no difference in the residual resistance 
between the quenched and annealed states of 
CuAug in contrast with Cu;3Au or CuAu, it seems 
rather doubtful whether the annealing imposed on 
this alloy was sufficient to attain the highly order- 
ed state. Thus, we measured the electrical re- 
sistivities of CuAus, CuAu, and Cu3Au in quenched 
and annealed states from about 2°K to room 
temperature. 


BR-cm 


Specific Resistance 


fo) 100 200 300 
Temperature °K 
Fig. 1. Specific resistance-temperature curves for 


CuAus. Open and closed circles correspond to 
the highly ordered and disordered states, re- 
spectively. Specific resistance values were 
calculated by using dimensions measured at 
room temperature, taking no account of tem- 
perature change of the dimensions. 


In Fig. 1 the specific resistance of CuAus con- 
taining 75.06 atomic per cent gold, is plotted 
against temperature. The highly ordered state 
was obtained by slow cooling from about 200°C to 
room temperature in four months and the dis- 
ordered state was obtained by quenching from 


* The results given in this note were presented 
in part at the Sectional Meeting of the Physical 
Society of Japan in November 1956, 
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450°C to ice water. As shown in this figure, zi 
resistivity-temperature curves for both states eacl) 


other at about 120°K. It should be noticed! 
therefore, that the residual resistance is lower ir! 
the ordered state than in the disordered one, ir 
the same way as in Cus3Au and CuAu. Ratios of 
the residual resistance to the ice point resistance) 
are 0.699 and 0.793 for the highly ordered ane 
quenched states, respectively. The resistivity / 
temperature curves were obtained for various 
states after different heat-treatments, though nob 
represented here, and it was established that ir 
the partially ordered state the resistance becomes: 
once larger than in the quenched state and agair 
decreases as ordering proceeds. The initial ini 
crease might be due to the short-range order 
effect). The temperature-dependent portion of the 
resistance decreases approximately as T> below 
about 20°K for the ordered as well as disordered 
states. Above this temperature the temperature 
coefficient of resistance increases as ordering pro 
ceeds, similary to Cu-Au and CuAu. 

The results for CuzAu and CuAu almost agree 
with the work of Passaglia and Love. However, 
for Cu3Au alloy, containing 25.07 atomic per cent 
gold, the so-called resistance minimum appeared at 
about 13°K in the resistance-temperature curves: 
as depicted in Fig. 2. The temperature of the 
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Fig. 2. Reduced resistance Rr/Rs;3xe-temperature 


curves for CusAu. Open and closed circles 
correspond to the ordered and disordered states, 
respectively. 


minimum point seems to be little affected by 
ordering. Such a minimum may probably occur 
from the presence of very small amounts of 
specific impurities, such as Fe, Mn, Mg and Si, 
which were spectroscopically detected. A detailed 
report will shortly be published elsewhere. 

The authors wish to express their sincere thanks 
to Professor S. Ogawa and Professor T. Fukuroi, 
whose guidance and encouragement have made 
this work possible. 
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In the oxide coated cathodes, it is believed that 
stoichiometric excess Ba in the coating layer acts 
as an active center and its density influences re- 
-markably upon the activity of the cathode. “Stoi- 
-chiometric excess” allows the possibility of ex- 
istence of two type of imperfect crystaline states 
of the cathode coating. The one type is the barium 
'atoms situated in the interstitial positions and the 
Other is the oxygen vacancies. 

Though it is quite difficult to decide which is 
more probable, it is clear that the free Ba is 
important in any case. In this point of view, many 
studies have been made on cathode base metals 
so as to obtain high activity coating. The base 
metal with large reducing power, however, has 
the tendency to form the high resistive interface 
layer which gives rise to many wrong influences 
upon the vacuum tube characteristics. Therefore, 
a new attempt is proposed to supply the Ba atom 
directly into the oxide coating without any 
chemical reactions between the oxide coating and 
the base metal. 

(1) Supply through the Ni sleeve: Sleeve is 
constructed duplicately with electrolytic pure Ni, 
and the Ba source is sealed in the gap between 
the inner sleeve and the outer one on which oxide 
emitter is coated. In present experiments Ba 
getter is utilized as the Ba source. 

The emission characteristics of two cathodes 
which have the same structure except for the 
existence of Ba source are examined. In each 
cathode, a deactivation process is produced at first 
due to flashing of the cathode at high temperature, 
because in each cathode electrolytic pure Ni are 
used as the base metal. However, after this heat 
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treatment, if the cathode temperature is decreased 
to the normal operating condition, the rapid in- 
crease of emission is brought about in the cathode 
occluding Ba source. These aspects are shown in 
Fig. 1 (a). Life test for these two cathodes are 
also undertaken at about 700°C quiescently, and 
the remarkable difference of the emission durability 
is observed between them as seen in Fig. 1 (b). 
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Fig. 1. Vatiation of emission for the two type 


of cathodes. The closed points indicate the 
cathode in which Ba is supplied through a pure 
Ni sleeve and the open points indicate the one 
with no Ba source. 

(a) Represents the inital stage of heat treat- 
ment, and 

represents the quiescent life test under- 
taken at about 700°C of cathode tempera- 
ture. 


(b) 


(2) Supply through the porous metal: The 
effect of the Ba supply is examined for the cathode 
with L-cathode type Ni sleeve on which upper side 
porous metal (in this case porous pure Ni) is 
welded and with the Ba source which is sealed in 
the same manner as the previous case. In this 
case, we found that the activation is taken place 
from the begining at very lower temperature and 
the special high temperature treatment is not 
necessary for the activation process. 

Thus the effect of the Ba supply is obvious and 
by the proper choice of the rate of Ba supply, 
low temperature activation and low temperature 
cathode operation may be possible and much more 
long life may be expected for the oxide coated 
cathode. 
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Note on Collective Energy Losses 
in Metals 


By Takao SATO 


Department of Physics 
Tokyo Metropolitan University, Tokyo 


(Received April 4, 1957) 


On the theoretical treatments of the collective 
behavior of electrons in metals, thorough investiga- 
tions have been done by Bohm and Pines!), while 
the experimental evidences thereof have been fur- 
nished first by Ruthemann, then by many authors. 
That is, when a fast charged particle excites such 
collective oscillations, we are dealing with energy 
transfer to a number of electrons moving coopera- 
tively in consequence of their mutual interaction. 
The energy of a plasmon is in the neighborhood 
of fiw,=h(4rne2/m)1l2 where n is the valence elec- 
tron density and m is the free electron mass. 

We now will consider the experimental evidence 
for plasmon excitation in metals. It was clear 
from the experimental results that two kinds of 
situations prevail in the characteristic loss spec- 
trum of a thin metal film; e.g. A group which 
shows comparatively good agreement between theory 
(calculated on the assumption that the valence 
electrons are free) and experiment, and B group 
metals do not coincide with the frequency svw,, 
and also there has been frequently observed only 
a single broad loss line. 

The interpretation to the A group was provided 
by Mott®, who showed that if the valence elec- 
trons are weakly bound, and the core electrons 
are strongly bound (with respect to the free elec- 
tron plasmon energy /iw»), the solid state environ- 
ment would not greatly affect the plasmon energy. 
One interpretation to the B group was provided 
by Wolff, showed that the coupling of the plas- 
mons to the core electrons in noble metals and 
transition metals would be expected to broaden 
the plasma resonance and increase the plasmon 
energy substantially. He is then led to the con- 
clusion that loss lines continue to broaden as one 
goes through the transition elements in order of 
increasing valency. The conclusion, however, is 
not in agreement with the experiment done by 
Marton and Leder®). 

It seems that the discrepancies for the B group 
metals are the consequence of the situation in- 
herent of the transition metals, and are closely 
related to the substantial problems concerning to 
their electronic structure. The reason, why the 
disagreement prevails mainly in noble metals and 
transition metals, will be attributed to the funda- 
mental problem; what their valency means or what 
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electrons are which contribute to plasma oscilla 
tion. It is to be noted that in the A group metal! 
we obtain good agreement between theory and e 
periment by assuming simply that the valence 
electrons and the number of electrons which con) 
tributed to plasma excitation are equal. 

So far the valencies has been considered only 
formally for the A group elements this may havé 
some substantial meaning. For the B group metals: 
however, we might consider that the formal valea) 
cies lose its meaning. The latter group forms @ 
new scheme of metallic valencies proposed hy 
Pauling®), in which the significance of formai 
valency has been in dispute. According to Paul/ 
ing’s theory of new valency scheme, the valencies 
have the substantial meaning that they concer 
directly with bond in metals. 


A comparison of fw, (eV) with Mops (eV) for metats; 
Z denotes the number of Pauling’s valence. 


Cr Mn Fe “Co Ni Cul ZneeGa | 
Z 5,78 5.78 5.78 5.78 5.78 5.44 4.44 3.44 
Flovs 24S 22) 2 2 ee ee 
hwy 25 25°" 20. 20) ea oe cd 


Mo’ “Ma “Ru Rh PdeAe *Gdeeiin 
Z AAs) a (hs) aiteh ake afte Bal we aEE Ss) 414) 
Eons 25ie 0g S20) = 22 W238 20 
hw» 22, 92718-2408 2458623 Rael SebG: als 


W., Re Os — Ir | Pt (Anup Sion 
Z 5.78. 5.78 5.78 6.78 5.78 5.44 4.4453 44 
hop 22 23, 24 24 1235 27 eel Galo 


When one calculates iw, for the B group on 
the basis of Pauling’s new valency scheme, the 
obtained values come closer to the observed ones, 
as one sees in the table. Although the agreement 
is not perfect, of course, this seems to provide 
some indication to the problems of plasmon ex- 
citation in transition metals. 

It is a great pleasure to thank Professor M. 
Sasaki for his helpful discussions and encourage- 
ments. 
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Absorption Band due to Colloidal 
Silver 


By Ryosuke YOKOTA and Kazuo SHIMIZU 


Matsuda Research Laboratory, 
Tokyo Shibaura Electric Company, 
Kawasaki-city, Japan 


(Received May 14, 1957) 


Photosensitive glass is one of the most remar- 
Kable progress in the field of glass in recent 
‘years). But very little has been studied about 
this interesting and useful glass. 

We have discovered a very sharp absorption 
band due to silver colloid in this glass. 

From the pure chemicals we prepared the photo- 
sensitive glass containing silver and cerium whose 
‘concentrations are about 6.4 x 10° cm-3 and 
1.6 x 1018 cm-% respectively, 

The oxide composition of the base glass in 
weight per cent is: SiO, 82.5, LixO 12.5, K.O 2.5 
and Al,O3 2.5. 

The glass whose size is 15x6x1mm? was ir- 
radiated with the ultra-violet light emitted from 
the high pressure mercury arc lamp. By this ex- 
posure the latent image was formed. 

The irradiated glass was quickly inserted into 
the electric furnace which was maintained at any 
temperature from 510 to 590°C within +1°C, and 
was held for some time, say, about 20 minutes. 
Then it was quickly withdawn and cooled in air 
to room temperature. Yellow color was developed. 

We have discovered a very sharp absorption 
band whose half-width is 22mp by the use of 
Beckman DU spectrophotometer. The increase of 
absorption is given in Fig. 1 in the full line. In 
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Fig. 1. 


this case the dosage of the effective spectral 
‘region of the irradiated light was about 2.x 10° 
erg/cm? and the time and temperature of develop- 
ment were 20 minutes and 560°C, respectively. 
The shape and location of this band do not 
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change by cooling down to 80°K, and by heating 
to 200°C, and by the irradiation of light lying in 
this band. The absorption bands produced by the 
ionizing radiation, for example, X-irradiation), 
have changed by the above treatments. 

We prepared the glass which does not contain 
silver but the other compositions are the same. 
No band was developed in this glass by the same 
exposure and development. 

Therefore this band is due to the silver colloid, 
especially that of diameter much less than the 
wave-length of the incident light, 
scattering of light was observed. 

In this case the shape and location of this band 
can be calculated from the equation?) 


because no 
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Where K is absorption coefficient, Ny is the 
number of particles per unit volume; V is the 
volume of single particle; 4 is the wave-length in 
air for which K is sought; m, and m are the re- 
fractive indices of the glass and silver respective- 
ly and m« is the “absorption coefficient” of silver. 

Our measured value of mu for this glass was 
1.513 at the wave-length of 420my. The disper- 
sion of mw is so small that it can be neglected in 
this case. 

It may be the most appropriate to employ in 
this calculation the optical constants of the silver 
measured by Schulz) and by Schulz and Tangher- 
lin,®») because they measured in an annealed state 
of the silver film evaporated on glass. 

The calculated curve is given in Fig. 1 in the 
dotted line. In this case neither Ny nor V is 
known, the maximum value of K was set equal to 
the measured value. 

A good agreement is obtained between the 
shapes and locations of the observed and calculat- 
ed bands, although there is small difference of 
12 mp in their locations of peaks. 

This small difference is supposed to originate in 
the circumstance that the colloidal silver in this 
glass has some different values of ~ and n« with 
those measnred by Schulz et al. 
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Effect of Heat Treatments on the Magnetic 
Properties of the FeTiO;-Fe,0; 
Solid Solution Series 


By Yoshikazu ISHIKAWA 
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University of Tokyo, Tokyo 


and Syun-iti AKIMOTO 
Geophysical Institute Tokyo University, Tokyo 
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It has been recently reported that the complete 
solid solutions between ilmenite (FeTiO3) and 
hematite (Fe,0O3), wTiFeO3-:(1—a)Fe,03 can be pre- 
pared in the whole range of 0<x<1 when the 
mixture of pure Fe,03; and FeTiO;3 in an appro- 
priate ratio sealed in a quartz tube evacuated ap- 
proximately to 10-?mm mercury is quenched from 
above 1200°C), Although their Curie point tem- 
peratures and lattice parameters vary continuously 
with their compositions, the intensity of magne- 
tization changes discontinuously near «=0.5; that 
is, very strong ferromagnetic (30~70 gauss/gram 
at 80°K) for «> 0.6, while feeble ferromagnetic 
(1~2 gauss/gram) for « < 0.552), 

In the course of comprehensive research on the 
magnetic properties of the FeTiO3;-Fe.,03 _ solid 
solution series, we have found that the intensity 
of magnetization of the specimens of which chemi- 
cal composition is near 0.5 is remarkably affected 
by the heat treatments. Before heat treatments, 
the specimen of «=0.5 which was prepared by the 
quench method from above 1200°C had the intensity 
of magnetization of about 2gauss/gram at room 
temperature. We have carried out the following 
heat treatments upon this specimen; that is, the 
specimen sealed again in an evacuated quartz tube 
was either quenched or slow-cooled naturally in 
the furnace from the appropriate high tempera- 
tures after being maintained at these temperatures 
for five hours. Remarkable change in the inten- 
sity of magnetization for a magnetic field of 9350 
Oe was found after such heat treatments. In Fig. 
1, the cross marks show the case of quenching 
from high temperatures, while the hollow circles 
show the case of slow-cooling. In this figure, the 
abscissa shows the temperatures in which the 
specimen was maintained for five hours. 

X-ray analysis carried out by a Norelco diffrac- 


tometer shows that hardly any changes can be | 


seen in the diffraction patterns as long as the 
temperature of heat treatment does not exceed 
1100°C. On the contrary, when the specimen is 
cooled slowly from 1100°C, the positions of the 
diffraction line on the Norelco chart are shifted in 
the appreciable quantity, corresponding to the 


Short Notes 


decrease of w by 0.05. Consequently, the shay 
decrease in the curve B of Fig. 1 when the tem) 
perature of heat treatment is 1100°C is due tc 
change of the composition. The Curie point 0) 
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Fig. 1. Effect of heat treatments on the intensity’ 
of magnetization of 0.5 TiFeO3-0.5 Fe,03. 


the specimen which acquired the strong ferromag+ 
netism by means of the above-mentioned procedure 
is higher than that of the feeble ferromagnetic one 
by 30°C, but their magnetic susceptibilities above 
Curie points coincide with each other at high ten 
peratures. 

It may be very probable that the discontinuous 
change of the magnetization of the solid solutions 
with their compositions is closely related to the 
ordering of Ti and Fe ions, which is established 
in pure ilmenite») and is expected to be responsible 
for the strong ferrimagnetism. Such an effect of 
the heat treatments as described in this short note 
may also be related to an order-disorder transfor- 
mation phenomenon. There are certain reasons, 
not described here, to infer that the order-disorder 
transformation temperature of this specimen is 
near 600°C. Hence, the fact that the strong ferro- 
magnetism can be acquired only when the speci- 
men was cooled slowly from above 1000°C may be 
interpreted as follows. It is necessary to maintair 
the specimen at the temperatures higher than 1000°C 
in order to create some short range order, without 
which ordering of Ti and Fe ions can not be at- 
tained even if the specimen is cooled slowly 
through the transformation temperature near 600°C. 
Furthermore, we have found that the intensity ef 
magnetization of the original specimen can be in. 


_ creased three or four times even in the case of 


cooling from 600°C if the magnetic field is exertec 
in the cooling process. This phenomenon can _ be 
explained consistently if we assume that in the 
magnetic field the short range order can be createc 
even at low temperatures. 

Detailed investigation is now progressing anc 
the understanding of the mechanism of this pheno 
menon may give us some information about the 
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origin of ferromagnetism of this solid solution 
series. 
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Frequency Shift in Ammonia Absorption 
due to Foreign Gases 


By Kiyokata MATSUURA, Yoshikazu SUGIURA 
and G. M. HATOYAMA 


Electrotechnical Laboratory, Nagatacho, Tokyo 
(Received May 11, 1957) 


We have already reported the frequency shift in 
ammonia (3,3) absorption line due to self-broaden- 
ing). We have also studied the frequency shift of 
the same line due to foreign gases present in the 
absorption cell. 

The measurements were done with an absorption 
cell first filled with NH3 to an amount correspond- 
ing to 24vp~200 to 300 kc, to which foreign gases 
were introduced, and the shift, line width and the 
pressure were measured similtaneously. The re- 
sults are tabulated in Table I. 

K. Tomita) has calculated theoretically the shift 
due to impact between molecules, based on dipole- 
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dipole interaction. He gives the value of a=0.18 
for the shift due to self-broadening, which is some 
ten times larger than our observed value. More- 
over, his calculations do not lead to any negative 
value of a. Some other types of interaction seem 
to be taken into account. 


Table I. The shift due to foreign gases 
in ammonia 
Molecular 
Gas dipole dv /p a x 102 
(Debye (Mc/mmHg) (Mc/Mc Width) 
unit) 
(NH3) eie47 27 1.8 
Hy 0 300) — 0.6 
A 0 2D — 0.6 
Oz 0 2S — 0.7 
Nz 0 4.5 - 1.8 
CH, 0 Bof! — 0.7 
CO, 0 6.6 — 3.8 
C3Hs 0 6.9 — 4,2 
CsH;CH3 0.5 8.5 — 2.6 
H,O 1.8 4.3 — 3.6 
CH3;0H Wee 9.0 —- 3.9 
C.H;0H 1 1255 — 3.9 
CH COCHs Dot 22 —12 
References 


1) K. Matsuura, Y. Sugiura and G. M. Hatoyama: 
J. Phys. Soc. Japan 12 (1957) 314. 

2) Reported at the Spring Meeting of the Society, 
Hiroshima, 1957. 


J. Puys. Soc. JAPAN 12 (1957) 836~837 


Some Aspects of Wedge-shaped Domains 
in BaTiO; Crystal 


By Terutaro NAKAMURA, Wataru, KINASE 
and Yoshinori KATO* 


Department of Physics, Faculty of Science, 
University of Tokyo 
(Received May 6, 1957) 


Domain structure in barium titanate crystals has 
been investigated by a number of authors.) This 
record of observations of 
a domain structure in a barium titanate crystal, 
which has yielded some aspects hitherto not yet 
reported. 

Our observation of a barium titanate crystal 
through a polarization microscope, at about 20°C, 
gave patterns shown in Fig. 1, at a position 45° 


communication is a 


Fig. 1. (a) top and (6) bottom views at 20°C. 
rotated from the extinction positions. Fig. la 
shows the top view, while 6 the bottom. The fact 
that fringes were observable, and the locations of 
fringes, which were the same either viewed from 
the top side or the bottom, indicates that the 
domain arrangement must be as shown in Fig. 2. 
The crystal showed remarkable bending, favorable 
to the structure suggested (Fig. 2). Some irregu- 
larities of fringes in Fig. 1b (shown by an arrow) 
were useful for distinguishing between the “‘ top’”’ 
surface and the ‘‘ bottom’’, in consistent with the 
sense of bending.2? The thickeess of the sample 
was 0.15 mm. 

The process of the formation of this type of 
domain structure will be presumably as follows. 
At high temperatures, the crystal had been subject 
to mechanical or thermal stressess, which had 
caused bending of the plate-like crystal, in the 
course of the preparation of the specimen. Cooled 
through the 120°C Curie point, cubic crystal meta- 
morphosed into tetragonal, and the domains assumed 
the arrangement shown in Fig. 2 so as to decrease 
the elastic energy. 

* Now at Electrical Communication Laboratory, 
Musashino, Tokyo. 
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Near a grain boundary, a number of stripes 45° 


\| 
(Vol. 12, | 


to prismatic axes were observed, which were con- || 


firmed to be plate-like domains showing extinction | 


at the positions parallel and perpendicular to 
prismatic axes. These plate-like domains were 


existent only in the regions of which c-axis is_ 


parallel to the crystal surface (part A in Fig. 2), 
and the plates of these domains were perpendicular 
to the crystal surface. 
been created by mechanical stressess, which prob- 
ably arised on the grain boundary. 

Where ‘‘45°-stripe-domains’’ 
it was observable that the fringe of the middle 
position was split into two and a new fringe was 
created between them, or that the fringe of the 
middle position became thicker. These effects may 
be understood as follows. 
of the middle position is not the zero-th order, 
but there is a minute distance between the crysta! 
surface and the top of the prisms. Mechanical 
stressess may affect the distance and cause the 
splitting of the fringes. 

Cooled down to 0°C through the transition point 
5°C, the patterns which differ markedly from Fig. 
1 were observed, as shown in Fig 3, photographed 
at 3°C. The prismatic domains split up into fine 
domains, the arrangement of which is supposed to 
be as shown in Fig. 4. Warmed back up to about 
20°C, the previous patterns never reappeared and 
the bending was removed. This may be because 
in the orthorhombic phase the mechanical stressess 
had been relaxed. 

The authors wish to thank Prof. H. Takahasi 
for his helpful discussions. 
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Fig. 4, Schematic of 
supposed domain 
structure at 3°C. 


Fig. 2. Schematic ar- 


rangement at 20°C. 
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(a) top and (6) bottom views at 3°C, 


Fig. 3. 
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to Messrs. E. Sawaguchi, A. Nishioka and T. 
Sakudo for the preparation of the crystals. This 
work was supported in part by a Grant in Aid for 
the Fundamental Scientific Research from the 
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Paramagnetic Resonance of Silicocarbon 
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Electrotechnical Latoratory, Tokyo 
(Received June 8, 1957) 


When silicone resins are heated in vacuum to over 
900°C, they become semiconductors). We call 
them silicocarbon. The conductivity seems to arise 
from the carbon atoms present in the resin. Ac- 
tually, resins with higher carbon content show con- 
ductivity at lower treatment temperatures. 

At moderate treatment temperatures, hydrogen 
will come out of the resin leaving broken bonds 
in the carbon atoms. At higher temperatures, the 
carbon atoms will be rearranged so that the wave 
functions for these broken bonds may overlap. Such 
phenomena might be observed by resonance absorp- 
tion experiments. 

Dow Corning Silicone No. 2104 was used as sam- 
ples. This material contains roughly 4 carbon 
atoms per one silicon atom. The resin was treated 
at temperatures between 600 and 1000°C and the 
microwave resonance absorption was observed at 
1.25cm. The number of unpaired electrons as a 
function of the treatment temperature is plotted 
as Curve A, Fig. 1. Probable errors in relative 
values are shown in the figure by bars. The num- 
ber is deduced from the area of the absorption 
curve compared with that for ZnAl.O, with a known 
amount of Mn++. The absolute number may be 
in error by a factor of less than 2. Specific resis- 
tivity of the samples at room temperature is also 
shown in the figure as Curve C. It can be seen 
that the number of unpaired electrons first increas- 
es with the treatment temperature and then dec- 
reases at temperature range where the conduction 
becomes appreciable. The general feature is similar 


to those obtained by Ingram and others®% with 


carbohydrates. 
The width between the maximum slope of the 
absorption is plotted as Curve B in the figure. It 
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is seen that the width decreases suddenly as the 
number of unpaired electrons approaches its maxi- 
mum. This is also similar to the results obtained 
by Combrisson and Uebersfeld3) with carbohydrates, 
and hence it seems that the exchange narrowing 
is happening. 

The g-value was measered in reference with DP- 
PH, giving a value 2.0027+0.0005 for a sample 
treated at 1100°C. No appreciable change in g- 
value with the treatment temperature was observed. 
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Errata 


Crystal Structure and Phase Transition of Some 
Metallic Halides (IV) 
On the Anomalous Structure of a-AglI 


By Sadao HOSHINO 


J. Phys. Soc. Japan 12 (1957) 315. 


P. 318 right column- line 25 ....the following fourty sites 


should be read ....the following forty-two sites 


P. 319 Eq. (1) || should be read |F]2 


P. 322 Eq. (10) second line +> di’ (a-B),. ., exp[---- 
s(d) s’ $s, $ 
should be read +> > (a= B)r sca) yr EXP [++ °° 
S(d) 8” 


Cross Section for Displacement of Atoms 


by Heavy Particle Irradiation 
By Takeshi MORIMOTO 


J. Phys. Soc. Japan 12 (1957) 442. 


2 Zee fa? 


ame Pe V (ay? — a2?) it a2 


K(b/a2)—“" Kxd/ax) | 


} 


should be read 
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On the Neutrons from the N* (d, n) O” Reaction-II 


By Itaru NonAKA*, Susumu Morita, Nawoyuki Kawal, 
Toshiyuki ISHIMATSU, Kenji TAKESHITA, 
Yutaka NAKAJIMA and Nawoyuki TAKANO 


Department of Physics, Faculty of Science, Kyushu University, 
Fukuoka, Japan 
(Received May 1, 1957) 


The angular distribution of the neutrons from the N!4(d,n)O reac- 
tion leading to O% ground state was investigated in the angular range 
from 0 to 165 degrees (lab. system) by the photographic method. The 
energy of the bombarding deuterons was 1.96 MeV, and the Q-value was 
found to be Qp=(5.13+0.05) MeV. 

The angular distribution shows a maximum at about 30 degrees 
(c.m.s.) and decreases considerably beyond this maximum, in accordance 
with what is characteristic to the stripping process corresponding to 
Ip=1. In the backward direction, the intensity of neutrons increases 
remarkably and reaches the value almost three times as large as that of 
the forward maximum. The absolute cross section of this reaction was 


estimated to be o(0°)=(2.4+0.7) mb/sterad. and o=(38+7) mb. 


§1. Introduction 


It is important to measure the angular dis- 
tribution of particles emitted through the 
deuteron induced reaction in order to obtain 
the information concerning the mechanism of 
the nuclear reaction and the structure of 
nucleus. Many measarements of this sort have 
been performed so far on various nuclei and 
their theoretical interpretation have also been 
‘reported. 

In our previous work”, we measured the 
angular distribution of the neutron from the 
N'(d, 2) O reaction leading to O% ground 
state at angles ranging from 0 to 105 degrees 
(lab. system). The energy of bombarding 
deuterons was 1.85 MeV and the result was 
interpreted satisfactorily by Butler’s theory. 
‘That is, the angular distribution had a maxi- 
mum at about 20 degrees (c.m.s.), showing 
the contribution from the stripping process 
corresponding to J,=1, in agreement with the 
results of other authors. 

Most of the measurements of the neutron 
angular distributions in (d, 2) reactions have 
so far been restricted to the relatively narrow 
angular ranges in the forward direction. The 
backward angular distribution, however, may 
be as useful as the forward in the analysis of 
nuclear reaction. Accordingly, we have tried 
to extend the measured angular range of our 
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previous work on N!4(d, )O” reaction to the 
more backward direction. In addition, the 
absolute value of the cross section of this 
reaction was estimated taking the ratio of the 
neutron yield of this reaction to that of the 
D(d, m) reaction. 


§2. Experimental Arrangements and Proce- 
dures 

The experimental arrangements were similar 
to the previous ones except ata few points. As 
is shown in Fig. 1, the target chamber filled 
with nitrogen gas was made of glass cylinder 
of 3cm in diameter and 4cm in length and 
the bottom plate of silver of 1mm thickness. 
The entrance to the chamber was of an aper- 
ture of 0.8cm in diameter and sealed with a 
nickel foil of 1.6 mg/cm? thick. Any portion 
of the target chamber exposed to the direct 
deuteron beam was covered with silver plates 
to minimize the neutron background. The 
deuterium gas of 4.3cm Hg in partial pressure 
was mixed to the nitrogen gas of 23.2cm Hg 
in the target chamber, and the neutrons emit- 
ted from these two substances were detected 
simultaneously. Thus, it was possible to esti- 
mate the absolute cross section of the Nd, 
n)O™ reaction comparing the neutron yield of 

* Now at the Institute for Nuclear Study, Uni- 
versity of Tokyo. 
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this reaction with that of the D (d, 7) He® reac- 
tion.2 Commercial nitrogen gas was used as 
the target gas. The mass-spectrometric ana- 
lysis*? of the target showed traces of argon 
and oxygen besides nitrogen and deuterium, 
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Fig. 1. Arrangements of the target chamber and 


photographic plates. 


but these impurities would not affect the neu- 
tron spectrum. 

Deuterons were accerelated to (2.31-++0.01) 
MeV by means of the Van de Graaff ac- 
celerator at Kyushu University, whose voltage 
was calibrated with the resonances of F! 
(p, a) O'8** (7) O'8 reaction. The mean energy 
of the beam in the target chamber was esti- 
mated to be 1.96 MeV, considering the energy 
loss of 190 keV in the nickel foil and that of 
320 keV in target gas. These values of ener- 
gy loss were caluculated from the data by 
Allison and Warshaw?). 

The slit system allows the whole deuteron 
beam to pass through the entrance aperture 
into the target chamber, so it was possible to 
use the target chamber as a collector cup for 
the deuteron beam, and the chamber was 
connected to a current integrator and microam- 
meter in series. The intensity of the magne- 


tically analyzed deuteron beam had been 1uA 
* 


This mass-spectrometric analysis “was per- 
formed by Mr. M. Yokota. The authors wish to 
express their thanks to him for his kind assistance. 


in average during the bombardment of about 
three hours. The background run, without 
the target gas, was carried out in such a way 
that the total integrated beam currents were 
equal to the true run. 

Sakura NR-MI nuclear plates, 200 micron 
emulsion thickness, were used to detect the 
neutrons. The shrinkage factor of this emul; 
sion was measured to be 2.0+0.1. Each plate 
was wrapped in a thin black paper after being 
covered with an aluminium foil. As is shown 
in Fig. 1, these plates were placed on an 
circular aluminium frame centered to the 
target chamber at intervals of 15 degrees 
in the angular range from 0 to 165 degrees 
with respect to the incident deuteron beam, 
The glancing angle of each plates was chosen 
to be 10 degrees. 

The center of each scanned area was 3cm 
distant from the inner edge of the plate anc 
19cm from the center of the target chamber: 
The observed tracks were treated by the 
precedures described in the previous work: 
The range-energy relation for the NR-MI 
emulsion was determined with the energy o# 
neutrons emitted from D(d,m) He’ reacticr 
and observed ranges in the emulsion of theii 
recoil protons. As shown in Fig. 2, this 
rang-energy relation gives three percent 
smaller energy than that given by the 
previously calculated relation to the recoii 


| 


350 


3001 


50 


eres Re MERE Se || 

Energy in Mev | 

Fig. 2. Proton range-energy relation for Sakurz 
NR-M1 emulsion. Curve (A) was determined witt 
the energy of neutrons emitted from D(d, 7) Hed 


reaction, and Curve (B) was calculated by Webb’ 
method?), 


of the lost neutrons was also different. 
correction for these scattered out neutrons 
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protons of the same range in the energy 


region up to 5 MeV. 

When neutrons emerging from the target 
pass through the matter of the target chamber, 
some of the neutrons were scattered out of 
the neutron beam. As the thickness of the 
matter passed through by neutrons was dif- 
ferent in each observing angle, the proportion 
The 


was also different. The correction for these 
scattered out neutrons were carried out as 
follows. The attenuation of neutron intensity 
in the materials which were present between 


| the target and plates was estimated by con- 
sidering their total cross sections for the 


“neutron. 


‘overestimated, 


The correction was found to become 
maximum at 165 degrees and amounted to 9 
per cent for the D (d, )-neutron and 10 per cent 
for the N(d,)-neutron which leaves the 
residual nucleus in its ground state. These 
corrections, however, would be somewhat 
because all the scattered 


‘neutrons were assumed to be lost entirely. 
But the errors introduced by this assumption 


§ 3. 


would be negligible. 


Results and Discussions 


Some of the typical energy spectra of 


‘neutrons are shown in Fig. 3, (A), (B) and 
(C), which were obtained at angles of 15, 90 


and 165 degrees (lab. system), respectively. 


In each spectrum, the group of neutrons with 
higher energy are from the N!‘(d,)O reac- 


tions leading to the ground state of O” 
nucleus, and those with intermediate energy 
from D(d,m)He?* reaction. Moreover, those 
with lower energy below 2 MeV consist of 
the neutrons emitted from the C”(d,m)N® 
reactions due to carbon contamination and 


probably from the N#(d,)O! reaction lead- 


ing to the first excited state of O! nucleus. 

The positions of the neutron groups from 
the N'(d, 2)O"' reactions leading to the ground 
state in O! nucleus, gave the Q-value of this 
reaction of Q)=(5.13+0.05) MeV. The dis- 
crepancy between this value and our previous 
one (5.21-+0.07) MeV is attributed to the dif- 
ferent range-energy relations used. 

In order to estimate the intensity of the 
neutrons of higher energy group from the 
N‘ (d, 2) O% reaction, the slope of the lower 


energy side of the spectrum was extrapolated 


N14 (d, n) O% Reaction 
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to zero intensity and this extrapolated energy 
was assumed to be the lower end of. this 
group. For examples, these values were 
found to be 5.60, 5.10 and 4.70 MeV as are 
shown by arrows in Fig. 3 (A), (B) and (C) 
respectively. It was found that in almost all 
spectra these energy values were smaller than 


SRT ea antag 


(A) 


SOT >» DIO MeV 
Blab. =15 
4ok 553 Tracks 
702MeV 
30/7 | 
207 
1\Or \./ 
v fe) ais Bettas eel, 
3 
- 
3 20F (8) 
a C100 =90° 
. isk 362 Tracks 
2 6:43 MeV 
3 2 93MeV 
z lor \ 
@ 
= 
B 5st 
& | joe 
a We up ee Cie 
O Sf222 1 \eeeet Mabon 
a (C) a MeV 
Sian =165° 
4ok 881 Tracks 
168 Mev 
30+ | 
20f+ 
1OF : 
{i ree {i 
ak Moca atesontegd or ie L 1 
10) | 2 3 4 5 6 G 
Energy ot Neutron in MeV 


Fig. 3. Energy spectra of neutrons for Hz=1.96 
MeV, obtained by eliminating the background. 
(A), (B) and (C) were obtained at angles of 15, 
90 and 165 degrees (lab. system), respectively. 


those corresponding to the peaks by the 
amount of 20 per cent of the latter. The same 
procedures were also applied to the neutrons 
from the D(d,) reaction. As is shown in 
Fig. 3, however, a part of the neutron spec- 
trum from the D(d,m) reaction overlapped 
with that from the N"(d,7) reaction at 
smaller angles, and with that due to the 
carbon contamination at larger angles. The 
corrections for these overlappings of the 
groups were estimated simply assuming that 
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all the neutron groups concerned have the 
same shapes irrespective of their positions and 
reactions they refer to. For instance, this 
correction for the intensity of the neutrons 
emitted at 15 degrees from D(d,m) reaction 
amounts to 7 per cent (see Fig. 3(A)). 

The angular distribution of neutrons was 
obtained from the intensity thus determined 
at each angle. The angular distribution of 
neutrons from the D(d,)He*® reaction is 
shown in Fig. 4, where indicated errors are 
the statistical ones. As is expected from 
kinematics, it is almost symmetrical about 
a plane perpendicular to the direction of the 
incident beam in the center-of-mass system. 
But the yield of neutrons in the backward 
directions seems to be some what smaller 
than that in the forward directions. The 
origin of this deviation cannot be attributed 
to the misalignment of experimental arrange- 
ment. For this deviation from the symmetry 
about 90 degrees, the following interpretations 
would be possible. Firstly, some of deuterium 
gas in the target chamber may have been 
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Fig. 4. Angular distribution of neutrons 
D (d, m) He reaction for Ha=1.96 MeV. 


from 


absorbed onto the silver plate at the bottom 
of the chamber, and the neutrons from this 
deuterium contamination may have been 
detected in addition to that due to the target 
gas. Secondly, at the backward directions, 


the resolution between two groups referred 
to the D(d,) and C(d,m) reactions is very 
poor, as can be seen in Fig. 3(C). Then the 
systematic errors may have been introduced 
into the estimation of the intensities of 
neutrons emitted in the D(d,m) reaction at 
the larger angles. In Fig. 4, the measure of 
ordinate was determined by comparing the 
observed intensities of neutrons at three for- 
ward angles to the known values of the diffe- 
rential cross section. 

The angular distribution of neutrons from 
the N#4(d, 2) O reaction leading to the ground 
state in O nucleus is shown in Fig. 5 where 
the indicated errors are the statistical ones. 
The forward distribution having a peak at 
about 30 degrees can be well fitted to the 
stripping theory using Bhatia’s curve with 
R=7.0<10-"cm and f=1. The absolute 
values of the differential and total cross sec: 
tions of the N!*(d,2)O reaction leading ta 
the ground state in O'* nucleus are evaluated 
from the mixing ratio of nitrogen and 
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Fig. 5. Angular distribution of neutrons from 
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deuterium gases, referring to the known value 
of cross section of the D(d, 2) He® reaction, 
-and found to be ao (0°)=(2.4+0.7) mb/sterad. 
and o=(38+7) mb, respectively. The measure 
of ordinate in Fig. 5, thus determined, is 
expected to have an uncertainty of 20 per cent. 
The unexpected behavior of the angular dis- 
tribution is the large increase in the back- 
-ward direction and the intensity of neutrons 
at 165 degrees comes up to almost three times 
as large as that of the forward maximum at 
30 degrees. It is suspected that the consider- 
able part of the reactions induced by deuterons 
of 1.96 MeV would be due to the process of 
compound nucleus formation. And the inter- 
ference between the compound nucleus forma- 
tion and the stripping processes may contribute 
-appreciably. In conclusion, it seems interest- 
ing to investigate the angular distribution of 
neutrons at various energies of the bombard- 
ing deuterons, and also it would be much 
useful for the theoretical interpretation to 
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know the variance of angular distribution 
with the bombarding energy. 
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The natural rate of occurence of nuclear interactions of cosmic ray 
N-component in which more than 5 Mev are given to charged secondary 
particles have been measured in the nitrogen filled high pressure cloud 
chamber at Mt. Norikura (2840m above sea level and 25°N geomagnetic 


latitude). 


From the rate of occurence of number interactions, the vertical 


intensity of N-component was estimated at (2.4+40%)-10-*- E~l’cm~?s7! 
sr-!Meyv-! for the energy range from 10 Mey to 100 Mey by assuming 


the geometrical cross section. 


These events may be considered to be the 


source of the cosmic ray N-component with an energy less than that sufh- 
cient to produce nuclear interactions in the atmosphere, and it was shown 
that the spectrum of secondary particles was in accord with that of the 


latter. 


The absolute intensity of N-component was also consistent with 


that expected from the data of other energy regions in our previous 
paper. A possible scheme of the nuclear cascade was discussed in 
relation to the size distribution of the observed stars. 


§1. Introduction 

In this paper an experiment of the nuclear 
interactions in nitrogen gas is described and 
the intensity of cosmic ray N-component in 


the atmosphere is also estimated, assuming 


the geometrical cross section. 

In the previous paper, the energy spec- 
trum of cosmic ray neutrons of energy range 
from 1 ev to 10 Gev and the general aspects 
of nuclear cascade in atmosphere have been 
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discussed. However, a greater part of the 
spectral curve still remains unmeasured. Nu- 
clear interactions with light nuclei such as 
nitrogen have not been studied to enable the 
understanding of the process of nuclear cas- 
cade in cosmic ray phenomena. The present 
paper will show one of the examples of ex- 
perimental analysis for such problems. 

The experimental method employed is to 
observe the cosmic ray nuclear interactions 
in a randomly operated high pressure cloud 
chamber filled with nitrogen gas. 

The comparison of stars in ordinary emul- 
sion with those occuring in nitrogen gas may 
allow an unambiguous interpretation of each 
observed events, namely, the observed events 
in emulsion can be extraporated to low energy 
events and discussed for light and heavy 
nuclear elements separately, using the data 
presented in this paper. In the case of emul- 
sion, low energy events may be overlooked, 
because of the insufficient scanning efficiency. 

Because photographic emulsions consist of 
a variety of elements, it is often impossible 
to ascribe with certainty an individual event 
observed in the ordinary emulsion to the dis- 
integration of the nucleus of a_ particular 
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element. The knowledge of the star charac- 
teristics, which vary with the atomic number 
of the nucleus and the energy of the incident 
particles, is also of importance in the inter- 
pretation of the existing data on stars in 
emulsions, as well as in understanding the 
nuclear interaction processes themselves. 


§2. Experimental Procedure | 

The high pressure cloud chamber? (50cm 
in dia and 20cm ‘in depth) filled with nitrogen 
gas up to 55 atm was used. Usually this - 
chamber is used at 100-150 atm but for the 
present purpose the pressure was decreased. 
to be able to observe low energy secondaries. 
At this decreased pressure the range of protor 
of 5 Mev was about5mm. The experimentai 
arrangement and procedure are the same with 
those as described in the previous paper, 
except the pressure and the gas of the cham 
ber. The stopping power is shown in Fig. 1. 
The sensitive volume and the sensitive time 
were determined to be 12.5 liters and 5.2 sec, 
respectively by similar methods described in 
the previous paper. 

To correct the effect of the surrounding 
materials, twice the geometrical mean free 
path was used as the absorption mean free 


100 
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® 
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Fig. 1. Range-Energy relations for proton and » meson in 55 atm (20°C) nitrogen gas. 
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path for the star producing component. The 
frequency of one prong stars which have 
long secondary tracks was corrected for the 
geometry of the instrument. All these cor- 
rections are also similar to those in the 
previous paper. 

The purity of the nitrogen gas was 99.5% 
and the events by impurity nuclei such as 
alcohol vapor are negligible. The total sensi- 
tive time in this case is given by the product 
of the chamber sensitive time and the num- 
ber of photographs taken. The chamber sen- 
sitive time is estimated fromm the width dis- 
tribution of tracks using the diffusion constant 
of ions in nitrogen gas. 

The observation covered by the total sen- 
sitive time may be considered to be equivalent 
to that of all cosmic ray nuclear events in 
the atmospheric air of about 690 liters at the 
mountain altitude during about 1.2 hours. 


§3. Experimental Results 


Throughout the experiment, 805 cloud cham- 
ber photographs were taken and 560 nuclear 
interactions in total were observed. The 

events which have at least one charged se- 
condary particles and the particles have en- 
ergies greater than 5 Mev were taken as the 
nuclear interactions. In Table I the results 
are listed according to the total number of 
charged particles observed in each interaction, 
whether they are primary or secondary. All 
tracks longer than 5mm were counted, be- 
cause of the unclear direction and of the 
insufficient detection efficiency for shorter 
ones. Under these conditions the protons 
with an energy less than 5 Mev and the 
alpha particles less than 20 Mev are likely to 
be missed, but the number of such prongs 
can be estimated from the energy distribution 
of secondaries, as described in later section. 
The effects due to radioactive contaminations 
can be excluded, because of the shorter track 
of only about 1mm. 


Fig. 2 shows some of the photographic re- 
cords of the nuclear interactions occuring in 
the gas of the cloud chamber. 


The integral rate of occurence of all nuclear 
interactions in the gas at 2840m elevation 
and 25°N geomagnetic latitude, computed 
from the corrected data of Table I, was 
ie 1) Ags, 
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a) An interaction of a neutral particle 


Rigs 2: 
with a nitrogen nucleus in which seven charged 
secondaries are produced. 

b) Three charged secondary particles are 
produced and separated track by sweeping 
electric field are seen. 


1) Size distribution 

The differential star size distribution cor: 
rected is shown in Fig. 3 where the rate of 
stars with prongs observed per target 
nucleus is plotted semi-logarithmically against 


Table J. Frequencies of events for each group, 
classified according to prong number and charg- 
ed or neutral primaries. The corrected number 
for 1-prong stars are indicated in parenthesis. 


Prone Nowe 2s, 4 5G) 78) tora 


Neutral SB IP I kh il il By 

primaries (362) (558) 

Charged 8 19 4 1 0 ORO RO By) 

primaries 

Total* 332 134 61 21 9 11 1 560 
(362) (590) 


= In the third row, the total number of events 
in which the all charged particles are counted as 
secondaries regardless of characteristics of the 


prongs are indicated. 
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m. Statistical probable errors are indicated in 
the graph, as well as limits for the best 
straight line fit from which were found con- 
stant of a distribution of the form 

M(m) = M) exp (— am) (il, ) 
where @ is 0.85-+0.12. Since the target nuclei 
are of single element, the distribution should 
be explained by the energy spectrum of the 
primaries and the character of the nuclear 
disintegration. 


\ 


: 


\ 


} 


Number of Events per g:sec. 


] 
10% | 
b x, 
ee ne eee een eer a 
Star Size (m) 
Fig. 3. Differential star size distribution: num- 


ber of events per g. sec. plotted against star 
size. 


The real size distribution can be computed 
as follows: The probability of the observa- 
tion that 2 prong stars were observed as mm 
prong stars is 

n! 

m\(n—m)! 
where ? is the probability that the length of 
each prong is longer than 2mm. (As above 
mentioned, single tracks shorter than 5mm 
were not counted, but the tracks longer than 
2mm in the multi-prong stars could be clear- 
ly distinguished.) If the real size distribution 
is expressed by the form of 


N(n)=No exp (—An) (3) 
where 2 is a constant. The observed size 
distribution, M(m), is related to the real size 


IPG: in) = pr —p)yr-m 
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distribution, N(m), by the following equation: 
M(m)= SP(n, m) N(n) (4) ) 


From Eq. (1), (2) and (3), one can show easily | 
following relations: 

A=\n(pe*+(1—p)) (5)) 

No=(Mya/2)(1—(1—p)e-) (6). 
where p is found to be about 0.9 by the 
estimation of number of undetected particles 
from energy distribution assuming that the 
distribution is expressed in the form of 
(E—V)/T? exp—(E—V)/T even in the low 
energy region. From Eq. (5) one can show 


approximately 2=ap. Then, the real size 
distribution is 
N(n)=N, exp (—0.76 7) . (79 


The similar star size distribution for light. 
nuclei has been obtained from the data of 
photographic emulsion excluding the contri- 
bution of stars of heavy nuclei. In this case, 
ais about 0.6 at mountain altitude and about: 
0.4 at balloon height. These data are plotted! 
in Fig. 10. 

In the case of emulsion, in which 1 and 2! 
prong stars are not recorded, the frequency’ 
of the stars with 3 and 4 prongs are some-- 
what lower than those expected from the: 
exponential relation Eq. (1), which was derived! 
from the star frequencies of prong number: 
larger than 4. This is probably due to the: 
insufficient scanning efficiency for small size: 
stars. The determination of the constant a! 
in Eq. (1) is not so accurate for light nucleii 
in emulsion, but it does not contradict the: 
present data. 

There are small periodic increase of fre-- 
quencies, in the present data, at 1, 3 and 5} 
prongs as compared with those at 2, 4 and 6: 
(the mean value of the increase is about 15%).. 
This may be explained by the stability of the: 
residual nuclei, namely, the nuclei with even: 
atomic number are more stable than those: 
with odd atomic number. But the quantita-. 
tive explanation based on the shell model of! 
light nucleus is difficult. 


2) Angular distribution 

The zenith angles of the trajectories of the: 
charged particles involved in each nuclear 
interaction occuring in the gas were measured’ 
as follows. The cloud chamber photographs 
were projected onto a screen as the images 
have real size at the center of the cloud 
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chamber and we get the angles from stereo- 
scopic analysis of two photographs. 

Fig. 4 shows the zenith angle distributions 
“in which the distributions of tracks having 
ionization less than about twice minimum 
(lightly ionizing particles), medium ionization 


(A) Lightly lonized 


(C) Heavily Ionized 


fale tint 


O 30 60 90 120 150 
Zenith Angle in degree 


Fig. 4. Zenith angle distributions (A) Lightly 
ionized particles (B) Medium ionized particles 
(C) Heavily ionized particles 


and those greater than about several times of 
the minimum (heavily ionizing particles) have 
been plotted separately. Since the direction 
of motion of the more lightly ionizing parti- 
cles, some of which may be initiating par- 
ticles, could not be determined, they were 
regarded, for the purpose of above measure- 
ment, as emanating from the points of origin 
of the nuclear interactions. 

The heavily ionizing particles show a pre- 
ference for the downward (zenith angles less 
than 90°) over the upward hemisphere and 
the lightly ionizing particles show more sharp 
downward pattern. 

For the events with only one charged par- 
ticle of range longer than 5mm, whose both 
ends can be observed in the gas, the angular 
distribution is shown in Fig. 5 apart the 
other events. Since the most of their ends 
cannot be distinguished whether they were 
starting points or terminating ones, the zenith 
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angles are obtained by assuming that the all 


tracks have downward direction (less than 
902); 


100 


per sterad 
163] 
(e) 


NO 
—. 


O10 20 30 40 50 60 70 80 90 


Zenith Angle in degree 


Pigeon 
stars. 


Zenith angle distribution for one prong 


In the each angular distribution of the 1 
and 2 prong stars, a maximum can be seen 
at about 80°—90°. It may be explained as 
follows. The perpendicular direction to the 
chamber axis favors the incident particles 
due to the minimum thickness of surrounding 
material of the chamber which they have to 
pass. And the secondary particles are in- 
clined to be emitted in somewhat large angle 
to the incident particles by the Pauli’s ex- 
clusion principle in Fermi’s gas model of 
nucleus. Because the spirit of the model, 
representing all nucleons are free, clearly 
requires that the momentum of the two col- 
lision partners after the collision lie in an 
unoccupied region of the momentum space 
and so evidently a small momentum transfer 
to the struck nucleon is forbidden unless the 
nucleon initially lies very near the edge of 
the sphere in momentum space of radius Pr 
(Fermi momentum). This tendency is also in 
azimuthal angle distribution, namely, the 
secondaries are dominant in forward and 
backward direction of the chamber. 

For the stars with more than 3 prongs, the 
angular distribution of black tracks show a 
preference for the downward over the upward 
hemisphere. It may be explained as follows. 
As the mean energy of the incident particles 
is thought to be greater than that of 1 and 2 
prong stars, the directions which the direct 
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knock-on secondaries are emitted are advan- 
tageous to the direction of incident particles. 
Slow particles may also posess such tendency 
by the Doppler effect of the bomberded and 
moving target nucleus. 

In Fig. 5, some of the particles which show 
upward direction may be incident charged 
primaries. In the observed energy region, 
the intensity of the incident proton is so 
small and the obtained data are also so in- 
sufficient that the intensity of the proton 
cannot be discussed. Even in the energy 
range of emulsion stars (200 Mev to 1000 Mev), 
the intensity is only one fourth of neutrons. 


3) Energy distribution of secondary particles 

From the emulsion work, among the secon- 
dary charged particles there are protons, 
alpha particles and a group of deuterons and 
tritons with the proportions of 4, 2 and 1 
respectively®. In this experiment the tracks 
were not distinguished whether they were 
protons or other particles, but the contribu- 
tion of @ particles to the total number of 
secondaries is not expected to be so large. 
Because most of the recorded tracks are 
longer than 5mm and the lowest energy is 
about 20 Mev for a@ particles. 

Assuming that the secondary charged par- 
ticles are protons only, the energy distribution 
of the secondaries is obtained from the range 
of the tracks. The distribution is shown in 
Fig. 6 for the each group of prong number 
normalizing as area enclosed by the curve is 
equal to each other. It seems that the energy 
distributions have similar character. 


or more 
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Fig. 6. Energy distribution for the each group 
of prong number normalizing as total number 
is equal. 
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Fig. 7 shows the approximate expression of 
the energy distribution in the form of (E— 
V)/T? exp (—(#—V)/T) where V is a Coulomb | 
potential barrier of the nitrogen nucleus and > 
T is a mean temperature of compound nucleus. | 
This is well known expression as the spec- | 
trum of protons evaporated from the com- | 
pound nucleus of the heavy element. The | 
fundamental idea of the above expression 
may not be applied to the light nuclei as. 
nitrogen, but it shows good approximation for. 
the energy spectrum of secondaries of the 
stars of the light element. The mean tem- 
perature obtained from the gradient of the 


+requency/(E-V)Mev 


4 8 1l2 16 20 24 28 32 
Energy. in Mev 


Fig. 7. Energy distribution expressed in the form 
of (E-V)/T2 exp (—(E-V)/T.) 
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Fig. 8. Corrected differential energy spectrum of 
charged secondaries. 
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curve in Fig. 7 in the energy region from 5 


to 10 Mev is about 2.7 Mev and is in accord 
with that obtained from the energy distribu- 
tion of cosmic ray neutrons of such energy 
region», 

Fig. 8 shows the differential energy spec- 
trum of the charged secondaries in logarithmic 
scale. The straight lines drawn through the 
points indicate that it is reasonable to re- 
present the data over limited energy regions 
by the formula F(£)=const. E-™ where m is 
1.4 in this experiment. This is qualitative 
agreement with the results of emulsion work 
in which the distribution of the secondary 
protons are expressed as k/(E+50)? in the 
energy range from 50 to 1000 Mey. 


4) Energy distribution of primary particles 
The energy distribution of the primary 
particles, which initiating the nuclear inter- 
actions in the nitrogen gas, were obtained as 
follows. To estimate the absolute intensity 
of the star producing component, it is as- 
sumed that the cross section for nuclear 
interaction is geometric. The energy of the 
primary particle is obtained by the assump- 
tion that multiplicity and the energy distri- 
bution of the neutral secondaries are equal to 
those of the charged secondaries and each 
secondary particle is emitted independently. 
Finally, the energies for the thin, gray and 
black tracks which went out of the chamber 
are thought to be able to estimate from the 
energy spectrum of secondaries. 

According to the above assumptions, the 
frequency of the stars which have » secon- 
daries, including the neutral particles, is 
expressed approximately as follows: 
K(n-+1)exp(—an)(= S_ kexp(—any) 


Ni FM =7 
Dp nN 


exp (—a7p)) (8) 
In this expression, the factor (#+1) is derived 
from the fact that the probability, that a 
event with m, secondary protons and %, se- 
condary neutrons occures, is thought to be 
independent upon #, and mm. However, the 
probability has maximum value at p=, 
because the residual nucleus is most stable at 
Np=Nn, and the difference of the probabilities 
of occurence of m—p and m—mn or p—p in- 
teractions supports also such tendency in the 
process of the nuclear cascade. So, from the 
practical point of view the factor (mz+1) in 
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Eq. (8) is thought to be too large. The 
energy spectrum of incident particles which 
produce the stars with ” secondaries is thought 
to be equal to the visible energy spectrum 
dissipated for charged secondaries in each 
star which has equal number of prongs. The 
total energy dissipated for charged secondaries 
in each star is a sum of the following ener- 
gies; the observed energies of black tracks 
which stopped in the chamber, the estimated 
energies of 70 and 350 Mev for gray-black 
and thin tracks, respectively, which went out 
of the chamber, and m—1 times the binding 
energy of nucleons in target nucleus. The 
variety of the estimated value does not give 
large change of the curve because it moves 
the curve to the direction of #1 in the graph 
(45°). 

In Fig. 9, the curves show the energy 
spectra of primaries for 1 prong stars, 2 prong 
stars, 3 prong stars and stars of more than 
4 prongs and total sum of their intensities in 
the scale of 1/2z of total flux as they show 
the vertical intensities if their angular distri- 
butions are isotropic. Then the ratio of in- 
tensity to the estimated vertical flux which is 
described in the previous paper shows the 
angular distribution. If the ratio is m, the 
angular distribution of N-component at the 
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\< vertical 
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Fig. 9. Energy spectra of primary for 1 prong 
stars, 2 prong stars, 3 prong stars, stars of 
more than 4 prongs and total sum of their in- 
tensities in the scale of 1/2x of total flux. The 
dotted line indicates the energy spectrum of 
of cosmic ray neutrons given in reference 1), 
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energy region is thought to be cos”*!é. It is 
concluded from the figure that the angular 
distribution is isotropic at energy region lower 
than about 10 Mev and it changes to cos*d 
according as the energy increases to 1 Gev. 

There is no experiments to give the energy 
spectrum and absolute intensity of N-com- 
ponent in cosmic ray of these energy range. 
Then the present data were compared with 
another data of both side (higher and lower) 
of the energy range, and they agreed with 
each other within the limits of their errors, 
but at high energy region the accuracy of 
the present data is not good. 


$4. 

In this experiment, the tracks which dis- 
placed from the chamber wall to the illumi- 
nated region by the sweeping electric field 
are thought to be one of the stars occuring 
in the chamber wall. But such tracks have 
been probably counted as 1 prong stars. The 
ratio of such the tracks to the total 1 prong 
stars is estimated as below as 5%. In the 
case of 2 prong stars, the tracks which scat- 
tered by the nitrogen nucleus may be counted 
as 2 prong stars. The estimated number of 
such the events is below about 5% of 2 prong 
stars. These corrections have not so influence 
on the size distribution. 

Brown” finds for ion-cloud chamber stars, 
the size distribution varying uniformly down 
to the smallest stars, and also finds for stars 
of w>2 a variation with atomic weight less 
rapid than A”, The data differ from the 
present ones only in the part of smaller 
prongs than 3. The difference will be due 
to the bias of the selection in ion-cloud cham- 
ber. And the present result, though lightly 
ionizing particles are included in Table I, is 
also qualitatively in agreement with the con- 
clusion from sandwich emulsion work® that 
has analyzed nuclear interactions (stars) gene- 
rated in the oxygen and smaller nuclei of the 
emulsion which have less than 6 heavily 
1onizing prongs. 


Discussion and Conclusion 


In the observed events, various processes 
were mixing, namely, meson-producing colli- 
sion and their secondary collision in the 
nucleus, a knock-on process or nuclear cascade 
in which particles of moderate energy are 
ejected, and a final process in which any 
particles, associated with these interaction, 
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whose energies have degraded until they can+ 
not escape from the nucleus, contribute to the 
excitation of the whole nucleus and its eva- 
poration of low energy particles. 

Insight into the operation of all above three 
types of interaction may be expected from 
investigation of how various characteristics off 
nuclear disintegrations depend on the a 
energies. 

Since we are dealing in the cosmic radiation’ 
with a particles whose De Broglie wave length: 
is less than that of the nuclei involved, 2: 
semi-classical approach to the theoretical con- 
sideration of the origin of these fast protoris: 
can be expected to be fairly satisfactory. 

In this approach, a high energy nucleon 18: 
considered as a particle which interact in- 
dependently with a single nucleon in the: 
nucleus having the same cross section as 4i 
free nucleon-nucleon interaction. Each par-. 
ticle from such a collision can in turn collide: 
with other nucleon or escape from the nucleus.. 
Then any nucleon has insufficient energy to: 
escape, it is considered as contributing to the: 
excitation of the whole nucleus and the sub- 
sequent evaporation. 

Goldberger® has calculated by the Monte: 
Carlo method, effect of the exclusion principle: 
for the nucleon-nucleon collision resulting: 
when 90 Mev neutrons are incident on such’ 
a Fermi gas of nucleons and finds a reduction: 
of the effective cross section in the ratio of! 
1 to 1—7E;/5E;:;, where E; is the Fermi 
energy and &; is the energy of the incident! 
neutron. A similar calculation was carried: 
out at 400 Mev by Bernardini et al®. The 
mean free path in the nuclear matter is a 
function of energy only, and is a constant of 
4-10-43cm in the present energy region®. 

About the nuclear cascade, in the energy 
region that is sufficient for growth of nuclear 
cascade and has not enough probability to 
produce the mesons, the number of secondary 
particles will be expressed as Furry function 
at first approximation. 

If we take the mean free path of 4-10-33 
cm® in nuclear matter, and treat as one 
dimentional problem in the average thickness 
of nucleus. It is sufficient in this discussion 
to assume that the nucleus is sphere, and 
average path length in nucleus is not much 
differ from‘ average thickness of nucleus. 
The thickness is 0-4-A”3 in units of mean 
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free path and the probability, W(n), which a 
star has 7 secondary particles, is calculated as: 


 W(n)=k exp (m-In (1—e-?-#4"/)) (9) 


Eq. (1) is compared with this expression and 
a is obtained as follows: 


—a=1n(1—exp (—0.4A¥3)) (10) 


The data for size distribution obtained by 
sandwich emulsion technique at balloon height 
and other emulsion data are shown in Fig. 10 
and the curve by Eq. (10) is also shown and 
best fit curve for the data of moutain altitude 
is calculated from the deformed Furry function 
considering the absorption of secondary par- 
ticles in the nucleus. This result is as follows: 


—a=In(1—exp (—a@A"?))—In b (11) 


where @ is 0.46 and 6 is chosen as 1.2 to 


Atoms. depth (g/cm?) Plate 


750 @ Present data 
| 1030 S Sobel eek) Sra 
4 Hodgson 
_- ET OM Ge ae OR) ce 
= MANCHESTER( Page) 
{1 BRISTOL 
07 300 4 N.RL. (Shapiro et al.) 
| 50 © BRISTOL 5 
o NRL. 
O« A CHICAGO(Lord) 
| [Ts] A~I|5 @ B.N.L{Hornbostel &Salant) 
v Bradt & Kaplon 
aH @ Addario&Tamburio ee 
H Barbour 
a 5 Setti & Merlin 


-) Hones 
c= Brown 


aT 


1 
Se 


a 


Oo 20 40 60 80 100 ©6120 140 160 


mass number 


Fig. 10. Exponent, a, of size distribution is plotted 
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The 
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as a function of mass number. 
the calculated value from Eq. (8) and (9). 


produced from reference 3). 


match the curve to experimental points of 
mountain altitude. 

In general, the effect of the difference in 
the incident energy spectrum at balloon and 
mountain altitude is clearly reflected in the 
graph. In other chamber experiment, in 
which the light nuclei are bomberded by 90 
Mev neutrons, a was 1.2”, 

It is not strange that the calculated curve 
shows good approximation for the experi- 
mental points, because, since the gray-black 
track group includes protons of energies than 
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25 Mev it can contain relatively few evapora- 
tion particles. For light nuclei, however, the 
separation is not clear cut. The present data 
also show that the black track group has 
salient anisotropy of angular distribution and 
this fact indicate that the origin of the con- 
siderable parts of the group are not in an 
evaporation process but a knock-on process. 
Even in the evaporation prongs, their num- 
ber will be proportional to excitation energy 
which is thought to be proportional to the 
frequency of inelastic collisions in the target 
nucleus. Then, it can be said that the size 
distribution is related mainly to a knock-on 
process. 

Above explanation would in any case be 
dubious for nuclei as well as A=14, since no 
allowance is made for the alpha particle 

model or nucleon pair structure of the 
light elements or for the depletion of the 
nucleus during the cascade, which repre- 
sents a significant change in the case 
of small nuclei. And the explanation is 
only qulitative one for the general stars 
which treated in Fig. 10. 


In this experiment, the total inter- 
action cross section is assumed to be geo- 
metric and it contradicts to the mean 
free path of 4-10-%%cm in nuclear mat- 
ter. This discrepancy means that there 
are many cases (about 30% of total) in 
which the incident particles pass through 
the nucleus with no interaction. It is also 
caused to crude approximation of the 
independent particle model which does not 
cover all interactions. Other model of in- 
teraction should be considered for low 
energy excitation of target nucleus, but 
detailed discussion is not reasonable from 
such crude conclusion in this paper which 
give us out-line of the interaction character. 
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Differential intensities of »-mesons at sea-level at 24°N have been 
measured for the residual range equivalent to from 44 to 430 g/cm? of 
the air using a delayed coincidence method. It was found that the ob- 
tained range spectrum was nearly flat for present ranges and was 20 per 
cent lower than Rossi’s curve which should be valid at geomagnetic 
latitude greater than 45°. The effect of the lateral displacement as well 
as the angular deflection of particles in the absorber was taken into ac- 
count for the scattering correction. Mesons locally produced in the 
absorber was found to be at most a few per cent of all mesons that stop 
and decay in the apparatus. This fact suggests that the discrepancy 
between p#-meson spectra by the absorption method and by the magnetic 
cloud chamber method can not be accounted for only by the local x-meson 


production. 


Introduction 


§1. 

We have reported the differential momentum 
spectrum of y-mesons at sea-level at geo- 
magnetic latitude 24°N obtained by means of 
a magnetic cloud chamber in the preceding 
paper» (hereafter referred to as J). The 
momentum spectrum of s-mesons described 
in I showed some contradiction with what 
derived from the production spectrum theore- 
tically obtained by Olbert® in the low mo- 
mentum part, and it appeared to disagree with 
the frequency of stopped s-mesons in the 
emulsion at sea-level measured by Kaneko et 
al. It has been pointed out that, in general, 
all absorption methods give results somewhat 
higher than those obtained by magnetic cloud 
chamber methods. As a possible interpreta- 
tion for this discrepancy, we have suggested 
in J the local z-meson production by the N- 


component in the thick absorber used in tl 
absorption method. 

In the present experiment, the intensities o 
ve-mesons at sea-level have been measure 
over ranges 44 to 430 g/cm? air equivalent b 
the delayed coincidence method which is th 
most usable for identifying low energy 4 
mesons. At the same time, the contributio 
of locally produced z-mesons to s-meso' 
intensity has been examined with the hodc 
scope tray arranged under the absorber. 


§2. Apparatus 


The experimental arrangement is schemati 
cally shown in Fig. 1. GM counter trays J 
and be define the incident beam. Each consist 
of 8 counters of 4cm diameter and has th 
effective area of 33x44cm?. The distanc 
between them is 100cm. The effective soli 
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angle area of the counter telescope is estimated 
to be 193srcm? for the cos?@ zenith angle 
dependence of the flux. 


(aaa 


ei 
O 10 20CM 


FRONT VIEW 
Rigel: 


SIDE VIEW 
Experimental arrangement. 


A lead absorber between counter trays A 
and B, which determined the range of the 
incident particle, was placed on a lcm iron 
plate and its thickness was varied from 5 to 
60cm. If, as has usually been the case, the 
absorber covers little more than solid angle 
defined by telescope tray, the effect of scat- 
tering out predominates over that of scattering 
in. Then, in order to reduce a difference 
between both effects, it is desirable to use 
a sufficiently wide absorber. 

The absorber S, in which slow s-mesons 
come to rest and succeedingly decay into 
electrons, is the graphite slab of 8cm 
(13.4 g/cm?) in thickness. 

The block diagram of the circuits employed 
in this experiment is shown in Fig. 2. 


COUNTERS BLOCK. 


PRE AMP osc. 


COUNTER PRE AMP 


BLOCK. COINCE HoDO- 
B, osc.}} DENCE score | | 


COUNTER BLOCK. COINCI- | 5—-/ HODO- 
Bs 08¢. | DENCE SCOPE 


COUNTERS f, BLOCK. name COINCI- HODO- 
6] Fase ogc. DENCE SCOPE 
=| 
LJ REGISTER 
DELAY 
DISCRIMINATOR REGISTER 
REOISTER 


Fig. 2. Block diagram of the circuit. 


Counters in tray A are joined at an input of 
the pre-amplifier stage and then connected to 
a blocking oscillator. Pulses from each of 
counters in tray B, through the individual 
pre-amplifier, trigger each corresponding 
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blocking oscillator. Each of counters in tray 
B is individually in coincidence with tay A 
through a diode-coincidence circuit which has 
a resolving time of 0.6zs. Counters in tray 
C are connected to one blocking oscillator 
similarly to tray A. 

Delayed coincidences AB+(B or Cha, i.e., 
events in which a coincidence AB was followed 
by a pulse from counters in tray B or C with 
a delay of 1.9 to 9.2 mus were recorded by 
a 3-channel delay discriminator. Each channel 
of the delay eiscriminator corresponds to delay 
of 1.9 to 4.4 us, 4.4 to 6.74s and 6.7 us and 
6.7 to 9.2 us, respectively. 

If the blocking oscillator for tray C is trig- 
gered by a prompt pulse, tray C is insensitive 
for the detection of a decay electron because 
of the dead time of the blocking oscillator. 
Thus, “-mesons which came to rest in the 
carbon absorber S after passing through trays 
A and B were detected, if their decay electrons 
traversed any one of counters in tray Bor C 
during the selected time interval. 

Each counter in tray B and counters in 
tray C were hodoscoped. The neon tube of 
the hodoscope panel was lighted by a prompt 
coincidence pulse between the corresponding 
counter and counters in tray A, whenever 
a delayed coincidence occurred. The probabi- 
lity that a neon tube of the hodoscope is 
lighted by chance is extremely smail, i.e., 
~10-* per delayed coincidence. 

Rates of coincidence AB were recorded 
simultaneously to normalize rates of stopped 
ye-mesons. 

This experiment was performed under a thin 
wooden roof (1 g/cm? of air equivalent). 


§3. Experimental Results 


a) Delayed coincidence rate 

The measurements were performed with 
six different thicknesses of the lead absorber, 
ie, &5,. 10; 157% 30; 40 and 60'cm. Delayed 
coincidences accompanied by AC prompt 
coincidences, ABC+(B)a, are considered almost 
to be accidental delayed coincidences due to 
random pairs of the threefold coincidence ABC 
and the single pulse from counters in tray B. 
These events are excluded in calculating 
the ~-meson intensity. Background rates un- 
accompanied by AC were obtained from mea- 
surements without the carbon absorber S_ for 
each thickness of the lead absorber. The 
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background may be attributed to the following 
causes, i) the decay of mesons which stop 
in materials between trays B and C, ii) delayed 
discharges of counters of tray C and iii) ac- 
cidental delayed coincidences unaccompanied 
by coincidence AC due to the inefficiency of 
tray C. 

Measured rates of stopped mesons are listed 
in Table I. These values were obtained by 
subtracting background counts from: rates of 
delayed coincidences with the absorber S. 


Table I. Measured rates of stopped mesons. 
These values were obtained by subtracting 
rates of background from rates of delayed 
coincidence with the carbon absorber S. 


Absorber [Number of [Rate per hou 
5cm Pb | 63.9 4.13+0.31 
10 64.1 4.75+0.32 
15 54.4 4.47+0.34 
30 75.3 5.18+0.34 
40 67.4 5.18+0.32 
60 64.8 4.02+0.29 


b) Decay life time of mesons 

All observed rates were subdivided into 
three channels of delay discriminator. Results 
are shown in Fig. 3. The mean life time of 
“-mesons was obtained to be 2.22+-0.20 us 
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Fig. 3. Differential time distribution of delayed 


coincidence counts. The straight line corresponds 
to a mean life time of 2.22 us. 
standard statistical ones. 


Errors are 
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from our measurements. This is in faii 
agreement with values of the mean life time) 
of w-mesons in carbon obtained by othe? 
workers”. 


§4. Corrections 

It is necessary to consider various correc) 
tions that must be performed on the results.| 
a) The extension of the range \ 

A slow meson is in a zig-zag motion througk 
matter because of the multiple Coulomb scati 
tering. Consequently, its actual path lengtt 
R becomes longer than the thickness T of the 
absorber. The relation between R and T is 
given by the following expression, accordin 
to Koenig®, 


R(o/mc) — T( po/mc) | 


Ogee ale  . 
=f 2 apimey PM» OE 
where the r.m.s. angle of scattering @m is 
a function of momentum p of the meson and 
Po is its initial momentum. We obtained values 
of R for thicknesses of the absorber employed 
in this experiment from this expression. The 
first and the second colums of Table II show 
thicknesses of the absorber and corresponding 
ranges R in air equivalent for the meson 
stopped in the corbon absorber, respectively. 


b) Barometer effect 

The intensity of s“-mesons at sea-level is 
affected by the variation of the atmospheric 
pressure through changes of the absorption 
and the decay probability of su-mesons in the 
atmosphere. Therefore, counting rates of 
delayed coincidence must be corrected for this 
effect. Assuming a simple barometric regres- 
sion, we figured out the barometer effect for 
each momentum of 4“-mesons corresponding to 
the absorber thickness on a basis of the cal- 
culation of Trefall?. Values of atmospheric 
pressure during the experiment were offered 
from the Osaka Meteorological Observatory. 
Correction factors for the barometer effect are 
given in the third column of Table II. 


c) The effect of scattering in absorber on 
the measurement of the flux of mesons 

In such an arrangement that an absorber is 
placed between the counters of a telescope, 
the effective solid angle is in general distorted 
in a complicated way by the effect of Coulomb 
scattering in the absober, because some of 
mesons originally in the solid angle of the ar- 
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jrangement are scattered out, while some 
(Originally out of the solid angle are scattered 
in. This effect is remarkable for slow mesons. 
The absorption method always concerns with 
mesons which are near the ends of their 
ranges. Therefore, the correction for the 
effect of the multiple Coulomb scattering is 
‘Significant, but is difficult to evaluate ac- 
curately. So far, in almost all experiments 
of the range spectrum, no careful considera- 
tion was paied for the effect of scattering of 
particles. Recently, Brini et al.® suggested 
_the method to calculate this scattering effect 
‘by the Monte Carlo method. However, the 
.effect of lateral displacement of particles was 
not taken into account in their method. 
The effect of the lateral displacement becomes 
important especially in the case of a thick 
absorber and a smaller area of an absorber 


3 Table II. 
multiple Coulomb scattering effect. 


which come to rest in the carbon absorber. 
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than that of a counter tray. Eyges® gives the 
distribution function of the angular and lateral 
displacement due to the multiple Coulomb 
scattering including the energy loss of particles 
through the material. The effect of Coulomb 
scattering was computed using the distribution 
function of Eyges (cf. Appendix). In the 
course of computation we assumed the value 
of 70MeV/c as the momentum of meson 
emerging from the lead absorber. The fourth 
column of Table II indicates the decreasing 
rates, C, of the effective solid angle due to 
the scattering effect, i.e., the ratio of the 
number of mesons coming off counter tray A 
which fall into counter tray B, by considering 
the scattering, to the number of the same 
mesons (from tray A) falling into tray B with- 
out considering the scattering. If, neglecting 
the term of the lateral displacement, our 


Some quantities pertinent to corrections for the barometer effect and the 
F is the range obtained from eq. (1) for mesons 


B is the correction percentage for the 


barometer effect evaluated on the basis of the calculation of Trefall. C is the 

decreasing rate of the effective solid angle due to the scattering effect. 
Absorber thickness (in es eq.) B C 
5cm Pb+lcm Fe 44g cm~-2 +0.48 x 10-2 0.948 
10cm Pb+1cm Fe 80 7 +4,.21 7” 0.912 
15cm Pb+1cm Fe 112 7 +2.90 47 0.890 
30cm Pb+1cm Fe 220 ¥ +0.19 » 0.833 
40cm Pb+l1cm Fe 7a) Me +1.74 47 0.792 
60cm Pb+1lcm Fe 430 17 +4.48 7 0.710 


Table II]. The corrected rates of stopped mesons 
and the corresponding absolute differential in- 
tensities normalized to the value of 4.45~x 
10-6 g-1s-lsr-1 at the range of 166 g/cm? air- 


equivalent. 
Range Corrected rate se eae 
(gcm-2air eq.)| per hour | (g-1 s-lsr-1 x 10-5) 

44 4.3840.33 3.41+0.35 

80 5.424.0.30 4,23+0.35 
te 5.17+0.33 4.03+0.37 
220 6.23+0.31 4.85+0.45 
295 6.66+0.35 5.16+0.41 
430 5.914:0.36 4.60+0.41 


method to compute the scattering correction 
is directly applied to the arrangement of Brini 
et al., our result is in agreement with their 
value for the scattering correction. 

Rates of stopped mesons corrected for effects 


described above are shown in the second 
column of Table III. 


§5. Normalization 

In order to determine the absolute intensity 
of #-mesons from the obtained rates of delayed 
coincidence, it is necessary to estimate the 
detection efficiency of counter trays for the 
decay electron. However, the accuracy of 
this estimation is very questionable mainly on 
account of the uncertainty concerning the 
range distribution of the decay electrons. 
Thus, the AB rates were used to normalize 
the stopped meson rates. The AB rates were 
concurrently recorded with the delayed coin- 
cidence rates at various thicknesses of the 
lead absorber. In the fifth column of Table 
IV are listed the AB coincidence rates cor- 
rected for accidental coincidences and for the 
barometer effect. 
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Table IV. Rates of two-fold coincidence AB. , 
Absorber — ala ay ee Gea | Correction factor for Rate** 

: Duration 
thickness* ; Uncorrected number barometer effect — i 

minute a per minute 
(cm Pb) ee le es . (%) ee | 
5 2120 195208 Spel) 92,,93=- 0.22 | 
10 1406 124419 +1.43 89.36+0.26 1 

15 6510 556021 +0.10 85.08+0.10 

30 3221 260024 +1.00 GOR Ole Oslo 

40 1892 143609 + 1,01 76.26+0.21 
60 1726 119726 +0.56 69.35+0.21 


* Lead absorbers were put on an iron plate of 1cm thickness. 
** These rates were corrected for rates of accidental coincidence, too. 


For the absorber thinner than 10cm lead, 
a part of electron and nucleon components 
may contribute to the incident flux. On the 
other hand, the accuracy of the correction for 
the scattering decreases with increasing thick- 
ness of the absorber. From these reasons, 
the difference between the AB rates at the 
15cm and the 30cm lead absorbers was used 
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Fig. 4. Differential range spectra of s-mesons at 
sea-level. 


to determine the absolute differential intensity 
at the average range between them. After 
making the correction for the scattering, 
the AB rates are reduced to values of (7.35 
+0.20) x 10-3 cm-? s-! sy-4 and (6.87-+0.25) x 10-3 
cm~? s“! sy~! for the integral vertical intensities 
of mesons penetrating the 15cm and the 30cm 
lead absorbers, respectively. The above value 
for the 15cm lead is in agreement with other 
worker’s values; namely, (7.2+0.1)x10-3 
cm-?s-! sr-! at 25°N by Kitamura and Mina- 
kawa!, and (7.30.1) x10-?cm-? s-1 sy-1!*) at 


He This value was reduced ‘to sea-level by them 
from the value of (7.55+0.10) x 10-3 cm-2 s-1 gy-1 
at 124m above sea-level. 


19°N (for 10cm lead) by Gokhale and Balai 
subrahmanyan™. i 

Obtained rates of delayed coincidence 
indicate that the differential vertical intensity 


of low energy v-mesons is a slowly varying 
function of the range. Then, we obtained the 
absolute differential vertical intensity as fol- 
lows, 
I, (15cm lead)—Z (30cm lead) | 
Range between 30 and 15cm lead 

= (4.452-0.12)24105% em=2s5! sv 
for mesons with range of 22.5cm lead (=166 
g/cm? air equivalent), where the symbol 
I,(Tcm lead) indicates the absolute vertical 
intensity of mesons penetrating a 7'cm lead 
absorber. Making use of this value as the 
normalization point, the absolute value of dif- 
ferential vertical intensities of s-mesons at 
various ranges are given in the third column 
of Table III. The resultant differential range 
spectrum of #-mesons is shown in Fig. 4. 


§6. Local z-meson Production 


The N-component (protons and z-mesons) 
which exists among cosmic rays at sea-level 
may undergo nuclear interactions in the lead 
absorber, giving rise to secondary z-mesons 
which stop in the carbon absorber and sub- 
sequently decay into electrons through z-p-e 
process. Because of the very short mean life 
time of z-mesons, such z-mesons locally 
produced, ion addition to w-mesons from the 
atmosphere, are capable of causing delayed 
coincidences. Thus, these events are recorded 
as those due to “-mesons with the range cor- 
responding to the thickness of the lead 
absorber. The z-meson production are fre- 
quently accompanied by other ionizing par- 
ticles. Therefore, events of this kind cause 
simultaneous discharge in two or more 
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counters in tray B. But electromagnetic in- 
teractions (electronic cascade showers and 
eletron productions by knock on processes) by 
“-mesons can not be phenomenologically dis- 
tinguished from penetrating showers only by 
the hodoscope picture in the present experi- 
ment. The rate of the former should be 
computed by an analytical consideration. In 
what follows we shall discuss about the contri- 
bution of z-mesons locally produced to the 
number of s-mesons stopped in the carbon 
absorber. 

The obtained data of hodoscope pictures are 
summarized in Tables V-a and V-b. Whole 
events were classified as “Group I” and 
“Group II” according to whether the event 
was accompanied by the prompt coincidence 
AC or not, respectively. 

a) “Group I” 

The majority of events which belong to this 

group are most likely due to accidental delayed 
coincidences caused by pairs of particles 
penetrating the whole absorber and other 
delayed particles. The mean energy of the 
penetrating particles is estimated to be about 
2 GeV. 
- With a cloud chamber containing five 1.27 
cm lead plates, Brown e¢ al.) observed an 
average number of 0.069 knock-on elecirons 
(per meson) emerging from heavy materials 
and found that the distribution of the projected 
angle a between the trajectory of the incident 
meson and that of the knock-on electron 
emerging from the lead is represented by 
cos”@, most likely, with 2=2.5. 

In the present experiment, we obtained 


Table V-a. 


a value of 0.044++0.005 for a ratio of the 
number of the (B=2) events, in which any 
two of counters in tray B were struck simul- 
taneously, to the total number of events. If 
the angular distribution of knock-on electrons 
obtained by Brown e¢ al. is applied to the 
geometry of our experimental arrangement, it 
is expected that 55 per cent of knock-on 
electrons emerging from the lead absorber 
strike another counter in tray B than that 
traversed by the primary meson. If one as- 
sumes that the (B=2) events are due to 
productions of knock-on electrons, the average 
number of secondary electron is estimated to 
be 0.080-+0.009 per meson from this experi- 
ment. In the cloud chamber experiment of 
Brown et al., 0.02 “back scattered ” electrons 
(per meson) emerging from the surface through 
which the mesons enter the lead plate were 
observed. Making allowance for the existence 
of “back scattered” electrons from the ab- 
sorber S in our case, the above value for the 
average number of secondary electrons is in 
fair agreement with the result of Brown ef al. 

Moreover, a ratio of the number of (B=2s) 
events to that of (B=2a) events was 0.27+0.07, 
as is seen in Table V-a. The (B=2s) indicates 
an event in which two counters in tray B 
separated by more than one counters were 
struck and the (B=2a@) an event in which any 
two adjacent counters in tray B were struck. 
This value should be compared with a value 
of 0.32 which is figured out for a (B=2s)-to- 
(B=2a) ratio by applying the angular distribu- 
tion of secondary electrons obtained by Brown 
et al. to the geometry of our experimental ar- 


Number of events accompanied by prompt coincidences AC, 


versus number of counters struck in tray B. 


Number of counters struck in tray B 
inci Absorber S Be=e 
Type of coincidence sorber poe a a te el ges 
(p= [Raa 

} AB+(B)a*** absent 297 iit 2 1 
ABC+(B)a absent 712 26 8 3 
ABC+(B)a | present HEM 27 g, 9 
7 2 sila , 1746 64 17 13 

total: ware iT 

J TS = 


* Events in which any two adjacent counters in tray B were struck. 
** Events in which two counters in tray B separated by more than one counters 


were struck. 


*** This measurement was carried out without tray C, 
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rangement. 

From the above discussions, it is concluded 
that almost all (B=2) events in “Group I” 
can be attributed to secondary electron produc- 
tion by knock-on processes in the lead 
absorber. 

The (B>8) events, in which three or more 
counters in tray B were simultaneously dis- 
charged, are probably accounted for in terms 
of double knock-ons, soft and hard showers. 

b) “Group IT” 

The probability for a s-meson of kinetic 
energy FE to produce a secondary electron of 
energy between E’ and E’+dE’ by a knock- 
on process is given by the follwing expres- 
sion); 


$(E, E’\dk/ = 20M? dET > E — Be 


B2 E? 


ta) 
2\E+mc : 


where £’» is the maximum transferable energy 
to a secondary electron and C is a constant 
which depends on the material. Let g(£) 


on 


(2) 


Table V-b. Number of events unaccompanied by prompt coincidences AC, 
versus number of counters struck in tray B. 
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represent the differential energy spectrum 0: 
ywe-mesons. For the average number 7(£.’), 0 
the knock-on electrons with energies large’ 
than £,.’ produced by a cosmic ray “-mesor 
with energy larger than €, one obtains 


n({E-’) 
il. ” 6(E, E)9(E) dE/dE / iy WE)dE (3 d 


If Ey <E,’ for w-mesons with kinetis 
energies more than 76MeV, which is tii 
minimum energy required for y-meson i 
penetrate the carbon of 13.4 g/cm? thickness 
eq. (3) may be written approximately a 
follows: 

NE’ )~2Cm-c?/Ee’ . (4) 

Since C is 0.06 for lead, substituting th 
value of 0.08 obtained in “Group I” io 
n(E.’), one gets a value of 0.8 MeV for £.’ fo: 
from eq. (4). This estimate suggests that tha 
knock-on electron detected in our apparatui 
must have at least the kinetic energy 90 
0.8 MeV. 


Number of counters struck in tray B 


Type of coincidence | Absorber S 


(= 
ate B=2a* B=2s** Hee 


| 
AB+(B or C)a | present | 
| 


2060 63 1 | 3 


* Events in which any two adjacent counters in tray B were struck. 
** Events in which two counters in tray B separated by more than one counters 


were struck. 
RK 


In “Group IIT”, the fraction of the (B=2) 
events was 0.0300.004 of the total events. 
The probability for a “-meson which comes 
to rest in S to produce a knock-on electron of 
energy larger than 0.8MeV is considerably 
small. Moreover, only one (B=2s) event was 
observed among 64 (B=2) events of “Group 
II”, From these evidences, it is suggested 
that (B=2) events in this group are attributed 
rather to large angle deflections which slow 
mesons undergo in passing through the lead 
absorber, than to production of knock-on 
electrons. For instance, in the case of 15cm 
lead absorber, the r.m.s. angle of deflection of 
“e-mesons which come to rest at the center of 
S is estimated to be 29° and hence the pro- 
bability that the mesons traverse obliquely 


This measurement was carried out without tray C. 


two adjacent counters in tray B is 0.031. 

c) Local x-meson production 

12 (B = 3) events were obtained during th) 
run with S (cf. Tables V-a and V-b). It if 
expected that (B>3) events include doubil 
knock-ons, soft showers and hard showenri 
(local and extensive), but our apparatus is ne 
able to distinguish between them. Even if on 
assumes that all of (B=>3) events were du 
to local hard showers originating in the lea 
absorber, the number of those which coul! 
trigger the apparatus was at most only 0.) 
per cent of the number of stopped mesons. 

In order to find the fraction of mesons the: 
are produced locally, it is necessary to e 
timate the relative efficiency for our apparatut 
to detect them. Because counters struck 
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shower particles become inactive for a decay 
electron, the detection efficiency fora stopped 
meson in the local shower is less than that 
for a single stopped meson. If N counters in 
tray B are struck by shower particles, the 
efficiency is approximately 3{1-+-(8—N /7} for 
“without AC” and 3(8—N)/7 for “with AC”, 
respectively. 

Moreover, owing to the nuclear copture for 

the negative z-mesons by carbon nuclei, the 
detection efficiency for z-mesons is about one 
half of that for “-mesons. 
_ Thus, from the obtained distribution on N 
(the number of discharging counters in tray 
B) we estimated the detection efficiency for 
zm-mesons locally produced to be on the average 
about 1/6 of that for -mesons from the 
atmosphere. After this correction, it was 
found that mesons locally produced were at 
most 3.5 per cent of mesons stopped in the car- 
bon absorber. Although, in(B=2) events, there 
may partly exist events due to local showers, 
their fraction is expected to be appreciably 
small from the previous discussion. Then, the 
fraction of mesons locally produced is con- 
sistent with one expected in J from Olbert’s 
production spectrum. 


§7. Discussion 


As shown in Fig. 4, the present differential 
range spectrum is nearly flat in the interval 
of ranges from 44 to 430 g/cm? of air equiva- 
lent, and can consistently be extended to the 
data of Kaneko ef al. Our data are about 20 
per cent lower than Rossi’s curve based on 
many experimental results measured at geo- 
magnetic latitude greater than 45°. Some of 
recent measurements on intensities of low 
energy //-mesons at high geomagnetic latitude 
have given values slightly higher than Rossi’s 
curve, so that it can not be concluded that 
the variation of intensities of low energy 
mesons due to the geomagnetic effect between 
24°N and 50°N is equal to 20 per cent. 

' Open circles in Fig. 4 show the range spect- 
rum converted from the momentum spectrum 
(measured by a magnetic cloud chamber) 
described in 7 by making use of the theoreti- 
cal momentum-range relation. (Hereafter, we 
shall call this range spectrum the converted 
spectrum.) It is seen in the figure that the 
present spectrum is consistently connected 
with zhe converted spectrum for ranges greater 
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than 430 g/cm? of air equivalent, but there is 
a noticeable discrepancy for ranges lower than 
430 g/cm?. However, the present range spect- 
rum is in good agreement with the range 
spectrum of 4-mesons at sea-level derived from 
Olbert’s production spectrum at 24°. The low 
range part of Olbert’s production spectrum 
has been based on results of altitude and 
latitude dependence of slow u-meson intensity 
measured by the delayed coincidence and anti- 
coincidence methods of detection. 

Recent results?!) by delayed coincidence 
method have indicated that the range spectrum 
of low energy s“-mesons is nearly flat, and 
have not been inconsistent with ones derived 
from Olbert’s production spectra for each cor- 
responding latitude. 

Very recently, Nagoya University group has 
obtained a momentum spectrum of cosmic 
rays penetrating 15cm lead at Mt. Norikura 
(2840m altitude, 25°N geomagnetic latitude) 
by means of a magnetic cloud chamber. The 
resulting spectrum falls below that derived from 
Olbert’s production spectrum at momenta 
lower than 1-5 GeV/c and decreasing momen- 
tum, while the latter still increases. 

When we calculate the momentum spectrum 
at sea-level from that at Mt. Norikura under 
the consideration of the momentum loss due 
to ionization and the spontaneous decay of 
y-mesons in traversing the atmosphere between 
the two places, we obtain a spectrum which 
agrees with our previous momentum spectrum. 

These results provide evidence that there 
exists a consistency between the sea-level and 
altitude spectra obtained by the same kind of 
the method of detection. 

The possible explanation for higher values 
in the differential range method is that z- 
mesons locally produced contribute to the 
number of s-mesons from the atmosphere. 
Besides, since the effect of scattering becomes 
large for increasing thickness of a lead ab- 
sorber, an insufficient correction for this effect 
tends to result in a flat spectrum. But these - 
effects were found, as already discussed, to be 
too small to remove the discrepancy mentioned 
above, even though, in the present experiment, 
our paticular attention was given on these 
subjects. 

The other approach to remove the discrep- 
ancy between the “present” and “ previous ” 
spectra is a modification of the range-momen- 
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tum relation of u-mesons. If, under the as- 
sumption that the range and momentum 
spectra are correct respectively, one calculates 
the momentum loss of s-mesons in air as 
a function of momentum from both spectra, 
the momentum loss of sw-mesons should be 
a few times as large as the theoretical curve 
cited in Rossi’s book! at low momentum 
region. This conclusion yields an improbable 
result that the mass of s-mesons should be 
considerably heavier than that is accepted at 
present. On the other hand, various theoreti- 
cal range-energy relation have been expreri- 
mentally confirmed within an error of a few 
per cent?®, 

We have, at present, no other explanation 
to remove the discrepancy between the 
“range” and “momentum” spectra of yw- 
mesons at low momentum region. 
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Appendix 


Let us consider one of projections of the 
motion of a particle on two vertical planes 
parallel with each side of the rectangular 
counter-tray (cf. Fig. 5), and let a, 6b and d 
be the length of one side of tray, the distance 
between two trays and the distance between 
the lower surface of the absorber and tray B. 
Consider that a particle enters toward a point 
P at an angle w with the vertical direction and 
emerges from the absorber at a point T, suffer- 
ing the multiple scattering. Let F(z, y,0)\d0dy 
represent the scattering probability for the 
particle to travel at an angle in dé at 0 with 
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TRAY A 


2— TRAJECTORY 
OF PARTICLE 


LEAD 
ABSORBER 


Fig. 5. Illustrating the computation of the scatterr 
ing effect of the meson flux in the absorber. 


the original direction and to undergo a latera: 
displacement in dy at y after traversal of the 
absorber of a thickness ¢. Taking into accoun: 
energy loss of the particle in the substance 
Eyges® gives the following expression for tha 
scattering probability, 


1 
Fi, Y, = SBM PP 
_ PA,—2y0Ai+y? Ao | 
xexp] AB(2) iL (AT 
where | 
(oan 
Van Rl! 
Aum \ ie Ap) : \ w*(9) 
t 
Anh ¢— dn BY) = Ay A,—Av, | (AZ 
w(n) | 
w(q)= 2F and E;=21 MeV. | 
$s 


We got the values of Ao, Ai and A, by th: 
numerical integration using the range-momeri 
tum relation of ys-mesons. Henceforce, w 
assume cos@=~1 to simplify the calculation 
For our geometry, an error introduced b 
this assumption is negligible. | 

In Fig. 5, let us take the Y-axis of a sy? 
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tem of coordinates, whose origin O is at an 
edge of the tray B, in the horizontal direction. 
We shall denote by ¢(Y,) the probability 
that a particle toward the point P(0, Y) passes 
through tray B after traversing the absorber. 
The expression for 4(Y, ) is given by 


oY, o=\" ay\ "FU, TA ee CO 
— 0 7) 


i 


where 
a=tan2—O FY _o 
and 
6,=tan-!* (+9) @ 
Put 
D=V2A, and a0,y=y/ $2 (0-47). 


Eq. (A-3) becomes 
PY. aes i [paced dydq . 
; V 2nD a, 
(A-4) 


— 0° 


where 
n=q(4,y) and q=q,¥) . 

In eq. (A-4), the integral concerning qg can 
be easily obtained from the table of the error 
function. After the numerical integration 
‘over y in eq. (A-4), we can obtain the value 
of A(Y, w). 

Let @ be the relative number of particles 
which can pass through both trays A and B, 
‘to particles which are originally in the aper- 
ture defined by trays A and B. The expres- 
sion for @ is 


o- | aes o)d¥ do / [oa -¥0 de 
0 7 0 
: (A-5) 


where Y,=(b—d)tanw and Y,=b—dtanwo. 
The integral concerning Y must be limited 
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within the region occupied by the absorber. 
Total triggering efficiency for the two fold 
coincidence AB is given by the product of 
two 0’s for each projection. 
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It is shown that the radial distribution function of fluid can be derived 
from the expression for the free energy in the form of a “ functional i 
derivative’ with respect to the pair interaction potential. 
ples are treated on the line of the theory: 


Three exam- 
(1) the simple chain 


approximation of classical fluid, (2) the second quantization and (3) 
the lowest state of the spinless bosons derived by Bogolyubov and Zu- 


barev. 


A procedure, which differs from the usual one, is given in the 


derivation of the expressions by which the pressure and the internal 
energy are expressed in terms of the radial distribution function. 


$1. Introduction 


In a previous paper? the consistency of 
several approximate radial distribution func- 
tions of fluid was examined in the sense that 
the pressure and the internal energy derived 
from them should satisfy the relation 


@ Ae 
ap elf) = ay alt Nes 


where T,p, V and E& denote the temperature, 
the pressure, the volume and the internal 
energy of fluid respectively. It was found 
that the original form of Green’s linear theory 
is the only one among them that satisfies the 
above relation. Although this theory was 
further improved without breaking the above 
relation, it was still a poor approximation from 
the quantitative point of view. 

This situation shows that it is difficult to 
calculate the thermodynamical quantities wi- 
thout inconsistency when use is made of any 
approximate distribution function, because the 
Helmholtz free energy cannot be derived ina 
consistent way from the expressions of f and 
E unless they satisfy the relation above men- 
tioned. In the present paper, attempts on the 
line considered in the previous paper are aban- 
doned and, on the contrary, it is attempted 
to derive a relation which should hold between 
the free energy and the radial distribution 
function and which can be used to derive the 
approximate distribution function from an ap- 
proximate expression for the free energy. 

The Hamiltonian of a system composed of 
N molecules is assumed to be expressed in 
the form: 


i: N 
H=K+— > oy (1) 
2 tx) 


where K stands for the kinetic energy and. 
¢$:j=0(ri—r;) is the potential energy of inter- 
action between two molecules at the positions | 
ri; and r; respectively, which is assumed to: 
be the function of the distance 7ij=|ri—ry) 
alone. The average of any quantity X, which 
is expressed as an operator in quantum me- 
chanics, over a canonical ensemble will be 
denoted by 
(X= Xe (29 
where 
£= le er 
and « is the Boltzmann constant and T, X 
means the trace of an operator X. In classi- 
cal statistical mechanics, the trace should be 
replaced by the integration over the phase 
space. The Helmholtz free energy A of the 
system is given by 
A=—«T log Z. (4) 
The radial distribution function g(7) and the 


structure factor S(k) are defined respectively 
by 


alr—r')=(y she py o(r—ri)dr’ — rn)» 


(5 j 
and 


Sa)=147-| xe)—tle dr (6) 


or, conversely, 
lial 
=i ae 
H=14 ON 
where 0(r) is Dirac’s 6-function and r and k 
are the absolute values of the vectors r and 


k respectively. The fact that g(7) or S(R) 
depends on the absolute value 7 or & alone is 


[isa)—Lje- ak, (6’) 


a ry 


due to the circumstance that the interaction 


energy between two molecules is assumed to 
be dependent only on their distance. The 
functions g(7) and S(k) have the properties 


lim g(7)=1 and lim S(k)=1 
1 Poo K-00 


§2. The Relation between the Free Energy 

and the Radiai Distribution Function 

The variation of the free energy, corres- 

ponding to a variation 4¢ of the interaction 

potential, will be denoted by 4A. 4A can be 
written as follows: 


4A=F4d(r’)] +044) . (7) 


The first term on the right-hand side of this 


i 


equation is a functional of the function 4¢ and 


‘is linear with respect to 4¢. Actually this 
functional has the form 


FSO U=C BI) > (8) 


and Eq. (7) becomes, when explicitly written, 


pes cea 3 dis > 049)". (7) 
Zz, iJ 


Whenever a functional of the form given by 
Eq. (8) appears it will be related with a 
variation of the free energy A. 


Nv \ 
The quantity oes = i Se u can be 
tae) 


transformed with the helf of Eq. (5) as 


1 N 
; S > eter) 
tej 


jew GEG, oo: > d(r—1ri)d(r’ =r) >drdr 


2 
“ae ii | Rear rarer 


We 


N 


aT A toner ars 7) ear |. 


Vjr 
Hence from Eq. (6): 


1 7 
ey SS ekai-7p » 
2 is 


=) swy—1+2m4 pom) |. (9) 


On the other hand Gages > dX etkei-rp > can al- 
tej 


so be written be written by Eq. (8) in an 


alternative form: 


Les me 
ee > ek@y-ry) =Fle ] 
t-j 
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Comparison of this equation with Eq. (9) 
leads to 


S(e)=1— Cn) Ok) + Flee]. 


When this expression is inserted in Eq. (6’) 
and the linear property of F is noticed, the 
expression for 9(7) is obtained as 


gr)= Farr) , 


where the functional F operates on the vari- 
able r’. This relation can be obtained direct- 
ly from Eq. (5). 

It is seen from these equations together 
with Eqs. (7) and (8) that the functions g(r) 
and S(k) can be related to the variation of 
the free energy A. Thus the expressions for 
g(r) and S(z) can be written symbolically as 


2V/6A 
d= sak 55 No (10) 
Sei ny a(k)+- Uae (11) 
where 
OAN TS F 
and (12) 
CAN Bere a 
‘ OA COAN ge ane 
The functional le i: or ( a6 . is similar to 


but somewhat different from the usual func- 
tional derivative. However, the terminology 
“‘ functional derivative’’ will be used here- 
after because of the lack of a suitable one. 
This terminology will be further generalized 
to quantities other than the free energy. The 
functional derivative of a quantity B, which 
is a functional of ¢, will be defined in a simi- 
lar way as above. Namely, when ¢ is varied 
by 4¢, the corresponding first order variation, 
with respect to 44, of B is denoted be 
G[4¢(7’)], which is a linear functional of Ad. 


Then 
(3B) <o18e-7 

a (13) 
(3) <2 


If B depends also on another functional C of 
¢, it is seen from the above definition that 


866 


the following relation is valid: 


OB) _ (0B oe 
( od ) =( od es 0c od r 


or (14) 


Se ee 
( Op k v3 Od 1, C=const, OC Oop i 


Equation (10) is the relation which is to 
hold between the free energy and the radial 
distribution function, and it has been the ob- 
ject of this section to derive the relation. 
The function g(7) measures the correlation 
between the positions of two molecules. Such 
a correlation arises from the presence of the 
interaction potential ¢ apart from the sym- 
metry effect of the wave functions. There- 
fore it will be plausible to express g(7) in the 
form of a functional derivative of the free 
energy with respect to ¢. The relation under 
consideration is still valid in the case where 
¢(r) has no spherical symmetry and where 
many-body forces exist. In such cases the 
distribution function must be considered not 
only as a function of 7 but also of the direc- 
tion of the vector r. 

There also exist similar formulas as Eqs. 
(10) and (11) when a grand canonical ensemble 
is considered. In this case the thermodynamic 
potential is PV and the following formulas 
can be derived: 


2 f OPV) 
Namie ss Gar ra)& (15) 
and 
£4 N 2 (OPV) 
S(R)=1— ie MEPS A ONDA) 
(b)=1—(2n 78th) el = ‘te (16) 


where JN is to be interpreted as the average 
number of molecules over a grand canonical 
ensemble. 


§3. Examples 


The relations derived in the preceding sec- 
tion can be used to obtain the approximate 
distribution function if an approximate ex- 
pression for the free energy is known, while 
these relations are valid between the exact 
free energy and the exact distribution func- 
tion. Several examples will be shown in the 
following. 


1. Simple chain approximation to the 
free energy 


In a classical statistical mechanics the free 
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energy A of fluid can be expressed as fol-- 
lows”: | 

A ey h2 ji fh ine 
N«T =los (5p @ 2 n+l 
where ¢ is the number density N/V and @n’s; 
are the irreducible integrals. The irreducible: 
integrals B,’s are composed of terms of vari-- 
ous types, among which there are terms ex-- 


pressed symbolically as (ae . 


such terms are used in place of f, in the: 
right-hand side of Eq. (17), an approximate? 
expression Ay for the free energy is obtained., 
(See Appendix I). This approximation will be: 
named the simple chain approximation to the: 
free energy. It gives the free energy the: 
following expression: 


Brno”, (17) 


When only’ 


ere mics el 
eae we ( 2rmrT ) e 
— 5 eaya00) —n\" wea® ad | (18) 
— : A u* log[1 —(27)*/*pB(u) du 
p Smee 
1 2 
a ag "2 B(u)du , 
where 


uB(u)= Via. rle-POVu/KT_]] sinurdr (19) 


and ¢(7r) is assumed to be an even function. 
The functional derivative of A» is given 
from Eq. (18), with the help of Eq. (14), by 


(1) 
NeT OM Hs 


= (anypn(2BO) _ On 

i 5 one jae 2 ° 
- wR u)  — ( dB(u) 

x i denen BY ) du. (20) 


In order to calculate Ce or ee) 

CG); 66 J,’ 
it is convenient to write the right-hand side 
of Eq. (19) as 


il F sin uv’ 
Be WG oye 
uB(u) coca 1] dr. 


Then from definition (13) 


0 B(2) 
uf d¢ ), 
ome ; Oye 
me ep OC RT —_ pw) Sur f 
ee mat arr) ET ay 


wealsol 
— (27)8/2 


nd 


b BO sinur 
reals Y 


i) 1 er bar 
0@ J, (2x8 xT * 


When these expressions for rey and 
a0) : : ; 

8 ) are inserted in Eq. (20) and use is 
\ r 

nade of Eq. (10), the following expression for 
"(r) is obtained: 
(nr) =e-PO/«r 

| 


- sin ur 

| te 2e| saoeraaee ae |: 

| (21) 
The above expression is identical to one 
which is obtained by putting e=1 in Green’s 
theory®. It is also identical to one#>*) ob- 
tained by the procedure that only the terms 


sxpressed symbolically as cy are taken in 


O---0 
the exact expression for g(7) which is a power 
series in p similar to Eq. (17). Such a proce- 
dure has been named the simple chain ap- 
proximation by Rushbrooke®’, which will be 
called here the simple chain approximation to 
the distribution function in order to be dis- 
tinguished from the approximation adopted in 
the derivation of Eq. (18). The fact that Eq. 
(21) is derived from Eq. (18) shows that both 
Approximations are equivalent to each other. 
[t can be shown that the netted-chain appro- 
ximation, proposed by Rushbrooke and Sco- 
ins», to the distribution function is not the 


ele Od 


and hence from Eq. (15) 


In)= ae CN ler ene earn ne ee odnde, » ; 
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same as the netted-chain approximation to the 


free energy. This case will be treated in 
later occasion. 


2. The second quantization 


The Hamiltonian in the formalism of the 
second quantization H, corresponding to Eq. 
(1), is written as 


H= \ Y* (a) Ha) (a)dx 


+5 | [Pere ore yw @)dade 5 

(22) 
where A(x) is the kinetic energy which cor- 
responds to K& in Eq. (1), Y(#) isa quantized 
wave function, ¥*(@) the Hermitian adjoint 
of Y(x) and a(x’) stands for both the configu- 
rational coordinates and the spin coordinates. 
The quantized wave functions satisfy the fol- 
lowing commutation rules 


V(x’ V*(a)— eb * (a) V(x’) =d0(a—2") , 
(a! YE (a) —eF (a) V(x’) =0 , 
Y* (a! U* (a) — eV * (aU *(a’)=0 , 


where ¢ is taken to be either +1 or —1 ac- 
cording to the bosons or the fermions. 
The grand partition function is 
PLL A Wy ar Bata ITE as (23) 


where 4 denotes the chemical potential. In 
the present subsection the average over the 
grand canonical ensemble will be denoted by 
<--->. Then, with the help of Eqs. (13), (22) 
and (23), ee is calculated in the fol- 
lowing manner: 


os C oS) =— a7 C Veter ener rite real ea\deudes » 


(24) 


Equation (24) is the exact expression for g(7) in the case that the Hamiltonian is given by 


Bq. (22). If the spinless bosons are considered, Eq. (24) is reduced to 
= aye [EME ENO IO WEY) de> (25) 
SS 
which is usually known expression. Equation (25) can be transformed further into 
; . 
ok ie ee 2 Nuc Nicotho C82” (25’) 
g(r) 1+ ayy z eo (NE Nicg+ks> 
1 


cA s 
PO Pa Se RS 


& ik 
Cie, * es * Cee Uey +key De 5 
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where terms of the order of <N)-! are omitted and N,, a and a,* are defined as follows: | 
Ur)= Dae je 
nee 
1 
* — * : -tkr 
oe (7) 2: Oh VV é ’ 


Ni=G Ge 


3. The lowest state of the spinless bosons derived by Bogolyubov and Zubarev 


Bogolyubov and Zubarev® have derived approximate expressions for the energy Ey and the 
wave function gy for the lowest state of a system composed of spinless bosons, whieh 


are 


NE 1 whe = N 
Hite tne at eee Se 
is aia lke Ber (Z i Fr er (®) 253 
loeetehea! jeune 
ov= exp{ 7S (Gy— 1) 0a en 


where »(k), E(k) and o, are defined by 
vk) = [sve-war : 


(283 


At temperature T=0, the free energy is the same with the energy and hence g(7) anc 
S(k) in the lowest state are given from Eqs. (10) and (11) by 


a2 (aE 
= x2 (36), Sf 
and 
N Daf Os 
S(k)=1—(27)3—6 = u 90/ 
(h) np OR +57 ( Ge) (29° 


of which the former expression is found in the paper of Bogolyubov and Zubarev*. Witt 
the help of 


( a) = [ete dra (277)36(k—K’) 
Op Jk 
and 
(eer) _1N wk? 1 any (QnPN Pe 1 le 
a6), 2V mm EIN 860 /p Ren eee ee eee 
Eq. (29’) is reduced to 
_ fee , 
Si) = vA E(k) = ag (30 
and by Eq. (6’) g(7) is obtained as 
ae GAG AL tee 
gy=14¥ ana\(4 De dk, (30 


* The starting point of the present investigation was an attempt to clarify the meaning of this expression 


957) 


rhich can be also obtained from the direct 
alculation of (6E)/6¢),. 

As pointed out by Bogolyubov and Zubarevy, 
‘q. (30) is identical to the relation derived by 
‘eynman® provided that E(k) is interpreted 
2 be a spectrum of excitation. 

Comparison of the definition of 0, with Eq 
9) leads to 


S(k)=<oxo-x> for k<0. (31) 
Vhile Eq. (31) is valid for more general cases, 


ts right-hand side should be considered in 
‘ur case to be 


| 9 
| : eee | OK0-kPo7 Any: é - dry 
Qi ee | 


- SG YA) 
| | re \ Re dare 
V v 


f <exp-x> is calculated by means of 


|". totem sy a Ath 


where o, and tx are the real numbers defined 
ay 
Ok=OK+2TE , 


1 false result follows from Eq. (31), z.e., 


O-,= 0, and t_-,=—Tz , 


Se)= 


A calculation of Eq. (32) leading to Eq. 
will be shown in Appendix II. 


(33) 


(30) 


34, The Expressions for the Pressure 
and the Internal Energy 
In classical fluid the pressure p and the 
nternal energy E can be witten in terms of 
(7) by the following well-known expressions”? : 


- <r, (7) OOO snridr (34) 
ind 
ae? Teas # 
(3/2)N«T 
The above expressions are usually derived by 


Post) 410 GeARe 
oe Tiel OV \ N«T 


=1+4- an Pale 2(r)o(n4xr7r%dr . (35) 


L 0a 
30 OL 
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making use of definition (5) of g(r). Even 
if g(7) is defined by Eq. (10), the same ex- 
pressions ought to be derived as far as an 
exact theory is concerned, since then Eq. (10) 
is equivalent to Eq. (5). Therefore, as far as 
an exact theory is concerned, the following 
derivation is an alternative to the usual one 
of Eqs. (34) and (35). In addition to this, it 
has the advantage of being usable also in an 
approximate expression to the free energy. 
For the sake of completeness the quantum 
statistical mechanics will be considered. 

The expression for the free energy will be 
assumed to have the following form: 


Leelee Ge 8, |, (36) 


V 


where V=ZL?, 22=h?/2xm«T, A*=A/L and Lx’ 
is the position vector r’ of a molecule and 8 
is the parameter determined so as to mini- 
mize A under the condition of T=const. and 
V=const. and further functional @ does not 
depend on T and V except for the form shown 
explicitly. With the help of Eqs. (10) and (14), 
9(7) is written in terms of @ as 


2ivied 0) 
THe Aer 4 2) 2V«T Oa e = 


N \é¢ N Op\ 66 
QWeT / 8a 
3S ele (37) 


where use has been made of the property of 
B to minimize A and (da/0¢), should be inter- 
preted as the functional derivative with respect 
to ¢ under the condition of §=const. It is more 
convenient for the present purpose to go back 
to the notation corresponding to F[d(r—r’)] 
in Eq. (12). Thus g(7) is expressed as 


2Ver f(r) (37) 


n= 


where functional ce is defined by the variation 
da in the similar way as F by 4A and it de- 
pends also on 7, V, 8 and 4%, though it is 
not shown explicitly. The essential point is 
that f is a linear functional with respect to 
the argument shown explicitly. 

Now 


Ba] (38) 


Oe P| oo) 
0 ye oE } Bs d | “|r 
7 ee 


The third term in the last line of Eq. (38) can be transformed, by the use of the definition 


870 
of f and Eq. (37’), in the following manner: 


Efe tty] 


es — 5 | fr) roe dr 


N 


~~ 6VKT 


Oo 
= “|, 97r Or dr 


gages 
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Hence Eq. (38) becomes 
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hh 


oxT ral SRO ee aly oi) OE K) dr fs . ( ; 
In an analogous way the expression for & is obtained as 
JD) 2* Oa 0 < r . 
/2) =e . 4 2dr 2 An 
@/DNeT +t 3 aaxt oh gr) o(r)4r9 ( 


Equations (39) and (40) agree with Eqs. (34) and (35) respectively in the classical case, where 
the second terms of the right-hand sides of Eqs. (39) and (40) are missing. 

It might be supposed that the special form of the free energy assumed in (Eq. (36) limite 
the validity of) Eq. (39) or (40). However, the expression for the free energy will generally 
be written in the form given by Eq. (36) so far as it is calculated, even if approximately 


from the knowledge of (7%. 


As an example we shall consider Eq. (18). 


It is rewritten as; 


SA Dive dV Oe te * BY ay | 
At =log F +log ™ 2 | en) BO) |" Bay 
ja eg ame pare an ae 
Soa Sao log [1—(27)3?2.N Bwldy+ > 7o\ B (y)dy , 


where 


co 


eee Meee 
yBY)= ve ie 


Obviously the above expression has the form 
given by Eq. (36). It can be shown that even 
Eq. (26) has the form under consideration, 
provided that a proper limit is taken. 


§5. Discussion 


Formula (10) can be used to obtain the ap- 
proximate distribution function when the ap- 
proximate expression for the free energy is 
known. The function thus derived is consis- 
tent with the approximation used in the 
derivation of the free energy. However, this 
function is not necessarily equal to the one 
derived from Eq. (5) based on the same ap- 
proximation. Such an example is given by 
the third example considered in §3. Equation 
(29’) is equivalent to Eq. (10), while Eq. (31) 
is equivalent to Eq. (5). In order to obtain 


wle-?22)/*? _]] sin xy dx . 


Eq. (30) from the calculation of the right-hanc 
side of Eq. (31) or Eq. (32), a further appro 
ximate procedure must be introduced. A 
detailed calculation is shown in Appendix II 
In such cases, it can be said that the distri 
bution function based on Eq. (10) is preferable 
to one based on Eq. (5), since the former is 
consistent with the approximation used in the 
derivation of the free energy. 

Generally speaking, an approximate proce 
dure can be introduced more properly in the 
derivation of the free energy than in the 
derivation of the distribution function. It i: 
often difficult for the true character of the 
approximation used in the latter case to be 
revealed and this approximation often leads t 
the results having the self-inconsistency a 
discussed in the previous paper. 


An interesting application of Eq. (10) is 
ound in the cell theory of liquid state, where 
t is difficult to apply Eq. (5) and more intui- 
ive procedures are usually adopted in order 
© derive the distribution function. This is 
Hue to the fact that Eq. (10) is applicable ir- 
‘espective of underlying models upon which 
the theory is based. 

Formula (10) has the drawback that it is 

yot applicable to the case where the expres- 
sion of the free energy is not known as the 
functional of interaction potential. Especially 
t becomes powerless in the case of quantum 
ideal gases, where the interaction potential ¢ 
does not exist and g(7) differs from unity due 
to the symmetry effect alone. Ideal gases 
must be considered as the limiting case where 
@ tends to zero if it is tried to apply Eq. (10). 
Mowever, such a method cannot be carried out 
unless the theory of quantum fluid is given. 
- The author would like to express his appre- 
ciation to Professor A. Harasima for his 
continual encouragement and helpful discus- 
sions throughout this work. 


Appendix I 
Expression (18) for the approximate free 
energy will be derived here. The following 
procedure is analogous to one which was used 
by Montroll and Mayer” in calculation of 9(7”). 
The free energy A of classical fluid is given 
py Eq. (17), 2. e., 
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The irreducible integrals B»’s are defined by” 


Bn= 1 S\W\W--- >) WD ais dridrs---dra 
niV N+1>i>j>1 


All products which are more 
than singly connected 


where 
Hi j=A ij) =E- OC kT] 

Among many terms composing Bn, only the 
terms of the following type will be considered: 
i = s 29 | WyoQo3° > Ans, 1 dr(drz- ° - AT n+1 . 

niV 
There exist m!/2 such terms in Bn. Then 
approximate irreducible integral Brno which 
involves only terms as shown aboye, is 


Le 
Bm="5 Sal 


x Jase: : Ans dn drs: Ong Gin 


eal O:0 [isan C *An+1 1dr arr- --d¥n ) 
which can be calculated by the use of f(z) 


defined by Eq. (19) as follows: 
Bro= 5 njomnil” wB"(u)du , for n=2. 
: (I-3) 
The above procedure is not valid for 2=1. 
The correct expression should be used for 10: 


B= A= 2n | rPa(r)dr=(27)3/?B(0) . (I-3’) 


—0o 


The simple chain approximation to the free 
energy is to use Bx instead of f» in the right- 
hand side of Eq. (I—1). Then the summation 
with respect to ” can be carried out as fol- 


A LANG 1 lows: 
A tog Bg 8 3 hyo 
Net QnmeT) e wai ntl ie pew Ne if e o la 
(I-1) Pa panel 0 ae e Cunilas 
Se we Bleud{(2n)ap(u)}rdue+ {(2n)" ACO) x" 08%(u) deh Jae 


QV 2 \ oo 1—(27)*/2xB(2) 


ie: 


At : ie ee du The weprandu | « |de 


ma ges | log Rn" 9Blud le — aaa \_ weed 


0 87 
+5] Gn y800) —n\" u? 3? ade | : 


Hence the approximate expression A, for the free energy is obtained as follows: 


Ay a ( aw = ye 
NT 3 Qam«T é 


; [conyr8(0)— nl" 


UB ade | 


ee a 1 eee = 
an ee | & log [1—(27)*/? pB (a) |du + 5/oq | tebe : (I-4) 


toy" \\= 
which is the one given by Eq. (18). 
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Appendix I 


Equation (30) for S(z) will be derived here from Eq. (32). The method of our calculatio: 
is taken from Zubarev’s paper!. Our object is to calculate 


| vee [ou0-u00" dr, +++ drw 


|. fowtans --- drs 


{0k0-k>= 


For brevity we shall write the wave function given by Eq. (27) as 


go= exp {—4 x Gk OkO-kY 5 (II-: 
where 
1 
a= ao | (11-3 


and SY means that the summation is carried out over the semi-infinite region of & in which 
k 


z-component k, is positive. 
The denominator of Eq. (II-1) can be written as follows: 


| 2 Jorar: dry a{ as |" exp| — 2 aupo-x} Do, omy) donden,  -# 


— co 


where 
cd i i af . 
D+ ++, Oks" =| . i IT 0 (o S PR = cos kr;) 6 (= — VN sin kr dr, --dry (II-5) 


and 
On=OK+tCp, O-K= OK, T-k= —Th 


and JI’ is the product of which meaning is similar to ’. The function D(---, og,---) is 


. k . . k 
a kind of Jacobian for the transformation from (m, ---, rv) to (--+, ox, -+-). Use of the Fou- 
rier representation of 0-function leads to 


+ co +00 , N 
es =: Bigs es dal se | ex “we{\ exp] — 77 = ao,e'kr Jar TT’ ded By : (11-6) 


—oco —c 


where 
On=Qy,—1B,, A-~=ax, and B_~=—B;,. 


When the expansion 


1 in A 2 1 / —in\3 


VN ky +k2+k,=0 
is used in the integrand of Eq. (II-6), D(---, ox, +++) is expressed as: 


Let 03 
Don aft es Sy a ee ae 
Hs 3!VN kj +k,+k,=0 OKO OKO PKs te Dy( » Pk, yi (II th 


where 


Dy(- ++, Ok, +7) = ve | exp in > OROK— a Louw} dandy (II-8 
te 3 k . 


— oo ) 
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Che integration of the right-hand side of Eq. (II-8) can easily be carried out: 


) 


Dios ob, + = V¥ exp] —2(onp-e-+logn) (11-9) 


As the first approximation we use D,(---, ox, +++) in place of D(---, ox,--+) in Eq. (II-4). 
Then 


+00 +00 
| +e [evan --dry ~| tee \ exp] —D/aued-t LD Pk, **-) HT’ do;.dri, 


Cs) — oo 


ae 1 ft (+o , 
SSyih [ | aad! exp {lat 1) (on +12) donde | 


iq k 7 —oco —co 
1 
= VW" I’ ———_=V"Il' 2,2. = 
pati V TT k (II-10) 
| In the same way, the numerator of Eq. (II-1) is calculated as 
| i Jouo-aevtdr: --drw=V* hi? IT" Axe? ({I-11) 
Therefore we finally obtain, as the first approximation to <o0_,>, 
(0K0-K>~ Ax? (II-12) 


which is identical to Eq. (30) for S(k). 
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Submicroscopic topographies of oxidized stibnite and of etched zinc- 
blende were examined by electron microscopes. Crystallites of antimony 
oxide formed on stibnite have a roof-like shape bounded by two well- 
developed and four less developed {111} faces. This is in agreement 
with the conclusion drawn previously from electron diffraction study 
(Miyake, Sc. Pap. I. P. C. R. 34 (1938), 565). The direct observation 
by electron microscope gives some further information on the growth of 
the oxide. Zincblende surfaces etched by hydrochloric acid has a shape 
which is slightly different from the negative triakis tetrahedron inferred 
from electron diffraction study (Uyeda et al., Proc. Phys.-Math. Soc. 
Japan 24 (1941) 1049). In the diffraction patterns from this surface, 
structures of reflexion spots finer than those previously reported were 
observed and analysed by the theory of the dynamical refraction effect. 


Introduction 


$1, 
When crystallites have a well-defined exter- 
nal shape, the electron diffraction spots show 
fine structures. By observing such fine struc- 
tures submicroscopic topography of crystal 
surfaces were studied before the advent of 
the electron microscopy. The results ob- 
tained in this way seem to be convincing, but 
they are after all indirect. Therefore, it is 
of interest to re-examine by electron micro- 
scopy the surfaces which were previously 
studied by electron diffraction. In the present 
paper the following two surfaces are examined. 
(i) Oxidized surface of stibnite (Sb.S;) 
Miyake» concluded that crystallites of 
antimony oxide, Sb,03, which were formed on 
cleavage faces of stibnite grew into characte- 
ristic roof-like protrusions elongated along 
[001]-axis of stibnite and bounded by octahed- 
ral planes as illustrated in Fig. 1. 
(11) Etched surface of zincblende (ZnS) 


Uyeda et al®. concluded that when clea- 


1] 


(i) Mt) 
—_—” 
H001 axis & un 
ee (URN) 
stibnite 
aes Ps 
stibnite 
Fig. 1. Fig. 2 


vage face (110) of zincblende is etched by 
hydrochloric acid it consisted of minute face: 
of the negative triakis tetrahedron”, a form 
composed of {211} faces (Fig. 2). When, how 
ever, the same surface was etched by nitric 
acid it consisted of minute faces of positive 
and negative triakis tetrahedrons. 

In the present paper it will be shown a: 
first that the antimony oxide grows in the 
form exactly as concluded by Miyake and ther 
the zincblende surface etched by hydrochloric 
acid is made up of faces slightly differen: 
from those of negative triakis tetrahedron 
In a later part of this paper structures 0: 
diffraction pattern finer than that observed b3 
Uyeda et al. will be discussed in detail. 


§ 2. Experimentals 
(i) Specimen Preparation 

The specimens were prepared following the 
methods adopted by the original observers. 
a) Oxidized surfaces of stibnite 

Small pieces of stibnite, about 1x1 sq. cm 
in area and 1~2mm. in thickness, were clef 
off from larger crystals and oxidized for fron 
1 to 60min. in an open electric furnace a 
temperatures about 280°C. 


b) Etched surfaces of zincblende 


Small pieces of zincblende, about 1x1sq 
cm. in area‘and 1~3mm. in thickness, wer 
cleft off from a crystal block, and etched by 
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tydrochloric acid at about 80°C and by nitric 
cid at room temperatures. 


ii) Method of Observation 


The surfaces prepared were studied with 
EM-5 electron microscope by the transmission 
nethod utilizing a replica technique and by 
he reflexion method as well. Each specimen 
vas ascertained before electron microscopy 
hat it gave electron diffraction patterns of 
he characteristic fine structures as described 
oy the original observers. 

il) Replica Technique 

- Specimens of stibnite became so fragile by 
yeating that it was difficult to apply the con- 
ventional replica techniques. Among other 
iulternatives, metallic collodion negative re- 
dlica®? backed by reinforcing ethocel film gave 
the best result. Chromium-shadow was cast 
‘rom the direction of [100]-axis of stibnite. 

For zincblende specimens, a composite metal- 
ic film replica was prepared as follows: A 
nould of the specimen surface was made of 
1 polystyrene plate of thickness about 2mm., 
which was heated up to 150°~ 160°C with 
compressed to the specimen surface, and then 
the mould was chromium-shadowed from the 


lirection of [110]-axis of zincblende. Finally, 
in aluminum film was deposited on it. The 
composite metallic film was separated from 
yolystyrene by immersing in benzene. 


.3. Results 
i) Antimony Oxide formed on Stibnite 


Photos. la and 1b show two transimission 
slectron micrographs of the surface. Photos. 
a and 2b reproduce reflexion micrographs 
ybtained with incidences of electrons nearly 
erpendicular and parallel to [001]-axis of stib- 
lite, respectively. 

In Photos. la and 1b, it can be found that 
1 number of parallel roof-like oxide protrusions 
tand out in relief from the substrate*. The 
ngle between the two edges at the ends of 
he protrusion (Photo. la) is about 110° as il- 
ustrated in Photo. la and this agrees well 
vith the calculated angle 109° 28’ between 


he projections of [101]- and [101]- axes to the 
leavage surface. Thus Miyake’s conclusion 


* In our previous experiment® utilizing collodion 
me step replica, only a round edge was observed 
t the top of oxide roofs on account of the unfaith- 
ulness of the replica. 
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(b) 


Photo. 1. Antimony oxide (Sb.O3) formed on the 
cleavage surface of stibnite (Sb.S3) heated at 
280°C for 30 min. in atmosphere. 


Note the lamellar growth of the octahedral faces. 


Photo. 2. Reflexion electron micrographs of Sb.O3 
crystals formed on stibnite cleavage face (010). 
Electron incidences nearly parallel to (a) [100]- 
and (b) [001]-axes of stibnite. 
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is clearly verified. Photos. 2a and 2b show 
also the existence of such protrusions, though 
it is less obvious because of the fore-shorten- 
ing of the image and poor resolusion. 

In Photo. 1b, which is a surface heated for 
30 minutes, it can be seen that, besides well 
developed oxide protrusions of lateral size 
about 1 micron, there are many much thinner 
protrusions of lateral size of a few hundred 
A, having an external form similar to that 
of larger ones. After oxidation of less than 
5 minutes, only such thinner protrusions were 
observed on the surface, and such surfaces 
gave the most clearly the characteristic fine 
structures of diffraction spots as found by 
Miyake. When the time of oxidation was 
longer than 5 minutes, protrusions of a larger 
size appeared. However, protrusions of late- 
ral size larger than 1 micron were scarce even 
after one hour oxidation. In spite of variation 
of oxidation time, the lateral sizes of almost 
all protrusions were either a few hundred A 
or about 1 micron. Thus it seems that 1 
micron is the limit of the lateral size of the 
protrusion and that the lateral growth from a 
few hundred A to the limit is very rapid. 


(ii) Etched Surface of Zincblende 

Photo. 3 shows the transmission electron 
micrograph of a surface of zincblende etched 
by hydrochloric acid. Photos. 4a and 4b are 
reflexion electron micrographs of the same 
surface. Photos. 5 and 6 are electron diffrac- 
tion patterns produced from the same surface. 
The directions of electron incidence for Pho- 
tos. 5 and 6 were almost the same as those 
for the micrographs Photos. 4a and 4b, res- 
pectively. The reflexions in these electron 
diffraction patterns show in general streak- 
like elongations as observed by Uyeda et al.*. 

In Photo. 3, there can be found 
shapes with an angle of about 70°. A faint 
line bisects each of the wedges. The apex 
angle of the wedges observed in Photo. 4a 
and the angle between the streaks of diffrac- 
tion spots in Photo. 5 are equal to 90°. The 


wedge 


Uyeda et al. considered that the streaks of 
diffraction spots were due to the refraction effect. 
Thus the streak should be elongated along the 
direction perpendicular to the edge at which the 
two boundary faces penetrated by the electron 
beam intersect each other. More detailed obser- 
vations and discussions will be given in §4 and 
§ 5, 
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wedge found in Photo. 4b is composed of eal 
edges, one being vertical and the other meet- 
ing the vertical one at an angle of 56°~57°. 
The streaks in Photo. 6 are elongated exactly 
perpendicular to these two edges. 


Photo. 3. (110) surface of zincblende (ZnS) etchea 
by hydrochloric acid at about 80°C. 


(b) 


Photo. 4. Reflexion electron micrographs of etch- 
ed (110) surface of zincblende with electron 


incidences parallel to (a) [001]- and (b) [110]- 
axes. 


When we look at the negative triakis tetra- 
hedron along [I] [110]-, [II] [001]- and [Ij 
[110]-directions, there will appear wedge shapes 
as follows (Fig. 2): [I] a wedge of apex 
angle 70°34’, bounded by edges [011]- and 
[101]-axes. It is bisected by the edge line 
[113]-axis, [II] a wedge of apex angle 90° 
bounded by [011]- and [101]-axes and [III] a 
wedge of apex angle 64°50’ bounded by [113}- 
and [001]-axes. 

The wedge shapes found in Photos. 3 and 
4a agree exactly with the wedges [I] ane 


-= 


(a) 


— 

“~~ 
om 

tat 


(b) 


Electron diffraction patterns of etched 
(a) and (b) are 


Photo. 5. 
(110) surface of zincblende. 


taken, respectively, with a- and b-incidences 
defined in § 4. 


Photo. 6. Electron diffraction pattern of etched 


(110) surface of zincblende with electron inci- 


dence parallel to [110] axis. 
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[II], respectively. The apex angle of wedges 
in Photo. 4b, however, is different decidedly 
from that of the wedge [III]. Thus, we see 
that the protrusions on the etched zincblende 
surface have a form which is slightly diffe- 
rent from the negative triakis tetrahedron. 
If we assume a form composed of {655} faces, 
there appears in the third view a wedge 
bounded by the edges [001]- and [55 11] -axes, 
the angle between them being 57°14’. In the 
other two views, this form gives the same 
wedges as those of the negative triakis tetra- 
hedron. Thus we conclude that the etched 
surface of zincblende is composed of {655} 
faces. 


Photo. 7. (110) surface of zincblende etched by 


nitric acid. 


Photo. 7 shows an electron micrograph of 
(110) face of zincblende etched by nitric acid. 
In this case, rough faces having indices {100} 
and {112} are revealed in the electron micro- 
graph, but clean-cut feature as supposed by 
Uyeda et al. can not be detected. 


§4. Fine Structure of Electron Diffraction 
Pattern of Etched Zincblende Surface 


Photos. 5a and 5b were taken with incident 


electron beams in plane of incidence (110). 
In both cases Bragg condition was exactly 
satisfied for (220)-reflexion. In Photo. 5a the 
electron beam was along [001]-direction (a- 
incidence) and in Photo. 5b, along [001]-direc- 
tion (b-incidence). 

Each streak (Photos. 5a and 5b) shows a 
fine structure containing two or more spots. 
The fine structure depends not only on indices 
of reflexions but also on the direction of the 
The relative position of 
in the two patterns 


incident electrons. 
reflexions is different 
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(Photos. 5a and 5b); for example, the halation 
spot of (220) reflexion is under (Photo. 5a) or 
above (Photo. 5b) the dashed lines joining the 
cross points of streaks in (400) and (040). 

It is found that such details of reflexions 
“vary considerably according to slight varia- 


eee 


5 
biiiitrs: 
(a) (b) 
Photo. 8. Variation of fine structures of {400} 
reflexions. (a) and (b) are taken, respectively, 


with a- and b-incidences defined in $4. Num- 
bers 1, 2, ..., 5 indicate settings of crystals 
given in Fig. 3. 


tions of the crystal setting. A series of 
variations of (400) and (420) reflexions are 
reproduced in Photos. 8 and 9*. There, the 
angle of incidence was varied without chang- 
ing the plane of incidence. Numbers 1, 2,---, 


* Duplicated parallel streaks of very small se- 
parations (Photos. 8 and 9) are considered to be 
due to domains of slightly different orientations. 
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5 correspond, respectively, to the crystal sett-) 
ings for which Ewald’s sphere intersects the} 
(hhO) reciprocal lattice plane along circles 1,, 
2,---,5 shown in Fig. 3. The circle with a} 
dot in each photograph indicates the position) 
of reflexion due to the simple Bragg’s law.. 


ST RY 


% 


(a) 

Photo. 9. Variation of fine structures of {420} 

reflexions. (a) and (b) are taken, respectively, 

with a- and b-incidences defined in §4. Num- 

bers 1, 2, ..., 5 indicate settings of crystals 
given in Fig. 3. 


One division of the scale in the photographs 
corresponds to 0.1mm. on the original plates 
which were taken by a diffraction camera 
with specimen-plate distance 29cm. and with 
an accelerating voltage 50 kV. 

It can be seen that the cross point of the 
streaks deviates in general vertically from the 
position of simple Bragg reflexion and the 


1957) 


i 


a) a-incidence** 
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Table I. 


: SSS ss Fone oe es 
(hkl) | 1 | 2 | 3 4 | 5 
—— — - = = — = —~ - — — — = = = _— — — — ——————— = \ — 
(200) 0.05 mm. —0.05 mm. =0.07mm, | 0.09 mm. | 
(220) 0.04 | = O07 =i 12 ~0.16 | ~0.17mm 
(400) 0.26 0.11 0.07 0.04 | 0.02 
(420) 0.25 0.11 0.05 ~0.07 | vari RONG 
(440) 0.39 0.21 0.12 0.07 | = ONO4 
b) b-incidence** 
| eS Ses aan sea eokige 1) iy Viger! 7 ao 
(hkl) 1 2 3 4 5 
(200) —0.11mm. —0.09mm. | ; yee ; 4 
(220) —0.26 —0.15 0.02 mm. 0.07 mm. 
(400) 0551 =0.28 6.11 —0.02 0.09 mm 
(420) —0.42 ~0.21 
(440) | —0.59 —0.35 O18 0.12 
* Number 1, 2, ..., 5 indicate the crystal settings defined in Fig. 3. de aa 


** a- and b-incidences are defined at the beginning of § 4. 


(220) Xx 


(220) 
Fig. 3. The definition of settings of crystal in § 4. 


deviation varies according to the angle of in- 
cidence. Observed values of the deviation 
are tabulated in Table I, where+ and —signs 
indicate up- and down-ward shifts, respectively. 


§5. Theoretical Consideration 


A Bragg reflexion from a crystallite of a 
well-defined external form splits into a multi- 
plet, since it is deviated from the position of 
simple Bragg reflexion by the prism action of 
edges of the crystallite. If there exist some 
minute irregularities or curvature on the faces 
of the prism, the deviation may have various 
magnitudes resulting in a set of streaks. 


Through such a consideration, which is origi- 
nally pointed out by T. Yamaguti?, Uyeda et 
al. explained the streaks in the diffraction 
pattern of etched zincblende surface. 

At the data of the study of Uyeda et al., 
only the effect of simple refraction was known. 
At present, however, it is well known that 
there occurs the double refraction effect which 
is explained by the dynamical theory of elect- 
ron diffraction. For this effect, which was 
originally pointed out by Sturkey®, Kato” has 
given a refined theory. Experimentally it was 
studied in detail by Honjo and Mihama!1) 
and by Moliére et al.}»-18.1, It may be of 
interest to examine the observed details of 
reflexions (See § 4) in the light of this theory. 

According to Honjo and Mihama!™, the 
deviation of a reflexion from the directions 
predicted by simple Bragg law can be calcu- 
lated by refering to a co-ordinate system (, 
7,€), where €-axis is the normal to the re- 
flecting lattice plane, &-axis is the intersection 
of the lattice plane with the plane of incidence, 
and y-axis is perpendicular to € and €. The 
angular deviation is given by 


AD? Qa —{e-0n-Syt+(Oo nV 1 +e? Vin} ) 
ag) @) = —{e-bn-Set(OotOnV 1+e? jie} , 
(1) 


where a, and ae are 7- and €-components of 
the angular deviation, respectively; and the 
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superscripts (1) and (2) correspond to + and 
— signs, respectively. 
d= Vol2E,- n= Va2E., 

V) being the mean inner potential of the crys- 
tal: Vz», the h-th Fourier coefficient of the 
periodic potential of the crystal; and £, the 
accelerating voltage of the electron. s,.¢ and 
t;.¢ are parameters which are given by 


sp=(mfl+m'l) , 

ss=(nfl+n’/l’) , 

t=(m/l—m’ I’) , 

te=(n/l—n’ I’) , 
where (/, m,) and (l’, m’, n’) are the direc- 
tion cosines of the outward normals to the 
entrance and exit faces of the prism, respec- 


tively. ¢ is a parameter which represents the 
resonance error. It is defined by 


€-On=Q-4@ , C2.) 
where @ is the Bragg angle and 40, the de- 
viation from Bragg angle. 


: P(2q,y;) 


Fig. 4. (X, Y)-plane is (hh0) reciprocal lattice 
plane. P(a,%1) is a reciprocal lattice point 
(hk0). C(O, yo) is the center of circle along 
which Ewald’s sphere intersects (hh0) reciprocal 
lattice plane. 


When the plane of incidence is (110), e for 
reflexion (hk0) can be calculated as follows: 
Under the present condition Ewald’s sphere 
intersects (X, Y)-plane along a circle having 
the center C(0,y) on Y-axis (Fig. 4). If 
Bragg condition is satisfied exactly, the cen- 
ter of the intersecting circle is on line MN, 
MN being the perpendicular bisecthor of OP. 
Thus 4@ is given by 


40 =(0Q—OP/2)/K , 
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Since 9=OP/2K, 9-4@ is given by 
Eve 
4k? 


where K is the length of wave number vec-- 
tor of electrons. Values of Vy) is known to 
be 12 volts!» and V; are calculated from the } 
known atom form factors as follows. 


@-40= (YiYo—e—917)., (3) 


(200) | (220) | (400) | (420) 


| 
| 
| 


(hkl) (440) 


| 
Vy | 1.79 V | 7.02V 


4.49 v 1.06 V| 2.78V 


(a) 
lie st Be oe 


Fig. 5. Double refraction multiplet of {400} re- 
flexions calculated for (a) a- and (b) b-incidences. 
Numbers 1, 2, ..., 5 correspond to settings of 
crystals given in Fig. 3. 


Sy.¢ and ¢,.¢ can be calculated easily from the 
known external form of crystallite. Thus, the 
theoretical multiplet structure can be known 
if the parameter y is given. 

The results for (400) and (420) reflexions 
are shown in diagrams of Figs. 5 and 6, res- 
pectively. Figs. 5 and 6 correspond to Photos. 
8 and 9, respectively, and they are given in 
the same scale. In these diagrams two spots 


(a) ea (b) 


Fig. 6. Double refraction multiplet of {420} re- 
flections calculated for (a) a- and (b) b-incidences. 
Numbers 1, 2, ..., 5 correspond to settings of 
crystals given in Fig. 3. 
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caused by a double refraction are joined by 
a thick line and the position of simple Bragg 
reflexion is indicated by white circles. 

The following facts are in qualitative agree- 
ment with the observation. 

(i) The separations between two spots of 
doublet are from 0.05 to 0.8mm., which are 
the same order of magnitude found in Photos. 
8 and 9. 

(ii) The cross point of lines joining doublets 
deviates vertically from the position of simple 
Bragg reflexion. Values of the deviations are 
tabulated in Table I]. They agree with the 
values in Table I in the order of magnitude. 
(iii) The arrangement of component spots 
around the cross point is different consider- 
ably for a- and b-incidences of the same re- 
sonance error. 

Diagrams (Figs. 5 and 6) are calculated 
under the assumption that only one strong 
reflexion is excited. Practically, however, 
many reflexions are excited simultaneously 
because the observation was made for plane 
of incidence (110) which is highly symmetric. 
Under such condition, there should occur more 
complicated effects than double refraction, re- 
sulting in a considerable variation of the 
effective values of Vo and V2. Thus we 
must satisfy with the qualitative agreement. 


Table II* 
(hkl) 1 | 2 3 | 4 5 
(200) | +0.01 mm 0.01 mm +=0.01 mm. +£0.06 mm. 
(220). «| ~~ ~=+£0.04 +£0.03 +£0.10 £0.15 |) $0.32 mm, 
oy Te 2090 \ecabeeOyi +£0.10 +£0.05 | £0.05 
Gey 0.47 MPR arya +£0.14 £0.03 £0.35 
(440) | +0.44 40.31 +0.15 +£0.13 


* Numbers 1, 2, . 


The fact that the observed reflexions are 
different for a- and b- incidences can be ex- 
plained neither by the simple theory of re- 
fraction nor by Sturkey’s theory of double 
refraction. In these theories, the deviation of 
a reflexion spot from the position of simple 
Bragg reflexion is given by a vector sum of 
two deviations at the entrance and exit sur- 
face, the sum being a vector along (ty, 2%). 
This quantity is independent of the directions 
of incident electrons, (a) or (b). According to 


.., 5 indicate the crystal settings defined in Fig. 3 and upper and lower signs 
correspond to a- and b-incidences respectively. 


the theory of Kato, the refractive index is 
different for entrance and for exit of elect- 
rons, as pointed out by Honjo and Mihama. 
Each deviation at an entrance and exit is a 
sum of two vectors, one along s(s», sz) and the 
other along ét,,z¢¢). Since the change of s 
and ¢ is asymmetric for the interchange of 
the entrance and exit faces, the asymmetry 
of the reflexions for a- and b- incidences ap- 
pears. The asymmetry disappears only when 
Bragg condition is satisfied exactly, i.e. e=0. 
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The present author examined also the fine 
structure of reflexions from Sb,0O;. They 
could not, however, find any structure finer 
than that was observed by Miyake which was 
interpreted by himself by the simple theory 
of refraction. This fact seems to contradict 
the theory of double refraction. It can be re- 
conciled, however, when we assume that one 
of spots of the refraction doublet is so weak 
that it cannot be observed. Such an effect 
was first pointed out by Honjo and Mihama™ 
for low order reflexions of cadmium oxide and 
was explained as due to the imaginary inner 
potential. The theoretical basis of the imagi- 
nary inner potential was recently given by 
Yoshioka™. It is highly conceivable that the 
effect is more predominant in antimony oxide 
than in cadmium oxide, since the atomic weight 
of antimony oxide is larger than that of cad- 
mium oxide. 
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The impedance of bulk semiconductor in a junction diode, as defined 
as the “imref drop” for majority carrier divided by the total current 
through the junction, is calculated by using the low-level solution of 
minority carrier and is shown to have an inductive reactance, which 
becomes more and more dominant over the capacitive reactance of the 
impedance of the junction proper so that the impedance of the whole 
diode turns inductive as the injection level rises. 


Introduction 


Sh 


In discussing the small signal current 


* Now at Tokyo Tsushin Kogyo, Ltd., 351 Kita- 
shinagawa-6, Shinagawa-ku, Tokyo. 


voltage relation of the forward-biased junc- 
tion diode, it is a common practice to treat 
the junction as consisting of the junction 
proper and the pure resistance of bulk semi- 
conductor. The junction proper was studied 
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by Shockley and his co-workers») both theore- 
{ tically, and experimentally, and can be repre- 
‘sented by te equivalent circuit of a parallel 
connection of a resistance and a capacitance. 
But it is only a custom since the “ pre-transis 
tor” age to regard the bulk impedance as 
purely resistive. In the junction diode made 
of transistor material, the majority carrier 
density is modulated, according to the elec- 
trical neutrality condition, by those injected 
/ minority carriers which are essentially re- 
sponsible for the rectification property of the 
junction. Also, while the current is carried 
by both majority and minority carriers in the 
vicinity of the barrier layer of the junction, 
its minority carrier component becomes less 
and less as a result of recombination of 
minority carriers, with increase in distance 
from the barrier. The situation in the bulk 
semiconductor is rather complicated. The 
purpose of this paper is to treat the process 
in bulk semiconductor. 

The calculation, which is valid only at 
small forward bias current, shows that the 
impedance of bulk semiconductor is inductive 
and becomes comparable to that of the junc- 
tion proper as the bias current increases. 
These results are qualitatively correct even 
if one takes into account the various high 
injection level effects, for the corrections due 
to these effects are of a small factor in the 
light of the high level behavior of the emitter 
junction in a transistor.» 


§ 2. Definition of Bulk Impedance 


There has been used an expression “IR 
drop in bulk semi-conductor”. But it is used 
rather vaguely. We must give it a clear-cut 
definition. In doing this we follow Shockley’s 
imref method. 

The imrefs, or quasi Fermi levels for elec- 
trons, ¢n, and holes, g», are a very con- 
venient tool in discussing the problem where 
both the drift and the diffusion currents are 
involved. According to Shockley the current 
densities carried by electrons and holes, J, 
and J,, are expressed in terms of imrefs by 


In=—GQ/'n nN grad Gn , Cay 
In=—Q»f grad > , (2) 


where q is the elementary charge, /n and “Hp 
are mobilities of electrons and holes, and 
and p are electron and hole densities. The 
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formulae are the same as that for the current 
density in terms of electrostatic potential in 
an ordinary conductor in which only the 
drift current exists. The convenient point is 
that we can discuss the problem, at least 
formally, without particular knowledge of 
whether the current is by drift or by diffu- 
sion. 

The important properties of the imrefs, 
which are apparent from their definition and 
which we shall use in the following discus- 
sion, are 

(1) Their gradients are much larger in the 
minority region* than in the majority 
region.* 

(2) @n and gp merge into the Fermi level 
where carrier densities assume thermal 
equilibrium values. 

Using these properties, we can figure out 
the behavior of gn and ¢» in a forward- 
biased junction diode, as shown in Fig. 1. 
The externally applied bias, og, is the dif- 
ference of Fermi levels in the contact elec- 
trodes. Beneath the contacts, where the 
minority carriers injected through the barrier 
layer of the junction have died away, ¢n and 
¢%» coincide according to (2) and assume the 
same values as the Fermi levels in the con- 
tacting electrode metals. Both gn and gp 
must change by dg in going from the #- 
region contact to the m-region contact. But 
there is considerable difference in the way of 
changing between ¢n and gp». According to 
(1) gn changes mainly in the p-region and gp 
in the #-region. As a result we have a bow- 
shaped figure. The width of the bow at the 
barrier layer, Og;, is the effective part in 


N-REGION 


P-REGION 


-Xq Xb 


Fig. 1. Imref diagram of a forward-biased junc- 
tion diode. The externally applied bias, dg, is 
divided into dyj;, the effective part in biasing 
the junction, and d¢n and d¢,, the IR drops, in 
bulk semiconductors. 


* We shall call a region as the majority or the 
minority region of the carrier according to weather 
the carrier under consideration is of majority or 
of minority in that region, 
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biasing the junction. The rest of d¢, d¢n 
and O¢», which are wasted in bulk semi- 
conductors, are the JR drops. 


When a small ac current J exp (dw?) is super- 
posed on the bias current, the ¢gn—@» pattern 
vibrates about the steady state one. The 
phase of the vibration is different according 
to location in semiconductor. Therefore ac 
parts of 0¢n, Ov» and dg; may have different 
phase with each other. Impedance of bulk 
are obtained by dividing 6¢n and dy, by the 
current 7 : 


AOR 
Zp = OGp/I ’ 


(3) 
(4) 


where the wave sign designates the ac part. 


§3. Calculation of Bulk Impedance 


Procedures of calculating a bulk impedance, 
Zn for example, are as follows. 


(1) Solving the continuity equations for 
minority carriers at a given value of 
Oyj, one obtains (a) and Jy(#) in the 
p-region, p(x) and J,(az) in the n-region 
and the total current through the junc- 
tion, Jy. This is a usual step followed 
in the theory of p-” junctions. 
Using results obtained in (1), one calcu- 
lates n(z) and Jn(z) in the m-region 
from the electrical neutrality condition 
and constancy of current throughout 
the semiconductor, In(z) = I) —Ip(zx), 
respectively. 
Insertion of (a) and Jn(a#) into and 
integration of Eq. (1) give d¢gn in the 
m-region. We obtain Z, from Eq. (8). 
These procedures are followed successively. 
Continuity equations for minority carriers 
have been solved by Shockly when 09; con- 
sists of de and small ac components, 


(2) 


(3) 


09;=09;+09; exp (tw?) , (5) 
where the bar means de component. The 
hole density in the -region 

D=PntDdo exp(—2/Lp) , (6) 
p=p, exp[—2(1+éwry)/?2/Lp], (7) 
where 

Po=hnlexp (qop;/kT)—1] ) (8) 


Di=(qbnO;/RT) exp (QoG;/RT), (9) 
ty and Ly are the lifetime and the diffusion 
length of holes in the m-region, pn is the 
thermal equilibrium hole density in the n- 
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region. The ac hole current in the -region 
is 


pale IPPs iaeyexp (- 
p 


Hole currents through the junction are 


Lop=GD vb o[Ln ’ (11) 
Lyo= (QDrP/L)(1+éorp)'/? . (12) 
The corresponding expressions for electrons 
in the p-region are obtained by interchanging 
p and n. 
From expressions derived in the preceding 
paragraph, 
n=p 
=p, exp[—a2(1+twty)/?/Lp] (13) 
and 
eh =t. (14) 
The constancy of the total current throughout 
the semiconductor used in Eq. (14) is easily 
verfied as in Appendix I. 
Equation (1) is rewritten for ac components 
as 


(15) 


The imref drop for electrons in the »-region 
can be obtained by 


0¢= aK Eee dz, . 


0 


(16) 


In performing the above integration, we as- 
sume that the low injection level condition 
prevails in the -region, namely, the electron 
density is not appreciably changed from its 
thermal equilibrium value, 2n: 


n=MNn . (17) 
Then 
ESE TS A (18) 
GinNn in 
where 
= le Tndx 
&~ Ipvy —IppLp|( tier)? , (19) 
_(% ~ don 
n=\’ n We dx 
2 ee (- flv, Ino ) 
Qertn\ V1ttor,  1+V1+ior,/ 
(20) 


The aprroximations are for the case when 
to > Ly. 
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The impedance of the m-region, Zp, is 


Zn=OGn/I A 
=Lm+Zn2t+Zns , (21) 
where 
Cine (22) 
aQLnNn 
Zno= siege 4) Too es ie 
BecntweidouV lesa y 
Ik; i 1 
= —-— _—", (23) 
GQLnNn 14-Ino/Inp V 1+ t%0t p 
nee Ly al i, 1 ioe it 
ee ES RT a 
EAL2NnNn Tev i +20T p 
Lyn Po 1 


Ultntn Nn TTRITs 
Ino il 
aMGerea naa. 
a a POLS j (24) 
(14+ V1+tor)V/1+ tot, |’ 

Zn is purely resistive and its magnitude is 
what is expected from conductivity, gunmn, 
and length, wz, of the wm-region. The 
magnitude-determining factor in Zn, Lp/ 
(dUnMn), is the resistance of bulk semicon- 
ductor whose conductivity is gn and length 
In. Namely only that part of the »-region 
which lies within Z, from the barrier layer 
contributes to this term. The phase factor 
of -Znz is the same as that of the junction 
impedance with its sign reversed. Hence, 
Zn, has an inductive reactance. Zn; is also 
an inductive impedance but it has another 
factor, Po/7%m, which is the ratio of the in- 
jected hole density to the thermal equilibrium 

electron density, P, 
=Po/rn . (25) 


=10 5 20:9) -0-8 


Fig. 2. Bulk impedance of the alloyed junction diode 
plotted on the complex plane with frequency as a para- 


meter. 
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The radio of three terms is 


Zen (2 Lael 2 | Zane | ~ wap eee (26) 
The impedance of the p-region is obtained 


by interchanging 2 and p, 


Zp= Oho) I 
=Zyt+Zp2+Zp3 ; (27) 
where 
Qi 
oe (28) 
‘ At p 
Ln 1 1 
1 Li a ae : (29) 


dtyPp 1+ belles V /T. 7 ee 


—— —4 Von 5 IL 
ae) L3=— ees 


GLP» Do i ites 


J, 1 
1 PO = ek, 
«(( oo Ino /1-+ t@tm 


1 
‘i aVieeine | | wy 


Their ratio is 
| Zp1 Pe | Zn» | : |Zp3 | fa talLn: Le N, (31) 


where 
N=M/Pp . (32) 
For the symmetrical p-m2 junction where 
Ino=Lno, 


dethig, Le il 
esiagelige 83 . 33 
oe i2 ELntn V1 be t0T ( 
L783 Sag ee Po 
DLnrtin Yn 


1 1 1 
(eo 2 A+V1+i0r Witte) 
(34) 
and the similar ones for the p-region, where 
T=Tn=Tp. 
In the alloy junction in which p-region is 
heavily doped, most of the current through 
the junction is carried by holes, i.e., 
Uys 
The f-region impedance is negligi- 
ble and the m-region one is 


V6, is 
Lin pes: z 35 
. nln ws ik +4 ioe y’ ( ) 
Ve Soe. mah Lig. 
< ALnNn Nn 1 ZT p 


il 
eee) é 
(36) 
In Fig. 2, Eqs. (85) and (36) are 
plotted on the complex plane with 
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frequency as a parameter. 


§ 4. Discussion 


In order to obtain more understanding on 
the subject, we shall investigate the inductive 
nature of the bulk impedance from another 
standpoint. We consider the transient re- 
sponse after the sudden increase of bias 
current. 

First consider the steady state of a forward 
biased junction diode. In a junction diode 
which is biased in the direction of easy flow, 
the minority carrier densities have maxima 
on the both sides of the barrier layer and 
decrease monotonically with the distance 
from it. The minority carriers flow away 
from the barrier by the diffusion process, the 
rate of which is determined by their con- 
centration gradients. On the other hand the 
majority carrier flow must be in the direction 
to the barrier in order to supply the opposite 
region of the barrier with the minority car- 
riers. This direction of majority carrier 
flow is opposite to what is expected from the 
distribution and the diffusion process, for the 
majority carrier distribution which has the 
same gradient with that of minority carriers 
owing to the electrical neutrality condition is 
favorable to flowing-away from the barrier. 
Actually an electric field exists in the bulk 
semiconductor and produces the drift current 
to overshadow the diffusion component of the 
majority carrier current. The effect of this 
field on the minority carrier flow is negligible 
at small currents, because the drift current 
is proportional to the carrier density and the 
minority carrier density is much smaller than 
that of the majority carriers at low level. 
Thus the minority carrier current is by diffusion 
and the majority one is by drift. When injec- 
tion level rises and the density of injected 
minority carriers becomes comparable to the 
thermal equilibrium one of majority carriers, 
the field which corrects the direction of the 
majority carrier flow grows up and its effect 
on the minority carriers becomes appreciable. 
Thus at high injection level the minority 
carrier current is composed of diffusion and 
drift components, both of which are of com- 
parable magnitude and have the same flow 
direction. 


Now let us consider the transient after the 
bias current through the diode is suddenly 


MISAWA (Vols zy 
increased by 47. At the moment just after 
the application of the step current, the dis- 
tributions of minority carriers and hence the 
minority carrier currents remain unchanged. 
Al is carried only by majority carriers. For 
example, in the m-region, p and J» remain 
unchanged but J, increases immediately by 
AI, since the electron current in the -region 
is by drift and can change its magnitude in 
a very short time by an inertia-less change 


in the field. In the differential of Eq. (1), 
don den ) 
4I,= n UN ie 7 a 7 -A at , 3 
du (4n - +n ( 7) 


4I,=AlI is responsible for the immediate in- 
crease in | 4(dgn/dz)| , 


| A(den/dzx) \¢=) = 4(den/dz), 
=Al/qunn , (38) 


with 42=0, where 4 designates the change 
after the increase in 7. Similarly in the p- 
region, the hole current increases immediate- 
ly and the rate of hole injection into the m- 
region rises suddenly. These extra holes 
which are due to the increased rate of in- 
jection begin to increase p and J» in the »- 
region. This re-distribution of holes is by 
the slow process of diffusion. At the same 
time 4m increases and 4J, decreases gradual- 
ly, due to the electrical neutrality condition 
and the constancy of current through the 
diode, respectively. This stage of transient 
is charging-up of the so-called diffusion 
capacitance of the junction. Finally all quan- 
tities assume new values which correspond 
to the new value of current. Increase in 4x 
and decrease in 47, during the whole tran- 
sient entail the decrease in | 4(dg,/dz)| from 
its initial value just after the application of 
the step current. Namely | 4(dg,/dz)| de- 


creases from its initial value given by 
Eq. (38) by 
A(dgn|/dx)s= (4p): =0/dHnn (39) 


due to the gradual decrease in 4p, by (in race 
and by 


A(dgen/dx)3=(An)1=2|(dgn/dz)| |n 
due to the gradual increase in 2 by 
(4)t-.©0=(AP)t-.. 


This behavior of the gradual decrease after 
the sudden increase in dg,» after the applica- 
tion of the step current means that the small 


(40) 
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signal impedance of the »-region has an in- 
ductive reactance. It is shown in Appendix 
II that 4(d¢gp/dx), is due to a pure resistance 
and 4(d¢g,/dz),+A(dgn/dz)3 to an impedance 
which has a negative resistance and inductive 
reactance at least at low frequencies. As is 
easily seen from their deduction, Zp: in § 3 
originates from the decrease in 4J and Zp; 
from the increase in 47. 

As is seen from the last part in Appendix 
II, integration and division by 4J of Eqs. (38), 
(39), and (40) determine the magnitudes of 
Zm, Zn2, and Zn3, respectively. Using this, 
we can estimate the dependency of the latter 
upon the injection level. (4/7,):-. and 4/J are 
proportional to P, as is seen from Eqs. (9) 
and (12) and their counterparts for electrons. 
Therefore as long as the injection level is 
low, 1.€. 22%n, 4(den/dzx), is proportional to, 
and the magnitude-determing factor in Zn: is 
independent of P. As for 4(d¢gn/dzx)3, both 
4n and dg,/dz are proportional to P, and so 
Zn; to P. When we substantialize this idea 
analytically for the alloy diode for example, 
the following expressions are obtained. 


os al ee In(1+P) ab 
Xb 


AL FDLnNn 
Aen, _ ; Ly = In(l+ P) (42) 
AI GUnNn IE ; 

and 
ee E ser is 
ary ELntMn 12 ‘ ( ) 


where we took into account the conductivity 
modulation and used 


N=Nn+(p— pn) 


=n(1+P exp (—2/Lp)) . (44) 


These can als be obtained if we set w=0 in 
the calculation in §3 and use Eq. (44). In 
the limit of P—0 they are in accordance with 
the results in § 3. 

' When injection level rises, the minority 
carrier current is enhanced by the above- 
mentioned electric field to a considerable 
degree. This changes the dependency on P 
of the quantities used in the calculation in 
the preceding paragraph and the rate at which 
the transient proceeds. But correction factors 
which are due to modification of the con- 
tinuity equation, may be of the order of 
unity. This is analogized from the high 
level behavior of the emitter junction of 


Impedance of Bulk Semiconductor in Junction Diode 887 


a transistor. In the emitter junction those 
deviations from the low level expressions 
which are to the field (excluding other high 
level effects) did originate from the doubled 
effective diffusion constant of the minority 
carrier in the base region and were at most 
by a factor of 2.2 In an (alloy) junction diode 
the situation is indeed, somewhat different from 
that in the emitter junction in a transistor. 
In a transistor the minority carrier distribu- 
tion in the base region is artificially deter- 
mined by another negatively biased junction 
(collector) which is near enough to the emit- 
ter for the ratio of minority carrier current 
density to majority carrier current density to 
be nearly constant and very large throughout 
the base region. While in the diode it is 
determined by the natural recombination of 
the injected minority carriers in the course 
of diffusion and drift away from the barrier 
and the whole current is carried by majority 
carriers at last, however high the injection 
efficiency may be. These differences are re- 
flected in the diffusion capacitance. In the 
emitter junction the charge of the injected 
minority carriers in the base region behaves 
as if it were the charge on one of the con- 
denser plates and the diffusion capacitance is 
obtained by differentiating it with the emitter 
bias® while in the diode only a part of the 
injected carriers is active and the capacitance 
is a half of the charge differentiated with 
bias.” This shows, however, the difference is 
not drastic and we can guess the behavior of 
a diode with the aids of knowledge of 
transistors. Therefore we are safe in con- 
cluding that the frequency and P dependencies 
of Zn do not appreciably deviate from the 
results in § 3 and the preceding paragraph. 

In this point it may be of interest to com- 
pare this bulk impedance with that of the 
junction proper, Z;, 


Z;=00;/Iy 
=(3$5[Lp) | (1+ Ino/Lv0) 
lke 1 il 


fod —— 


aa AEs SS ye SS (45) 
OLnPo 1 + Ing [Ivo wet = WT pb 


For the alloy junction 
Ly 1 


Apel te ats SE 
“ GunPy V1+tarp 
Ih 1 1 


- dLntn PV 1+t0t, 


(46) 
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Therefore we have 


| Zn2|:|Zn3]:|Z5| 
sg LaSLaa ipa 
iP ; Ee ea 
(47) 


In Fig. 3 we show the P-dependent factors in 
Z’s. At low injections level (P<1), where 
the above calculations are valid rigorously, 
Z; and Zn41+2Zp», are predominant and the 
equivalent circuit of the whole diode is a 
series connection of a capacitive impedance 
and a pure resistance. As level rises, the 
junction impedance becomes less and less 
important and the reactance of the whole 
diode is turned inductive, as is seen from 


Fig. 3. Variation of Zn2, Zn3 and Z; with the 
injection level, P, for an alloy diode. 


Fig. 3. For P=1, Z; decreases in a slower 
rate than the low level expression, Eq. (46), 
predicts, mainly due to the decrease in 
minority carrier injection. In this case also 
the essential nature of Eq. (45) does not 
change substantially, in the light of the be- 
hhavior of the emitter junction of the tran- 
sistor.» It is very probable that at high 
injection level the reactance of the whole 
diode becomes inductive. Actually the in- 
ductive nature of the impedance of the junc- 
tion diode was observed by many workers®-®) 
at large bias currents. 
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§ 5. Conclusion 


The small signal impedance of bulk semi- 
conductor in a junction diode was shown to 
have an inductive reactance by using the low 
level formulae. Although the reactance is 
small compared to the resistive part of the 
impedance, it becomes comparable to the 
junction impedance and makes the impedance 
of the whole diode reactive, as the injection 
level rises. 


Appendix I 


In this Appendix we prove that the current 
in semiconductor is source-free, i.e. constant 
in one dimension. The continuity equations 
for electrons and holes are 


gpa at div In, (Al) 
op. = a div Ip , (A2) 


where gn and J» are the rates of generation 
for electrons and holes. The time-dependent 
parts in 2 and p are equal according to the 
electrical neutrality condition, 


On Op 

or or 
The generation in this case is the mutual 
recombination of electrons and holes, there- 
fore the rates are equal, 

Jn= Jo 


Subtracting Eq. (A2) from Eq. (Al), 
obtain 


we 


div Un+Jp)=0 , 
which was to be proved. 


Appendix II 


We shall investigate the nature of an 
impedance Z(éw), when the voltage, v(2), 
developed on it increases suddenly by v, and 
later decreases gradually by v, after the ap- 
plication of unit step current as shown in 
Fig. 4. 

According to the Laplace transform theory,» 
there exists the relation, 


Z(s\/s)=-¥ [v2] , (A3) 


where .~ is the operator for the Laplace 
transformation, s the complex variable in the 
Laplace transform and 1/s the Laplace trans- 
form of the unit step function. Upon dif- 
ferentiating Eq. (A3) with ¢, we obtain 


See ee a a 


kK 
> | 
jaa) 
jad 
oe 
=) 
oO 
‘ O 
t — 
V2 
WW 
oO 
qt 
= 
= 
2) 
> 
i) 


pee 
Fig. 4. Transient voltage developed on Z (iw) 
after the application of unit step current. 


Z(s)—v(0)= fF [v’(2)], 
or 


z(s)=\" v(t) e-* dé-+0y . (A4) 


0 

The second term means that Z(iw) has a 
component of pure resistance, which originates 
from the initial increase of the voltage 
developed on the impedance. The first term 
is analysed as was done by Shockley in dis- 
cussing the negative resistance in a transistor 
structure. The resistance part is 


Re[Z(¢w)] = ; \ v’(£) cos wtdt 


int Lyd [ow sin wtdt (AS) 
2 @ So 


and the reactance part is 


a0 v(t) sin wtdt .  (A6) 
0 


Im[Z (¢@)] =— 
All that we know is that v’(4)<c0 for ¢>0. 
If the transient substantially finishes in the 
first half cycle of sine function, Eq. (A6) 
becomes positive and the reactance is induc- 
tive, and for such a low frequency that the 
transient fades away in the first quarter of 
the cosine function the resistance is negative. 
This is easily seen with the aid of Fig. 5. 
At higher frequencies we cannot obtain a 
definite conclusion only from negative w’(Z) 
for ¢>0; we must know the detail about 
the decrease rate of v(¢).1% Anyway an im- 
pedance has the negative resistance and the 
inductive reactance at least for low fre- 
quencies, when its transient behavior is as 
shown in Fig. 4. The impedance of bulk 
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semiconductor which was discussed in the 
text is of this kind. 


Now we shall find the initial and final 


value of the voltage developed on Zn in 


O 


ie 
Fig. 5. Factors of integrands in Eqs. (A 5) and 
(A 6) for a small value of w. 


Eqs, (21); (22), G5) cand (36) for an alley, 
diode when unit step current is applied. 
When f(s) is the Laplace transform of g(t), 
the following relations are valid. 

lim sF'(s)=lim g (Z) 

$0 too 
and 

lim sF(s)=9(+0) . 


Applying these relations to Eq. (A3) with 
Z=Zn, one obtains 


V;=Zn(@—> 00) 


=e (A7) 
and 
V1, —02=Z(w=0) 
= 1s 1 /bys 
=L2n1— Wap lr we 
GdLnNin 2 ELntin 
or 
i ee ee ge | (A8) 
GinIn 2 QUnNn 
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Rotational Lattice Vibration in Complex Crystals 
Part Il. Vibrational Modes in Optical Branches and 
Interaction with a Conduction Electron 
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Under the assumption that the anionic radical may be regarded as a 
rigid symmetric rotor, both the translational and the rotational lattice 
vibrations in the optical branches, which may be excited in isotropic 
complex crysta’s, are described on a macroscopic basis. 
results obtained on it, the relative magnitudes of the mechanical and the 
radiative energy densities in the crystal are discussed for transverse 
vibrational modes. In addition, the interaction of a conduction electron 
witn the rotational lattice vibration is investigated on the standpoint that 
the radiation field serves as a medium of the interaction. 

§1. Introduction 


In the previous part, we have investigated 
the modes of the rotational lattice vibrations in 
complex crystals by using the one-dimensional 
lattice and its effects upon the specific heat 
at low temperatures. This part deals with 
(1) the macroscopic theory of the translational 
and rotational lattice vibrations in optical 
branches which may be excited in isotropic 
complex crystals; the natural generalization 
of the Huang’s theory on the translational 
optical lattice vibrations in simple ionic crystals, 
(2) the relative magnitudes of the mechanical 
(translational and rotational) and the radiative 
energy densities in the crystal which intermix 
with each other in the transverse lattice vi- 
brations, and (3) the interaction of a con- 
duction electron with the rotational lattice vi- 
bration in the optical branch. 

Here we will concern ourselves only with 
the iosotropic complex crystals, whose unit 
cell consists of a point-like cation and a rigid 


anionic radical with central symmetry. Then 
we have no need to take into account the 
RA-branch (that is, the acoustical branch in 
the rotational mode), as shown in part I». 


§2. Lattice Vibrations in the Optical 
Branches 
Just as in the case of isotropic simple 


crystals», for isotropic complex ones the 
macroscopic theory of the translational vi- 
bration is also fully embodied in the follow- 
ing equations: 
w=bywtbeE, 
P= byjw+ bE, 


(2.1a) 
(2.1b) 


1/2 
) Wet, 


where re — Wy? ; da=ba= (OU 
4n 


w=nV NM. (2.2) 
E and P are the macroscopic electric field and 
the macroscopic dielectric polarization in the 
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crystal, respectively. wz is the Reststrahlen 
frequency, and & and &. are the static and 
the optical dielectric constants respectively. 
7 is the displacement of a cation relative to 
the adjacent radical, N’ the number of cation- 


radical pairs per unit volume, and M the 
reduced mass of the cation and the radical. 

In quite a similar manner, the macroscopic 
theory of the rotational lattice vibration may 
be embodied in the following equations: 


u=C)\Uu—CiLH , (2.1c) 
T=cntt , (2.1d) 
where 
C11 = — Ort” , u=OV NI, 
2 Z-eh 
en = XN Bu =e (2.3) 


Hand J are the macroscopic magnetic field 
and the macroscopic magnetization in the 
crystal respectively. © is the angular dis- 
placement” of each radical with the moment 
of inertia 7. J is induced by the rotational 
vibration of the radicals, then c.,; may be 
derived on the basis that the symmetric radical 


6 


y =W/ Wet 


Bay AN) (BS: 
C= Kac/wet 


Ona 


Fig. 1. Optical waves and lattice vibrations. 
a: light wave (trans.) without dispersion. 
b: light wave (trans.) with dispersion at long- 

wave limit. 
c: translational lattice vibration (long.) 


d: u ” ” (trans.) 

... approx. 
e: rotational lattice vibration (long.) 
f: ” ” ” (trans.) 

... approx. 
€9=3.2, Coo==2.05 BRAVE o=0.5 
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which has some point-like coordinated ions 
with mass M, and effective charge Ze (e: 
electronic charge), rotates around the center 


of mass with the angular velocity 6. In 
reality, the deformation of the electron cloud 
on the radical will influence the magnetic 
moment induced by the rotation of the radical, 
but this effect may be ignored here since they 
are quite negligible on account of the small- 
ness of the electronic polarizability of the 
ions. The physical meaning of w,: and the 
value of cj. are discussed later. (cf. Fig. 1 
and (3.12)) 

Let us seek the solutions, which satisfy 
the joint set of the lattice equations (2.la, b 
c and d) and the following electromagmetic 
equations, 


div D=0 , (2.4a) 
div B=0, (2.4b) 
ecurl E= —B " (2.4c) 
ccurl H=D , (2.4d) 
D=E+4rP, B=H+4r7I (2.4e) 
and have the following sinusoidal forms: 
wW=W 
P= P, 
Fart xexp [¢(kar—ot)] . (2.5) 
Uu=Up 
I= 
H=H) 
Substituting (2.5) into (2.la and c), we obtain 
pan ae (2.6a) 
—w?—by, 
= ee (2.6b) 
—o—Cy 


Inserting (2.6a and b) into (2.1b and d) re- 
spectively, we obtain 


Dy2bo1 
= los + — E ; 
* € —w—b,, 


T= C1200" H 
Cw" 


Using (2.7) and (2.5), we may transform (2.4) 
as follows. 


(2.7a) 


(2.7b) 


(Gab L+-drbat Spel [0 mae (228a)) 
—Oi, Vey) 2! 
(eset 1 ee le eee 
—Cy1- oO 


ibe Mee dg es ,  (2.8c) 


—Cy—w” 
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Arbisbas \E. (2.8d) 
—b,,—w? 


w satisfying (2.8a, b, c and d) simultaneously 
may be obtained as follows*: 


(1) When 


sew ae : (14 4rba+ 


1+42bo.+ Anbixbn _ 


—by, —w? 
(2.9) 


Then 
u=I=H=0 and &k,//E//P//w. 
In this case only the longitudinal translational 


mode with the frequency w:: may exist. 
(I) When 


1 peor 5 
Cail Cle 
eo? =O 2 | (2.10) 
where 
A=1—47642€2; < alt) 
Then 


w=P=E=0 and hk,//HA//T//u. 


In this case only the longitudinal rotational 
mode with the frequency w,. may appear. 

(IT) When (k,#)=0 and (kaH)=0, (EH)=0 
are concluded from (2.8c). Therefore, if we 
eliminate H and HW from the equations (2.8c) 
and (2.8d), then we obtain 


272 patton = 
TE EAN Cee 


a 4,2 —w? Ort? —@ 
C2502)) 


This equation gives three branches of w asa 
function of k,. At k,=0, (2.12) has three 
roots 0, 1 and wz, and for k,—o, there 
are also three types of solutions 


= eal) . For the question 
which one of the former three w values at 
ka=0 continues to one of the latter three w 
values for k,—oo, we cannot answer in 
general. There are several cases according 
as the magnitudes of wr, 2, @- and wp, 
and one example is shown in Fig. 1 for a set 
of given values of &,&., a and c=(@rt/on)2. 
Hereafter, when we want to discuss the 
characters of these six branches for the limit- 
ing cases kR->0 and k,—> ©, we will call them 
0-, @ri- and wy-branches (for Ry >0) and +-, 
t-, and co-branches (for R,— co), 


O-> Ort, 


O- Ort , ool 
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In this case, non vanishing FE, H, w and u 
are all perpendicular to k,, so there must 
coexist the electromagnetic wave, the trans- 
verse translational and the transverse rotation- 
al lattice vibrations. 


§3. Equations of Motion 

As well known, the effective electric field 
Ee exerted on a particular cation of radical 
is related to the macroscopic field EF by 


E.@=E+ =P 


and the equation of translational motion of a 
cation-radical pair is written as 


(3.1) 


Mé=—k€—ZeEee , (32) 
where we have used for the later convenience 
€=—n; that is, the displacement of the radical 
relative to the adjacent cation, and Ze is the 
effective charge of the cation. (é: electronic 
charge, Z<.0) 

The first term on the right-hand side of 
(3.2) originates from the overlap forces and 
second term from all the elelctrostatic and 
the radiation field exerted on the cation-radical 
pair. 

The equation of rotational motion of a 
particular radical may be written as 


10=—k,O+Zee > [di, Ei] , (3.3) 


where di(|di|=d) is the vector pointing from 
the center of the radical to the zth coordinated 
ion in the equilibrium orientation and E; is 
the electric field of the radiation field exerted 
upon the zth ion. The summation is to be 
extended over all the coordinated ions belong- 
ing to the radical under consideration. The 
first term on the right-hand side of (3.3) re- 
presents the moments of the overlap forces 
and all the electrostatic forces exerted on the 
radical from the other constituents of the 
crystal. 

If we denote the electric field at the center 
of the radical by E, then FE; is expressed as 


Ei= 5 (dy PE, (3.4) 


=0 72 
and 
> (ds, Ei] = 


a n=0 


S[di, “(air , Mes) 


The first term with n=0 will vanish because 
of the symmetry of the radical, and the second 
term with z=1 will give 
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5 oh curl Ei, (3.6) 


where k- is a numerical constant peculiar to 
the type of the symmetry. (cf. (3.12) of part 
A) 

Omitting the higher order terms, we may 
rewrite (3.3) in the following form. 


16=-AA xe curt 


a IB gn® 
= —k,@— h i a 
where the relation J=k.d?M, is used. 
(3.7) may be considered as the equation of 
rotational motion of a particular radical, which 
corresponds to (3.2) in the case of translational 
motion. 


(3.7) 


It is advisable here to mention some com- 
plementary explanations on the equations of 
motion (3.2) and (3.7). We have neglected in 
(3.2) all the interactions of the multipole 
moments on the radical with the effective 
field acting on it, and in (3.7) the interactions 
of the multipole moments of higher order on 
the radical both with radiation field and with 
the external electrostatic field from additional 
free charges such as conduction electrons, 
since these interactions would be much smaller 
than the others effective to the translational 
and rotational motions of the radical. How- 
ever, it should be noted that the electrostatic 
interactions of the multipole moments on the 
radical with the other constituents of the 
crystals, in particular in its neighbourhood, 
are retained in the first term in the right- 
hand side of (3.7), since they have a con- 
siderable effect upon the rotational motion of 
the radical together with the overlap forces 
as a result of superposition of the interactions 
in accordance with the crystal symmetry. 
This will actually be shown in part III. 

If we insert E given by (3.1) into (2.la and 
b), and eliminate P from the resulting two 
equations by taking account of (2.2), we may 
get 


1 F3aut ae)" 
er | Fez. (3.8 
+ UM nak ie Peyuls.©) 
Comparing the coefficients of 7 in the equations 
(3.2) and (3.8), we have the well-known re- 
lation 
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(3.9) 


On the other hand, (2.1c) may easily be 
transformed as follows: 


Cis Ms 
a N’I B, (3.10) 
where we have taken account of (2.1d), (2.3), 
(2.4e), (2.10) and (2.11). If we compare the 
coefficients in the equations (3.7) and (3.10), 
we may obtain 


O= —Or7?O — 


k,=Lop?=Lore?/a , (3.11) 


and 


cya X\/NI=a0n. (3.12) 
Combining (3.12) with the definition of a@ 


(2.11), we may estimate a as follows. 


a=(14+40N'IB8 y2/h)-? . (318) 


From (2.la) we can easily derive the 
macroscopic equations of translational motion. 
(cf. App. I) In a similar manner we can 
obtain as below the corresponding macroscopic 
equations of rotational motion, which will be 
utilized for the later discussion. 

We may deduce from (2.46) 


B=H+4r7h=0 5 
Then 


A(=Hit+M)=M—4cL , (3.14) 


where the suffixes 7 and ¢ indicate the ir- 
rotational and solenoidal parts of the vector 
to which they are appended, respectively. 
Substituting (3.14) into (2.1lc) and using the 
relations (2.1d), (2.3) and (2.10), we immediately 
obtain the macroscopic equations of motion: 


Qi+on?Qi=0 (3.15a) 
and 
rr Q:toreQ:)=—M , (3.15b) 
where 
Q=IN Bu/h-O (3.16a) 
and 
Vin =alN Bx2/h? . (3.16b) 


Starting from (3.10), (3.15b) takes the alterna- 
tive expression such as 


rr(Or-+ OnQi)=—B: , (3.15by’ 


where 


L/rn=IN Bu?/h? =(en)? 6 (GEUD) 
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§4. Energy Density 
If we define the energy density U in the 

lattice under vibration by the equation; 

C : dU 

i, \ div Us, Ede = \( : Jae 
then with the help of the Maxwell equation 
we may obtain 

as 

ae 
It is clear from the lattice equations (2.1) that 
different volume elements are coupled in the 
macroscopic theory only through their electro- 
static and electromagnetic interaction, thus 
adU/dt must be equal to the rate of change of 
the total energy, including the kinetic energy 
of the lattice particles as well as all the 
electromagnetic and potential energies in the 
system. U satisfying (4.1) is given by 


~ (EE+HED+EP+HE. (4.1) 


U=By-+(HD)+ (6.E2-+H?2), (4.2) 
where 
sane gee 1 
Ey =~ (w? — byw) + — (w—cyu?)— . 
2 D a 


(4.3) 
By differentiating (4.2) with respect to time 
and taking account of (2.1), we can easily 
verify that (4.2) actually satisfies (4.1). From 
(Al-2), (2.1c) and (3.14), we obtain, when 
there are no free charges, 


(4.4) 
and 
AM, =—4rh= —Arc tt . (4.5) 


If each vector in (4.2) is decomposed into the 
irrotational and solenoidal parts and the re- 
lations (2.9), (2.10), (4.4) and (4.5) are used, we 
may write U in the form 


‘lear : 
a (Ww? + W412) + 5 (ur? + W171”) 


a 


+ (ww? +eu2w:2) + ; (We? + Wy 12ute?) 


i) 


1 
87 
When the longitudinal vibrations do not exist, 
the first and second terms vanish and the 
energy density is simply given by 


++—(€2 Bi? + By): (4.6) 


es Ae 
U,= 9 (we? + @112w.2) + 5 (ut + Or17tt;7) 


1 : 
+(x + Be) (4.7) 
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The first and second terms are the densities | 


of the mechanical energies in the translational 
and rotational transverse vibrations respective- 
ly, whereas the last term represents the densi- 
ty of the radiative energy. 

Inserting (2.6) and (2.7) into (4.7) and taking 
account of (2.8c), we easily obtain 

(1+y)(«.—a@y) 

(1—y)(«2—y)(Eo—E~y) 


82U;/ M2 = (Co—€os) 


_ ger tay) 

+ (1a) = 
_d—-y(er.—a@y) aa 
sexier, (Heats 
(4.8) 


where 


Lf (Mrt/@et)? 


y=(o/ou) , 


and H;2 means the time average of Hi2. The 
first and second terms of (4.8) correspond to 
the densities of translational and rotational 
mechanical energies respectively, and the last 
one in the square brackets to the density of 
the radiative energy. For the set of the 
values of ‘€y). & , a and «ry By thetratio of 
the mechanical (translational and rotational) 
energy to the total energy and Z,, that of 
the rotational energy to the total energy are 
plotted in Fig. 2 against wave-number for 
each one of the three branches given in Fig. 
1, (Zm—L, indicates the ratio of the trans- 
lational energy to the total energy.) In Fig. 
2, the three vertical distances between the 


OF 2 


3) 4. «5 "6°87 48 

kac/Wet 

Fig. 2. Ratios of mechanical energy and rotational 
energy in the transverse modes. 

eo=o.2) eM), a=0.7, C=O), 

Real curves: Lm (mechanical energy/total energy) 
Dotted curves: Z, (rotational energy/total energy) 
The curve numbers correspond to those in Fig. 1. 
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base-line of the diagram and a dotted curve, 
between the dotted curve and the real curve 
with the same curve number, and between 
the real curve and the upside of the diagram 
indicate the ratios of the rotational, trans- 
lational and radiative energies to the total 
energy for a particular transverse branch, 
respectively. 

Referring to Fig. 2, we may point out in 
particular the following facts. In the o- 
branch, the radiative energy is predominant 
in short-wave region, that is, this branch re- 
presents the optical waves, whereas the ay;- 
and o,:-branches may be regarded as the 
translational and predominantly rotational 
lattice vibrations respectively, since the me- 
chanical energy is predominant in short wave 
region of these branches. On the other hand, 
in long-wave region, the wz- and w,.-branches 
are of predominantly translational and of 
rotational energies respectively, whereas in 
the 0-branch the radiative energy is predomi- 
nant. 

In short-wave region the rotational energy 
is not separated but mixed with the radiative 
one in the w,:- and co-branches, whereas the 
translational energy is lodged solely in the 
@e-branch. On the other hand, in long-wave 
region the translational energy mixes with 
the radiative one in the wz- and 0-branches, 
whereas the rotational energy is isolated in 
the other w,:-branch. As easily understood, 
the ratio (~(1—a@)/2) of the radiative energy 
in the w,:-branch is markedly decreased when 
a(<(1) approaches to unity, and the waves in 
this branch may be considered as purely 
mechanical rotational vibration with frequency 
,:, which enables us to define the transverse 
rotational phonon. 


§5. Interaction with a Conduction Electron 


The interaction of a conduction electron 
with the translational lattice vibrations may 
be separated from that with the rotational 
ones as shown in (4.6) and treated by the 
usual manner. Hence we restrict ourselves 
to the optical modes of rotational vibration, 
assuming the constancy of the frequency. 

Then the Hamiltonian of the system con- 
sisting of a conduction electron and the ro- 
tational phonon field is given by (cf. App. IJ) 


ied 


H [fees eer(curl Ande 
2 
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a | [(P»—curl At)? + ony r2Q?|de 
+5, (Pe © Ad(re)} 
—p-curl Ad(re) 
+ ame og "9 fe ine 


where g=8o, c«=1/4xc? and o is Pauli spin 
operator, 8 Bohr magneton. (2, Ar) (P;, Q) 
and (p.,re) are the sets of canonically con- 
jugate momentum and coordinate of photon 
field, rotational phonon field, and electron re- 
spectively. 

Making use of the Hamiltonian (5.1) we 
obtain the following field equations: 


Pic eee’ ON pa = aay , (5.2) 
c c € 
and 
rr(Q+Or?Q) =—curl A:=c curl E » (5.3) 
where 
TO=— 4am4 > cur dA©, 64) 
Ar Ar 
Sebel Q ‘ (25) 
A, =| 4, grad, 1 | : (5.6) 
|r—re| 
aion| Fl Pareee: | an GB 
2c lr—re| 


r.) means the solenoidal component of fre. 
Here it should be noted that (5.3) is quite 
identical with the equations of motion (3.15a) 
and (3.15b)’. 

Treating the interaction between the electron 
and the phonon as a perturbation, we can 
compute the probability when the electron 
absorbs or emits a phonon. Exactly speaking, 
this process is carried out by means of the 
interchange of virtual photons, so we need to 
calculated the second order perturbation. If 
we allow to neglect, however, the small contri- 
bution in transition probability, we may elimi- 
nate A; from (5.1) by using (5.2). 

Since the longitudinal rotational phonon does 
not interact with the radiation field and there- 
fore also with the electron, we may consider 
only the transverse components of P, and @. 
Introducting a solenoidal vector potential A, 
such as 


ga eiriae (5.8) 
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the Hamiltonian H can be transformed as 
follows. 


H=H)+EF int, 
y= 1 [Pr + OnrnQe?|+ : De? ’ (5.9) 
27 rt 2m 
; ne 
Him =— 2 (Peg, | TET gee 
ce \|r—r,| e jr—r’| 
(5.9a) 
= ——§_p, AAre)—ucurl A,(re) , (5.9b) 
mc 


where the self-energies of the electron and 
the phonon are neglected. 

In (5.9a), the transverse rotational phonon 
field is destined to be purely mechanical vi- 
bration with the frequency ,,. This fact 
contradicts the conclusions of the last section 
that in short-wave region the transverse ro- 
tational branch i.e. @,:-branch has the fre- 
quencies near ,, somewhat different from 
Wr. (cf. the curve III in Fig. 1) and that it 
mixes with a considerable amount of radiative 
energy (cf. the dotted curve III in Fig. 2). 
However, 1/7,.<1 in actual complex crystals, 
as stated later. Then a@ is regarded as nearly 
equal to unity and yw~yr+. Since the radia- 
tive energy mixed may be ignored and w,.~ 
rt in such case, the difficulty mentioned above 
will not be serious in practice. Thus the 
first term in (5.9a) may be considered ap- 
proximately as the Hamiltonian of the trans- 
verse rotational phonon field. 

According to the usual procedure, W,. the 
transition probability from the state 1(k, + , 
Mw), where the electron has the wave-number 
k and up spin, and the number of the phonons 
belonging to the wave-number W is my, to 
the states 2(k’, +, mv+1) and W,.™ that from 
the state l(k, +,mw) to the states 2(k’, +, 
Nw—1) may be obtained as follows: 

Wi="Z0 6H E,—E), 6.10) 

Un | angst mt Diam 

Ui, VA 

x (1+2k? sin? 6/W?) , (Sell) 
where @ is the angle between k and W, and 
the two independent directions of Q; belonging 
to each wave-number W(W1@Q,) are taken 
into account. 

By integrating the above results in W-space, 
we obtain the scattering probability 1/r, of a 
conduction electron, as a function of its wave 


Nyy On’, kiw 
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number k, due to the rotational phonon. 
For large values of k, 1/t, takes the follow- 
ing form. 
1/c,~8a-r(2nw +1)9r9 log (2v97) , (5.12) 


where 


27e7Uy EZ ILOp 7 — hor 
= ———|, “=> ——_ , = 

AF Ort h Amc? 
n=h/ur , V=W/Ur , (5.13) 


and w is the cut-off value of the reduced 
wave number v of the rotational phonon. 
Vp) (cm/sec) 
2 4 6 a fo x108 
k=8-24x10°em (N=h14) 


am 


ie 
Bee \/T4 


QS 
(c) -P 


ia 
fo) 
OnNOs 
C1 
pein 
1°} 
e ! 
el 
10 
oO 2 4 6 8 10 my 
k(cm'!) bale) 
Fig. 3. Scattering probabilities of conduction 


electron due to rotational and transverse trans- 
lational phonons versws wave number or velocity 
of the conduction electron. 

Ott =0;1=3 X 108 sec-1, oe 

vo=6.10 (for both cases), a,=10-8, T=300°K 
The arrow on the upside of the diagram indi- 
cates the point corresponding to thermal elect- 
ron at 300°K. 


Fig. 3 shows the dependence of 1/r, upon 
the wave number k of a conduction electron 
for the given values of o,., a, and T. Be- 
sides, for the purpose of comparison, the 
dependence of the scattering probability 1/r, 
by transverse translational phonons is plotted 
in the same figure. (cf. App. III) In contrast 
to the behavior of 1/c:, 1/t, increases with 
increasing 7 values as ylogy. (cf. (5.12) and 
(AIII-4)) 

Referring to (3.17), let us estimate the order 
of magnitude of 7,1, by using, as an example, 
the radical [SO,]?- which has the tetrahedral 
structure around the central S-ion‘™, Since 
the binding force within an anionic radical 
would be essentially covalent, and the binding 
state of the radical may be expected to be 
formed by the resonance of several electronic 
states”, the estimation of the effective charge 
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on a coordinated ion in the radical, in general, 
would be difficult. But if we assume the state 
S?+(O-), as the most predominant binding 
state for [SO,]?- radical, then the effective 
charge on the oxygen atom may be infered 
to be approximately equal to e. Then d= 
1.51 A®, k,=8/3, Z.=1, and M.=16Mx (Mz: 
mass of a H-atom). Furtuer we may take 
N’=%o/Mm, wher X is Loschmidt number, 
oo and M,, the density and the molecular 
weight of the crystal respectively. In the 
case of the orthorhombic PbSO, crystal, po= 
6.38 g/cm? ”, and M,=303.27. Therefore we 
obtain 1/7,=1.87«10-#. Then rare and 
Ory ~ Wrt. 

If we take w,1~10'* sec~! and 1/71~ 10-1, 
then a,—=10-*, 9,~10- and a-g,~10-"*. For 
the case of the scattering by transverse trans- 
lational phonons, the factor corresponding to 
Qrgr iS aig? which has the order of 10-4 ~ 
10-16, (cf. (5.12) and (AIII-4)) Therefore, we 
may conclude that the scattering probability 
due to rotational phonons would be comparable 
to that of transverse phonons for y7~1, if 
wy, is of order of magnitude 10! sec-!. (cf. 
(5.12) and (AIII-4)) 


§6. Conclusions 


In the w,;, -branch the translational energy 
of lattice particles is abnormally high relative 
to the electromagnetic energy flux. (cf. the 
real curve II in Fig. 2.) In such a case, a 
stong absorption of the optical wave with 
frequency ;;, must occur. In a steady state, 
whatever energy is lost by the lattice vibration 
must be supplied by the electromagnetic enery 
flux, and under such circumstances a small 
percentage energy loss by the former through 
a small coupling such as anharmonic potentials 
drastically reduces the latter.® 


mL —at)=| 8o-+(E—E.) 
+(5—€.2)(1—a@) 


2nte= (EE YUE (1—a yr, LV Y 


y 
(Y) 


+(6—6)1—a) WV uP : 
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Let us investigate the optical properties in 
infrared region in the case, where the ro- 
tational lattice vibration is taken into account. 
For this purpose, it is convenient to consider 
the dispersion formula which takes account 
of the energy dissipation. Namely, we add 
the simple damping terms —o:W and —o,1 to 
the right-hand sides of the equations of motion 
(2.la) and (2.1c) respectively, where o; and o; 
are positive constants with dimension of fre- 
quency. Then, for the periodic solutions (2.5), 
we obtain 


—w?2p = (Oy, +700)W+b.,H ’ 


—W7u= (C41 +700;,)U+t0C pH . 


(6.1a) 
(6.1b) 
The addition of these damping terms is thus 
equivalent to the replacements of 0, and cy 
by 6, +¢wo; and c,,+zwo,, respectively. Hence, 
we obtain 


es ie | AnD 2b 
AOD NE 8 i) he aed ae cer g 
Ep —E xo 
=€&,+— ro 
iF 1—y—?V oT: 
(6.2a) 
and 
Be oh se ST 
ACD At? Figg ied O10; lad as Pampa apa 
d-a)y 
=] = —— ; 
Tigers iy 
(6.2b) 
where 
V':=c./oun , l'y=o,/or 5 


If we denote by 7 the complex refractive in- 
dex, 

R=nltin=VEo)uO) , (6.3) 
where » and « are the optical constants of 
the absorbing medium. Inserting (6.2a and b) 
into (6.3) and squaring it, we obtain 


Aas pela 


F, (y) Fry) 
YA-—ye—Y—yP Pr] (6.4a) 
Fi(y)FrYy) 
F,(y) 
(o—yY)+0,O—y)] (6.4b) 


where 
Pe@)=(l—y Pl ey’, 
PAY) = (ery +P r’y . 
As well known, ” gives the usual refractive 


Fi(y) Fry) 
index of the medium and Anne the absorbancy 
coefficient in unit of reciprocal vacuum wave- 


length. If 7; and /, are given numerically 
besides &), €&, @ and «, we may compute 2 


898 


and #« for an arbitrary wave-length by making 
use of (6.4a and b). Thus we may clarify 
the general features of infrared dispersion 
and absorption in the case, where the trans- 
lational and rotational lattive vibrations simul- 
taneously contribute to them. 

The first terms in (6.4a and b) purely origi- 
nate from the translational vibration, whereas 
the second and third terms in both equations 
appear first by taking account of the rotational 
vibration. Since in actual complex crystals 
Ure Vrnw=l—a~l10-™ (cf. §5, G18), and 
(3.16b)), the energy density of the w,;-branch 
is lodged predominantly in the radicals of the 
crystal as mechanical energy of lattice vi- 
bration rather than in the electromagnetic 
field just as in the case of the w::-branch. 
(cf. § 4 and curves III in Fig. 2) Then a strong 
absorption due to the rotational vibration may 
be expected to exist. However, if [:~I, 
and «:~1(@;:~orr), the second and third terms 
in (6.4a and b) may be neglected in this case, 
compared with the first terms in these e- 
quations, since we may expect the magnitude 
of €—&. to be of order of unity. Further- 
more, the former terms will be still much 
smaller than the latters even in the neigh- 
bourhood of y=«:(w=a,:). Hence, the former 
terms will not have any appreciable contri- 
bution to the values of ” and mk. 

Accordingly we would not be able to re- 
cognize experimentally the definite existence 
of the absorption band due to the rotational 
lattice vibration, since this weak band will be 
covered by the strong absorption band result- 
ing from the translational lattice vibration. 

With respect to the scattering probability 
of conduction electrons we may conclude as 
follows: According to the order estimation 
in §5, if w, is of the order of magnitude 
108 sec-1, the interaction of conduction electron 
with rotational phonons is of order comparable 
to that with transverse translational phonons 
at y~1, although the scattering probability 
due to rotational phonons increases with 7 as 
7 log 7, whereas that due to transverse trans- 
lational phonons as 7%. (cf. Fig. 3 and App. 
III) 

Finally, the authors are indebted to Prof. 
K. Umeda for reading the manuscript in part 
and giving them valuable advices. 


Appendix I 
If free charges exist, 
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div (#H+4xP)=4z70 . 


Therefore 
div E=; Ser (—bin div wibelrnd) - 
(cf. (2.1b)) (AI-1) 

If we put 

Dir, t)=—grad | emg, oc : 

ieee 

we have 

2 werner st 

a ieee 1 Moree +E. (AI-2) 


Inserting (AI-2) into (2.la) and (2.1b), we 
obtain 


desi y ort +22 D: ; (AI-3a) 
Wr=— rw t+ Oyk: , (AI-3b) 
pe - [pate oD: (AI-3c) 
and 
P,= byw: + b..E: 5 (AI-3d) 


Further, from (2.2) and (AI-3c and d) we 
obtain, for the atomic polarization P, , 


1 & —CL m2 
Lai saeee) Mri , (AI-4a) 
and 
&—&..\1?? 
Pu=( e ee ) WOreWe . (AI-4b) 


Substituting (AI-4) into (AI-3a and b), we may 
get finally the macroscopic equations of motion: 


PatorPa= Bie —_— ; \p 3 (AI-5a) 
Es FG; 


Ar 


Pu:t+-owtPa= 4 o-E=) Es ; (AI-5b) 


Appendix II 


Derivation of the Hamiltonian of the Ro- 
tational Phonon in the Electromagnetic Field. 

We denote the position of the center of a 
radical by r, and the displacement of the 7th 
coordinated ion belonging to this radical from 
its equilibrium position by r:, then we have 
the following Hamiltonian of the system con- 
sisting of such radicals of the same kind. 


/ 


N Ze é 
A= 2M. > |( 2240) +ontMtre bde , 


(AII-1) 
where pi is the canonically conjugate mo- 
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mentum of ri. The summation is to be taken 
over all the coordinated ions belonging to the 
radical at r. 


The equations of motion for each ion are 
thus written as 


0H,/OP\=N'ri, OH;/Ori=—N’pi.  (ATI-2) 
When the magnitude of the angular displace- 


ment 0 of the radical is small, r; may be 
written as 


ri=[0, di] . (AII-3) 
By using (3.16a) and (AII-3), we obtain 
Oe eee Off, Orig = h , 
Ee ae POcu 18.5 py [ pi, di], . 
Using the relations 
»y [[s, di], di]=—k.d?s, (for arbitrary s) 


(AII-4) 
and 
Bee yy get iG: ag ts CATS 
c 4 Cc are »Gi} 5 oe ) 
we may transform the above equation into 
6H,/6Q=—P, , (AII-6) 
where 
P-=rnQ+tcurl A: . (AII-7) 


On the other hand, we can easily prove the 
equation 


0H,/6P,=Q . (AII-8) 
Equations (AII-6) and (AII-8) indicate that P, 
and Q are canonically conjugate. 
Substituting (AII-3) (AII-5) and (AII-7) into 
(AII-1), the Hamiltonian changes into the 
second term in (5.1). 


Appendix III 


Scattering Probability of a Conduction E- 
lectron due to the Transverse Translational 
Phonon. 

The Hamiltonian of the system consisting 
of a conduction electron and the transverse 
translational phonon field will be given by 


A=H°+ Hin , (AIII-1) 


Pape 
= = | (Bo? + wu? 7 72 Pr?| ac+ 7 Pe’ , 
(AIII-1a) 
Him©= ———peAr(re)—(# curl Ad(re)) ; 
MIC 


(AIII-1b) 
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AA =e 2 p, 
iC 
and 
Vre= = (E)—€..) . 
Ar 


P, is the solenoidal component of the polari- 
zation P, and ¥, is the momentum canonically 
conjugate to P;. 

Treating this interaction Hamiltonian as a 
perturbation, we may calculate W,.©, the 
transition probability from the state 1(k, +, mw) 
to the states 2(k’, +, mw+1) and W,,, that 
from the state 1(k, +, w) to the states 2(k’, 
+, My—1), where my is the number of trans- 
verse translational phonons with wave number 
W. 

Wis =2U 6 E,— Es) ,» (ATH-Z) 
| l6x*harx 8 ((Mwt+1)ov,x-9 

‘Se TiVe CW, ae k+ WwW 

xX (1+2h? sin? 6/W?) . (AIII-3) 

Integrating the above results in W-space, 
we may obtain the scattering probability 1/r; 
as a function of the electron wave number k, 
which is shown in Fig. 3 in order to compare 


U1, 
U3,@ 


with 1/r,. With increasing k values, 1/t: be- 
haves such as 
1/t1~16a,011(22w + 1) gi?4? ; (AIII-4) 
where 
_ 27e7ur —  AO4t — 
ie a a ree a 
n=k/u. and v=w/um. (AIII-5) 
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The frequencies of the translational and rotational vibrations (in optical 
branches) in the cubic NaClO, crystal, which is one of the complex 
crystals with simplest structure, are expressed in terms of the force 
constants of the interionic forces. The expression obtained with respect 
to the translational vibration is quite similar to that in the case of 
isotropic simple crystals, which is already known. Furthermore, by as- 
suming reasonable values for these force constants, the orders of 
magnitudes of the both frequencies are estimated and compared with one 
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another. The comparison shows that the both frequencies are nearly of 


the same order of magnitude. 


§1. Introduction 


In the preceding papers’™, we have as- 
sumed that the frequencies of the rotational 
vibrations in optical branches are of the same 
order of magnitude as those of the transla- 
tional ones. Therefore, we will here deter- 
mine the orders of magnitudes of the 
frequencies of both the rotational and the 
translational vibtrations for an actual crystal 
cubic NaClO, which is stable above 380°C». 
This has one of the simplest structure in the 
complex crystals, which is obtained by replac- 
ing Cl-ions in NaCl crystal with tetrahedral 
[ClO,]- radicals, as shown in Fig. 1. 


In such a crystal which has one cation and 
one anionic radical in a unit cell, the rota- 
tional lattice vibrations may be idealized by 


Hdl vwolls). esate al 


Fig. 1. Sketch illustrating the atomic arrangement 
in the cubic NaClO, crystal. 
Dots: Na-ions. Double circles: Cl-ions. 
Large hatched circles: O-ions. 


the motion such that all the radicals perform 
rotational vibrations in phase and all the 
cations are at rest. (There is only the optical 
branch in this case as discussed in part I.) 
On the other hand, the translational vibra- 
tions in optical branch are characterized by 
the motion such that all the radicals make 
the same translation remaining their orienta- 
tion unchanged, and all the cations are at 
EeSt. 

Assuming an appropriate form, including 
adjustable parameters, for exchange potentials 
between constituent ions, we will first cal- 
culate the forces and their moments acting on 
a particular radical for the idealized transla- 
tion and rotation stated above, and then 
determine the frequency of the rotational 
lattice vibration for some reasonable values of 
these parameters. 


§2. Forces Acting on One Radical 


Let us consider one cation-radical pair 
Na*—[ClO‘]-. We shall call them the central 
Na*-ion and the central [ClO,]--ratical, and 
designate by x(z) the vectors specifying the 
positions of the Cl-ion (¢=0) and the four 
coordinated O-ions (z=1, 2, 3, 4) relative to 
the equilibrium position of the Cl-ion, and the 
vector specifying the position of the central 
Na-ion (¢=5) relative to its equilibrium posi- 
tion. (cf. Fig. 2) Further, we will use x(2) 
to signify x(z) for the equilibrium configura- 
tion, then 

x(0)=0 , (2.1a) 


x9(5)=0 , (2.1b) 
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and 
Xo(1)=( ud, Udo, Ud), 
X0(2)=( Udy, —Uado, —UAp) , 
Xo(3)=(—uado, Uday, —udo) , ane) 
X0(4)=(—uady, —uUao, Ud), 


where @=7.25A and u=0.1314. (cf. Fig. 1 and 
App. I) 

In order to simplify the later calculation, 
all the ions are classified into groups, each of 
which consists of the ions sitting at a constant 
distance 7(kz) from the z-th ion (¢=0, 1, ---,5) 
in equilibrium and is called k-group, where k 
is a positive integer labeling each group as 
r(kt) > r(k’t) for k>k’. We should mention 
that with the variation of the standard ion, 
namely, with the variation of z from 0 to 5 
there are six kinds of different classifications. 
Further we will define y(j; kz), a vector speci- 
fying the position of the j-th ion of the ki- 
group relative to the same origin as that of 
x(z); therefore the origin of y(j; kz) is the 
equilibrium position of the Cl-ion of the cent- 
ral radical for z= 0, 1, ---, 4 and that of the 


éentral, Na-ion “for 2 =5..(cf. Fig. 2) Then, 
regardless of j, we have 
lyo( 73 ki)—xo(t)|=r(Re) , (2.2) 


where yo is the vector y in the equilibrium 
configuration. 

In the interest of simplicity, Na-, O- and 
Cl-ions in the crystal are regarded as point 
charges with effective charges —e (e: electronic 
charge), Z.e and (1—4Z,)e, respectively. If we 
assume that the potential between two ions 
may be expressed as the sum of the Coulomb 
and the overlap potentials and that the latter 
is also a function of only the distance between 
the two ions, then the potential between the 
z-th ion and the j-th ion belonging to the kz- 
group may be written as 

dbxi(ly( 7; kt)—x(Z)|) = bei(7(J; Rt), — (2.3) 
where only the suffixes z and k are appended 
to ¢, because all the ions belonging to the 
ki-group are of the same kind regardless of j, 
and the form of potential function ¢ is de- 
pendent on the kinds of the both ions only. 

In the equilibrium configuration, the atomic 
arrangements of the crystal around the four 
O-ions of the central radical are completely 
similar to each other owing to the crystal 
symmetry. Therefore, we may conclude 
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r(ki)=r(kt’) = r(k) , 
bxi(7(ht)) = bei rhe’) = dx(7(k)) , 
(4,2 =1, 2, 3,4; t<0) 
where 7(k) and ¢x(7(k)) are independent of 2z. 
The z-component* of F(j; ki), the force 
acting on the zth ion of the central radical 
from the jth ion of the k-group is given by 


Pi ji bi) = — 9 dlr ji a) 
G= Onl, Zan) (235) 
If we denote by 6éx(z) and dy(j; kz) the dis- 
placements of the zth ion and the jth ion 
of the kz-group from their own equilibrium 
positions respectively, we may obtain the fol- 
lowing relations: 


(2.4) 


x(Z)=X9(zZ) + dx(z) 
and y(j; kt)=yo(j; kt) +dy(j; Re) 
(chi, Fig-2) (2.6) 


Inserting (2.3) and (2.6) into (2.5) and expand- 
ing the right-hand side of (2.5), we may get 
the following approximate expression: 


Fj; kt)=F OF; Re) + FOG; Re) , 
where 


FiO(§; ki) =| 


(2.7) 


Dae Onaen 
Oy( 7; Re) 


BOG) => | 


duil(J3 mi) |. (2.7a) 
0 

el 

Oyr(j; Re)Oye(s; Re) 

Eee) ene hi)—dxp(é)} . (2.7b) 


The suffix 0 represents the value for the 
equilibrium configuration:  x(¢) = x)(z) and 
yj; Rt)=yo( J; ke). 

N(j; ki), the moment of F(j; kz) with res- 
pect to the center of the central radical, is 
given by 

Nj; Rt)=NOG; Rt) + NYG; Rt), (2.8) 
where 
Nj; ke) = [xo()+0x(4)—0x(0), FO(J; Ré)] 
(S=0,.17 3=1, 2,3, 4) (2.8a) 

The total force F and the total moment NV 

acting on the central radical are given by 


4 nkt) i ‘ 
F= Pen > F(j; kt), 
4 nckt) Tene, (2.9) 
and UeiIV= Sy So) NCIS ke); 


j=1 kb j=l 


* g-, y- and z2-components of a vector are 
indicated hereafter by the suffixes 1, 2 and 3 


respectively. 
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respectively, where (kz) is the total number 
of the ions belonging to the k7-group. 

On the other hand, we have, owing to the 
Ta symmetry, 


= y, PO j;ki)= = FO(j; k0)=0, (2.10) 
and 
DD bo), FOG; h=0. 2.11) 
Substituting (2.7) and (2.8) into (2.9), we have 
Fy=— 3, 3) 3 Taal fs bBo) 


OWS; 2i)] f 
Ni=y iS "S, [(8zl@) Bes O) FOG; ki) 
—{0x3(¢)—dx3(0)}F,( 7; Rs)] 


3, B'S) 3 [ol) Taal JB) 
— uy Tap( j; Bé){Baxp(@)—Byplj; RA)} 
where 


Tas(7; ke) 


(2.12) 


bur G3 ri) | - (2.13) 


O2 
“ae ki) Oypl j; Ri) 


; x(0)=§ X(O) 


coe hn ateipae Goo 3083 


Fig. 2. Schematic diagram illustrating the rela- 
tions among the vectors x(t), xo(t), y(J; hi) and 
Yo J; ki). 
Hatched Circles: 

(Cay es 2)) 
Double Circles: 
Dots: 

Single Circles: 


27th Q-ion of central radical. 


Cl-ion of central radical. 
Central Na-ion. 
jth ion of ki-group. 


In deriving (2.12), we have used the relations 
(2.10) and (2.11), and furthermore neglected 
the small terms such as the squares of dxa(2) 
and the cross products of dxa(z) and Oye(j; ke). 

When the &-group is of O-ions, we may 
decompose the vector yo(j; ki) into two parts 
as follows: 
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yo (J; Rt)=yx(s; Ri)t+xo(j; kt). (2.14) 
where yi(j; ke) is the vector specifying the 
equilibrium position of the parent Cl-ion (to 
which the j-th O-ion belongs) relative to the 
same origin as that of yo(j; kz), and xo(J; 2) 
is the vector pointing from this Cl-ion to the 
j-th O-ion. Then x)(7; kz) has the components 
similar to one of (2.1c). When the kz-group 
is of Na-ions or Cl-ions, xo(j; k#)=0 and 
Yo J; kt)=yi(J; Rt), 

As stated in §1, for the optical branches 
we may assume the idealized displacements: 


Ox(t)=E+[0, xo(2)]  @=0,1,2,3,4) 


€+[0, xo(j; kz)] (for radicals)} (2.15) 
uj; ki) =| : 
0 (for cations), 

where & respresents the translation common 
to all the radicals, relative to the Na-ions, and 
@ is the angular displacement” of each 
radical. 

Further let us define the symmetric tensors 
T(kt) and T%(ki), whose components Tag(k2) 
and Tws%(kz) are defined as follows: 


Tas(kt) = > aT af Fi) so 6=0, 132,34) ee) 


Tus’(kt)= st Taa( J; Ri)aoy(J; Re) . 
Uy j=l 

@=1,2,3,45 7=1,2,3) "AD 
We should mention that 7(kz) vanishes unless 
the members of the k-group are O-ions, ac- 


ording to the definition of xo(j; kz). Owing 
to the Ta symmetry, we have 

4 

Dy Tap(kt)=0 (@<8), Tap’(k0)= 
and (2.18) 


4 ne 


es , 18, xo(2)], F(7F; Ri) =0 


tie 


Substituting (2.15) into (2.12), and using the 
relations (2.16), (2.17), (2.18) and (AII-1 and 3), 
we obtain finally 


(+) 
F\= mes [47,(R1)+ Ty (ROE,  (2.19a) 


N= —8{ 3 © [Tulkl)— Task] — Ss > T1:5(R1) 


—Ty2 (RL) Lara! t (2.19b) 


(+) 
where x and = mean the summations with 


respect to Na-ion groups only and Osion groups 
only respectively. 
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§3. Vibrational Frequencies 


Let us correlate F, and N; given by (2.19) 
to the frequencies of the translational and the 
rotational vibrations of the radical. 

By using (2.3), (2.4), (2.13), (2.16) and (2.17), 
the tensor components in (2.19) may be writ- 
ten in the follwing forms: 


Tes (R1)= A(R) 0, = 
TE (20) =CX k) DiyS* , 


Ty(h1) = A(kY Ox , (3.1) 
To3 (RI)V=B(R) Ox , 
T23°(R1)=B ky 0, , 
where 
DO.) = by! (rR) + bx) 2 
r(R) 
=Adx(7(R)) 
Oia = ia“(AD))+ dru (7(H0)) a (3.2) 
= Adx0(7(R0)) 
it 
Ody Sar 
eS) = bx’ (7(R)) — Ox ®) ib) 


and A(k) Bik) C(k) A(kY and Bky are the 
numerical constants, whose general expres- 
sions are given in App. III. 

As easily seen in (3.1) and (3.2), the Coulomb 
interactions of the ion-pairs do not enter into 
Ty(R1) and 7T;,(k0), accordingly into F, expres- 
sed by (2.19a). If we neglet all the overlap 
forces but those between an O-ion of the 
central radical and the three nearest Na-ions 
((1) and (1) (2) (3) in Fig. 1) and those between 
the O-ion and the three nearest O-ions ((1) and 
(2) (3) (4) in Fig. 1), then 7},(k0)=0, Further- 
more, Ff, given by (2.19a) contains the former 


(+) 
overlap forces only, for 5) means the summa- 
k 


tion over Na-ion groups only. Then the sum- 
mation sign in (2.19a) may be removed, by 
identifying the kl-group with three nearest 
Na-ions, and the expression (2.19a) becomes 
quite similar to that in the case of isotropic 
simple crystals”. 

However, long-range Coulomb interactions 
unfavorably remain in N, given by (2.19b), 
since in 7T.3(R1) and T,.;?(k1) the Coulomb 
interactions do not vanish. (cf. (3.1) (8.2)) 
Referring to (2.8a), the moment, N©(j; kz), 
due to the electrostatic field E(j; kz) on the 
central radical from the jth ion of the kz- 
group may be given by 
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NOG; ki)=Zee Y: [x(i")r, Erdj; #i)) , (3.3) 


where the suffix 2 appended to E(j; k2) 
indicates its value at the 2’-th O-ion of the 
central radical, and 


x(2") = (2) —x(0) = x(2’) -€ 
=Xo(2")+[0, x0(2’)] 
(cf. (2.6) and (2.15)) 
Expanding E;(j; kz) in (3.3) around the Cl-ion 
of the central radical, we obtain 


Le = Sie yy 


n=00/=1 7 


NOG; kt )= 


x [2(2”)r, (20(2 a rE ;Rt)], (3.4) 
where (7; kz) is the value of H(/; kz) on the 
Cl-ion sitting at x(0)=&é. The terms with 
n=0 and 1 in (3.4) vanish, if the relations 


4 
xO )r=0 and curl E,)(j; kt)=0 are taken 
Ve 


into account. Then we have 


NOG; kt)= Ze> > —. 
n=2% 717! 
X[x(2")r, (02), "Hol; Rt)]. (3.5) 
(3.5) represents the moment acting on the 
radical due to the electrostatic interactions 
between the multipole moments of higher 
order (than dipole) on the radical and the jth 
ion of the z-group. 

Even when the jth ion is located in the 
vicinity of the radical, N“(j; kt) given by 
(3.5) wouldn’t have so large order of magni- 
tude. But the sum of these moments originat- 
ing from a number of ions in the vicinity of 
the central radical may have a contribution to 
its rotational motion comparable to that from 
the overlap forces, being enhanced as a result 
of superposition i.e. the summation with 
respect to j in each k-group. This is autually 
shown in the later calculation. 

However, the electrostatic field from all the 
ion comparatively distant from the central 
radical will be small and approximately 
replaced by a central field around the equili- 
brium position of the Cl-ion of the central 
radical. If we denote by ¢{|x(z)|} the potential 
of this central field at the zth ion, E(x(2)), 
the field acting on it is given by 


E(x(z))= —grad ¢(|x(z)|) , (3.6) 
Since x(Z)=x(2)+&, E(x(z)) may be expanded 
approximately as 


E(x(Z))=E(x(2))+ EP )Ex@)r), (3.7) 
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where 

E(x(2),) = —grad ¢(|x(2)r|) . (3.7a) 
Similarly to (8.3), NM‘, the moment due to 
the fields E(x(2))’s (¢=1, 2,3, 4) is given by 


NO= Ze ss [x(2),, EGc(2))] « (3.8) 


Substituting (3.7) and (3.7a) into (3.8) and 
taking account of the relations 


3: x(6),=0 
¢’ (lx(2) |) = 9’ (|x(2”) |) 


and 

g (Ix@))=9'(lx@’)|) Gas0’5 t, 2° =1, 2,3, 4), 
we may easily verify that N“ vanishes. 

According to the inferences stated above, 
we may take the summations x and = in 
(2.19b) only over some groups near the central 
radical, neglecting the effect from the other 
groups comparatively distant from it. There- 
fore in our actual calculation, these summa- 
tions are taken up to the eight radicals sitting 
at (a)/2, +a)/2, --a,/2). (cf. Fig. 1) 

As stated in §3 of part II, the equations of 
translational and rotational motion of a parti- 
cular radical are given by 


Mé=—k,E—ZeE.;; , (3.9a) 
16=—k.6 78) (3.9b) 


respectively, where —k,€ and —,0 represent 
the overlap force acting on the radical, and 
the moment of the overlap force and electro- 
static forces from the other constituents in 
the crystal respectively. Accordingly F, and 
N, given by (2.19) should be identified with 
—k,&, and —k,6; respectively. Furthermore, 
k, and k, in (3.9) are given by 


= Eo+2 Mays+2 
hi=( gig) Meu (3.10a) 
kr=TI wp:?/a (3.10b) 
respectively, where M=MyMx/(Me+Mx), 


IT=8/3. MAY 3 uad)?, Mr, Mx and M, are the 
masses of a radical, a Na-ion and a coordinated 
O-ion respectively. (cf. §3 in part II) Then 
we immedinately obtain 


of Sot 2 \_S ds 
isis ae > [4 Tul) + Tr(R0)|/M , (3-11a) 


ontla=| > [Ts @1)—T3(F1)] 
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—S[ Tet) Ts ii M, . (3.11b) | 


We will assume the overlap potentials for 
the Na-O pair and for the O-O pair to be 
expressed by 

b, exp (—7/o1) and b,exp(—7/p2) (3.12) 
respectively, where 7 is the interionic distance, 
and b,, bs, p: and p. are the adjustable para- 
meters. 

If we substitute (3.1) (3.2) and (3.12) into 
(3.11) and calculating it with the actual NaClO, 
crystal, we may obtain the following forms: 


ont=al (7 —~) s | /M@, (3.13a) 


' (eas 15829) 3s, 
Or) (To ele 


01 TN 
+hi(Ze | a / Me (3.13b) 
where 
il 01 02 02 
OP ime) G Wie 
a=( aa SS SIREN and 


M.=16.00Mz (Mz: mass of a H-atom). 
71(=2.993 x10-§cm) and 72( = 2.432 x10-§ cm) 
are the equilibrium distances of the Na-O pair 
and the O-O pair respectively. #,(Z.) originates 
from the Coulomb interactions and depends on 
the effective charge Z.e of the O-ion as 

Fi(Ze)=—(4.9352Z,2+0.729Z,) x 10* (erg/cm?) 

(3-136) 


§4. Cohesive Energy and Compressibility 


If the state consisting of free Nat-ions and 
free [ClO‘]--radicals is taken as the reference 
level of the energy, the cohesive energy per 
cation-radical pair, Hy, for an arbitrary lattice 
constant @, is expressed by 


5 nk) = 2 

Ey== BS pS, u(r (j;hi)) Sethe (4.1) 
= Ki) FSD a 

where 


Wj; kiy=|yx( J; ki a+xo(j; kiy’ay—xo(2)| , 
(cf. (2.2) and (2.16)) 
yj; Ri)=yi( J; kt) ay 
and 
Xo(J; kt)=xo(j; Rt)’ ay . 
The summation sign with respect to k means 


the summation up to the third neighbours. 
Mz is the Madelung constant (=3.4951) and 
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DP (= —4.2668) the numerical constant to cancell 
the summation of the Coulomb interactions 
up to the third neighbours, which is included 
also in the first term. 

In (4.1) the size and the orientation of the 
radical are assumed to remain unchanged with 
the variation of the parameter @ on account 
of its rigidity and the crystal symmetry, and 
furthermore radicals are regarded as point 
charges with the electronic charge e, when 
the distance between two different radicals or 
between a radical and a Na-ion is larger than 
the third-neighbour distance (=// 3 @/2). 


From (4.1) (Ep)a-a) is given actually by 
(E p)a-a)= | 12b, exp (- ave 6b, exp (- fa = 
: 02 


+ ful) | (4.2) 


Fo(Ze) in (4.2) represents the Coulomb interac- 
tion and has the form: 


F(Ze)=—(0.440Z,?—0.0482,+0.256) (4.2a) 


when the energy is expressed in atomic units. 
(1 atomic unit of energy equals 4.354107! 
ergs or 623.96 Kcal/mol). 

As well-known, £, should satisfy the fol- 
lowing relations” 


(Gx ) =p 
0a J a=a, 


ely a) 
BeUoug SOE Ja-08? 


where vy=a3/8 and $8. is the compressibility 
of the crystal. 

Substituting (4.1) into (4.3) and (4.4), 
obtain 


(4.3) 


and 


(4.4) 


we 


"S) # u(r) 


30) _(MatPe_9 (45) 
0a a=ao9 ay” 


Qu be OE» wale val - 
Gy? Be (ars le 2 2 = oxi’ (r(k2)) 
ee - 
» (CY 4 Gui! (Whi (FEV) 
a=A9 
_2(Ma +p) e (4.6) 
Ay” ¥ 


where 
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(Cre) 
Oa a=, 
=(yx(J; Rt)’, yo( gj; Rt) —xo(2)’)/r(kayY 
(was ») 
Oa er (4.7) 


=| mai pays (25; Be) |/re 


0 
Yo(I; kt) =yilj; Rt)+x0(9; ktyY 


r(kt)=aor(kiyY 
When the zth ion is a Cl-ion or a Na-ion =0 
or 5) and the kz-group is of Na-ions or Cl-ions 
also, then x (7) =0 and yz(j; kt) = yo(j; Rey 


=r(hiy’. 
) = r(hiy 
aay 


(hs =(). Substituting (4.7). into 


(4.5) and (4.6) and calculating them with the 
actual NaClO, crystal, we obtain 


10.2308s, -+3.8092s,=fa(Ze) , 
1 salah .3923 _ 0. oa Ee 
cess VET (ee Si+ pete Se 
92'9 


and Xo(2)=ayxo(4Y 


Or(j; ke) 


aa and 


Therefore, ( 


(4.8) 


Bo ~1 ifs) P2 


2.400) Ae 
Tr 


srt filZo) 


where /3(Z,) and f;(Z.) are the contributions 
from Coulomb interaction and given by 


S( Zc) =(28.882Z,?—3.855Z, + 3.036) 
x 10-4 (dyne) (4.8a) 
and 
Sil Ze)= —(10.139Z,?— 0.969Z, —0.368) 
x10-* (erg/cm?) , (4.9a) 
respectively. 


§5. Conclusion 

(3.13a), (3.13b), (4.2), (4.8) and (4.9) contain 
the four unknown parameters 01, bz, 0; and $2 
together with Z,. Therefore it is necessary 
to know four experimental data for ot, or:, 
(Ep)a-ag and Be besides &, € and a@, in order 
to determine these parameters unambiguously 
from these five equations. Unfortunately we 
cannot find none of them for the cubic NaClO, 
crystal. However, we can obtain some sug- 
gestions on the order of magnitude of wrt as 
well as that of ws, by surveying the general 
aspects of the overlap forces in other crystals, 
which have been investigated with considerable 
accuracy. 
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We may infer as below that the overlap 
force of the O-O pair is attractive and its 
magnitude is nearly of the same order as that 
of the repulsive overlap force of the Na-O 
pair. 

Referring to (3.13b) and (3.13c), the term 
fi(Z-) originating from the Coulomb interac- 
tions, to which those of the O-O pairs ((1) and 
(2) (3) (4) in Fig. 1) considerably contribute, 
takes a negative value for a value of Z 
within the range 0~1 and the magnitude of 
the quantity in the square brackets in (3.13b) 
accordingly w,: is sensitively decreased with 
increasing Z, value. Thus the Coulomb 
interaction tends to make unstable the equili- 
brium orientation of the radical. 

The ionic radius of the coordinated O-ion 
with effective charge Z.e(Z,=0~1) may be 
roughly estimated to be 0.66~1A, since the 
ionic radii of the neutral O-atom and O?--ion 
are 0.66 A and 1.40A respectively. The sum 
of the ionic radii of the two ions constituting 
the ion-pair is 1.3~2A for the O-O pair with 
the interionic distance = 2.432 A and 1.6~2A 
for the Na-O pair with the interionic distance 
7,=2.993 A. (Ionic radius of Nat-ion: 0.95 A) 
Therefore the O-ions of the O-O pair would 
overlap at least to the extent that this over- 
lap cannot be ignored for that between the 
Na-ion and the O-ion of the Na-O pair. Ac- 
cordingly, it would be somewhat unreasonable 
to assume a much smaller magnitude for su, 
compared with that of s,. 

The overlap forces of the Na-O pairs are 
obviously repulsive (f:>0), whereas those of 
the O-O pairs will be attractive (0.<0). If it 
were not so (8<.0), the cubic NaClO, 
crystal would be unstable or not exist, in 
particular, at high temperatures, since the 
quantity in the square brackets in (3.13b) 
takes a very small posive value or even 
a negative value for reasonable orders 
of magnitudes of p,, s: (>0) and s, (> 0). 
The fact that the overlap force of the O-O 
pair may be attractive-has been infered also 
in the cubic MgO crystal». Therefore, we 
assume that 0B, accordingly s, are negative, 
whereas 5, and s, are positive. 

As regards the repulsive overlap forces for 
the ion-pairs of the cubic sodium halide crystals, 
the orders of magnitudes of b/o exp (—7/o) and 
o are about 1.25~0.64x10-4 dyne and 0.29~ 
0.36x10-®cm respectively”, where 7% is the 
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equilibrium distance of the ion-pair. 


attractive overlap force of the O-O pair in the | 
cubic MgO crystal, the values of b/oexp(—7/0) 


and p, giving the reasonable cohesive energy 
have been estimated to be about 1.33x10-* 
dyne and 0.20x10-*cm respectively”. 


If we fix s,, $,/s:=q@(<0) and p; at given | 


values, we can find the corresponding Z, value 
by means of (4.8) and (4.8a) and furthermore 
the value of f,(Z.) corresponding to this Z 
value by using (3.13c). 
of wuQ and wrn/Ya@ may be calculated 
numerically by means of (3.13a) and (3.13b) 


Wt Q(X10'3 see!) 


CES EtallOm Nm) (© 


O7 0-9 fa 


ie 
S,(AlO“dyne) 


Fig. 3. Dependences of ;;Q and w,:/w,,QVa 
upon s). 
The real curves show w,+/w,,QYa and the 
dotted curve w;:Q. 0i1=0.3x 10-8 cm. 


respectively. Fig. 3 shows the curves of 
wr and w;:/MnQVY a thus obtained, in the 
case where 0 is fixed at the reasonable value 
0.3x10-§cm and s; and g at various values 
within the probable ranges 0.5~1.5 x 10-4 dyne 
and —0.50~—2.00 respectively. f3(Z.) takes a 
minimum value fn at Z.=0.066 and the cor- 
responding Z values in the above procedure 
are taken within the range 0.066~1. Since 
the selection of the set of the values of s, 
and q is restricted by the condition that f,(Z.) 
in (4.8) >fn, the wr/onQV a curves with 
q=—1.50 and —2.00 are cut off at intermediate 
points. 

Referring to the curves of @r:/ouQVY a in 
Fig. 3, we may point out that they are nearly 
insensitive to the selection of s, value, so far 
as q is kept constant. ow,r:/wnQV a slowly 
increases with increasing magnitude of gq and 
lies within the range 0.6~0.8. Since Q=>1 
and a=1 (cf. §6 in part II) we may men- 
tion that the frequency of the rotational vibra- 
tion w,: has an order of magnitude comparable 
to the frequency of the translational vibration 
ow, that is, to the Reststrahlen frequency. 


For the 


Therefore, the values | 
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Therefore, the order estimation which has been 
made on the scattering probability of a con- 
duction electron by the rotational phonon field 
(cf. §6 in part ID) would be reasonable. 

When g=—1, 0:=0.3 x 10-8cm and s,=1 x 10-4 
dyne, the corresponding Z, value is 0.41, 
OuQ=5.86 x10! sec! and wr:/VW @ =4.10 x 108 
sec-'. Then the cohesive energy per cation- 
radical pair and the compressibility of the 
cubic NaClO, crystal, which are calculated by 
making use of (4.2), (4.2a), (4.9) and (4.9a) 
and by using 0.3x10-§cm also for o2, are 
about 0.27 in atomic unit (=168 Kcal/mol) and 
1.40 x10-” barye-! respectively. 

If the electronic structure assumed for 
[SO,]?- radical is available also for [ClO,]- 
radical, the normal state of the latter is con- 
sidered to be the reasonce of several electronic 
structures which contain single and double 
covalent bonds and double ionic bonds and in 
which the effective charge on a coordinated 
O-ion is estimated to be 0, 0.25e, 0.5e, 0.75e 
and e. The most typical one of them may 
be represented by the structure such as 


aS @ Rs <o: Therefore, the effective charge 


0.41e on a coordinated O-ion which is estimated 
in our calculation would be reasonable. 


Appendix I. 


The atomic arrangement in the cubic NaClO, 
crystal is as follows: 


Na aan OO Hee Oley 10500 OF ONES. readied 
Cae Or 1s Os 08 a O 8 
O) 2° OR TL TR TET OE OD 


and the twelve equivalent points about the 
Cl-ion sites (4 3 0) (4 0 3) and (0 3 3). 


Appendix II. 


The four tensors 7(k2) (¢=1, 2, 3, 4) and the 
iweive tensors 7k) G=I, 2, 3; 4: 7=1, 2, 3) 
are dependent with each other. The com- 
ponents of 7(kt) and T(kz) (¢=2, 3, 4) may be 
expressed in terms of those of T7(k1) and 
T(kl) respectively by the ordinary transfor- 
mation formulae: 
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g 
Tap (Rt) =, 2 Cas Can Ten(R1) 
y=l 
S Cae Con Ten (RL) 
"hfor y=7—1) (AII-1) 
Tap’ (kt) = 


= by Cag Con Ten (ht) 
ioe Y=2 (mod. 3) 
and 7=+1 (mod. 3)) 
(¢=2, 3, 4: r=l, 2, 3), 
where the transformation matrices C are 
given by 


(OS Vp — im 20 
CM=1.0' =1> 0 CS=4 0 hk OWE 
OC 07 0/0 =I 
270 
C= 0-10 
0 0 


Relations between the components of 70), 
T(k1) and 7(Rk1) (r=1, 2, 3) are as follows: 
For an arbitrary orientation of the coordinate 
system, 

Tap(k0) = 


and 


0 (as<B) 

(AII-2) 

If the principal axes of the crystal are taken 

as the coordinate axes (cf. (2.1c), Fig. 1 and 
App. I), then 

F(R) = Toh) ST o3(8)) ’ \ 
Ty (R11) = To2(R1) = TRY) , 
Txat(R1)= Toa!’ (R1) (r2s7’) , 


and 
Tee Ee 
Ti3(k1l)= ae To34(R1)= T3(R1) | 
= T12°(k1) — T232(R1)= = T3:2(k1) | 
= 3° RL) = T2331) = 2 317(R1).. 
Appendix III. 
Expressions for A(k), Bik), C(k), A(R)’ and 
Bky.. 
Ab= + "SP Inj; A—e(DE 
= (ky i Yds 1 , 
1 7D rn 1 
oO) as > [yo(F; Rl)—a(1)) (AIII-1) 
x [ys(7; #1)—2s(1)] , 
1 nCk0) 
= Uy k0 
C(h)= (0)? Pail (7; RO)P . 
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Electronic States of the F-Center in Lithium Fluoride. 


By Tadanobu KoJIMA* 
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The electronic states of the #-center in LiF are theoretically investi- 
gated taking account of the detailed atomic structure of the crystal. 
The Hamiltonian of an #-center including polarization effects is presen- 
ted. The polarizabilities of the ions in the crystal are determined from 
the static and high-frequency dielectric constants and the reststrahl 
frequency. Approximate eigenfunctions and energy levels are calculated 
with the use of variational wave functions comprising linear combina- 
tions of the 2s and 2p atomic functions on the six lithium ions adjacent 
to the missing negative-ion site. For both the ground and excited 
states, the resulting wave functions have larger coefficients of the 2p 
functions than those of the 2s functions. The first optical excitation 
energy is obtained to be somewhat smaller than the experimental value; 
possible sources of this discrepancy are discussed. The g-factor of the 
F-center is also computed. A more satisfactory theory will be given in 
the next paper. 


Introduction 


§1. 


The electronic structure of the F-centers in 


a continuum approximation could be legitimate 
from the atomistic view-point; actually, the 


alkali halide crystals has been explored theo- 
retically by various authors since it was first 
treated by Tibbs”. In all the former theories, 
except that of Inui and Uemura, the crystal 
was replaced by a continuous dielectric me- 
dium with a spherical hole which represented 
a negative ion vacancy. It has remained an 
open question, however, to what extent such 


* Present address: Research Institute for Atomic 


Energy, Osaka City University, Awaza-Nakadori 
Osaka. 


wave functions obtained by this method were 
not very accurate as indicated by electron 
spin resonance experiments»»). It is there- 
fore desirable to make a more detailed cal- 
culation, taking full account of the atomic 
structure of the crystal. Inui and Uemura’s 
work may be considered to have made a step 
toward this direction. In their work, how- 
ever, the displacements and deformations of 
ions were entirely neglected, and the wave 
functions were chosen merely so as to satisfy 
the symmetry requirements (without solving 
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| the wave equation). The primary purpose of 
this and next papers is to carry through de- 
tailed calculations which are based on the 
atomistic standpoint and to clarify the nature 
of the approximations hitherto employed. 
Calculations were made on LiF, which is the 
simplest crystal of alkali halides for the pur- 
pose of making numerical calculations, but 
the methods developed here may equally be 
adapted to other alkali halides, with certain 
appropriate modifications. 

The method of the present calculation is 
essentially a variational method: We first 
take a trial function of a suitable symmetric 
form for the wave function of the trapped 
electron, fix a variational parameter to an 
arbitrary value, look for the displacements 
and induced dipole-moments of all the ions 
which are consistent with the assumed wave 
function, and calculate the total energy of 
the crystal. In this way, we get the energy 
of the crystal as a function of the parameter. 
Then, finding the minimum of this energy, 
we obtain the desired energy and wave func- 
tion. 

In §2 the ionic polarizabilities of the crystal 
are discussed, in §3 the Hamiltonian for an 
F-center including polarization effects is pre- 
sented, in §4 the eigenfunctions and eigen- 
energies of the Hamiltonian are computed in 
the ZCAO approximation, and in §5 the 
g-factor is calculated making use of the ob- 
tained wave function. 


§2. Polarizabilities of the Ions in the 
Crystal 

The polarizabilities of the ions in crystals 
differ from those of the ions in free space 
owing to their interactions with the surroun- 
dings. Let a.° and a_° be the polarizabilities 
of the positive and negative ions, respective- 
ly, when the crystal is subject to a high-fre- 
quency electric field for which no displace- 
ments of the ions occur. These polarizabili- 
ties are related to the high-frequency dielec- 


tric constant «) by the Lorenz-Lorentz 
formula: 
3v Ko—l ( 1 ) 
0 Of ee Ue 
tie 4r ko +2 


where v (=2a?) is the volume per ion pair in 
the crystal. Now a static field be applied to 
the crystal. The polarization then arises not 
only from ionic deformations but also from 
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displacements of the ions. Let the contribu- 
tion of the latter to the polarizability be aa, 
and the contribution of the former a,* and 
a_*, for the positive and negative ions re- 
spectively. These quantities and the static 
dielectric constant « are related by Clausius- 
Mosotti formula: 
: 3u «c—l 
a s~tatt+aqg= are 
‘ nee 4x «+2 ge 
Further, defining e*spnere for a spherical speci- 
men by the expression: 
(@8+a_-*+ aa)—(@4°+a_°) 
aa 


Cations = ( 3 ) 

we have between e*spnere and «, ko, we (=the 

angular frequency of transverse lattice wave) 

the Lyddane-Sachs-Teller relation”: 

Kot Z ee 

SoS BP AETS. 3 4 
3 (4) 


K—Kky= An( : 
Moo? 


M being the reduced mass of the ions. 
Using the experimental values for LiF: 

K=O 2h ho 92 Or — lo LOL Se Cea andaa— 

2.01A, we obtain from the above relations 


Aa=2.34,A ’ 
ata *=0.49,A3 , 
a,°+a%=0.91,A3. 


To separate the contributions from the posi- 
tive and negative ions, we first notice that 
the requirements @,/<a.°<a.° and at> 
a_°>a_* should be satisfied, where a,/ and 
a_t denote the polarizabilities of the positive 
and negative ions in free space. Adopting 
Pauling’s values: a@,’=0.029A? and a_t= 
1.04A? (Pauling’s value of a@,/ is very close 
to that obtained by a variational method: 
0.031A2 ©) and setting a.°=0.04A% and a,%= 
0.07A2 as reasonable values, we get values 
shown in Table I. It is interesting to com- 
pare these values with those given by other 
authors. Shockley? assumed a? to be a qu- 
antity characteristic of each ion, irrespectively 
of the sort of the crystal which contains the 
ion, and so determined a?’s of the alkali and 


(5) 


Table I. Polarizabilities of Lit and F- 
ions in A? 
j | = al Ge as 
eae 0.03 0.04 0.07 
a | 1.04 0.87 0.425 
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halogen ions as to get a best fit of the 
Lorenz-Lorentz formula for all the alkali 
halides. His values for Lit and F~ are 
a,°=0.045A2 and a_°=0.86A?. The method 
used by Mott and Littleton® is essentially to 
calculate a,°, a—° and aa, assuming that 
A48:aS:ag=Asl aT: az , 
(which contradicts with the requirement @,/ 
<@.*) where a,’ is given from the expres- 
sion 
ar 3 
—Anp/3 ’ v 
These are derived under the assumption that 
the polarizations due to displacement and de- 
formation do not interfere one another, a,’ 
corresponds to aq for an effective field which 
cares for the overlap effect between neigh- 
boring ions. Their method when applied to 
LiF yields a,°=0.02A2, a_*=0.77A® and ag= 
2.06A?. This value of a-* is presumably too 
large (compare with given in Table I). 

Now, resorting to the continuum approxima- 
tion, let Maxwell’s displacement vector be 
D, whose spatial variation in the crystal is 
assumed to be sufficiently slow in the range 
of interatomic distances. When a high-fre- 
quency field is applied, there is an induced 
dipole of strength per ion pair of (wv/4z) 
(1—1/«,))D. Then, if we denote the contri- 
butions of the positive and negative ions to 
this dipole by M,°Da* and M_°Da'*, respec- 
tively, M,°(v=-+ or —) can be expressed as 


(6) 


kK—ky=-~ 


coe 

An Ky | @° +a” 
When a static field is applied, there is an 
induced dipole of (v/4z)(1—1/«)D per ion pair, 
so that, denoting the contributions of the 
positive and negative ions to this dipole by 
M,.Da*® and M_Da’, respectively, My(v=-+ or 
—) can be expressed as 


1 (i2 i ): a,’+aaM/M, 
Ar aaa, 
where M, is the mass of the v-th ion. If 
we assumed, with Mott and Littleton, equal 
amounts of displacement for ions of the two 
kinds for a static field, it would have turned 
out that a strain field was produced in the 
crystal for an inhomogeneous D. In (7) we 
assumed that the center of gravity does not 
displace when a static field is applied, in 
order to separate the effect of strain. 


M,° = 


M,= (7) 
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The above assumptions are applicable only 
if D varies slightly from ion to ion and the | 
effect of the vacancy on the polarizabilities © 


can be ignored. This does not seem very 


satisfactory especially for those ions which | 


are immediate neighbors of the vacancy. 
Neverthless we apply these assumptions in 
the following calculations taking D= 


to higher approximations, 
shown that most results of the zeroth ap- 
proximation are not appreciably affected. 

While this zeroth approximation is used 
throughout this paper, for simplicity, in dis- 
cussing polarization effects, all the necessary 
expressions applicable to higher approxima- 
tions are given. One has merely to replace 
M, and M,° of the next section by more 
accurate values. 


§3. The Hamiltonian 


The Hartree-Fock Hamiltonian and its ex- 
pectation value for an F-center in its ground 
state consist of the following terms, neglec- 
ting the effects of lattice vibrations and 
magnetic interactions: 

I. Kinetic Energy of the Trapped Elec- 
tron.—This contributes to the Hamiltonian, 


SE = —(h?/2m)p° , (8) 
and to the energy, 
SbF hdc = —(h? 2m) bp*hdr , (8a) 


where <(r) denotes the wave function of the 
trapped electron in the ground state. 


Il. Interactions between the Trapped Elec- 
tron and the Ions. 

(a) The interactions not concerned with 
polarization effects.—Disregarding the overlap 
between ions, these contribute to the Hamil- 
tonian 


Hi 1= OD, 4.202 Bear Tac, (9) 


Ir =i 4 Naas 3 
in which Ry is the position vector of the 
y-th lattice site, Z, the atomic number of the 
y-th ion, and x,; is the undistorted j-th core 


wave function of the »y-th ion. The cor- 
responding energy is 
vce deme 7,) PO de 
v Ir Ry| 
seas || Cadi) 
ex\(. a Fol (9a) 


ere 
(Mott and Littleton’s zeroth approximation). — 
In the next paper, however, we shall proceed — 
where it will be 


| 
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The effect of overlap between ion cores might 
be calculated by the method of Léwdin” 
which was developed in his theory of the 
cohesive energy of ionic crystals. However, 
we shall neglect it since the overlap integrals 
between core functions are no greater than 
about 0.05. 


(b) Interactions between the trapped elec- 
tron and the polarizations induced by the 
vacancy.—A dipole of strength —M,ea*p,R,-} 
is induced on the v-th ion by the vacancy 
charge e. The interaction between the trap- 
ped electron and all such dipoles in the 
Hamiltonian is 


1 


A 3= Mye a’ Vy Ir ‘ery “4 on. ’ (10) 
and the corresponding interaction energy is 
(vce side =— 3 MEO 9 (PO a 
lr—Ry| 
(10a) 


Contributions from higher multipoles will be 
small and may safely be neglected. In the 
above expressions all the displacement dipoles 
and ion-core dipoles have been assumed to be 
point dipoles; although this approximation is 
fairly good for the calculation of the interac- 
tion energy, it cannot be used in a more 
careful calculation as that given in the next 
paper. 

(c) Interactions between the trapped elec- 
tron and the optical polarizations induced by 
it.—The optical dipole moment induced on 
the v-th ion by the charge element —e~?(r)dr 
of the trapped electron is given by 


and the time-average electric field at R, due 
to the trapped electron is 


mata 
; TApara 
Hence the contribution from such dipoles is 
Wah 1 
SE sa= — >, M,°e?a* AF i Oa ea steer 
aig hp P\ireene p27) 
(11) 


and the interaction energy, 


2 


rf Pr) dt 
iam 


[rar ibd —zasreal nf 


(lla) 
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(d) Interaction between the trapped elec- 
tron and the infrared polarization induced by 
at.—The infrared part of the polarization is 
defined as a difference between the total po- 
larization and the optical part of the polariza- 
tion. Accordingly, the necessary expressions 
are obtained merely by inserting M,—M,? in 


place of M,° in (11) and (lla). Writing ex- 
plicitly, 
SIE = — >\(M,— M,")ea? 
P(r) 1 
Xv de Vy ~~ (12 
Ve a 


(12a) 


(e) Hxchange interactions between the trap- 
ped electron and the core electrons.—The 
exchange interactions contribute to the Hami- 
Itonian, 


pak sate \xvi) Ue’ toi) (13) 
PF | dir) ’ 
and to the energy, 
[$27 haem —e 
PN) HIN PT) MT) ein’ 
Pl vee] dcdz’ . (13a) 


Ill. Internal Energy of the Polarized Lat- 
tice.—This is composed of the self-energy of 
the ion-core dipoles induced by the trapped 
electron and the change in interaction energy 
among all the ions due to this polarization. 
This energy can be expressed as 


[poe bde=— ; | Hut Hw\bde 


(14a) 


For the derivation of this expression, see 
Appendix A. (14a) suggests an equivalent 
Hamiltonian for the internal energy: 

(14) 


eben ; (Fat SF 0) . 


The total energy of the F-center in its 
ground state is thus given by 
H=\WZe vat , (15) 


where & stands for the complete Hamilto- 
nian: 


FO = FE 14 FO at +s. (16) 
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For excited states, we must distinguish 
between two cases, 7.é€., optically excited 
states in which all the ions are fixed, by the 
Franck-Condon principle, to their positions in 
the ground state, and thermally excited states 
in which they are allowed to move to new 
equilibrium positions. For optically excited 
states, we have to use the infrared polariza- 
tion of the ground state, when calculating the 
interaction energy with the trapped electron. 
Thus, for optically excited states, we use, 
instead of (11), (13) and (14), 


FE sn = — > M,C? a* 
v 


PeNavotere ie 
<P er Ce a 
e— _pasf PA XT) 4 MoT) 
I f= ex\ Be Ga Be ol 
L f=- = Lue , (19) 


where #.(r) is the wave function of the ex- 
cited state. The corresponding total energy is 


B= | be ude  \bXobae, (20) 
with 
FE = FO AFA 3+ oud? 
+P wtFos+F es. (21) 


The optical excitation energy is E.—E. For 


thermally excited states, all the expressions 
are the same as for the ground state. 

In all previous theories of the continuum 
model, the interaction energy between the 
trapped electron and the optical polarization 
induced by it has been assumed to be a con- 
stant independent of the electronic state, 
whether ground or excited. This assumption 
corresponds to putting #eu=HK ua’ =const. 
in our Hamiltonian. We shall refer to this 
approximation as ‘quasi-adiabatic’, against the 
conventional Hartree-Fock approximation. 
The quasi-adiabatic approximation in the con- 
tinuum model is based on the idea that, if 
the motion of the trapped electron is much 
slower than that of the ion-core electrons, the 
induced optical polarization will follow quite 
easily, or adiabatically, the motion of the 
trapped electron, so that the interaction be- 
tween them will be independent of the posi- 
tions of the trapped electron. This idea has 
proved to be fruitful for donors and acceptors 
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in most valence semiconductors, in which 
cases the orbit of the trapped carrier is large 
compared with the interatomic distance of the 
host crystal. In the case of F-centers, how- 
ever, the optical polarization due to the trap- 
ped electron will not easily follow the motion 
of the electron. Furthermore, the presence 
of a negative ion vacancy will affect the 
optical polarization induced by the trapped 
electron and hence gives rise to an interac- 
tion between the negative ion vacancy and 
the trapped electron. It would, however, be 
very difficult to deal duly with the interaction 
between the electron and the induced optical 
polarization from the atomistic standpoint, 
since it is essentially the calculation of the 
correlation energy between the trapped elec- 
tron and the core electrons that comes out of 
the second and higher order perturbation 
terms taking the interaction as the perturba- 
tion. 

Notwithstanding all these. use is made of 
the quasi-adiabatic approximation in the pre- 
sent paper, in line with previous theories, but 
a comparison of both the approximations will 
be made in the next paper where it will be 
shown that they lead to not radically different 
results. 


§4. The LCAO Approximation 


We shall now calculate the eigenfunctions 
of the Hamiltonian described in the preceding 
section using a variation method. As a trial 
wave function for the trapped electron, we 
take a linear combination of the 2s atomic 
orbitals, s, and the 2p atomic orbitals, pz, py 
and p., each localized on one of the six Li* 
ions which surround the negative ion vacancy. 
Numbering the six ions as illustrated in Fig. 
1, the wave function for the ground state 
may be written, 


Fig. 1. Numbering the six positive ions around 
a negative ion vacancy. 


~ energy value. 
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P(r)= a> S(r—Rx)+a2{pe(r—R)) 
—Pe(r—R2)+D,(r—R3) —p,(r—R,) 
+p(r— Rs) —pAr— Rs)}; 


in which, and also in the next expression, the 
sign of each p function is so chosen that its 
positive lobe points toward the positive lobe 
points toward the positive direction of the 
coordinate axis on which it locates. The first 
excited states which combine optically with 
the ground state are triply degenerate. The 
wave function for one of them may be 
written 


Pe(r) = b,{s(r—Rs)—s(r—Re)} 
+b, = pbAr—Rx)+ bs > pAr—R:i). 


(22) 


(23) 


In (22) and (23), a and & are variational 


parameters which are to be so determined as 
to minimize the corresponding expectation 
value of the Hamiltonian. 

The trial functions constructed in such a 
way, are not strictly orthogonal to the ion 
core functions and hence violate the Pauli 
exclusion principle. As a consequence, it 
might occur that the energy obtained by 
minimizing the expectation value of the Ha- 
miltonian becomes much lower than the actual 
Since the extension of the 
wave function and so its overlap with the 
core functions are larger for the excited state 
than for the ground state, the above-men- 
tioned lowering of the energy would be more 
appreciable for the excited state. One would 
therefore obtain a too low value of the ex- 
citation energy by using our trial functions. 
A possible way of getting out this difficulty 
would be to orthogonalize the trial functions 
to the core functions, or as it is practically 
the same thing, to construct complete deter- 
minantal wave functions for the whole crystal. 
Obviously, however, this procedure is very 
complicated since we have to use from the 
start trial functions composed of a large 
number of atomic orbitals. Another way to 
go round the difficulty, which is actually 
adopted in this paper, is to suitably modify 
the potential function, leaving the trial func- 
tions unaltered. We simply replace the ions, 
to whose core functions the atomic orbitals 
composing the trial functions are not ortho- 
gonal, by point charges. 

The atomic orbitals chosen in our actual 
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calculation are the Hartree-Fock functions for 
a free Li atom™, Details of the method of 
calculation are given in Appendix B. The 
results are summarized in Table II. The 
optical first excitation energy obtained is 4.18 
ev when polarizations are neglected, and 3.50 
ev when they are included. The agreement 
with experimental value, 4.96 ev, is rather 
poor. The main source of this discrepancy 
can be seen by comparing the results with 
those of a more detailed calculation presented 
in the next paper. A large part of the dis- 
crepancy was found to come from the follow- 
ing: the ground state energy obtained is 
somewhat too low, and still more so for the 
excited state. First, our modification of the 
potential to avoid the nonorthogonality dif- 
ficulty was not very satisfactory. Second, an 
additional discrepancy when polarization was 
included resulted from our use of Mott-Little- 
ton’s zeroth approximation. If the positions 
and deformations of the ions were rearranged 
to attain the equilibrium configuration, the 
excited level would have been lowered, but 
still more lowering would have occured with 
the ground level. Third, another possible 
source of the discrepancy may be due to our 
use of the quasi-adiabatic approximation, as 
will be discussed in the next paper. 

It may be interesting to note that the con- 
tribution of the p functions predominates over 
that of the s functions, as indicated in the 
caption of Table II, and that by mixing the 


Ye PART FOR 42=0 


VN —=-— = 


QY <— (100) ai : 
Ya-PART FOR a,=0 


Fig. 2. Behavior of the Yo parts and Y, parts 
of the ground state wave function and of the 
contribution to it from the s functions alone 
(a2=0). 
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p functions the ground state energy is lowered 
by as large as 1.9 ev. Fig. 2 shows the Yy 
and Y; parts of the ground state wave func- 
tion, and for comparison also those parts 
when only the s functions are used for the 
linear combination. It may be seen that the 
Y,) part is very similar in shape to that ob- 
tained by the continuum model, whereas the 
Y, part oscillates violently. It is also noted 
that the wave function constructed of the s 
functions only is widely spread over many 


Table II. Calculated energy levels in a.u. The 
minimum of the expectation value of the Hamil- 
tonian is attained at a,;=0.064; and a,;=—0.303 for 
the ground state and 0;=0.174, 62=0.312 and b3= 
—0.339 for the first excited state. The values 
when some of the atomic functions composing the 
trial functions are omitted are also given for 
comparison. 


Grate Atomic Function | Neglecting | Including 
Employed Polarization |Polarization 
2s only (d2=0) E0767 PERS O° 022 
ground 96 only (a1=0) ~0.261 | —0.084 
2s and 2p —0.271 —0.094 
2s only (bo=b3=0), (0.075 0.220 
First 
Excited 2? Only (bi=bs=0), ~0.076 0.052 
State | 2p only (61:=62=0)  -—0.102 0.041 
| 2s and 2p 
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surrounding ions. This is the main reason 
why this function gave poor energy levels. 
In Fig. 3, we have plotted the charge distri- 


Fig. 3. Charge distributions of a trapped electron. 


bution of the trapped electron, Q(7)=JS,<, p? 
()dc’, against 7. The wave functions ob- 
tained will be seen to be somewhat too diffuse 
when one compares these curves with those 
in the next paper. 

As is seen in Fig. 2, the computed wave 
function for the ground state have an ex- 
traneous nodal surface, which is unlikely to 
occur in reality. This evidently comes from 
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the dominant contribution of the p functions 1 


or rather a superfluous admixture of them. 
An improvement might be made by mixing 
more atomic orbitals located on further ions, 


but to manipulate a large number of then | 
appearing complicated many-center integrals — 


would make such a calculation very cumber- 
some. 


§5. The g-Value 


In order to obtain the spectroscopic splitting ! 


factor, g, for the F-center, we include in the 
Hamiltonian two additional terms 


9 = lox o(—eV)-P, (24) 
mC 

ee es me 

ae 3= 2mc ( h +0)H, (25) 


where —CV= 4724+ 4734+ 4# 1, o the Pauli 
spin vector, and A the external magnetic 
field. If one already had the eigenfunction, 
¢, of the Hamiltonian which includes 4%; 


but not 4s, one could calculate the g- 
value by 
eh Ha SOA shade 
2mc §|pal2dr 
§($8)* HA sb Badr 
a? von IGBEGE sone a 


where @ and 8 are the usual spin functions. 
To obtain this ¢, let us now take the trial 
function of the form: 


Ga=14AF pa (27) 
for the spin state a, and minimize the ex- 
pectation value of the energy 


pe Sa + SF )bade 
S\da|2dr 
with respect to the variational parameter 2. 


Denoting the minimizing value of 4 by Am, 
we have 


(28) 


7 AJL? 
K?—4L(JK—JL—L*)’ oe 
with 
J=\*S hae , 
We \ 
K=3( ona SPV Xrb PIV x plabde 
Bee Mik ar 2 
L=3( a) SPV Ppltar , 


in which [7V xy]. denotes the component of 
the vector operator, pVxy, along the direc- 
tion of the magnetic field. Putting £=(eh?/ 
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4m?c?)in, the wave function is given by 
ba=bar+iE{[pV x plepat+[pV x plehB 


+el7V x 7] yPB} . (30a) 
Similarly, we have for the spin state 2, 
B= $B+1E{—pVxp].o8+[pV x plepa 
—7V xplypa} . (30b) 
Then 49(=g—2) becomes 
Ag=—4ES[pVx pl.b-[rx plepdr , (31) 


neglecting terms of the order of &. 

A rough estimation (see Apendix B) using 
these expressions and the wave function 
found in §4 yields 4y~—10-%. Recently, 
Lord!» has made very careful measurements 
of the g-factor upon LiF and obtained a posi- 
tive value, 47=+6.210-‘, contrary to our 
prediction.* However, our theory when ap- 
plied to KCl, assuming the same value for 
@1:@. as that obtained for LiF, gives a g-value 
fairly close to the observed one. Kahn and 
Kittel® state that when the wave function of 
the ground state is developed in spherical 
harmonics, in the form 


~=const. x [ds +b bet t+ be-*)] 5 (32) 


where ¢s, et and ge-* are normalized 
functions possessing the symmetry properties 
of Yo, Ya,4 and Y.,-4 respectively, the value 
of 5b to explain the g-value observed for KCl 
should be much larger than unity. However, 
our wave function yields b=0.13 and still 
gives a correct order-of-magnitude value of 
the g-factor. It should be emphasized that 
use of an accurate potential function in (31) 
is of vital importance. 

To evaluate the electron resonance line 
width of the F-center, which is associated 
with the hyperfine interaction of the trapped 
electron with the nuclei of the ions surroun- 
ding the vacancy and hence with the values 
of the wave function at these nuclei, we have 
to use a wave function orthogonalized to all 
the ion-core functions. Our wave function is 
only partially orthogonal to the core func- 
tions, and so its values at the nuclei can not 
be expected to be satisfactory. A calculation 


Es F. ae Adrian (private communication) also 
made a similar calculation using a perturbation 
technique and obtained a value 4g~>—5x10-%. He 
suggested that holes produced by the deformation 
of the surrounding ions may be responsible for the 
positive 4g value. 
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of the line width using an orthogonalized 
wave function will be performed in the next 
paper. 


§6. Summary and Conclusions 


We used variational wave functions com- 
posed of the 2s and 2 atomic functions of 
the six lithium ions adjacent to the vacancy 
to calculate the energy levels and also the 
g-value. The contribution of the p functions 
was found to be much larger than that of 
the s functions, as seen in Table II; wave 
functions composed of only the s atomic 
functions gave very poor energy levels, pro- 
bably because they extend over many ions as 
indicated in Fig. 2. Our ZCAO method 
yielded a value of the first excitation energy 
which is in fair agreement with experiment 
but this method does not seem to be con- 
venient for more accurate computations, pri- 
marily because we have to deal with com- 
plicated many-center molecular integrals. 
The g-value was also calculated. Although 
our method of approach presented in §5 will 
be able to explain the observed g-value of F- 
centers in most alkali halides, a complicated 
situation seems to exist in the case of LiF 
and a more careful investigation will be 
necessary. 

The author would like to express his sin- 
cere thanks to Professor T. Nagamiya for 
his kind interest and encouragement during 
the course of this work. Thanks are also 
expressed to Mrs. K. Kojima for helpful dis- 
cussions and assisting with numerical cal- 
culations. 


Appendix A. Derivation of (14a) 


The Maxwell’s displacement vector in the 
Hartree approximation produced by the trap- 
ped electron is 


AES) Vase 
poaied Gh - 


Through this D(r) ions deform and displace 
to their new equilibrium configurations. Con- 
sidering the displacements and deformations 
of the ions separately, denote the components 
of the corresponding dipole moments by 2 
(¢=1,2,---6N; N:the total number of the ions). 
Their origin be so chosen that x:=0 in the 
absence of the trapped electron. Let the 
component of D associated with « be D;, and 


Dix)=67 | (Al) 
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imagine the quantity, AD(Q<A<1). x will 
vary approximately linearly with 2. The 


total energy of the crystal, U, may then be 
written in the form 

U=U,+-U,2 + Shisvivy t+ DRiaid ; (A2) 
where ki; and & are the coefficients which 
may depend on ¢ but not on %; Uj 4 is the 
energy associated with #71, H 2, A; and 
SI ;. The third term comprises the self- 
energy of the dipoles induced by the trapped 
electron and the interaction energy among 
these dipoles. The fourth term is the inter- 
action between these dipoles and the trapped 
electron. Now the values of 2 is so deter- 
mined that U attains an extremum for a 
fixed ~, we have for these values of 2x, 


Dy; Rijvitj= = ” DS Riawih ° 
iJ 2% 
which states the relation (14a). 


Appendix B. Evaluation of Integrals 
and Lattice Sums 


1. Kinetic energy integrals are reduced to 
sum of one-center integrals and two-center 
integrals over atomic functions. Each two- 
center integral was calculated by expanding 
one atomic function in spherical harmonics 
around the center of the other atom. Similar 
convension was adopted also for overlap in- 
tegrals. Each one-center integral, together 
with the corresponding one-center potential 
energy integral (the first term of (A8)), was 
substituted by the negative of the ionization 
energy of a free Li atom. 

2. Potential energy integrals were calcula- 
ted through the following two steps: 

(a) First, all the ions were replaced by 
point charge with re, and the atomic func- 
tions were expanded in spherical harmonics 
around the center of the vacancy. For ex- 
ample, we write ~(7) in the form: 


J(r) SS > Fin?) Yim(O,?) 


+A. > Fim (1) Yim(8,¢) > (A3) 


in which the first sum comes from the 2s 
functions, the second from the 2p functions. 
Then (9a) reduces to S@ndnUnns, with 


rm ni? 


Umm BB Bef fimi0Kn 
Im Vm’ y lr—R,| 


x Yum(4,¢) Y; ™m (@,¢)dt ) (A4) 
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where ey takes +1 or —1 according to the 
sign of the v-th ion. When |r—R|-? is also 
expanded in spherical harmonics, integrals 
appear which contain products of three 
spherical harmonics. These integrals were 
evaluated by using the formula 

Yim(O,9)Yum9, ¢) 

idles Re Se acim 
em 4n(2Z+1) 

x (11'00|ll’ LO) I mm’ IV LM)V ru(8,¢) (AS) 
for normalized Yim!™; (ll/mm|ll/LM) are the 
Clebsch-Gordan (vector addition) coefficients 
which are tabulated elsewhere’. 

Integrals appearing below (10) were also 
computed with a similar method. 

(b) Second, the values of the integrals of 
the type §w?2(r—Rx)|r—Rx|"1dr (aw is the 2s or 
2p atomic function) were revised in accor- 
dance with the prescription described in § 4. 
For this purpose, we expand zw as 


u(r—Rx) = 29m{7) Yim(8,¢) , 


and from (A4) subtract 


(A6) 


—e 2 Ps) Nee m7) Yim(8,9) Y1 mO,0)at , 


|r—R:x| 
(A7) 
and add to it 
(h?/2m)Su(r— Ri) 72u(r—Ri)dt—Lu , (A8) 
in which JZ, is the ionization energy of a free 
Li atom corresponding to this zw orbital. The 
ionization energies employed were 5.391 ev 
for the 2s function and 3.544 ev for the 2p 
function. The revision of the integrals of 
the type Sz(r—Rx)u’(r—Rz)|r—Rx|-1dr, on the 
other hand, cannot be made in an unam- 
biguous way. In the present calculation, 


2 Jim(1)9’ 1 mm A) 
64S | ees Cee, 
im = | |r—R,| ( @ 


X YimmO,e)dr (A9) 
was subtracted from (A4) and 
he | ulr— Ride Re Vora) 
5a | 4(r— Rx)’ (r— Re) 
| ape se al 


was added, where by V:(r—ARx) means the 
Hartree-Fock potential due to a free Lit ion 
at Rx. These integrals being two-center in- 
tegrals, the integration can be performed in 
an analogous way to that of the kinetic 
energy integrals. 
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3. Summations over lattice points were 
carried out as follows: 

(a) S(e,/Ry)FURy) (F(R) represents any 
function which tends monotonously to unity 
with increasing R, and ¢,=1, e-=—1). This 
type of summation is evaluated most con- 
veniently by dividing the crystal into cubes 
of volume a? with centers at lattice points 
and placing a point charge of magnitude 
—(e,/8)F (Ry) at the z-th corner Ry: of the 
v-th cube each. These point charges appro- 
ximately cancel one another in each cube 
except in the cube which contains the vacant 
lattice point. The summation therefore con- 
verges very rapidly when first summed over 
nine point charges in each cube and then 
over pv. 

(b) S(M,/Ri F(R). If #(Ry) were all equal 
to unity, the summation would have been!” 

1 

at 

Correction for (M,/R,‘) [1—F(R,)] was calcu- 

lated for each lattice point and summed 
over v. 

(c) DX(e,/R,)F(R,)Y(0,¢). This was cal- 


(All) 


(10.1977 M,, +6.3346/M/_) 


culated one by one and added in a straight- 
forward manner. This type of sum was 
found to be so small that it could be neglec- 
ted in most cases. 

4. Expansion in spherical harmonics was 
actually retained up to the fourth order, Y4., 
in every case; the contributions of the Y,. 
terms to the energy integrals were found to 
be certainly much smaller than those of the 
Y, terms. Also, a rapid convergence of the 
expansions was made sure by comparing the 
values of the normalization integrals calcula- 
ted exactly by the method described in 
Appendix B. 1., and those calculated using 
the functions expanded in spherical harmonics 
up to the fourth order. The difference in 
values between two methods was below 1% 
for the ground state and below 3.5% for the 
excited state throughout the varied ranges of 
a and bh. 

5. Calculation of the integrals appearing 
in the expression for the g-factor could also 
be made similarly. But now it is expedient 
to expand the potential, V, in spherical har- 
monics around each lattice point and integrate 
within the sphere of volume a’ surrounding 
it. This is because the contribution to the 
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integrals comes mainly from the vicinity of 
each nucleus. Since the Hartree-Fock poten- 
tial for a free Li atom does not give the 
correct value of the 2 doublet splitting of 
the atom, the potential was adjusted by 
multiplying a constant factor that makes the 
calculated doublet interval agree with the 
experimental value, 0.3366cm711!. A rough 
estimate was obtained by taking only the six 
spheres adjacent to the vacancy. When in- 
tegrating within a given sphere, we employed 
the wave function modified as follows: those 
constituent atomic functions whose centers lie 
outside the sphere are omitted, and the wave 
function so simplified is renormalized within 
the sphere to the value which the initial 
wave function # gives in the same sphere. 
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The electronic structure of the F-center in LiF {is investigated by 
making use of a variational wave function for the trapped electron 
which is orthogonal to all the ion-core functions. The variational para- 
meters are so determined as to minimize the total energy of the whole 
crystal, including exchange interactions, polarization effects and van der 
Waals interactions. The equilibrium positions of the surrounding ions 
and the ion-core dipoles are determined in a self-consistent manner with 
the #-center wave functions. The resulting wave function shows cor- 
rect oscillatory behaviors around each nucleus. The calculated first 
optical excitation energy is in excellent agreement with experiment. 
The associated oscillator strength is also evaluated. The line-width of 
the electron spin resonance is computed, yielding a value twice as large 
as the experimental value. A source of this discrepancy and other sour- 
ces of errors which might have affected the energy levels are examined. 


In the preceding paper’, we approximated 
the wave functions of a trapped electron in 
an f-center by linear combinations of atomic 
orbitals and calculated the energy levels. As 
mentioned there, an approach along this line 
is not very profitable to obtain better results 
by going to higher approximations, since the 
nonorthogonality of the wave functions with 
ion-core functions cannot practically be taken 
into account in any satisfactory way. There- 
fore it seems more profitable to start with 
another type of wave functions which is free 
from the above dismerit but still tractable. 
In this paper we shall make an attempt to 
find such wave functions and calculate with 
them the energy levels and the electron spin 


* Present address: Research Institute for Atomic 
Energy, Osaka City University, Awaza-Nakadori, 
Osaka, 


resonance line width, again for LiF. 


§1. 


Polarization around a Negative Ion 
Vacancy 


In I, the polarization around a vacancy was 
treated in Mott and Littleton’s zeroth appro- 
ximation, so that the deformations and dis- 
placements of the ions were assumed to be 
determined only by macroscopic quantities x, 
ko and w:, even for the ions in the immediate 
neighborhood of the vacancy. This assump- 
tion is actually not correct, because the elect- 
ric field produced by a vacancy and a trapped 
electron is far from being uniform over a 
space large enough compared with the inter- 
atomic distance, and besides the dielectric cons- 
tants must be different from those of the 
perfect crystal in a uniform field, as there is 
a lattice distortion caused by the lattice defect. 


1957) 


Accordingly, in order to treat properly the 
polarization around the lattice defect, the 
polarizabilities of the ions ina strained lattice 
subjected to a nonuniform external field must 
be investigated. However, instead of doing 
this, we shall deal with the polarizations wi- 
thin the framework of Mott and Littleton’s 
approximation”, and proceed as follows. 

In the first approximation, we take as un- 
knowns the displacements £,@ and the ion- 
core dipoles mm,ea for the six ions adjacent 
to the vacancy, assuming that for all the 
other ions values given by the zeroth appro- 
ximation are still valid. Weassume also that 
the polarizability a.° of the (100) ions is un- 
affected by the presence of the vacancy and 
that the overlap repulsive potentials between 
ions of opposite signs have, as usual, the ex- 
ponential form Ae-’/?. The repulsive force 
exerted outwards on a (100) ion is then given 


by 
P.=“| —exp {(-14+ 6+ MW ee 
0 4 0 
4a es Mia -d/p 
sip Saray Je tle (Lie) 
where 


(Y=) 60 sy. 


il il Aa M 
(a 30 ] hes Bi aa 
My An ( K ) ase +-a stag M, 

is the displacement of the ion (v=+ or —) in 
units of a@ for the field of strength e/a’, M 


being the reduced mass of the ions and M, 
the mass of the »y-th ion. The constant A 
can be eliminated by making use of the equi- 
librium condition for the perfect crystal: 


6Ae-“/?/p=aye?/a@ , 


(2) 


in which @&y=1.7476 is the Madelung constant. 
The electrostatic force outward on the same 
ion is, aside from the Madelung field which 
is virtually zero for small displacements, 


j peamel 2 lec SARE 6 UY 2 pipaeemi Ct 2 a 
Pot arena eH2e-+é2)4 
DE STASI 3881 Mi" 


st 1.9652 0’ | (3) 


The unknowns 77, and &, are determined from 
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the conditions 
F, Se Iki =0 . 


my,e7a = ak, 5 


(4) 


In the second approximation, the displace- 
ments &,@ and ion-core dipoles m,ea for the 
twelve (110) ions, as well as those for the 
(100) ions, are taken as unknowns which may 
be determined from additional conditions ana- 
logous to (4). 

In order to practise the above calculations, 
it is necessary to know the value of o, which 
may be determined from the observed dielect- 
ric constant and reststrahl frequency as fol- 
lows: When a uniform electrostatic field is 
impressed along the [100] direction of the per- 
fect crystal, the overlap repulsive force exerted 
on a positive ion is given by 


F,.= | tana 
6a? 

Bs oe gee ¥ (a2+o2— 4 (5) 
in which z denotes the relative displacements 
of the ions of unlike signs. The force due to 
the electrostatic field is F.=eEjoc, where Ejoc 
means the local field at the positive ion, which 
is related to x by exv=Q@aEjoc. Eliminating x 
from (5) with the use of the equilibrium con- 
dition, F;+F.=0, we have 


ae ey | (6) 
Bir WO ROEN TO 8) 
Inserting in this expression the value of aa 
given in I, we finally obtain p=0.253 A, which 
is employed throughout the present work. 
Usually the value of o is determined from 
the observed compressibility, making use of 
a formula such as” 


Lae 1 “| 

B 18a? is eC! 
where #8 is the compressibility. Inserting the 
observed value 1.52x10-4/barye for 8 into 
(7), we find p=0.296A. The measered com- 
pressibility, however, is that for room tempera- 
ture, whereas in fact we must use the value 
at 0°K. Since $ decreases with decreasing 
temperature, the value of op should be lower 
than 0.296A. Furthermore, a value of  ob- 
tained in this way corresponds to the repulsion 
between unpolarized ions and so would be 
larger than the value between the polarized 
ions with which we are actually concerned. 


(7) 
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It is noted that our value of 0, 0.253 A, is 
valid for uniform electric field, and thus may 
not necessarily be satisfactory in applying to 
our problem of defect lattice. Fortunately, 
however, an accurate knowledge of o was 
found not very important when calculating the 
energy levels of the /-center, though it would 
be important in determining precisely the 
equilibrium positions of the surrounding ions. 

The potential at a missing negative ion site 
due to the static polarization produced by it 
is given, in the zeroth, first and second ap- 
proximations, by 


V.°=— ‘s (10.1977M,. +-6.3346.M_) , (8a) 
Ve=— : | a1977 M,.+6.3346 M_+6 
6 6m, | 
= 8b 
ef? Cee ou 
Ve «| 41977 M,.+3.3346 M_-+6 
12, ul laermll C memeans Or. 
V0 hte Vy cea ae 
12 mz 
Leys eae eS 
respectively. In Table I are given our results 


of calculation. For reference, also the results 
of our similar calculation for optical polariza- 
tion are included, z.e., for the case where all 
the ions are held fixed to their own lattice 
points. In the latter calculation the optical 
polarizabilities of all the ions were assumed 
to be those for uniform electric field applied 
to the perfect crystal, and their values were 
taken from I. 

Rittner e¢ al have made a similar calcu- 
lation for the optical polarization of NaCl up 
to the tenth approximation. Considering the 
convergence in their calculation, it appears 
that our values of V’ converge to about —3.67 
+0.02 ev. Therefore our second approximation 
seems to be satisfactory. On the other hand, 
the convergence of V* seems rather poor. 
Rough evaluations were also made up to the 
fourth order in this case; it appears that V* 
converges to a value between —9.2ev and 
—9.7ev. In spite of this poor convergence, 
the energy levels of the F-center can be 
computed fairly accurately, because the F- 
center is electrically neutral and the role of 
the polarization effects is not so important as 
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in the case of a vacancy. In view of this 
and the uncertainty of the repulsive potential 
mentioned above, it was decided to make de- 
tailed calculations only to the second approxi- 
mation. 


$2. Wave Functions 


Let us now take the wave function of the 
trapped electron in the form: 


br)=f (r)— = CrjitvA(P) . Co) 
For the ground state, f(r) is taken to be 
pel LF, 
4 (Gr i (7<) , (10a) 
TS QRH Ce ae es (10b) 


in which @ is a variational parameter, and C, 
C’ and k are determined from the condition 
that the two branches of f(r) should join 
smoothly at y=R and from the normalizing 
condition for ¢(r). xv; denotes the 7-th atomic 
function attached to the v-th ion, and c,; are 
chosen so that ¢(r) is orthogonal to all the 
core functions, 7.€., ¢.j=S f (r)xi(n)dt neglect- 
ing the overlaps of different ions. For the 
first excited state, f(r) is taken to be 


if =c( _ cos eos 6 (r<R), 
(11a) 
Vi = Cz 7. Care COSI Gaels (11b) 


where @ is the polar angle referred to a [100] 
axis. C.,C.’ and k, are determined similarly 
as mentioned above for the ground state. R 
may be taken as a variational parameter as 
well as @ or a, but we fix its value, for 
simplicity, to 0.9@ after Mott and Littleton. 
The final energy values were actually found 
to be rather insensitive to the value of R. 

For x,; it is convenient to use simple analy- 
tic wave functions. We use therefore the 
approximate solutions of Hartree-Fock equa- 
tions for the isolated lithium and fluorine 
ions®: 

ALit 1s( 74) = (2.69/72) /2e-2- 997 , 

XE - apz(7t) = (2.359/7)/27e-?- 3571 cos O; , etc., 


Xp g(t) = (2.495°/2.776 7) 1/2 (12) 
x (rie-2-499": 0) 8021e-7-48"%) , 
Xp 1s(76) =(8.753/72)/2e-8: 7574, (in a.u.) 


The wave functions of the core electrons 
may suffer slight changes when the ions ag- 
gregate to form a crystal, but we shall neg- 
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lect such possible changes in our calculation. 
Furthermore, we shall ignore the effect of 
the displacements and deformations of the ions 
due to polarization in orthogonalizing f(r) to 
the core functions. Both these approximations 
should be satisfactory for our purposes. 


§3. Energy Levels 


Among the various terms entering into the 
Hartree-Fock energy, the sum of the terms 
which are not related to polarization, (8a), (9a) 
and (13a) in I, can be rewritten by inserting 
(9) into them as follows, provided the over- 
laps of the core functions on different ions are 
ignored: 


[Se 4 +H) bdr 
=F£,+6£,4+4£3+E,4+E; . (13) 
bs il2m)\ Frese (13a) 
— 2 — SvOn BS 
E.= Sess ( aa: a) (13b) 
E3= > Cysl,; : (13c) 
vj 


Be\ P| eS e+ tet | ha Ja, 
lr—Ry| irs | 
(13d) 
Pos o2 \j SM IN)F WHIM) ede’. (13e) 
vd lr—r’| 


In (13b), ey takes +1 or —1 according to the 
sign of the y-th ion. J,;, which appears in 
(13c), is the negative of the interaction energy 
between an electron in y,; and the rest of the 
y-th ion, and may be put equal to the ioniza- 
tion energy of the orbital og? 


= xe 
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Lit 1s =2.779 a.u., Ip-jp = 0.131 a. u., Dp~ 25 
= 0'975'a.U., Jg- 15 = 26.15a.u, It ie to. be 
noted that, so far as experimental values or 
theoretical values calculated with much more 
accurate functions are employed for J,;, de- 
tailed forms for yz, are of little importance 
in evaluating the energy levels. The methods 
of evaluating the overlap and exchange integ- 
rals are given in Appendix A. 

Next we shall consider the terms associated 
with polarization. Although actual calculation 
was performed to the second approximation, 
we describe here, for simplicity, the method 
of calculation only to the first approximation, 
since the method can readily be extended to 
the second approximation. Setting 


Pr) de’ , 


TLL 


ar)=| (14) 


we find for the term of 3, in terms of 
&, and m, which were worked out in §2, 


[ex was 


_ Es i tele ve a 


~Q(@)+ Di 


Q(Ry), (15) 


where the sum is taken over all the lattice 
points except the (100) set. In order to eva- 
luate the term of H., we take as unknowns 
the displacements £,/a@ and the ion-core di- 
poles m,’ea for the (100) ions, and assume for 
all other ions in the lattice the vaiues in the 
zeroth approximation, namely, —M,’ea*R,-? 
Q(R,) for their displacements and —(M,—M,’) 
ea®R,-*Q(R,) for theirdeforma tions. Putting 


we find for the repulsive force exerted out- 
ward on a (100) ion, 


4 aM 


wien) = 2 [eal (erd eae) ] 4 Ger GM )om( SA), a 
where 
(o) (0-35) Hear e) 
and for the electrostatic force”, 
F.(Ey', a) = abe M2029 eee aor ae EE are 
Cera)? Cae ere) Oe -er th Claes? (Lake: x 


q ane, Dees 4 
+(— 1.2879? +-0.22901 4 + ) a+ ( 4.57492 1.49664 + 


--\m_ |. (17) 


m, and &,’ are uniquely determined as functions of @ from the conditions F,+F.=0 and 
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m,@a=a,°F,. Using the values of m,’ and &,’ so determined, we finally find for the term 


of 44, 


(18) 


[veeriide = SE Ae SRE a) ORD 


For the first excited state, the situation is 
somewhat complicated because the charge dis- 
tribution of the trapped electron has a lower 
symmetry (tetragonal); ions which lie at an 
equal distance from the vacancy do not al- 
ways have an equal ion-core dipole strength, 
unlike the case of the ground state, and more- 
over, each ion-core dipole is not necessarily 
parallel to the vector joining the vacancy to 
that ion. It was estimated, however, that 
both these effects scarcely affect the final 
energy levels, so that we are justified to re- 
gard the induced optical polarization as if it 
were caused by a_ spherically symmetrical 
charge distribution which is obtained by ave- 
raging the true charge distribution of the 


2.3713 me” 


of — a4? 2 a — get se 
rey?" = oh Qlat eva) — Pe 


trapped electron over solid angles. Therefore, 
denoting 


Qi =| bed, gn=1-Q.V 7 a), 
(19) 


the term of 44% can be evaluated as fol- 
lows: Taking as an unknown the average of 
the optical dipole moments induced by the 
trapped electron on the six (100) ions, 72.;°ea, 
and assuming that for any other ion, v, the 
induced optical dipole moment due to the trap- 
ped electron is still given by —WM,’ea*R,?Q, 
(R,) and that it points toward the vacancy, 
Mey” is determined as a function of a. from 
the equation: 


+-(0.3881— 1.2879 2. +0.22901- 45 +. «. Mw? 


+-(1.9652— 4.5749-%* +.1.4966 a Ps “| mM. | (20) 
We have then 
| ee sat eds = SE O(a) — 3¢ MEM Q.xR,), 21) 
The term of #4 is similarly expressed as 
| oS? wide = EEF MAEM MAINE 9 (a) — Sy OOM OR OR), (22) 


where 2,” is given by the equation obtained 
by dropping the suffix e from Eq. (20). Ex- 
pressions analogous to Eqs. (21) and (22) also 
hold, dropping the suffix e. 

In the second approximation, we take as 
unknowns the displacements and the ion-core 
dipoles for the second neighbors, as well as 
for the first neighbors, and proceed in an en- 
tirely analogous way to the first approxima- 
tion. Detailed expressions are omitted here 
because they are rather lengthy though it is 
easy to write them down. 

So far we have approximated all the dis- 
placements of the ions by point dipoles. This 
might not be a good approximation if the dis- 
placements are large. We shall now briefly 
outline the method of calculation for this case 


though this effect was evetually found to be 
rather unimportant. These finite displace- 


ments can be taken into account without dif- . 


ficulty for the expressions of 2; and HW,, 
in which one has only to replace @(@) and 
Q.(a) by other appropriate quantities accord- 
ing to circumstances. For example, the first 
term of Eq. (15) may be replaced by 


[aG-$Y efor) 
+m(1 +h) *Qatha)| . 


On the other hand, the situation concerning 
the internal energy is much involved, for one 
can no longer use the relationship, G“.= 
—#,/2, which has been derived under the 


i a i i ee et 
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approximation of point dipoles. To find the 
change of the internal energy, imagine a pro- 
cess in which the six first neighbors at (1+€;) 
@ are removed to their new equilibrium posi- 
tions (1+&,’) a, and simultaneously an electron 
is brought into the vacancy from the outside 
of the crystal, then regard the accompanying 
change of charge density as a source of elect- 
ric displactment D, which would give rise to 
a polarization in the surrounding medium. 
More specifically, one can write in place of 
Eq: (Al) in I, 


D(v)=e7| de 
rss] 
ap VVi(r—R,—£,’ Ry) + 2VVi(r—R,—E:Ry), 


where the sum is over the six (100) ions and 
V. stands for the Hartree-Fock potential due 
to a free Lit ion. Then, for the system com- 
posing the source of the electric displacement, 
the change in internal energy and of the 
interaction energy with the remaining part of 
the crystal can be calculated in a straight- 
forward manner with the use of the known 
interatomic potentials. For the remaining part 
of the crystal, the change in internal energy 
may be put equal to —1/2 times the change 
of its interaction energy with the system 
composing the source of D. An estimate 
shows, however, that these corrections for 
Sf, and #*, nearly cancel with that for 
5. Therefore, we conclude that the point- 
dipole approximation is effectively adequate 
even when the ionic displacements are not 
very small. All figures given in the next 
section are thus referred to the point-dipole 
approximation. 

In calculating the energies related to polari- 
zation, we have entirely neglected the contri- 
butions from higher spherical harmonics, since 
they were expected to be negligibly small as 
in the case of the wave functions employed 
in I. 
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Next we shall consider the correction to the 
exchange energy E; which arises from the 
displacements of the ions; this was not con- 
sidered in I. In the first approximation, this 
correction is made only for the first neighbors, 
in the second approximation, up to the second 
neighbors, and so on. The exchange integral 
between f and y,; will be nearly proportional 
to the value of f? at the nucleus of the v-th 
ion if the displacement of the latter is small. 
Hence, for the ground state for instance, the 
correction will be given by 


aang 
sé \\ FLO AMS YOM aed’ 


Ir—r’] 


where the sum is over only the first or up to 
the second neighbors according as the first or 
second approximation is used. 

In the frame of the Hartree-Fock approxi- 
mation, the correlation between the trapped 
electron and the core electrons is not taken 
into account. Unfortunately, no satisfactory 
method to deal with this correlation is known. 
We shall compute this correlation energy by 
expanding it into van der Waals (or multi- 
pole) interactions; of course this approach 
can not entirely be satisfactory. The van der 
Waals energies can be found by making use 


of a variational method (Appendix B), the 
result of which can be written, 
JB ics SE, Peer ee (23) 


, ay ae 2: 
Ey it.w.= wo py R,S es pid: ) 
| (\rord + )/ 223 ), @a) 
mMmny 
3a,° 4 Jy2 ) 
a ad 
CD ORS i, aes 


[rigeae 3 


where 2, denotes the number of electrons in 


(@) 
EYia.w. 


(23b) 


Table I. Comparison of the various approximations employed, for the static 
and optical polarizations around a negative ion vacancy. 
Static polatzation | Opeea Polarization 
Order of 2 eae "cere eae) L i ' 
Approximation Vs(ev) ie my 2 Ms | VED) my? M2? 
pee er ME BST Bie: = = he = as: Z oe en - 

0 —8.92 0.086 0.0035 —0.016 0.011 a 55 0.003, 0.036 

1 —8.82 0.091 0.0045 —0.016 0.011 —3.59 0.004. 0.036 
—3.69 0.0035 0.039 


0.004, 
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the outermost shell of the ion ». In this ex- 


pression, E9.,. corresponds to the dipole- 
dipole interaction, £9... the dipole-quadrupole 
interaction, and soon. Wecan show that the 
same expression with % in place of ¢ also 


holds for the excited state. 


§4. Results of Calculation 


The energy values for the ground and the 
first excited states worked out to the second 
approximation are plotted in Figs. la and 1b, 
respectively, as functions of each variational 


ENERGY (a.u.) 
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(a) Ground State 
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(b) Excited State 


Fig. 1. Energies of an F-center. 
I. Energy not associated with polarization. 
II. Energy associated with polarization. 
III. Van der Waals energy. 
IV. Total energy (I+II+III). 


parameter. The minimizing values of a and 
a, and the corresponding final energy levels 
are shown in Table Il. The first optical ex- 
citation energy obtained is 4.96 ev. which is 
in close agreement with the observed value, 
4.96ev. Such an excellent agreement would, 
however, be somewhat fortuitous in view of 


Table II. Energy levels and optimum values of variational parameters for various kinds of 
approximations, worked out to the second order. (Energies in a.u.) 
Ground State First Excited State Ry eteation 
Approximation = ee | 

a Energy Qe Energy pie 
Polarization neglected 0.818 — 0.2054 0.704 =0.0126 | 0.1928 
Quasi-adiabatic approx. 0.811 —0.0106 0.697 0.1624 | 0.1730 
All terms included 0.809 —0.1053 0.720 0.0769 0.1822 
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Fig. 2. (a) Ground State 


our approximations made, as will 
be discussed in §6. 

In Table II are also included 
for comparison the values when 
the polarization and van der 
Waals interactions are entirely 
neglected and the values for 
quasi-adiabatic approximation. 
With the former approximation, 
the first excitation energy comes 
out to be higher by about 0.3 ev 
with no appeciable changes in @ 
and: a. The qnasi-adiabatic 
approximation is just what was 


eon (110) F 
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(b) Excited State 


Fig. 2. Wave functions of a trapped electron along one of the 


{100]- and one of the [110]-directions. 


employed in I and corresponds to neglecting 
SF 4 and the van der Waals interactions. 
Since both the neglected energies are rather 
insensitive to the variation of @ or a, and 
besides this neglect lowers the first excitation 
energy by only 0.25 ev, we may conclude that 
the quasi-adiabatic approximation does not 
give appreciably different results compared 
with the Hartree-Fock approximation, as far 
as the excitation energy is concerned. 

In Figs. 2a and 2b are depicted the wave 
functions along a [100] and a [110] direction 
for both the ground and excited states, and 
in Fig. 3, the charge distributions Q(7) and 
Q.(r) defined by Eqs. (14) and (19). The mean 
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Fig. 3. Charge distributions of a trapped electron. 


Table III. Values of displacement and core-dipole 
parameters for the ground state in the case of 
all energy terms included. 


; Neighbors : é . m ‘ 
(100) —0.074 0.002 
(110) — 0.026 0.006 
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orbital radii of the trapped elec- 
tron turn out to be 2.4a.u. for 
the ground state and 3.6 a.u. 
for the first excited state (note 
that @=3.8a.u.). These figures 
indicate that the charge distri- 
butions are appreciably concent- 
rated within the vacancy, as 
contrasted to earlier treatments. 
As Figs. 2a and 2b shows, our 
wave functions behave like a 2s 
function around each lithium 
nucleus and like a 3s function 
around each fluorine nucleus as 
might have been expected. The 
displacemets and ion-core dipole moments of 
the (100) and (110) ions for the ground state 
are listed in Table III. 

The oscillator strength associated with the 
lowest optical excitation is given by the ex- 
pression (2m/h)[(E.—E)/h\(Shexpdr)?, which 
was evaluated using our wave functions to 
be 0.85. No measurements have so far 
been made for the oscillator strength in LiF. 
However, a value of 0.81 was obtained for 
KCl by Kleinschrod®, and 0.85 and 0.87 for 
KCI and NaCl respectively (with an accuracy 
of +5%) by paramagnetic experiments”; one 
might expect for LiF a value not much dif- 
ferent from these values, inasmuch as the 
shape of the F-band of LiF closely resembles 
that of NaCl or KCl. The oscillator strength 
being a quantity rather sensitive to the values 
of the variational parameters, an accurate 
measurement of it for LiF is desired to test 
our calculation. 

We have made estimates of the first exci- 
tation energy in the zeroth and first approxi- 
mations to compare with the result of the 
second approximation. The first approxima- 
tion yields a value about 0.lev higher and 
the zeroth approximation a value about 1/4 ev 
lower than the second approximation. Some- 
what rough evaluations were made up to the 
fourth approximation in order to see the speed 
of convergence. The values of excitation 
energy in the third and fourth approximations 
agree with that the second approximation 
within about 0.06 ev. Our successive appro- 
ximations thus appear to converge rapidly, and 
the second approximation is already satisfactory 
for our purposes. 


926 


$5. Electron Spin Resonance 


Kip et al’ have shown that the line-width 
of electron spin resonance in F-centers arises 
from the hyperfine interactions between the 
trapped electron and the nuclear magnetic 
moments on the surrounding nuclei: 

B g= — THES PRP, 
aaa aah 
in which sy denotes the magnetic moment and 
I, the spin quantum number of the »v-th nu- 
cleus. These interactions lead us to the rms 
width: 


(UE) Yay por) Sat EL oe] 
(25) 


Our wave function yields a value |(Li)|? 
=0.0485a.u. at a (100) lattice site, and |P(F)/? 
=0.0083 a. u. at a (110) site. Assuming a re- 
lative abundance of Li® and Li’ to be 1:11.51» 
and neglecting small contributions from more 
distant nuclei, Eq. (24) gives 82 oersteds for 
the rms width!, which is about twice as large 
as the observed value 39 oersteds by Lord!. 
Lord also obtained for the charge densities 
|P(Li)|?= 0.0228 a.u. and |d(F)|?=0.0031 a. u. 
by analyzing their data of the line-width. 

The principal reason for this discrepancy 
appears to lie in that we have constructed 
the wave functions by means of the Schmidt’s 
method of orthogonalization, without solving 
exactly the wave equation around each nucleus. 
According to our oalculation performed on 
metallic lithium™, the value |(0)|? for the 
lowest conduction electrons (k=0) computed 
with a single orthogonalized plane wave was 
found to be 2.0 times as large as the value 
obtained with a more elaborate variational 
method. Therefore, the discrepancy may subs- 
tantially disappear if the wave equation is 
solved more accurately in the neighborhood 
of each atomic nucleus. 


(24) 


§6. Discussions 


We shall enumerate several sources of er- 
rors which might have been introduced and 
estimate their order of magnitude wherever 
possible. 

(1) We have made the wave functions or- 
thogonal to the core functions by the Schmi- 
dt’s process. Obviously this is not the only 
possible method of orthogonalization, therefore 
one can expect lower energy values by taking 
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some better procedure. An estimate of this 
lowering can be made on the basis of the 
calculation on metallic lithium mentioned at 
the end of §5. The result is as follows: a 
lowering of 0.010 to 0.015 ev is expected per 
(100)Li*+ atomic cell, therefore a total lowering 
of about 0.lev for the ground level and of 
0.2 to 0.3ev for the first excited level. It is 
noted that this point is intimately connected 
with the problem on electron resonance line- 
width, as discussed in § 5. 

(2) We have consistently neglected the 
non-orthogonality between different core func- 
tions when constructing the wave functions 
and deriving expressions for the energy. To 
take account of this non-orthogonality would 
in principle be possible, but the corresponding 
computations would be impractical owing to 
the appearence of a large number of many- 
center integrals. Non-orthogonality integrals 
between core functions are small, as mentioned 
in I, and inclusion of them will scarcely affect 
the final energy levels. 

(3) The choice of the joining radius R 
also can affect the energy levels. Recalcula- 
tions with different joining radii showed that 
the ground state lowered by no more than 
about 0.lev. A similar magnitude of lowering 
may be expected for the excited state. We 
might thus conclude that the first excitation 
energy is virtually unaltered by choosing some 
better value of R. 

Furthermore, choice of the repulsive poten- 
tial between ions and the shape of the trial 
functions f and f. would to some extent affect 
the final results. Our line of attack on the 
correlation effects between a trapped electron 
and core electrons, consisting of expansion of 
the Coulomb interactions into a series of van 
der Waals interactions, would not also be 
entirely satisfactory. 

The method of approach presented in this 
paper is applicable to other alkali halides if 
more laborious practical calculations could be 
made. It will also be possible to construct a 
complete configuration coordinates diagram for 
an F-center by extending the present calcula- 
tion, but we shall postpone this program to 
another occasion. 

The author wishes to express his gratitude 
to Professor T. Nagamiya for his continued 
interest and encouragement throughout this 
work, The author is indebted also to Mrs. 
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K. Kojima for helpful discussions and valu- 
able assistance in the numerical calculations. 


Appendix A. Evaluation of Integrals 


Evaluation of various integrals appeared in 
the text were carried out in the following 
way: 


1. Overlap integrals c,j. 


If the branch of f(r) going with y>R were 
extended into the region 7<R, the calculation 
of cy; could have been executed analytically 
with ease. Actually f(r) takes a different 
form in 7<R, so that we must correct for 
this difference. For this purpose, y,; was ex- 
panded into spherical harmonics around the 
missing lattice point, and the overlap integrals 
between y,; and the two kinds of f(r) were 
evaluated numerically within the sphere v= R. 
The difference between these overlap integ- 
rals gave the desired correction. 

2. Coulomb integrals in Eq. (13d). 

Coulomb integrals between f and y,; can 
also be calculated analytically for each x,; 
if the outer branch of f(r) could be extended 
into the region 7<.R. Correction for the de- 
viation from this extended /(r) was evaluated 
analytically by expanding the potential due to 
xyj;2 into spherical harmonics around the miss- 
ing lattice point. Summation over j was 
most conveniently performed by the method 
described in Appendix B. 3 of I. 


3. Exchange integrals in Eq. (13e). 


The exchange integrals associated with (100) 
and (110) ions were evaluated after Landshoff!® 


Electronic States of the F-Center in Lithium Fluoride. IT 


corr =? >) i : 


Wd Ir—ry5| lr—ry,| 


be treated as a perturbation. 


where 24,;™ are variational parameters and 


r-V"yj 
Uy ji? = 


-| [ order) dedey; |-eS a 1 
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by expanding f(r) into spherical harmonics 
around the vacant lattice point. Contributions 
from those associated with more remote ions 
are less important, so that the following 
simplified method was employed to evaluate 
them: Exchange integrals were first calcu- 
lated using Slater’s free electron approxima- 
tion”, but since this method was found to 
give values not accurate enough for our pur- 
poses, a correction factor 7 was introduced 
into Slater’s approximation such that 


> | SMI MIM) iI) ge 


j |r—r’| 


3 1/3 
=r} 5 Snr} fur). (Al) 
VIS se) 
y can vary with a. It can also vary from 
ion to ion with which we are concerned, but 
we assumed a common value for all the posi- 
tive ions and another common value for all 
the negative ions, and these values were 
determined at the (100) and (110) ions for 
each value of a. 
It is needless to say that the above methods 
are also applicable to the excited state, pro- 
vided some obvious modifications are made. 


Appendix B. Van der Waals Energy 

Let the total electronic wave function for 
the whole crystal containing an F-center be 
¥= (7) xy;(ry3), and let the deviation of 


the interaction between the trapped electron 
and core electrons from the Hartree-Fock 
Hamiltonian, “up, 


ete i2* | (A2) 


lIr—R,| = lr—R,| 


We take as a trial function 


O=[ 1+ FAs Pun sr, rE sms radbo> | me 
VJ vj 
_ 30 RY T15- Rs) 
R,? R,> 
; Ez Ree rer Ry r- Ry—T yj Ry ear 5(r- Ry)( rs: Bs) || (A4) 
RY’ 2 Ry Ry? 4 


Uyj = 2 


with an abbreviation mj;=rj—Ryv. 
integral: 


dy; are determined so as to minimize the variational 
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sb =\ 0 wet DP come) Ode | {onde — |r 2 near (A5) 
The result may be written 
AE=ES} w. ee ky 
47. 1 2 al 
B_ =~ AME Grays Bree risae) | [ (resae+ >], 
2met 1 — m= We ; 
CD tag sees — yi 4 2q ae rbd 
ye aa ae » ee gedet Gu hes $ | 
/ [[rigede + [rgrde+ Gas) | ; (A6) 


where <7.;2) is an abbreviation for Syv,(r) 


xrPpi(Ndc. ES)... and EO. correspond 
to instaneous dipole-dipole and dipole-quadru- 


pole interactions, respectively. <7vj;2> can be 
expressed in terms of the polarizability a,° 
by means of the Kirkwood’s formula: 


— 2 
a= 2S Gy AE (A7) 
Neglecting small terms in the expression of 
ES. and assuming that only the electrons 
in the outermost shells contribute to the po- 
larizabilities and van der Waals interactions, 
we arrive at Eq. (22). 
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Large single crystals of Fe;Seg and Fe;Se, were prepared, and _ their 
magnetic properties below the Curie point were investigated by a torque 


magnetometer. 


The results obtained on Fe;Seg at room temperature 


show similar characterics to that of natural pyrrhotite (Fe;Sx), i.e. the 
crystals can be magnetized only in the c-plane. As the temperature is 
lowered, however, the c-axis becomes the direction of easy magnetiza- 


tion. 


This change’in direction seems to occur gradually. 


In the case 


of Fe;Se,, such a change in direction of easy magnetization does not 
take place. The obtained saturation magnetizations for Fe;Ses and Fe3Se, 
are respectively 68 and 80 gauss at the liquid air temperature. 


Introduction 


§1. 


: The original purpose of this investigation 
was to make clear the peculiar magnetic be- 
havior of pyrrhotite.» In the course of an 
attack of this problem, it has been found that 
the properties of FeSe., which has selenium 
as an anion instead of surphur, have a close 
resemblance to those of pyrrhotite, because 
the anions in such a NiAs type crystal com- 
monly have an important role in the super 
exchange interaction between iron atoms. We 
have already obtained an experimental evidence 
for the ordered arrangement of the lattice 
defects,” i.e. selectively missing iron ions in 
the alternating c-plane in the NiAs type 
structure. This may be a strong support for 
the occurence of ferrimagnetism in this sub- 
stance. The magnetic properties of powdered 
FeSez(z=1.00~1.35) have been studied by 
Hirone and his co-workers,® and they observed 
its ferrimagnetism-like behavior. After their 
experiments, FeSe;,1, and SeSe;.3; have Curie 
point at about 175°C and 40°C and the satu- 
ration magnetization at low temperature of 
about 35 and 15 gauss respectively. It is our 
purpose to obtain further informations about 
the anisotropy, saturation magnetization and 
their temperature dependence with the single 
crystals of Fe;Seg and Fe;Se, . 


§2. Preparation of Specimens 

Single crystals were obtained by the follow- 
ing process: the electrolytic iron powder of 
about 50 mesh was fully reduced by electrolytic 
hydrogen gas at about 1000°C. A mixture 
of the proper proportion of this powder and 
redistilled selenium, which is more than 99.99% 


pure, was sealed into an evacuated thick silica 
tube. The inside of the tube was previously 
coated with thin carbon film by the decom- 
position of benzol gas. The tube was then 
put into the furnance horizontally so as to 
complete a full reaction and to avoid the 
cracking of the tube due to the anomalous 
contraction during the cooling. After keeping 
at 1100~1150°C for 4~5 days, it was cooled 
very slowly from one end of the container 
down to room temperature during about 7 
days. The largest crystal thus obtained was 
a flat pole of hexagon of about 20x 20x10 mm. 
From each product, several circular disks 
were cut out. Crystallographic orientations 
of them are listed in Table I. 

The compositions of specimens have been 
ascertained by chemical analysis of a small 
piece of the disks (about 15 mg), the results 
being listed in Table II. In each case, both 
selenium content and total weight are lower 
than the values expected. These disagree- 
ments may come from the situation that some 
amounts of selenium had been lost during the 
process of analysis, although it is not yet 
certified. The composition calculated from 
the iron weight is also listed in the last column 
of the table. No. 1~3 show a good agree- 
ment to the expected composition of Fe;Seg , 
whereas No. 4 and No. 5 have surely excess 
content of iron. The remainder of the product, 


from which the specimens No. 4 and No. 5 
were cut out, has also been examined and it 
proved to show a poor content of iron, as can 
be seen in the last row in that table. It has 
the Curie point of about —10°C which is 
lower than that of No. 4 and No. 5, although 
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Table I. The dimention and the planes of specimens. 


In this table, a, c and V mean respectively the diameter, thickness and volume. The volume was 
determined from the weight of the disk and the density calculated from the X-ray data. WN is the 
demagnetization factor with respect to the direction of applied field parallel to the plane of the disk, 
which is approximated to an oblate spheroid. In the last column of the table the indices of plane of 
the disks are listed, the possible error of which being within 2°. 


ee Composition a(mm) c(mm) Vi(cm?) N panies 
No. 1 Fe;Seg 8.2 1.1, 0.0603 1.25 {1010} 
No. 2 ” 8.6 1.3; 0.0785 1.25 {0001} 
No. 3 ” 10.4 1.8, 0.1522 123, {0001} 
No. 4 Fe;Se, 8.0 135 0.0653 1.35 {0001} 
No. 5 ” tel 12) 0.0481 1.49 {0001} 


Table II. Chemical analysis of the specimens. 


The ideal contents of Fe;Ses and Fe;Se, are shown in the brackets. * The remainder of the products 
from which the specimens No. 4 and No. 5 were cut out. 


ie E ny Composition 
Specimens Contents of Fe Contents of Se _ Total : détermined fromthe 
in weight % in weight % in weight % contantenetebe 
No. 1~3 38. 1,(38 . 23) 60.7(61.77) 98.86 Fe;Ses.o2 
NOE 45 3 35 .14(34.66) 63 .6,(65.34) 98 .80 FezSe3 92 
ba 34.14(34.66) 65. 1¢(65.34) 99.30 Fe3Sea.o9 
the details are not yet studied. angle 0 from the original position (Fig. 1 (b)). 


Then the torque in this case is given by 

§3. Experimental Procedure 
The measurements were carried out by 
means of the torque magnetometer which was 
the same type as that used by Kaya and 
Miyahara. In order to see the saturation 
effect, we measured the normal component of 
magnetization 7, to the external field H, be- 
cause it should vanish for the field strength 
of complete saturation. Here 7 is given by 


I.=D/VH , (1) 
in which D denotes the exerted torque, which 
is measured by setting the disk horizontally 
in the uniform horizontal field as shown in 
Fig. 1 (a). From the amplitude of the torque 


curves which was obtained under afield strength —__——> 
sufficient to saturate, we can directly obtain (b) I 
the anisotropy constants. 5 4 

As the crystals are hexagonal and expected 
to be strongly anisotropic, the following pro- 
cess may be applicable to obtain the saturation —— 
magnetization: first, we set the disk vertically Fig. 1, Method of holding the specimen disk in 
and one of the directions of easy magnetization, the magnetic field. The torque is exerted in the 
which is in the plane of the disk, parallel to plane of the paper. (a) for the measurement of 


the direction of the external field. Next, the the normal component and (b) of the saturation 
plane of the disk is turned through a small magnetization. 
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D=VI\ Hsin 6—-— “+ — YH? sin 6 cos 6 , 
14+47y1 
(2) 
where Jj is the induced magnetization in the 
direction of easy magnetization, and y.: the 
susceptibility in the direction normal to the 
plane of the disk when the crystal is regarded 


as paramagnetic in this direction. For small 
angle 0, Eq. (2) can be written as 
é SE -_ Tk: : 

D/VH sin 6=I, TE (3) 


which decreases with increasing AH in the 
region of saturation. We can therefore obtain 
the saturation magnetization Z; by plotting the 
measured values of D/VH sino as a function 
of Hand by extrapolating it to H=0. Practi- 
cally 6 was taken as +-5° around the original 
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position of D=0. The torque constant of the 
phosphorbronze string was determined by the 
method of oscillation. Magnetic field was 
produced by a rotatable electromagnet, and 
the field was measured by a search coil cali- 
brated by proton resonance. The damping 
bath was not used, because the eddy current 
induced in the specimen holder played a role 
in damping-actions. The temperature was 
measured by a very fine copper-constantan 
thermocouple, which was attached very closely 
to the specimen. 


§4. Experimental Results on Fe,Se; 


a) Torque curves in the plane {1010}. 
(Specimen No. 1) 

As the crystal of Fe;Ses has a hexagonal 
symmetry, the anisotropy energy £, in the 
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Fig. 2. Temperature variation of the torque curves of Fe;Seg in the plane {1010} under 


a constant field of 5650 Oe. 


The white circles are the observed points. 


The anomalous 


dents are marked by the arrows. The dotted curves are the suggested curves under 


the simple assumptions described in §7 (i). 
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case when the crystal is magnetized, is given 
by 
E= K, sin? 0+ K, sin* 6+ K; sin®0 
+ K;’ sin® 0-sin? 3g+---, (4) 
where K,, Ky, --- are the anisotropy constants 
and @ is the angle between the direction of 


magnetization and the c-axis. For the field 
strength higher than for saturation, the torque 


per unit volume in the plane {1010} is 
D/V=——— = —K, sin 20 


—2K,sin26-sin?0—--- . (5) 
At first, we examined the normal component 
of magnetization Z, in this plane for the 
various field strength up to 115000e. Up to 
this field strength, any decrements of Z; was 
not observed at all. This fact means that the 
used field is too weak to analyse the torque 
curves quantitatively by means of Eq. (5). 
Fig. 2 shows the temperature variation of 


the torque curves in this plane {1010} which 
was obtained under the constant field of 5650 
Oe. The direction of easy magnetization can 
be found out from the stable equilibrium po- 
sition of D=0. At higher temperatures this 
is in the c-plane, but in the c-axis at lower 
temperatures. The torque curves thus ob- 
tained show a gradual change in their form. 
We suppose therefore that the direction of 
easy magnetization changes gradually with 
decreasing temperature as will be discussed 
in §7. 


b) Torque curve in the plane {0001}. 
(Specimen No.2) 


The temperature variation of the torque 
curves in the c-plane under a constant field 
strength of 5650O0e. can be seen in Fig. 3, 
where ¢ denotes the angle between the di- 


rection of external field and the axis [1010]. 
From the stable equilibrium positions of D=0, 
it seems that the directions of easy magneti- 
zation in the c-plane are parallel to the axis 


[1120] or its equivalents. As expected from 
the hexagonal symmetry, all these curves 
have a six-fold symmetry, although a small 
component with two-fold symmetry is also 
contained. This fraction of two-fold symmetry 
is too large to come from the probable errors 
in cutting the specimen, so that there may 
be a small deformation from the hexagonal 
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symmetry of an undetected order. As the 
temperature is lowered, a continuous decreas- 
ing of the amplitude of the torque curves can 
be seen. This decreasing of the amplitude 


| 
| 


| 


is considered to have a close connection to_ 


the curves in Fig. 2 as will be discussed in 
§ 7. 


Oe NE Bs Oo 


Torque erg/cm? 


Fig. 3. Temperature variation of the torque 
curves in the plane {0001} obtained at a con- 
stant field strength of 5650 Oe. 


c) Saturation magnetization of Fe,Sés 


(Specimen No. 1 and No. 3) 


According to the method described in §3, 
the saturation magnetization J; of Fe7;Seg at 
various temperatures was measured. The 
specimen No. 3 was used at higher temper- 
atures than —120°C and No. 1 at the lower 
temperatures, because below this temperature 
the specimen No. 3 is forced to rotate by 90° 


= x Specimen No. | 
eG a 4 No.3 


300 400° 
Fig. 4. (a) D/VHsin6 and (b) the parallel com- 
ponent of magnetization in the directions of the 


[1120] axis (©) and of the [0001] axis (x) as the 
functions of temperature. 


O 100 200 
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to orient so as to make its surface normal to 
the direction of the field. Fig. 4 (a) shows 
the measured values of D/VHsiné as a 
function of H. As described in §3, the value 
of D/VH sin 6 decreases linearly in the region 
of high field at 128°C. At lower temperatures, 
however, it tends to increase with field strength, 
as if the crystal were not saturated. In such 
a case, we can not obtain the correct value 
of Z;. Neglecting the second term in Eq. (3), 
we took up, therefore, the maximum values 
of D/VHsinéd as a value of 2 at 7000 Oe., 
which is shown in Fig. 4 (6). Thus, these 
values may somewhat, but not too much, be 
smaller than the saturation magnetization. 


§5. X-ray Measurements 


In order to examine any structural change 


Table III. Lattice parameters of Fe;Ses 


Liq. Fraction of 


Room temp. air temp. contraction 
B(2a)* 7.234 7.179 0.88% 
C(8c)* IMACS 17.62 0.17% 
c/a 1.625 


1.63 


* The capital and small letters designate the 
unit cell lengths of the super and fundamental 
lattices, respectively. 


-200 -l00 (0) 100 200 300 400°C 


Fig. 5. Thermal expansion of Fe;Ses along the 
direction parallel to the a- and c-axes. 
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in Fe;Seg, the X-ray diffraction study on the 
single crystal was carried out at liquid air 
temperature by the method of Lonsdale and 
Smith.» But we could not find any marked 
change in the crystal structure and in the 
ordered arrangement of the lattice defects. 
Only a small contraction of the lattice 
parameters was observed as shown in Table 
HT: 

The thermal expansion of Fe;Se, was 
measured by a dilatometer and the results 
are shown in Fig. 5. There is no discontinu- 
ous change at low temperatures, but an anoma- 
lous change was observed at 170°C, which is 
a ferrimagnetic Curie point. Immediately 
below this temperature, on heating, the crystal 
expands along the a-axis while contracts along 
the c-axis. 

At about 350°C there is an anomalous kink 
in both curves, suggesting the existence of a 
crystal transformation.* 


§6. Experimental Results on Fe;Se, (Speci- 
men No. 4 and 5) 


Fig. 6 shows the measured torque curves 
in the plane {0001} of the NiAs type structure 
under the various field strengths and temper- 
atures. These curves show a strong two-fold 
symmetry besides the symmetry having a 
period of 60°. This may be possible, because 
Fe;Se, has a pseudo- NiAs type structure or 
correctly monoclinic structure with A=6.16, A 
(~1/ 3B), B=3.53,A, C=11.1,A (2c) and 
B=92.0°.» After the torque and X-ray studies, 
it was found that the direction of easy magnet- 
ization was in the c-plane. Contrary to the 
case of Fe;Ses, the saturation effect in this 
plane was not observed up to 11000 Oe. as 
well as in the plane {1120}. In the present 
case, the change of the direction of easy 
magnetization was not observed at all. In 
Fig. 7 are shown the measured values of 
D/VH siné and of the saturation magnet- 
ization obtained by the method described in 
§ 3. 


* a8 ie temperatures of 170°C and 350°C at which 
the anomalies occur agree well with those observed 
in thermal analysis by Hirone and Chiba®). 
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Fig. 6, Torque curves of Fe;Se, in the plane {0001} under the various field strengths. 
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From the results described above, it seems 
that FesSe, does not show any peculiar pro- 
perty and the obtained thermo-magnetic curve 
is similar to that of usual ferrimagnetic 
materials, while Fe;Ses shows a change in 
direction of the easy magnetization at about 
—120°C. But the change is not likely to be 
simple. In the common case, when the con- 
tribution of the first term in the anisotropy 
expression (4) is dominant, the sudden change 
of the direction of easy magnetization occurs 


Discussions of the Results 


at a definite temperature at which K, changes 
its sign, and consequently the phase of the 


torque curve in the plane {1010} abruptly 
changes by an amount of z/2.* At the same 
temperature, the abrupt change in the torque 
amplitude in the plane {0001} may also be 
expected if the applied field were not so 
strong. Our results show, however, that the 
changes of the torque curves in both plane 


{1010} and {0001} are continuous over a wide 
temperature range. 

We propose here that the direction of easy 
magnetization rotates progressively from one 
direction to another with decreasing temper- 
ature. Now, from this standpoint, we shall 
give an interpretation of the observed torque 
curves as follows: 


(i) Interpretation of the torque curves in 
Pig 2 


The torque curves in the plane {1010} change 
their forms according to the various field 
strengths. As an example, the torque curves 
of the crystal in which the direction of easy 
magnetization is in the c-plane and for the 
cases where the terms other than that of K; 
in Eq. (4) are negligible are shown schematical- 
ly in Fig. 8. (a) is the case for the field 
strengths higher than for saturation. This 
curve can be expressed by —0H/00=—K, sin 20. 
(c) is the case for a sufficiently weak field. 
In such a case where the field is very weak, 


* See Fig. 9 (a) and (e). 
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the direction of magnetization remains in the 
¢e-plane, when the angle @ between the direction 
of the external field and the c-axis is varied. 


p<— K 


(a) i201 
’ (c-plane) 


Torque 
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Fig. 8. The torque curves in the plane {1010} of the crystal 
in which the direction of easy magnetization is in the c- 


plane. 


(a) is the case for the field strength higher than for satu- 

This torque can be expressed by — Ky sin 20. 

(c) is the case for the field fur weaker than the anisotropy 
field. The curve can be expressed by HJ/;cos@. At 
6=0, © a reversal of the sense of magnetization occurs, 


ration. 


resulting a sudden change in torque. 


(b) is the case for the intermediate field strength. 


(b) is the case for an intermediate field strength. 
The torque curves observed at 128°C and 24°C 
in Fig. 2 resemble to the cases of (b) or (c). 
Regarding these two observed curves as the 
case of (c) ....as shown by the dotted curves 
in Fig. 2 ...., we can obtain the values of 
Z;, which are shown in Fig. 11. The values 
of Z; thus obtained agree well with the values 
those obtained in §4(c). As the temperature 
is lowered, however, a couple of anomalous 
dents appears in the vicinity of 6=0,7z and 
it moves toward the position of @=7/2 with 
further decreasing temperatures. These dents 
are marked by the arrows in Fig. 2. 

As an interpretation of these anomalous 
dents, we propose that the direction of easy 
magnetization rotates progressively from the 
direction in the c-plane at high temperatures 
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towards the direction of c-axis at low temper- 
atures. Such a progressive change is possible 
when the K, term plays a considerable contri- 
bution to the anisotropy expression 
of Eq. (4).* The torque curves for 
the various magnitude of K, and 
K, are shown schematically in Fig. 
9 (the case of strong field). Now, 
let the polar angles which denote 
the direction of easy magnetization 
be @ and zx—@, which are the 
functions of temperature, then the 
torque becomes zero at the direc- 
tions of 0=0, %, 7/2, z—0), =, - 
as can be seen in Fig. 9. 

Under a weak field, however, 
the forms of the torque curves in 
Fig. 9 will not immediately give 
those of the obtained curves, be- 
cause the latter would greatly be 
modified, especially in the cases 
when the domain structures remain 
as yet. Weshall set up, therefore, 
the forms of the torque curves 
which would be observed under a 
weak field and compare them with 
those observed. 

In an actual crystal there exists, 

perhaps in equal proportions, two 
kinds of domains, one is magnetized 
in @) direction and the other in z—6y 
direction. When such a crystal is 
rotated in a weak field, we assume 
that the transfer of the domains 
(domain (@))—domain (z—)) does not occur,** 
but the reversal of the sense of magnetization 
in each domain is permitted. Then the torque 
for the whole crystal can be expressed by a 
superposition of the two torque curves of the 
type of Fig. 8 (c), each of which corresponding 
respectively to the domain (8) and the domain 
(x—9), as shown in Fig. 10 (b). As can be seen 
in Fig. 10 (b), the torque decreases abruptly at 
0=7/2+0) , where the direction of easy magnet- 
ization is just perpendicular to the external 
field. 
The direction of easy magnetization is neither 
in the c-plane nor in the c-axis, when the conditions 
3|K,|<|K>| and KiK,<0 are satisfied. The pos- 
sibility of these conditions from the atomic theory 
will not be discussed at present. 

** The transfer of the domain will cause a change 
in the elastic deformation, resulting the increase 
in crystalline energy. 
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Torque 


Fig. 9. The forms of the torque curves for the 
various values of K, and kK, represented by 
Eq. (5). 


(a) |Ki| >|Aal, Ki <0 
(b) 1/2|Ki|< |Ke|< ||, Mk <0 
(c) M=—-K, 

(d) |Kil < |AQl, Kik, <0 
(e) |Ki| >|Aal, Ki>0 


observed at —65°C. As can be seen in Fig. | 
10 (b), the positions of the anomalous dents | 
appeared in Fig. 2 can be expressed by %, | 
while the magnitude of the observed torque, | 
can be fit by a suitable choise of the magnitude 
of Z;. The supposed torque curves thus 
obtained are represented by the dotted curves 
in Fig. 2. The used values of @ and 4 are 
shown in Fig. 11 as functions of temperature. 
At low temperatures the value of J; thus 
chosen are larger than J which was obtained _ 
in §4. As qj is the component of 4% in the 
direction of the c-plane or the c-axis, Zs; can 
be obtained by using Jj and @. At —180°C. 
for instance, Z calculated from Zj and 9% is 


q 
q 


I;=1/cos 6)=57 gauss/cos (33°) =68 gauss , 


which is in good agreement with the value of 
68 Gauss at —180°C in Fig. 11. | 
The supposed and the observed torque curves, 
as can be seen in Fig. 2, deviate from each 
other in the neighbourhood of the maximum 
torque. These deviations may come from 
the fact that the model used (Fig. 8 (c) and 
the dotted curves in Fig. 10) is not adequate 
in the vicinity of the maximum 
torque. The appearence of the 
other small dents in the observed 
curves is not understood at present. 
Some orders of asymmetries in the 
observed curves can not be under- 
stood either, although a small order 
of lower crystal symmetry, as sug- 
gested in §4(b), may be the origin 
of the observed phenomenon. 
Although any numerical evalua- 
tion of A, and Ky, can not be 
made under the field strengths 
lower than 10¢Oe., A,+K. will 
change from a large negative aluev 


Fig. 10. An example of the forms of the torque curves for at room temperature into a positive 
the crystal in which the directions of easy magnetization value with decreasing temperature. 
§ and x—6, are not in the crystal axes. (a) is the case For the numerical evaluation of the 
for a strong field. (b) is the supposed torque curve for anisotropy energy, a_ sufficiently 


a weak field, assuming that a half of the volume of the 
specimen is magnetized in the direction of 6) and the other 
half in the direction of x—6). This torque curve is com- 


strong field such as to bring the 
crystal into saturation is required. 


posed by the superposition of two torque curves (dotted If Ki of the crystal is the same 


lines) of the type Fig. 8 (c). 


The supposed torque curve in Fig. 10 (b) is 
very different from the curve of Fig. 10 (a) 


order of magnitude as that of 
MnBi® (10°~10’ erg/cm), the orders 
of 10°Oe. will be necessary to saturate 
Fe;Ses with a small value of saturation 


which is the case for a strong field, but Fig. magnetization of about 70 gauss. 


10 (b) gives the forms which resemble to the 
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ce degree 
80 


H1kOXe) O 


0 100 200 300 400 


As 

Fig. 11. The direction of easy magnetization and 
the saturation magnetization J; in the direction 
0 as the functions of temperature obtained by 


taking the observed torque curves in Fig. 2 as 
the supposed one in Fig. 10 (b). 


(11) Interpretation of the torque curves in 
IBS, Br 

The amplitude of the torque curve in the 
plane {0001} is proportional to K;’ sin®@ in 
Eq. (4). As discussed in the previous case 
(i), the direction of magnetization 6 induced 
by the weak field (5650 Oe.) is supposed to be 
nearly in the direction of easy magnetization 
6,. Thus if the change in the direction of 
easy magnetization takes place abruptly at a 
definite temperature, the torque amplitude 
would become zero abruptly at that temper- 
ature. The gradual decrement of our torque 
amplitude towards the lower temperatures 
(Fig. 3) may mainly depend upon the change 
of the direction of magnetization @ rather than 
that of K;’. Thus the gradual decrement of 
our torque amplitude in the plane {0001} agrees 
qualitatively with the fact discussed in the 
previous case (i). 

Pauthenet® has also observed a similar 
phenomenon on the natural crystal of Fe7Ss, 
i.e. the c-axis, which is the direction of dif- 
ficult magnetization at room temperature, be- 
comes progressively the direction of easy 
magnetization at lower temperatures. As a 
change of the direction of easy magnetization 
commonly takes place suddenly, Néel? has 
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pointed out that the origin of the observed 
phenomenon in Fe;Ss may possibly be the 
local inhomogeneties of the specimen which 
contains many impurities. We took up, there- 
fore, the measurements again on Fe-Ses of 
high purity*, but the results was the same 
as before. 

Next, we shall discuss the saturation magnet- 
ization of Fe;Seg and Fe;Se,. Let us tenta- 
tively divide the lattice made of cations into 
two sublattices» consisting of layers parallel 
to the c-plane alternatively along the c-axis. 
One of them contains lattice defects, ferric 
and ferrous ions, and the other ferrous ions 
only. By assuming further that the magnetic 
moments in one sublattice are all antiparallel 
to those of the other, we obtain the resultant 
magnetization of Fe;Se; of 69 gauss. This 
value is in good agreement with the extrapo- 
lated value of 70 gauss at O°K in Fig. 11. 
Fe;Se, can not be explained by such a model, 
because the calculated value becomes too large 
to give the experimental value of 80 gauss. 
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On the Electronic Structure of the BH Molecule 


By Kimio OHNO* 


Department of Physics, Faculty of Science, 
University of Tokyo, Tokyo 


(Received March 20, 1957) 


A nonempirical calculation of the electronic structure of the BH 
molecule based on a simple Heitler-London method is attempted. It is 
found that the results are in rather poor agreement with experiment and 
configuration interaction (CI) must be invoked. In the CI calculation 
we take into account all the configurations in which two electrons are 
retained in the ls orbital of the boron atom. Thus we get 1315), 125], 
111], 93>)-, 63S +, 641A, 35d-, 33A, 31 >- and 15]] configurations. In 
constructing the energy matrices, the orthogonalized atomic orbitals are 
used and we get the eigenvalue and eigenfunction of the lowest energy 
state of each symmetry by solving the secular equation. The results 
show marked improvements on those of the single configuration cal- 
culation. 

A new nonempirical modification, in which intra-atomic energies are 
evaluated with atomic orbitals whose orbital exponents are adjusted 
according to an ionicity of the atom, is tried and leads to satisfactory 


(Vol. 12, 


Compt. Rend. 234 (1952) 2261. 
8) F. K. Lotgering: Philips Res. Rep. 11 (1956) 


results. 


§1. Introduction 


About twenty years ago, Stehn” and King” 
applied the conventional, extremely simplified 
form of the Heitler-London theory to the 
energy levels of the molecules BH, CH, NH, 
OH and FH. The authors made use of the 
Hamiltonian of the form 


BEE Sl ities §<1+4+-48i-8; >A; JAS) 
j>t j>i 


which is usually derived by neglecting over- 
laps between atomic orbitals. They deter- 
mined the Coulomb (jij) and exchange (K ;) 
integrals empirically to make the theory fit 
the known levels and found these values were 
smooth functions of the atomic numbers. 
Moreover, the empirically determined values 
for K,n were close to the calculated values. 
From these facts, Stehn and King concluded 
that the success of their theory was not en- 
tirely due to the fact that they had adjusted 
parameters to get the best fit. 

* Present address: Department of Chemistry, 
University College of North Staffordshire, keel, 
Staffordshire, England. 


It now seems clear that one cannot neglect 
overlaps between atomic orbitals at least in 
quantitative arguments and so we can hardly 
justify the Hamiltonian (1) in the usual way. 
However, it has been used often not only in 
the theory of molecules but also in the theory 
of solids. Recently Carr® made an interesting 
analysis to determine under what conditions, 
and with what modifications, the Hamiltonian 
of the form (1) could be used. 

It is of some interest, therefore, to choose 
one simple hydride molecule as an example 
and carry out a nonempirical calculation in 
order to compare its results with those of the 
semiempirical theory so as to get some insight 
into the validity of the Hamiltonian (1). 

Thus we take up the BH molecule here and 
start from a calculation based on a simple 
Heitler-London scheme (§ 2). It is found, how- 
ever, that the calculated dissociation and ex- 
citation energies are in rather poor agreement 
with experiment and we cannot rely upon the 
single configuration theory, so we are forced 
to proceed to a more refined treatment in 
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which configuration interaction (CT) is included 
(§ 3). 

The results of the CI calculation are much 
better than those of the single configuration 
calculation but still give a somewhat unsatis- 
factory dissociation energy. In view of this, 
a new modified nonempirical calculation is 
proposed and applied to the BH molecule (§ 4). 
The gist of the modified calculation is to use 
intra-atomic energies evaluated with the ato- 
mic orbitals whose orbital exponents are 
adjusted according to an ionicity of the atom. 
The results of our calculations are discussed 
and compared with experiment (§ 5). 


§2. Single Configuration Calculation 

In this section, a simple form of the Heit- 
ler-London or the valence-bond method is 
applied to the four states 11+, 311,20],3S{*+ of 
the BH molecule, which were considered also 
by Stehn and King. The simple form means 
that we take only one electron configuration 
to represent each state and neglect all other 
electron configurations including ionic ones. 
In order to save computational labour, we 
calculate the energies of all states at the 
equilibrium internuclear distance, 1.2325 A, of 
the ground state, that is, the calculated ener- 
gy differences are the vertical excitation 
energies. 

In almost all quantum mechanical treatments 
of molecules, the building bricks are atomic 
orbitals. The following Slater type atomic 
orbitals are used for the ls, 2s, 2pc, 2pz or- 
bitals of the boron atom and the 1s orbital of 
the hydrogen atom respectively: 


73 
u=/Pe-* 5 
FAG 
f 35 
S= ~—_ye-5r 
V 3x { 
5 
o=y/™rcos Ge- , 
AS 
= 
(ea ee sin 6 ette-r , 
27 


i (2) 
BS per sin 0 e-*%e-57 , 
20 


5 ‘ 3 
Or x -/2 rsin 6 cos ¢e-*", 
WT: 
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Ty =/ 3 rsin # sin pes” , 


7 
h= Vy 2 p-aly . 
7 


The polar axis is taken to coincide with the 
internuclear axis. Throughout this paper the 
unit of length is the first Bohr radius of the 
hydrogen atom: ad =0.529172x10-§ cm"; the 
unit of energy is e/a): la.u. =27.20976 eV” 
unless otherwise noted. These forms of atomic 
orbitals are chosen because they are most 
convenient for evaluation of molecular integ- 
rals. 

In actual construction of molecular wave 
functions, instead of s, we make use of the 
orbital » which is orthogonalized to wu, 


1 
meer Hoy spit 
fA gare aired 


where S is the overlap integral between s and 


u: S =|u(s)dn. The reason for this is 


that v is not only expedient for the computa- 
tion of energy because of its orthogonality to 
1s, but also »v can be considered to be nearer 
to the best atomic 2s-like orbital function. In 
fact, Fischer concluded from her calculation 
on LiH® that, if all the electrons of the mole- 
cule are represented explicitly in the wave 
function, the 2s orbit must have a node; while 
if the inner shells are accounted for by suit- 
able screening constants only, the s-orbits of 
the valence shell should be nodeless. 

The values of the orbital exponents Z, 0 
have to be determined, in principle, to make 
the total energy of the boron atom a minimum, 
but are chosen here to be 4.7 and 1.3 respec- 
tively as Slater rules indicate. Using these 
values, we get —666.503 eV as the total energy 
of boron atom in its ground state, while the 
more refined treatment of Tubis® gives 
—666.707 eV by varying these parameters. 
This means we adopt the suggestion made by 
Fischer that the wisest course consists in 
choosing the same screening constants as those 
obtained for the atomic problem. 

We assume almost the same type of wave 
functions as Stehn and King assumed; 


OOD) = Se 3 (1)? Pu(Lar,ee(2)Bal(3)arsl(4)Bsb(5)h(6) a poor 


=|wull [bh]\ , 


940 


OCI) = Fas= 5 


= eae ‘ 


OM = 7 6 


= sao hs 


03>: 


+) = Tae 


rs 


= ee : 


Here, 6 and / are the s-p hybridized orbitals 
of the following form, 
} (4) 


b=put+(1—p?)"70 , 
1=(1—p?)20—po . 

The z orbital is included in (3) explicitly 
because the calculation of Kotani” on simple 
hydride molecules, which treated the 1s elect- 
rons as point charges coinciding with the 
nuclei, led to negative binding energies, a 
result which is very unsatisfactory. 

The only difference between the wave func- 
tions (3) and those of Stehn and King is that 
s-p hybridization is allowed in @(!3)*) of (3) 
in order to get a good single determinant 
wave function. 

The next step is to evaluate the expectation 
values of the Hamiltonian 


H# =3(—54-2-- 4B 4 


2 re joi 113 = Raw 
(5) 

with the use of the wave functions (3). 

This is carried out for the ground state by 
three different methods in order to compare 
their usefulness. The first method is to 
enumerate all the permutations which make 
contributions to the expectation values. AI- 
though there is only one non-orthogonal orbi- 
tal h, we have to consider 50 such permutations 
of 17 different types, so it is not easy to list 
all the necessary permutations. The second 
one is to make use of the orthogonalized orbit 
h’ instead of h. h’ is defined as 

. ih 

Saas ree | Pema 
where S.,S:, S, are the overlap integrals bet- 
ween h and u,/,b, respectively. 
Then we see 


OC S)*)= lua L1[bh] | 
=|ua ll [bh’]|+V 2 S,|uun 17 bb| 
=A+ V2SB 


YH 


Kimio OHNO 


Yh Gat oe Pu(ljayu(2)B20(3)a30(4) Bar(S )arsh(6)are 


2a —1)PPu(1)au(2)B2v(3)a@30(4) Bax (5) h(6) 
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(3) 
AsBo—PB se 


va 


oe —1)? Pu(1)a,u(2)B.v(3)a30(4)B10(5)ash(6)ae | 


and 
HE) =|OC EI OCS de 

=Hyst2V 2 S»Haz+2S,?Hpee . 

Hus, Haz, Hex can be expressed in terms of 

molecular integrals more easily because they 

contain the orthogonal orbits only. The mo- 

lecular integrals which involve h’ can be de- 

composed into the normal ones; for example 

(bh’ |h’b)=(1—S,2—S:? — Sp?) - { (bh hb) 
+S.u?(bu|ub) + S.2(b1\1b) + Sp?2(bb| bb) 
—2S.(bh|ub) —2S,(bh| 1b) —2Sp(bh| bb) 
+2SuSz1(bu|lb)+2SySy(bu| bb) 
+2S,S,(b1|bb)} . 

Here (ab|cd) is the electron repulsion integral: 


es [o*)oa) 2 ctayd2\dede, 


The second method is compared favourably 
with the first one because of its simplicity but 
is still rather cumbersome, since it is neces- 
sary to calculate the molecular integrals in- 
volving 56 and/or 7 for various values of the 
parameter 4. 

In order to avoid this difficulty, the third 
method was devised. We can transform and 
decompose the wave functions as follows: 


OOS)=V 1-2 |uuvo[ch]|+u\unos[vh]| 
=V1—2? OutnOs , 
Ou=\unvylohy||+V 2 S.|uuvoos| 


=Og+V. 2 SO}, 
Os=|uucc|vly]|+V 2 Sy|\udtocvo! 
=D.+V 2S , 
AO3)*)=(1—w?) Haat 2uVv1—p? Hop 
+M'Ape , 


Elon Aaa +2V 2S.Hap +2S.7Ho» ’ 
Heg= Hect+2V 2 SvyHoe+2So?Hop ’ 
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le bys=Jeby es td 2ScHeetV 2S .Hav 
+258.SrHo» ) 


igi marae Gece ew ince 

(6) 
After some manipulation Hac, Hav, Hoo, Heo, 
Abe, and Hae can be expressed as linear com- 
binations of molecular integrals which involve 
neither 6 nor 7. 

We have neglected the s-p hybridization in 
the wave functions @(II), @CID, and 0@3+), 
so that the energies of these states can be 
calculated most easily by the second method. 

All molecular integrals are evaluated exact- 
ly by means of the method developed by 


Table I. Electronic energy of the 4>)+ state of BH (in eV). 
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Roothaan, Ruedenberg and Jauzemis*-™. 
Details of the computation and the values of 
integrals are given in Appendix I. 

The electronic energy of the 1{+ state for 
various values of the hybridization parameter 
v is given in Table I and illustrated in Fig. 
1. We can see that the effect of s-p hybridi- 
zation is rather small. In fact, even for the 
optimum value of yz? (0.060), the energy gain 
compared with the case of a pure po bond is 
only 0.485 ev. 


In Table II, the calculated binding and ex- 
citation energies are compared with those of 
the semiempirical theory and experiment!». 
The order of levels is in agreement between 
two calculations but quantitatively they show 
very poor agreement. For the 4II state, the 


we 7D we 
0.0 — 681.5569 0.3 
0.060 — 682.0419 0.4 
0.1 — 682.0108 0.5 
0.2 — 681.7962 0.6 


#H pe EH 


~ 681.5015 0.7 — 679.7612 
— 681.1566 0.8 ~ 679.0713 
— 680.7621 0.9 — 678.0819 


— 680.3058 1.0 — 675.0661 


states 


nonempirical@ 
Se 11.47 
24 (| 5.78 
SHI Lapa} 
SS (0.00) 


De 1.94 


b. See reference 1. 
c. See reference 11. 


semiempirical value is correct undoubtedly, 
but there are no detinite grounds for trusting 
the value predicted by the semiempirical theo- 
ry for the *II and *>)* states. On the other 
hand, for the nonempirical calculation, a ques- 
tion arises about whether the choice of the 
wave functions (3) is at all suitable or not. 
Therefore we try to find another wave func- 
tions which seem to have lower energies. 
The following wave functions are possibilities, 
since they preserve the o-h bond although one 
2s electron is promoted to the 27 state: 
OCI) =|\uuvz [oh] , 
OCI) =|uu [vz] |oh]] . Gui) 
The calculation of the energies with the 


Table II. Binding and excitation energies of BH. 


semiempirical? obs.¢ 
4.46 — 
2.85 2.86 
L6H - 
(0.00) (0.00) 
3.59 


use of these functions is straightforward but 
again somewhat tedious and details are not 
given here*. 

We find the new *II and 'II levels to be 
2.93 ev and 8.35eV above the !5)* state res- 
pectively. Thus the new ‘II level is lower 
than the old one, while the new "II is higher. 
If we adhere to the single configuration theory, 
we had better choose the new wave function 
to represent the *II state, and Stehn and 
King’s theory loses ground at least for the 
BMmestave: 
* All the results obtained in this section can 
also be obtained by transforming the energy matrices 
of the next section into the non-orthogonal basis. 
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The results of the present nonempirical cal- 
culation are very unsatisfactory as there are 
still marked discrepancies between the theory 
and experiment in the 1>{+—1II energy inter- 
val and in the dissociation energy. 


A en ae 
OO! 020304 05 06 07 0:8-O:951-0 
2 
/& 
Fig. 1. Electronic energy of the 15)+ state of 


the BH molecule. 


If we want to improve on these points, we 
have to make more precise calculation and 
take account of configuration interaction. In 
the next section we digress from our primary 
aim of investigating the basis of the semiem- 
pirical single configuration theory and proceed 
to a many configuration calculation in order 
to get the most reliable result within the 
limits imposed by the available computational 
facilities*. 


§3. Configuration Interaction Calculation 


In this section, we take into account all the 
configurations in which two electrons are re- 
tained in the 1s orbital of the born atom. 
This limitation is imposed in order to reduce 
the number of configurations. However, from 
the results of the MO CI study of 0.! and 
the LCAO SCF study of N.!® and BH™, we 
may suppose it has little influence on the fi- 
nal result. 

Thus distributing 4 electrons among the 10 
spin orbitals, va, vB, oa, 08, m.a, 7.8, 2-a, n- 
8, (or sometimes 72a, 228, mya, ty) ha, 


* Actually all the calculations were made us- 
ing desk machines, 


Kimio OHNO 
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Table III. Basic functions* 


LDSe + 
1 vvee vohh 3 oahh 
4 vo[ch] oo[vh] 6 [ve]hh 
7 vo[rir-] 8 ool[r+7-] 9 hh{x+n-] 
10 [vo][x+n-] 11 [vh][x4n-] 12 [oh] [v+x-] | 
13 Te T+ Tw -T = 
An! 
1 vores votrh OoTzV 
ootxh hhrzv hhrzo 
7 ho[rzv] [ho]rzv 9 ((he)(t2V)) 
10 teteTyv 11 tetztyo 12 TeteTyh 
i 
1 vu[rzh] 2 verze] oo(rxV] 
a[nxh] 5 hh[rzo] hh{xzv] 
7 [ho] [xxv] 8 [(he)(rzv)] 9 rzt2[ryv] 
10 «ztz[ryo] 11 renz[nyh] 
33° + 
vooh oavh 3 hhvo 
4 vo[r+n-] vh[x+n-] oh|x+n-|] 
3y1- 
VUT+T — 2 donen— 3 hhren— 
4 [vo]ren- 5 [vh|nan- 6 [ch|ran- 


7 (wo)rsn-)) 8 ((uh)(n+n-)) 9 (h)(n+2-)) 


wat 

1 vUTeTe OOn+ T+ 3 hhrsie 

4 [va]r+m+ 5 [oh] r+0+ 6 [vh]n+r+ 
DS 

1 vorsyn- 2 vhnsn- 3 ohren- 
SA 

1 vonsTt+ 2 vhrets+ 3 ohrsen+ 
ly - 


1 [(o)ntn-)] 2 [(wh)(n+n-)] 3 [(oh)(r+7-)] 


ont 
1 vorh 


Spins of two orbitals in square brackets and 
in parenthesis are coupled to form a singlet anda 
triplet respectively. Similarly [(ho)(xzv)] (or ((he) 
(xzV))) means that a singlet (triplet) should be made 
from the two triplet (ho) and (r2v); actually in 
these cases we should use spin functions 
{aaBp—(aB+ Ba)(ab + Ba)/2+ Baa} 3 

for a singlet and 

{aaaB+aaBa-aBaa-Baaa}/2 
for a triplet. 


* 
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h8, we obtain 1813%+, 12 31, 11100, 6AcS* 
configurations and further 9 *S\-, 614, 3°S-, 
3°A,313- and 1°II configurations. Summing 
up the number of independent states, which 
is the number of configurations times their 
degeneracy, we get 210=,)C,, thus we can 
see there is no other independent state. These 
wave functions are explicitly given in Table 
III. We use z, and z. in S| and QA states and 
Tz and zy in II states. This choice makes the 
energy matrices a little simpler. Throughout 
this paper z without any suffix can be re- 
placed by any one of 24, z_, zz, and zy. 

In constructing the energy matrices, we 
make use of the orthogonalized orbital hy de- 
fined in §2 (6), instead of h. We need not 
here transform or reduce the wave functions, 
all we need to do is replace the orbital hk 
wherever it appears by the orbital 4. This 
corresponds to the transformation from the 
non-orthogonal basic wave functions to the 
orthogonal ones and the eigenvalue & and the 
state function ¥ are invariant under such a 
transformation. If we denote the non-ortho- 
gonal and orthogonal basic wave functions by 
the row vector 9 and @), the following equa- 
tions hold: 

(Hf, — EE) )=(H-EM)'=0, 
C=O .—OF , 

UC pile=l,_ TMT =e, 
,=0F O=0;S*, 
t= SH Ss 
M=—SiS . 

By this replacement, we can make the Cl 
calculation very much easier, in fact it seems 
to be almost impossible to set up many energy 
matrices by using non-orthogonal orbits. 
calculation of the matrix elements of the 
energy matrices Hj are straightforward. The 
results are available in mimeographed form 
and will be sent on request to those inter- 
ested in this problem. 

Solving the secular equation of each sym- 
metry by the iteration method, we can get 
its lowest eigenvalue and the corresponding 
eigenfunction. 

The results will be discussed in §5, toge- 
ther with those of the modified treatment 
which will be explained in the next section. 
§4. Modified CI Calculation with an 

Intra-Atomie Correction 
The importance of a correct estimate of 


(8) 
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intra-atomic energy in the molecular energy 
calculation was pointed out by Moffitt, who, 
has developed the method of atoms in mole- 
cules (AIM) from his experience of the 
calculation on the oxygen molecule. He re- 
commended the use of the Hamiltonian 

H(AIM)=H-+3[M(W.—W)+(W.—W)M] , 

(9) 
where H and M are the usual energy and 
overlap matrix, W is an asymptotic form of 
Hf for large nuclear separations, and W. is 
also a diagonal matrix formed from the energy 
of dissociation products in their valence states 
estimated by an appeal to the spectroscopic 
atomic term values. 

For large nuclear separations, H tends to 
W and M tends to unity, and therefore H 
(AIM) tends to W.. Thus use of the Hamil- 
tonian (9) separates the whole energy into 
that of atoms and interactions between them 
and replaces the atomic energy W by the 
corresponding empirical value W.: in effect, 
only the interactions are calculated from the 
usual wave function. Applying this method 
to the z-electron states of oxygen, ethylene, 
cyclobutadiene and benzene, Moffitt and Scan- 
lan'®-1©) obtained much better agreement with 
experiment than in the case of the usual 
ASMO method. On the other hand, it must 
be noted that, in their application to the ex- 
citation energies of Li, and the ground state 
energy of H,, Rahman’ and Hurley’ did 
not get reasonable results. 

Recently Hurley! and Arai? criticized 
Moffitt’s method and proposed the method of 
intra-atomic correlation correction and the 
method of deformed atoms in molecules res- 
pectively. 

All these methods have a semiempirical 
character as they make use of the experimen- 
tal term values. In an earlier paper, Itoh 
and the author?” proposed a modification of 
the nonempirical atomic orbital method, in 
which the use of different atomic orbitals 
for covalent and ionic structure of molecules 
is suggested in order to assess more correctly 
the energies of ionic structures. We applied 
this modified form to the lower excitation 
energies of C.H2? and O,?? with consider- 
able success. In this section we try another 
modification within the scope of nonempirical 
calculation, namely the use of the Hamiltonian 
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of the following form: 


H(modified) = H+3[M(W —W)+(W —W)M], 
(10) 


where W’ is a diagonal matrix formed from 
the energy of dissociation products in their 
valence states calculated with the use of dif- 
ferent orbital exponents in atomic orbitals for 
polar and homopolar states. The purpose of 
using the Hamiltonian (10) is to replace the 
energy of the intra-atomic part by the more 
precise estimates W’. Thus applying this 
modification, we follow the general idea of 
Moffitt and are able to introduce it into the 
nonempirical theory. 

In actual calculation, it is convenient to re- 
present the Hamiltonian (10) in the orthogonal 
basis Dy; 


Al,(modified) 
= Ay +3[S(W’ —W)T+{S(W—W)T}¥] , 
(11) 
where{S(W’ —W)T}t is the Hermitian conju- 
gate of SSW’—W)T. In calculating W’, we 
use the same values of the orbital exponents 


for all states of a given atom with the same 
ionicity and determine these values from Sla- 


ter rules. Accordingly, we take, for the BH 
molecule, 
O S12, Oat,” AHH 


while Z is considered to be unchanged. 

Comparing this modification with our previ- 
ous modified AO method, we may say the 
merits of the present modification are the 
simplicity of calculation and the circumvention 
of somewhat arbitrary approximations in cal- 
culating the complicated heteropolar integrals. 
On the other hand, the present modification 
has something dubious in its nature, because 
the calculated energy is not gained as an ex- 
pectation value of the original Hamiltonian 
(5) with a given wave function. Therefore, 
the calculated energy may go below the true 
value in this treatment while this cannot oc- 
cur with the previous method. 

The present modification aims to assess pro- 
perly the relative locations of covalent and 
ionic structures, but we can see from the 
result of the CI calculation that the state 
functions are essentially of covalent character 
for almost all levels of BH. Therefore we 
cannot expect a much improved result by this 
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modification in BH. Nevertheless, we per- 
formed numerical calculations in order to see 
what it turns out to be. The necessary in- 
tegrals are given in Appendix II and the re- 
sulting energy levels are illustrated in Figs. 2 
and 3, with those of the preceding section. 
In Fig. 2, the zero of energy is shifted to 
—683.248 eV, which is the total energy of BH 
in its ground state calculated by the CI me- 
thod. In Fig. 2 and Fig. 3 the energy of the 
lowest configuration of each symmetry is 
shown under the column (a). 


fa) (b) (c) 


oy 1808 
\ 1634 
51 1524 ——— *11 1524><-°T 1524 
oa 14.26 
=a 13.44 
eu 1268 ~~ 
We 1206 
ree ven 11-28 
= 2 44a, 
ca oe 9:86 
oy 887 
'A 77 35 751 
tT 699 'A 609 1°75 689 
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- 622 ‘A 5-91 
S 
SS “ 
3 ot 456 
T 414 N Peony es 
x =e 3Aay a 3-68 
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— T 261 
a \B+H------- 2:22 ---BtH ------- 222 
x 169 
es . 
=. SS 0:99 
ay to 2S 0-00, ~35 -0:10 
otth -1-07 
Fig. 2. Electronic energy levels of the BH mole- 
cule. 


(a) The single configuration calculation. 
(b) The CI calculation. 
(c) The CI calculation with the intra-atomic 


correction. 


In Table IV, the coefficients of the wave 
function for the lowest energy state of each 
symmetry are listed, both in the orthogonal 
and non-orthogonal representation without and 
with the intra-atomic correction. 
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Table IV. Coefficients of the lowest energy func- 
tion of each symmetry 


(a) The CI calculation in the orthogonal re- 


presentation. ‘a 
(b) The CI calculation in the non-orthogonal (a) (b) (c) (d} 
representation. 
(c) The CI calculation with the intra-atomic 1 0.66972 0.12252 0.68518 0.32373 
correction in the orthogonal representation. 2 0.13207 0.02197 0.14644 6.07969 
(d) The CI calculation with the intra-atomic 3 0.02141 0.05215 ~=0.13540 ~—-0.32981 
correction in the non-orthogonal represen- 4 0.55346 0.07701 0.57584 0.28780 
tation, 5 0.14597 0.21357 0.13594. —0,.03545 
ine 6 0.45381 0.76512 0.37508 0.37053 
(a) (b) (c) (d) OFA 
1 0.77072 0.06245 +~=—-0.77580 ~—-0.28400 1 0.83461 0.32448 0.87256 0.43437 
2 0.08471 0.14100 0.16412 0.27316 2 0.54580 0.70415 0.48617 «0.62722 
3 -0.01297 -0.02298 0.02141 0.03793 3 -0.07428 -0.09887 -0.04771 —0.06351 
4 0.56010 0.66053 0.52816 0.38111 : 
5 0.11514 0.16549 0.08968 —0.03147 . 
6 -0.03372 ~0.06273 -0.10160 -0.18902 1 0.83041 0.28002 ~—-0.87944 0.42544 
7 -0.07684 -0.01771 -0.08608 ~0.05602 2 0.54359 0.70130 0.46895 0.60500 
8 -0.16803 -—0.02535 -0.17506 -0.07300 3 0.12217 -0.16260 -0.08169 -0.10873 
9 -0.01969 -0.04797 -0.05257 —0.12805 fms 
10 —0.11861 0.02890 —0.12283 ~0.02534 2 
11 -0.05983 -0.06334 -0.05686 0.01512 1 0.81908 0.62937 0.86611 0.88412 
12 —0.13512 -0.19795 -0.11883 -0.10254 2 0.51187 0.66038 +~—-0.35600 +0. 45929 
13 -0.00996 -0.00996 -0.01310 ~0.01310 3 0.25904 0.34478 0.35089 0.46702 
3{] 
1 0.68317 0.05988 + 0.68348 +~=—-0. 26209 
2 0.32877 0.36581 0.29936 0.20754 
3 -0.49289 -0.03584 -0.50654 0.2036} 
a 
4 0.08573 -0.10177 -0.07797 -0.00920 (a) (b) (c) 
5 -0.05149 0.10367 -0.15767 -—0.31747 = = 
{ 4 | ; : 
6 0.01137 0.02362 0.08718 0.18109 x 16:39---- °F 1634 Sq 16-31 
7 -0.04442 -0.04398 ~0.03636 0.02093 i gala 1633 
8 -0.36790 -0.49673 -0.34839 -0.18535 fi! x 
9 -0.16493 -0.20622 ~0.13498 -0.07774 bia 
10 -0.00275 0.01927 -0.01559 0.01616 Ve 
11 0.07127 -0.03414 -0.07519 -0.04572 Sq 1355 
12 -0.04556 ~0.07110 -0.03615 -0.05642 
3 eek 12:36 
WW wei Ki 12-06 
5 3Q ———— 11-75 
1 0.44475 0.55843 0.38708 0.39607 AS oes 35+ 16-68 
= Deere a poe 
2 0.76652 0.10422 0.78500 0.32379 ~35 10ag 
3 -0.33311 ~0.01172 ~0.36411 —0.16777 
4 0.12007 -0.14676 -0.11120 —0.05478 
5 0.01202 0.02497 0.08593 0.17849 
6 —0.01355 ~0.02728 -0.09116 -0.18356 55 abe 
7 -0.20259 -0.29575 ~0.19151 -0.05446 5° Wis oe 4 
8 0.17934 0.24442 0.14717 0.08039 Ss 7-18 get 6-99----'A 6-99 
9 -0.03803 0.02427 -0.03231 0.01754 ee ae 
10 0.09626 -0.03845 -0.10350 0.05724 an 662 
11 0.07093 -0.11070 0.05675 —0.08858 i 
Sm sae see 476 
3+ 35 453 .--? 5 ——_ 4-56----2 
SS __ +7 —_—_ 3-68 
1 0.84342 0.75531 +—«0.81647 Ss: 0.63171 ler a ee SAAS Aye ae 3.29 
2 -0.26840 —0.18662 -0.32305 0.15158 ee 
a = 
3 0.10032 0.15658 0.21036 0.32832 M— 245 py, oe 
4 0.36058 0.03026 0.36163 0.08399 “et 
187066 §BtH------ 146 > 
5 0.17061 0.22011 0.144990. B+H = moon eea 0-97 
6 -0.21774 -0.28980 ~0.18155 ~0.24164 i 
tet tree lett Freee toy 
3s 'y*+______ 9.00 --- £ rexeye) Zz 0:00 
1 0.62852 0.07487 0.64296 = 0.25712 Fig. 3. Excitation energies of the BH molecule. 
2 0.11262 -0.01767 0.13209 0.07650 j f lati 
i ation. 
3 0.00891 0.02171 0.12204 +~—0.29728 (a) The single configuration calcu 
4 0.53531 0.07271 (0.56432 0.26964 (b) The CI calculation. 
5 0.45125 0.78833 0.38642 0.42055 j 
6 0.11817 0.18998 0.11757 — 0.04070 (c) The CI calculation with the intra-atomic 
7 —0.20686 -0.04255 -0.20442 ~0.07608 ; 
8 -0.21251 -0.27416 -0.17497 -0.22574 correction, 
9 -0,01014 -0,01350 -0,.01627 -0.02166 
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§5. Discussion of Results 


Carrying out nonempirical calculation based 
on the assignment of electron wave functions 
by Stehn and King, we found that assignment 
was not necessarily suitable. Therefore, we 
can say the basis of their semiempirical theory 
is open to question. In addition, the predicted 
value of the *>\+ state by the theory seems 
to be too low, as is seen from the comparison 
with the results of these more detailed-calcu- 
lation. 

From Table V, we see that by including 
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configuration interaction the agreement with 
experiment is much improved as to the ex- 
citation energies but still rather unsatisfactory 
as to the dissociation energy and the !3)*’—'II 
separation. With the intra-atomic correction 
the calculated dissociation energy becomes 
very close to the observed value but the 
131+/—1IT separation shows only a little im- 
provement. 

When the s-p hybridization is allowed, the 
single configuration calculation gave —682.042 
eV as the total energy of the molecule, the 


Table V. Dissociation and excitation energies of 


the BH molecule (in eV) 


Calculated 


Observed 


a b c d 
cl ee al _ 5.10 4.76 3.63 
op iniheae a 6 5.30 3.44 3.68 2.86 
LA ake 2.08 3.57 3.79 3.35 
De 1.46 2302 3.29 <3.66 
Total energy — 681.557 — 683.248 


— 684.323 < — 688.05 


The single configuration calculation. 


The CI calculation with the intra-atomic correction. 


a. 
b. The CI calculation. 
Cc 
d 


See reference 11. 


As for the total energy of the boron atom, see Atomic Energy 


Levels (the United State Department of Commerce, National Bureau of Standards, 


1949) p 16. 


e. 15)+/ means the second lowest state among 13 15°+ eigenfunctions. 


figure already compares favourably with 
Sahni’s LCAO SCF value —681.899 eV* and 
we get —683.248eV by the CI calculation. 
On the other hand, the single configuration 
(1s)?(2s)(2p) P’ of the boron atom gives 
-666.497 eV as its energy, while by the in- 
clusion of the configuration (1s)2(2p)? 2P, the 
energy becomes —667.426eV. Therefore, the 
calculated dissociation or binding energy in- 
creases only by 0.762 eV** when CI is applied 
consistently, i.e. to atom and molecule alike. 

With the intra-atomic energy correction, the 
energy of the molecule goes down 1.075eV 
further and the energy of the separated atoms 
remains unchanged, so that the resulting gain 


value given in reference 14, as the conversion 
factor from the atmic unit to eV used in this paper 
is not the same as one used by Sahni. 

** Relative to the vv[ch] ground state. This 
increase is 0.277 eV relative to the single configu- 
ration with hybridization, 


was mentioned above. 

The electronic level scheme illustrated in 
Figs. 2 and 3 shows also there are marked 
differences between the results of the single 
configuration and the CI calculation, for ex- 
ample, the location of *II, the order of 141 
and *3)- but small differences between those 
of CI and the modified CI except for the order 
of 'Si- and °IT. We can seen from Tables 
III and IV that the state function 'S\- has a 
large contribution from ionic structure, while 
‘II is of purely covalent character, so that 
the reversal of the order of these two levels 
is not unreasonable. 

Next we will try to interprete the coefficient 
of each state function given in Table IV. 
This is more easily done in the case of the 
non-orthogonal representation, because we can 
make use of our chemical intuition. Let us 
take the ground state 1{+ for example. Con- 
figuration 4 was taken in the single configu- 
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ration calculation (§2) and is the most im- 
portant. Configuration 12 is the only one 
which interacts with 4 in the atomic problem 
and the coefficient of which is the second 
largest. The coefficient of 5 is the third largest 
and this represents the degree of s-p hybri- 
dization whose amount is about the same as 
was found in §2. The coefficient of 2 is the 
fourth largest and represents the contribution 
of the ionic structure B (1s)?(2s)?+H (1s). 
Comparing the coefficients in the column (b) 
and (d) in Table IV, however, we can see 
clearly that the coefficient in the non-ortho- 
gonal representation are very unstable with 


NE BOR sriee cl S.S.8 aan 

Molecule AO MO MO 

Hz 2.87 

LiH¢ 1.96 

BH? 1.46 Li 1.80 

CHe DG 

NHf 1.40 

OHs 0.98 

FH 

Ligi 0.17 -—0.19 0.11 

Noi 1.20 


—5.53 =o 0.80 


S.S. means a single structure or single configuration calculation. 


See reference 5. 
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respect to the intra-atomic correction. Judg- 
ing from the change of (a) and (c), we know 
that the difference of the direction of the 
vector ¥ in Hilbert space is not so large, but 
it looks large in the non-orthogonal represen- 
tation, because the basis vectors are not mu- 
tually orthogonal. Another point in favour 
of the orthogonal representation is that the 
simple relation /’)*/°»>= >) c?=1 holds in this 
representation and this makes the importance 
of each configuration very clear. 

Calculated dissociation energies of some 
simple molecules are given in Table VI, from 
which we can see evidence of a very difficult 


CIb Ccib 


AO AO MO MO obs. 
2.90 (2) 2.90(2) 4.72 
2.63 
1.94(2) 2.22(13) <3.66 
2.51(8) 3.65 
4.01 
0.86(5) 1.03(10) 0.41(6) 1.25(16) 4.58 
1.03(2) 1.96(6) 6.08 
0.20(3) 0.75(8) 1.14 
9.90 

0.80(2) 3.63(15) 


a 
b. A number in parenthesis is the number of configuration considered. 
c 
d 


The results of the present calculation except the LCAO SCF value which is taken from 
reference 14 and the S.S. MO value which is due to Mr. Kayama of our Laboratory. 


e. J. Higuchi: 
foie ruguchits 
g. A. J. Freeman: 
Mei: Tf. July 15 (956): p. 8. 
D. Kastler: 


r 


See reference 13. 
See reference 12. 


oo 


situation arising in this type of nonempirical 
molecular calculation: the dissociation energy 
is the difference between two large figures, 
and the errors of our calculation are of the 
same order as the binding energy. Consequ- 
ently the much more refined treatments do 
not necessarily show greatly improved results. 
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Appendix I. Evaluation 
of Moleculars Integral 


The atomic orbital functions 
used in the calculation were 
given in §2, (2). We take, 
for the sake of computational 
convenience, the following 
values for parameter ZR, OR, 
ZR 

ZR=1095 )- 0R=3)038 
Z R= 2 33., 


As all integrals are calculated 
at the equilibrium internuclear 
distance for the ground state: 


R=1.2325 A 
= 2.329114785 a.u. , 


the above choice of parameters 


means we choose the orbital 
exponents 


Z=4,701356958 , 
d= 1.300923432 , 
Z =1,000380065 . 


One electron, one centre and 
Coulomb integrals are evaluat- 
ed using the formulae of 
Roothaan®, to seven decimal 
places. 

Exchange integrals are cal- 
culated by the formulae, of 
Ruedenberg®. Taking 5 or 6 
terms in the expansion, we can 
get the value accurate to six 
decimal places. The converg- 
ence is slow for the integrals 
containing the zw orbital. 

For the computationof hybrid 
integrals, we find Ruedenberg 
and others’ formulae, especially 
those given in the unabridged 
paper in the Technical Report 
of the Chicago group, are very 
convenient. This type of inte- 
gral is also calculated accurate- 
ly to seven decimal places. 

The numerical values obtain- 
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Table Al. 


Numerical values of molecular integrals. 


A. Overlap Integrals 


(ulh)=S,=  0.0769992060 
(s|k)=Ss= 0.5647579843 
{a|h)=So=  0.5207141127 


B. Kinetic Energy Integrals 


(u|—(1/2)4|u)= 11.0513786 


(s|—(1/2)4|s)=  0.2820670 
(o|—(1/2)4|c)= 0.8462009 
(h|—(1/2)4|h)= 0.5003801 


(u| —(1/2)4|s)= — 0.3455729 
(u| -(1/2)4|hk)= — 0.0025682 
(3|—(1/2)4|k)= 0.0937964 
(o|-(1/2)4|k)= 0.2137226 


C. Nuclear Attraction Integrals 


(u|5/rp|u)= 23.5067848 


(s|5/rgls)=  3.2523086 
(hI 1/ru|k)= — 1.0003801 
(u|5/ra|ls)= — 2.1014289 
(u|5/re|k)= 0.9022706 
(ull/ru|k)= —0.0359470 
(3|5/re|k)= —1.5505170 
(a|1/rulk)= 0.3762470 
(o|5/ra|h)=  1.2574748 
(o|1/rulk)= 0.4740974 
(ull/rulu)=  0.4293477 
(8|1/ru|s)=  0.4052946 
(o|1/ralo)= 0.4881262 
(n|1/ru|n)= 0.3638788 
(h\5/re|k)=  2.0790660 
(u|1/ra|s)= —0.0901868 


D. Coulomb Repulsion Integrals 


(uuluu)= 2.9383481 
(as|ss)=  0.4726011 
(aa|oa)= 0.5091896 
(wu|ss)=  0.6467778 
(uulus)=  0.3726643 
(us|ss)= 0.1315166 
(us|us)=  0.0606970 
(us|ue)= 0.0128751 
(8o|sc)= 0.1044578 
(us|se)= 0.0200940 
(xn|ea)=  0,4543069 
(onlon)=  0.0274414 

(nene|n-n-)=  0.4817482 
(xen-|n-n+)=  0.0548827 

(Rhh|hh)= 0.6252375 
(hh|uu)= 0.4149220 
(hh|us)=  0.0865098 
(hh|ss)=  0.3717547 
(hh|uc)= —0.0120078 
(hh|so)= 0.1127717 
(hh|oo)= 0.4128595 

E. Exchange Integrals 
(hs|hs)= 0.156778 
(he|ho)= 0.186273 
(hs|ho)= 0.162744 
(hulhs)= 0.024238 
(hu|ho)= 0.021039 
(hul|hu)= 0.008859 
(hn|nh)= 0.020577 
(hv|hv)= 0.153772 


4 
\ 
| 


Galas) = fxa*(U)xa(h des 


(uls)=S= 0.2100630556 


(vJh)=Sy= 0.5611027088 


(1al- (1/2)dlaa)= ~ 1/2 xa) Aaxo(d des 


(v|—(1/2)4|v)= 0.9571451 
(w| — (1/2)4|v)= — 2.7279251 
(v|-(1/2)4|h)= 0.0964887 


(ho|—(1/2)4|ho)= 1.2999763 
(ho| — (1/2)4|v) = — 0.3608524 
(ho| — (1/2)4|e)= —0.3551954 


1 
(xalZ/ralin)=2 {xa® (1) <r 


1 
(ool /ralyo")=2 x0") ph? (der 


(u|l/rulo)= 0.0148930 
(8|1/rale)= 0.1603522 
(v|5/re|v)= 3.5639812 
(v|1/re|v)= 0.4041857 
(u|5/rp|v)= —2.9012104 
(u|1/ra|v)= —0.0000034 
(v|1/rujo)= 0.1608117 
(v|5/ra|h)= 1.3920428 
(v|lra|k)= 0.3771100 


(ho|5/rs|ho)= 2.3548146 
(Ao|1/rulho)= 1.0664881 
(ho|5/78|v) = — 0.6016179 
(Ro|1/ra|v)= 0.1042290 
(ho|5/r8|¢)= — 0.6825832 
(Ao|1/ru/e)= 0.2012217 


(XoXa" [N/rixoxs”)=  fxa*(U)xa! (1) 7x0" ta! donde, 


(Ah|xn)= 0.3512022 
(vv|vv)= 0.4616330 
(vvjoo)= 0.4664713 
(va|va)= 0.1010426 
(wu|uv)= —0.2501556 
(uulvv)= 0.6484862 
(vv|uv)= —0.0082943 
(va|ue)= 0.0177863 
(aa|uv)= —0.0044467 
(uvljuv)= 0.0353498 
(hh|vv)= 0.3700476 
(hh|vo)= 0.1127653 
(hh|wv)= — 0.0006648 


(uulhoho)= 0.4593193 
(vv|hoko)= 0.3722729 
(ca|hoho)= 0.4126373 
(nn|Roho)= 0.3559545 
(va|hohy)= 0.0941898 
(Roho|hoko)= 0.6374427 


(xaxo|1/r]Xa!X0") = {fot (1) x. One Xa’ (2)xy!*(2)drjdvy 


(hu|ha)= 0.161938 
(hv|hu)= 0.022887 


(Aou|hou)= 0.010628 
(hov|hov)= 0.028210 
(hoa|Roa)= 0.056821 
(hon|nhto)= 0.013769 
(hov|htoa)= 0.028899 
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ed are compared with the 
values of Sahni! who cal- 
culated almost all the integrals 


F. Hybrid Integrals 


(uuluk)=  0.1471641 (volok)= 0.2116282 
a Y »)= —0.0082290 
used here, except for those (uu|sh)= — 0.3984578 (wv|uk)= —0.008 ‘ 
: : ° (uu|ch)= 0.2511809 (uv|vh)= 0.0001595 
involving the z orbital, at the (ss|uh)= 0.042372 (wv|ch) = ~0.0005396 
same & but.took Z=4.7, 0= (ss|sh)=  0.2434696 (uslok)= 0.0061276 
2 (ss|ah)= 0.2131519 (veluh)= 0.0026465 
1.3, 2=1. The agreement (us|uh)= — 0.0228683 (va|vk)= 0.0471038 
is generally quite satisfactory (us|sh)= — 0,0632581 (we $0 ieee: 
= ‘ _ (us|ah)= 0.0522363 (oa|vh)= 0.24 
but for the five hybrid inte (wo|uh)=  0.0014587 (nx|vh)= 0.2330422 
grals, (uoluh), (ucloh), (uo|sh), (wa|sh)= — 0.0062973 (vn|xk)= 0.0399994 
= hh\|hv)= 0.2864038 
(so|uh) and (coluh), we could Ces Maat a een) 
(so|uh)=  0.0028939 
not get reasonable agreement. (so|sh)=  0.0468917 (wulvks)= — 0.0950620 
These five are common in that (sa|sh)= 0.078977 (uuloho)= —0.1340054 
: (oa\uk)=  0.0485759 (wv|vho) = — 0.0342490 
they involve a factor o(1)h(2) (eolsh)= — 0.2545193 (vvlahg) = — 0.0489496 
and at least one z orbital. We (co|ch)= 0.251885 (wo|uhs)= —0.0137787 
(xx|uh)= 0.0480918 (wa|uho)= —0.0082113 
therefore took as an example (mn|sh)= — 0.2379448 (va|uho)= ~ 0.0086230 
(wo|sh) and calculated this us- (nn|ah)=  0.2021336 (valaho)= 0.0316548 
s ; (un|nh)=  0.0070253 (ao|vho)= —0.0180098 
ing Barnett and Coulson’s for- (eninh)=  0,0405827 (aa|ahe)= —0.0468890 
mulae”*), getting a result identi- (on|nh)= — 0,0094624 (rere| uh) = ~ 0.0443845 
] } h : (hh|hu)=  0.0338437 (nn|ao) = — 0.0538969 
cal with the previous value to (hh\hs)= — 0.2871229 (un|rho) = — 0.0282793 
10 decimal places. It seems to (hh\ha)= — 0.3295737 os es 
(uu|vh)= 0.2838780 (hoho|vho)= 0. 6: 
us, therefore, that there may (ovlu= 00472065 (Rohololto)= 0.0750103 
be a systematic error in Sahni’s (vvjuh)}= — 0.2365059 
evaluation of this type of 
hybrid integral. 
Our values are also compared with those, 
when available, interpolated from the table 
of Kotani and others?”, they coinside to three Table All. Numerical values of atomic 
5 : integrals for boron ions 
decimal places. Computed numerical values 
i j Negati Positi 
are given in Table AI. seh ay eae 
(u|s)=S 0.1645150489 0, 2564183975 
Appendix II. Atomic Integrals for the esos cA Rah ee SE 
itive and Negative Ions of Boron (a|F’\a) —2.1795375  —2.5994920 
5 ele Sal (u|F"|s) —1.9135351  —2,.9914287 
j F'\v — 2.3730553 — 2.7929858 
The orbital exponents ey Sak thee 
d- =1.124890889 (s8|ea) 0.4086518 0.5357705 
(aa|aa) 0.4402893 0.5772496 
0+ =1.474809237 (wulss) 0.5604025 —-0.7313569 
‘ chee 5 (uulus) 0.2850418 0..4652233 
are used for the negative and positive ions Taiblaa) 0.0899347 0.101453 
i 13|U. 0.0361370 0.0930612 
of boron so as to make the parameters 0-R ste SGeh  eetelaraes 
and 6*R round numbers for the equilibrium ie panezs papeian 
Ua\so . A 
internuclear distance of the ground state: (nens|n-n-)  0.4165612 0.5461403 
(aa|nn) 0.3928330 05150310 
DIRS 5 OURS SAo9) (nen-[n-n+) 00474563 00622185 
A 2 (an|na) 0.0237282 0.0311093 
As we need only the integrals of atomic Pe 
; : : ; ) 04022725 0.5 
nature, the evaluation is very simple and the ae, o.a0si946 0.526061] 
i iven in Table AII (va|va) 00887356 —-0.1121406 
URNSILE values au? ao : (uulur) —0.2011008 — 0.2981930 
(uu|vv) 0.5613348 0.7342479 
(vvjur) —0.0042612 —0,0142709 
where the one electron operator aalne) 0.016527 —-0, 0249243 
(aa|uv) —0.0022912 — 00076436 
F’ 1 A i) (uvjur) 0.0224852 0.0510304 
Ths 2 Th 


is used. 


i 1 
(nate! IA/rta')= | fret(A)na’() —xa!!*(2)xy(2)dvidvg 
él Tis 
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In order to obtain an information about the configurational state of 
molecule in an aqueous solution of P.V.A., the measurements of the 
specific volume, the ultrasonic velocity and the dielectric constant were 
carried out over a certain range of the concentration and the tempera- 
ture, and the experimental result was discussed from a view point of 
transition phenomena. 

The result seems to show that in a region of concentration higher 
than a certain critical value (C,) the configurational state of molecule 
in the solution is similar to that in solid P.V.A. plasticized by a solvent 
type plasticizer possessing no transition point, while in the region of 
concentration lower than C,,, only above a certain critical temperature 
Ts, a model of spherical coiled molecule is applicable. The heat of 
cross-linking estimated experimentally by making use of Eldridge and 


Ferry’s formula with respect to an apparent melting temperature of gel 
is about 12 k.cal./mol. 


§1. Introduction types depending on the concentration of high 
At present, it is allowed to consider that) polymer, that is to say: in a very dilute 
the configurational states of long chain polymer solution, each molecule coils independently and 
molecules in the solution take two different behaves as if a small isolated particle in a 
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suspension, while in the case of relatively 
large concentration, the molecules form a 
loose irregular network structure by random 
cross-linking of each other. On the other 
hand, these configurational shapes of mole- 
cules are also affected by temperature changes. 
Accordingly, the changes in the configurational 
state of molecules will probably be detected 
in the concentration and temperature depend- 
ences of various physical properties of the 
solution through the changes of segmental 
motion. 

From such a view point, the measurements 
of the specific volume, the ultrasonic velocity 
and the dielectric constant of the solution 
were carried out over a certain range of the 
concentration and the temperature. 


The results of the experiment are regarded 
to show that if the concentration is higher 
than a certain critical value (C,,), in the so- 
lution there also takes place the change of 
segmental motion similar to the one which 
occurs at the second order transition point of 
solid P.V.A. plasticized by a solvent type 
plasticizer and there exist not only the critical 
concentration (Cm) but also the critical tem- 
perature (Zs) to the validity of the model of 
suspending coiled molecules. That is to say: 
if temperature is lower than 7s, even in the 
case of concentration lower than Cn, the weak 
inter-molecular cross-linkings exist between 
the segments belonging to different molecules, 
and the solution rather takes a network struc- 
ture. Furthermore, in this paper, heat of 
cross-linking was estimated experimentally. 


§ 2. 
The density of the solution was measured 
by a pycnometer. For the measurement of 
the ultrasonic velocity, the method of acoustic 
interferometer of Hubbard type” was used. 
The frequency of the ultrasonic waves. was 
1000 k.c./sec. The measurement of the di- 
electric constant was carried out by means 
of the exchange method using a quartz oscil- 
lator. The used specimens were the aqueous 
solutions of P.V.A. (the average value of the 
degree of polymerization was about 4550). 


Method of Experiment 


§3. Experimental Results 

(1) Specific volume 

The specific volume (v) obtained from the 
density measurements of the solution is plot- 
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ted against temperature as shown in Fig. 1. 
These curves have a look of the typical 
volume-temperature curve which is obtained 
in the experiment for the second order tran- 
sition phenomena of high polymers in solid 
state. Each curve consists of two straight 
line portions connected by a curved part. 
Now, if we denote the temperature corre- 
sponding to the point of intersection of two 
straight lines by 7,, Ty increases linearly 
with the concentration of P.V.A. as shown 
in’ Figg.2! 


60 


40 


10 20 50 


Fig. 1. Typical relations between specific volume 
and temperature. 


100 


0 o2™o4 O6 O8” 10 


Fig. 2. Concentration dependence of 7’g and Ty. 


(2) Ultrasonic velocity 

In Fig. 3, the ultrasonic velocity (V) and 
the adiabatic compressibility (8), which is ob- 
tained from V=7/1/p8 using the experimental 
data of V and p (density), are plotted as the 
functions of temperature. As it will be seen 
from Fig. 3, there appears a certain anomalous 


952 


range of temperature where the variation of 
V or B for temperature is especially distin- 
guished. Now, let us denote the temperature 
at the middle point of the above anomalous 
range by Ts. In that case, as shown in Fig. 2, 
Ts depends upon the concentration Ol LAVE AG 
and the curve of (Zs—C) relation coincides 
with the line of (7,>—C) at the concentration 
about C=0.25. 


1600 50X10" 


1400 ai = ; 40 
O 10 20 30 40 50 
Fig. 3. Temperature dependence of ultrasonic 


velocity and adiabatic compressibility. 


(3) Déelectric constant 

The relations between the dielectric con- 
stant (€) and temperature are shown in Fig. 4 
and Fig. 5. Each curve in Fig. 4 has an 
obvious flexion point at a certain temperature. 
Now if we denote the temperature corre- 
sponding to the flexion point by 7:, T:=Tes 
is approximately satisfied. As shown in Fig. 
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Fig. 4. Temperature dependence of dielectric 
constant. Frequency=1000 k.c./sec. 
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5, however, the flexion point becomes indis- | 
tinct with decreasing of frequency and seems || 
to disappear almost entirely in the case of | 
frequency 364 k.c./sec. 


280 


160 ht : : 
siete 30 40 50 


20 
Temperature dependence of dielectric 


Rigen 
constant. Concentration of P.V.A.=0.02. 
Curve A (1000 k.c./sec), B (700 k.c./sec), 

C (600 k.c./sce), D (364k.c./sec), E (150 k.c./sec). 


§4. Discussion of Results 


As already described, Tg and J, depend 
upon the concentration. Now, if the experi- 
mental curves (Ts—C) and (7,—C) are ex- 
tended to C=1, they coincide with each other 
at about C=0.25 and intersect the ordinate 
of C=1 at Ts=T,=86°C. This roughly ex- 
trapolated value (T'g=7,=86°C) is considered 
to be fairly close to the second order tran- 
sition temperature® of pure solid P.V.A. 
(=85°C). This fact seems to suggest that 
the phenomena characterized by Ts or Ty may 
probably be caused by the molecular process 
which is similar to that of ordinary second 
order transition of solid P.V.A. 

On the other hand, as it has been already 
known, the second order transition tempera- 
ture of high polymer is much affected by the 
addition of the plasticizer and especially, if 
the solvent type plasticizer possessing no tran- 
sition point is added, the second order tran- 
sition temperature becomes lower. Accord- 
ingly, it seems to be reasonable to consider 
that in our solution water probably plays the 
same role as the solvent type plasticizer. 

Next, in Fig. 1, we write as follows; 


Api T>T, AT rer, 
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Then, the value of dy obtained in this ex- 


f periment is shown by solid curve in Fig. 6. 


| 
: 
| 


Oo be 
O 02 


Oa O'6 0:8 oO 
Fig. 6. Relation between 4; and concentration. 
Solid curve: experimental. 


So far as concerns the concentration used 
in this experiment, dy decreases with increas- 
ing concentration of P.V.A.. The value of 
4y for the pure solid P.V.A., however, is in 
the neighbourhood of 0.0002. Consequently, 
it is natural to consider that the solid curve 
in Fig. 6 will rise for further increasing of 
C through a minimum point and approach to 
the corresponding value of solid P.V.A. at 
C=1 (dotted line in Fig. 6). In regard to 
this problem, it has been already found ex- 
perimentally that® 4y for the molecular mix- 
ture of high polymer and solvent type plasti- 
cizer possessing no transition point approaches 
zero linearly with the amount of plasticizer 
added. On the other hand, our experimental 
result shows that, in the case of concentration 
lower than Cn (=0.25), two anomalous points 
(Tg and Ty) are observed but in the case of 
concentration higher than Cy, one anomalous 
point only observed (Tg=T,). These facts 
seem to support a presumption that in the 
region of concentration higher than C, the 
aqueous solution of P.V.A. has a structure, 
as it were, of the molecular mixture of long 
chain polymer and solvent type plasticizer 
possessing no transition point. In consequence, 
the change of segmental motion at 7, (= Ts) 
would probably be the same kind with that 
of the second order transition of solid P.V.A. 
plasticized by solvent type plasticizer. 

In the next place, we describe with phe- 
nomena in the region of concentration lower 
than Cm (=0.25). In this case, it is expected 
that the changes of segmental motion at Ts 
and TJ, will be reflected sensitively in the 
dielectric properties of the solution because 
P.V.A. is polar polymer. Actually, the curves 
of (€—T) relation indicate the anomalies at 
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Te and Ty as shown in Figs. 4 and 5. In 
this case, if we make a presumption that 
even in the case of concentration lower than 
Cn if T<(Tg, the solution has a network 
structure (i.e., so-called gel structure), we can 
interpret the result shown in Figs. 4 and 5 as 
follows. If temperature rises and approaches 
to Ts, the liberations of inter-molecular cross- 
linkings between the segments belonging to 
different polymer molecules would begin to 
take place and at the temperature Tg almost 
all inter-molecular cross-linkings would be 
liberated. As the result of this liberation 
each molecule would coil up independently to 
be regarded as a small spherical particle. 
This coiling up of molecules would bring on 
an increase of the number of intra-molecular 
cross-linkings and as a matter of course, the 
segmental motion would rather be suppressed 
to some extent. That is to say: as the result 
of the change in the configurational state of 
molecules at T; (=Ts), the activation energy 
for the segmental rotation would increase, and 
this means the increase of a relaxation time 
for the segmental rotation. 

In regard to this problem, it was experi- 
mentally confirmed that while there is a dis- 
tinct flexion point in the case of frequency= 
1000 k.c./sec, the flexion point becomes gradu- 
ally indistinct with decreasing of frequency 
and disappears almost entirely in the case of 
frequency =364 k.c./sec. This experimental 
fact seems to allow to estimate the relaxation 
time (rc) for the segmental rotation as follows; 
tevin, the region Tea 7 7,, rc istinuthe 
neighbourhood of 2x10-®sec, while in the 
region T<(Ts, t<(10%sec. Furthermore, if 
temperature rises beyond Ty, then in each 
coiled molecule, the liberation of the intra- 
molecular cross-linkings would take place and 
the hindered rotation of segments would again 
become active. This would cause the rela- 
tively rapid increase of € at about 7». 

On the other hand, with respect to the 
relation between the apparent melting tem- 
perature of gel and the concentration, the 
following formula has been derived theoretically 
by Eldridge and Ferry” 


loz C= vee +constant 


where 4H is heat of cross-linking. Making 
use of our experimental data, logisC was 
plotted against 1/2.303RT7. as shown in Fig. 7 
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and from the linear part of the relation 4H 
was estimated. The obtained value of 4H is 
about 12 k.cal./mol. This value of 4H is 
roughly close to the value obtained by Kawai” 
and co-workers. This fact is considered to 
support our previous presumption that even 
C<Cn, if T<Tg, the solution takes the net- 
work structure (gel structure). 


* /o.303RTe 
© ¥2-303RTy 


Fig. 7. Relation between logy) C and 1/2.303 RTs 
or 2303 RL... 
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Fig. 8. Diagram illustrating the configurational 
state of molecules in aqueous solution of P.V.A. 
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Finally, we can summarize briefly the con- 
sequences of this experiment as follows. 

(1) A diagram with respect to the configu- 
rational state of molecules in the aqueous 
solution of P.V.A. is obtained as shown in 
Fig. 8. In this temperature-concentration dia- 
gram, [A| represents the domain where the 
solution takes the irregular network structure 
which will be similar to that of solid P.V.A. 
plasticized by the solvent type plasticizer pos- 
sessing no transition point, [B] represents the 
domain of network structure (i.e., so-called 
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thermal recovery gel) and [C] represents the 


domain where the model of spherical coiled 


molecule is applicable. 

(2) In the domain [A], for temperature 
variation, the change of molecular motion 
takes place only once at JT, (=Ts). This is 


considered to take place in like manner with. 
the second order transition of solid P.V.A.. 
plasticized by the solvent type plasticizer 


possessing no transition point. On the con- 


trary, in the region of concentration C<(Cn, . 


the changes of molecular motion occur twice 
at Ts and 7, The one at Tg would be 
ascribed to the separation of inter-molecular 
cross-linkings and Ts is considered to represent 


the melting temperature of gel, while the 


another at 7, would be related with the sepa- 
ration of intra-molecular cross-linkings in the 
coiled molecules. This molecular process in 
each coiled molecule would also occur in like 
manner with the second order transition. 

(3) Eldridge and Ferry’s formula on the 
apparent melting temperature of gel is ap- 
proximately satisfied in the range of concen- 
tration from C=0.047 to C=0.4. The obtained 
value of 4H is about 12k.cal./mol. 

In conclusion, we wish to express our sincere 
thanks to Prof. Y. Ikeda for his continuous 
encouragement throughout this work. 
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The origin of magnetic aging in 


means of magnetic initial susceptibility and internal friction. 


commercial pure iron is clarified by 
It is due 


to very small amounts of carbon and nitrogen in iron, and the effect of 
nitrogen is more remarkable than that of carbon and it is dominant 


especially in the period of formation of intermediate nitride. 


Some pos- 


siblities that the different effect of nitrogen and carbon can be interpreted 


are suggested. 


$1. Introduction 
It has been known that the magnetic initial 
susceptibility of commercial pure iron 


decreases remarkably on tempering in the 
vicinity of 130°C, but the origin has not yet 
been clarified. 

In the past Y. Shimizu” explained that small 
amounts of sulphur in iron was responsible 
for the decrease. According to him, sulphur 
has little solubility to iron, and forms the 
inclusion of iron-sulphide, therefore, when iron 
is heated up to about 130°C, the lattice para- 


- meter in C axis of FeS varies and this might 


cause the decrease of magnetic initial suscepti- 
bility. Moreover he concluded that this 
decrease was hindered by quenching. 

However his explanation is unsuitable, be- 
cause the transformation of lattice parameter 
in FeS is of the second kind, and is not 
generally hindered by quenching. In his ex- 
periment, he added FeS to pure iron and 
measured the thermal expansion and magnetic 
initial susceptibility in each step of rising the 
temperature to 130°C. But his experiment 
does not provide a direct proof about its 
origin, because it may be natural that the 
specimen which contains much FeS than com- 
mercial pure iron shows the decrease of 
magnetic initial susceptibility, and it does not 
provide any proof on the assertion that in 
pure iron FeS is main cause of the decrease 
of the susceptibility. 

Then one must study in the new view point 
about this problem. The commercial pure 
iron contains always very small amounts of 
carbon and nitrogen in interstitial position of 
iron crystal. The precipitation of carbon and 


nitrogen from solid solution is accompanied 
by change in many physical properties. The 
effects of the precipitation of carbon and 
nitrogen in @-iron on physical properties, for 
example, elastic after effect, magnetic after 
effect, etc. were investigated by Snoek”. The 
change in coercive force during aging was 
also measured by Koster® in order to investi- 
gate the kinetics of precipitation. The same 
measurement was also made by Wert”. The 
structure sensitive magnetic properties, for 
example, the coercive force and the initial 
susceptibility may depend on the particle size 
or the shape of precipitates. The investiga- 
tion along this problem was partly investigated 
by Néel®. 

In order to discuss the decrease of magnetic 
initial susceptibility or coercive force of these 
alloys during aging, the knowledge of tne 
structure of the produced precipitates is neces- 
sary. Dijkstra has demonstrated that the 
aging of N, in a-iron takes place by two stage 
process: metastable precipitation are first 
formed, then they dissolve and reprecipitate 
as Fe,N. Jack” has shown the metastable 
precipitates to be FeieN2. 

In the investigation of the precipitation of 
carbon and nitrogen from solid solution, Wert® 
has pointed out that the volume of precipitates 
is proportional to 7, ¢°/? and 7, where 7 is 
aging time, for sphere-, diske- and cylinder- 
like shape, respectively. He also showed that 
the intermediate phase Fe,sN. is of the disk- 
like shape and Fe;C is of the sphere-like 


shape. 
The effect of the carbide or the nitride it- 


self on the magnetic aging, however, has not 


955 


956 M. ASANUMA and S, OGAWA 


yet been investigated in detail. 

In the present paper the origin of the aging 
of magnetic, initial susceptibility will be 
clarified and the difference of the effect on 
aging between nitride and carbide will be 
discussed. 


§2. Experimental Details 


The iron which was supplied by Research 
Institute of the Mitsubishi Minning Co. Ltd. 
was used as specimen. The amounts of 
carbon and nitrogen in solid solution was 
determined by the measurement of internal 
friction and sulphur contents of specimen was 
determined by chemical analysis. The ap- 
paratus for measuring the internal friction 
was well known torsion pendulum, and the 
frequency used was about 1.0c.p.s. The 
background damping Q-! of the pendulum was 
0.001. The strain on the surface of specimen 
at maximum deflection was 4x10-°. The size 
of specimen was 1.0mm in diameter and 
300 mm in length. The magnetic initial susce- 
ptibility was measured by balistic galvano- 
meter. 

In order to separate the effect of carbon 
and nitrogen on the magnetic aging, the 
specimens were first purified by heating in 
a wet hydrogen atmosphere at 720°C for 
several hours and then carbon or nitrogen 
was separately dissolved into the specimens. 

The carbon was dissolved into the purified 
specimens by heating at appropriate tempera- 
ture in the mixing gases of carbon dioxide 
and monoxide, and nitrogen was added to the 
specimens by heating in the mixture of 
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The phase diagram of F'e-N system, 


Piss 2: 


(Vol. 12, | 


hydrogen and ammonia gases. 


The phase diagram of Fe-N system was. 


determined in our specimens by internal fric- 
tion, although this had been investigated by 
Dijkstra and Paranjpe!. 
shown in Fig. 1. 


This result was 


§3. Experimental Results and Discussions 


Tke specimens of the commercial pure iron 


which contain the amount of nitrogen corres- 
ponding to @-!=0.0037, less 
0.003 wt % sulphur were annealed at 950°C 
for an hour and cooled down in the furnace 
to 750°C and then quenched in water. 
after the magnetic initial susceptibilities were 
measured for these specimens at every 10°C 
from 80°C to 200°C in the course of temper- 
ing. These results were shown in Figs. 2 
and 3. 
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The decrease of magnetic initial suscepti- 
bility vs tempering time. 
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Fig. 3. The decrease of magnetic initial suscepti- 


bility vs tempering time. 


The effect of the tempering on the magnetic 


initial susceptibility was most remarkable at 
140°C, while it was not found above 170°C. 
In the specimen which was annealed in a wet 
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hydrogen atmosphere to remove the impuri- 
ties, the decrease of magnetic initial suscep- 


tibility was not observed during the tempering 
at 140°C where the magnetic aging would be 
the most effective. Fig. 4(a) shows this 
result. 

The specimen before and after hydrogen 
treatment contains 0.003 wt % and 0.002 wt % 
sulphur, respectively, which shows that the 
sulphur contents of this specimen was hardly 
changed. These facts mean that the small 
amounts of sulphur are not responsible for the 
decrease of magnetic initial susceptibility. 
Therefore, the interstitial impurities such as 
carbon and nitrogen is considered to be the 
possible origin. 

In Fig. 1, the temperature corresponding 
the value @-!=0.0037 is about 170°C, and it 
seems that the interstitial impurity, nitrogen 
does not precipitate from the matrix above 
this temperature. On the basis of this fact, 
together with the facts that are showed in 
Figs. 2 and 3, it may be concluded that the 
magnetic aging of commercial pure iron is 
accompanied by the precipitation of carbide 
and nitride from solid solution, or segregation 
of carbon and nitrogen. 

In order to investigate the effect of carbon 
separately, the initial susceptibilities of car- 
brized specimen was measured in the course 
of aging treatment at 140°C. This result is 


x 
x 
| 2 3 4 5 6 
——e ft in hours 
Fig. 4. The decrease of magnetic initial suscepti- 


bility vs tempering time. 

a: the specimen after hydrogen treatment 

b: the specimen to which was added the carbon 
after hydrogen treatment 

c: the specimen to which was added the nitro- 
gen after hydrogen treatment 

Aging temperatures are 140°C. 
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shown in Fig. 4 (b), where carbon contents 
correspond to Q-!=0.0022. Fig. 4 (c) shows 
the result of nitride specimen, where nitrogen 
contents correspond to Q@-!=0.0060. 

According to Pitch and Lucke!, carbon 
contents corresponding to Q@-!=0.0033 is about 
0.005 wt % and according to Astrom and 
Borelius'’? the Q-! value of damping by 
nitrogen in a@-iron is nearly equal to the 
contents of nitrogen in @-iron in weight per 
cent, in the region of small amounts of 
nitrogen. Therefore, in our both specimens 
carbon contents and nitrogen contents are 
considered to be 0.005 wt % and 0.006 wt % 
respectively. In Fig. 4, it is shown that the 
magnetic againg of nitrided specimen is more 
remarkable than that of carbrized specimen, 
although they have nearly the same amount of 
impurity. In other word, the effect of nitrogen 
on magnetic aging is more remarkable than 
that of carbon. 


a E OUS 


O | 2 3 4 


Fig. 5. International friction during precipitation 
of nitrogen at 140°C. 


On the other hand, the aging of nitrided 
specimen was investigated at 140°C by means 
of internal friction method as shown in Fig. 
5. It is noticed that the precipitation from 
supersaturated solid solution takes place ac- 
cording to different successive process. This 
result agrees with that of Dijkstra. Fig. 6 
is the curve of transformed fraction vs. growth 
time obtained from Fig. 5. The transformed 
fraction q is represented in terms OfMOm as 
follows: 

q=(Qo!—-@"1)/(@o*—-@r) 5 


where Q-' and Q,;7! are initial and final 
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values of @', respectively and Q-! corres- 
ponds to the cocentration of the solute at any 
time. The power of Z, ”, is determined ac- 
cording the equation! 
q=1—exp [—k?”| 

by the slope of the curve in Fig. 6. Thus 
the value of m obtained is 2.4 in the first 
stage and 1.1 in the second stage. If there 
is some stage before first stage, the value of 
m in it would be about 2/3, which means 
a formation of Cottrell atmospheres™ in dis- 
locations, though it is not quite accurate be- 
cause of the difficulty of the measurement. 
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Fig. 6. logio logio Oslo vs logt curve. The 


nitrogen contents of the specimen is 0.0060%. 
From the slope of this curve 2 is determined. 
The aging time is 140°C. 


Considering the aging of the magnetic initial 
susceptibility of the specimen which containg 
the same amount of nitrogen as that used for 
internal friction measurement, the following 
conclusions are obtained by comparing Figs. 
4(c)and6. The process of precipitation which 
is proportional to ¢# have completely accom- 
plished during an hour after the aging treat- 
ment at 140°C, while in the same period, the 
decrease of the magnetic initial susceptibility 
was about three-fifth of total change. So that 
it would be concluded that the precipitation 
of the intermediate phase Fe,,N, is rather 
dominantly responsible for the decrease of 
magnetic initial susceptibility and Fe,N more 
or less have also an influence on it. More- 
over, even if the stage of ~=2/3 takes place 
in present precipitation process, which corres- 
ponds to from 0 to about 5 minutes, the 
decrease of magnetic initial susceptibility 
would be insensitive in this stage, 
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It is not yet satisfactory clarified why the | 
effect of nitrogen on the magnetic aging is 
more remarkable than that of carbon, but 
there are a few possibilities for the interpreta- _ 
tion of this problem. That is (a) the difference 
of the shape between the precipitates of © 
carbide and nitride, (b) the difference of the 
solubility limit of nitrogen and carbon in 
a-iron, and (c) the difference of the saturation | 
magnetization of these. 


§ 4. Conclussion 

The magnetic aging in the commercial pure 
iron is due to very small amounts of carbon 
and nitrogen, and the effet of nitrogen is more 
remarkable than that of carbon. Though the 
reason of different effect of nitrogen and 
carbon is not clear, some possibilities are con- 
sidered for these phenomenon, that is, the 
difference of the shape, the saturation magne- 
tization of carbide and nitride and the dif- 
ference of the solubility limit of carbon and 
nitrogen in q@-iron. 
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The formulae for the velocity distribution over the surface of an ob- 
stacle of arbitrary shape are given to the transonic third approximation 
by the use of Imai’s thin-wing-expansion method. These formulae are 
applied to the flow past an elliptic cylinder and it has been found that 
the results are in accord with the other authors’s results within the 
order of the approximation used. Further, these formulae, together with 
the ¥Y- and the @¥-procedures, are applied to the flow past Tomotika- 


Tamada’s profiles. 


Calculated velocity distributions are compared with 


Tomotika-Tamada’s exact solutions as well as with Takami’s numerical 
results obtained by various approximate methods. 

These formulae seem to be very useful, because their convergency and 
accuracy are very good up to considerably high Mach numbers. 


Introduction 


§ 1. 

A great many investigations have been 
made so far about the thin-wing-expansion 
method by which the compressible flow past a 
two-dimensional thin aerofoil can be treated 
successfully. Namely, Kaplan has calculated 
the flow past a cusped symmetrical aerofoil 
which is called the Kaplan bump”, a circular 
arc aerofoil® and an elliptic cylinder», taking 
account of the effects of their thickness or 
camber up to the third order. 

On the other hand, more than ten years ago 
Imai established independently his thin-wing- 
expansion method, by which he gave the 
analytical expressions for the velocity and 
the pressure distributions, the lift and the 
moment of an aerofoil placed in the flow 
of a compressible fluid up to the second 
approximation”, and investigated in detail the 
’ characteristics of general Joukowski profiles”. 
By that method, we can easily calculate the 
influences of an obstacle on the flow, even 
when its shape cannot be given in an analyti- 
cal form. Later, Imai and Oyama have given 
the formulae for the third approximation.” 

On the basis of these formulae, several ex- 
amples have been treated up to the third 
approximation: the flow along a_ sinusoidal 
wall by Imai and Oyama”, the flow past an 
elliptic cylinder by Hasimoto®, the flow past 
a Kaplan bump by Matunobu”, and the flow 
past a symmetrical circular arc aerofoil by 


9 


9 


Asaka in a somewhat modified and extended 
form), 

Recently, as an extension of von Karman’s 
transonic similarity rule, Imai developed a 
method called transonic thin-wing-expansion 
method!). Matunobu has applied it to the 
compressible flow past a Kaplan bump and 
has calculated the velocity distribution over 
the profile up to the fourth approximation”. 

In this paper, the formulae for the velocity 
distribution over the surface, which are con- 
venient for both the analytical and the 
numerical calculations for an obstacle of 
arbitrary shape, have been given to the 
transonic third approximation by the use of 
Imai’s method. These formulae are applied 
to the flow past an elliptic cylinder as an 
example of the analytical calculations and also 
to the flows past Tomotika-Tamada’s pro- 
files, for which the exact solutions are 
known, as examples of the numerical calcula- 
tions. The calculated velocity distributions 
are compared with Tomotika-Tamada’s exact 
solutions as well as with Takami’s numerical 
results obtained by various approximate 
methods™, in order to investigate the limita- 
tion of the validity of the thin-wing-expansion 
method. Further, the Y- and the @¥-proce- 
dures associated with the thin-wing-expansion 
method are applied to the flow past these 
profiles. 
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§ 2. Basic Formulae of the Thin-Wing-Ex- 
pansion Method 
For the sake of convenience, a brief ac- 
count of Imai’s thin-wing-expansion method 
for a symmetrical profile will be given here. 
The two-dimensional irrotational flow of a 
compressible fluid which obeys the adiabatic 
law is governed by the equations: 


00 Ooo ov pa 00 , WERE OV 
Oe 0° MOy™ Og St Moe Oz" 
(ZL) 


0 y¥—1 e 1/(y-)) 
S| Ve | Sei 5 OR, 
Qo I 2 ( U? )| 


where (uw, v) are the component velocities in 
the z- and the y- directions respectively, @ 
the magnitude of the velocity, o the density, 
Qo that of the undisturbed fluid, @ the veloci- 
ty potential, & the stream function, U and 
M the magnitude of the velocity and the 
Mach number of the undisturbed flow re- 
spectively, and 7 is the ratio of the specific 
heats. 

Then the undisturbed flow will be given as 


0=7 i =y 


On the assumption of the small disturbance, 
@® and ¥ can be expanded as follows: 


O=x2+Oit+G2tG3+-:- ’ 
Paytditdotyst-::, (223) 


where $1, $1; ¢2, 23 2, 3; +++ are quantities 
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+5 \7 dE +2F 9, ©) +2qx(OF + alF w@at +n), (2.10) 


where /(€), 92(@) and g3(€) are analytic func- 
tions of €, which must be determined by the 
boundary conditions, and f and f/f’ are the 
complex conjugate and the derivative with 
respect to € of f respectively and A= 
(r+ 1)MP /4 1 —M?). 


§ 3. Boundary Conditions 

The region outside profile: (Ep, yp) =(xp, LYp) 
in the €-plane may be mapped conformally 
onto the region outside the unit circle: Z=e”? 
in fhe Z-plane by means of an analytic 
function of the form: 


€=C_,Z4+Q+C/Z+---, |Z) >1.. 3.1) 


of the order ¢, 72, #, --- respectixely ,¢ being 
a small parameter representing the thickness- 
ratio of the profile. Substituting from (2.2) 
and (2.3) into (2.1) and comparing terms of 
the same powers of ¢, we obtain a set of 
differential equations for $m and ¢m(m=1, 2, 
---) suitable for the iterative method. 

Here let us introduce the following quan- 
tities: 

E=x2, n=uy, Ym=Lin , u=V1—-M ’ | 

(2.4) 

C=E+7y , C=E-1 > Gnr=bnttxXn , 

(2.5) 
and transform the differential equations for 
gm and ~m in terms of complex quantities. 

As the solutions of the transformed dif- 
ferential equations, we have the following 
expressions for G,; and G,: 


Geren (2.6) 

GAC, €)=AAE, F)+92(6) , (2.7) 

AG aM ae eE +A Mes TF Be \77der} 
(2.8) © 


If we neglect those terms smaller than 
O(#/p°), as in Imai’s transonic thin-wing-ex- | 
pansion method'», we have the following 
expression for G3: 


GE, O)=HS, F) +956) , (2.9) 


The boundary conditions by which f, 9» 
and g3 are to be determined are as follows: 

(i) 0G,,/0€ is one-valued and continuous 
throughout the flow field, 

(ii) as €-00, OGn/OC—0, and 

(ili) on the surface of the profile, 3(C/u2+ | 
G)=0, where $ means “the imaginary part 
of”. This condition is equivalent to the. 
statement that Y=0 on the surface. 

Then, it can easily be shown that f=— 
(W/E -Cy—-C\Z—C-_,/Z) satisfies the condi-. 
tions (i), (ii) and (ili), and that dgn/dZ is; 
regular and one-valued for |Z| >1 and tends ' 
to 0 as Zoo, if we consider the above-- 
mentioned conditions and the behaviour of i 
| 
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OHn/IZ as Z>o. Since the flow is sym- §4. Approximate Boundary Conditions 
metrical, the circulation is absent, and maui: 


: An arbitrary aerofoil P can be parametrical- 
gn May be expanded in the form: 


ly represented by 
- ug a Ate (3.2) Zp=COSY, Yr=9(d) , (4.1) 
v=0, z corresponding to the leading and the 
Hereafter, let us confine ourselves to the trailing edges respectively. 
boundary of the profiles where Gn, Hn and The region outside the profile P’ in the 
gn May be decomposed as €-plane may be mapped onto the region out- 
side the unit circle in the Z-plane by an 


a CaNeeE Ges) ata), _ analytic function: 
He, e-) =P, (8) +4Qn(08) , 3.4 | 
: )— RG 1.6 in : C=3(Z+1/Z)+C(Z) , (4.2) 
gnle)=Rn(O)+71,(8) . (3.5) eee 
Referring to the theory of the conjugate CCC PCDI CE Rel Bae 
Fourier series and (3.2), we have (4.3) 
61(0)=11*(8), (3.6) C(Z) and hence C, being O(Z). 
i #0) — A(@)+72B(8), h fr 
Rx(0)=In*(8), 3.7) Yaa C(e’®)= A(@)+72B(0), we have from 
where asterisk denotes the conjugate Fourier Ey=cos 0+ A(0), yv=B(O) . (4.4) 


series. Since %n(@) can be determined by Since the function: C(Z)—C_1Z—C, is re- 
taking account of the boundary condition (iii), gular for |Z|>1 and tends to 0 as Z>~0, 


$r(9) and gn(@) are determined as follows: we have on the unit circle: Z=e% 
$1(A)=x1*(8) (3.8) A(@)=B*(0)+2(A-; cos 0Q—B_; sin 0) +Ap , 

(4.5) 

AG EAP On 0) aeet(6) 5 ; (3.9) taking account of the theory of the conjugate 

IB) = 4n*() + txnl 9) N22 Fourier series. Further, from (2.4), (4.1) and 

—{Qn*(A)+4Qn(9)} , (3.10) (4.4), we have 
A(@)=cos &—cos 6=—sin 6(9—0)—3 cos 0(8—0)?+ O(#) , (4.6) 
BO) = 298) =H) +9'()(8—0)+49'(O)(9—8)} +044 . (4.7) 


Considering that A(0)=0, A(z)=0 and A’(0)=0, A(@), B(@) and (#—#@) are determined 
from (4.5), (4.6) and (4.7) by the iterative method as follows: 


A(9)= nh(6)+ uR(0)+ O#) , (4.8) 
a 22) np | FORO) , “ WO) 0)—9'(0)\ |+O(E) , 4.9 
BO) = ng(0)— 08 hg @)— ws] LORD 4 BF foot 69'()-9(} |+oe), 4.9) 
= ue ghia! dea. COS Ye : 4.10 
oO eikge isiruf hO+ ge Sint 9 CO) +00 , a 
cos ¥=cos 04+ wh(O)+ uk(A)+ O14) , (4.11) 
where 

h(O) =9*(9)—43{9°*(0)—9*(z)} cos 0—g*’(0) sin 6—4{9*(0) + 9*(x)} , (4.12) 
k(0) = H*(0)—3{H*(0)—H*(xc)} cos 0—H*’(0) sin 0—3{H*(0) + H*(x)} , (4.13) 
H(6)= — pO gy . (4.14) 

sin @ 


§5. Velocity Potential 
From (4.4), (4.9) and the boundary condition (iii) in § 3, %»(@) can be determind as follows: 


1A)=—gA/z , (5.1) 


Ee), 5; 5.2 
po(0)= 90) 5 (6.2) 
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GOO) te TOV ie cig age GIy &% 
%3(0) = sind aia 9 aime 9 (0)—9"(8)}. 
Thus we have from (2.6), (3.3), (3.8) and (5.1) as the first approximation: 
(A) =—g*(O)/z , (5.4) 
f(e®)=folu, fh={P(A) +29} . (5.5) | 
Further, from (2.7), (2.8), (4.3), (3.9) and (5.2), we have 
_ M*1+4) afo * dO -tio dQ >(0)—aqo* a} o* 5.6) | 
$:(0)— Ne (aR) Go a+ uO) —a.8(0)h + ae 6.6) 
where 
e'’do=dE» , 6.7) 
: weg OS Oe AO ete 5.8) 
P(O)+1q2 (9) = 229 pag e (5.8) 


and 3} means “the real part of.” 


Neglecting terms smaller than O(#/°), we have from (2.9), (2.10), (3.4), (3.9), (3.10) (5.3) 
and (5.7). 


Mi +4)? fy ‘ do * g-le Ty dF do -iw 1(0\— qa’ 
$3(0) =- He ce aller lene ‘ 0-4-8 db dat tee OS @)|, 


(5.9) 
where 
df ch -2tw df do -iw d*fy =2i0 
Px(8)-+ige(O)=12Fo( SO) (SEV ere fy Oe Gee) 2 F2|Tdo(  Ve- 

_ ao ae ais 2 mnie —2i0 df) do —iw af es -tw 
ks didake  cecan ook do rye a ae \(4y2 ape Oe 
afy dO |i, GF dO |i 

+47, Pa Lage) fore i eo. (5.10) 

and 
F(0)= —{q.*(0)+q.(4)} . (5.11) 


§ 6. Velocity Distributions 
The velocity distribution over the surface of the aerofoil is given by 


ds do ds \ do do) da ds’ 


2 CEI avancop 
day _ do =e ee weet 


where 


da —sin ov, 77h 


and d¢,/d0, d¢,/d0 and d¢;/d0 are given by (5.4)~(5.11). 
For the simplicity of the calculation, it is convenient to use the following formulae. 
Neglecting terms smaller than O(2/u5), we have from (4.10) and (6.1) 


(6.1) | 


g={sin 8+9"(d)/M+S'(9) + Td) + tuv-R(d)} [sin? 8-+{9/(d}]-¥72 , (6.2)) 


where 


S(é)= =o (A {roe 


(6.3)) 


TG) ee -[3 Ge ag Ot tb) aX) |, 6.4) 
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R(0)=— is ne ( aS oe ye aie + an the a de et bi (O—a(0) | (6.5) 
= Gems |! tao} ° we 


and (A), folP), p(0)+¢q,(0), b3(9)+29,(0) and F(#) are given in (4.12), (5.5), (5.8), (5.10) and 


fo.11). 


§7. The ¥-Procedure and the 0¥-Procedure 


The ¥-procedure and the ®¥-procedure in 
which the velocity is obtained from the stream 
function or the combination of the velocity 
potential and the stream function respective- 
ly, were developed by Imai!®. These pro- 
cedures were applied, together with the M?- 
expansion method, to the cases of a circular 
cylinder and a circular arc aerofoil by Imai 
himself and to the cases of Cherry’s profile 
and Tomotika-Tamada’s profile by Takami!®»!” 
and it has been shown that the O¥-procedure 
may give the most adequats results within 
the order of the approximation employed. 

Now these procedures can be applied also 
to the thin-wing-expansion method as well as 
to the M?-expansion method as follows. Let 
the velocity qg, the stream function ¥ and 
the density o be expanded as 


g=14+q4+@t@3+-:: , 
P= pt¢itdotds+ Bush oh 


teat eer wc ; (Halll) 
where 
a=MqQ ? 


02= M?(3qi?+q2)—3(2—7)M'qi’ 
03= M?(q3+@igo) —3(2—7) M'qi(qi? + 2q2) 
+4(2—7)(3—27)M%q:3 . 


Then, inserting (7.1) into the relation 


(7.2) 


ay Op 0 Dg 
sete ete flee 
On pe OS ee 
we get 
Of _ Pies 

an Sil. an =Qi—/1 » 

Oot a 0191— 02 » 

Dts ee oldie (7.4) 

On 


From (7.2) and (7.4), O¢n/On can wee be 
calculated if we know qi, @, Qs- in the 
@-procedure by the method of §6. When 


avon is known, we get the values of g in 


the ¥-procedure by using the following re- 
lation: 


nae WG 


co 


_ OV 
~ On’ 
and in the @¥-procedure by the relation: 
=(0./0)0V/On, where the values from the 
®-procedure are substituted for g in o./p. 
In this paper these procedures are applied 
to Tomotika-Tamada’s profiles and the results 
will be given in § 9. 


§ 8. Flow past an Elliptic Cylinder 


The formula (6.2) can be applied to the 
analytical and the numerical calculations for 
an obstacle of an arbitrary shape, and here, 
as an example of the analytical one, we 
consider the flow past an elliptic cylinder 
with its major axis parallel to the undisturb- 
ed flow. 

Let the ellipse be given by 


Lp=COS B , Yn=t sin 3 ; 

Then we have from (4.1) 
g@)=tsine and g*(a)=ftsine , 

from (5.11) 

fold) =t (cos 8 —7 sin #) , 
from (4.12) and (6.3) 

hio)=0 and Si@)=0, 
from (5.8) and (6.4) 


(8.1) 


2 sin? 8—sin 3 _ 
sin? 2+ 272? cos? 3 
and from (5.10) and (6.5) 


To) =? 


WAS sin 2 
——— 64 — 
3 SHOT sin? 8+ 172 cos? & 


R@)=—P 


7 1—e . 
tan“! Vi-wt oO 
a ( r sin ) 


L 
ig sin? 0+ 22 cose J 


Then from (6.2) 
2 sin? 9—sin 3 _ 
sin? 8+ we? cos? & 
1 
sin? & + web COs? 8 


g= sin pied sin 3+ vt? 
LU 


+ pvt? 3° sin }—- 
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16 se eer ne Swen Ji § 9. The Flow past Tomotika-Tamada’s 
ut s Profiles 

xX (sin? 8+ 22? cos? B)“1/2 . As an example of the numerical calcula- 

tions, we consider the flow past Tomotika- 

acy Anan Tamada’s profiles, for which the exact solu- 

‘. 1 tions have already been obtained by the 

= 1+ +¥b(2— : =) + ye hodograph method for a certain hypothetical 
Lt sin? 3d ‘ : ; : : 

gas satisfying the adiabatic gas relation ap- 

cS Ua les sng) fa rebeotta) 3 proximately!?. The shapes of these profiles, 

3 sim’y 2 sin’y which have been calculated for the Mach 

This result is in accord with Imai’s'? and numbers of the undisturbed flow equal to 

Hasimoto’s®) results based on Imai’s thin- 0.717, 0.745 and 0.752, are slightly different 

wing-expansion method and Kawaguti’s re- from each other, and are symmetrical with 

sults based on the M?-expansion method.1” respect to the direction of the oncoming flow 


Further simplification can be achieved for 


nesees ial Stal | 0-2 % Ls Sie od om z ae ¥ x = ; 
x 0-8 ime) 


Fig. 1. The velocity distributions over the’ surface of the profile I for various 
Mach numbers (2nd approx.). 


: 
XTakami's result (M 


O 0-2 04 OG. Bey 0.6 we eae 


Fig. 2. The velocity distributions over the surface of the profile Il for various 
Mach numbers (2nd app:ox.). 
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X Takami's result (17=0) 


Be eee 
hibits 


0-6 


0 0-2. O04 0-8 Ko) 
Fig. 3. The velocity distributions over the surface of the profile III for various 
Mach numbers (2nd approx.). 


— transonis 3rd approx. 
—T-T exact solution 


O O2 04 eee Be 


—transonic 3rd approx. 
——T-T exact solution 


0-6 


; : Oo 
O 02 0-4 Chia 
Fig. 5. The velocity distribution over the surface of the profile II] (M=0.752). 
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and have a finite angle at the leading edge 
and a cusp at the trailing edge. It should 
be noticed that the flow past profile I with 
M=0.717 has the sonic speed at the point of 
the maximum velocity on the surface and 
the flow past profile IJ with M=0.752 has 
the infinite velocity gradient at a point of 
the surface. 

Numerical calulations have been performed 
with 20 equipartitions of # (the interval being 
9°) for the three following cases: 

(I) In order to investigate the change of 
the velocity distributions with the change of 
the Mach number, the velocity distributions 
over the surface of the profiles I, Hl, and III 
have been calculated to the second approxi- 
mation by using (6.2) and taking ;=1.4 for 
various Mach numbers. These results are 


0-3 


0-4 
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given in Figs. 1-3. 

(II) In order to investigate the range of 
the validity of the thin-wing-expansion method, 
the velocity distributions over the surfaces of 
the profiles I and III have been calculated to 
the transonic third approximation by using» 
(6.2) and taking as before 7=1.4 for the same 
Mach numbers as for the exact solutions. 
These results are given in Figs. 4 and 5. 

(III) In order to investigate the validity of 
the Y- and the @¥-procedures the velocity 
distribution over the surface of profile I has 
been calculated to the third approximation by 
using the method of §7 and taking 7=1.4 
for the same Mach number as for the exact 
solution. These results are given in Fig. 6. 

The following may be concluded from Figs. 
1-3. The velocity distributions over these 


e « 0-5 


Fig. 6. The velocity distribution over the surface of the profile I near the point of the 


maximum velocity (M=0.717). 
the thin-wing-expansion method: 
— — = VA 


-_—-—- w 


the @-procedure (transonic 3rd approx.), 
the @y-procedure (1st approx.), 
(2nd approx.), 
(transonic 3rd approx.), 


A the Y-procedure (2nd approx.), 
© (transonic 3rd approx.). 
Takami’s results: 
x the WKB method, 
a the @Y-procedure in the M?-expansion method (2nd approx.). 


Tomotika-Tamada’s exact solution, 
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profiles are fairly different from each other 
even for the same Mach number, and the 
higher the Mach number of the undisturbed 
flow becomes, the more the difference becomes 
conspicuous. In the case of M=0, the values 
from the second approximation agree very 
well with the exact ones calculated numerical- 
ly by Takami and thus it follows that the 
calculation for the incompressible flow is 
sufficient with the second approximation. 
From Figs. 4-5 it may be inferred that 
these solutions converge in the range of the 
local Mach number less than 1, but diverge 
in the range of the local Mach number larger 
than 1. Although the values to which the 
velocity seems to converge are generally 
somewhat lower than that of Tomotika- 
Tamada’s exact solutions, the difference may 
be, due chiefly to the fact that the charac- 
teristics assumed in the exact solutions 
deviate from those of the adiabatic gas with 
7=1.4. In fact, when the differences of the 
characteristics of the both gases are calibrat- 
ed, it can be shown that our solutions are in 
very good agreement with the exact ones 
except for the neighbourhood of the sonic 
point.* Generally speaking, the convergency 
is very good in the range of the local Mach 
number lower than 0.9 where both the 
results calculated by (6.2) and Takami’s 
numerical ones obtained by various approxi- 
mate methods seem to be sufficiently reliable. 
From Fig. 6 it is concluded that the be- 
haviours of the solutions in the ¥- and the 
@¥V-procedures agree very well with that by 
the M?-expansion method. In fact it is worth 
noticing that in the @¥-procedure the con- 
vergency is remarkably well even for a high 
subsonic velocity and the second approxima- 
tion in the @¥-procedure gives very good 
results in almost entire flow region (naturally 
except for the neighbourhood of the tip) in 
spite of the simplicity of the calculation. 


§ 10. Conclusion 

The formulae for the velocity distribution 
over the surface of an obstacle of arbitrary 
shape have been given to the transonic third 
approximation by the use of Imai’s thin-wing- 
expansion method. As an example of the 


~*~ These results will be shown in a ‘paper by 
Takami and the present writer, which will be pub- 
lished shortly. 
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analytical calculations, these formulae are 
applied to the flow past an elliptic cylinder 
and it has been found that the results are in 
accord with the other authors’s results within 
the approximation used. Further, as an ex- 
ample of the numerical calculations, these 
formulae, together with the ¥- and the O¥- 
procedures, are applied to the flow past 
Tomotika-Tamada’s profiles. Although the 
calculated values are generally somewhat 
lower than those of Tomotika-Tamada’s exact 
solutions, their convergency and accuracy are 
very good up to considerably high Mach 
numbers. Consequently, these formulae, 
particularly the second approximation in the 
@¥-procedure, seem to be very useful, be- 
cause of their good accuracy and simplicity 
of the calculation. 
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This paper presents detailed numerical evaluation of the Hermans- 
Fujita’s general equation for the electrophoretic mobility of a coiled 
polyelectrolyte molecule in salt solution. Values of the electrophoretic 
mobility wp are obtained as functions of values of two basic parameters 
o and f#; here o is Debye’s “shielding ratio,” and § is the radius of the 
polymer coil relative to the thickness of the diffuse double layer. It is 
shown that the criticism offered recently by Overbeek and Stigter for 
the validity of Hermans-Fujita’s wp» equation is doubtlessly incorrect. A 
procedure is demonstrated by means of which w» vs. 8 curves for dif- 
ferent fixed values of o can be reduced approximately to a single curve. 
The approximate solution for the same problem obtained by Overbeek 
and Stigter is discussed and compared with the rigorous treatment in 
relation to this reduction procedure. 


Introduction 


§1. 

Hermans and Fujita? extended the theory 
of Brinkman” and of Debye and Bueche* for 
the sedimentation of uncharged polymer 
molecules to the calculation of electrophoretic 
mobility of polyelectrolyte molecules in 
simple salt solutions. The model used was a 
porous sphere in which the density of poly- 
mer segments, and therefore also that of the 
fixed charges, is constant. For the charge 
density due to mobile ions an expression was 
used which had been derived for this model 
by Hermans and Overbeek” on the assump- 
tion that the approximation of Debye and 
Hiickel is applicable. Relaxation effects were 
ignored. The calculation was made without 
any mathematical approximations. The final 
expression for the electrophoretic mobility, 
U4», was obtained as a function of two dimen- 
sionless parameters, 8 and o. Here ® is the 
ratio of the molecular radius to the thickness 
of the diffuse electric double layer around the 
polyion, and o is Debye-Bueche’s “ shielding 


radio.” Various limiting forms as well as an 
asymptotic expression of the wz, equation use- 
ful for large enough values of 8 and o were 
derived. No numerical discussion of the 
analytic results obtained was made, however. 

In a recent article dealing with the same 
problem in a somewhat different manner, 
Overbeek and Stigter® have pointed out that 
the #» equation of Hermans and Fujita yields 
a Uy value smaller than the segment’s electric 
mobility for some intermediate values of o 
and 8. They state that this is clearly im- 
possible to obtain, and therefore comparison 
of their approximate solution with Hermans- 
Fujita’s rigorous treatment must await a 
correction of the latter. 

Careful re-examination of the mathematical 
analysis described in reference (1) was made,” 
and it was confirmed that the results of 
Hermans and Fujita involve no error at all, 
at least so far as the mathematical aspects 
are concerned.. This would imply that Over- 
beek and Stigter must have made some error 
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in their numerical examination of Hermans- 
Fujita’s 2, equation. This is largely probable 
because the physical models used in both 
calculations were essentially the same. To 
check this point critically detailed numerical 
calculation of the #» equation in question was 
carried out, and the results obtained are pre- 
sented below. It is shown that, in contrast 
with the criticism offered by Overbeek and 
Stigter, no particular paired values o and 8 
are likely to exist for which the electrophoretic 
mobility of a polyelectrolyte calculated from 
Hermann-Fujita’s equation assumes a value 
smaller than the electric mobility of its seg- 
ment (or monomer) unit. 


§ 2. 


The Equation for the Electrophoretic 
Mobility up 

The exact equation for the electrophoretic 
mobility of a polyelectrolyte derived by 
Hermans and Fujita? reads 


Ae _ 99, B) 
oh eee a) 
where 
(0, )= 3 (ark Jer iFe, B)+Gl, 8)] 


+ (€*/62)(cosh p—sinh 6/8), 8) 
(2) 
F(a, B)=( 14-3 08) (1—o4/6") cosh 8 


+ (2716? = 5 oA/f*—1+ 3”) Sue 


(3) 
G(o, 8)= [(o?/82—1—o?) cosh B 
+(1—o?/B?) sinh B/B]tanh a/c , 
(4) 
H(0, B)=- 1+) 
—(o?B+1+8) (1—tanh a/o) . 
(5) 
The symbols in Eq. (1) have the following 


significance: 

M4»=electrophoretic mobility of a polyion 

(at infinite dilution), 
=density of fixed charges inside the 

polyion, 

y =density of polymer segments, 

f =frictional factor per polymer segment, 

o =Debye-Bueche’s shielding ratio, 

8 =«R, where « is the reciprocal charac- 
teristic length of the theory of Debye 
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and Hiickel and R is the mean radius 
of the coiled polyion sphere. 

It is noted that o/yf represents the electric 
mobility of an individual polymer segment (or 
monomer). The shielding ratio is expressed 
in terms of », f, R and solvent viscosity 7 
by 

sv fF) yu, (coy) 

When Eqs. (3), (4) and (5) are substituted 
in Eq. (2) and the resulting equation is ar- 
ranged properly, we find 


Oo, B)= ; (a?/8?) e-® cosh B{(1—tanh 8/8) 


x (1+8 tanh o/o)+ [6*1+ 8)/(6?—o?)] 
x (tanh 8/8—tanh a/o)}. Cm) 


This form of @(c, B) is much more tractable 
for numerical calculation than its original 
appeared in reference (1). For numerical 
work the ratio of wz» to (o/yf) is computed as 
functions of o and 8. This ratio represents 
how the electrophoretic mobility of a coiled 
polyelectrolyte molecule differs from that of 
its constituent segment, in accordance with 
the degree of free-drainage, 9, and the ionic 
strength of the surrounding medium, 8. 


§3. Limiting Forms 

Hermans and Fujita? derived from Eq. (1) 
its various limiting forms for large or small 
values of o and 8. Those are summarized 
below, together with some approximate ex- 
pressions of Eq. (1) derived newly in the pre- 
sent study. 

(a) When o-0, Eq. (1) yields for any 
positive B 


Un=olvf . (8) 

(b) When 8-0, Eq. (1) reduces to 
Ea Watts | 7s 9 
M9 yf Wo)’ v0 


where »(c) is the characteristic function of 
o in the theory of Debye and Bueche*® for 
the sedimentation of uncharged polymer 
molecules, i.e, 

1—tanh a/o 


Uke) = 1+-(3/262)(1—tanh a/c) © 

(c) When # becomes infinite but o remains 

finite, Eq. (1) reduces to the same form as 
12a |., CS), Weer 


(10) 


Up=plvf . (11) 
(d) When o becomes infinite, the limiting 
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form is 


ss Z 


a (e-8/8*) cosh B(1—tanh B/8). 


(12) 
This is in complete agreement with Henry’s 
formula” for a compact sphere whose electric 
conductivity is the same as that of the 
medium. This is expected because in this 
limit the polymer molecule behaves like a 
compact sphere. 
(e) For o and £8 large enough compared 
with unity, Eq. (1) gives asymptotically 


oD Be) 


In deriving this, both tanho and tanh f have 
been set equal to unity, and moreover both 
1/o and 1/8 have been neglected compared 
with unity. This latter neglect is much more 
crude than the former approximation; the 
approximation that tanh 2=1 is quite accurate 
for x larger than about 4. If use is made of 
this approximation only, Eq. (1) becomes 


neo ORS ANZ Beas Baars | 
othe a acai Bo(B+a) } 
(f) 


(14) 

For o and 8 sufficiently small compared 
with unity, Eq. (1) is expanded in a double 
series in o and 8 to give 


pO ce ere 
[1+ 15” ace 


vf 
a 2 a Oy 4 Me, id 
+( a5 °F ah) E ~ 


Eqs. (14) and (15) have newly been derived 
in this study. 


Up 


(13) 


Up = 


§ 4. Numerical Results and Discussion 


Numerical values of uw, were computed 
from Eq. (1) with (0,8) given by Eq. (7) 
over ranges of o and 8 that are of practical 
importance (see Table I). For paired values 
of o and @ sufficiently small compared with 
unity, Eq. (15) was also used to check the 
results from the exact equation (1). For 
paired values of o and 8 larger than 5, 
Eq. (14) was found to yield values identical 
with those from Eq. (1) within a practical 
accuracy.* 


* For the range o and @ both larger than 20, 
Eq. (13) can be satisfactorily used to predict values 
of Uy. Obviously, Eq. (13) yields wv, larger than 
o/yf for any paired o and @ in this region. 
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electrolyte molecule relative to the mobility of its — 
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Fig. 2. Electrophoretic mobility Uy of a poly- 
electrolyte molecule relative to the mobility of its 


segment o/vf as a function of o for different fixed 
values of f. 


The results obtained are shown graphically 
in Fig. 1 and 2. Fig. 1 gives the calculated 
U4, Vs. B curves for several fixed values of ¢. 
Fig. 2 shows the wp vs. o curves for different 
fixed values of 8. To avoid confusion of the 
graph, only the curves for typical values of 
¢ and 8 are presented here. Complete 
numerical values obtained are recorded in 
Table I. It is seen that for all pairs of the 
parameters treated in this calculation the zp 
values are larger than or equal to pivf, “It 
is quite unlikely that there exist paired 
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values of o and 8 for which zw, becomes 
smaller than p/yf. We may thus conclude 
almost definitely that the criticism offered by 
Overbeek and Stigter for the electrophoretic 
mobility equation of Hermans and Fujita is 
errorneous. 


Besides this principal conclusion, some in- 
teresting property of the zw, curves shown 
in Fig. 1 may be pointed out. This is 


found by plotting the ratio of w,(o/»yf)—1 to 
(up)o/(o/vf)—1 against 8 for various fixed 
values of o. Here (wy), stands for the value 
of mw at the limit of @=0, and is given by 

(9)) Figs 3=shows such. plots.* = itis 
rather surprising that the values of this ratio 
for considerably different o fall approximately 
on a single curve over the entire range of 


Fig.3. Reduced electrophoretic mobility curves for 
different fixed values of o; (wp) represents the 
values of 2%» in the limit of zero ionic strength 
(8=0). The dashed line indicates the approximate 
reduced curve calculated from Eq. (19). 


* From Eqs. (12) and (9) the limiting form of 
this ratio for c= is obtained to give 
the ration=3 (e—*/82)(cosh 8 —sinh B/8) . 
Similarly, by expanding the equations for w,» and 
(Up)o in powers of o, the limiting form of the ratio 
for o=0 is obtained as 
the ratio=15/2 (e-8/62) cosh B{(1+)/3 
—(1—tanh 6/8)[(8/3)+(1 + 8)/B?] }. 
The curves for c=0 and o in Fig. 3 have been 
computed using these equations. 
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herein shown. This suggests that, to a first 
approximation, #, may be written in the 


form 
om {pa 


Here B(8) is a function of B only. Actually, 
it may be taken as a mean curve running 
through the bundle of curves shown in Fig. 3. 

The approximate equation for wp obtained 
by Overbeek and Stigter®) may be written, in 
the notations of this article, 


dol 
| 1 ayorint ie) eas 
e 
where C(8) stands for iy 


C(B)= ag [1+ 8) oP -14+- 8]. 
e 

Numerical examination shows that the func- 
tion (2/9) 0?/[(#»)(»f/o)—1] varies very slowly 
with o; it starts with 0.83333 (actually, 5/6) 
at g=0, increases monotonically, and tends to 
unity for infinitely large o. Accordingly, to 
a first approximation, we may replace it by 
some mean value between these two limits. 
Here, tentatively, a value of 0.90 is assigned 
to it. Then Eq. (17) reduces to 


Up| (o/ vf)— : 
Neale 1 
ee —2, 
= 5 plil+be P—1+8](1+0.18). 
Thus we find that a family of a» vs. 8 curves 
for a series of fixed o obtained from the 
equation of Overbeek and Stigter can also be 
reduced to a single curve if we replot those 
curves in the form of Fig. 3. The function 
of @ in the right-hand side of Eq. (19) is in- 
dicated by a dashed line in Fig. 3. It is 
observed that this dashed line runs through 
or near-by the bundle of the solid curves 
calculated from the exact equation. This 
implies that the approximations used by 
Overbeek and Stigter permit remarkably ac- 
curate evalution of wp, as functions of o 
and £. 

Recently, Nagasawa® reported interesting 
electrophoresis data on samples of sodium 
salt of sulphonated polyvinyl alcohol in 
aqueous sodium.chloride solutions. When the 
ionic strength of the added electrolyte in 


(16) 


(18) 


(19) 
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solution is decreased, his w, data first go up 
following a curve quite similiar to the type 
shown in Fig. 1, but reaches a maxium at a 
certain finite ionic strength, then come down 
rapidly, and approach at the limit of zero 
ionic strength a value corresponding to the 
mobility of the monomer ion. At the limit 
of high enough ionic strength the curve again 
tends to the value equal to the mobility of 
the monomer ion. When comparing — this 
behavior with the theory of Hermans and 
Fujita outlined above, it should be borne out 
in mind that the curves in Fig. 1 refer to 
fixed values of o. As well known, the ef- 
fective radius of the flexible polyelectrolyte 
molecule depends on the ionic strength «?, 
hence f#, of the surrounding medium. This 
means that degree of free-drainage, o, of the 
polyion changes with changing ionic strength 
of the external solution. At very low ionic 
strength the polymer coil becomes more ex- 
panded; therefore it becomes more free- 
drained so that o becomes smaller. This 
explains that the electrophoretic mobility 
comes down again after passing through a 
maximum, when the electrolyte content of the 
solution is decreased down to zero. 


Grateful acknowledgment is made for the 
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assistance of Mr. K. Ninomiya and Miss A. 
Segawa of this Laboratory in the numerical 
calculation. This work was supported in part 
by a grant from the cooperative research 
project on the chemistry of polyelectrolytes 
under the supervision of Professor I. Kagawa, 
Department of Applied Chemistry, Nagoya 
University, and in part by a National Science 
Foundation Grant-G3599. Mention should be 
made that a brief description of the results 
obtained above has been presented elsewhere.” 
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On the Variational Problem connected with 
the Thomas Fermi Method 


By Yukito TANABE 


Department of Applied Physics, Faculty of 
Engineering, Tokyo University, Tokyo 


(Received June 13, 1957) 


The Thomas-Fermi method has been applied not 
only to the problems of free atoms and ions but 
also to those of molecules and solids. To solve the 
appropriate three dimensional Thomas-Fermi (T.F.) 
equation in the latter problems is, however, ex- 
tremely difficult because of the lack of the sperical 
symmetry). In order to avoid this difficulty the 
problem is usually reduced to that of spherical 
symmetry under a suitable approximation. How- 
ever, whether this approximation is good or not is 
not clear, and to improve the result by including 
the angle-dependent terms in the T.F. function is 
still more difficult. Therefore it seems desirable 
to apply the variational technique to these problems. 

The attempt to connect the T.F. equation and 
the variational principle has been done by Umeda?) 
and more recently by Ikebe and Kato® for neutral 
atom, but it seems to the wrinter that the relation 
between the variational principle for the T.F. 
equation and the principle of energy minimum is 
not fully realized by these authors. The purpose 
of this note is to derive the variational principle 
for the T.F. equation of the many centre system 
from the principle of energy minimum and to show 
how the result could be used to find the degree of 
approximation. 

Consider the molecular system consisting of 
several atomic nuclei and WN electrons. Using the 
conventional notations, the total energy # in the 
statistical treatment is written in the following 
way: 


BS meas es ) 
BH 7Ve » 2&0, T\=\de lan? Ve) tie VEE ice 


(1) 


where 7 is the total volume occupied by each 
electron. The first term on the right hand side is 
the potential energy and the second is the kinetic 
energy of the electron system. The well-known 
relation between the charge density and the potential 
is obtained? by minimizing the above expression 


+] drKo/3 , 
T 


: 1 
with respect to an’ Ve 20 and 7 under the sub- 


sidary conditions 

hoy fA 

\0 otherwise, 
and 


\ eodr= Ne . 
fi 


By introducing Lagrange’s multipliers, the pro- 
blem is converted to the minimum problem without 
the subsidary conditions and, imposing the natural 
condition on this problem, our problem is reduced 
to the maximization of the following functional (in- 
volutory transformation): 


IU, T|=>NeU(~)—- \ arg U-pVyy 


Ml de pti , (2) 
id 


~ Ar 5 


which is just the functional used by the above 
mentioned authors. From this maximum problem 
we can derive the usual T.F. equation together 
with the boundary conditions. 

If we denote the correct T.F. energy by EH, the 
above derivation ensures, for approximate U and 
yV~-, the inequality» 


nu, T))<By<E| p7V.,T| (3) 


This is equivalent to the inequality used by Ikebe 
and Kato to estimate the upper and lower bound 


of Bo. Furthermore, Br oe pV. |- ru} gives 
Tl 


the upper bound of the mean square error of the 
approximate U or Vez, as is easily shown®. 

The practical application of the variational priciple 
(2) is now being carried out for the problem of 
octahedral complex ion” and the details will be 
given in a later communication. 
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Magnetic Anisotropy in Connection with 
Rolling in the Course of Producing 
Single Crystals of Silicon Steel 


By Tadayoshi YAMASHITA* and Eiji TATSUMOTO** 


“Department of Pirysics, National Defense 
Academy 


**Department of Physics, Faculty of Science, 
Hirohima University 
(Received June 5, 1957) 


In the single crystal strips (1) (001)-{100]™ pro- 
duced by the special strain anneal method* from 
the commercial silicon steel sheets it has been 
discovered by one of the authors”) that the energy 
is lower by 4x10? erg/cc, which corresponds to 
about 100 gr/mm? of the internal stress when the 
magnetization is in the perpendicular direction 
than in the parallel direction of the strips. In the 
present experiment, the cause of this anisotropy 
was investigated by means of the optical and elec- 
tron microscopies. 


Rolling direction 


Bion 1: 
surface. 


Optical microphotograph of electropolished 
x 560. 


fee. 


Fig. 2. Electronmicrograph of pits. 


On the electropolished surfaces of the single 
crystals as well as the annealed polycrystals many 
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arrays of the small pits are observed by the opti- 
cal microscope as shown in Fig. 1. These pits are 
the nearly spherical holes as shown in Fig. 2 
which is observed by the electron microscope by 
means of the carbon replica method shadowed by 
chromium. The arrays of the holes are always 
parallel to the rolling direction of the sheets. 
They are not influenced by the heatings before and 
after the preparation of the single crystals and are 
independent upon the crystal orientation and the 
processes of electropolishing. It is, thus, unques- 
tionable that these holes are not produced by 
electropolishing, but the ones originally existed. 

Magnetostatic energy due to the free poles ap- 
pearing on the surfaces of the holes depends upon 
the direction of magnetization with respect to the 
arrays of the holes®). The energy is the greatest 
and the smallest in the cases that the angles are 
90° and 0° respectively. The energy difference 
between both extreme cases can be regarded as 
the anisotropy energy obtained already by one of 
us®), It can be estimated easily with the average 
size, separation and density of the holes indicated 
in Fig. 3, and it is about 5x10? erg/cc. This 
value agrees satisfactorily with the observed 
4x10? erg/cc. 


eoqeee — — — 


0.2 — Rolling direction 


POOOOO 


O-8p 


Fig. 3. Schematic diagram of average dimension 
and arrangement of holes. 


In conclusion, the magnetic anisotropy associated 
with rolling may be attributed to the small pin 
holes linning up in groups parallel to the rolling 
direction of the sheets. 
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Etch Pits in Silicon Single Crystals 


By Yasuo MATUKURA and Takeaki SUZUKI 
Electrotechnical Laboratory, Tokyo, Japan 
(Received May 21, 1957) 


Since it is known that dislocations affect certain 
properties of semiconductors, a visual method for 
determining the number and distribution of such 
imperfections would have useful application both 
for practical tecknique and fundamental research. 
F. L. Vogel and L. C. Lovell reported that the 
etching solution containing a small amount of 
mercuric nitrate was suitable to form clear etch 
pits in silicon. Presented here are some results of 
an investigation of methods for producing clearly 
defined dislocation etch pits in silicon with the 
etching solution containing potassium nitrate. 

The composition of the etching solution is as 
follows: 

4 parts HF (48%) 
5 parts HNO; (75%) 


Fig. 1. Upper- and lower-handed screw etch pits on 
(111) surface of silicon crystal. 
the scale is 10y. 


One division of 
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Dislocation etch pits in slip lines. 
division of the scale is 100 ,. 


2 parts glacial acetic acid 

1/3 parts 1 mol % aqueous KNO3. 
Deionized water is used to make the potassium 
nitrate solution, and it has been found that excess 
water roughen the final surface. 

The etching technique used is as follows. First, 
crystals are oriented and cut to expose the (111) 
surface. The surface is then lapped with 800 mesh 
carborundum on a glass plate. A light preliminary 
etching in CP-4 proved to be helpful in many cases 
in providing a smoother surface. Immersion in 
the etching solution for 20 minutes usually yields 
a well-defined, reproducible pits. In many cases, 
satisfactory results are obtained by etching for few 
seconds in CP-4 after the main etching. 

The features of pits obtained are that its depth 
is reached to several ten microns and while the 
outline of shallow etch pits is trigonal, the upper 
outline of the deep ones is nearly circular, and 
that large pits with terraces or spiral terreces 
develop accasionally. Fig. 1 shows typical spiral 
etch pits which seem to indicate a screw disloca- 
tion,» or a lameller growth®). It is noticed that 
both upper- and lower-handed screw terraces are ob- 
served and the step heights are roughly reached 
to 104. Fig. 2 shows the array of dislocation etch 
pits, which may correspond to one of the slip 
lines. 

The authors wish to express their gratitude to 
Mr. M. Kikuchi for various inspiring discussions. 
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A Characteristic of Tomotika-Tamada’s 
Gas as Affecting the Velocity 
Distribution Around a Profile 


By Hideo TAKAMI 
Department of Physics, Faculty of Science, 

University of Tokyo 

and Humio NARUSE 


Department of Physics, Faculty of Science, 
Tokyo Metropolitan University 


(Received June 8, 1957) 


In previous papers [2] [3], present authors studied 
the compressible flow past a Tomotika-Tamada 
profile [4] by the use of various approximate 
methods. But certain discrepancy was seen to exist 
between their results and that of Tomotika and 
Tamada in the velocity distributions. 

Here it will be shown that this discrepancy is 
attributed to the difference between the charac- 
teristics of Tomotika-Tamada’s and the adiabatic 
gases. 

(A) In our previous papers, the values of g/cy 
were obtained from g/g~ by multiplying q./c, 
(=0.748 for M.=0.717) corresponding to the adia- 
batic gas with 7=1.4. For comparison, however, 
we ought to have calculated ¢g/e,7=(q/qo)(Qa/Cxr), 
where c,7 denotes the critical sound velocity for 
Tomotika-Tamada’s gas. The factor qw/¢,7 is cal- 
culated to be 0.769 from the pressure-density re- 
lation of this hypothetical gas. 

(B) It has been shown by Imai [1] that, in ap- 
plying the M?-expansion or thin-wing-expansion 
method, a gas for which py=p(0) (p: pressure, 0: 
density) can be regarded, with high accuracy, as 
a gas with the adiabatic exponent y=1+[(0/c?) 
x d2p/do?].., where ¢ is the sound velocity and the 
suffix oo denotes the value in the uniform flow. 
Using the (p, 0)-relation for Tomotika-Tamada’s gas 
we calculated 1+(0/c?)d*p/do? for various values 


2:0 


— 


1.4 


"0-70 0.80 9%,. 0.90 1.0 


Fig. 1. 1+(0/c?)d’p/dp? for various values of 
q/cyr, calculated by using the (p, 0)-relation for 
Tomotika-Tamada’s gas. 
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of g/exr (Fig. 1). The value of 1+[(0/e2) d2p/dp2 
for our case is found to be 1.822 from Fig. 1, so 
that our previous values of g/g. must be modified 
in the second approximation, because y appears 
for the first time in this approximation. 

The final results are shown in Fig. 2. (For 
comparison, one of the previous results for the 


0 0-2 


0-4 x 0.6 0.8 le) 

Fig. 2. The velocity distributions over the surface 
of Tomotika-Tamada’s profile (M.=0.717), mod- 
ified due to (A). 


— Tomotika-Tamada’s exact solution [4], 
A the WKB method, 
@ the M?-expansion method, 2nd approxima- 
tion in the DW-procedure, 
e the M?-expansion method, 2nd approxima- 
tion (adiabatic gas of 7=1.4), 
[-] the thin-wing-expansion method, 3rd tran- 
sonic approximation in the O@-procedure, 
x the thin-wing-expansion method, 3rd _ tran- 
sonic approximation in the OW -procedure. 


adiabatic gas is also shown.) Modification due to 
(A) results in an increase of the velocity about 
3%, while the increment due to (B) is less than 
0.4%, so that we can say that the discrepancy was 
mainly due to the difference between the critical 
sound velocities of the two kinds of gases. 

The authors would like to thank Professor Isao 
Imai for much valuable advice, and also to thank 
Professor K6 Tamada who kindly furnished them 
with the numerical data about the hypothetical gas. 
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Notes on the Ground State of 


Antiferromagnetism 


By Ojiré NAGAI 
Department of Physics, Faculty of Science, 
Kyusyu University 


(Received June 11, 1957) 


Recently, Marshall and Taketa and Nakamura”) 
generalized Hulthen’s®) and Kasteleijn’s!) methods 
of obtaining the ground state of antiferromagnetism 
to the cases of two and three dimensional lattices. 

In particular, Kasteleijn and Taketa and Naka- 
mura studied the anisotropic exchange Hamiltonian 

Fe =(1-a)J > (S5t+Se- +S85-Skt) 
<Jj,k> 
+2J >: Sj7Sx? 
<j,k> 

where all the notations in this note are the same 
as those of Taketa and Nakamura. They obtained 
the critical values of the anisotropic parameter a 
at which the system becomes antiferromagnetic. 
In Taketa and Nakamura’s calculation, it was found 
that with increasing coordination number the criti- 
cal value decreases rapidly. 

On the other hand, Marshall calculated the ground 
energy by a method different from Taketa and 
Nakamura’s. He took into account partly the cor- 
relation among the spins neighbouring to a spin 
pair, which was neglected in Taketa and Naka- 
mura’s procedure. If the correlation among the 
spins could stabilize the antiferromagnetic ordering, 
the critical values from Marshall’s treatment should 
be smaller than those from Taketa and Nakamura’s. 

Hence the writer calculated the critical values 
in Marshall’s treatment. They are pretty higher 
than those from Taketa and Nakamura’s as can 
be seen in Table I. In actual matters, spins are 
ordering without or with very small anisotropic 
effective fields. 

In Table II, we should note that the numbers of 
antiparallel pairs from Marshall’s and Taketa and 
Nakamura’s treatments are decreasing with increas- 
ing coordination number. These results are con- 
trary to our anticipation that with increasing num- 
ber of neighbouring magnetic atoms the antiparallel 
orientations of spin pairs should be bound more 
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Table I. The critical values of a. z is the coordi- 


nation number. 


Method ce 


2=6 
Taketa and 99 517 0nl03 00.0: cmmmmOnO24 
Nakamura 


Marshall OR SIT, 


0.193 0.080 = 


Table II. The numbers of antiparallel pairs, 
g/4Nz, where gq denotes the number of anti- 
parallel pairs and N is the total number of 
spins. 


6 2=8 


Method a2 


C= = 
Taketa.and...9.74 mmg0 680) jp OU68O WIRIOtsEg 
Marshall 0.774 0.681 0.624 0.609 
Su Ga 0.607 0.844 0.882 
tightly». The results from the spin wave theory® 


prove our correct anticipation. 

From the above facts, we may conclude that both 
Marshall’s and Taketa and Nakamura’s treatments 
overestimate the quantum effect a-ising fiom the 
non-diagonal elements of Hamiltonian and especially 
Marshall’s method is not always better than Taketa 
and Nakamura’s method. 

The writer wishes to express his sincere thanks 
to Dr. T. Nakamura for his continual interest and 
and encouragement. 

Also, the writer is much indebted to Professor 
T. Tanaka for his kind inspection of the manu- 
script and to Mr. S. Tosima for his helpful dis- 
cussions. 
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Acoustoelectric Effect in n-type Germanium 


Wataru SASAKI and Eiichi YOSHIDA 
Electrotechnical Latoratory, Nagatacho, Tokyo 
(Received June 8, 1957) 

Parmenter) suggested that electrons in a conduc- 
tive crystal could be dragged by progressive acous- 


tic waves in the crystal. We have observed this 
effect in an m-type germanium crystal. 


5x10¢ 


© 265 KC 


ACOUSTOELECTRIC FIELD (V/CM) 


ACOUSTIC ENERGY FLOW DENSITY(W/cM?) 


Fig. 1, 


Longitudinal acoustic wave was excited by a 
magnetostrictive oscillator attatched on one end of 
the acoustic system, and the acoustic energy pas- 
sed through the specimen was dissipated in copper 
wire on the other end. The copper wire was put 
in a water bath and the acoustic energy flow was 
estimated by the temperature rise of this bath. 

The specimen used was a single crystal of n- 
type germanium of about 5.50hm-cm, and was 
1.5cm in length with cross sectional dimensions 
of 0.2cm. 

The open circuit voltage induced in the specimen 
by chopped acoustic wave was measured by a tuned 
phase sensitive amplifier. The frequency of the 
acoustic wave was varied from 26.5kc to 80kc/ 
sec, thus the wave length of these waves was far 
beyond the dimensions of the specimen. The 
result of the experiment at room temperature is 
shown in Fig. 1. 

Following features are noticeable. 

a) The sign of the induced electric field is such 
that the short circuitted current is carried in the 
crystal by majority carriers moving in the same 
direction with acoustic wave. 

b) The induce electric field is proportional to 
the acoustic energy flow density. 

c) The induced electric field per unit acoustic 
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energy flow density varies 
frequency. 

In regard to (a), our observation agree with the 
prediction by Parmenter), but not with the revi- 
sion of his theory by Weinreich2). As for the 
magnitude of the effect, our observation is ex- 
tremely smaller than Parmenter’s estimation, and 
Weinreich’s comment on Parmenter’s treatment of 
the problem should be justified. 

The authors wish to represent their thanks to 
G.M. Hatoyama and M. Shibuya for their interest 
and discussions to this work. 


little with acoustic 
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Elastic Scattering of 5.7 MeV Protons 


By Minoru TAKEDA, Michiya KONDO, Ryuzo NAKa- 
stmaA, Chuin Hu, Atsutomo Tol*, Takashi 
YAMAZAKI and Shotaro YAMABE 
Department of Physics, Osaka University, Osaka 
*Kobe University of Mercantile Marine, Kobe 


(Received May 17, 1957) 


It has been pointed out experimentally!) that the 
angular dependences of the deviations from the 
Rutherford scattering for Cu and Ni have characte- 
ristic features. In particular, the behaviors at 
large angles are very different for both elements. 
Bromley and Wall suggested that these pronounced 
differences may be due to the spin dependent nu- 
clear interaction. 

We have extended these investigations for other 
adjacent elements in order to check the suggestion 
of Bromley and Wall by means of nuclear emulsion 
technique. The experimental arrangement and pro- 
cedure were same as our previous work, Fe(Z=26), 
Cr(Z=24) and Ti(7=22) were chosen as the targets, 
and also the elastic scattering of 5.7 MeV protons 
on gold was examined. The Fe target was a self- 
supporting foil of 3.8mg/em? thick and the thick- 
ness of Au target was 1.9 mg/em?. 

The results obtained are shown in Fig. 1. In 
the case of gold, the differential cross section agrees 
with that of the Rutherford scattering as is expected. 
For iron, however, the differential cross section, 
in the ratio to the Rutherford cross section, in- 
creases linearly at large angles. The shape of this 
rise at large angles is quite similar to that of 
previous results on Ni. Preliminary resuits on Cr 
and Ti show also the same situations. 

Although our present experiments are restricted 
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in the target nuclei with zero spin (even-even nu- 
clei), the data of the elastic scattering of protons 
from neighbouring odd-A nuclei (with non-zero spin) 
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Fig. 1. Angular dependences of the deviations 
from the Rutherford scatterings for Au and Fe. 


should be accumulated in order to emphasize the 
presence of these characteristics in even-even nu- 
clei of medium weight region. 

We are now scanning the plates for Cr and Ti 
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to establish more complete data, and the report of 
these results will be published in near future. 
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Series Expansion of the Fermi Part 
% of the TF Function* 


By Shigehiro KOBAYASHI 
Department of Prysics, Kagawa University, 
Takamatsu 


(Received June 25, 1957) 


The Fermi part 7.(x) in the Thomas-Fermi (TF) 
function ¢(~) for free positive ion expressed ap- 
proximately with the ordinary TF function ¢,(#) as 


p(x)= g(x) +kga(@) , 
where k is a constant depending on the ionization 
degree qg roughly as k = —0.0542.q?-%**, is given 
numerically in a table refined recently by the pre- 
sent author). 

In the course of evaluation of some physical 
quantities, for example atomic scattering factor 
etc., using its tabulated values, the series expan- 
sion of it near the origin is often needed. Thus, 
it has been calculated here up to the term 2'*/2 as 
follows. 


ee 5 ie as = a ah gibt” * ie pis Ace Se ane ala + gps Bet 
Tear are ~ 32 5 Bit Ja + aea( 7 ay )e" it Bs ( ar 6B ee 
vee ist 7 Be Jans rN ae oo art By er 
see a be sorta: ) a6 zs ‘ees Tae ae = BS )owr 
Bere . 


where Bo = 1.5880710 is the initial slope of :(a), 
as given previously by the present author and 
others). 


The author wishes to express his sincere thanks 


to Professor K. Umeda of Okayama University for 
his kind guidance. 
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Supplementary Note to 
“On the Transonic Flow past a Nearly 
Axisymmetric Slender Body ” 


By Ken-ichi KUSUKAWA 
Department of Physics, Faculty of Science 
Tokyo Metropolitan University 
(Received July 5, 1957) 


In a recent paper, the perturbation velocity 
potential y of the transonic flow of a compressible 
fluid past a nearly axisymmetric slender body was 
expanded into Fourier series as 


Q=U&, 7)+ Dd) Un(w, 7) COS (NI-+By) , (ibs) 
n=1 


and the surface of the body was represented by 
R=F (a, 0)=Fo(a)+ > Fula) cos (nO+an), (2) 
n=1 


where «,7,6 denote the cylindrical coordinates. 

Considering the singularity along the axis, the 
order estimation of the usual slender body theory”),®) 
may be available near the surface. Since the body 
is nearly axisymmetric, we can assume O(F;,)= 
O(t)O(Fo) and O(uy,)=O(E,O(uo), where ¢ is the thick- 
ness ratio. Thus the pressure coefficient Cy on 
the surface of the body is given by 


Cy= — 2(09/0x) — (09 /OrP +O log’ t), — (3) 


and the use of the linearized equation (4.12) of 
Reference [1] does not give the correct value of 
the pressure. The boundary condition on the sur- 
face of the body is expressed by 

(09/07) ,=r=aF /dax . (4) 
In the previous paper, the left hand side of Eq. 
(4) was approximately replaced by the value on 
the surface of a body of revolution represented by 
v=F (x). However, for the purpose of evaluating 
the correct pressure by Eq. (3), we have to refine 
the treatment as follows: 


) =(*) _1 dh ip 
a ore or r=Fo vay Ae Fo) , 


oe) _(%) 1d (phe) 
eS a allot (7 Fan (Fo). (6) 


Consequently the pressure on the surface is given 
by 


ey lsd a8 ) 
Co=Caot Pie dx {Fo dx (FoF n) 4i 


_ dF dF, Fn d (nak 
dx dua Fodx oda 


where C,,. denotes pressure coefficient on the sur- 
face of the body of revolution. The distributions 
of Cy, were obtained by Yoshihara’? for a cone- 
cylinder (relaxation method), and by the p-esent 
author»,©) for several bodies of revolution with 


(5) 


) Joos (nO+an), (7) 
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a curved surface (approximate treatment). 

Finally we shall study the transonic flow past a 
body of revolution with a flat base at a small in- 
cidence a. Assuming O(a/t)=O(t), Eq. (7) becomes 

Cy=C yy —4aFo'(x) cos 0 . (8) 
Integrating Eq. (8), and taking account of the base 


pressure, the drag and the lift coefficients Cg, Cy, 
are obtained as follows: 


Ca=Cay +O log? t) , (9) 

Cr=2a--O(¢ log? t) , (10) 
where Cg) denotes the value at zero incidence, and 
is of the order of O(@logt) for a pointed body. 
(cf. Eq. (6.47) of Reference [5].) These results are 
consistent with those for the supersonic flow ob- 
tained by the slender body theory). On the other 
hand, the head drag coefficient of a paraboloid of 
revolution of finite length at sonic and high sub- 
sonic speeds is of the order of O(¢)),5),6), 
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Theory of the Wiedemann Effect 


By Mikio YAMAMOTO 
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Steel and Other Metals, 
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(Received May 27, 1957) 


As regards the classical problem of the Wiede- 
mann effect in ferromagnetic polycrystalline sub- 
stance, any satisfactory theory has not yet been 
proposed, except Fromy’s” theory for the case of 
a thin-walled tube specimen which has been almost 
entirely neglected in the literature. I give here a 
theory of the effect for the case of a cylindrical 
rod specimen, which involves Fromy’s theory as a 
limiting case. 

Let us consider a ferromagnetic cylindrical-rod 
specimen with the diameter @ which is fixed at its 
one end. When this rod is magnetized under longi- 


tudinal magnetic field, ae parallel to, and circular 


field, H,, centered at, the rod axis, the resultant 
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magnetic field, H,, at a point P in the specimen 
apart from the rod axis by the distance 7, is given 
by (H/?+H,,2)\/2 (H,, is H, at P), pointing to a 
direction which makes an angle g,=tan-1(H,,/H;) 
against the direction of Hy. The magnetization, 


> 


I,, at P takes a direction for which the sum of 
the magnetic field and elastic energies is minimum 


and thus the direction of Bs generally does not 
coincides with that of H,, but makes a small angle 


€, with the direction of H, in the (Hi, Hox) plane. 
Of the components of magnetostrictive strain tensor 


associated with ie referred to the cylindrical coodi- 
nate system (7, 2,0), of which the z axis is the 
rod axis and the 7 axis is the direction of radius 
passing through P, é,,, egg, @zz, and 

€o2=2{ AT) — At Ly} LriDre/Z? (a) 


are not zero, where 4,(J,) and 4;(J,) are, respec- 
tively, the longitudinal and transverse magneto- 


strictions associated with pe, I,, =I, COS (9 +r), 
and /,,=J,sin(¢,+é,). ¢e expresses the shear 
of unit volume at P along the direction of the rod 
axis and that along the direction normal to it and 
the unit volume may be regarded as fixed at its 
one face, so that eg, results the torsion 
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0, = €62/7= (2/7) {Ar (T,) F 4x(1,)} Tplye/L,? ’ ( 2) 


this torsion being the Wiedemann effect. 

Now, for normal ferromagnetic substances, in 
which the elastic energy is far smaller than the 
magnetic field energy and hence the direction of 


ie coincides with that of Fy Eq. (2) may be writ- 
ten as 

6,= (2/7) {Ai(H,) ~ A, (H,)} -HiHe,/H,? , 
which becomes, for the surface of the rod, 


Oa=(2/a) {2 Ha) — 4, (Ha)} -Hie*/Hi2 , (4) 


Eq. (4), which holds also for a thin-walled tube, is 
the expression derived already by Fromy” through 
an elementally and hence lengthy consideration. 

Further, if the volume magnetostriction may be 
neglected as in normal ferromagnetics, Eq. (4) re- 
duces simply to 


0@a=(3/a)A)(Ha)-M,Hea/ He? 


(3) 


(5) 


It can be shown that Eq. (5) explains quantitatively 
well all of available experimental facts regarding 
the Wiedemann effect of cylindrical rod specimens. 


Reference 


1) E. Fromy: J. de phys., [6] 7 (1926) 13 


Frrata 


A Simpler Method for Removing Copper from Germanium 


By Makoto KIKUCHI and Sigeru IIZIMA 
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Left column line 17 4~7x10-4/cm? 


should be read 4~7 x104/cm3 
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Multichannel Angular Correlation Measurement of Gamma Rays 
from the Disintegration of Ag!10m 
and Spin Assignment of Excited Levels of Cd11° 


By Mitsuo SaKal", 


Haruko OHMURA and Teruo MOMOTA 


Department of Physics, Faculty of Science, University of Tokyo 
(Received May 9, 1957) 


The angular correlation of gamma rays from the disintegration of 


Ag has been studied with scintillation spectrometers. 


Ten correlation 


functions were measured by taking advantage of multichannel character- 


istic of a twenty-channel pulse height analyzer. 


The spin values of Cd!0 


in 2.93, 2.48, and 1.54-MeV excited states were found to be 3—,2+ and 
2+ respectively and the radiation characteristic of three gamma rays of 
energies 0.885, 0.935 and 1.390-MeV were also determined. 


Introduction 


§1. 


The energy levels of Cd!" have been studi- 
ed on the basis of the decay schemes of 
Agi, Agttom Jn, and In!!°™ by a number of 
investigators. Especially, the complex radi- 
ations from the disintegration of Ag!°™ were 
studied very carefully by K. Siegbahn, measur- 
ing conversion electrons and photoelectrons 
with beta-ray spectrometer and a decay 
scheme was proposed by help of Ritz’s law 
in nuclear spectroscopy and of the intensity 
ratio of gamma rays”), The proposed decay 
scheme is presented in Fig. 1. Since then 
scintillation counter techniques being deve’ p- 
ed remarkably, it seems worth while to re- 
examine the level scheme of the daughter 
nuclide Cd! by using these techniques. 
Moreover the advanced angular correlation 
technique makes one possible for assigning 
spin values to this complex level system. 

In the pursuit of the present work, use of a 
multi-channel pulse height analyzer is be- 
lieved to have been essential for the reduction 
of errors which is due to long-term variation 
of experimental conditions. In the present 
work, a twenty-channel pulse height analyzer 
was used, and the angular correlation func- 
tions of several energy intervals in the pulse 
height spectrum taken by this spectrometer 
were analyzed on the basis of the decay 
scheme newly confirmed by the present gam- 
ma-gamma scintillation coincidence measure- 


ments. 


§2. Genetic Relation of Gamma Rays 


The apparatus consisted of a single channel 
pulse height analyzer (reference analyzer) 


and an Atomic twenty-channel pulse height 
analyzer (main analyzer). The former select- 
ed pulses of a certain pulse height from the 
reference counter and sent to the coincidence 
unit in the main analyzer. The latter sorted 
those pulses from the main counter which 


Or 6oe 


The studies of 


Level Scheme of Cd™9, 
In!” have not been performed precisely. 


Bigs de 


coincided with the reference channel pulses. 
The gamma-ray detector attached to the main 
analyzer was a DuMont 6292 photo-multiplier 
tube coupled with a mounted 14”x1” Nal 
(Tl) crystal and that of the reference analyzer 
was a RCA 5819 photo- multiplier tube coupl- 


* Now at the Institute for Nuclear Study, Uni- 
versity of Tokyo 
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Fig. 3. Coincidence spectra. A, BandC are the 
coincidence spectra taken by setting the refer- 
ence gate at a, b and c. The curves are nor- 
malized to the same counting rate N’ of refer- 
ence channel. 
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ed with a 13’x13’Nal(Tl) crystal. Fig. 2 

shows the total pulse height spectrum taken 

by the main analyzer. Arrows show the pulse- 
height positions of the full-energy peaks of 
gamma rays which are indicated as 7, through 

re (see Fig. 1.) 

The genetic relations of 7; and 7, to the 
other gamma rays were first investigated. 
A, B and C in Fig. 3 are the coincidence 
pulse height spectra taken with the gate of 
the reference analyzer set at a(1.65-MeV), 
b(1.55-MeV) and _ c(1.40-MeV)_ respectively. 
The ordinate shows counting rate of the 
main analyzer relative to the normalized 
counting rate of the reference analyzer. From 
these spectra following facts are revealed. 

1) The genetic relation between 7, and 7, is 
the same as that between y. and 7. -be- 
cause the height of each spectrum at 
0.65-MeV are almost equal. 

2) The coincidence rate at 0.76-MeV decrea- 
ses in order of A, B and C. This fact 
can be explained by the genetic relation 
between 7; and 7s. 

3) The coincidence counting rate at 0.885- 
MeV region increases rapidly in order of 
A, B and C. The presence of the genetic 
relation between jy. and 7, is evident. 
The partial scheme in the inset of Fig. 
3 is thus confirmed. 

Next the genetic relation of 73; and 7; was 
investigated. In this case the gate of the 
reference analyzer was set at d(0.96-MeV), 
e(0.89-MeV) and f(0.82-MeV). (See Fig. 4 
inset). The coincidence spectra taken with 
the main analyzer are presented in Fig. 4 as 
D, E and F respectively. From these curves 
one is led to the following conclusions. 

4) The coincidence peak at 0.65-MeV shows 
the presence of the genetic relation of 73 
and y, to 7, and the fact that this peak 
diminished in order of D, E and F indi- 
cates that 7s coincides with 7¢, and partly 
with 73. This means that the emission 
of 73 is earlier than that of 74. 

5) The width of the 0.65-MeV peak of the 
D-curve is narrower than those of the 
others. This seems to indicate the coinci- 
dence of y, with weak gamma rays of 
0.706-MeV and 0.671-Mev reported by K. 
Siegbahn». 

6) The peak at about 0.9-MeV moves to the 
high energy side in order of D, E and F, 
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This fact indicates the cascade relation of 
73 and ys. The partial decay scheme 
inserted in Fig. 4 is thus confirmed. 
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Fig. 4. Coincidence spectra. D, E and F are the 
coincidence spectra taken by setting the refer- 
ence gate at d, e and f. The normalization of 
the curves is same as that in Fig. 3. 


By combining above two measurements the 
main scheme of gamma ray transitions as 
proposed by K. Siegbahn is established. 


§3. Angular Correlation Experiment 


The angular correlation function is usually 
written in the form: 

W(0)=1+G,A>P2 (cos 0)+G:AsPi (cos 9), (1) 
where A, and A, are the correlation coefficients 
and G,* and G/* are the geometrical attenu- 


ation coefficients. The same apparatus was 
used as in the preceding section. The coef- 
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ficients G., G, were deduced from the reso- 
lution curve of the annihilation radiation of 
Co by Church and Kraushaar’s method®, 
and their magnitudes were found to be 0.930 
and 0.782 respectively. The characteristic of 
the apparatus was checked by measuring the 
well-known angular correlation function of 
gamma rays from Co”. The result is pre- 
sented in Fig. 5. The agreement with theory 
is satisfactory. 


— a ——_—_— 

1-20F 

1-1 OF 

1-00) whens se ac! 
90° 135° 180° 


Fig. 5. Angular correlation of Co, The curve 
presents the theoretical correlation function. 
The probable errors at 135° and 180° are taken 
account of the propagation of error at 90°. 


For the Ag!°™ experiment, the gate of the 
reference analyzer was set at three positions 
P4, P3 and P, shown in Fig. 6b. When the 
gate was set at P,’, the pulses resistered by 
the main pulse sorter were composed in the 
coincidence pulses with those pulses which 
corresponded to the full energy peak of rz 
and a certain portions of continuous pluse 
height spectra of 73, 72 and 7;. Similarly, 
when the gate was set at P3’, pulses corres- 
ponding to full energy peak of 73 and a por- 
tion of Compton plateaus of 7. and 7, were 
permitted to pass to the main pulse sorter; 
while at Ps’, Compton pulses of ry, and 7 
only. 

For each gate setting of the reference 
analyzer, coincidence rates in four regions of 
the pulse height spectrum were taken with 
the main counter at angles of 90°, 135°, and 
180° with respect to the reference one. The 
four regions mentioned above consisted of 
Ry’, Ry’, Rin’’ and Ryy’’, as shown in Fig. 
6a, the first of which comprised Compton 
plateaus of six gamma rays; the second the 
full energy peak of ys, and Compton plateaus 


* The attenuation due to the extra-nuclear field 
was not considered in the present paper, because 
the source was used in the form of an aqueous 
silver nitrate solution. 
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Fig. 6. Pulse-height intervals concidered in the 
angular correlation masurement of gamma rays 
from the disintegration of Ag!™, The figure b 
shows the gate settings in the reference channel. 
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of 7; through 71; the third full energy peaks 
of 7, and 73 and Compton plateaus of 7, and 
x1; while the fourth Compton plateaus of 72 
and y, only. By this procedure ten possible 
correlation data were obtained. 
They are presented in Table I. 


5.98+0.16 5.24+0.15 4.61+0.14 
<P4', Ry’'’>  20.18+0.42).17.79+0.40 14.64+0.37 
<Pa', Ry'’>  11.1440.36| 9.1640.30 8.7340.29 
<P3', Fey’’> | 29.5240.62| 28 .82 +£0.60, 29 .91+0.62 
<P3 ort Sl sUasOn98 82.44+1.03 78.60+0.97 
CPs) oye 38.52+0.68 37.87+40.70 37.49+0.72 


<P, Riv''> | 7.64£0.34) 6:83820532)- 5.89520) 30 


<O Gide wacinge! >: 44.38+0.82 43.79+0.81 45.06+0.83 
ae Ji SS 156.88 £1.54 161.58+1.56166.39+1.59 
67.45+1.01 65.5341.00, 68.06+1.01 


The mentioned coincidence counting rates 
can be written down as the sum of partial 
ones according to the decay scheme confirmed 
in the preceding section. 


(2)) 


(Pa, Rr’) =(n{[Pa), mR’ )>+<n( Pa), me Ri’”)> 


+(m (Pa), ms(Rir’’)>+<m (Pa), me(Rr’”)> 


(Pa, RY =(n{ Pa’), MR )> + mPa), mR) 


+<n(Pa.), ms(Rr)>+<m (Ps), me Ry’”)> 
(Ps, Ru >=<1a(Ps’), mR) >+<¢Pa’, Rin’) 
(Ps", Ru’>= (Ps), me Rir’)>+<ns(Ps’), m(Ru’)>+¢Pa’, Rn’’> 
(Ps, Ry >=<n3(P3’), m(Ry’)>+<n3(Ps’), ma Ry’)>+< Pa’, Ry’> 


(Py, Ri’ =n PY), 22(Rrv’’)> 


PS Rit O=<aP), nd Rut )> +n PL), mR’ +<Pé, Riy’>+<P/, Rin > 


(5) 
(6) 
rp) 
(8) 
(9) 


PY, Ri =u Pe), no Rr’) +<n( Pi’), ne Rr’’)> 


+(n(Py’), (Ry) +n PL), m3(Ry’)>+< PY, Ryy’>+<Pa’, Ru’’> 


(10) 


Pk, RYO =n PY), nl Rr)>+<ns(Py), Me Ry’)> 


tn(P), mR) + (Py), (Ry )>+<Pi, Riv’ >+<Pa’, Ry’), 


where <X, Y> represents the coincidence rate 
between pulses with height specified by nota- 
tion X and those specified by Y; i(X) or 2:(Y) 
are their partial counting rate, that is, count- 
ing rate due to the zth y ray; and <m(X), 


(11) 


n;(Y)> stands for the coincidence rate between 
mi(X) and »,(Y). The following approxi- 
mations were used for deriving the above 
formulas; 


mPa’) m(P3’) = 2 (Py), 
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M(Pa’) © ni P23!) + 2(Py’) 

and 

m{Ry")~ n( Ry’) © m( Rin’) = 2(Ryy”). 

The correlation function for a cascade 7; 
—7r; which is represented by <m:, 7; can be 
deduced from the above ten equations. <m, 
m,»> is given directly by Eqs. (2) or (8). The 
agreement between both results is perfect. 
<M3, M4> is obtained from Eqs. (5) or (9), by 
introducing Eqs. (2) or (8) to them. <3, 25> 
can be derived by subtracting Eqs. (6) from 
(7), namely: 

<n3(P3’), Ry’ —Ry’’)> 

=(P;, Ry >-<Py, RY pasa Ry > 
Sra Wit > (12) 

where an approximation ,(Ry’’) ~ 72,(Ryy1/’) is 
made. In the same procedure the following 
equation is obtained from Eqs. (10) and (11), 

n(Ps), ne(Ru’ —Ry")>+<n( Ps’), 

miki —Ry Ss Pee Ry <P, Re 

cha where, Ri: 2 (13) 
Then the correlation function <4, ms> 1s 
given by the following formula: 

Til Fa), Ja iy — Ky) 


—¢py— male) 
=< Nica awe 


where <a> and <> denote the quantities ex- 


pressed by (12) and (13) respectively. The 
<a j | 
$ f (14 , Ne) 
wisty a} 41K) | 
| oft o 5 23s 70a) 
bt ‘ : 
| 135° 180 
———= 
0-9} 
0-84 


ee Sa ees Sees Peeters te tee) 


Fig. 7. Angular correlation functions. 


ratio 3(Py’)/n3(Ps’) can not be estimated ex- 
actly. But this ambiguity scarcely influences 
on the anisotropy of <7, >. For instance, its 
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variation from 0.4 to 0.7 produces a difference 
of only few per cent in the anisotropy. The 
experimental correlation functions are plotted 
in Fig. 7, and the numerical data are presented 
in Table II. 


Table II. 
90° iets” 180° 
<M2, N4> I .000-+0.0270.876-+0.0250.770-+0.023 
<n3, M> 1.000+0.0281.018+0.0281.100+0.028 
<73, M> 1.000 + 0.038 1.064+0.0401.042+0.038 


<m4, M> |1.000+0.0321.087+0.0321.168+0.032 


§4. Analysis of the Results 


For analyzing the results of the preceding 
section, G,A, and G,Ay, were first calculated by 
making use of Eq. (1) and Table II. G, and 
G, being the known quantities, the values of 
A, and A, were obtained. The Table III is 
the list of A, and Ay. 


Table II. 
| As | A, 
<4, Ne> 0.115140.0316 —0.0032+0.0339 
<n3, 24> 0.0577+0.0286 | 0.0366+0.0308 
<n3, Ne> 0.0460+0.0381 | —0.0486+0.0413 
| —0.1835+0.0282 0.0114+0.0304 


<Ny, N4> 


The characteristics of gamma rays 7; to 7. 
were analyzed according to Biedenharn and 
Rose’s paper?’ and Krohn and Roboy’s 
paper®. The former treated the mixed gam- 
ma-mixed gamma angular correlation and the 
latter treated the mixed gamma correlation 
with the intermediate radiation unobserved. 
The essential points of this analysis are as 
follows. 

1) The first excited level was assumed to 
be 2+ because all first excited levels of even- 
even nuclei have spin 2+ with very few ex- 
ceptions”. 

2) The spin value of the third 1.54-MeV 
excited level was investigated for the possible 
cases of 2, 3 and 4. 

The last possibility was, however, eliminat- 
ed in this stage. The experimental A, and 
A, values of <4, %> agreed with the theoreti- 
cal values for this case which were 0.102 and 
0.0091 respectively. But if this spin sequence 
of 0-2-4 is the case, <3, %» should always 
be equal to <3, >. This fact can be easily 
verified by a simple calculation and the ex- 
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perimental values are in contradiction to this 
theorem®. Therefore we were led to the 
conclusion that this level did not have the 
spin value of 4. 

So we have to seek the possibility for the 
case of spin 2 or 3, by searching the possible 
domain of the mixing ratio 0, of 7, which 
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gives the correlation function consistent with 
the experimental data, where 0; is defined as 
the ratio of transition matrix element of E2 
to that of M1”. The possible domains of 0, 
were found to be 0.12<6,(—)<0.20 and 0.22 
< 6,(—) <0.34 for the cases of spin 2 and 3 
respectively. (See Fig. 8). 


Fig. 8. Theoretical curves of A, and A, for the decay sequences of 2(04)2(Q)0 and 3(4,)2(Q)0. 


The 


experimental values of A», and A, and the regions of probable mixing ratio are also indicated in 


the same figure. 


3) The results of <3, 2 > and <3, m4 
enable use to make the cross check on the 
assignment for the fourth 2.48-MeV excited 
level. This means that for the fixed 0, obtained 
from the analysis of 2), we have to have the 
63; value of 7; which can explain both of the 
correlation behavior of <3, m;> and <m3, 74> 
at the same time. The analysis were made 
for the cases of the spin value 2, 3, 4 and 5. 
By this procedure many combinations of 06 
and 0; were excluded.* 

4) Using 0, consistent with the analysis of 
2) and 3) the analysis was extended to the 
determination of spin value of the fifth 2.93- 


* For this case the sign of 64 deduced from 2) 
should be changed in the deduction of the theore- 
tical correlation function, according to its definition 
in Biedenharn and Rose’s paper‘). 


MeV excited level by using the data of <my, 
m,> and the consistent domain of 0, was de- 
termined. The results of 3) and 4) are sum- 
marized in Table IV, a and b. 

The possible spin sequence obtained from 
these analyses were listed in Table V. 

Up to present, the spin sequence was dis- 
cussed purely by the information from the 
gamma-gamma angular correlation experi- 
ments. For the further analysis, it is help- 
ful to make use of the knowledges from the 
beta disintegration. As is well known, the 
spin of the ground state of Ag!!® is 1+ be- 
cause of the allowed characteristic of the two 
beta decays involved in this state to the 
ground and to the first excited state of the 
daughter nucleus of Cd!°. The K/Z ratio of 
116-KeV gamma ray from the isomeric state 
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was deduced by the careful interpolation of 
the Rose’s Table. The values obtained for 
the cases of £3, M3, E4, M4, E5 and M5 
are presented in Table VI with the experi- 
mental value. From this table the £3 tran- 
sition seems to be more probable than other 
possibilities. But, of course M4 transition 
could not entirely be excluded. Then the 
spin of the isomeric state of Ag!°™ may be 
4— or 5-. Since the 87-KeV beta transition 
involved in this level is allowed type it seems 
reasonable to assign 3-, 4- or 5- to the 2.93- 
MeV level. Therefore the spin sequences of 
D, E and F in Table V are eliminated. The 


Table V. The most probable spin and parity as- 
signments in order of decreasing probability. 


ql Energy), 1) | | 
(MeV) 2.93 2.48 1.541/ 0.656! 0 
scene | sot ities Bed 
A 3— | 2+ | 24 | 2+ 0 
B ies oa | S| Ott 0 
Cc Bs) NAAN eh 2A 0 
D saa ee 55 aa Ae 2+ 0 
E Z| 2+ 34 | 2+ 0 
F 2- | 44+ | 3+ | 2+ | 0 
Table VI. K/Z ratio for 116-KeV gamma ray. 
Theoretical value Experimental 
3 { | ; ] 
E3 | M3 | E44) M4! £5 | M5 Mees 
} 3 = 7] mad 7 = 
1.63 | 3.61 0.46 1.73 | 0.185 1.04) 1.3 


530-KeV beta transition has a f—¢z value of 
108, indicating even parity and possible spin 
value 2+, 3+, 6+ and 7+ for the 2.48-MeV 
level. On the other hand, there is an indica- 
tion! which shows the ground state of Ag??° 
decays partially to this level. This fact may 
exclude the spin sequence C of the Table V. 

Therefore we have two probable spin as- 
signment, A and B for the excited levels of 
Cd!°, As one can see from the Table IV, a 
and b, the theoretical A,(34) of A and B is 
out side of the experimental value. But in 
reality, the determination of A, from the 
angular correlation work is very delicate and 
we can not say that this discrepancy is very 


serious. In the present experimental stage 
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we can not choose the one of these alternati- 
ves. However it seems that we have a reason 
to prefer A over B. In progress of experi- 
mental technique, the decay scheme becomes 
clearer, and the spin doublet of 2+ and 4+ 
due to the core excitation!» can be found in 
many nuclei, for instance, Fe®*, Co, Kr*, 
Cd"™4 and Hg!*. And the application of this 
spin doublet idea! for this case is very at- 
tractive. Especially it is interesting to com- 
pare the decay scheme of Cd" recently ex- 
plored by Motz’. By this comparison the 
second 1.415-MeV excited state of Cd!!° may 
have the spin 4+. Then the reason why the 
gamma transition from the third level to the 
ground level did not exist or it was scarcely 
detected could be explained by the difficulty 
of two phonon transition. But of course the 
possibility of the sequence B is not excluded. 
This ambiguity will be reduced if the exact 
knowledge on the beta disintegration of Ag!” 
and [n°:110m could be obtained. A more ela- 
borate measurements are desired in future. 

The authors would like to express their 
sincere thanks to Dr. M. Morita for the valu- 
able theoretical discussions. 
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Temperature Variation of Mayer’s Cluster Integrals 


By Taro KIHARA and Shobu KANEKO 
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By use of the square-well model of intermolecular potential, tempera- 
ture variation of Mayer’s cluster integrals, 6, for J=2,3, ---, has been 
investigated (except the region of very high temperature where soft re- 


pulsive potential must be taken into account). 


The by is monotone; b3 


has a minimum near the Boyle temperature 7',; 6, has a minimum below 
T, and a maximum above Tz; bs has a sharp minimum below Tz, a 
maximum near 7, and a minimum above 7',; and so forth. Curves are 


shown up to /¢. 


By use of Mayer’s cluster integrals, 5, for 
J=1,2,---, the equation of state of gases is 
expressed in the form of parameter represen- 
tation (6;=1) 

P=RT (+ bp2? + O32? + 2"); 

N = V(z2+2b.2?+3b32° +--+). 
Here P is the pressure, T the temperature, k 
Boltzmann’s constant, N the number of mole- 
cules in the volume V. The parameter 2z is 
a kind of fugacity or activity. Eliminating 
z from these two series we obtain an expan- 
sion in v3t=N/V 


P=RI(o"'— 5 Bo Bo: 


B: being called /th irreducible integral. Re- 
lations between the cluster integrals and the 
irreducible integrals are the following): 


ik 
b= ) Br ? 
Lae ea 
b= y) BYe+ 3 ess , 
2 
b=" BY + BiB, +7 8 ; 


25 erst ee wie 

Per ogh aaa: B,?B2+BiB3+ 9 Bo? + 5 By, 
9 

One 5 B:°+681°8.+381:783+ Bi84+3B8,B,? 


1 
+ BB; ane Bs. 


The second and third cluster integrals have 
been calculated in detail for adequate inter- 
molecular potentials; the results explain tem- 
perature variations of the corresponding 
observed values. As regards fourth and higher 
cluster integrals detailed calculation is still 
lacking. In fact minute evaluation may not 


be needed, because their observed values are 
not accurate at all. It is desirable, however, 
to know characteristic feature of the tempera- 
ture variation of cluster integrals, partly be- 
cause the cluster integrals play an essential 
role in theories of condensation. 

The characteristic feature of the cluster 
integrals for simple gases can be obtained by 
calculating them for the square-well potential” 


oo fOr F< 
UG= as Uy for TKK ( a ) 
0 for 97%7<c—r 


between two molecules, which potential is as- 
sumed to be additive in a system of three 
and more molecules. Here 7 is the intermole- 
cular distance, 7) is the diameter of the hard 
core of a molecule, U, denotes the depth of 
the potential well, and g is a parameter indi- 
cating the width of the well, appropriate value 
of g being probablly between 1.5 and 2. The 
second cluster integral for this model is simply 
given by 
b,=4v,[ (9% -l)z—1], 
where 
w=exp (Uo/kT)—1 , 
and 
Vo=(z1/6)r° 
is the volume of the hard core of a molecule. 
The third cluster integral is a polynomial of 
third order in z: 
b3=0,"[27+(95—18 gt —32 93 +49)x 
+ (34 9®—36 gt —32 9g? +18 9?+16)z? 
+(6 9° —18 9*+-18:9°—6)a*] for g=27 
b3=v,"[27 —(64 93 —81)a 
+(382 9§—96 9? +18 g?+80)z? 
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+(5 9§—32 9? +18 97+ 26)23] for 9 <2. 
There is a temperature, Tz, called Boyle 
temperature, below which b. is positive and 
above which it is negative. In connection to 
the Boyle temperature, let us define a volume 
vz by the negative derivative of b, with re- 
spect to 7/Ts: 


For our square-well potential, these quantities 
are related to the model constants by the re- 
lations 

UW) g* ; ES =93 In- oe : 

kT» g?—1 ” 4u gl 
Taking the characteristic values Ty and vz as 
units, let us consider dimensionless ‘‘ normal- 
ized cluster integral ”’ 

by*=b,/v,'"} 

as functions of 7/Ts. Owing to this proce- 
ducre we can eliminate model constants, 7) 


and U,». The normalized second and third 
cluster integrals are shown in Fig. 1. Curves 


=In- 


= 


Normalized second and third cluster 
integrals for the square-well potential. 


[eygee, Ie 


for g=« indicate the limits for gy— oo and 
U,— 0, g?Uy being kept constant, at which 


kRTz=9°U) 5 Va=4U9 0 
They are given by 
ax 
Oe - a cae il - 


It is important to notice that normalized 
cluster integrals are not very sensitive to the 
parameter g so far as y=>2. Hence general 
characteristics of the fourth and higher clus- 
ter integrals can be obtained by calculating 
them in the limiting case of g=oo. Fortu- 
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nately, the cluster integrals in this limiting 
case can be obtained by virtue of the follow- 
ing theorem. 

The third and higher irreducible integrals, 
8, for /=3, for the square-well potential (1) 
with goo and U,) ~g-* kT are equal to the 
corresponding quantities for rigid spheres of 
the diameter 7: 


uy) LOGIN 


co 
Or Aone 725375) 


In other words, attractive part of the inter- 
molecular potential in this limiting case does 
not influence the third and higher irreducible 
integrals. A proof can easily be made when 
we use Mayer’s expression for the irreducible 
integrals. 

Thus in our limiting case, higher irreduci- 
ble integrals are independent of the tempera- 
ture: 


WS yee, ees 
B2=— ZUR, B3=—74V2° ) Bs=—TsVz",- cis 
16 
Here numerical values of 7, and 7; are?” 
janesrets 5 qe 


By use of relations between cluster integrals 
and irreducible integrals we finally obtain 


3 
boo in) a ae 


glor gl T 4 
50/-Tnstes fen 75/ Ts... 
* 2 a = aes ag ee 
beta", ( 1) f ( a 1) 


T, Wales tl 
_) ed Sy ek 
hen ee) 5 


These are continuations of the expressions for 


Normalized cluster integrals for the 
square-well potential with g=o, 


Fig. 2. 
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b.* and b;* given before. Curves represent- 4 15 1 es 
ing these functions are shown in Fig. 2. 16 6 

The numerical value of 7; is not accurate, without knowing the numerical value of 7e, 
but it does not influence the curve of b,*. which curve is also included in Fig. 2. 


Moreover we can draw the curve of 
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Stress-Strain Relations for Viscoelastic Large Deformation 


By Wataru SEGAWA 
Training Institute for Education, Mishima, Shizuoka-ken 
(Received March 18, 1957) 


Stress-strain relation for non-homogeneous, three-dimensional and _in- 
finitesimal deformation were given by T. AlfreyY as follows: 


1 1 
dyifdt= ay dS /dt+ - » ai5S3 for Maxwellian material 
i, J 
» aj Sj=Gritydyildt for Voigtian material 
J 


In this paper, the relations corresponding to above two equations are 
extended so as to be valid for large deformation. For example, the 
equations for incompressible Maxwellian material having a single relaxa- 
tion time are as follows: 

0(22nx)/Ot=1/u-0/6b-(Pre+ uy) +1/7(Prxt+ vg) 
O(Eyz)/O6=1/m-0/0t-(Pyz)+1/7-(Pyz) 
and corresponding equations for the other stress components. 

These equations are then applied to three cases (constant stress, con- 
stant strain, and constant strain rate), results of which can be reduced 
to those of the ordinary case, if higher terms of strain can be neglected. 


§1. Introduction These equations can be derived by combining 

Stress-strain relations for Maxwellian and the equation of elasticity, 

Voigtian material were given by T. Alfrey” 
as follows: 
ae qe a which holds for purely elastic material, with 
Tame 22s dt a < > QS; the viscosity relationship. 

Equations (1) and (2) are valid for infini- 
tesimal deformation of incompressible isotro- 
SugSi= CFS dri pic material as well as equation (8) is. 

j d Thus, if we want to extend the equation 
for Voigtian material (2) (1) or (2) to the case of large deformation, 


r= G Sas; ron 


for Maxwellian material (1) 
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we must replace equation (3) by another equa- 
tion which is valid for large deformation. 

In this paper, we shall use the stress-strain 
relation of rubber»»®) in the Neo-Hookian 
theory, instead of equation (3). First we 
shall construct the stress-strain relations of 
incompressible isotropic materials for large 
deformation and then some simple applications 
of them will be done. 


§2. Fundamental Equations 
According to the Neo-Hookian theory, the 


stress-strain relation of rubber”>® is given by 
the following equations: 


(4) 
Pyz= 1: Eyz/det an 


and corresponding equations for the other 
stress conponents, where TJ is given by 


ax OX OX: 
Ox Oy Oz 
OMe OY 120 Xe 
18s = = 5 
2 Ox Oy O02 ee 
OZ OZ Oz 
Oe YP Oy. "OZ 


and det T represents the volume dilation, and 
gy is the undetermined isotropic component of 
stress, 

In this paper, we treat only the incompres- 


sible case, so we can use the condition det T 


=1, and the equation (4) results in the next 
equation. 


ft 26 7= i (Przt UG) 
B, (4) 
i 
Ey: = Py: 
LU 


and corresponding equations for the other 
strain components. 

Thus, by the same procedure as we convert 
equations (3) to (1), we can derive the follow- 
ing equations from equations (4’): 


O(2Exx) _ 1 LG Saal Le) + l (Prxt UY) 
Ot “Ot it (6) 
O€y,_ 1 OPy: 4 J Be. 
Of Sy DtOL 7 


and corresponding equations for the other 
strain components. Here we presumed that 
the volume viscosity can be neglected. 
Similarly as above, we can gain the equa- 
tions corresponding to equation (2) as follows: 
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Enz 
Port Mp=W(1+2&22) +7 Mee) 
0& Oe 
Pyz= UE yz +7 ve 


The equations for the shearing components 
in equation (6) and (7) are the same as the 
ordinary equation, except here strains are not 
infinitesimal but finite. If we use either of 
them, together with the equation of motion, 
the definition of finite strains and the boun- 
dary conditions as well as in the ordinary 
elasticity theory and det T=1, we can solve 
the problems in incompressible large defor- 
mation, in principle. 


$3. Simple Applications 


Consider the incompressible deformation of 
rod- like material in the direction of its 
length, which we can select as the direction 
of z-axis. Then, z, y, and z axis becoming 
the principal axis, we need not the equation 
for shearing components and it can be as- 
sumed the following relations hold. 


Py =P 0 (a) 
Sey (b) 
det'T=1 CE} 
Put 
1+4+26,2=/? (d) 
then, 4 represents elongation ratio. From (b) 


and (c), we have 
14-2€yy=1+26.,=1/ Ge) 
Under the above assumptions and relations, 


let us apply the above-obtained equations ((6) 
and (7)) to well-known three cases: 


il ) Ge ab—=0 ) 
(2) Gben/dt=0), 
G3) 2d&,,/dt=d(i?)/dt=const. 


The calculations are comparatively easy, so 
we will not describe their precise process. 
The results of calculations are listed belows. 
(It was proved that the behaviours for d&z2/d¢ 
=(0 were the same as those in the ordinary 
case, so they are neglected belows.) 


From (6) eee ¢t+-const. (8) 
ele 
— eee j—e=4/7 9) 
From (7) Ae ees ( ) ( 


(2) When 2d&,,/dt=d(/’)/di=const.=a 
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: Prz 
Prom (6) 22/2 exp (—a*fra)| aa a oh ae t+ const. 
0 
* Pees 
ts dd-exp (22/ca)dd (10) v. Exe="gttt const. (12) 


if 1 and from equation (10) we have 
From (7) Pea=n( 22 ; )+7a a( a2 a 


1+2€22 
et 
yf Ape (1 ONT 2c 
we ) 
ye es exp oe df aa const. | 
Where ya ; DE rx QE xe 
We can easily prove that if strains are o. Prx=3utExe | 1—exp (= iad (13) 
small and higher terms of them can be neg- OC we 
lected, these results can be reduced to those 
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relations can hold. 


Thus, from equation (8), we have 


Erratum 


Notes on the Calculation of Electrophoresis of Polyelectrolytes 
with Partial Free-Drainage 


By Hiroshi FUJITA 
J. Phys. Soc. Japan 12 (1957) 968 


The curve with o=1.0 in Fig. 3 should be accepted as that for o=0.0. However, the numerical 
data obtained indicate that the difference between the plots for these two o values lies practically within 


the thickness of the drawn line on a graph of this scale. 


; 
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Single-crystal-like nickel films electrodeposited on copper single crys- 
tals were examined by electron diffraction and electron microscopy after 
films were detached from the substrates. The twin structure in the films 
which has so far been observed only through diffraction patterns revealed 
themselves in electron micrographs. In films deposited on electropolished 
surfaces well marked {111} twin lamellae were observed and their direc- 
tions satisfied the crystallographical relation. They were scatteringly 
located and their width ranged from less than 100A to several thousand 
A. They grew up sometimes to be more than 10, in length. In films 
deposited on etched surfaces, on the other hand, such a coarse twin 
structure was hardly found and the finer one took place. The finer 
twins were in general 100A or less in width and were finely spaced at 
intervals somewhat larger than the width. The above results were ob- 


tained in films deposited on (110) and (001) faces of copper. Films 
deposited on surfaces with higher indices, (310) and (531), also showed 
high epitaxy and marked twin structures. 


§1. Introduction 

As Cochrane observed”, face-centred cubic 
metals such as nickel, copper and silver elec- 
trodeposited on a single crystal of face- 
centred cubic metal, say copper, are oriented 
following the substrate, that is, epitaxy oc- 
curs. On that occasion, {111} twins are found 
in deposited layers. These circumstances are 
quite similar to those in thin films of face- 
centred cubic metals evaporated on rocksalt. 
Reflection patterns of electron diffraction so 
far observed with electroplated surfaces gave 
indeed a positive evidence for the twin for- 
mation, but could inform us little of the 
width of twin lamellae and the frequency of 
their formation. These quantities will be 
known from electron micrographs of electro- 
plated surfaces. Ueda, Kawai and Watana- 
be») carried out electron microscopic observa- 
tions of nickel-plated surfaces of copper single 
crystal using replicas, but reported little about 
the twin structure. If electrodeposited films 
are thin enough to transmit electrons and are 
detached from substrates, their transmission 
electron micrographs will give more informa- 
tion about the twin formation than replicas. 


os Now at the Japan Atomic Energy Research In- 
stitute, Tokyo, Japan. 


Weil and Read* and recently Reimer” detach- 
ed nickel films from nickel-plated copper by 
a suitable reagent and examined them by 
electron microscope. They electroplated, 
however, polycrystalline copper and they did 
not examine the twin structure. 

In order to examine the twin formation in 
nickel films electrodeposited on single crystals 
of copper, we detached the films from the 
nickel-plated crystals in a similar way to Weil 
and Read and observed them by electron dif- 
fraction and electron microscopy. The results 
obtained were almost satisfactory in giving 
detailed information about the twin formation. 


§2. Experimental Method 


Single crystal discs of copper 2mm. in thick- 
ness and 10 to 20mm‘. in area were cut, paral- 
lel to (110) or (001), out of rectangular rods 
3mm. in diameter. These rods of single 
crystal were kindly dispensed by Dr. H. Suzu- 
ki who prepared them by melting in a graphi- 
te mold. Their orientations were roughly 
determined by the light figure method. The 
discs were carefully cut out by a fret saw, 
polished by emery paper till 05, electropolish- 
ed and, if necessary, etched. Then, the 
orientations were determined by the X-ray 
Laue method. Misorientations were found to 
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be about 2° in (110) and (001) discs. Speci- 
mens were electropolished in aqueous solution 
of 600cc/] H;PO, and immediately, or after 
being etched in 5% KCN solution, plated with 
nickel in aqueous solution of 300 gr. NiSO,6H,0, 
3.1 gr. NaCl and 6.2 gr. H;BO; in 1/. Plating 
current density ranged from 22 to 31 4“A/cm?. 
Current density less than these values caused 
no appreciable plating. Nickel films deposit- 
ed were left after the copper was dissolved 
in aqueous solution of 500gr. CrO; and 50gr. 


H.SO, in 1/. They were washed and scooped 
on meshes. It was difficult to obtain films of 
large area, and the largest film was only 


about 1mm2?. in area. 

Electron microscopy and electron diffraction 
were carried out by the apparatuses previous- 
ly used», except cases where defocused dif- 
fraction patterns of selected area were need- 
ed. In these cases an electron microscope, 
JEM-5C type of the Japan Electron Optics 
Laboratory Co., was used. The accelerating 
voltage of 80 KV was applied to this micro- 
scope. 


§3. Experimental Results and Their In- 
terpretation 

(a) Nickel films deposited on (110) face of 
copper 

At an early stage of the present work, cop- 
per surfaces were plated after etching in 5% 
KCN solution for about 5 min., because there 
was an anxiety that a good orientation of 
nickel layer could not probably be obtained 
on an electropolished surface owing to an 
oxide layer present there. A_nickel-plated 
(110) face gave a single-crystalline reflection 
pattern shown in Fig. la which proved the 
epitaxial growth. Twin spots and junction 
spots® are clearly visible in this pattern. 
The nickel film was then detached from the 
substrate. It gave a transmission pattern 
shown in Fig. 1b, where, though fairly strong 
Debye rings appeared, two kinds of extra 
spots, e.g., such as weak EF, lying in the ob- 
lique direction from a main spot M and strong 
FE, lying in the vertical direction from the 
relevant spot M, were visible. 

The relation between the twin spots in the 
reflection pattern and those in the transmis- 
sion pattern is seen from Figs. 2a and db. In 
Fig. 2a, ABCD is parallel to the specimen 
surface and OBF, OCF, OBC and FBC are 
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{111} planes on which twinning can. occur. 
Fig. 2b represents a reciprocal lattice corres- 
ponding to the lattice containing four kinds of 
twins. The twin spots lie on the body-diagonals 
of the reciprocal lattice. When the incident 
beam is parallel to BC in the reflection case, 
the pattern obtained will almost be in agree- 
ment with the intensity distribution in OC’G’ 
H’. On the other hand, when the incident 
beam is perpendicular to the film surface, 
i.e., parallel to FO in the transmission case, 
the pattern obtained will almost be in agree- 
ment with the intensity distribution in A’B’ 
C’O. The twin spots in Fig. la must have, 
therefore, arisen from twin lattices different 
from those causing twin spots in Fig. 1b. In 
the latter case, only the extra spots of the 
weak kind represented by £;, lying on the 
body-diagonals in A’B’C’O, can be expected 
as the twin or junction spots, but those of 
the strong kind represented by £, cannot. 
If considerable rotations of crystallites took 
place, however, the latter spots can also be 
identified as the twin or junction spots. That 
is, the twin or junction spots lying on the 
reciprocal planes parallel to OC’G’H’ come to 
reflecting positions due to the rotations. In 
this case, these spots are doubled in intensi- 
ty, owing to the two symmetrical positions 
referring to A’B’C’O. 

In Fig. 1b, the spot EF, lies on a direction 
parallel to A’B’ through the relevant main 


spot (111) in Fig. 2b and, after detailed ob- 
servation, it was found that the spot EZ, was 
often separated into two parts. This fact 
means that there are two rotation axes in the 
film plane. Thus, four kinds of {111} twin 
lamellae were proved to exist in nickel films 
formed on (110) face of copper single crystal. 
The twin spots due to twins on OBF and OCF, 
i.e., the kind represented by E, in the trans- 
mission pattern, are far weaker in intensity 
than those due to twins on OBC and FBC 
which appeared in the reflection pattern as 
well as in the transmission pattern. This 
means that twin lamellae oblique to the film 
plane are more frequently formed than those 


perpendicular to this plane, even if the doubl- 
ed intensity of FE, is considered. 


Next, the detached films were examined 
by transmission electron microscopy. Micro- 
graphs obtained showed, however, very much 
complex structures, so that twin lamellae 
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could scarcely be identified, against our ex- 
pectation. Since this condition was consider- 
ed to originate from etching before plating, 
immediate nickel-plating after electropolishing 
was tried. The detached nickel film exhibit- 
ed an excellent single-crystalline diffraction 


(0) 


Fig. 1. Electron diffraction patterns from a nickel 
film on etched (110) face of copper. Electrode- 
posited with current density 23 A/cm? for period 
iD ave, 

a: Reflection pattern. Electron beam is parallel 

to [110]. 

b: Transmission pattern. Normal incidence. 
pattern showing the epitaxial growth, in spite 
of our initial anxiety. The intensity of twin 
spots was, however, much weaker than in 
the case of etching. One of the electron 
micrographs of this film is shown in Fig. 3. 
Such a structure as observed in Fig. 3 was 
rarely observed through the whole film. In 
Fig. 3, a wide bright stripe runs, making an 
angle of about 54° with several narrow 
stripes about 300A in width. This angular 
relation can clearly be understood, if the for- 
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mer stripe is parallel to BC in Fig. 2a, which 


is the intersection of OBC with the film 
c 

Be 
Film 
surface 
(11.0) 

A D 

F 
Fig. 2. a: Geometrical relation between (119) 


film surface and four {111} planes. 


\ 


Tes, is (HE 
lattice containing four kinds of twins. 


Reciprocal lattice corresponding to the 
Large 
full circles are main lattice points, small full 
circles and squares are twin spots, and small 
open circles and squares are junction spots. 
Small circles are caused by twins on OBF and 
OCF in a, and small squares by twins on OBC 
and FBC. 


EN 


Fig. 3. Electron micrograph of a nickel film on 
electropolished (110) face of copper. Electro- 
deposited with current density 30;A/cm? for 
period 7hr. 
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plane, and if the latter stripes are parallel 
to BG (or CG), which is the intersection of 
OBF (or OCF) with the film plane. BC makes 
an angle of 54°44’ with BG or CG. Thus, the 
wide stripe can be thought to represent a twin 
lamellae oblique to the film plane and hence 
to appear wider than its true thickness (this 
stripe seems, however, to change into a rip in 
its middle), and the narrow stripes can be 
thought to represent twin lamellae perpendi- 
cular to the film plane and hence to show their 
true width. The contrast changes along the 
narrow stripes, owing to the change of condi- 
tion of Bragg reflections due to bending. Thus, 
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it is sure that the stripes in Fig. 3 reveal the 
twin lamellae growing in the nickel film, and 
the fact that similar stripes were rarely ob- 
served explains the weak intensity of the twin 
spots in the diffraction pattern. 

The facts stated above connot be, however, 
a conclusive evidence of the stripes represent- 
ing the twin lamellae. The proof should be 
given by defocused diffraction patterns, just 
as given by Fischer and Richter. They 
observed the stripes similar to those in Fig. 
3 in evaporated germanium films irradiated 
with electron beam and proved by the said 
method that they arose from the twin lamel- 


* 


(002) | 411) 


. 


(220) 
. 


(0) 


i. 
it w 
rae 


(c’) 


Fig. 4. Electron micrograph and diffraction patterns of a (110) nickel film prepared under the 


same condition as in Fig. 3. 
v.e., before the objective lens. 


In a, 6 and ec, the specimen was placed at the usual position, 
6 and ¢ were taken without an objective aperture. Defocus- 
ing was carried out by adjusting the current of the intermediate lens. 
are also visible, running parallel to the intense stripe. Inc, dark field 
positions corresponding to the diffraction spots in 0, 


In a, faint stripes 
images appear at 
The arrows in b and ¢ indicate the 


twin spots and the stripes due to twins, respectively. 
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lae. Fig. 4a* is an electron micrograph of a 
nickel film deposited on (110) copper face, 
Fig. 4b a selected area diffraction pattern of 
Fig. 4a, Fig. 4c the defocused pattern of Fig. 
4b and Fig. 4c’ an illustration of Fig. 4c. 
The central small region of Fig. 4c is a re- 
duced image of Fig. 4a. A dark stripe is 
seen through its middle. This stripe reveals 
itself, however, as a bright one in the de- 
focused diffraction pattern, and its position 
corresponds just to that to be expected for 
the twin spot. Thus, the stripes in the 
micrographs were proved to arise from the 
twin lamellae. 


(b) Nickel films deposited on (001) face of 
copper 

Nickel films were very difficult to be de- 
tached from etched (001) faces, so that most 
works were carried out by plating without 
etching. The diffraction patterns exhibited 
the epitaxial growth also in this case. The 
twin spots were in general faint in reflection 
as well as in transmission, especially, scarce- 
ly visible in the latter case. There appeared, 
however, many dark and bright stripes in the 
transmission electron micrograph taken from 
a selected region (Fig. 5). The stripes are 


Fig. 5. Electron micrograph of a nickel film on 
electropolished (001) face of copper. Electro- 
deposited with current density 24A/cm? for 
period 14hr. 


several hundred to several thousand A_ in 
width and were classified into two groups 
perpendicular to each other. These stripes 
are similar to those obtained previously from 
thin films of face-centred cubic metals eva- 

* For photographing of Fig. 4a, b and c, we are 
much indebted to Dr. M. Watanabe. 
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porated on cleavage surface of rocksalt?, 
though the former stripes are more coarsely 
spaced than the latter. Thus, it can be con- 
cluded that the stripes in Fig. 5 are caused 
by the twin lamellae and their directions are 
[110] and [110] respectively which represent 
the directions of intersection of {111} planes 
with (001) film plane. Fig. 6 shows another 


; ae si ws ut 

Fig. 6. Electron micrograph of a nickel film de- 
posited on electropolished (001) face of copper 
which was slightly etched before plating. Plated 
with current density 23A/cm? for 3lhr. 


example of (001) nickel films. Here we see, 
besides such stripes as in Fig. 5, several 
square frameworks of different sizes which 
are connected with the stripes. The follow- 
ing suggestion may be permitted concerning 
the origin of these frameworks, remembering 
the directions of the stripes to be face-diagonal: 
Twin lamellae of nickel grew up on four 
faces of octahedral pits existing originally on 
the copper surface. At places where lamel- 
lae growing on neighbouring faces collided, 
the lattice epitaxial to the substrate was 
formed due to the symmetry relation. This 
suggestion seems to be supported by the fact 
that broad, curved dark lines due to Bragg 
reflections are seen inside the frameworks 
and straight dark lines are marked at the 
corners of the frameworks as if these places 
had the lattice continued from the outside 
region of the frameworks. 

It was proved also in the (001) case by the 
same method as used in the (110) case that 
the stripes arose from the twin lamellae. 


(c) Nickel films deposited on other faces of 
copper ; 

In order to examine whether the epitaxial 
growth occurred or not on crystal faces of 
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higher indices and to see the aspect of the 
twin formation if this occurred, (310) and 
(531) discs were cut out. Misorientations 
were 5~6° in both cases. 

Diffraction patterns obtained from nickel 
films formed on electropolished surfaces of 
these discs inform us that the orientations of 
the substrates were well followed by the de- 
posited films. In these patterns and also in 
the transmission patterns obtained from the 
detached films the twin spots appear faint, 
but when the films were tilted in the latter 
case, they became strong. Fig. 7a shows a 


(6) 


Fig. 7. Electron diffraction pattern and electron 
micrograph of a nickel film deposited on elec- 
tropolished (310) face of copper. In a electron 


beam is nearly parallel to [133]. The micrograph 
in 6 was obtained from the detached film. Plated 
with current density 30uA/cm2 for 6.5hr. 


reflection pattern of the (310) case. Transmis- 
sion electron micrographs obtained from the 
detached films showed the twin lamellae in 
both (310) and (531) cases. Fig. 7b was ob- 
tained from the (310) film. Most of lamellae 
appear bright, being in agreement with the 
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fact that the twin spots in the diffraction 
patterns were faint in the normal incidence. 
The angles between the stripes satisfy the 
crystallographical relation. 


Fig. 8. Electron micrograph of a nickel film on 
etched (110) face of copper. Etching was car- 
ried out in 5% KCN solution for lmin. Elec- 


trodeposited with current density 26,A/cm?2 for 
period 20hr. 


Fig. 9. Electron micrograph of a replica of nickel- 
plated (110) face of copper. Two-stage replica 
of methylmethacrylate and chromium was used. 
Chromium metal was evaporated along the direc- 
tion making an angle of 30° with the surface 
and whose projection on the surface made an 


angle of 27° with [110] lying on the surface. 


Among the twin lamellae mentioned in sub- 
sections (a), (b) and (c), those with compara- 
tively short length (~0.5 ~) had, in general, 
a tendency to decrease in number with the 
increase of the depositing current density, 
while this increase was not the case with 


1957) 


longer lamellae. 


(d) Nickel films deposited on etched faces 
of copper 

As already described in (a), every nickel 
film deposited on copper faces etched for 
about 5min. in KCN of 5% gave comparatively 
strong diffraction spots due to twins, but its 
electron microscopic structure was so complex 
that the twin lamellae could not be _identifi- 
ed. In order to obtain a simpler electron 
microscopic structure, (110) face was nickel- 
plated, etching duration being shortened and 
varied from 15 to 60sec. Even when the 
etching was done for the shortest duration, 
the stripes as seen in Fig. 3 almost vanished. 
(But such twin lamellae were rarely observed 
even on the substrate etched for 3min., if 
the depositing current density was high, 7.e., 
about 30 “A/cm?.) Detailed observation enabl- 
ed us, however, to find stripes caused by 
twin lamellae, even when the familiar stripes 
vanished. In Fig. 8, many dark fine stripes 
are observed along the direction of the arrow. 
They are in general 100A or less in width 
and are spaced at intervals somewhat larger 
than the width. A bright stripe of the fami- 
liar type remains in the middle of the dark 
region of the figure. The angle between the 
direction of this stripe and that of the above- 
mentioned fine stripes is about 54°, which 
convinces us that the latter stripes represent 
nothing but the fine twin lamellae very fre- 
quently formed, if the angular relation in 
Fig. 3 is remembered. Such fine stripes were 
found, after detailed observation, in most 
places of the micrographs, and _ therefore, 
they could yield strong diffraction spots due 
to twins in spite of their indistinct microsco- 
pic pattern, while the distinct twin lamellae 
as seen in Fig. 3 yielded only faint twin 
spots, due to their small total volume. The 
fine twin lamellae have never been found in 
films formed without etching of the substrate. 


§ 4, Discussion 


Twins occurring in crystals are classified 
into two kinds. One is named ‘‘ growth 
twin ’’, which occurs as a result of stacking 
disorder of (111) plane in the course of crys- 
tal growth, and the other ‘‘ deformation 
twin’’, which is formed under stress as a 
mode of deformation. The coarse twin lamel- 
lae of the films formed on electropolished 
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surfaces were occasionally more than 10y in 
length. Such lamellae seemed at first sight 
to be deformation twins which occurred at 
the time of detachment of the films. A 
micrograph shown in Fig. 9, however, denies 
this conjecture. This micrograph was taken 
from a replica of nickel-plated (110) copper 
face and shows several diffuse stripes. These 
are classified into two groups of parallel 
stripes which intersect each other with an 
angle somewhat larger than 50°. Moreover, 
it is seen from the shadowing direction that 


the one group runs parallel to [110] lying on 
the surface. As the contrast in a_ replica 
micrograph mean some unevenness formed on 
the original surface, the said stripes may be 
considered as marks due to the twin lamellae, 
if these lamellae cause the surface to be un- 
even. Thus, the coarse twin structure seems 
to exist originally in the deposit*. 

From the above consideration it is conclud- 
ed that the twin structure of films electro- 
deposited on electropolished faces of copper 
are considerably different from and far coarser 
than that of the evaporated films. The twin 
structure of films electrodeposited on etched 
faces are, on the other hand, extremely fine 
and similar to that of the evaporated films in 
width as well as in spacing. The reason 
why the aspect of the twin formation depends 
on the surface condition of the substrate is 
not clear, but the following supposition may 
be allowed: According to Setty and Wilman®, 
who examined the epitaxial growth of silver 
electrodeposited on electropolished (110), (001) 
and (111) faces of a silver single crystal, the 
twinned structure developed more frequently 
when the current density was increased. Now 
that etched surfaces are submicroscopically 
rough, on the top of projections it is likely 
that the current density is higher than the 
average. Then, chance for the twin formation 
will increase at such places, according! to the 
results of Setty and Wilman. Moreover, the 
twins will be cut in pieces by surface irregu- 
larity. Thus, minute twinned lattices can fre- 
quently grow up on etched surfaces. On the 
other hand, electropolished surfaces have ato- 
mic smoothness, and hence only coarse twins 
grow up scatteringly. 


an single crystal discs of copper employed in 
the present work, twin layers were not found by 
X-ray and electron diffraction. 
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The above consideration seems to suggest 
that we deal with growth twins in the cases 
of electropolished as well as etched faces, as 
it is difficult to consider in the course of 
growth the occurrence of any stress other 
than that which is induced by unfitness 
between the lattices of the deposit and the 
substrate. The latter stress cannot be a 
cause of the twin formation, because twins 
are formed even when the same substance as 
substrate is deposited as in the case of Setty 
and Wilman. 
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Velocity distribution of molecu'es in the beam type maser is consider- 
ed fairly completely, though the mathematical approach is rather approxi- 


mate. 


Because slower molecules spend longer time in the cavity, the 


effective average velocity of molecules is considerably smaller than the 
most probable velocity, when the rf power level and the focuser voltage 
are low. Amplitude vs. focuser voltage and vs. frequency characteristics 
are obtained, which seem to be in good agreements with experiments. 
Finally frequency shift due to the unresolved hyperfine structure is dis- 
cussed and shown to be appreciable (a few parts in 10%). 


$1. Introduction 


A type of devices which utilize atomic pro- 
cesses of induced emission as oscillators, 
frequency converters, and amplifiers has been 
called a MASER. It has become feasible at 
first by a molecular beam type maser” and 
secondly by a solid state maser”), This pa- 
per is concerned with the characteristics of 
the beam type maser, particularly of ammonia 
maser. Molecules other than ammonia have 
not yet been used successfully for the maser. 

Theories of the beam type maser have al- 
ready been given), However experimental 


results show that these theories are not satis- 
factory in describing the characteristics of 
ammonia masers. Particularly, Helmer has 
recently reported considerable frequency varia- 
tions of an ammonia maser oscillator with 
source pressure and with focuser voltage”. 
It is shown in the following discussion that, 
if the presence of unresolved hyperfine com- 
ponents and velocity distribution of molecules 
are taken into account, this type of frequency 
shift can be predicted and other characteris- 
tics are also obtained in better agreement with 
experimental results, A preliminary discus- 
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sion of this consideration was briefly reported® 
concerning the frequency difference between 
an absorption type frequency standard by the 
present author and a maser oscillator by 
Bonanomi”. Theoretical discussions of the 
beam type maser are described in this paper, 
while the experimental results will appear in 
part Il. 


$2. 

Velocity distribution of molecules in the 
beam was first taken into account in the theo- 
ry of the maser by Helmer’). However, his 
treatment was incomplete, because only the 
distribution of speeds was taken into conside- 
ration and the distribution of directions of 
velocities was neglected. Here a more com- 
plete treatment is described. 

Velocity distribution of molecules which are 
effused from a molecular beam source may be 
assumed as that of Maxwell-Boltzmann type, 
since highly directional source has been found 
very difficult to realize. The number of mole- 
cules in a unit volume with velocity compo- 
NEN(S rayne ANC), Vz.01S 


2N Pet 
Nz, Vy, V2) dv2dvydve= — e-”"!/ dvxdvydv:, 
0273/2 


Velocity Distribution 


(2.1) 


where WN is the number density of molecules 
in a particular energy level of interest inde- 
pendent of their velocities, a the most pro- 
bable velocity given by 


1/2-ma?=kT or a=(2kT/m)” 
and 
VU Dytak UZ" 

If z-axis is chosen along the direction of the 
beam, vz and vy may take any values but vz 
must be positive. Using a cylindrical coordi- 
nate, radial component is given by v,?=v2? 
+vy?, and the velocity distribution is 


4No, 
ab x 
The focuser exerts radial force outwards 
for ammonia molecules in the lower inversion 
state, while inwards for those in the upper 
state. Electro-static potential in a 2n-pole 
focuser can be approximately expressed by 


Nr, Vz)dvrdvz= el dupd: . (2.2) 


b= -Rele+iy) , (2.3) 


2k 
where R is the radius of the focusing field 
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and +V/2 the voltages of the alternate elect- 
rodes. That is, when the every other elect- 
rodes are grounded, the applied focuser voltage 


is V. Then the electro-static field in the 
focuser is 
M—1 
be ee le 2.4 
Sebi - 
and the maximum field intensity is 
Baas ° 4.55) 
2R bi Co 


Fig. 1 shows the distribution of E?, which is 
roughly proportional to the potential energy 
of molecules. 


9 


Quadrupole 


| 


onl (qagubip.aull O68 6ts? 1-0 


r/R 


Fig. 1. Distribution of #72 in a 2n-pole focuser. 


The molecules in the upper inversion state 
are focused, when the radial kinetic energy is 
smaller than the maximum Stark energy, 


which is 
_[ (Any? (UK ip yy" hyo 
awe=| (5°) +s A 
(2.6) 
Then the focusing criterion is given by 
Smo <4Wa =jmve : (2.7) 


If 4Wa < hy, the critical radial velocity, w, 
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is proportional to the focuser voltage, since 


uUMK En( ae 
TJ4+) ~~ "\ mhyy 


However, when the z-component of the velo- 
city is large, the molecule cannot spend enough 
time to be focused within the focuser and al- 
so the molecules in the lower state cannot be 
sufficiently removed from the beam. Since 
Fi a v: is just half the focal length in a 

Ve s 
quadrupole focuser, the condition determined 
by the length of the focuser, 7, may be writ- 
ten approximately as 

1 7 ie - 
2.9) 
Vz 2 Ve c 
Thus the velocity of molecules to be focused 
should satisfy the conditions, 
) 


Ur < Ve Dem a. 5 Ve 


though the second condition is rather appro- 
ximate. More accurate evaluation should of 
course be carried out by computing trajectories 
of molecules. 

The number of focused molecules entering 
the cavity resonator in a unit time with velo- 
city components, v, and wz, is 


(2.8) 


PE aie! 


and 


Nr, Vz)= AivzN vr, Vz) , (2.10) 
where A; is the area of the inlet hole through 
which the uniform density of molecules is 
assumed to pass. Then the rf power emitted 
from the beam of molecules is given by 


Ye ((2/z) (U/R)%e ; 
| N(Vr, Vz)|ar(t)|?dvzdv;, (2.11) 


ap=| 
where |aj(r)|? is the transition probability. 
This equation should be modified when a long 
cavity is used as in the ordinary maser. In 
such a case, Eq. (2.1) may be divided into 
two parts, 4P; and 4P.: One is the contri- 
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bution of molecules which pass through the 
whole length of the cavity, and the other is 
that of molecules which collide with the cavi- 
ty wall before it can pass through the cavity. 
Duration of interaction with the rf field in 
the cavity is -=L/v. in the former case, while 
it is approximately t=R/v, in the latter case, 
where Z and RF are the length and radius of 
the cavity. 

In order that the molecules can pass through 
the cavity before they collide with the cavity 
wall, an approximate condition 


Vz Vr 
dé se R 
must be satisfied. This condition is accurate 
for the molecules just focused at the center 
of inlet hole of the cavity, while for other 
molecules it may be considered as an average 
condition. For finite sizes of source and of 
inlet hole of the cavity each focused molecule 
generally takes different values of v, before 
and after it passes the focuser, but as a 
statistical average, v, can be considered as 
almost unchanged. Thus we may use th> 
velocity distribution of Eq. (2.2) for the mole- 
cules flowing into the cavity with vr<ve. 
From equation (4) in reference 5, hereafter 
referred as SWT, when the oscillation fre- 
quency is equal to that of molecular resonance, 
we obtain 


la;(t)|2= sin? a (2.12) 


where z=Exz/h and E is the intensity of rf 
field in the cavity. 


Emitted Power 


Assuming zt/2<1 so that sin 4ar=4ar, the 
power emitted from the molecules which pass 
through the cavity is obtained from Eqs. (2.2), 
(2.10), (2.11), and (2.12). 


2 2 v, (2/2) (l/R)v ae 
APs = hyo Sa ‘ | i Pr e-v/0 dy dvy 
4 V zw a@& }o (L/R)v> Vz 
ma NR?2A; (¢f? ” ~ 
=~" hyy——— e &dEdy , 
NRA Le Gedy (2.13) 
where 

ee DB L vr 

= iS Cf wea 
ar Te Ra 

pst *, and ee : as 
R zxrRe 
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As the length of the focuser, /, is considerably longer than that of the cavity, L, in masers 


so far constructed, we may assume a<b. The integration in (2.13) can be expressed in 
terms of exponential integrals, so that 


a2 N, 2 i 4 z 5 
AP y= hing A ea Kila?) +a ED) (2.14) 


Secondly, the emitted power from the molecules which collide with the cavity wall is cal- 
culated. The result is 


ge ar  dudvy 


0 Ur 


yeas\, jean Vz 
0 

NR?Ai 
Vra 


2 
= ; hy: [2 In a—Ei(—a®)+C] . (2.15a) 


Here C=0.577216 is the Euler’s constant. Eq. (2.15a) may be expressed in a power series 


of a as 
2 NR?2A; = (—1)”-1q@2" 
AP, = ~- oe 
2 BAe = ae ; (2.15b) 
The cavity loss including power flow from the output waveguide is 


Q ~~ 167n*wQ’ 
where W is the stored energy, Q the loaded-Q and A the effective cross-section of the cavity. 


Then the threshold or the starting condition of maser oscillation is obtained from 4P’<4P 
=4P,+4 iPS . 


DLA» .NR? As 


SNe n+1 2n 72 Fa ( — 72 DE ( he 
Bee Es ia a? Ei(—a?) + a?Ei( |. (2.17) 


In ammonia masers, the starting focuser voltage is not so large that u.<a@ and a?<1 may 
be a good approximation. In such a case higher order terms of a? can be neglected and Eq. 
(2.17) is expressed in the form, 


hLA_ _ NR*A, b 
Eas a 
a sae gr ict ahi (2.18) 


The critical radial velocity v. is approximately proportional to the focuser voltage according 
to Eq. (2.8). It is noted that the starting condition, Eq. (2.17), includes the length of the 
focuser in a rather simple form. 


The effective Average Velocity 


The effective average velocity of molecules inthe beam contributing to the oscillation is 
calculated. The weighted average velocity, <v)=a<€&>, is given by 
g e-? dEdy 


ao we 22 a(n . 

iar : ean) ire uv (2.19) 
[| Peeacan + ("5 ePaten 
er) ts 0J0 7 


a= 


The integrals in the denominator have already been given in Eqs. (2.14) and (2.15). The 
integrals in the numerator denoted by J, and J; are expressed in power series of @ as 
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TEP ROY ols (—1)"a™ (2.20) 
hol) os Gamal 
and 
5 (aDual® (2.21) 
=> 3 5 
faa" 2 on43nl’ 
where @(b) is the error integral. Then the numerator of (2.19) is 
na oo —1)\n727 
inte a@0(b)—2a* > ae (2.22) 


Now <v>)=a<&> can be computed from (2.19) 
with (2.14), (2.15), and (2.22). 

The ammonia masers hitherto constructed 
have the focuser about 2 to 3 times longer 
than the cavity. Therefore, almost all the 
reasonable designs of masers seem to fall in 
the range from b=a to b=5a. Numerical 
computations of <€> for a<b <5a show that 
Eq. (2.19) may be approximated by a simple 
expression, 

<E>=(a+b)/4 (223) 
within the accuracy of about +10%, when 
b< 1.4. Using this approximation, the effec- 
tive average velocity of molecules is expressed 
by 
_2zL+2l 
~ ArR 
This approximation is useful because of its 
simplicity. 


<vy 


vi (2.24) 


Because slower molecules spend longer time 
in the cavity and have larger transition pro- 
babilities, the weighted average velocities of 
molecules contributing to induced emission is 
considerably smaller than the most probable 
velocity. However, this is not contradictory 
to the observed line width which corresponds 
to the molecular velocity approximately equal 
to the most probable velocity. In this sec- 
tion the effective average velocity has been 
calculated for w=). On the other hand, 
when the emission line shape is observed by 
sweeping the frequency of incident micro- 
waves, the contribution of slow molecules is 
rather small at the wing of the line (wa), 
because the transition probability is 


x ; --. DL 

att sin? (oi = 

Ne ao See 
in this case, and the contribution of slower 
molecules does not predominate when (w—ay) 


* ize 


nao (2n+1)(2n+3)2n! © 


§3. Saturation Characteristics 


Oscillation amplitude of the ammonia maser 
is derived in this section as a function of fo- 
cuser voltage, density of molecules, and di- 
mensions of the cavity and the focuser. It 
is assumed here that the hyperfiine structures 
do not exist, and the effects of unresolved 
hyperfine components will be discussed in the 
next section. 

If the hyperfine effects are negligible, the 
Stark energy of ammonia in the upper inver- 
sion state is given by (2.6). The projection 
of J along the direction of electro-static field, 
M, takes 2/+1 different values, from —/J to 
+J. The numbers of focused molecules are 
proportional to M?, and the maximum radial 
velocities of focused molecules are different 
for those in different M states. Instead of 
calculating the sum of contributions from dif- 
ferent M states, the weighted average of M? 
may be used to simplify the calculation. 

Vs EOF ae ee 
ne: 5(2J +1) 
For the strongest line of ammonia J=3 gives 
<M?>=7. In equation (8.1) the deviation of 
the relative number of focused molecules from 
M? was neglected which would give only 
higher order small corrections in the further 
calculation. 

The calculated maximum radial velocity, 
ve, for the 3,3 line of ammonia is shown in 
Fig. 2, where the abscissa is the quadrupole 
focuser voltage, Vs, for R=0.5cm. For the 
2n-pole focuser the voltage, Vin, that produces 
the same maximum field as V, is from Eq. 
(2.5) 


Pn 


ee 
n 


a Vine (3.2) 


In order to obtain approximate value of ve for 
each value of M from Fig. 2, the scale in the 
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ordinate should be multiplied by M/7/2. 

The induced emission of molecules with 
velocity distribution may be considered as 
equivalent to that of uniform average velocity, 


xlO°cm/sec 


O 20 


40 6OxKyV 


V, 


Fig. 2. Critical radial velocity of ammonia for 


J=K=3, <M2=7, and R=0.5cm. 


<v>, which was obtained in §2. In the fol- 
lowing discussion a variable @ defined by 


=[(@—a@)? +27}? L/2 <v> (3.3) 
will be used. Although <v> has been obtained 
for small values of 0, the change of <v> by 
considering the effect of saturation can be 
regarded as the second order correction. 

The saturation characteristics was given by 
Eq. (31) in SWT as 7/nm=86?/sin? 6. However, 
in order to allow for the velocity distribution 
and the change of effective average velocity 
with operating conditions, this equation should 
be somewhat modified. 

The transition probability of a molecule 
with the velocity equal to <v)> is expressed as 

L222 
4d p>20? 
from Eq. (4) in SWT. Thus the emitted 
power from a beam of 2 molecules in a unit 
time is given by . 


sin? 0 (3.4) 


lax(t) |? = 


a miZzasined, 
UG yaiees? 
The emitted power must be equal to the loss 
of the cavity given by: (2.16), so that 
Ain a, ey ese. 
4 wQL <vy? 0? 


The threshold intensity of moleculer beam, 


4P= (3.5) 


(3.6) 
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M, iS obtained from Eq. 
sin 0=06. 


(3.6) by putting 


_ WKuyA 

~ 4 PQL * 
This is almost the same as (30) in SWT except 
that here <vo> is the effective average velocity 
at the threshold which is much smaller than 
the most probable velocity. 


(3.7) 


Using (3.7), we can write for the finite 
values of 0 
My <v>? _ sin? 8 
= BE 
nN <Vo>? gz’ oe) 


which is not same as Eq. (31) in SWT. Since 
nm iS approximately proportional to ve! as 


 ( (2/2) (L/R)% 
rnA= 
0 0 


NAi 4NA; P 
— — v 2 ie ee Vo) 
WW se va o*( = 715/2Q8 R 
the saturation characteristics is expressed in 
the form 


N Ur, Vz2)dv,dvy 


(3.9) 


DE 


Veo «Sin 
aoe (3.10) 
Now the amplitude of oscillation, 2, can be 
calculated as a function of focuser voltage, 
using Eqs. (2.7), (3:3), and (3.10). A. typical 
example for the focuser length /=30cm, cavi- 
ty length L=1lcm, focuser radius R=0.5 cm, 
and the starting voltage Vi,=5kV_ with a 
quadrupole focuser is shown in Fig. 3.. Satu- 
ration characteristics given by the uni-velocity 
theory in SWT and velocity distribution. theory 
by Helmer? are also shown for comparison. 
In this example the present theory gives 
<v>=15.0 ve from Eq. (2.24)... This approxima- 
tion is applicable when b=38.2 Vela i is smaller 
than 1.4, or when Vi< 16 kV. Beyond this 
voltage the magnitude of <v> computed from 
complicated integrations in (2.19) tends to be 
smaller than the simple approximation. How- 
ever, if the starting voltage is fairly small, 
the finite rf amplitude must be taken into 
account when }) becomes. large. In such a 
case |aj,(r)|2) can not be approximated by 
(wL/2v)?, which increases infinitely with de- 
creasing v, but it must be sin*(xL/2v). This 
factor takes a maximum value when v=zL/z 
and becomes zero when v=#L/2z, taking os- 
cillating values between 0 and 1 for the smaller 
values of v. Therefore, when xLl/2v>1, the 
saturation effect will result in the increase of 
the effective average velocity. 
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Since the two sources of deviations from 
(2.24) requires corrections of different sign at 
nearly the same region, they more or less 
compensate each other, and the approxima- 
tion, (2.24), may be used up to higher focuser 
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4F,=0 components which have not yet been 
resolved. 

However, Gordon observed! a significant 
asymmetry of the magnetic hyperfine struc- 
tures about the center line, and it was ascribed 

to the change of quadrupole 


coupling constant egQ@ in the 
upper and lower inversion 


states. He found the increase 
of 4egqQ=4+1kc/sec in the lower 
state for the 3,3 line. The 
change of egQ results in the 


separation of three components 
in the center inversion lines, 
with a sole exception for the 
3,2 line in which the quadrupole 
hyperfine structure is absent. 
When the molecules are in 
thermal equilibrium, the relative 
intensities of these three com- 


09 id 20 30 


Fig. 3. 
oscillator. 


voltage and larger amplitude of oscillation 
than 6=1.4 or xL/2v=1. Of cource <v> would 
be nearly @ for large values of V and x, and 
a plausible estimate is shown by a broken line 
iM Fig. 3, 

The present theory has been found to agree 
with experimental results better than the 
former ones as will be described in part II. 

It must be remembered that the relative 
numbers of molecules in each M state changes 
in a complex way with increasing focuser vol- 
tage. The number of focused molecules in 
a larger M state saturates faster than that 
in a smaller M state, and also their transition 
probability saturates faster with increasing zx. 
Hence the contribution of smaller M states 
will increase in a large signal region discuss- 
ed above. 


§ 4. Effects of Unresolved Hyperfine 
Structure , 


Each inversion pair of energy levels of 
ammonia is split into hyperfine levels by the 
coupling with the quadrupole moment of 
nitrogen nucleus, N'*. Quadrupole hyperfine 
levels are designated by an angular momen- 
tum F\=J+J. Inversion transitions corres- 
ponding to 4F,=-+1 are the two pairs of 
satellites. The center line consists of three 
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ponents are proportional to 
2F,+1, and the weighted aver- 
age frequency just coincides 
with that not displaced by hyper- 
fine structure. The ratio of intensities of 
three components with F,\=3,4, and 2 of the 
3,3 line is 7:9:5 as shown in Fig. 4 (a). 

The relative intensities of these three com- 
ponents in the maser are different from those 
in thermal equilibrium, since the number of 
molecules in respective F, states are deter- 
mined by the focusing force which is appro- 


V¥, 50, 


Fi=3 4 


F.=3 v4 
2 
=| O +I ke/sec -l O +! ke/sec 
(a) (b) 


Fig. 4. Relative intensities of hyperfine compo- 
nents in the 3,3 center line of ammonia. (a): 
Thermal equilibrium, (b): In the maser. 


ximately proportional to M2? in the strong 
field region*. Assuming that the transition 
from the intermediate to strong field case is 
adiabatic, relative numbers of focused mole- 
cules in the weak field F, states are calculated 
as approximately 5} M2, where the summation 


* See Eq. (2.6). My; is written simply M, but 
it is not My. 


1957) 


is for all levels which go to respective F, 
level in weak field. The approximate ratio 
of focused molecules for F=3, 4, and 2 in the 
3,3 line is 45:37:2. 

The probability of the transition 4F,=0 has 
a factor, 


or) — PP tDt J++ DP 


Rey 


which is 121/3: 45: 128/3 for F,=3,4, and 2. 
Then the relative intensity is given by 
c(F\)= f (Fi): > M*, and the ratio for the 3,3 
line is 1: 0.9174: 0.0470, as illustrated in Fig. 
4 (b). 

In observing the emission spectrum, these 
three components cannot be resolved, so far 
as the cavity is not extremely long, and the 
center line is observed at the frequency very 
close to the weighted average of the three 
components. Since the hyperfine shifts are 
—1.25, +0.42, and +1.00kc/sec for F,=3, 4, 
and 2, using the value 4egqQ=4kc/sec*, the 
center frequency of the emission line is cal- 
culated to be —0.42 kc/sec. 

The frequency of maser oscillator would be 
somewhat different, particularly near the 
threshold of oscillation where the oscillation 
amplitude is small and the focuser voltage is 
low. As discussed in § 2, the effective average 
velocity is so small in this case that the 
starting frequency might be near the strong- 
est hyperfine component, F,=3. 

As a general extension of Eq. (44) in Appen- 
dix, the condition of oscillation with several 
hyperfine components can be expressed in 
the form 


(1+ 2iQ O—We ) 


We 


(4.1) 


= Cj Se Aen (eer Ns L 
sey sin 6;—Wa@ 9 oy 
sin 26; )] 
qe ee ee 
x( Teak 
where c; is the relative intensity correspond- 


ing to c(F;) and also to n/<v>?, wj/27 the fre- 
quency of j-th hyperfine component, also 


(4.2) 


ibe 

= gis 21 y2]1/2 4.3 
6;=[(w— oj)? +27] adv)? (4.3) 
and cy is a constant corresponding to the 
relative intensity at the threshold of oscilla- 


* Bonanomi has recently obtained a somewhat 
smaller value as 3kc/sec. Private communication. 
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tion. Other notations are the same as in SWT 
and in §2. 

From the real part of Eq. (4.2) the ampli- 
tude of oscillation is obtained as 


(4.4) 


The imaginary part of Eq. (4.2) gives the 
frequency of oscillation by 


Oc—W 
2600) 2 
We 


e. 

=> Oe ae (4.5) 
It seems rather difficult to express amplitude 
and frequency of oscillation in explicit forms 
from (4.4) and (4.5). Then a typical case of 
the 3,3 line of ammonia will be numerically 
given. Because the relative intensity of the 
F,=2 component is much smaller than the 
other two, as discussed above, calculation 
with only two components, F;=3, and 4, would 
give fairly accurate results. 


Amplitude vs. Frequency Characteristics 


The amplitude of oscillation, «, due to the 
emission of two hyperfine components at 
and w, is determined from 


0,=[(w— 1)? +27}? L/2d) , 


6,=[(o—o2)? +a? ]/? L/2¢v» , (4.6) 
and 
sin? sin? 0. 
=C,-—- 6, i +Cy eee (4.7) 


The ratio ci: c, is known to be 1: 0.9174 in 
the case of the 3,3 line of ammonia, if the 
effect of saturation is neglected. 

Since sin? 0,/0,2=c,/cy=const. is presented by 
a circle in the w-a plane with its center at 
w=}, while sin? 8,/6.2 by another circle with 
its center at w=a@., a set of 0, and @, can be 
determined from Eq. (4.7) by a graphical 
method. Each set of 6, and 6, determine a 
set of w and x from (4.6). Thus the amplitnde 
vs. frequency characteristics is obtained. An 
example for Vs=14kV, <v> = 15 ve = 2.6 10* 
cm/sec is shown in Fig. 5, where the para- 
meter is the beam intensity. 

It is evident that by increasing the focuser 
voltage the characteristic curves in w-x plane 
tend to be circular like those in the absence 
of hyperfine structure. The curves in Fig. 5 
are very close to ellipses (note that the verti- 
cal scale is expanded) inconsistent with the 
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observation by Helmer”. However, it must 
have come from the use of a single effective 
average velocity which is not a good approxi- 
mation for large 0, as already discussed at 
the end of §3. 


=2 G), -| O ®, +1 198 


Fig. 5. Amplitude vs. frequency characteristics. 
Dotted curves show plausible modifications cor- 
responding to those in Fig. 6. 


The expression sin? 0/62 must be somewhat 
modified when 0=> 7/2 as shown by a dotted 
curve in Fig. 6. This modification will spread 
the characteristic curve at the region where 
0, or 0, is large, and then it will be consis- 
tent with experimental results. Because the 
higher frequency component (/\=4) is weak- 
er, there would occur more spread at the 
lower frequency wing of the characteristic 
curve where @, is larger than 0, in the other 
wing. 


4 
he 6 14 


Fig. 6. Transition probability, sin26/2 and its 
modification. 


Frequency Shift 

The frequency of oscillation, w/2z, due to 
the emission of two unresolved components is 
obtained from Eq. (4.5). . It can be seen that 
the frequency pulling by the cavity occurs in 
a similar manner as described before? In 
this paper we are interested in the center fre- 
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quency of oscillation which can be found or 
defined by putting #.=, although experimen- 
tal determination of the corresponding line 
center needs a little troublesome procedure. 
Then Eq. (4.5) becomes 


C1 Slt reat aes Cee 0, y= 
0? 
(4.8) 


20, 0. 20. 
Taking «=0 in order to find the starting fre- 
quency, 
0,=|o—a,|L/20), A2=|\w—a,|L/2¢v> , (4.9) 
Eq. (4.8) is written as 


all vie eee (is Tia) 
20, 20, SG) tags 26,00) 
(4.10) 
since #0, < o<w2, when ,<@;. The ratio 
C1: Cz is known and also 
6, +0,=|0,—a,|L/2<v> (4.11) 


is a known constant. Then the frequency of 
oscillation can be obtained from Eqs. (4.9), 
(4.10), and (4.11) as a function of <v). 


(Sa a | rs fe 

fo) 2 4 6 8 \Oxy 

ma T a ris T T at TT Vg 
° 6; Bp lQ nie) 4 wes 


0 (0 Bi VN 
O 30. 


Fig. 7. Calculated frequency shift of the 3,3 line 
due to unresolved hyperfine structure. Changes 
of relative intensities by saturation effect are 
neglected. 


An example for the 3,3 line of ammonia 
was calculated by. plotting functions of the 
type, (1—sin 26/26)/20. The result is shown 
in Fig. 7, where the abscissa is the focuser 
voltage. Scales for the 8- and 12- pole focuser 
voltages, Vs, and V,,, as well as the quadrupole 
focuser voltage, Vs, are indicated for con- 
venience. The conversion from <v> to V was 
done by Eqs. (2.24) and (2.7) or Fig: 2, using 
following values: /=30cm, L=1lcm, R=0.5 
cm, #=1.44D, and <M*%)=7. The frequency 
shift is shown in c.p.s. with respect to the 
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center frequency not displaced by hyperfine 
structure. 

The calculated frequency shown in Fig. 7 
is the starting frequency as a function of the 
focuser voltage. Frequency shift for the finite 
amplitude of oscillation has to be computed 
from (4.8) instead of (4.10). The computation 
can be carried out by a graphical method, and 
it may be conjectured that the oscillation fre- 
quency in this case changes nearly the same 
way as Fig. 7 with increasing focuser voltage 
under a constant beam source hence with 
increasing amplitude of oscillation. Suppose, 
for example, a maser with threshold voltage 
of Vu,o.=10kV, it will start oscillation at the 
frequency 690 c.p.s. lower than the true center, 
and the frequency increases up to about —450 
c.p.s.* at high voltages. 

The frequency shift beyond the quadrupole 
focuser voltage of 15kV is shown to be con- 
siderably small, of the order of lc. p.s./kV. 
On the other hand, it is appreciable below 15 
kV, and its change is seen to amount to 2 to 
3 parts in 108. Therefore, the frequency shift 
of this type would be studied better by a 
maser with lower starting voltage. 

Of course the calculations used was not 
very accurate, but the conclusion such as that 
shown in Fig. 7 would be correct at least 
qualitatively. In particular, changes of the 
relative abundance of molecules in different 
Fy, states with increasing V and 2, as describ- 
ed at the end of §3, must cause considerable 
shift. 

Since F;=3 component has the lowest fre- 
quency and the largest value of >) M?, 
saturation effect tends to have less contribu- 
tion of F,=3 component and more of F,=2 
component, hence the oscillation frequency 
will be increased. Increasing the length of 
the cavity increases the saturation effect, be- 
cause OocL, and will increase the oscillation 
frequency. Of course actual frequency shift 
of the maser oscillator includes other types 
of shifts such as those due to traveling wave 
component in the cavity, cavity pulling, and 
collision of molecules. Therefore, determina- 
tion of the absolute shift seems to be very 
difficult, and the maser on the 3,3 line of 


* The difference of this value from —0.42kc/sec 
given as the center of the emission line comes from 
the neglect of #,=2Z component. 
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ammonia may not be a good primary standard 
of frequency. However, excellent resettability 
of about 10- is practicable and it must be 
quite useful. 


Appendix 
It is shown that Eq. (46) in SWT can easily 
be obtained without any restriction of the 
frequencies. On page 1313 of SWT from line 
28 should read as follows: 
a slight deviation from Eq. (41). 
the following result is obtained. 


po) nal 4! es) | Prieide _ (42) 
IL, We 0 


By using Eq. (38), Eq. (42) may be written 
. 4znQ 


Wi ee | aie ff : 
j - (1+ 219 = pi@de 


Therefore 


(43) 


Since p(z) has been given as a function of 
x=Eyp/h, the condition of stationary oscillation 
is obtained from Eqs. (43) and (37) as 


we 4vQne DIO x 
P= opal (tO 2S") marae 


ae. 2 
x {sin [(w —w9)? +a? ]/2 
0 


as bee eee 
[(o— op? +2") 


x [2 —cos[(@—«ao)?+ a?]!/? ® |hae : 


(44) 

From the real part of Eq. (44), the ampli- 

tude of oscillation K=wxh/ can be obtained as 
n/Nin=6?/sin? 6 . - 


This is the same as Eq. (31), but now 


0=[(w—a)? +2}? L/2v , (45) 
including the case when w=<@p. 
The imaginary part of Eq. (44) gives 

O—% 99 (v/L) 1—cos20 o.—o (46) 


1—sin 26/20 we 


Wo Mo 
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The validity of the spherical approximation for the potential due to 
nuclei used in the calculation of molecules w.th good symmetry by means 
of one-center MO method is examined for methane molecue. Molecular 
orb:tal wave functions are set up as harmonic expansion about the central 
carbon nucleus, and energy expectation values are calculated with respect 
to the exact Hamiltonian. Results obtained by using various approxima- 
tions are compared. It is shown that while the effect of the angular 
dependent part of the nuclear potential on the energy value is not so 
large as is expected, the electron charge distrib.tion has fairly large 
directional dependence caused by the non-central part of the potential. 


Introduction 


§1. 
Most of the molecular orbital calculations 
heretofore performed have been based on the 
so-called LCAO approximation. The main 
difficulty of this method is that if we want 
to get sufficiently accurate results it requires 
extensive numerical work especially in the 
evaluation of many-center integrals. To avoid 
this difficulty, several attempts have been 
made concerning the one-center method in 
which each molecular orbital is expressed as 
a series of spherical harmonics times a radial 
function about a single center. Thus 


P(t) = 3) Aaati Pr gig Vt) Vigmg(Os, bs). (1) 


The most famous work in this direction is 
the self-consistent field calculation of methane 
molecule carried out by Buckingham, Massey 
and Tibbs. Considering the high degree of 
symmetry of this molecule, they used spheri- 
cally averaged nuclear potential and reduced 
the problem to the atomic one. The configu- 
ration used was (1s)?(2s)*(2p)®, and this corres- 


* Now at the Research Laboratory, Asahi Glass 
Company, LTD., Yokohama, Japan. 


ponds to the product of one-center molecular 
orbitals each of which is approximated by a 
single harmonic term in the expansion (1). 

A similar calculation was made by Bernal 
using analytic radial functions®». In his calcu- 
lation he took account of the exchange terms 
which were neglected in the calculation by 
Buckingham et al. 

Quite recently, Carter has calculated the 
one-center molecular orbitals for methane and 
silane taking account of the higher harmonic 
terms in the expansion of the molecular orbi- 
tals. According to his results, the total 
energy of the methane is predicted very well 
by taking just the first term in each series, 
but higher terms are important in the calcu- 
lation of some other molecular quantities such 
as angular momentum and diamagnetic sus- 
ceptibility. 

If we use the one-center expansion of mole- 
cular orbitals, it will be difficult to obtain 
wave functions with uniform accuracy 
throughout all regions of the molecule. One 
cannot therefore expect good results for the 
calculation of such properties for which con- 
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tribution from the outer atoms is considera- 
Carter’s result reveals this situation. 

In all these calculations, the potential due to 
nuclei has been approximated by spherically 
smoothed one. By using this approximation, 
however, the effect of the attraction by the 
outer atomic nuclei will be considerably re- 
duced. This defect of smoothing approxima- 


tion has been revealed in the calculation of 


electron distribution in CCl; molecule carried 
through by March and his colaborators using 


the Thomas-Fermi method”. 


In their result, 


the electrons have an inclination to concent- 


rate to the central carbon atom. The same 


tendency may occur in the calculation of wave 


- functions. 


Of course, one can by no means 
calculate the directional variation of the val- 
ence electron distribution in this smoothing 
approximation. 

In view of these circumstances, it may be 
highly desirable to consider the angular de- 
pendence of the nuclear potential in the calcu- 
lation of the one-center molecular orbitals. 
In order to reflect this effect in the wave 
functions, we must take account of the higher 
harmonic terms of the expansion as far as 
possible. 

In Bernal’s calculation, the exchange terms 


lower the total energy of methane molecule 


by ca 0.9a.u. which is comparable to the 
binding energy 0.74a.u. observed for this 
molecule. 

Although the numerical calculation of the 


self-consistent field would yield the best re- 


sult, it requires a tremendous effort since the 
Hartree or the Hartree-Fock equations be- 
come a set of simultaneous equations coupled 
with each other in a complicated way. 

In this paper, therefore, we will restrict 
the problem to the simplest one, i.e. that of 
methane, and simple analytic radial functions 
will be employed so as to enable us to esti- 
mate the effects of angular dependent nuclear 
potential by using the antisymmetrized total 
wave function. 


Nuclear Potential and Wave Functions 


$2: 
If we choose the coordinate axes as shown 
in Fig. 1, the potential energy of an electron 


- due to all nuclei can be expanded as 


Vilr, 9, ()=Voint+ VAN AGI, )+ Vir) BO, 4) 
+Vrlr)CG, 6)+-°° (2) 
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The first term V,(7) is nothing but the spheri- 
cally averaged potential used in the previous 
calculations. Here and in the following we 
use the atomic units, so the unit of length 
is the Bohr radius ad. Since four protons are 
at a distance 2a from the central carbon 


Bigs 1h 


nucleus, terms on the right hand side of Eq. 
(2) can be determined as 


—2— 6 fe Se 
Vo(r) (oe) 
| ai We, Ye DSH 
\ is 
la Te iy As 
Vein)= p 6 1/2 ( 4 ) 
| = a Ne yA, 
AG, b)=—2-V4{ Y30(6, $)— Y3-2(8, )}, (4a) 
sae 9a is if (ten 
Vinn= ; ( 5) 
eet oat anit Wee 
27 
5 1/2 
BO, ¢)= as, 1) (Yad, #)+ You, #9} 
if 
=e ) "Yio(8, 9), (5a) 
Weaker ors 8 
(6) 
ae cae 1 if r>2, 
Cerne -() Ce re 
(6a) 


L\2y, 
+(5) Yao(0, 6) - 


Corresponding to the atomic configuration 
(1s)2(2s)2(2pz)(2py)2(2pz)?, we may take the 
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ground state configuration of our ten-electron 
system as 

(la)*(2a1)*(2t22)*(2toy)*(2toz)* « 
Here qa, and f, denote the irreducible repre- 
sentations A, and 7, of the tetrahedral group 
corresponding to the respective molecular or- 
bitals. 

Since the influence of surrounding hydrogen 
atoms is considered to be small on the inner 
K-shell electrons of the carbon atom, 1a, 
function may safely be assumed to be spheri- 
cally symmetric; i.e. 

(lax): Pir)=Cyr P(r) Yoo, ) « Kh) 

In the molecular orbitals of the valence 
electrons, we will include the higher harmonic 
terms up to the third order (/=3). Then, by 
using the group character table, we can as- 
sume the following form for our 2a, and 2f; 
functions: 


* (2a;): Po(r)=Cor P(r) Yoo(9, &) 
+CxrP(n)AG, ¢) , (8) 
(2tee):  da(r)=Cyr Par) T2 (8, ¢) 
“ECs P3712 PG, @) 
Cer P(r) 1266) (9) 


with similar expressions for 2ts, and 2te. In 
these expressions, A(0, 6)=fryz is the func- 
tion defined by (4a) and is proportional to 
xy2/r3, and 

TeV? =pe, T2=dyz, Tx©= frcs22-3) (10) 
are the functions proportional to x/r, yz/r? and 
a(5a*—3r?)/r® and they are expressed as pro- 
per linear combinations of the spherical har- 
monics Yim(@, @) with /=1, 2, 3 respectively. 

Since each of the angular and radial func- 
tions is taken to be normalized as 


{jie Sind dodge = [fire sine dode 


=\"Punrar=1 (11) 


the coefficients C’s must satisfy the conditions 
(Ca ’ C2?+C3?=C2+Cs?+C,2=1 (12) 
For simplicity, the same functions as the Ber- 


nal’s may be adopted as the radial functions 
of the leading terms in (7), (8) and (9): 


Pi(r)=2astre-o (13) 
Pa(r)={128°/(a?—a@B + 82) 

x {(@+ B)r/3—1 }re-Br (14) 
Plea Ania) ean, (15) 
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though the functions used by Carter appear — 
to give somewhat better results. 


As we know nothing in advance about the | 
radial parts of the additional functions, some 
preliminary calculations about the Hartree 
equations for P;(r), Ps(r), Ps(r) were carried 
out using the initial fields obtained from nu-— 
merical functions of Buckingham etal. Asa 
result, it has been concluded that each of 
these functions seems to have a maximum in — 
the neighborhood of the C-H bond length, 


i.e. r=2. Thus we may eventually assume © 
the following form for these functions: 
PYA= OB Sore (16) 
P(r) =(243/80)¥2r8e-8"/? (17) 
Por)=PXN) . (18) 


§3. Variation Calculations 


The total energy of the molecule is the 
sum of the electronic energy FE and the clas- 
sical nuclear repulsion energy Ey: 


2 [pte Var dry Sdny, 1 sag 


Ey ={404+3(3/2)¥/?}/2 , (20) 
where & is the Hamiltonian of the electron 
system 


Eg = HO+3, =, (21) 
UP) 
High Ac eee eee (22) 


Z 
and ¥ is the Slater determinant given by 


¥=(10!)-¥? Det[didridodapepePudupep:| , (23) 
where electrons in the orbitals with upper 
bar have an opposite direction of spin to those 
in the orbitals without bar. 

The electronic energy E is expressed in 
terms of one- and two-electron integrals as 
follows: 

E=2] (1a) +21(2a;) +6] (2tez) +Fo(11) 

+4Fo(12)Cy?+4Fo(13)C3?+12F(14)C.? 
+12F(15)C5? +12 F(16)C eg? + F(22)C 24 


+2FV2B)CPC s+ FlB3)Co+ 2 G3(23)C27C3? 


84 800 
F (33) C34 
ae (33) C3 tongs 
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+ 12F(24)CCe—1BY 21,23: 45)CxCsC.Cs 


4+-12F (25) C808 + 1(23:56)CaCsCxCy 
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+ 12F(26)C Co? + 12 Fy(34)C2C 2 


_32V21 
99 


16 
oP 33 F'((35)C3?C 5? + 12Fy(36)C3?C 6? 


415F\(44)CA— : FA44)Ck+30F (450202 


12 
+ 7 F(45)CPC5?+ 30Fy(46)C 2Co? 


2 
5 


60 


| 30 
+15Fy(55)Cs4 —~ aia: 4 
15 Fo(55)Cst = Fa(55) Cot — 77 Ful58)Ce 


+30F (56) C2C.2+ 2 FA(56)C2°Co? 


af ot F(56)C3°Co? 

+e & 1(55:46)C.Cs?Cy 

— 3 1(55:46)C.Cs*Co-+15Fy(66)Cs! 
4 / 3 14(46:66)C.C¢ 

+e 3 1(46:65) C10 +e Ca(A5) CC" 
Ss 3.145 :56)CiCs°Co 


4 
2° GXAB\CE C+ SOG UAB \CECs? 


eC (as)CeGa 


ee . a2 2 


—2G0(12)C4— = Gx(13)C2—2G,(14)C 2? 


= 2 Gx(15)C3— ; G(16)Ci? 


26,124) C2C2— 2 Gy(B5)C¥C" 


mn / 3 1(24 Uielotore! 


18 
—2 G25 \CIC 55 Gil34)C2C2 


= jg CBBC 


I,(33: 46)C3?CyCg + 12F9(35)C3?C5? 


ai = Pu4B\C PCA? Vy : 1o(44:46)C2C, 


12 fag , 
n aah ¥ 1(25:34)CxC:C.C, 


8 
— 5 1(25:36)CsCsCiCo 


8 
+4- 5 J 2 h(84:36)CYC.Co— 2 G3(26)C2C,” 


8 
= Cs5)C8C— : 1s(26:35)CoCsCoCo 


_8 
21 


peter 
+35 3 1(34:36)Cs°C.Ce 


680 G 20.2 
— 5544 F985)CS°Co 


G.B4C2C2— 3 | Gi(36)CC? 


5600 


13494170 20)Es*Co® 


+2 GAS CPC PEE Gi(56)C,2Cy? 


+2 y/ 2-H(45:56)C.C3C, , : (24) 


where one-electron integrals are expressed as 
usual: 


1da)=\[oroyHind(nar . (25a) 


2ay)= | tr) Hirydalo)dr : (25b) 


VQ y= | pet(r) Hr) gelridr= 12tey)= MOricn) : 
(25c) 


Since our orbital functions are not of single 
term, two-electron integrals have the follow- 
ing form in general 

Inij sl) = \\ 1" PY)P PY Pur dvdr’ , 

‘’> 
(26) 
and F and G are the special cases of this 
general form 
F (ij) = In(tt:JJ) (27a) 
Gatip=InGI 07) & (27b) 

Following the variational method, the elec- 
tronic energy E is minimized with respect to 
the parameters, a, 8, 7, Ci, Co, ---, Cs under 
the condition of Eq. (12). The calculation of 
Buckingham et al shows that the 1a, function 
does not differ much from the self-consistent 
function for the free carbon atom. For this 
reason, the minimization with respect to a 
was not carried out. Comparing the results 
of Buckingham et al and of Bernal, we took 


a=5.52. For several sets of the values of B 
and 7 numerical calculations of the one- and 
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two-electron integrals were carried out, and 
the coefficient C’s were determined so as to 
minimize the value of E for each set of 8 
and y¢. 


§4. Results and Discussion 


The results are listed in Table I. From 
these values, we can find that the minimum 
value of the total energy occurs at B=1.73 
Anya 

E+Ey=-—39.64 a.u. 


The coefficients C’s corresponding to this mi- 
nimum energy value were found to be Cy= 


Table I. Calculated Expectation Values of the 
Total Energy. 

ao) the brag B | Cc | 4B 

50 1.30 —38.095  —38.964 

70| 1.20 | —38.424 | —39.270 | —39.581 | 0.311 

70/ 1.30  —38.401  —39.314 | -39.636 0.322 

70, 1.40 —38.286  —39.257. 


1 
1 
1 
1 
1.125, —38.385 | —39.178 | —39.487 | 0.309 
1.20: | —38.426 | —39.277 | —39.588 | 0.311 
1.30 
1 
1 
if 
1 
1 
1 


a 
~N 
oO 


mss le 


—38.394 -39.315 -39.636 0.321 
75 1.40 38.270 ~—39.252 | -39.576 0.324 
80 1.20 -38.424 -39.279 -39.588 | 0.309 
80 1.30 —38.383 ~39.312 -39.623 0.311 
80 1.40 —38.250 | —39.244 
90 1.30 38.353 39.295 | 
90 1.40 -38.201 -39.214 | 


: values obtained by using spherical approxima- 


tion (without exchange). 
B: values obtained by using spherical approxima- 


tion (with exchange). 
C: values obtained by taking account of angular 
dependent terms of the nuclear potential (with 
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0.9851, C3=0.172, C.=0.9718, C,=0.227 and 
C.e= —0.064. 

If we take C.=Cy=1 and C3;=C;=C.=0, 
contribution from the angular dependent terms 
of the nuclear potential vanishes because of 
the properties of the spherical harmonics, and 
the results thus obtained, which are also 
shown in Table I in the fourth column, col- 
umn, coincide with those given by Bernal’s 
approximation. In this table, we can see that 
our results are lower about 0.3a.u. than those. 
of Bernal’s approximation. 

According to Carter’s estimation, even when 
Cs; and Cs terms and the non-central part of 
the nuclear potential are neglected, the mini- 
mum energy can be lowered by ca 0.2 a.u. if 
we take account of the second term of Eq. 
(8). Thus we can see that the effect of the 
non-central part of the nuclear potential is 
not so large as we have expected, though our 
results would be improved further to some 
extent by using more appropriate form for 
the additional functions. 

In Table II, energy values obtained by the 
various workers are tabulated with approxi- 
mations involved. As is pointed out by Car- 
ter, there is a numerical error in the total 
energy value calculated by Buckingham et al. 
Hence the calculated binding energy, which 
is given by subtracting the total energy E+ Ey 
from that for C+4H calculated by Torrance”, 
becomes slightly negative. Since Torrance’s 
calculation is based on the numerical compu- 
tation of the self-consistent field without ex- 
change, it is of little meaning to compare it 
with the E+Ey values obtained by using 
other approximations. If, however, the non- 
central terms of the nuclear potential were 


exchange). took into account in the calculation of Buck- 
4E=B-C. ingham et al, their result would be improved 
Table II. Comparison of the Various Calculations. 
cts ' ; ‘Angular dependence of|Higher harmonic 
Author ‘Radial ee the nuclear potential | terms of MO’s Exchange terms | Total energy 
B.M:T.* | numerical neglected neglected neglected | —39.47 a.u.** 
Bernal analytic neglected neglected considered —39.33 7 
| 
Carter | analytict** | neglected considered neglected | —39.68 7 
PES | analytic | considered ' considered | considered | —39.64 7 
cll | | 


* Buckingham, Massey and Tibbs?).. 
** Corrected value. 
*k* Carter’s functions are different from those 


adopted by Bernal:and by the present authors. 
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and, as we have seen in the above considera- 
tion, the calculated total energy of methane 
would be lowered by at least ca 0.3 alien 
yielding the positive binding energy of about 
OPalte—2.7 eV. 

In order to see the effect of angular depen- 
dent part of the nuclear potential on the elec- 
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nl2° 
0 


8 
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tron distribution, we may divide the whole 
space into eight regions by zy-, yz- and zz- 
planes, and calculate the number of electrons 
belonging to each of these divisions. As is 
seen in Fig. 1, protons are located in four of 
those, and the number of electrons lying in 
one of them can be easily calculated as 


nem ig HCC (tn) 14)" "AC, 6) sin 4 dodo "P,P 
0 0 


[2 co 
+ 12C.Cs) \ I PLOW MOR NM) aode| P,P 3dr 
0 


a|2 
0 


0 


a[2Px 
mn 1200C4| 


0 


n|2 /2 : co 
+12CC,| \ T,%T,© sin 0 doad| P,P odr=1.25+0.25 . 
0 


0 0 
Similarly, the number of electrons in one of 
the remaining four divisions is 
n-=1.25—0.25 . (28b) 

If we use the simplest Heitler-London 
method and neglect the non-orthogonality of 
the hydrogen atomic orbitals with each other 
and with carbon atomic orbitals, ten electrons 
are accommodated as (1s)?-¢,:h1- $2: ho: $3: hs: 
obs:hy. Here ¢; denotes one of the sf? hy- 
bridized orbitals which points to the 7-th hy- 
drogen atom whose atom orbital is expressed 
by hi; e.g. 

$:=[(2s) + {(2bx)+2pr)+(2p)}12 , 

and the colons express the bondings between 
the orbitals connected by them. In this rough 
approximation, electron distribution is given 
by 

o(r)=2(1s)?+ (2s)?-+(2pz)?+ (2py)? + (2pz)? 

Pheehs hs he : 

Since the first five terms give the charge dis- 
tribution of spherical symmetry, angular de- 
pendence comes only from the last four terms. 


Then 
0 0 


einiel fs 
and 
n= +\\"| "na + hat he+ hededyde . 
OJ0 JO 


If the hydrogen atomic orbital is confined only 


/2 co 
\ Tz@T,@ sin 6 avde\ P;P.dr 
0 0 


(28a) 


in one of the eight divisions defined above, 
n4=0.75+1 and n-=0.75+0. The numbers 
given by (28a) and (28b) correspond to u.= 
0.75+0.75 and w-=0.75+0.25. If we think 
about the fairly large extension of hydrogen 
atomic orbital, our results (28a) and (28b) seem 
to express the electron distribution with fairly 
large directional dependence. 

In conclusion, the authors wish to express 
their sincere thanks to Professor M. Kotani 
and the members of his laboratory for their 
continuous encouragement during the course 
of this work, and to Mrs. H. Komuro and 
Mrs. M. Sekiyama for their help in trouble- 
some computations. A part of this work was 
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In this paper a method is developed for determining the electromagnetic 
field produced by a microwave antenna. The theory is developed for the 
condition that the index of refraction of the atmosphere varies with height 
as A+Bh+Ch?, for the flattened earth. From the rigorous solution the 
geometrical-optical description is derived. The Hertzian vector is split 
into the geometrical series, each term of which corresponds to the rays 
reflected 1, 2,3,--- times by the earth, when the “duct” is formed. 
Among these rays there are the rays whose propagation constants are 
complex number. The existence of these rays explains the “radio duct 
phenomena” in the cases when the transmitter and the receiver are 
located both out of the “duct”, and when they are in and out of the 
“duct”, respectively. For the field strength in the vicinity of the cusp 
of caustic, we use the original integral and calculate by numerical in- 
tegration. The field strength of the reflected rays at the cusp of caustic 
is 3.2 times that of free space for A=2xcm, 6=5 x 10-5/m, z9=100m, 21= 
z2=60m, r=62.8km. The interference of this strong field of these re- 
flected rays with the weak field of the diverged direct ray may be the 


cause of the large fading range when the “duct” is formed. 


§1. Introduction 


In the Part I of this paper® the field from 
a dipole is expressed in the form of the 
residue series which converges rapidly when 
the distance is large. While the convergence 
is not appropriate for numerical evaluation 
when the distance is small. In this paper we 
deal with this problem by ray method starting 
with the integral (15) of Part I of this paper. 
The integral (15) is split into two exponential 
integrals which correspond to the direct ray 
and the reflected ray by the earth in the case 
when the “duct” is not formed. In the case 
when the “duct” is formed, the integral (15) 
is split into a geometrical series, and each 
term of this series has the form of an ex- 
ponential integral and corresponds to the ray 
reflected 1, 2, 3, --- times by the earth. And 
if a source is located in the “duct”, the rays 
rediated with real angle and once reflected 
totally by the inhomogeneity of the atmosphere 
never get out of the “duct”. In the cases 
when the transmitter and the receiver are 
both located out of the “duct ” and when they 
are in and out of the “duct”, respectively, 
the saddle points of these integrals become 
complex and these correspond to the rays 
which start with complex angle and reach the 
receiver. This explains the “radio duct 


phenomena ” in these cases. 

In the case when the “duct ” is formed and 
the source is in the “duct”, the ray leaving 
horizontally has the smallest range between 
successive reflections at the surfoce of the 
earth (let this range be 2R) among the rays 
leaving the source, as shown in Fig. 1. A ray 


leaving the source at a negative inclination 
a has its first reflection at a horizontal dis- 
tance less than R and its range between suc- 
cessive reflections is 2R+O(a@2), hence such 
rays must form one of a caustic. And the 
rays leaving the source at positive inclinations 
may form the second branch of a caustic. 
The field distribution in the neighbourhood of 
a caustic can be calculated by Airy’s integral, 
but this treatment does not apply in the 
neighbourhood of the cusp of caustic. The 
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field in this neighbourhood was evaluated by 
D. R. Hartree, Michel and Nicholson”. The 
theory developed here is intrinsically most 
accurate in this neighbourhood and is _ less 
accurate as one recedes from the cusp of 
caustic. The rays once reflected converge 
and the field strength at the cusp of caustic 
due to once reflected rays is large. The in- 
terference of this reflected rays with the 
diverged direct ray in this neighbourhood may 
be the cause of the large fading range due to 
the “duct ” when the reflection coefficient of 
the earth is small. 


§2. Ray Theory 


In this section we shall derive from our 
solution (15) of Part I the geometrical- optical 
approximation which is valied for short wave 
length. The procedure has been developed 
by many writersP»»)9)); we apply this method 
to our case. By the aid of the asymptotic 
approximations given in §3. b), c), d) of Part 
I for large x, we have the asymptotic expres- 
sions for the integrand in (15), and find the 
value of 7» for which the phase of the 
integrand is stationary, if such point exists, 
and evaluate the integral around the point of 
stationary phase. This procedure corresponds 

to to find the path and the amplitude of the 
ray. 

We rewrite the integral representation (15) 
of the Hertzian vector in the form 

~ 2H 


co 


b acne (kor\/1—4b2 Hy) v(r) dr (15) 


=, Ee (kor/1— 4b? FP) (U(r) 


—V(7r)\eta(a1, 7 )ua(x2, raz , cy 
where 

ee tay 2 

Heer as G8 


And wu, and uw, are expressed in terms of 
Weber’s functions [cf. (9), (10) (D]. 
According to the result of Part I of this paper, 
Weber’s functions are expressed as follows: 
We divide 7-piane into four subdomains corres- 
ponding to the four subdomains of wpo-plane 
(Fig. 1 of Part I), and the corresponding sub- 
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domains for the complex 7 +7/2=(2,/4) sinh? wo 
have the same numbers as shown in Fig. 2. 
When z is large and positive and 7 is large, 
Deiy-1/e'™!*x) and Diy-12(e-'"/4z) are expressed 


lagen, As 


7-plane. 


in terms of (w,), (w,+2z2) and (w,.) in Table I 
of Part I, and (w,), (wi+277), (wz) are appro- 
ximated by their asymptotic expansions as 
follows, 


Pg ee SO es | Tee 2 
ODES UGE Pe aerate fae 2 
+7 V2 +4(r+i/2) 


disposed ae oe: 


—r log (r +1/2)} : 


oe ent (-1/2)/4 £ | wae 
eee 


Von Tet A FHP) 
+7 Veta +72) 


+r log 2.5) 


aE 
2 ’ 
Ae eC ex (Y-t/2)/4 

SREP RT VCHE 5 tee 1/2) 


r+4/2 


xexp i 9 +4 Vat+ Ar +i/2) 


ae 2+ ie ry log (r +i/2)| 


ie 
(2.6) 
and I'(ir+1/2), when y is large, is approxi- 
mated by 
Pir +1/2)~V an exp {—i7—-1/2 
+ir log (ry —1/2)—r7/2} . (2.7) 
When z is large and positive, and 7 is small, 
we use Weber’s functions the asymptotic 
expansions given in §3. b) of Part I”. 
For the transitional region, the asymptotic 
expansions given in §3. d) are used. 
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As for negative values of w, D-iy-1, and 
Diy-1j2 are given by the circuit relations”; 


Dr —e!*! 42) = e-"™ Dre? 42) 


es V2m_ picnsiye/2 -n/4 
—tiC7 1, ae 1, e 2.8 
ri n) é D i(é 2) ( ) 
yest —ttt/ 4 — z V 2n —nt/2T),, in/4, y 
D_n-1(—e 2) rin 1° (e*/4z) 


—e7 "4 D)_n_3(e7**/4z3) . (2.9) 

Thus the asymptotic expansions of Weber’s 

functions are different accordings to the sign 

x and the value of 7 in relation to x; the 

asymptotic expression of (2.1) has the different 

form according to the signs of 29, 21, #,. We 
divide this into four cases: 


i) Foy SO) x1 >0, x, >0. 
ii) to <0), a 0; x >0. 
111) wy <0, x, >0, ta<_ 0, 

OL wa; 21<0, Loy MN) 
iv) a), a0), aE 


For these four cases the different terms ap- 
pear in (2.1), and the corresponding ray con- 
figurations are different. But as the method 
of deducing the corresponding rays from these 
different terms is quite similar, we illustrate 
this by the example of the case ii) 2<0, 
x1.>0, a2 >0, (a1 >) in this section. 

To begin with, we divide 7-plane into the 


HS (bar V 1468 Br g 
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sub-subdomains in relation to x, 21, %, as 


follows: We write 
eee =" sinh? Woo sinh? wo; 


2 
==") sinh? wos ; 
4 


and when wy lies in the subdomain 3, wo in 


the subdomain 3, woz in subdomain 4, 7 lies 


in the sub-subdomain 3), 3;, 4, as shown in 


Fig. 3. We write the asymptotic expression . 


Fig. 3. 


y-plane. 


of (2.1) in these sub-subdomains and evaluate 
this integral by the method of steepest 
descents. 

In the limit of large y (in comparison with 
2) we have 


1/2 
) exp (ikorV/ 146? Hip —in/A) . 


When 7 lies in the 39, 3:, 3, sub-subdomain, the second term of the right-hand side of (2.1) 


can be written as 


z 
~on |. 
eitls 
~ HY 2zrkor 


where 


r= her V LAB +g Ve A + iD)" 


Ho (har V1 Ab Hi) Oe) 


" [(1—4b?- A? ){ar?+4(7 +2/2) Hare? +4 (7 +2/2) } {exp ig(r)} dr , 


AG ie) (#5, 7) Ua(@1, 1) ar 


(2.10) 


+7 logltwit+VaP+4(r + i/2)} ee + V22+4(7 + 7/2)}] - 


And when 7 and 2,?+4y are large in comparison with 1/2, we have 
2 


a Aa lee a) bo a VaPr+4y — 


ti titVart4y 


Wi ae 2 +4 +7 log é 
= i tot V ey? + ay 


The point of stationary phase of this integrand is determined from 


Oq(7) Or = —(br|V1— 402 H?y + log {(a1 +V 22+47 )/ (a2 +V a? +47 )}=0. 


(2.11) 
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The saddle point 7) can exist in this sub-subdomain, if by <(1+b2H 2x22)? log {ay + %12—2»2 /a2}, 
and the value of this 7» is real and Yo > —a»7/4 as shown in Appendix. This saddle point 
gives a ray which directly reaches the receiver and satisfies the Fermat’s principle; a brief 
calculation gives (2.11) an integral form 


s [* __ Mai)cos a dz 


where a@ is the inclination with which the ray leaves the source, and Mz) cosa/No 
=V 1—4?H?;,. The Hertzian vector due to this ray is calculated by the method of steepest 
descents, and is given by 


Fo ~ {expigtra)}{ VIA Ht Varta Vatt4hy 


or Net odtdyy VW ah+dre 
OHV at bry Vee + Ae) en; 
~ (see i =A” expiq(rs) , (2.12) 


where @, is the divergence factor of direct ray due to the inhomogeneity of the atmosphere, 
and the value of @1 is nearly 1 when the distance is small. Further investigation shows 
that there is no saddle point in the other sub-subdomains, so the contribution of the integral 
in these sub-subdomains is small. 

Next we shall evaluate the Hertzian vector due to U(y). In our case 2 is negative, we use 
the circuit relations (2.8), (2.9) and we have 


U(r) — pin O/Ox) D-ty-1 (ve!) Jonny — Ap D-iy-1 2(a0e'™") = git/4 E (—ir +1/2) e-(/-t/2)m/2 


{ (0/02) Diy-1j2(ve-"™) r= 9 — Hp Diy -1 j2(0e'”/*) V 2x 
» OT (etre ot 1/2) cy-is2)nj2 (0/02) Diy-1 2 (we) ye= |xg| is ApDiy-1/2 (1x0 i) (2 13) 
Vln { (0/02) Diy-1 owe") }e=2y — Ap Diy-1 poe) “f 


Further the second term of the right-hand side of (2.13) becomes 


— cri I  Dey-ualtesie-™") {9 log Diy-1;2(we7**!*) +Hp |/ 
7 v x=|xq| 


nae V 2x =(y-t/2)¢/2.)_, a: | ott /4 1e ; pittls 
OME LY D-iy-1/2(|xole ) Ox log D-iy-1/ (ve ) 


+e-Q-tl2e Dy-uallealen")| fo log Diy-1;2(ve-™"*) 
xv 


+H | 


v= lary | 


+ Hp Peeroim (Pir 10) 


x= |x| V 2x 
Pace (2 JI pr FY2) 0 yt i2yep2 Diy-ss2l ole") i ile 2.14 
* Dty-s2llzole™”) C V 2x q D-ty-1;2(|x0|e"*"*) C ; 4 ) 
where 
BaP 10g Dermria(uen)} HD, (2.15) 
az C= aq | 
c=] : log D-iy-1/2 (wet!*)| lp, (2.16) 
Ox eee 


In the domain of 7 which satisfies the following relation 


| Le 1/2) o-y-t/2) 02 Derars |o| eo") z) 1 
V 2n D-iy-1/2(|xole* /4) ; 


(2.14) can be expanded in the geometrical series. By the similar method that we used when 
we investigated the residue series in Part I, in the case Hp=~ this is the domain of 7 which 
satisfies the following relation, if we write 7+7/2=(«»?/4) sinh? (@) +78), 
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sinh 2a sin 2By , cosh a+cos 8) cosh 2a)sin Fees sin Bo Sz ) 0 


sinh a sin By — A A ee Ae 9 


as is shown in Fig. 4. We write (2.14) in this domain in the form 


PtHir pe) eaety-i/D/2 Pir tt V2) 6 g-i2y.np2 Drs Se pale : (2.17% 
V 2x n=) V 2x Joes iy- 1/2(|@o|e**/*) G 


Using this result, we write U(7) in (2.2) in the form 


U(r)= Udlr)+ S Unlr) . 


At first we consider the Hertzian vector due to Up(r). When 2, 21, 22, 7 are large and 
y lies in the 3y, 31, 3:, sub-subdomain, and 7 and ie a are large in comparison with 1/2, 
we have 

i |" He (har V1 4b? Hp Uo ruler, Dualit, 1dr, 


e7mi/4 


~ HY 2k |" (dab net tanyles bar) exp tpolr)d7 , (2.18) 


where 


(ai tVe2+4r \a2+V 22+4y7 
4r 


IRT (2.19) 


polr)= hor V1 ABP + Vo Fay + Vek +4 +7 log 


‘aca ies onsite e stations nies i this inte- 
grand is determined from 


Y-plane 


9007) bry ab Hy 
Or 
(-= == sSs5=555a=== +log (atVay 2+ 47 ves 2b V ay? t+4yr ) 
+in=0. (2.20) 


The saddle point y ) can exist in this sub- 
subdomain, if 


Fig. 4, [e-@-wee (= tr4+1/2) Dy-ip| 1 in br >V1+46? A? x, log{(ai+V a?—2," )/e2}, 
ie Vv 2n D-iy-12 and the value of this 7» is real and —2,2/4< 
bie ido ial Abie CNeneert ed sme: yo<.0. This defines the direct ray totally 


reflected by the inhomogeneity of the atmosphere. The contribution from this ray to the 
Hertzian vector is evaluated by the saddle point integral, and is given by 


; 1 
eo - exp tpo(7o) 


Cras V wy 24 Ay, ve IV ,2 +4ry 


see Vixtt+4ro 4 Vor+4re Ma b:H?V 224479 V 02? seul 
ts 1—4b° Hy, 


br ) 6 7= 


= ay exp ipol7o) . (2.21) 


where a, is the divergence factor of this ray. The point of sationary phase does not exist 
in the other sub- subdomains of 7. When y is small in comparison with 22 , we use the asymp- 
totic expansions of Weber’s function in §3. b), and we obtain corresponding to (2.21) 
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v lw br . ON 5 We 
02 = V 2br exp( — D exp 2( Ror + 4 af 4 Site i) fe (2.21’) 


where 
—To=(w1%2)"/2 exp (—5dr) . 


Next we consider the Hertzian vector due to Ux(7). When xo, 21, a2, y are large and 7 lies in 
the 3), 3:, 3, sub-subdomain, and 7 and ai?+4y (¢=0, 1,2) are large in comparison with 1/2, 
we have 

TS ie got Bek 2 Be 
we | Hy (hor V1— 46H) U(r)uedes, Duele, 1dr 


eit/4 fc B Y , 
~ AY 2nkor 1. C )L AEP Ne? Arent Ms exp ipi(r) dr , (2.22) 


where 


pi(r) = hor 1.408 Hey + Vath +2) Val td + V ah er 


+7 log (leol+Va?+47 Paatv w2+4y \e2+V x?+47) , 


167? 
And the saddle point is determined by 


The saddle point lies on the real axis and 7) >0. This defines the reflected ray by the earth. 
And the contribution of this ray to the Hertzian vector is 


B Nal V1—46? H*y,( V2? +4 V e+4 
Plt | {exp ip a)) a ae ai 10 2 ad ee ) 
; G ' é aes br V 22+47, Al V 292 +47 m2 


oH? V 1-407? ) a Vs dit 
oe eo ie t he AS OTEE TO 2 8 . Tape 
pasta ae orrn (Ces SVArR mW Vat 4) V2? +479 ( ) 


By the appropriate approximation, we find 


ae )~ —/2)V 2x9? + 479 — Hb _ (ha*/o*) cos 8 — V(he?/ko?)—sin? 9 
XG (2/2)V xo? +47) —Hb — (hen®/Ro”) CoS 9+ V(he?/Ro?) Sin? 8 
for a vertical electric dipole 
_ cos O— V (hy?/Ro?) — sin? 0 
cos 9— VY (ky?/ky?) — sin? 0 
for a vertical magnetic dipole 
where @ is the angle of reflection, and this is the reflection coefficient of the earth. There 


is no point of stationary phase of this term in the other sub-subdomains. When 7 is small 
in comparison with 2, «1, v2, we obtain corresponding to (2.24) 


: . 7 Ely Maris ye : 
v~Vbr ) Jeo] exp( ue exp i( bor ae ae +78 4275) 2.24’) 
de Uy1e2 4 2 4 4 

where 


—br 
Yo= || V x12, eXP ( D) ) 


At last we consider the Hertzian vector due to Un(r). When a, a1, 2, yr are large and 
y lies in the 3), 31, 3, sub-subdomain, and if y and w?+47 (7=0, 1, 2) are large in comparison 
with 1/2, we have 
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BH | (Ror V 1—4b2H?7) Unk 7 u2(a1, T Us Go, y)dr 


eit/4 oo BY Z 
VERS} 1—4b?A?y)(a? +4 v2” 4 2 ex n dr ’ Del) 
AY 2xkyr iced { rar? +47) (wo? +47) } P tpn(7) ( 


where 
aol + V Jarl? +47 
D 


| poly) = hor V1 AB EP y + i(n— Dare” ont" za V lwo? +47 + 2nr log 


(ntir log r+ Varta +2V aitdy +1 log tan bar Mest V eet A) 9 | (2.26) 


And the saddle point is given by 


Opn(r) = br, (lol t+ Vp? 47) Mt Va +47 at V oP t47) 1 1) =0. 2.2 
Or Via a : Cpe ate +1(n x te ( . ‘) 


In this case, the saddle point does not lie on the real axis but 7») has the complex value and | 


its imaginary part is positive (as shown in Appendix). This defines the ray which reflects 
n times from the earth, and is totally reflected and attenuated by the inhomogeneity of the 
atmosphere. The contribution of this ray to the Hertzian vector is 


Pn~ 7 (c) & iPn(Yo) }[(1--402- 70)!" (a2 +47 0)/2(ae? +47 0)*/2(1/2br)(—Opn(r0)/Or)]-¥/? . (2.28) 


There is no point of stationary phase in the other sub-subdomains of 7. When 7 is small in 
comparison with a, x1, v2, but is large compared with 1/2, we obtain corresponding to (2.28) 


Pig. Se SEea Ue eae Fig. 7. <0, <0, » 


Fig. 6. 2 >0, 21 >0, a>0. Fig. 8. on 11<0, <0. 
v,~—V a ( Z i) | 20)" a eS seh oe ae tae 
+ @oUe pet cae, (2.28) 
where 
ro = (ayay22) VHD exp(s aT) 
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This shows us that the attenuation of this ray becomes small as m becomes large. The field 
due to these multi-reflected rays explains the “radio duct phenomena” ray-theoretically in 
our case. The rays derived above are shown in Fig. 5. 

And the rays in the cases i), ii), iv) are shown in Fig. 6, 7, 8, respectively. 


§3. The Field in the Vicinity of the Cusp of Caustic 


As mentioned in §1, there are the caustic and the cusp of caustic, when the “duct” is 
formed. The treatment of the field distribution in the neighbourhood of a caustic, away 
from the cusp, is due to Airy and is classical. This treatment does not apply in the im- 
mediate neighhourhood of the cusp of caustic, where three rays of the system pass through 
each point between the branches which meet in the cusp. The points of the cusp of caustic 
are, in our case, 7<0, m=a2<0 and br=2n/1+5?APx,? log (le0l + Vay?—22/|z21). In the 
vicinity of the cusp, the saddle points of the terms in (2,1) corresponding to the reflected rays 
become nearly to —2,2/4, and in this transitional region D-iy-1/. and Diy-1/2 lose their ex- 
ponential character, and we can not evaluate the integral by the method of steepest descents. 
We evaluate the original integral by the numerical integration™® using the Hi;; approxima- 
tions® for D-iy-1y. and. Diy-1/2, and calculate the field at x=21, r~2Y1+6? H? x, log {(|20| 
+V a? —212)/|21|), due to the once reficted rays from the earth. 

The Hertzian vector due to the rays reflected once is given 


"di nein Ret®ME{ yj, (Ee-™) Pdr _ (2.29) 
4/ 2H )_. (horV1—402 Py) V w/t | 
where 


60) =hor V1—4be Hy + Vay? 4 4p +21 log (leo -+ V/an92-+ 47) —1 log (—4r) , 


C= el V22+4y +7 log (lai|+ V gt ay 5 bog ee be 


And we write €&=r+2127/4=r-—7o, then in this transitional region €~46&?//3e for |4€/a.?|<1. 
Using these we write (2.29) in the form 


Vi~ V a T Ce fs R exp {ib(7o) +1E 6" (7 tH /2 O° Coo) EV Hn O( See ae : (2.30) 
“47 oH (Roy V 1—4b2 Hy)!” 3x 3u 


Using the relation 
Hyjx™(ze-*) = Hy sa) +e" ys) ; 


(2.30) can be written as 


V rRexpi{z/12+¢(7o)} | (* A egiee Hyp DE Aes 
Yi 7 Mor V 1b)” Ne _[exvie0' (ro +854 ies) Gaal, 


4é 46/2 463/2 Aor 
+{" | ex ied’ (re) +15 Oro He ak | Hi o( ee )f + 2e- P Hyp (' oe Hin 3, ) 


3G 


5 Cae 
4 g-2el/3 {Hi ie =) yF] a | - V «0 ~Rexp i{7/12 + (70) } i { exp igo’ (r0)+i a? (70) 


Ay 2 H kor V1 —46? A? 7)” 
; 2 4é Agi? *Cpitt/3.h/ © 21/3 4)// AG le 
seegie V2 (Aa) texpstenne Go tiz eran) —F ) (ae) 
2 uJ 4 of 462? 4g3/2 
x {Kan( “3. )b +2{ expied’ (ro) +i wy) iF Fs ie 3 *\ Hh ib 3 ) 


+ fexpite0 (7) 415 eee” (ro h() Gals os, yt fe | (2.31) 
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Among the terms of this integrand, the term 
containing Hy/3°? and Hy; gives the largest 
contribution to the Hertzian vector. And this 
term corresponds to the rays which form the 
caustic. 

We obtain ¥,=3.2/r for the case A4=2z2 cm, 
b=5x 10-5/m, z=z,=60m, r=62.8km, the re- 
flection coefficient of the earth —1. 

The interference of this converged reflected 
rays and the diverged direct ray which dis- 
tance as (2.21’) may be the cause of the large 
fading range when the “ duct” is formed and 
the reflction coefficient is small. 


§4. Conclusion 


In this paper we developed a method to 
calculate the field strength when the modified 
index of refraction varies with height as 
A+Bh+Ch?. By this method, the electro- 
magnetic field produced by a microwave 
antenna may be calculated except the cases 
when 2, 21, %, y are small. The field in 
these regions may be extrapolated from the 
other region. This method is useful to 
evaluate the field in the lit region when the 
“duct ” is not formed. But when the distance 
is large, the calculation of the field due to 
the rays reflected 1, 2, 3, times becomes 
tedious in the case when the “duct” is 
formed, and the calculation by the mode 
theory may be useful in the lit region. 


Ryozo YAMADA 
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Appendix. Determination of the Point 
of Stationary Phase 


To determine the point where Op(7)/07=0, 
we consider the locus of 0p/07 in the complex 
plane, when 7 lies along the real axis, except 
it shall include a small semicircular detour in 
the upper half plane about the singular points 
on the real axis, and a large semicircular path 
in the upper half plane as shown in Fig. 10 
(we seek the saddle point in the upper half 
plane). In our case there are no poles in the 
domain encircled by this contour, if this 
contour encircles in a positive sense Z zeros, 
the corresponding contour of 0p/07 encircles 
the origin Z times in a_ positive. sense. 
Furthermore from this contour, we are able 
to determine the point 7, in whose vicinity 
Op/Oy=0 exists. In our case we find the 
asymptotic expansion of ¥Y in certain sub- 
subdomain, and determine the point of sta- 
tionary phase of each term by above proce- 
dure. If such point exists and this point lies 
in this sub-subdomain, this is the point of 
stationary phase of the term of ¥Y and this 
defines the real ray. In our case this is shown 
for po(y) and pr(7) in Fig. 9, and 10, respec- 
tively. 
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The transonic flow past a two-dimensional symmetric body with sharp 
shoulders placed in an unbounded compressible fluid and in a choked 
wind tunnel is studied by the use of the model flow, where the flow is 
assumed to separate from the surface of the body at the shoulder in- 
stead of performing the Prandtl-Meyer expansion. Applying this model 
flow method to the flow past a finite wedge, and comparing with the 
more accurate solutions derived by Guderley, Cole, Hida and Marsch- 
ner, it is found that the accuracy of the predicted values of the pres- 
sure distribution over the surface or the head drag coefficient is fairly 
good, but that as for the choking Mach number this model flow gives 
a rather different value from that of the real flow. The pressure dis- 
tributions over the surface of the several symmetric profiles with sharp 
shoulders are calculated by this model flow method. 


$1. Introduction 


We shall consider the two-dimensional 
transonic flow of a compressible fluid past a 
thin obstacle which is symmetric with repect 
to the uniform velocity vector and has sharp 
shoulders at the position of maximum. thick- 
ness. According to the transonic approxima- 
tion originally due to von Karman”, the 
fundamental equation can be transformed to 
Tricomi’s differential equation in the hodo- 
graph plane. In such a case as a wedge 
profile, the boundary curve can be explicitly 
determined in the hodograph plane as well 
as in the physical plane. The flow can be 
found by solving Tricomi’s equation subject 
to the given boundary conditions. Thus, 
Guderley and Yoshihara” obtained the solu- 
tions for the flow over a wedge at Mach 
number 1, and Cole® and Trilling and wal- 
ker obtained the solutions at high subsonic 
speeds. Marschner,®? Hashimoto” and Hida” 
studied the flow past the wedge placed along 
the center line between the two plane walls. 
Since the boundary curve in the hodopraph 
plane cannot be explicitly determined in 
more general cases, it is not convenient to 
deal with the problem by the hodograph 
equation. 

On the other hand, the pure subsonic flow 
can be very easily dealt with by the simplifi- 
ed W.K.B. method,®:” provided the corres- 


ponding incompressible flow can be known. 
In our cases, the surface velocity attains the 
local sound velocity at the shoulder. If we 
make use of an appropriate incompressible 
flow, the velocity of which becomes a cor- 
responding value to the sonic velocity of the 
compressible flow at the shoulder and on the 
same curve as the sonic line of the compres- 
sible flow, we can find the velocity distribu- 
tion of the compressible fluid on the surface 


of the front part of the given body (the 


region from the nose to the shoulder). In this 
paper we shall restrict the analysis to find 
the solution in the forward subsonic region, 
but the solution in the supersonic region can 
be given by the method of characteristics, if 
it is desired. 

As the sonic line cannot be known a priori, 
we must assume it. In this paper we shall 
use a flow with free streamlines as a model. 
It is assumed that the flow separates from 
the surface of the body at the shoulder, and 
that along the free streamlines the fluid 
velocity continues to be sonic to the point 
where the inclination @ of the velocity vector 
vanishes, and behind this point @ continues 
to be zero. 

This assumption was used by Roshko!? to 
estimate the drag of a bluff body in an in- 
compressible fluid. By the use of this model 
flow, we can study the forward subsonic 
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region in the flow past a thin symmetric 
obstacle with sharp shoulders by the W.K.B. 
method.®”, Especially in the case of the 
flow past a finite wedge at sonic and high 
subsonic speeds, the pressure distributions on 
the surface derived by this model flow 
method will be compared with the exact 
solutions due to Guderley and Yoshihara” 
and Cole». This model can be modified to 
treat the flow past the obstacle placed along 
the centre line between the two parallel 
plane walls. Also in this case, the pressure 
distribution past the wedge derived by this 
model will be compared with that obtained 
by the more accurate methods due to Marsch- 
ner» and Hida?. As the numerical examples 
we evaluate the pressure distributions on the 
front surface of several thin obstacles with 
curved walls and sharp shoulders placed in 
an unbounded fluid and in a choked wind 
tunnel. 


§2. Outline of W.K.B. Method 


Applying the K.W.B. method derived by 
Imai®»® to the thin obstacle in the transonic 
flow, and neglecting the higher order terms 
of perturbation, we can obtain the following 
simple relation between the magnitudes g, Q 
of the velocity of a compressible and an in- 
compressible fluids on the surface of the 
same obstacle: 


S= (rey yee. (2ia18) 
with 
€=1-q, (2.2) 
7=1—-Q, (2.3) 
r=(7+)/2, (2.4) 


where the sonic velocity and the correspond- 
ing velocity of an incompressible flow are 
taken to be the units of the velocity of the 
compressible and the incompressible fluids re- 
spectively. 

Defining the pressure coefficient C, by 


1 
Creer) i pte 


where p and p denote the pressure and the 
density respectively, and suffix oo refers 
to the quantity at infinity upstream, the 
surface pressure coefficient can be given as 
follows within the accuracy of the approxi- 
mation considered here: 


Gy=—2(6—E8) = (9/T’)1/8{ 2/8 — 9.2/3} 


(2.5) 
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== Pil 1/3 QY Sta 2 hale (2.6) 


in which 
K,=(1—Mypt?4r-23 , (2.7) 


and ¢ and M, denote the half thickness ratio 
of the body and the free stream Mach num- 
ber respectively. 

As the non-dimensional perturbation veloci- 
ty 7 of an incompressible flow is proportional 
to the half thickness ratio ¢ in the first ap- 
proximation of the thin wing expansion 
theory, the expression (2.6) can satisfy the 
Karman’s transonic similarity law”.  Intro- 
ducing the usual transonic parameter & and 


the reduced pressure coefficient C,, defined by 


&=1—-—MY)/PF1+7)?F=23K,, (2.8) 
and 
CoH At 1) tCp , (2.9) 
respectively, Eq. (2.6) is expressed as 
Cp=181/3(y/t)?/2—2E, . (2.10) 


When we consider the flow of a compres- 
sible fluid past the obstacle placed along the 
centre line between the two parallel plane 
walls 7 distance 2L apart, the corresponding 
incompressible flow may be taken to be the 
flow past the same body placed in the similar 
wind tunnel, but with the corresponding 
width 2Z. 

As the flow is almost parallel and uniform 
at a great distance upstream, the W.K.B. 
method can be reduced to the usual Prandtl- 
Glauert’s law. Thus there exists the follow- 
ing relation between the distances ZL and Ly: 


L/Lp=1/V1—M,?. (2.11) 


§3. Flow Past an Obstacle in an Unbound- 
ed Fluid 


We shall consider the flow with separation 
of an incompressible fluid past a thin symme- 
tric obstacle with a flat base. We shall in- 
troduce the complex coordinate z=x+7y, and 
the complex velocity potential w=g-+id, 
where x and y denote the Cartesian coordina- 
tes of physical plane, and g and # denote 
the velocity potential and the stream function 
respectively. Owing to the theory of the in- 
compressible flow, w should be an analytic 
function of z. It is convenient to introduce 
a new analytic function f of z such that 
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aN GE Ned a: 
t=log (ar +i8 : (21) 
where 
r=log (1/Q) , (3.2) 


and Q and @ denote the magnitude and the 
inclination of the velocity vector of an in- 
compressible fluid. Denoting the half thick- 
ness ratio by ¢, and taking the chord length 
to be unity, the profile may be expressed as 


V==s1i(s), O27 = 1. (3.9) 


The magnitude of the velocity at the shoul- 
der being taken to be the unit of the veloci- 
ty, the analytic function f should satisfy the 
following boundary conditions in the z-plane 
Kh Pige Ia): 


along /=-£0; 
NOe ees Spx Uh WH) 
for NS a< ile Wea /sl@), (3.4) 
for 7 ey); 
for et, J=0, 


where a denotes an undermined constant. 

These boundary conditions (3.4) are original- 
ly given by Roshko'!® as a modified Helmholtz 
flow for an incompressible fluid. 


A(i+ct)__ B(K+iB) 
ea 
J 
Ciclo abincieh oe 
(a) Z— Plane 
Oy) A(-) B(m)P=+0 | 
SS 
(b) w-Plane 
(es ee ee a ae pars 2 ere ie Reale oS A 
So 2 eee ey 
fT (-k) 0 (0) 


(C)) 4 = Piane 


Boundary conditions for the flow past a 
body in an unbounded fluid. 


bigs 1: 


In the w-plane the boundary conditions (3.4) 
are transformed as follows (cf. Fig. 1 (b)): 


along /=+0; 
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for —~<¢9<-g,, —\\), 
for —~Q Se << o: 6=+tH(z), (3 5) 
for —P << HM, r=0, 
for wS¢X~, 6=0, 


where ¢ and ¢, denote undetermined positive 
constants. 


Now, an auxiliary plane €=6+47E is introduc- 
ed such that 


; 1 O— Qo 
Shea eo ( \-ha, AG 
€ & D) g By), 1 (3.6) 
with 
(Hp) 


The upper half part of the w-plane is map- 
ped onto the strip 


Sos 0S, (SE s7/2 


i.e., the intervals of the bounding streamlines 
on which @ is known correspond to €=0, —co 
<0 < : while the remaining interval corres- 
ponds to €=7/2, —e<d< oo. (cf. Fig. 1 (c)) 

Since f(w) is analytic, so also is f(€) and 
boundary conditions (3.5) can be transformed 
to the following form in the €-plane: 

along €=0; 


—0<d<0, 6=6,=0, 


0506S 0, 0=H=tH (x), 
along €=7/2; 


for 
tf 
a (3.8) 


for —wosd0< «x, r=7%=0, 


where @) and 7) are known functions of 0. 

Woods!” found the form of the analytic 
function f(€) subject to the boundary condi- 
tions (3.8) as follows: 


fe, = 7 \ 
+7 (0*) sech {6*—(6+7&)}]do*. (3.9) 


In our case, according to the conditions 
(3.8), Eq. (3.9) can be reduced to 


[0,(0*) cosech {6*—(6+7£)} 


Aomeya + i" tHe) cosech {0*—(6-+ i£)}dd* 
™ Jo 
(3.10) 
Putting £=0 in Eq. (3.10), the value of 7 on 


the real axis of the €-plane is given by 


os [He cosech (8*—3)de*. (3.11) 


T Jo 


As the body is very thin, we can obtain 


x= (e?—1)/(e> —e-*41) + O(£). (3.12) 
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Substituting Eq. (3.12) into Eq. (3.11), and 
remembering Eq. (2.3), we can obtain 


t oo e2o*—] 
= H’ 
ui a \ oe aa Bi 
+OEN 


where H’ denotes the derivative of H with 
respect to the argument z. 
Introducing new variables such that 


)eosech(o* —0d)d0* 


(SoS) 


(3.14) 


Eq. (3.13) can be transformed to a more 
convenient form: 


Ziy {= u?—-1 du 
=e ee oe 
a La \ wW—e 1] yr — yp 


BPR RG 
v={! ue ee LL tata ite (876) 
l—2 


=O Wao 


oult) 


For a given profile, Eq. (3.15) with Eq. 
(3.16) gives the non-dimensional perturbation 
velocity of an incompressible fluid on the 
surface of the body. 


As 
x —oco, poe 
and 
: Dian | u2—\ du 
a | Cie ) “ 
0 im | 7 \ u2— e721) y2—y? 


ve 
(Guill 

Combining Eq. (3.17) with Eq. (2.6), we can 
obtain the relation between the transonic 
parameter AK, and an undetermined constant 
Re 

Thus substitutions of Eq. (3.15) into Eqs. 
(2.6) and (2.10) give pressure- and the reduc- 
ed pressure coefficients of a compressible 
fluid on the surface of the given profile for 
a given transonic parameter K,. 

Especially putting kj =0oo in Eq. (3.17), the 
transonic parameter K, vanishes, and this is 
the case for the flow at Mach number 1. 


The Flow Past an Obstacle in a Choked 
Wind Tunnel 

We shall consider the transonic flow past a 
thin symmetric obstacle with a flat base placed 
along the centre line between the two parallel 
plane walls a distance 2Z apart under the chok- 
ing conditions. For the model flow, the choking 
conditions may be given by putting the 
magnitude of the velocity along the free 
streamlines to be sonic. Thus the boundary 


§ 4. 
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conditions are given by (cf. Fig. 2 (a)) 


along Y==+0; 

for —col=2<_07 =U, 

for ES ore he Seal (G;): 

for l<#<~, r=0, (4.1) 
along y=+1); 

Ge Soke eo, ==) 


where 2Z, and 2f denote the corresponding 
width of tunnel of the incompressible flow 
and the thickness ratio of the body respective- 
ly and the profile is represented by Eq. (3.3). 


1 iy=iLl. B 
AU TENDS 2 Ser ete B 
0(0 
I 
Ct en ra ee es Se D 
C 
I 19) 
byi=> to 
(a) z- plane 
] i¥=ih = 
ofont a AC P)s uWieitOd ae 
ch) Uy gg aay 
I iD) 
iW =-ih 
(b) w — plane 
a tobe IE 
gi. JS RR SAS ee rele 
B §=0 A 
| (Kp) 0(O) 
(C) § ~plane 
Fig. 2. Boundary conditions for the flow past a 


body in a choked wind tunnel. 


In the w-plane, the boundary conditions 
(4.1) are transformed as follows (cf. Fig. 2 


(b)) 


along = +0; 

for —o<g<0, 6=0, 

for Ox ¢<%, 6=+4tH’ (2), 

for Gree, r=0, (4.2) 
along d=+h 

for —co <y<o, 6=0, 


where ¢, and h denote undetermined constants. 
Now an auxiliary plane €=6+7€ is introduc- 
ed such that 


| 
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exp {2(- +e 3 i— C)} + 1=expl(n/mw—e.)), 


(4.3) 
with 
2k2= log (l—e-*¢2/") (4.4) 

The strip —o<g<w, 0<P<h in the 
w-plane is mapped onto the strip —o <6 
So, 0O<E< 7/2 in the €-plane, (cf. Fig. 2 
(c)). In the €-plane, the boundary conditions 
(4.2) for the function f/ can be transformed 
to the form expressed by Eq. (3.8). Thus the 
problem can be reduced to the same form as 
that for the case of the flow in an unbound- 
ed fluid. 

Considering the relation between «x and 0 
along the surface of the body, Eq. (3.11) may 
be reduced to the following convenient form: 

7a \" (14 2 
PAE: 


mw Si 


as) 
” 


where 
v=(l—e-7/")1/2/ £1 —elt/M(e-I)} 1/2, (4.6) 


Performing the integral (4.5) and putting 2 
=—co in Eqs. (4.5) and (4.6), we can obtain 
the relation between 7. and h. Remembering 
Eq. (2.6), the undetermined constant h can 
be related to the transonic parameter Kj. 

Next, we shall find the relation between the 
width 2Z of tunnel, the thickness ratio 2¢ of 
the body and the transonic parameter ky, 
under the choking state. As the flow be- 
comes uniform at infinity upstream, we 
obtain the relation in the first approximation: 


[Qady =|" as 


or 
h=L Qo=L(1l—yo)=L ; (4.7) 
where Q.. denotes the magnitude of the veloci- 
ty of the incompressible flow at infinity up- 
stream. Combining Eq. (4.7) with Eq. (2.11), 
we obtain 
h/L=V1—M,?+higher oder terms. (4.8) 
Remembering Eq. (2.7), Eq. (4.8) can be 
transformed to 
LEO Veet 2h Ko 3/2, (4.9) 
Since A is a function of Ay, Le“ can 
be expressed as a function of the transonic 
parameter Ky. Hashimoto” studied the flow 
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past a finite wedge placed in the choked wind 
tunnel by solving Tricomi’s equation in the 
hodograph plane, and assured that Lf/2/7/3 
can be expressed as a function of the transo- 
nic parameter K, or &). 


§5. Examples 


We shall first apply the present method of 
simple model flow to the transonic flow past 
a finite wedge in an unbounded fluid and in 
the choked wind tunnel, and examine the ac- 
curacy of this method by comparing the re- 
sults with the more accurate solutions deriv- 
ed by Guderley and Yoshihara”, Cole), 
Marschner® and Hida”. Then we shall apply 
the present method to the flow past a body 
with curved walls and a flat base. 


(1) Wedge 

(A) In an unbounded fluid 

As a wedge of unit length is represented 
by 


Y= ses 


ec ed BEG) 


the integrals (3.15) and (3.17) are evaluated 
as follows: 


a=! log |? 4], (5.2) 
7 v—1 
and 
a: 1+ e-*1 
(3 log ele (5.3) 


where v is given by Eq. (3.16). The relation 


between k, and &) is given by 
e-*1=tanh(7&,2/3) . (5.4) 
Substitution of Eq. (5.2) into Eq. (2.10) 


gives the reduced pressure coefficient Ch) on 
the surface of the body. It is expanded in 
the power series in & such that 

Co=Cy*—2E, (5.5) 
with 


Cy*=181/9(y/t)*/? =P(x) +2N@)Eo*---, (6.6) 
14+V1—2 


P(aye(32) tog” (5.7) 
‘i =(3 Plt BS AB peta yo 
im 1 18 1/3 1 2 = 1/2 
Ne= 3(72) (5a a 
log Levee ; (5.8) 


where the functions P(z) and Mw) are shown 
in Figs. 3 and 4. 
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ed by Eq. (5.7) should be compared with the 
exact solution derived by Guderley and Yoshi- | 
hara”, which is also shown in Fig. 3. For | 
several values of &, the surface distributions _ 


Within the accuracy of the approximation 
considered here, the left hand side of Eq. 
(5.6) denotes the reduced pressure coefficient 
with respect to the sonic point defined by 


aie 


\Present 


j method : P(x) | 


Guderley 
and Yoshihara 


<2 


O a O 0-5 


@) « 0:25. 0-50" O'78 


Fig. 5. The distributions of C. on the surface 
Fig. 3. The reduced pressure distribution on the of a finite wedge in an unbounded fluid 
surface of a wedge of unit length at M;=1. ; 


0:5 7 


0-4; 7 


Marschner: NwarkX) 


Present Methad: N(x) 


OnS ie@ 
—_—_> 
2c 


Fig. 4. The perturbation function N(x). 


Ss Fig. 6. The distributions of Cy* on the surface 
Ce =t 787 + 1) S*, (5.9) of a finite wedge in an unbounded fluid. 


with x x 
of Cy and C,* past the wedge are calculated 


Cy*=(p—p*) Y ; o*g®?, (5.10) by the present method, and they are shown 

in Figs. 5 and 6 respectively. 
where the asterisk refers to the quantity at The head drag coefficient is obtained by 
the sonic point. The function P(w) represent- integrating the horizontal component of the 
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pressure coefficient on the front surfaces of 
the body or 


1 
Co=t] CoH’ (x)dex . (Om) 
0 


Defining the reduced head drag coefficients 


3, Ca* with respect to the uniform- and the 
sonic velocities respectively by 


~ 


Ca t-9/8(7 +1)¥8Cq , (5.12) 
Ca¥ =t-5/3(7 +1)/3Cy* , (5.13) 


and integrating Eqs. (5.5) and (5.6), we obtain 


Cz=Ca*—2E, , (9.14) 
C=C), Beep (5.15) 
where 
~ 1 ; 
6 =| Plw)de, (5.16) 
0 
1 
Br= al Nx)dz . (5.17) 
0 


Cole® and Hida? studied the flow past a 
wedge at high subsonic speeds by solving 
Tricomi’s equation subject to the somewhat 
approximated boundary conditions in the hodo- 
graph plane. Their results, together with 
the exact values of C., derived by Guderley 
and Yoshihara®, are given and compared 
with the values obtained by the present 
method in Table I. (Hida? estimated the 
value of Ca, by the same method as Cole’s” 
and revised it.) 


Table I. 
Author Cs, Be eB, 
Guderley and Yoshihara® 1.75 — oases 
Cole?) 1.67 | 0.6809 | —— 
Hida” 1.627 0.6809 ie ai22 
Marschner® (1.75) | 0.2528 


Present Method 1.837 | 0.4746 0.2373 


(B) In the choked wind tunnel 

Integrating Eq. (4.5), » is evaluated and 
we can obtain the pressure coefficient by the 
use of Eq. (2.6) or Eq. (2.10). The relation 


between hf and &) is obtained as 
x/h=2 log cosh( 5e0") . (5.18) 


By the use of Eq. (5.18), the reduced pres- 
sure coefficient Cp* with respect to the sonic 


b 
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point can be expressed as follows: 
Cy*=P(x) +N@)Ee+>-- (5.19) 


where the functions P(#) and M(x) are given 
by Eqs. (5.7) and (5.8). 

Marschner® studied the flow past a double 
wedge in a choked wind tunnel by the per- 
turbation method applied to the Guderley’s” 
solution at Mach number 1. After him the 
reduced pressure coefficient is 


Cy* = Cr + Narar(ay&o?, (5.20) 
0.611 
Nuar(ae) = 2(2/3)4/9 oot pe 
mar(2) (2/3) 0.586 F(a) (5.21) 


where Cw was given by Guderley and Yoshi- 
hara and F(a) was shown in Fig. 10 of re- 
ference [5]. The function Nyar(z) is also 
shown in Fig. 4. 

For several values of &, the distributions 
of Cy and C,* over the surface of the wedge 


are obtained by the present method and they 
are shown in Figs. 7 and 8 respectively. 


me) 


x 


O 0:5 


Fig. 7. The distributions of Ce on the surface 
of a finite wedge in a choked wind tunnel. 


The reduced head drag coefficient with 
respect to the sonic point is given by integrat- 
ing Eq. (5.19) or (5.20) as follows: 

Ca*= Cay + Benko? + 26 


where the coefficient Ben is gigen by integrat- 
ing Maw) or Nwar(x). Hida? also estimated 


(5.22) 
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the head drag coefficient of the finite wedge 
in the choked wind tunnel by an approximate 
treatment, and obtained the reduced head 
drag coefficient expressed in the same form 
as Eq. (5.22). The values of the coefficient 
Ben evaluated by these authors are given in 
Table I. 

Table I and Figs. 3 and 4 show that this 
simple model flow method gives a fairly good 
approximation for the pressure coefficient and 
the head drag coefficient of the finite wedge 
in the choked wind tunnel as well as in an 
unbounded fluid. Especially in the case of 
choked wind tunnel the present method seems 
to be very reliable. 

Next, we shall consider the relation under 


= 


BLA 


Fig. 8. The distributions of Cy* on the surface 
of a finite wedge in a choked wind tunnel. 


the choking state. Substituting Eq. (5.18) 
into Eq. (4.9), and remembering Eq. (2.8), we 
obtain the relation: 


L-U yr +1)-M3t-8 


» 7 j 
= (< ee" log cosh{ % E) » (5.23) 
For the small value of &), Eq. (5.23) is re- 
duced to 
L-'Uy tia Gale? (6,04) 


This result should be compared with the 
exact relation derived by Marschner®: 
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Erte 


— (1.235 x 0.586) x ( ‘ 


4/3 

) Gr 6.25) 
3 
Thus, it seems to the author that the present 
method of the model flow is useful to obtain. 
the pressure distribution and the head drag 
coefficient, but the reliable relation among: 
L, t and & under the choking state cannot. 
be obtained by this method. 

We shaii proceed to apply this method to) 
the flow past a thin symmetric profile with. 
curved walls and a flat base. 


Fig. 9. The distributions of Cy on the surface 
of a profile y=-+ta#? in an unbounded fluid. | 
(ID) Profile y=+fz? 
(A) In an unbounded fluid 
By the use of Eq. (3.15), we obtain | 


_ a2 i a 
7 il 


~ env =a =ee log (1— a) | 


where v is given by Eq. (3.16). For several] 


values of & the distributions of C, and Cp 
over the surface of the profile are calculatedi 
and they are shown in Figs. 9 and 10. 


re 
| 


_ 1957) 


For small values of &, Cp* is expanded in 


_ power series in & as 


ba Cr oni et a (5.27) 


~~ 


cA 


ee) 
x 


0:5 


Fig. 10. The distributions of Cy* on the surface 
of a profile y=+t«#? in an unbounded fluid. 


FYW)0-25 


Ces 
0-05 
(0) 0.25 0:5 0-75 1-0 
JG 
Fig. 11. The perturbation function R(x). 
with 
oH 1/3 ay. eee CES 
En=(") E log 1+V1 = +47 1-2] F 
ha 1— = 2 
(5,28) 


and 
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Re@)= OE AML —0)” 


Dey 123 
Sel) Papi Keyes ed 
| eZine: 


Lied 
aber 


(5.29) 
The value of R(x) is shown in Fig. 11. 
Integrating Eq. (5.11) graphically, the re- 
duced head drag coefficient Cy is obtained 
and is shown in Fig. 12. 
(B) In the choked wind tunnel 
In this case Eq. (4.5) becomes 


7 Vf flog (1—[1—e-"u-»)} es 7 

7c 1 7 uU“—vU 
(5.30) 

where v is given by Eq. (4.6). When the 


width L of tunnel is very large, the value of 


31%, 


Fig. 12. The variation with the transonic para- 
meter &) of the reduced head drag coefficient 


Ca of a profile y=-+ta# in an unbounded fluid 
and in a choked wind tunnel. 


h may also be large. Then, the integral of 
Eq. (5.30) may be evaluated in the form of 
series in (z/h). Thus we can obtain the dis- 


tribution of Cy* in the following form: 
Co*¥=Cop, + R(w)Ey? + aes (5.31) 
with 
E,=(A/)/"(n[hP P+, 


where C yp, hnd R(x) are given by Eqs. (5.28) 
and (5.29). 

The values of Cp and C,* calculated for 
several values of the transonic parameter & 
are shown in Figs. 13 and 14 respectively. 


(5.32) 
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The variation of the reduced head drag 


coefficient Ca is also shown in Fig. 12 in 
comparison with the case in an unbounded 
fluid. 


(0) 0:5 1-0 


Fig. 13. The distributions of CG on the surface 
of a profile y=+ta? in a choked wind tunnel. 


Fig. 14. The distributions of Cy* on the surface 
of a profile y=-+-¢x? in a choked wind tunnel. 
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(ily Profile; 27S 22te 
Now we shall calculate the reduced pressure _ 
coefficient a Mach number 1. | 
Substituting e-"1=0, H(x)=2* into Eq. (3.15), 
and performing the integral we obtain 


1 aE RES Sea Uae | 
ane pe 8 | 
4tv[ 11/1 8/1 1 | 
sag ere SY be ot Ge 
mi real ental | So 
where 
v=1/V1—2. (5.34) 


0-5 1-0 


Fig. 15. The distribution of GC, on the surface 
of a profile y=+¢tz! at sonic speed. 


Table II. 
Profile Cx 
y=tx 1.837 
y=te? 2.749 
y=tet 4.103 


Combining Eq. (5.33) with Eq. (2.10), we 
obtain the reduced pressure coefficient Cp and 
it is shown in Fig. 15. 

Finally the values of the reduced head drag 
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coefficient or of the profiles considered above 
at Mach number 1 compared in Table II. 


§6. Conclusion 


It has been ascertained that the simple 
method of the model flow gives a fairly good 
approximation for the pressure distribution 
over the surface of a finite wedge placed in 
an unbounded fluid as well as in a choked 
wind tunnel at sonic and high subsonic speeds. 
This simple method was applied to the flows 
past some profiles with curved surface and 
sharp shoulders, and several numerical in- 
formations were obtained. 

Inspecting Figs. 5-10 and 13-14, it is found 


that the value of C»p* ASHE Go 


increases, while the value of Cp» decreases. 


increases 


“Owing to this fact, the value of Ca* also in- 
creases as &) increases, while the value of 


Ca decreases. (cf. Fig. 12) This model flow 
method cannot be applied to the flow past a 
body placed in a sonic free jet, which was 
studied by Marschner®, because in this case 
the right-hand side of Eq. (2.11) becomes in- 
finite, and no incompressible flow can be 
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transformed to the compressible sonic free 
jet of finite width. 


In conclusion, the author would like to ex- 
press his heartiest gratitude to Professor I. 
Imai for his kind suggestion and valuable 
discussions during the course of the present 
investigations. 
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On the Compressible Flow over a Slender Body of 
Revolution with a Flat Base Placed in an Unbounded 


Fluid and in a Choked Wind Tunnel 


By Ken-ichi KUSUKAWA 


Department of Physics, Faculty of Science, Tokyo Metropolitan University 


(Received May 11, 1957) 


The flows past a slender body of revolution with a sharp shoulder 
placed in an unbounded compressible fluid and along the axis of a choked 
circular wind tunnel have been studied by the method of the correspond- 
ence between the axisymmetric and the two-dimensional flows, which was 
derived by the present author). The corresponding two-dimensional 
flow, which is necessary for evaluating the axisymmetric flow, is given 
by the model flow method in the previous paper. By comparing the 
pressure coefficient on the surface of a cone at sonic speed calculated 
by this method with Yoshihara’s result?) obtained by the relaxation 
method, the accuracy of this method has been ascertained. Then we 
have applied this method to the several flows past a body of revolution 


of finite length with a curved surface. 


Introduction 


San. 

The flow past a body of revolution with a 
sharp shoulder at high subsonic and _ sonic 
speeds cannot be dealt with by the so-called 
linearized theory, because a Prandti-Meyer 
expansion occurs at the shoulder, and the 
flow has a typical transonic character. In 
this case it is necessary to consider the 
fundamental equation of the transonic ap- 
proximation originally due to von Karman. 

While the fundamental equation of the two- 
dimensional flow can be reduced to a linear 
equation by the hodograph transformation, 
that of the axisymmetric flow remains non- 
linear in the hodograph space as well as in 
the physical space. Owing to this reason it 
is very difficult to obtain the solution of the 
transonic equation of the axisymmetric flow 
subject to the given boundary conditions. 
Yoshihara® obtained the flow past a slender 
cone-cylinder at Mach number 1 by the re- 
laxation method. Except this, no solution 
has been given for the axisymmetric transonic 
equation subject to given boundary conditions 
as far as the author is aware. In the previous 
paper», the present writer treated this 
transonic eqpation with some approximation, 
and found the relation between the axisym- 
metric flow and a corresponding two-dimen- 
sional transonic flow. In that paper, starting 
from the flow past a finite wedge at Mach 
number 1, the author obtained the flow past 


a paraboloid of revolution at Mach number 1. 

If the flow past an two-dimensional sym- 
metric obstacle with sharp shoulders in an 
unbounded fluid (in a choked wind tunnel) is 
known, we can obtain the flow past a cor- 
responding axisymmetric body in the un- 
bounded fluid (in a choked circular wind 
tunnel). 

In another paper, the present writer 
utilized the flow separating from the surface 
of the body at the shoulder as a model flow 
of the two-dimensional transonic flow with 
a Prandtl-Meyer expansion at the shoulder, and 
obtained the pressure distribution and the head 
drag coefficient by the simplified W.K.B. 
method® with fairly high accuracy. As ex- 
amples the flows past a finite wedge, and some 
symmetric profiles were studied, and the pres- 
sure distributions over the surface of these 
bodies were obtained. In this paper, starting 
from these two-dimensional flows, we shall find 
the solutions for the flow past a finite cone and 
a finite body of revolution with a curved 
surface. 


§ 2. Correspondence between the Axisym- 
metric and the Two-dimensional Flows 


For convenience a brief account will be 
given of the method of correspondence bet- 
ween the axisymmetric and the two-dimen- 
sional transonic flows”. 

We shall consider the flow past a slender 
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body of revolution placed along the axis of a 
circular wind tunnel and that past a two- 


dimensional symmetric obstacle placed along 


the centre line between the two parallel 
plane walls at zero incidence. 


The two-dimensional symmetric obstacle 


with sharp shoulders is represented by 


y=2ttH) (2.1) 


where zt denotes the half thickness ratio, and 
the chord length is taken to be unity. If the 


OCs 


width 22, of tunnel can be expressed as a 


function 24; of the transonic parameter K, 
such that 


Lor I\/3 = 2, (Ky) ? (2.2) 


_ the pressure coefficient on the surface Cy, is 


given in the following form: 


Cee WS ert SEK 2K , 
where 

Cy, =(P—Pew) | $00 Uy? (2.4) 

Ay=1-Mijly)-*8, Mi=(+)/2, 

Zi) 

and 7, denotes the ratio of specific heats, p 
the surface pressure, and po, po and WM, 
denote the pressure, density and the Mach 
number at infinity upstream. 

If we find the pressure distribution (2.3) or 
the functional form F(&, K,) for a given value 
of Ki, we can obtain the pressure distribu- 
tion over the surface of an axisymmetric 


(2.3) 


_ body placed along the axis of a circular wind 


tunnel of radius LZ, the meridian curve of 
which is represented by 


y=tH'? (2) , 


where ¢ denotes the half-thickness ratio. 

We shall define the pressure coefficient Cp 
and the transonic parameter K in the axisym- 
metrical case respectively by 


Cy=(b—pe) / $$ PU 


Ose =), (2.6) 


(207) 
and © 


K=(1—-M)ter, P=(r+)/2, @.8) 


where U and M denote the uniform velocity 
and the Mach number at infinity upstream, 
and 7 denotes the ratio of specific heats in 
the axisymmetric case. 

If the radius L of the wind tunnel can be 
expressed as a function 2 of the transonic 
parameter K such that 


Ltl?=1(K), (2.9) 
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the pressure coefficient Cy on the surface of 
the body of revolution is represented by 


Crt ?=4F (@, K) H-1 (a) —8H’(e) (1— HF (x)} 


+21 (a) log{2(276)-4 t-4}—2K , (2.10) 
where 
K=(3/4K, , (2.11) 
and 
A(K)=4(3)-9/? 213/27) . (2.12) 


In the extreme case where 1/L vanishes, 
we can obtain the correspondence between 
the flows past the two-dimensional and the 
axisymmetric bodies placed in an unbounded 
fluid. In the case of the flow in a choked 
wind tunnel, Eqs. (2.2) and (2.9) determine 
the relations among the width (radius) of 
tunnel, the thickness ratio of the body and 
the transonic parameter under the choking 
state of the two-dimensional and the circular 
wind tunnels respectively. 

The head drag coefficient Ca of a body of 
revolution is obtained by 


3 


Cat =f | 3 F(e, K)H-¥8+ 2-H HP| Ht’ de 
ol 4 2 i 


-| tox (enmei2y +4 Kway—H OM 


+{log(1/P'™* t)}{ H’(1)?— H’(0)?}—2K . 
(2513) 
Eq. (2.13) should be compared with Miles’s 
result®: 


1.786 | Hde | 
HONE Ap? A i, | | 
= =i 4 JL» H() see 
+ flog(1/P'/4 )}H’(1)2—2K (2.14) 


Eq. (2.14) was deduced by matching the 
linearized theory with the asymptotic solution 
of Guderley and Yoshihara along the sonic 
line, and it is worthy to note that Eq. (2.14) 
cannot be probably applied to a body with a 
blunt nose. 

Under certain circumstances we may use 
the pressure coefficients C,,* and C,* with 
respect to the sonic point instead of Cp, and 
Cy» respectively, which are defined as 


Co, =(p— pb" )/ 4p" U1 ; (Gall) 
Cy =(p—p)/40*U", (2.16) 
where the asterisk refers to the quantities at 


the sonic point. 
Remembering Eqs. (2.4), (2.5), (2.7) and 
(2.8), we obtain the following relations within 
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imati he transonic parameter K. The sur- | 
the accuracy of the approximation considered and t ( e | 
ie face distributions of Cpt-? and C,*t-? for | 


here: 

Cre cai Oro W Wome eae) By Vel 
Cot =O Fe Zhe (2.18) 
Comparing Eqs. (2.17) and (2.18) with Eggs. 
(2.3) and (2.10) respectively, we obtain the 

following relations: 
Cy, ill cP ear (eK); (2:19) 
Co*i7=3F (e, K)H-@)—$ Ha)? (@)} 
+2H’’ (x) log{2(271")-3/4 t-4}. (2.20) 
In Reference [4], we introduced the reduced 
pressure coefficient Cas and the transonic 


parameter &) in the two-dimensional case, 
which were respectively defined as 


Cy. *=Co 1+ 7)¥8 27 , (2.21) 
Ey=(1=— Mi?) ct? (1+-71)-7/8 . (2.22) 


Comparing Eqs. (2.21) and (2.22) with Eqs. 
(2.19) and (2.5) respectively, we obtain 


Cr*=2'8 FE, Ki), (2.23) 
Kye. (2224) 
In the paper [4], the several examples of 
the transonic flow past a two-dimensional 
symmetric body of unit length placed in an 
unbounded fluid and in a choked wind tunnel 
were studied. Starting from the distribution 
of Gu and utilizing Eqs. (2.10), (2.11), (2.23) 
and (2.24), we can obtain the pressure dis- 
tribution over the surface of a corresponding 
body of revolution. We shall study the 
several examples in the following section. 


§ 3. Examples 
(A) Paraboloid of Revolution 


As the meridian curve of a paraboloid re- 
volution of unit length is represented by 
SOM Oil 


Cay 
the corresponding two-dimensional profile is 
a finite wedge. The pressure distributions on 
the surface of a finite wedge placed in an 
unbounded fluid for &=0, 0.5 and 1.0 are 
shown in Fig. 6 of the reference [4]. Start- 
ing from these distributions, we can calculate 
the pressure distributions on the surface of 
the paraboloid of revolution of unit length 
placed in an unbounded fluid. The second 
and the third terms in the right hand side of 
Eqs. (2.10) and (2.20) vanish, as the second 
derivative of H(a)=2x vanishes. Thus C,t{-? 
or C,*t-2 can be represented as a function of 
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K=0, 0.298 and 0.595 are shown in Figs. 1 


+ 


Fig. 1. The distributions of C,/t? over the sur- 
face of a paraboloid of revolution in an un- 
bounded fluid. 


K=0:59$ 


1-0 

x 

Fig. 2. The distributions of Cy*/@ over the sur- 
face of a paraboloid of revolution in an un- 
bounded fluid. 


and 2 respectively. It is found that the value 
of C,p*t-? increases with increasing value of 
K, while the value of C»f-? decreases. 

If we desire to study the flow past the 


(Vol. 12, 


| 
I 


| 
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_ paraboloid of revolution placed along the axis 


of a choked circular wind tunnel, we must 


start from the flow past the wedge placed 
along the centre line between the two paral- 


° 0:5 


Fig. 3. The distributions of C,/t2 over the surface 
of a paraboloid of revolution of unit length in 
a choked wind tunnel. 


Fig. 4. The distributions of C,*/t? over the sur- 
face of a paraboloid of revolution of unit length 
in a choked wind tunnel. 


lel plane walls under the choking state. By 
the use of the pressure distributions for the 
two-dimensional case (cf. Fig. 8 of Reference 
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[4]), the distributions of C,t-? and C,*t-? on 
the surface of the paraboloid of revolution in 
the choked wind tunnel are obtained, and 
they are shown in Figs. 3 and 4 respectively. 


Free 
Flight 


0:5 + 


0 Wa 
O 0:5 xe) 
K 
Fig. 5. The variation with the transonic para- 
meter K of the head drag coefficient of a para- 


boloid of revolution. 


AOS 
eG 


'0:05 — 


~!0 
x 


Fig. 6. The distributions of Cy over the surface 
of a cone of the half vertex angle 5° in an un- 
bounded fluid. 
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The drag coefficient Ca is evaluated by in- 
tegrating the curve in Figs. 1 and 3 graphical- 
ly, and is shown in Fig. 5. In this case we 
cannot utilize Miles’s equation (2.14) because 
the nose of the paraboloid is blunt. 

In a previous paper [3], it has been shown 
that as for the choking Mach number the 
model flow method cannot give a good ap- 
proximation, though we can obtain the pres- 
sure distribution with good accuracy by the 
method. Marschner” gave the choking Mach 
number of the wedge in the wind tunnel by 
the perturbation method applied to the 
Guderley’s solution®». For the small value of 
the transonic parameter &, his result can 
be transformed into the following form”: 


Ly73 (71+ 1)-/3 2-8 = 1.235 x 0.586 X (2/3)4/2E 5/2, 
(3.2) 


where 2, denotes the width of tunnel. Com- 
paring Eq. (3.2) with Eq. (2.2), and remem- 
bering Eqs. (2.9), (2.11), (2.12) and (2.24), we 
find the choking relation for the flow past a 
paraboloid of revolution placed along the axis 
of a circular wind tunnel such that: 


(Liv. ks} 


ay 


é s 1.235 x 0.586 x (2/3)3 


3/2 
x 29/0 x (4/34 Kiwis. 


| 
KUSUKAWA (Vol. 12, || 
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(B) Cone | 


The meridian curve of a cone of unit | 
length is represented by 
We Disses Seollty. (3.4) |] 
The corresponding two-dimensional profile is 
represented by 
Hate 0< F=f (3.5) | 

The pressure distributions on the surface of — 
this two-dimensional profile placed in an un-— 
bounded fluid are shown in Fig. 10 of Re- | 
ference [4]. 

Starting from these distributions we calcu- 
late the pressure distributions on the surface 
of a cone of the half vertex angle 5° (or t= 
tan 5°=0.08716) for several values of K. The © 
results are shown in Fig. 6. 

Yoshihara” obtained the pressure distribu- 
tions over the surface of a cone of the half 
vertex angle 5° and 1/10 radian at sonic 
speed by the relaxation method. Our results 
are compared with those of Yoshihara in 
Bigws ve 

The coincidence seems to be fairly good 
except the vicinities of the shoulder and the 
nose. As was shown in the paper [3], the 
correspondence between the pressure distri- 
butions over the surfaces of a two-dimen- 
sional and of an axisymmetric bodies was 
derived on the assumptions that the fluid 
velocity is almost sonic and that there exists 
the general transonic similarity law of the 
axisymmetric flow originally 
due to Oswatitsch and Berndt. 
Then the departure of the 
present result from Yoshi- 


hara’s exact solution may be 
anticipated’ because the fluid 


velocity vanishes at the nose 
and because the general simi- 


larity law does not completely 
consistent with the Prandtl- 
Meyer expansion at the 
shoulder. The variation of 


the head drag coefficient of 
the cone with the transonic 


parameter K is shown in Fig. 
8. 


When the cone is placed in 


(3.3) 
“4 
1-2 
o7semi angle 
1-0 = 
08 
5°-semi angle 
0:6 i 
Present 
0.4 Method 7 
2S aqht ee Relaxation 
Method 
0-2 | 
ye) ieee eee i 
(6) 0:25 0-50 


0-75 ':0 the circular wind tunnel, and 
the flow is choked, we must 


Fig. 7. The pressure distributions over the surface of a finite start from the flow past the 


cone at sonic speed. 


correponding two-dimensional 


profile placed along the centre line between 
_ the two parallel plane walls under the choking 
state. The surface distributions of Cp,* for 


| this two-dimensional flow are shown in Fig. 


14 of the reference [4]. Starting from these 


0-07 


0-06 


16) 0-25 


Fig. 8. The variation with the transonic para- 
meter K of the head drag coefficient of a cone 
of the half vertex angle 5°. 


0.15 


Cp 


0-125 


Cc 0-5 1.0 
a 


Fig. 9. The distributions of C, over the surface 
of a cone of the half vertex angle 5° in a chok- 
ed wind tunnel. 


distributions, we calculate the distributions of 
C, on the surface of the cone in the choked 
circular wind tunnel, and they are shown in 
Fig. 9: 
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From Figs. 6 and 9, it is found that Gr 
decreases with increasing value of K. Eva- 
luating C,* defined by Eq. (2.16) for these 
values of K, the C,*-distribution slightly in- 
creases with ikcreasing value of K. But the 
differences are so small that these C,*-curves 
are almost the same curve as Cy,-curve for 
K=0 in Figs. 6 and 9. The head drag 
coefficient of the cone placed in the choked 
wind tunnel is obtained by graphical integra- 
tion, and is also shown in Fig. 8. 


Ceha. 


(0) 0:5 


x 
Fig. 10. The pressure distribution over the sur- 
face of a body of revolution y=0.08722%2 at 
sonic speed. 


(C) Profile y=iz’,. for Va." =) 
The corresponding two-dimensional body is 
represented by 
Yate. Gf =. (3.6) 
The pressure distribution on the surface of 
the two-dimensional body at sonic speed is 
shown in Fig. 15 of Reference [4]. Starting 
from this distribution, we calculate the pres- 
sure distribuiton on the surface of the body 
of revolution of the same thickness as the 
cone of the half vertex angle 5°. Since the 
velocity at the shoulder is sonic and the 
meridian curve has a cusp at the nose of the 
body, the pressure coefficient should vanish 
and take a finite value at the shoulder and the 
nose respectively. The result shown in Fig. 10 


1048 


does not satisfy these conditions because the 
assumption in the present method does not 
hold at the shoulder and near the nose. (cf. 
(b) case of cone). 

The head drag coefficient of the body is 
given in Table I together with those of other 
profiles at sonic speed. 


Table I. The head drag coefficient of several 
bodies of revolution of half thickness ratio t= 


Profile | Present Yoshihara Miles 
ee —_ so es go She > 
Yy=tY x (paraboloid) 0.014 | — | — 
y=tx (cone) | 0.080 | 0.076 0.073 

0.281 | _— | 0.226 
Qo come | 


y=ta2 | 


$4. Conclusion 


Combining the correspondent relations be- 
tween the axisymmetric and the two-dimen- 
sional flows with the simple model flow 
method, we have obtained the pressure dis- 
tributions on the surface of several bodies of 
revolution with sharp shoulder in an un- 
bounded fluid and in a choked circular wind 
tunnel. In the case of wedge, we compared 
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the present result with the exact solution 
derived by the relaxation method. Consider- | 
ing that the flow assumed in the present 
method is very simple, the result may be 
regarded as satisfactory. 

In conclusion, the author would like to ex-_ 
press his heartiest gratitude to Professor I. | 
Imai for his kind suggestion and valuable | 
discussions during the course of the present — 
investigations. 
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Dynamic Programming and the Variational 
Solution of the Thomas-Fermi Equation 


By Richard BELLMAN 
The RAND Corporation Santa Monica, California 
(Received April 24, 1957) 


1. Introduction. In a recent paper, Ikebe and 
Kato, [8], considered the problem of the numerical 
integration of the nonlinear equation 


260) erences) — 0" CIN) 


which arises in connection with the Thomas-Fermi 
statistical model of a free neutral atom. Equa- 
tions of this type arose a number of years before 
in connection with astrophysical questions, Emden, 
[4], Fowler, [5], [6], [7], Bellman, [3], Sansone, [9]. 

In their paper, Ikebe and Kato treat the problem 
of determining u/(0) by means of the associated 
variational problem: Minimize 


Ww" —us/e-12=0 , 


Teu)=|"(w!? 5 us ar-1!2 dn (2) 
0 


over all functions w for which the integral exists 
and which satisfy the constraints u(0)=1, u(co)=0. 

In this note we wish to indicate a new approach 
to problems of this type based upon the functional 
equation technique of the theory of dynamic pro- 
gramming, [1], [2]. Detailed computational results 
will be presented subsequently. 

2. Functional Hquations. Define the new func- 
tional 


Jou)=| "(w+ uma- "de ~ UDC 5 HED=O; 
a 


45) 
where a>0, ~~ <c<o. Define the function 
f(a, c)=Min J(u). Then as in [1] and [2], we have 

uw 


the nonlinear partial differential equation. 


oe & y-oma-”. 
4 


da dc 2) 


As pointed out by a referee, this is the Hamilton- 
Jacobi equation associated with the variational 


problem. 
Making the transformations, wv=ay, wy)= 
u(ay)a-*, we see that 
fla, e)=aetm—2n)/(2—m) FL, c/a2e-™/2-m)) ’ (B} 


Thus f(a, 6) =a2+m—22)/2— 1b (e/a- n)/(2—m)) where 


p(a)= fl, @). 


The reports should not exceed 800 words in length. A figure of size 
7cmx7cm will be counted as 150 words. 


Substituting in (2), we obtain the ordinary dif- 
ferential equation 


— oY Bo) (= = yee) = 


Since $(%)=f(1, x), we see that 4(0)= 

The original second order differential equation 
with a two-point boundary value problem has been 
replaced by the above first order equation. The 
numerical integration, however, requires some care 
since the equation is singular at e=0. We have 


FO, 1)=Lim a2 m— 272-25 (a) C5) 


The equation w’’—(m-+1/2)e\*w"=0 gives rise to 


the problem of minimizing Tu)=\ "(ul reMundu, 
a 


over all functions w satisfying the constraints 
u(aj=c, u(o)=0. It may be treated in a similar 
fashion. 


References 


1) R. Bellman: The Theory of Dynamic Pro- 
gramming, Bull. Amer. Math. Soc. 60 (1954) 
503-516. 

2) ———_: Dynamic Programming, Princeton 
University Press, June, 1957. 

3) —_: Stability Theory of Differential 
Fla bioniss McGraw-Hill, 1954. 

4) R. Emden: Gaskugeln, Anwendungen der Me- 
chanischen Warmentheorie Auf Kosmologie 
und Meteorologische Probleme, Chap. XII, B. 
G. Teubner, Leipzig, 1907. 

5) R. H. Fowler: The Form near Infinity of 
Real, Continuous Solutions of a Certain Dif- 
ferential Equation of the Second Order, Quart. 
J. Math. 45 (1914) 289-350. 


6) ————: The Solution of Emden’s and Simi- 
lar Differential Hquations, Monthly Notices 
of the Royal Astr. Soc. 91 (1920) 63-91. 

1) Further Studies of Emden’s and 


Similar Differential Equations, Quart. J. 
Math. 2 (1931) 259-288. 

8) T. Ikebe and T. Kato: Application of Varia- 
tional Method to the Thomas-Fermi Equation, 
Jour. Phys. Soc. Japan 12 (1957) 201-204. 

9) G. Sansone: Sulle Soluziont di Emden della 
Equazione di Fowler, Univ. Roma e. Ist Naz. 
Alta. Mat. Rend. Mat. e Appl., Ser. 5, 1 (1940) 


163-176. 


1049 


J. PHys. Soc. JAPAN 12 (1957) 1050 


Effect of Iron Group Ions on the Dielectric 


Properties of BaTiO; Ceramics 


By Tunetaro SAKUDO 
Electrotechnical Laboratory, Nagatacho, Tokyo 
(Received June 5, 1957) 


In the investigation of BaTiO; single crystal 
grown by the method of Remeika, it was observed 
that the Curie point of the crystals was lowered 
very remarkably when a small amount of Fe,03 
was introduced”. 

To examine the effect in the case of other iron 
group ions, ceramic samples containing several 
atomic percent of the ions were prepared. The 
change in the Curie point with the content of the 
ions is shown in Fig. 1, determined by the mea- 


Curie Point 
ue) 
140 
__—e—_—e- Gi 
gore: 
x x <— Mn 
Co 
x 
‘ : 
x 
Ni 
———K———=—=Fe 


(0) \ 2 3 4 Yo 
Atomic Percent of Added lons 


Bigael, 
surement of e-T curve (permittivity vs. tempera- 
ture) at 70 Kc. 

In the cases of Fe and Ni ions, the Curie point 
drops linearly up to 2~3 atomic percent content, 
whereas it remains almost constant while the con- 
tent is further increased. For Mn and Co ions, 
only small change in the Curie point is observed, 
almost independent of the added amount. 

These tendencies can be explained as the results 
of different solubility-limit of the ions in the BaTiO; 
lattice. These solubility-limit seem to be unaffected 
by sintering conditions, i.e. firing temperature, 
sintering atmosphere and cooling rate. In the case 
of Cu ion, however, the Curie point rises unexpec- 
tedly with the content of the ions. Fig. 2. shows 
the change in the Curie point with added Cu ion 
up to 30 atomic percent, with indicated composi- 
tion of starting materials. Fig. 3 shows the ex- 
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amples of ¢-T curves in these cases. As can be 
seen from the figure, the peak value of ¢ decreases 
with increasing amount of added ions. The dielec- 


*C| Curie Point 


Starting Material 
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X----BaO+(I-X)TiOg+A CuO 
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tric measurement becomes very hard for Cu amount 
of more than 40 percent, as the d.c. conductivity 
of the samples increases with the added amount. 

In the X-ray diffraction pattern of the samples 
containing Cu ion of the concentration of 10~50 
percent, there were observed other lines than those 
corresponding to perovskite structure. Extra lines 
resemble the diffraction pattern of the samples 
made by sintering BaO and CuO, but not yet iden- 
tified. The latter samples show ordinary paraelec- 
tric properties. 

This effect might be attributed to some apparent 


phenomena arising from d.c. donductivity and 
dielectric loss. 


But the change in the Curie point was ascer- 
tained to be frequency independent by measure- 


ment of the e-T curves of the above samples again 
at 6 Mc. 


Studies are going on to find the mechanism of 
the effect. 


This work was supported by the Scientific Re- 
search Expenditure of the Ministry of Education. 
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Paramagnetic Susceptibility of 
CoCl,-6H,O between 290°K-1.52°K 


By Talichiro HASEDA and Eizo KANDA 


The Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendai, Japan 


(Received June 14, 1957) 


We have measured the paramagnetic molar sus- 
ceptibility, xm, of CoCl.-6H,O in the temperature 
range between 290°K and 1.52°K by the usual a.c. 
bridge method. The results are shown in Figs. 1 
and 2. The broad hump located at about 3.0°K in 
Fig. 2 may be considered as due to antiferromagne- 
tic transition. However, this transition tempera- 
ture is higher than that expected from the usual 
picture that each Cot? ion is surrounded by six 
water molecules octahedrally. 


Km =2-65/(T +20) 


300 


Fig. 1. Inverse molar susceptibility, 1/%m of Co- 
Cl,-6H,O in the temperature range below the 
room temperature. 


200810 
6 
~ 
100x10° 


O \ eee 
Fig. 2. Molar susceptibility, ym, of CoCl,-6H2O 
near the liquid helium temperature. 

Some of the hydrated halides of iron group 
metals which have two or four water molecules 
were studied down to the liquid helium tempera- 
ture), Among these, for instance, CuCl: - 2H,O 
shows antiferromagnetic transition at 4.31°K. It 
is well known that, in CuCl,-2H,O, each Cut*? ion 
is surrounded by two water molecules and two 
chlorine atoms. Along the a axis, two Cu*? ions 
are adjacent to each other, locating one chlorine 
atom between them. In general, in most of the 
hydrated halides so far investigated, magnetic ions 
are separated from each other at least along one 
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direction by only ove diamagnetic atom. 

In halides which have more than six hydrated 
water molecules, metallic ions are surrounded, in 
general, by six water molecules octahedrally, as 
in alums or Tutton salts. In these cases, magne- 
tic ions are separated by at least two of the dia- 
magnetic atoms or molecules. Then it may be 
expected that the magnetic transition temperatures 
of these salts are lower than those of the former 
salts. In alums or Tutton salts, the octahedron 
formed by the surrounding six water molecules are 
separated further by sulphate ions or monovalent 
anions. It may be considered, in these cases, that 
exchange or superexchange interaction between 
magnetic ions passes over several atoms or mole- 
cules, so that any magnetic transition, say, anti- 
ferromagnetic one occurs below 1°K as is actually 
the case. 

On the other hand, in anhydrous halides and sul- 
phates, distance between magnetic ions is consider- 
ably short. For instance, in CoCl, which has the 
layer structure, (CdCl. structure) magnetic ions 
interact each other directly in a layer and through 
two chlorine atoms between layers. In such 
halides and sulphates the antiferromagnetic transi- 
tion or some anomalous behaviour has been ob- 
served at rather high temperatures such as the 
liquid hydrogen and liquid nitrogen temperatures. 

Thus, it may be inferred, from the above stated 
consideration that in CoCl.-6H2O one or two chlo- 
rine atoms will take positions of octahedral coor- 
dination in the place of water molecules and these 
octahedrons are adjacent to each other without 
inserting any atom or molecule. 

The determination of crystal structure of CoCl,- 
6H,O by J. Mizuno, K. Ukei and T. Sugawara in 
our Institute?) is now in progress. The most pro- 
bable structure inferred at present from their re- 
sults is such that each Co+? ion is surrounded by 
four water molecules forming a square and by two 
chlorine atoms on an axis normal to the square. 
This picture is quite consistent with the magnetic 
behaviour observed. 

H. J. Gerritzen failed to detect paramagnetic re- 
sonance in this salt at liquid hydrogen tempera- 
tures?) Antiferromagnetic resonance measurement 
made, using 9800 Mc, by M. Date in our Institute 
has also yielded negative result*). 

The sample used was that from Kanto Chem. Co. 
Japan and analysed to be exactly CoCl,-6H,O. 
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Convex Molecules in Non-Uniform 
Gases,— Supplement 


By Taro KIHARA and Akiji OUCHI 


Department of Physics, Faculty of Science, 
University of Tokyo 


(Received July 3, 1957) 


In “Geometrical Theory of Convex Molecules in 
Non-Uniform Gases” by T. Kihara (J. Phys. Soc. 
Japan 12 (1957) 564) a geometrical theorem on con- 
vex bodies was applied to transport phenomena in 
gases, molecules being represented by rigid convex 
bodies without attraction. Collisions between 
heavy convex molecules and light spherical mole- 
cules were treated; shape and size of molecules 
of nitrogen, carbon dioxide, carbon tetrachloride, 
sulfur hexafluoride, and benzene were determined 
from the coefficients of diffusion in hydrogen. This 


Table Ia. Interatomic distance. 
: Molecule “Bond Distance in A 
Carbon disulfide CS, C-F 1.54 


Table Ila. The cores of molecules. 


Mole Vo So Mo 
cules Coxe (A3) (A2) (A) 
CS: thin rod joining 2S’s 0 0 9.68 
CH, tetrahedron joining 4H’s 0.67 5.52 10.23 
rectangle joining 
Coe mid-points of C-H 0 3.48 8.95 
octagon joining 
CioHs PHAGHOTALSPOLECL TY 0 44.74 25.75 
octagon joining 
CisHio midepointeroiiGol 0 HOSES! 
Table Illa. Coefficients of diffusion D at 0°C, 1 
atm. and the effective cross sections Q in Eq. (13). 
re water eapaat 
Gases D Q Sat+Set+o MsMy 
(cm2/sec) (A?) (A?) 
H.-CS, 0.369 204 
H.-CHy 0.625 126 
Hy-C2Hy 0.486 158 
CO,-CS. 0.063 316 292 
CS,-Air 0.0892 258 253 
CO.-CHy 0.153 201 196 
CyoHg—-Air 0.0513 502 
CyHip-Air 423 


0.0421 


The values of D are also taken from 
International Critical Tables vol. V (McGraw- 
Hill, New York, 1929). 
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Table IVa, Constants of rigid convex-body model 
of molecules determined from coefficients of dif- 
fusion at 0°C. 


a 
Molecules (A) 
2.06 


Cs 


CoH4 


fon Ci aHio 


ae ele Soy s\ 


Fig. 2a. Shape and size of molecules according to 
the rigid convex-body model determined from 
diffusion coefficients at 0°C. 


note is a supplement, in which results for several 
other molecules are added. Tables Ia through IVa 
and Fig. 2a are continuations of the corresponding 
tables and Fig. 2. 

Carbon disulfide CS, can be treated just as car- 
bon dioxide. Diffusion of naphthalene CyHg and 
anthracene CyHio in air can be approximately 
treated as a collision phenomenon between a light 
spherical molecule and a heavy convex molecule 
with a large moment of inertia. As regards the 
radius of the sphere representing an “air mole- 
cule” we have 6=1.73A, which is effective for 
diffusion at 0°C. Diffusion of methane CH, and 
ethylene C,H; in hydrogen can be treated within 
the accuracy of the “geometrical approximation ” 
mentioned in the main article. 


Erratum: in Eq. (4) change r-(---) to Uu-(---), 
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Proposal for a Solid State Radio-Frequency 
Maser 


By Junkichi Irou 
Department of Physics, Osaka University 
(Received July 4, 1957) 


Bloembergen» has proposed a solid state maser 
in microwave frequency range by the use of double 
resonance among fine structure levels of paramag- 
netic ion in crystal, and this method has been ap- 
plied by Scovil, Feher, and Seidel2) to a gadoli- 
nium salt with great success. 

By a similar double resonance method, it seems 
possible to construct a radio-freguency solid state 
maser, using Zeeman levels of pure quadrupole 
spectrum. 

Consider nuclei with spin 3/2 in a single crystal 
and assume that there exists large axially symme- 
tric nuclear quadrupole interaction for these nuclei. 
When this single crystal is inserted in a magnetic 
field, Hy, two pure quadrupole levels, +3/2 and 
+1/2, split into four levels as shown in Fig. 1%, 


-3/2 

3/2 

(+) 

padp (-) 
Fig. 1. 


Two levels split from +1/2 level are mixed states 
which will be denoted as (+) and (—) levels, res- 
pectively. By the assumption of large e?¢Q, energy 
differences 4’ and 4” indicated in the figure are 
very much smaller than 4. By some thermal mo- 
tions in the crystal, spin-lattice relaxation process- 
es take place, and assuming that main contribu- 
tion comes from electric quadrupole interaction, 
the probabilities of thermal transitions between 
these levels are denoted as a and 8, respectively, 
as shown in the figure. 

When a sufficiently strong r.f. field is applied on 
the crystal, with the frequency equal to (4+/4!)/h, 
the states —3/2 and (+) will saturate and the po- 
pulation difference between these two levels will 
disappear. At the same time, the population dif- 
ference between (+) and (—) levels. N--—N+, be- 
comes 


N_—N42=(n/4)(4/kT)(a+ B)/(2a+ B) (il Ne 


where 7 is total number of nuclei in the crystal, 
and 7 is the temperature of the crystal. There- 
fore, N-—N, which is proportional to A'/kT when 
there is no r.f. field becomes to be proportional 
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to 4/kT when the transition between —3/2 and (+) 
levels saturates. Since 4>> 4’, the population dif- 
ference increases enormously by this procedure. 

When a sufficiently strong r.f. field with the fre- 
quency (4+4’)/h is applied on the crystal, the po- 
pulation difference, N-—N, becomes negative, 
with the absolute magnitude equal to that given 
by (1)**. In this case, emission spectrum by the 
transition between (+) and (—) levels will be ex- 
pected. When another weak r.f. field with the 
frequency 4'/h, which lies generally in r.f. frequ- 
ency range for the value of the static field of few 
thousand oersteds, is applied with the amplitude 
2H, the power of induced emission by this radia- 
tion field, P, can be calculated easily to be 

P=(1/2)(A/kT) A'n7?HyT (a+ )\(2a+R) (2) 
where T; is the spin-spin relaxation time and 7 is 
the gyromagnetic ratio, and this r.f. field is as- 
sumed to have a direction to give maximum tran- 
sition probability. In the case where 7=10'sec-1 
gauss~!, T,=10-4sec, H»=3x10-20ersted, Hy=10+ 
oersted, m=0.1 mole, and a < ***, P becomes to 
be about 3(4/£7)-10-° watt, or, if 4/kT~10-2, the 
power obtainable will be about 30 microwatts. 

When @(loaded)-1> P/w x (storage energy) >@(un- 
loaded)-1!, cw amplification will be possible, and 
when P/w»x (storage energy) > @(loaded)-1,  self- 
sustained oscillation will be realized. With the 
same values of 7, T, and Ho given above, and as- 
suming Q(loaded)=100 and the volume occupied by 
a nucleus=6x10-%%cc, the condition for self- 
sustained oscillation is (e2¢Q/kT) > 0.01, or, if we 
take T=1°K, e?¢Q/h should be larger than 460 
Mc/sec. 

Thus, in favorable cass, it will be possible to 
construct an r.f. maser by this principle, though 
it might be less important in actual applications 
as compared with microwave maser. 
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* When a strong r.f. field with the frequency 
A/h is applied, a similar expression for N-—N4, 
is obtained in which a and # are mutually inter- 
changed. 

** When a strong r.f. field with the frequency 
(4+4'+4")/h is applied, N+—N- becomes equal 
to N-—N: of the case with the frequency 4/h. 

*#** This condition is not always necessary. For 
arbit.ary va'ues of a and #, the power obtainable 
differes only within a factor of two. 
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measurements for this clean surface were carried 


out, oxygen gas was introduced into the vacuum 
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Free Bonds on the Clean Surfaces of 
Germanium Single Crystals 


By Akio KOBAYASHI and Shinji KAWAJI 


The Research Institute for Catalysis, Hokkaido 
University, Sapporo, Japan 
(Received June 22, 1957) 


There is good evidence that two types of surface 
states, fast and slow states, exist on germanium 
surfaces)2), According to the latest investigations 
of several workers, the density of fast states is 
about 10U/cm2ev. If the fast states are Tamm 
levels, their density should be about 1015/cm?. Field 
effect experiments on germanium surface cleaned 
by ion bombardment were carried out by Handler 
and others») lately. But they could not observe 
the minimum of conductance by field effect, there- 
fore, their estimation might include some ambiguity 
in the density of fast states. We have observed 
field effect patterns of clean germanium surface 
and their change with introduction of oxygen. In 
all cases we could observe the minimum of con- 
ductance so that we have obtained the density of 
the fast states. } 

The sample used was an etched slice of 40 ohmcm 
p-type germanium single crystal, 0.5x2.5x15 mm}, 
which was mounted on the sample holder shown 
in Fig. 1. Field effect was measured using a 50 


EVAPORATED 


CHROMIUM EVAPORATED 
CHROMIUM 

Age ELECTRODE 

Fig. 1. The sample holder. 


cps voltages from peak to peak 4 x 10° volts/cm ap- 
plied to a field probe. The circuit used was simi- 
lar to Montgomery and Brown's. After the sample 
stood in hydrogen gas at pressure about 5 cmHg at 
500°C for 24 hours in order to reduce the germa- 
nium surface, the system was evacuated to 10-8 
mmHg. The sample was then heated upto about 
800°C for ten minutes by passing an ac current 
through itself and, then allowed to cool to room 
temperature at the free After 


radiation rate. 


system. The measured field-effect patterns for 
clean and oxidized surfaces are shown in Fig. 2. 


fe) 


AG in #MHOS-CM? 
(s) 
an 


3xlo® 

SURFACE CHARGE in COUL:CM® 
Fig. 2. Curve (1): theoretical conductance 
changes. ¢s is the position of the Fermi level 


at the surface measured with respect to the 
Fermi level in intrinsic material. Curve (2): 
conductance changes for clean surface and, 
Curve (3): that for oxidized surface. 


In this figure the minimum points of experimental 
patterns are shifted at the same point of theoreti- 
cal one. 

From this figure the density of fast states is 
estimated at 1.7=10/cm2ev for clean surface and 
at 2.4x10/cm?2ev for oxidized surface. The sur- 
face potential, defined as the difference of the 
electrostatic potential at the surface from its bulk 
value, decreased by 0.03 volts with the introduction 
of oxygen. The decrease in the density of fast 
states with introduction of oxygen shows that the 
fast states are dangling bonds at the surface of 
the germanium proper. But the observed density 
of fast states is still much lower than expected as 
Tamm states. This discrepancy may be attributed 
to the contamination of the surface by residual 
gases during experiments. 


References 


1) H.C. Montgomery and W. L. Brown: 
Rev. 103 (1956) 865. 

2) J. Bardeen et al: Phys. Rev. 104 (1956) 47. 

3) P. Handler; ‘‘Semiconductor surface physics ’’, 
Univ. Pennsylvania Press, 1957, p 23. 

4) C. G. B. Garrett and W.H. Brattain: 
Rey. 99 (1955) 376. 


Phys. 


Phys. 


PROGRESS OF THEORETICAL PHYSICS 


(Founded by H. Yukawa in 1946) 
Published for the 
Research Institute for Fundamental Physics 


The Physical Society of Japan 


1055 


Progress of Theoretical Physics 


On the Vibration of Disordered Linear Lattice .............. J. Hort and T. ASAHI. 


Cluster Development Method in the Quantum Mechanics of Many Particle 


SV Stemi erp ateeta ee ek es ee F. IWAMOTO and M. YAMADA. 


On the Elastic Scattering of Charged Particles by Nuclei in the Intermediate 


IDerneAy IRS coco dabooe ods ads eee oan S. N. GHOSHAL and B. B. BALIGA. 


Saturation of Nuclear Forces—Neutron Proton Scattering 


SOROS PICA POSES GAS aoe eee ee ACE Da BHATIA cans orien SHAH. 
The /-Forbidden Magnetic Dipole Transitions....A. AR MA, H. Horie and M. SANo. 


Pion-Nucleon Scattering and Structure of Fourth-Order Matrix Elements in 


BS(Bs).Mesonieiheory, sec. dev owic.cree cus K. NAKABAYASI and K. HASEGAWA. 


Mathematical Formulation of the Gell-Mann-Nishijima Scheme for New Particles 


8 3 ac'b'S SIU. 0 PORCHES SAS HOU A en as CoO dn eran ae Sigeo HANAWA. 


Letters to the Editor: 


Onathe gAdieShow erm Core t..o0)..0). eu aw. see ea. se: S. HASEGAWA. 


A Kinematical Test for the Relation between the Coupling Constants 


Tne WlesoneNheonys ee w., Ses ew eet ee eee es K. HIIDA. 
Electron-Neutron Interaction ................ F. ANDO and H. MIYAZAWA. 
Viscosity and Heat Conductivity of Liquid He*® ............ Saker Kia 


On the Annihilation Cross Section of the Antinucleon and the Nucleon 
Interaction with the Sound Quanta in a System Consisting of Two 


Kinds of Charged Particles—The Method of Supplementary 


VGRPOTN EO hn 6 aD BOD OOO aC OP Coe Ce Onno oat Z. GALASIEWICZ. 


The Catalysis of Nuclear Fusion Reactions by »-Mesons............ 


C. HAYASHI, T. NAKANO, M. NISH’DA, S. SUEKANE and Y. YAMAGUCHI.. 


Progress of Theoretical Physics Vol. 7, No. 5, May 


Biciicliots) octyl: 6 eheleuscetejleisve.e \eieveis ip euse)(e1e)\s, 


The Penetration of the Diffuse Nuclear Potential Barrier ............ Ken KIKUCHI. . 
The Photon-Nucleon Scattering .........-.-----++-+> S. MINAMI and Y. YAMAGUCHI.. 


Note on the Ferromagnetic Resonance NDSOLDEION ser eiiclelleiae sierstone Takehiko OGUCHI. 
7619 


On Solutions of He? and Het ...........---seeeeees 


On Collective and Internal Motions in a Bose Systemes. Toshiyuki NISHIYAMA.. 


Letters to the Editor: 


On the Systematization of the Strongly Interacting Particles...... M. IDA. 


Y. YAMAGUCHI. 


po23 


943 


5000 


061 
.067 


sail 


BOOZ, 


.603 


.605 
607 
.609 
.612 


.613 


. 659 


AL) 


1056 


66) ele 0 ,€ 4) 0) 6.0L 0, e8 
fe 6: Sis Kebeneie 629 4:16) 6: BUS) 0: Oey bne Bus) a6) b, @ ae © 6) 6 Sleeleie sie_esers)e) sials © elenelsue. sue 19 eLSeeio teil oa 


Progress of Theoretical Physics 


Giant Stars with Shell Source of C-N and p-p Reactions................ C. HaYASHI. 
Selection Rule Imposed by Mass Reversal 23. - oc <tetisele sei trie eie T. OUCHI. 
Investigation of the Chew-Low Equation by Iteration...... H. FuJino and J. OSADA. 
On the Asymptotic Conditions in Quantum Field Theory.............- K. NISHIJIMA. 
Mass) Differencexof: Dis) >> and. >)° Hy perons 4) aa -1- cet H. KATSUMORI. 
A Remark on High Energy Phenomena...... S. Amal, T. Murota and M. NISHIDA.. 


Letters to the Editor: 


Errata 


Contents of Phys. Soc. of Japan, Vol. 12, No. 5 


Contents and Authors Index to Vol. 17 


Effect of Long-Range Correlations on Free Electron Diamagnetism .. 

ce eae Oates tte eet B. DONOVAN, H. KANAZAWA and N. H. MARCH. 
Acceleration of Cosmic Rays by Hydromagnetic Wave.............. 

EP ete renee erence aes HC SIE Y. TERASHIMA, K. KITAO and K. OGAWA. 
Interpretation on the Ratio of the Emission Probabilities for Protons 

ANG NEUE ONSH sake. sttcee eis oc eiereehe « eictes R. NAKASIMA and K. KIKUCHI. 
Some Remarks on the Charged Mesic Decay of 9Hp................ 

An eas enn oer ose aS T. OGIMOTO and Y. YAMAGUCHI. 
An Attempt of Generalizing the Invariance of the Theory under the 

Charge Conjugation ease... - oe O. HARA, Y. Fusgtl and Y. OHNUKI. 
Pion-Nucleon Interaction according to the Previous Theory ........ 

BES SRM ot Sd. See ate ok ee O. HARA, Y. FUJII and Y. OHNUKI. 
The Annihilation of Antinucleon according to the Previous Theory.. 

St tetotie: Seat provera Oe LEUECR elle to's (Siete fate tote te item Pele Tats O. HARA, Y. FuuII and Y. OHNUKI. 
The Production Ratio of K+ to K- Mesons 


O Sle Fie CO S(6rs 0 eo 0 6 ws sie 6h HU 6 ce 2 6 bn 8 6 2 « wee 06) 0) 6 a 0.0 © © oe see 6 + 8 mip ace lalsie se: bia) a) 6s) biki sl ule ein 


Slate’ e 0c ei ole vies ele © Sisic w alele = 6100.0 0 6 6 oss be 


737 
743 
751 
765 
803 
807 


813 
814 
816 
817 
819 


820 


Price $ 1.25 per copy 


$ 15.00 per year (postage inclusive) 
Annual dues for foreign members (individual subscribers) 


$ 12.00 (postage inclusive) 
” for foreign members of the Physical Society of Japan 


$ 10.00 (postage inclusive) 


Application for members, subscriptions and orders for back numbers should 
be sent, directly or through book-dealers, to 


The Publication Office 
in 


Yukawa Hall, Kyoto University, Kyoto, Japan 


Cox and Williamson” 


_ sions. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 12, No. 10, OCTOBER, 1957 


Angular Distributions of the Si*(d 


, p) Si® Reaction 


Shigeo TAKEMOTO, Tsunekichi DAZAI and Shinji SUGANOMATA 


Department of Physics, Faculty of Science, 
Tohoku University, Sendai, Japan 


(Received July 3, 1957) 


The angular distributions of five proton groups from the Si?8 (d, p) Si29 


reaction have been measured in energy range 0.77- to 1.30-Mev. 


In our 


energy region complicated compound nucleus effect was observed. 


§1. Introduction 


Holt and Marsham” investigated the Si 
(d, p) Si?® reaction at 8-Mev deuteron energy. 
Their results showed pronounced stripping 
effect in the angular distribution of various 
proton groups. Recently, the experiments of 
have shown many 
resonance structures in the Si?’ (d, p) Si?® ex- 
citation curve at 50° to the beam direction, 
but no such structures at 0°. We have 
studied whether stripping effect is present or 
not in our low energy region (0.77- to 1.30- 
Mey). 


§ 2. Experimental Procedure 


In order to measure the angular distribu- 
tion, a multiple plate camera was used. 


- Nuclear emulsion plates used to detect protons 


were the Sakura 1004 nuclear plates.* 
Their properties are believed not to differ 
appreciably from those of the Ilford C2 emul- 
Aluminium foils, inserted in front of 
them, were 70 to 100 microns thick. Ap- 
paratus and procedure w-:e described in 
detail in the previous report*. 

The homogeneous deuteron beam from the 


| Tohoku Van de Graaff generator was used to 


bombard a thin silicon target. The deuteron 
energy spread was about 1% and the calibra- 


tion of the energy scale was made at the 


known Li’ (p, 7) Be® 441-kev resonance using 
a diatomic beam. 

A thin silicon target, few tenths of a micron 
thick, was prepared by vacuum evaporation 
of natural metallic silicon onto a silver back- 
ing, about 1 mg/cm? thick. As the target 
thickness and the beam current were not 
measured precisely, the absolute cross sections 


‘could not be obtained. 


s Sakura 100 microns nuclear plates were sup- 
plied by the Chemical Research Laboratory of 


-Konishi-Roku Photographic Industry. 


§ 3. Results and Discussions 


A typical range spectrum of Si?8 (d, p) Si? 
protons is shown in Fig. 1. A number of 
proton groups is clearly resolved, and assign- 
ment to known levels in Si?? was carried out 
with the aid of the range-energy relation of} 


Si*(d,p) Si 
80 Eg=l'OOMev 
ed Oiae= lO 
ud 
S60 
=) 
Zz 
z40 
Oo 
f- 
e) 
20 


O 20a Ol COMNCOMmnOONEI ZO: 
RANGE (DIVISIONS, 1 DIV.=2-Im) 


Fig. 1. Range spectrum of protons at 41a»=10° 
from the Si%8(d, p) Si? reaction (Q=6.25 Mev, 
Ea=1.00 Mev.) 


the Sakura nuclear emulsion and known 
reaction Q-values.” Groups Pp, Pi, Pe, P3 and 
P, correspond to the ground state, Ist. (1.28- 
Mev), 2nd. (2.03-Mev), 3rd. (2.43-Mev). and 
4th. (3.07-Mev) excited state in Si?°, respective- 
ly. C group is protons from C??(d, p) C#¥ 


Table I. Intensity ratio of proton groups from 
the reaction Si2®(d, p) Si2??(Q=6.25 Mev) 
at Oab=90°. 
- el Deuteron energy — 
Proton Eee ___ (Mev, in Lab. system) —__ 
efoup ‘| Mev) O37 x|. 1200 | 1.300)) 180% 
Po OROOSS* a1E.0 1.0 1.0 1.0 
1p 1.28 ono il Ff il ZA 1.4 
P, 2.03 2.0 1.0 1.8 1 
P3 2.43 2:5 0.7 Ibs) 0.8 
Pi 3.07 3.4 iy Zao 0.5 


* reference 5. 
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Fig. 2. Angular distributions of Py) group from Fig. 4. Angular distributions of the Pz group. 
the reaction Si?* (d, p) Si” at three bombarding 
energies (0.77-, 1.00- and 1.30-Mev). Solid curves 
are the expansion in terms of Legendre poly- 


nomials up to P, (6). 


6 1-6 Eq= 1-30 Mev 
1-2 : Lackan de |:2 
Sema O8 
ay 4 Eg= 1:30 Mev ~04 
pO Bun 
D6 "Spal 
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Fig. 3, Angular distributions of the P; group. 


Fig. 5. Angular distributions of the P; group. 


1957) 


-(Q=2.72 Mev) for carbon contamination depo- 
sited during the target preparation process 


-and the running time. 


Although groups X, 
and X, is not undoubtedly assigned to any 


Ed=1-30 Mev 


I50 


O : 
Oe 320) 507496 
C-M-ANGLE IN DEGREES 


Fig. 6. Angular distributions of the P, group. 
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Table II. 
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excited state in Si2®, one of them may be due 
to C¥ (d, p)C! (Q=5.94 Mev) and the other 
due to other contamination. Relative inten- 
sities of five assigned groups at O1a,=90° are 
given in Table I, together with those reported 
by Van Patter and Buechner”. 

The angular distributions for each group 
are -Shown i Wigs 2. 3 4 5 and Gs ton 
deuteron energies at 0.77-, 1.00- and 1.30-Mev. 
Distributions of all groups vary appreciably 
with deuteron energy, and the strong strip- 
ping effect in forward direction, which was 
revealed in the work of Holt and Marsham” 
at Ea=8 Mey, is not observed in the present 
investigation at low bombarding energies. 
However, the distribution for P3 is isotropic 
even at 8-Mev, and present results for that 
group is also nearly isotropic (Fig. 5). Cox 
and Williamson” stated that, in energy region 
1.3- to 3.0-Mev, although interference effects 
between stripping and compound nucleus for- 
mation process is present in the Si?*(d, p) Si 
excitation curve for Pp group at 0,=50°, such 
effects in not seen at all at 0°. In our work 
excitation curves were not measured, but 
strong resonance effect is surely present not 
only for Py, as seen from rapid variations of 
distribution patterns with deuteron energy. 

All angular distributions were expanded 


Coefficients in the expansion, 


4 
o(Ea, Oc.ar-)1 o + dai(Ea)Pi(6c. a). 
i=l 


Proton Deuteron energy ‘ fr oy 
group (Mev) a a2 3 4 
7 Po : 0.77 0.27+0.05 +0.3140.07 +0.28+0.08 +0.19+0.09 
1.00 | -+0.35+0.01 +0.19+0.02 —0.23+0.02 +0.04+0.02 
1.30 | +0.39+0.03 +0.47+0.05 —0.37+0.05 —0.09+0.06 
Pi Ox +0.12+0.01 —0.114+0.02 —0.01+0.02 +0.07+0.03 
| 1.00 —0.35+0.02 +0.34+0.063 —0.02+0.03 —0.01+0.04 
1.30 —0.3140.02 —0.03+0.02 —0.08+0.03 —0.05+0.04 
Py Osne —0.05+0.04 +0.17+0.06 +0.13+0.07 —0.05+0.08 
| 1.00 0.02+0.01 —0.12+0.02 —0.04+0.02 | —0.05+0.02 
| 1.30 | +0.21+0.03 +0.16+0.04 —0.138+0.05 | +0.04+0.05 
Ps | 0.77 | —0.16-+0.04 0.20+0.05 + 0.30+0.06 —0.09+0.06 
1.00 —0.08+0.02 +0.11+0.02 +0.12+0.03 +0.07+0.03 
130 —0.11+0.03 +0.09+0.04 —0.04+0.04 +0.0140.05 
Py 0.77 —0.53+0.05 —0.07+0.07 +0.17+0.07 +0.01+0.09 
1.00 +0.09+0.02 —0.01+40.02 +0.12+0.03 | +0.15+0.03 
1.30 +0.12+0.03 —0.03+0.03 —0.01+0.04 | +0.04+0.04 
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into series of Legendre polynomials of the 
C.M. angle, as 


(Ea, Bo.u.)Loe +35 ai(Ea)Pi(B0.u-) 


by means of the least square method. The 
expansion coefficients, ai, are given in Table 
II. The presence of large odd terms exhibits 
strong interference effects between levels of 
opposite parity at excitation energy of about 
12-Mev in the compound nucleus P**. 

We have made the same experiments with 
Mg*!, and similar figures to those obtained in 
the present investigation have been obtained 
in this case also. 
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Cluster Variation Method of Cooperative Phenomena 


and its Generalization II. 


Quantum Statistics 
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(Received June 12, 1957) 


The formulation of the cluster variation method of approximation for 
cooperative phenomena is generalized to the cases where the quantum 


statistics is to be taken into account. 


In this generalization, the nature 


of approximation becomes more obscure, but the quantum counterparts 
of the various approximations introduced in classical statistics are easily 


found. 


The method in its lowest approximation—the point approximation—is 
applied to the lattice model of liquid helium proposed by Matsubara and 
Matsuda and found to lead to the same results as they obtained under 
the consideration of the analogy to an anisotropic spin system. 


The formulation proposed by the present 
author in ]” is translated word for word to 
the quantum statistical case. The equations 
in this paper are numbered with the same 
numbers as the corresponding classical equa- 
tions in I*. 


* No quantum counterparts of classical equa- 
tions (8) and (9’) in I, were found; so equations 
with these numbers will not appear in this paper. 


The system to be considered in this pape 
is one which is characterized by the followin; 
three conditions: 1) The configuration of th 
system is described by the configurations o 
L fixed points in it. 2) The possible configu 
rations ve for ?-thypoint (G=1,> 2.08 Wyeas 
denoted by ai, 8i,. 3) The Hamiltonia: 
of the system H is given by 


Rie) ts 


. 
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SHO + 0% s H® The free energy is given by the minimum 
=I 2 fa im value of 

By 


=Tr [(0-H+kT o™-1n po] (2) 
under the variation of the density matrix »™ 
(elements of which are 9p(a,,...,vzj x1',... 
wzx/)), the variation being restricted by the 


1 
+3 SE DAR+... (1) 


which is explicitly expressed as 


L c . eae 
My, 26, Fr, ty ,.-., ze = >, Ay; ve) normalization condition 
1 = - = ) 
7 ; Senos oes ONGC g manta tiling o sp toneaul. 
aay = = AP (at, @5; 24’, ws) : ye. seul Aer ls ny soe) 


1 (3) 
ven = a ~ Ase (et, wsyceus we", wf", Be’) Likewise as in I, we introduce 2!—1 clus- 
- (1) ters, a “cluster” meaning any set of points 
selected from the Z fixed points. Then, we 
introduce two kinds of matrices and two kinds 
of functions connected with a cluster (¢,...,2n): 
the reduced density matrix ee oh defined by 


” 


in the representation where the configurations 
of the LZ points are diagonal*. 

The problem in this paper is to calculate 
the free energy of the system abovementioned. 


(Ci) aie eye! “ 
ed cate +5 Vins Bp yee ey x ) 
an We bal LE ah 
—s 1 SIs tt yr yf aie a’ 
=> ei) OF age Wo Day 5 2, Ox, > x4, th peak DONS Ne rg ay igh oo Rp are) 
@p HO, wy aay ey =a, 2, =a, > : Ct. , #5) 
the correlation matrix eg ie DY 
. Boa Peo s 1 ON port 2p. Clagett if ut 
OD (ars, w5; i, B= O(a; 4)05 Cas; WIP (a, w5; 5, 2) (9’”) 


OSD (coe, UI, Cus Diy Lj, Vy )= Oar; &,) OP (aI; 5) OP Hes Ly) PIP (wt, VI; Vj» V5) 


x Ie (as, Uk 5 4s a.) Ie (aes ti, Des %;) Ire, Vj, VK; 4, 4s ty) ene 
L 5 , , , 
Die MGQa ++, UL; Ze oa x)= U e pS? (a5 cf) IL gp oe, Uj, Vi» oe) 
ch os 
<UL GSP Cet, 24, es Why Bp Ty) I? x Hir+ + +4 BE; DiscenCays (67) 
the function G™(i,..., ¢) defined by 
In GCS? 2, )=—Tr ley es és In of tb (6) 
and the correlation function FO(i;,...,¢) by 
GO, J/=GV@QGVG)F OF, J) Wa, 
GO, j, R=GOOGO(JPEORFOG, NFOG, WFR DFO, J, k) Gat, 
Geng L)= fl GHG) FOG, I F@,j,k)...FOU,...,L). (7#) 
Gat t>J 


By means of these functions, we rewrite Eq. (2) as 


P= > ON ie H@ +5 > ps Tr [o§?- HY] +3) > > Tr lofi AgeIt+.-- 


Soe ltt 
“Gie 


fs +kT [3 In GWD+S In FOG, f+ Sin PMG, 7, A+. -- +n FOU,...,L)].  Q) 


| 


The cluster variation method of approximation is as follows: We divide 2?—1 clusters 


* In ‘the following, “this representation will be always used to express any matrix in explicit form. 
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into two groups, ‘‘ preserved clusters ’’ and ‘‘ not-preserved clusters”’. We rewrite the right! 
hand side of Eq. (9) and express the first row in terms of the precence p™*and the 
not-preserved g™) with no preserved g™ or not-preserved p™ and the second row in terms 


of the preserved G@ and the not-preserved /“™ with no preserved #“ or not-preservec 


GO, 
from (6) into preserved G™., 


In the expression for F thus obtained, we equate F™ and g™ to 1, and substitute 
Then the function F is obtained in terms of the preservec 


0@’s. Now we let this approximate expression for F take the minimum value with respect 
to the preserved o™’s. In doing so we have to notice that there exist the recurrence re: 
lations 
On, ig {Whar sy Vigan Biers e.) 
v. vy 
Fs “n : , . 19 
==, Sea Cc RR) MP RR ec) Eee , OA aie) (19 
. =a. v2. =a@ Lee TS tye 1 s-1 
Us ts "7 an 
between two preserved o@- and o™ and the normalization conditions 
Mey May 
Tr office, seria tecuDad OO. Cohan nee tanta arial au 
7 4 nae in 
for the preserved o™’s. The minimum value He” CH ee eS CRETE 
' : ; = 2 4 j 
obtained can be considered to be an approxi- 2md? Zij> 
mate value to the exact free energy. Hy a Gi* Gia; a; (AIV 


Which clusters are to be preserved must be 
decided from physical considerations. The 
approximation will generally be improved as 
larger and more clusters are preserved. The 
lowest approximation of the method is “the 
point approximation’’, where ZL clusters of 
one point are preserved. This corresponds 
to the Bragg-Williams approximation in classi- 
cal statistics. To the Bethe-Fowler approxi- 
mation corresponds ‘‘the point pair approxi- 
mation’’, where L(L—1)/2 clusters of pair of 
points are preserved. And so on. 


Application to a Lattice Model of Liquid 
Helium 


In the following, the method in the point 
approximation is applied to the lattice model 
of liquid helium proposed by Matsubara and 
Matsuda”. 

The system they took up as the model for 
liquid helium is characterized by that: 1) The 
configuration of the system is described by 
the configurations of L fixed points, which 
constitute a simple cubic lattice with lattice 
constant d in the coordinate space of the sys- 
tem. 2) The possible configurations of any 
point are ‘‘a particle is present at the point 
—present’’ and ‘‘no particle is at the point— 
absent” 3) The Hamiltonian of the system is 


‘ The terminology, preserved 0), not- preserved 
g™, etc., follows that introduced in I, 


<ij> 
where the summations are taken over neares: 
neighbor lattice site pairs, and a* and a are 
a. ati 0) (0) 


Dat aah a 
p. at i 0 0 
maar ela” fy 


in the representation where the configurations 
of the L points are diagonal; either of a;* 
and a and either of a;* and a; being com) 
mutative when i-</. 

We apply the point approximation to this 
system, then the function F is to be written 
in terms of oi. In the fluid, the point re: 
duced density matrices o:;’s are equal fo 
all of the lattice points, 7’s, which we write 


p.ati a.ati 


a eal 0 1 
a — . 


(Az) 


as 
p a 
pV= Niete a ) ; (A3: 


where p= N/L, Nbeing the number of particlee 
in the system, and & is the parameter whict 
is determined by minimizing F. (This & is 
found to be identified to € introduced in the 
theory of Matsubara and Matsuda.) To finc 
the entropy term in F, we need the eigen’ 
values of e™ which | are 


* 


he 2/m and vo are constants ‘characteristic tc 
the system under consideration. 


i zh a Wh 
“p U#V (1—29)?-+4E*) : (A4) 
| In the point approximation, 
ee Olay ayn tO 
LET © 4madeT O28) opp 8 


ae e+ (1—20)? +4 €?) 

x In (4-V(1—29)?-+4 69) 
+5(1-V = 2p)-+4 8) 

x In(1-V0=29)+4E4) (AS) 


The condition determining & is 0=0/0E?- 
F/LkT which reduces to 
| lh 1 in 
m@kT  V (1—20)?+ 4& 


: 
: 


1 Sn eeatie eoes 
| In + V =P ae) 
il a ee 
— In 1 -V = 2048) | (A6) 
which can be rewritten as 
tanh] 7! V = 2pP+42 ] 
=V (1-29)? +42 (A6’) 
where k7)=32/2md?. The last is the equation 
(28) with (30) and (18) in Matsubara and 


Matsuda’s paper. When T is large, this 
equation has no solution, where the minimum 
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of F corresponds to &?=0. The transition 


line, T.—pc, between these regions is given 
by 


tanh i [120s] |=[1—2o : (A7) 


The free energy of the system is given by 
Eq. (A 5), when & is determined by Eq. (A 6) 
at lower temperature than 7, and equated to 
zero at higher temperature. The thermo- 
dynamical quantities will be obtained from 
this free energy. 

The identity of the results of this calcula- 
tion to those of Matsubara and Matsuda, is 
convinced by confirming from their results 
that their 


fit on=(S—ag nC )-+on (A8) 


is coincident to our free energy, F/L from 
Eq. (A5) with (A6) or €?=0 (cf. Eq. (16) of 
ref. 2). 


The author wishes to express his cordial 
thanks to Prof. A. Harasima and Dr. K. 
Hiroike for the former’s continual guidance 
and the latter’s suggestive discussions and 
also for their kind inspection of the manu- 
script. 
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The Input Power Limit of the Cylindrical Rotating 
Anode of a X-ray Tube 
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The permissible maximum input power of the cylindrical anode of 
a continuous operating X-ray tube was calculated. Calculation was done 
for the cyclic dynamical steady state which was realized after sufficiently 
long continuous operation. This thermal problem was treated by DuMond 
as a one-dimensional problem in which heat flow was normal to the 


surface of the target. 


In our case a focus of an electron beam was 


a line focus and the width was small compared with the thickness of 
the target and the problem was treated as a two-dimensional problem 


containing transversal thermal flow. 


§1. Introduction 

The temperature of a rotating anode or a 
mobile focal spot on stationary target of an 
X-ray tube was calculated by many authors, 
who treated mainly the problem in which the 
input power was applied for a very brief time. 
In the case of a continuously operated mobile 
focal spot, a rough estimation has been done 
by Oosterkamp” and a exact theoretical analy- 
sis by the dynamically steady cyclic thermal 
state has been made by DuMond.” He 
treated this thermal problem as a one-di- 
mensional problem. His assumption was that 
the flow of heat was straight back normally 
from the target surface to the inner surface 
cooled by water without any lateral spreading 
of the heat. This is the approximation in the 
case of the larger dimensions of a_ focal 
spot compared with the thickness of the 
target. For a small focal spot compared with 
the thickness of the target, the deviation from 
his calculation increases. In the case of a 
rotating anode X-ray tube which planned in 
our laboratory, the thickness of the target 
was the order of 1mm and the width of 
a focal line was the order of 1/10mm, so that 
we had to consider the transversal flow of 
heat. This paper is the result of our calcu- 
lation for a rotating cylindrical target, in 
which DuMond’s treatment is extended into 
the two-dimensional problem. 


§2. Statement of Thermal Problem 

The target has a cylindrical form of the 
constant thickness, d, and it is rotated around 
the axis of the cylinder of which radius, &, is 


large compared with the thickness. The 
inner surface of the target is cooled by water 
and the temperature on the inner surface is 
assumed as constant J) (Fig. 1). A focus of 
an electron beam on the target is a line shape 
focus along the generatrix of the cylinder. 
The length of the focal line is sufficiently 
large compared with the width, 0, and we can 
treat the thermal problem as a two-dimen- 
sional problem, in which we consider the 
longitudinal flow normal to the surface and 
the transversal flow normal to the generatrix. 


Direction of 


rotation 
Width of 


focal line 


Electron 
beam 


Fig. 1. Diagram of a target. 


Instead of the rotating anode and the sta- 
tionary electron beam, we suppose that the 
anode is fixed and the focal line moves on 
the surface of the anode. As the thickness of 
the target is sufficiently small compared with 
to the radius, we can assume that the surface 
of the target is a plane normal to the electron 
beam. We shall further assume that the input 
power per unit area, value, w, is uniform 
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E 


} @ 


“over the focal area, that is, the small area of 
the target surface will receive heat at the 
surface rate, w, for rt, seconds and will be 
left for rt, seconds. rt; and r, is (Fig. 2) 


Fig. 2. Illustrating heat input on an element of 
the target surface as a function of time. 


xo Tg=T—T1, ee 
where ~ is the number of rotations of the 
target per second. In the present paper the 
same nomenclature used by DuMond are 
adopted for the convenience of reference. 
(Table I) 


™1=— 


Table I. Nomenclature. 


o mass density of target material 
c heat conductivity of target material 
o heat capacity of target material per unit mass 
w watts input per unit area in the focal area 
d thickness of target from face to cooling water 
b width of the focal line 
kA radius of target 
m the number of rotations per second of target 
t period of a rotation 
t heating time in a rotation 
PGI 
velocity of a point on target surface 


§3. Thermal Equation and Solution 
Thermal equation: We take the z-axis along 
the normal of the surface of the target and 


y-axis along the normal of the generatrix on 
the surface of the target that indicated in 


rig. 3. 
The equation of the thermal flow is 
OR EPALESS _ 09 OT (1) 
ax2 | Oy? c Ot 


where p is the density, c is the heat conduc- 
tivity and o is the heat capacity per unit 
mass of the target material. 

We shall confine the problem to the sta- 
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tionary state in which the temperature is a 
periodic function of ct. This dynamically 
steady cyclic thermal state will be established 
after a sufficiently long time in the continuous 


Direction 


Electron 
beam —z, of shift 
of beam 
———_-> 


Cooled by 


water 


Fig. 3. A part of the target is represented by 
shaded area and instead of a rotating target and 
stationary electron beam we assume the focal 
area moves on the stationary target surface. 


operation. An input beam moves along the 
y-axis with the constant speed, v, where v= 
2xkn and we can put 
T(z, y, D=T (a, 0, t—y/v). 
Let 
oe 
v 


=U , 


then equation (1) becomes 
BT WALCO? Pep 06 


Oz” v2 Our 


For boundary conditions 


(2) 


Boundary condition: 


we obtain 
ai Or a \< for interval Fe ay (4) 
Ox J/z-o (0 for interval v2 


Solution of the equation: The particular solu- 


tions of eq. (2) are 
T= I= 
T=e-* sin (22nu— Bx) 
i= CeGZCOS raat 
or T=e-CtB) gei2nnu 


where 
a=aa’, B=ap’, a=x(xnpo/c)¥?, 
tit d Pee n get 
a= 1+ a ; 
vtp7o" v?00 
Arcen? men)? 
gra | 1x BPO 
v'o?o v0 


The most general solution for the state of 
steady thermal oscillation is the sum of the 
particular solutions multiplied by constant 
coefficients, then 
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Pa: As-C.= 5 | 

ss 20CSAs | 

+ > A; exp (—asx) sin (27nsu—B sx) 
s=1 


a 2a (1—cos 277) 


x 


co /2 /2 
+ > Bs exp (—asa) cos (27nsu—B sx) a? + Bs | 
s=1 / | 
ce a ,.- sin 2zsr lePy ; (12) | 
+ 3 Cs exp (asa) sin (227nsut Bsa) as/?+ Bs | 
i, he Bete a | 
+ >| Ds exp (asa) cos (27nsu+ Bsa). ar ae Deco 
S=1 
oe x | mae 7, (1— cos 2zsr) 
In this solution s takes only integer values las?+Bs 
from 1 to infinity and expressed as ms=n7s 4 as nee ansr bs Be. (13) 
from periodicity. ls? Bs? 


Our problem consists in evaluating As, Bs, and from eq. (10), (11), (12) and (13), wa 
Cs, Ds and g so as to fit the expression (5) 


Hie : obtain 
to the boundary conditions (3) and (4). From 
condition (4) we obtain Ast+Cs sits on 
Ps sinh asd cosh asd+Qs’ sin Bsd cos Bs 
— 6 = —$__—_——— = oi aS Le 
Semen eB) cos? Bsd+sinh2asd 
—B;’ Bs—as’Cs + Bs’ Ds (14) 
— {1—cos (2zsr)} , (7) Dst+Bs 
; “HSAs __ Ps sin Bsd cos Bsd—Qs" sinha’sd cosh asd 
Bs Astas’ Bs—B;’ C;—a;’ Ds cos? Bsd+sinh? asd ? 
=! Asin Qusr) (8) (15) 
: where 


and from condition (3) Qs=ss', Bs=asBs’, as=(mpo/c)/*(sn)*/2, 


Tat (9) = Arc? ns? 2acns_)'? 
c as = lttasene aie 42 2 2 

v' 06 v00 16) 

As exp. (—asd) cos Bsd vue ~ Aiinis? _2ncns _)1V2 

+ Bs exp (—asd) sin Bsd 14 pry Piha mh 
+Cs exp (asd) cos Bsd The calculation of the temperature at every 
—Ds exp (asd) sin Bsd=0 , (10) point and every time from above solution is 
— A; exp (—asd) sin Bsd very complicated, then we choose the point of 
+ Bs exp (—asd) cos Bsd the surface at x=0 and at the time of the 
Moree Wy ieee end of a heating period, that is at w=, of 
r EXD (isd) Sin Bs which temperature 7 is considered nearly 
+ Ds exp (asd) cos Bsd=0 . (11) the maximum temperature of the target. Tm 
From eq. (7) and (8) is expressed as follows 


ewe > (Act Cs) sin 27sy-+ os (Ds+ Bs) cos 27sr 


=T+ Fi elins, 1 ps’ sinh asd cosh asd— qs’ sin Bsd cos Bsd 
Qnc s1 Sds cos? B.,d+sinh? asd J 


(17) 


where 


ne oo. (1—cos 2zsr eae sin 2zsr | sin 27sr 


285 2as 
sheen By? (1—cos 2zsr)— ay? By? sin ans | cos 27sr 
2as 


= —S sin 27s7 + S2Bs 


ay? -+ Be? is'2-+ By’? (1—cos 2zsy) , 
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C— ees ik ae Ze 2a Oe 
qs | are Fae C08 SY a’? By? sin ansr | sin 2zsr 
aad ae 2B" : ! 
4B me cos 2zsvr)+ ay? pn ans | cos 2zsr j 
_ 2a’ 
= a2 Bs 3 COS 27sr)- =) ae sin Q7sy ‘ 
We put 
0=d(xpa/c)¥2n'/? , 6,0 s1/2 
Or / 
== => 3 = / == Ps “ 
asd Os om asd=as O,;=Gs=- 2 , Bsd=6s 0;=)5= oe ; 
then we get 
TT, +r Gd wd s 1 ps’ sinh gs’ —@s’ sin ds’ as 
OU SIRL cosh gs’ -+cos ds’ : ) 
Now let 
AS 1 ps’ sinh gs’ —Q’s sin ds’ 
feud cosh gs’ +cos ds’ 
BES ATP VOLES a ee 
ep Pal ho pH ey Seen, (19) 
where We VVIFEP+Es and m VV TEE 
F, = Sinh gs’ +m: sin ds’ ' V1+€E? a Sey oe 
cosh gs’ -+c0s os’ When &; tends to 0, as’, Bs’, mi, and mz con- 
_m, sinh gs’—m, sin ds’ (20) verge to 1. More precisely when &; < 0.002, 
cosh ¢;’-+cos ds’ : a;’, Bs’, my, and m, are between 1—0.01 and 
ae Den, is anes 1+0.01. When &; tends to +00, a,’ diverges 
Vee page oP Ue Nema pki to +oo, and 8’, m, and m, converge to 0. 
re obtain Especially for m, and mz, we obtain following 
expression, 
wr wd dere lila i 
La = Tot. d omer (21) 1 W 14+1/E2+1 


If the number of rotations, 7, is infinite, that 
is, the input energy is distributed uniformly 


over the target surface, 
Tn =Tot+ 16 


so wdX/c is the temperature increase due to 
the finite shape of the focus or finite number 


of rotations. 
Now, we proceed to the calculation of X- 


function (19). For this purpose we explain 
the properties of functions which are included 
in X-function. 


as’, Bs’, m, and m, functions: These are 
functions of s and we put 
EO oar a ee (22) 


oo= vps 2nnk? pa ” 
then 


al=VVIFEM+E , BY=VVIFEP En, 


meV 1 +ie? 


ut ve 
Es 
and if &;>>5, the error which is caused by 


substituting V2/&, for m, is smaller than 0.01. 
And 


(for Es > +00) , 


Ms = ; Vapene ele 
ese to Hes 


= ee (for Es > +00) 
and if &; >3.5, the error which is caused by 
substituting 1/V2&s? for m, is smaller than 
0.01. These approximation formulae are 
utilized to calculate F-functions. The graphical 
forms of as’, Bs’, m: and m, functions are 
given in Fig. 4. 

F-functions (20): For convenience, we put 
= 872d *k?0?/c?, for example, in the case of 
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a copper anode, whose radius 5cm, the thick- 
ness 0.3cm and number of rotations is 20 
sec-!, the value of « is 7.1X10!. As &s=6s’?/n, 
if w~>10', the value of as’, Bs’, m, and mz 


3 
XS 
et 
\ 
Bs 
Me 
29 ie 2 3 a 5. 
Fig. 4. Illustrating the behavior of functions as’, 


Bs’, my and my, as functions of és. 


are approximately 1 within errors of 1% for 
the value €;< 0.02. In this region, 
sinh 0;’+sin 03’ 
cosh @;’-+cos 03’ 
sinh @;’—sin 0.’ 
a ff] , = S 4 
ee cosh 63’ +cos 65’ 


F(03s’)= 


and these are coincident with DuMond’s for- 
mulae. Furthermore, when @;’ >2z, each 
function is approximated with 1, because in 
this region hyperbolic functions are larger 
than circular functions and two hyperbolic 
functions are almost equal. 

In the case of &; > 0.02, they have following 
expressions, 


F.=my,(Es) F_=myz&s) 


and from the properties of m, and ms, each 
F, and F- has two appoximation formulae 
corresponding to the two regions of &s, Le. 
002 <—es= 5. and &; > 5. 

Conclusively, we obtain four expressions of 
F-functions corresponding to the four regions 
of &; for ~ = 10000. 


and 


(i) F.(6’)= sinh 05/+sin 05’ 


cosh @;’-++cos 65’ 


sinh @;’—sin @;’ 
OD ae ee 
(5") cosh @;’-+cos @5’ 
2 
(ior BART Cries =) (23) 
(Gi) F,O=F_@M=1 , 


(for An? << G5’? = 0.02 zg 
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2 
or BOOP) 
VVitbete 
mine bEP Es 
(iii) Fy Vi+tee ; 
sear VORE= Es 
7 V 1+Es? ; 
(ior 002 25 
0.005 5 
0.005 5. 25 
aa Asean) (25) 
(iv) F.O=,/2 , 
1 
(E10 lees — 
mies V0 
5 
(for E,>5 or >) (26) 


We calculated numerically the functions 
F.©, F_®©, F,© and F_© and the graphical 
forms of F-functions are given in fig. 5 (a), 
(b) and (c). 

X-function: When the condition “ => 10000 
is fulfiled, X-function can be expressed with 


_7F+(#=100) 
“\ -F(# =10,000) 


Fx H=10,000) 


O 100 200 300 400 500 600 700 800 900 1000 62 


Fig. 5 (a). Illustrating the behavior of functions 
F, and F_ for several m values and range of 
6s’ from 0 to 1000. 


1.2 F.(# =10,000) 


F-(# =10,000) 


O10 209 30540" (50: 26Op 7OM sO eso 


100 6% 


Fig. 5 (6). Illustrating the behavior of functions 


F, and #_ for several » values and range of 
6, from 0 to 100. 
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the next form 
functions, 


from the properties of F- 


Oe Mohan aa 45 OCG eR aeOn iO; 
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Fig. 5 (c). Illustrating the behavior of functions 
fF, and F_ for several » values and range of 
6, from 0 to 10. 


(a ee FQ) 
Ra.) Sat 2 
{= 30,’ sin 2zsr+ & 38,’ (1—cos 2nsr)} 
(2) 2 
+4505 sin 27sr+ pe z (1—cos 277) 
s 


+{3" — sin 27zsr+ pe 2 (1008 2nsr)\ 


ah? ~ sin 2zsr+ Se = Se cos 2nsr)h 
(27) 
From this expression, when 7 <1, sin 2zsr 


and 1-cos 27sr in the first blacket are so small 
that the influence of the other terms are com- 
paratively large and X cannot be approximated 
by the sum of finite terms of the beginning 
of the series. So we adopt the next method 
where r<1 is assumed, that is, following 
calculations are allowable under the condition 
y=1/1000 or small. 

Except the region where s < 7?6?, F-func- 
tions change very slowly with the change of 
s, and sin2zsr and 1-cos2zsr also change 
very slowly. Regarding 1/s0;’ it changes 
rapidly with the change of s in the region of 
small s, but in the case where s reaches at 
50, the change is only a few percent for 
a unit change of s. So, in the region of 
s>50, we can substitute an integral for the 
summation. In the region of s< 50, each 
term is numerically calculated and summed. 
Usually the latter region include the first, the 
second and some of the third bracket in the 
expression (27). The integrals in the former 
region, usually including the fourth and some 
of the third bracket are calculated as follows. 

For the third term, 
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F,® 
>> 38,’ -sin 27sr+ se 5 cos 27sr) 
eee alk a ) sin 27 - rine 
Vue EVE, i ‘ 


LY 


402 hae co 


where a is the value of & corresponding to 
the value of s=51. For the fourth term 


Oe \(1- cos 27 


Fy@ 
ps 56,’ sin 2zsr+ Be 7, (L=c0s 2nsr) 
=/2 dy —*— sin 22” iF 3 d&s 


+ yon Be ( 1—cos ant i me \dé. (29) 


Above method of calculation is restricted 
only in the region where “=10000 and 
rv < 1/1000. 


§4. Application to Actual Problems 


In §3 we have given the method of calcu- 
lation of X-function. In this paragraph we 
describe a few examples of calculations, which 
are limited to the tube which has a copper 
anode and dimensions given in Table II. 


Table IJ. Dimensions of the target and other 
conditions ofa X-ray tube to which calculation 
was applied. 


No. k(cm) d(cm) n(sec~) b(cm) r 

1 2 0.3 20 0.013 1/1000 

2 5 0.3 20 0.031 1/1000 

Table II]. Numerical values of parameters. 
No. 06 6 Wn pp 72/62 462/u(x103) 462 
1 2.38 5.66 106.6 11370 1.75 1.99 22.6 
2 2.38 5.66 266.6 71062 1.75 OSS ee 22no 


From these numerical values, we calculated 
necessary parameters which are given in Table 
III. From these values the summations from 
s=1 to s=50 are 0.01795 and 0.01831, each of 
which corresponds to example 1 and 2. The 
integrals corresponding (28) are difficult to 
calculate because of frequently oscillating 
terms of sin 2zyré;/40? and 1—cos 2zpré3/46?, 
but the upper limits of these integrals are 
easily calculated from the following formulae, 


F.@Es) sin on © Ley. dés 


5 7 Ate 
\e EsV Ez AR? 


F,O(Es)-d&s , 
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| WE F. aN — cos 2n A \aé, 
== F_O(Es)d&s , 


<2\ EVE 


and right hand integrals are evaluated by 
Simpson’s method. Calculating these values, 
we obtained the upper limits of values of (28), 
0.0144 and 0.0251 for example 1 and 2. Simi- 
larly for the upper limit of (29) we obtained 
next formulae, 


(30) 


| ee sin 2m tos E,- div<\" gaidiem 
oly — cos 2m 7 Es Ai d&s 
Se om 


<2) ede 


and obtained values 0.00279 and 0.00111 res- 
pectively for example 1 and 2. 

From above numerical values we obtained 
following X values 


for example 1, X < 0.03514, X/z < 0.01119 
and 7+X/z < 0.01219, 

for example 2, X < 0.04452, X/z < 0.01417 
and r+ X/z <_ 0.01517. 


If the anode is stationary and the transversal 
thermal flow is negligible the temperature T;, 
is expressed by 


Tm = Tot+ ad 


and from eq. (21) it is shown that the value 
of r+X/z gives the efficiency of heat diver- 
gency due to the rotation and the transversal 
flow. For example 1 the ratio of temperature 
rise is smaller than 1.2%, and for example 2 
the ratio is smaller than 1.5%, or the permis- 
sible input power per unit area is more than 
82 times of the stationary anode with the 
large focus for example 1, and for example 2 
it is more than 66 times. 

The heat conductivity of copper is 0.8 cal. 
cm.-! sec.~! deg.-! or 3.4 joule cm.-! sec.-} 
deg.-! at 1000°C and the value below 1000°C 
is larger than this value, and the melting 
point of copper is 1083°C. For the conditions 
Tm=melting point and 7)=100°C the boiling 
point of water, we obtain 


OL nace Line 3.34 x 1: 
(r+X/n)d- (r+X/n)d 
The values for both examples are 


watts/cm? . 
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w=9.13x 10° watts/cem? for example 1, 
and 
w=7.33 x 10° watts/cm? 
Each permissible input power per unit length | 
of the focal line is calculated as follows, 


for example 2. 


W=1.19x 104 watts/em for example 1, 
and W=2.30x10' watts/em for example 2. 


§5. Conclusion and Discussion 


In paragraphs from 2 to 4 we have described - 
the method of calculation and have given 
a few examples of numerical calculation. 
These calculations are unfortunately so com- 
plicated that we cannot give a general formula 
of the input limit as a function of 7, n, wu, 
etc. Furthermore when more accurate esti- 
mation is wanted, we must remark such 
questions that the point of maximum tem- 
perature is closely near to the end of the 
heating period, the temperature of the internal 
surface cooled by water is the same of the 
cooling water and the input power distributes 
uniformly upon the focal area. 

If the number of rotations increases the 
temperature approaches asymptotically to the 
T)+wrd/c which corresponds infinite number 
of rotations, for instance in DuMonds calcula- 
tion, r=2/10, the permissible input power at 
20r.p.s. is 57% of that for infinite number 
of rotations and the effect of further increas- 
ing the number of rotations is very small. 
But in our case y < 1/1000 the power limit is 
sufficiently small compared with the case of 
infinite rotations and input power can be in- 
creased by increasing the number of rotations. 

Regarding the comparison with the one- 
dimensional procedure, the third and the 
fourth terms of formula (27) is different, as 
the functions F are different for both proce- 
dures, and for r<1 i.e. for small width of 
the focal line, the difference of both procedures 
are prominent, because the first and the 
second terms of formula (27) are very small 
and the other terms have significant influence 
0) XE 
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Studies of quadrupolar effects of mixed alkali halide on nuclear reso- 
nance previously reported for Na in NaCl-NaBr have been extended to 
Br in KBr-NaBr. Amplification factor for eQq is thus derived and 
making use of this factor densities of dislocation are determined for a 
series of plastically deformed crystals of KBr. Although the effects of 
the screw and edge dislocations are additive for the broadening of the 
spectral line, their contributions to the net shift of the center of gravity 
of the line are in the opposite directions for Hp//[100]. Hence the two 
kinds of dislocation are separable in density through the measurement 
of the breadth and asymmetry of the spectral line. Extrapolation to 
zero strain shows that for an undeformed crystal screw and edge disloca- 
tions are nearly balanced in number and their total density lies around 
4x10®%cm-2. Linear Compression more favors the production of screw 
dislocations than that of edge dislocations and the density of each type 
dislocation increases quite linearly with strain up to fourty percent de- 


formation. 


Introduction 


§1. 

Recently the authors investigated the quad- 
rupolar effect on the nuclear magnetic reso- 
nance line of sodium in the mixed alkali halide 
crystal NaCl-NaBr’, which arises from the 
electric field gradients due to the local strains 
produced by halogen ion substitution, and suc- 
ceeded in giving a similar analysis to that 
made by Bloembergen and Rowland for the 
case of alloys”. Differing from the negative 
ions in KBr and KI, the sodium nuclei in pure 
NaCl retain in its absorption line not only the 
central line component corresponding to 
m=1/2—>m=-—1/2 transition, but also the 
satellite components arising from m=3/2—>m 
=1/2 and m= —1/2->m=-—3/2 transitions, and 
these are little affected by the internal cry- 
stalline defects such as dislocation or vacan- 
cies, indicating that the eQq at the sodium 
site is relatively small in a pure specimen. 
On the other hand, once a small amount of 
NaBr is dissolved into the NaCl crystal, inten- 
sity of the satellites promptly diminishes and 
even the central line undergoes the second 
order broadening upon heavier doping of NaBr. 
This latter effect, i.e., the second order broa- 
dening of the central line, is observable only 
when the minority halogen comes next to the 
sodium nucleus and hence has a remarkable 


For the heaviest deformed sample the total dislocation den- 
sity achieved was about 3x10? cm-2. 


directional asymmetry characteristic depend- 
ing upon the relative directions of the cry- 
stalline axes and the applied magnetic field, 
offering a striking contrast to the case of 
powdered alloys. 

The work on a metallic ion in alkali halide 
required a sister work on a halogen ion of a 
mixed crystal, having a common negative but 
different positive ions. Two convenient can- 
didates lying at hand are KBr-NaBr and KI- 
Nal, in which the bromine and iodine nuclei 
are to be checked on account of their finite 
nuclear electric quadrupole moments. How- 
ever, such trial on these elements ought to 
be accompanied by much difficulty not seen 
in the NaCl-NaBr case. Apart from the 
technical difficulty in growing a mixed alkali 
halide crystal bearing different alkalis, we 
have to be encountered with the fact that 
because of the large eQgq at the sites of bro- 
mine and iodine nuclei, even in pure KBr and 
KI the satellite components of these resonance 
lines have been almost perfectly smeared out, 
and the central lines only can be observed*. 
Hence if we further introduce NaBr or Nal 
into them and make mixed crystals, there 
arises a possibility that even a little bit addi- 
tion of such minority component might cause 
a fatal second order broadening so that no 
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signal could be picked out from the noise 
level. This is the barrier, though not insur- 
mountable, in the mixed crystal experiment 
for bromine and iodine. Nevertheless, the 
large eQq, which produces the cause of diffi- 
culty on one hand, brings a convenient means 
to study the internal defects in pure crystals 
on the other, chiefly the effect of dislocations. 
Effects of this sort could not be easily seen 
in pure NaCl, but now in pure KBr or KI, 
situation is quite different and dislocation 
effect is an object of easy detection. In fact, 
Watkins® has brought it to light that quadru- 
polar interaction with these dislocations is 
responsible for the disappearance of the satel- 
lites and further that increased dislocation 
density upon cold working could even bring 
about the second order broadening of the 
central line itself; in other words, the nuclear 
magnetic resonance signals of these elements 
are very sensitive to the presence of disloca- 
tions. Unfortunately, however, no sufficient 
information is available as to the quantitative 
nature of the quadrupolar interaction with 
dislocations. Total density of dislocations and 
the way in which they are divided into edge- 
and screw-type ones are not clear at present. 
Moreover, the amplification factor for eQq 
due to the ion core distortion is out of our 
knowledge and this makes the problem en- 
tangled all the more. For the first time Wat- 
kins led experimentally the value ten for the 
amplification factor, 8 in his notation. Al- 
though his way of derivation is quite con- 
sistent, yet he puts a little too much confid- 
ence upon Seitz’s estimation of dislocation 
density, that the determination of the ampli- 
fication factor had to be rather subordinate. 
The value ten seems to be a little too small 
in the light of today’s konwledge, since now 
Kranendonk® predicts much larger value from 
his point charge model, and even for free 
polar molecules, such calculations as made by 
Sternheimer et al. suggest larger values for 
these heavy elements. One way of deter- 
mining this amplification factor, we shall 
henceforth denote it by 2, is to investigate 
the resonance signal of mixed crystals. The 
dividend paid for performing a difficult mixed 
crystal experiment is that 4 can be deter- 
mined through an experiment independent of 
dislocation analysis. This consideration drove 
us to grow KBr-NaBr mixtures. In the follow- 
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ing paragraphs the quadrupolar interaction due 
to the introduction of minority alkali is des- 
cribed as well as the dislocation studies pur- 
sued at the same time, using a number of! 
plastically deformed crystals. Their analyses 
are intimately connected with each other. For 
the specimens containing iodine, similar ex- 
periments will be reported in a later paper. | 

| 


§2. Experimental Techniques 


The measuring equipments are essentially’ 
the same as those described in the previous} 
paper. However, the object in this time is) 
bromine which contains two isotopes of nearly’ 
equal abundance in nature. Moreover, the; 
disappearance of the satellites further reduces} 
the signal strength to one-fifth of that for’ 
sodium even at pure KBr. With a mixed! 
crystal, the signal observed will still be much. 
weaker. Thus the sensitivity required for the: 
measuring equipment becomes very high. A. 
handiest way to get a larger signal to noise, 
ratio is to raise the resonance observation 
frequency. This must be accompanied by a 
higher applied magnetic field strength. Un- 
fortunately, however, the small capacity of 
our electromagnet could not control its too 
fast a heating-up under a heavier current 
supply with all cooling water velocity. Hence 
we rather kept the magnetic field strength 
around 3,600 oersted just as in the previous 
work, but altered the magnetic field modula- 
tion frequency from 30 to 320cps. By this 
we meant to reduce the flicker noise in order 
to get a higher signal to noise ratio. In ab- 
sence of any established theory of flicker 
noise, we are not sure to what an extent this 
method is effective. However, it seems to be 
true that the higher the frequency, the less 
the flicker noise. In fact, thanks to this 
raised modulation frequency, the noise level 
has been much reduced and we could through- 
out operate the phase-sensitive amplifier with 
a time constant of about one second for chart- 
recording. This shorter time constant res- 
ponds quickly the incoming true signal, yet 
much more insensitive to the unfavorable 
noise signal than in the case of 30cps modu- 
lation. One disadvantage in using a high fre- 
quency modulation is the need of a compen- 
sator as a preventive against the pick-up from 
the modulation coil system to r-f. This was 
achieved by winding a pair of Helmholtz coils, 


some fifty turns in total, on the outer surface 
of the cylindrical shielding copper wall around 


the r-f coil. 

Every specimen used in the present work 
has been grown in our laboratory from the 
melt within a platinum crucible by the Kyro- 
poulos method. When dealing with NaCl- 
NaBr mixture, even growing an extremum 
of 50-50 crystal was a relatively easy task. 
This time, however, we were met with an 


extremely slow rate of growing for a crystal 
containing only a few percent minority. And 
| the actually dissolved amount of the minority 
within a grown crystal could not be the same 


| lyzing the alkali flame intensities. 


as that added while the reagents had been 
still in powder form, but would somewhat be 
less in quantity on account of the segregation 
effect during crystallization. Real quantities 
of the minority were later determined at the 
Department of Chemistry of Osaka University 
with a Beckman flame spectrometer, by ana- 
In Table 


I is shown the actually dissolved amounts of 


Table I. The relative concentrations of the 
minority in the specimens used. 


Sample Added amount Actually dissolved 
1 0.01 0.0061 
2 0.03 0.0147 
3 0.05 0.0187 


the minority, together with its added amounts 
_before crystal-growth. The maximum degree 


of doping is 1.87 percent. In view of the fast 


decay of the signal, any heavier doping than 


this would not be a sensible one. 


The pure 
KBr specimen as the intensity standard was 


selected in respect of its perfect singleness 


and growing and annealing conditions. Its 
size was cylindrical in form with 1.2cm in 
-diameter and 2cm in height, and just fit the 
r-f coil. The standard was changed three 


times in the course of experiment, and it was 


confirmed that all the characteristics of the 


“resonance line were common to each one; net- 


ther asymmetry of the line nor intensity change 
being noticeable. It must be noted in pass- 
ing, however, that for a crystal bearing a 
slight trace of small angle boundaries and 
even a crystal quenched in mineral oil from 
-a temperature just below the melting point 
showed no remarkable reduction in its signal 


‘strength. At least, there was not the faintest 
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indication of a second order broadening so 
long as the crystal was pure and undeformed, 
and hence we had not to get too nervous in 
selecting the standard. 

In performing plastic deformation, two dif- 
ferent methods were conducted. In the first 
place, the specimens were cleaved in rectan- 
gular shapes and linearly compressed between 
the plates of an oil compressor capable of pro- 
ducing the weights ranging from zero to one 
ton over the plates. As buffer, a pair of tin 
foils were placed on the upper and lower sur- 
faces of the specimen. The creep rate for 
plastic flow was accelerated by irradiating the 
metallic plates with an infrared lamp, thus 
somewhat elevating the temperature of the 
crystal indirectly. In this way we were able 
to get a series of deformed crystals, ranging 
from 4.7 percent to 40.9 percent in the pro- 
duced strains. 

Another way of plastic deformation was first 
to cut a cleaved crystal into several thin slices 
and each of them be put within a hollow 
cylindrical brass tube with its inner radius 
of curvature 1.4cm. Then, while warming 
up the tube with a burner, one presses the 
slice with a thick cylindrical iron rod placed 
on it. In this manner many arc-shaped slices 
having the equal radius of curvature 1.4cm 
were produced. The aim of this device was 
to get many edge-type dislocations having a 
uniform direction. The effect of the defor- 
mation process of this type will be discussed 
in later sections. 

All the measurements were carried out at 
room temperature. 


§3. Experimental Results and Their Ana- 
lyses 

3.1) Doped Crystals 

The intensity measurements were made 
both for Br and for Br®!. Since both of 
these nuclei in pure KBr give only 0.4 times 
the total absorption signal, we are bound to 
ascribe any change observed in a doped cry- 
stal to the second order broadening. In Fig. 
1 are plotted the changes in maximum meter 
deflections against the relative concentration 
of the minority. One can see how quickly 
the line broadens on a little bit addition of 
the minority. Since the quadrupole moment 
of Br? is 0.335x10-24cm-? and that of Br* 
is 0.280 x 10-24cm-”, the effect is more striking 
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for the former. In Fig. 2 are shown the 
integrated absorption curves for Br®!. For 
doped crystals, the lines have an asymmetry 
characteristic of having a somewhat longer 
tail on the higher magnetic field side. This 
asymmetry is a little more noticeable at deri- 
vative curves, and has little dependence on 


1-0 
D max 
Do max 
O.5- 
Br®! 
Br’? 
n 
eo 0-01 0-02 
Cc ——- 


Fig. 1. Normalized signal strengths of both Br? 
and Br*! in (1—c)KBr-cNaBr plotted against the 
relative concentration c of the minority. 
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Fig. 2. Integrated absorption curves for Br®! in a 


series of mixed crystals (1—c)KBr-cNaBr. 


the direction of the magnetic field, in contrast 
with NaCl-NaBr mixtures. That is to say, 
in the latter case the second order broadening 
occurs for only so heavy a doping that the 
probability of the minority halogen coming 
next to sodium becomes appreciable, and 
therefore, the number of halogen sites around 
the sodium nucleus responsible for the effect 
is limited to six. Under this situation, a 
simple analysis shows that for [100]//Hy the 
line should have a tail on the lower magnetic 
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field side, while for [110]//H tails should ap- 
pear on the both sides. In the case of KBr, 
however, the second order broadening comes. 
into existence even if the location of the so- 
dium ion is pretty far. Hence the radius 
vectors connecting the bromine nucleus and 
the sodium responsible for the broadening, 
have a considerable angular spread with res-, 
pect to the direction of the applied magnetic 
field for a given ry. According to the second. 
order perturbation theory, the energy differ-. 
ence corresponding to m=1/2—>m=-—1/2 tran-: 
sition perturbed by a quadrupolar interaction. 
with an axially symmetric electric field grad}-. 
ent is given by 
9 2I+3 AO? 
64 477(27—1) hyo 
x (1—9 cos? 6)(1—cos?@). (17 

Or writing the deviation from the Zeemanay 
frequency as dy 

h4v= A(1—9 cos? 6)(1—cos? 6) , (2); 
where 


4Fy/25-1/2= hyot+ 


«9 22143 Og 
64 47%(2J—1) hyo 
The minority ion placed at a distance r from) 
the nucleus concerned will produce a_ field! 

gradient: 


A 


(3)) 


eq=6e(ai—a)/ar’ , (4): 
where a: and a are the ionic radii of the: 
minority and majority alkalis, respectively, a 
the lattice constant of KBr and 4 the ampli-- 
fication factor including the Sternheimer cor-- 
rection. Putting this into (3), and (3) into (2),, 
we get the shift of the Zeemann frequency) 
due to the ionic substitution with a given) 
radial distance r from the nucleus concerned.. 
Since 6, the angle between the direction of! 
the magnetic field and the axis of the electric’ 
field gradient, varies as the minority ion moves: 
on the sphere of radius y around the nucleus,, 
the frequency shift will take a series of values: 
corresponding to the possible locations of the: 
minority ion on this spherical surface. If! 
there correspond many such possible orienta-. 
tions for a given 7, we shall have a broad’ 
frequency spectrum having two peaks whose: 
separation is given by 


Age 
9h 
4492 he 2 
_ 225, 21+3 coe ao\an sh 
16 4721-1) hur \ a 


1957) 


This gives the order of the second order qua- 


drupolar broadening due to the minority ion 
on the sphere of the radius 7. We shall then 
be able to assume that, if the minority ion 
comes within a certain critical sphere, the 
line is so much shifted that it contributes al- 


most nothing to the peak intensity. This as- 


sumption can easily be accepted, since dye 


given by (5) varies in the inverse sixth power 
Bot 7. 


Thus the peak intensity of the integrated 


absorption curve will be proportional to the 
probability that the minority ion does not 


come within this critical sphere. If there are 
m sites for the positive ion and the mean con- 
centration of the minority ion is c, this pro- 
bability is given by 


I./Ip=(1—c)” , (6) 


where I, is the peak intensity for pure KBr. 


Since c<0.02, we may safely put 
In (Ic/Io)= —nG0 , QT) 


and the semilogarithmic plot will give the 


value of z. In Fig. 3 are shown the plots of 
| 
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Fig. 3. Semilogarithmic plot of the relative peak 
intensities of both Br” and Br*! resonance lines 
against the relative concentration c¢ of the mi- 
nority. 


this kind. The intensity measurements were 
carried out both for [100]//H) and [110]// 
and the averages of the two are given there, 
though no significant difference in slope for 
the two directions occurs. The heaviest doped 


sample gives no point for Br” and even for 
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Br®! the point is written with a white circle, 
indicating that the determination is not so 
certain. The remaining three points for each 
isotope, however, assure the linearity. The 
values of m calculated from these slopes are 
105 and 92 for Br7® and Br®!, respectively. 
The latter corresponds to the number of al- 
kalis just as far as the fifth ones, while the 
former lies between the fifth and sixth. The 
distance from a bromine to its fifth alkali 
neighbor is /jja@ and to sixth 13a, where 
a is the lattice constant as before and 3.29 A for 
KBr. Then, we may be justified by equating 
the critical radius ™ to ~/11a@ for Br®! and 
~V 12a for Br7®. Using this critical radius, 
we can deduce the amplification factor by 
equating (5) to a definite broadening of rea- 
sonable magnitude, say the dipolar width for 
each nucleus. Theoretical values for dipolar 
broadening obtained by applying the Van 
Vleck’s formula® are 4v77=0.73 kcps and dys; 
=0.79 kcps with H)//[100]. On the other hand, 
experimental values are 1.07 kcps and 1.20kcps 
for each. These discrepancies may partly arise 
from the invalidity of the Van Vleck’s formula 
for a resonance line split and partly from the 
inhomogeneity broadening due to the finite di- 
mension of the specimen as well as the slight 
saturation broadening; yet the second order 
broadening by virtue of the inner defects such 
as dislocations or impurities should be ruled 
out, since no asymmetry feature, character- 
istic of the second order broadening, does not 
turn up. The assumption that a broadening 
of this order occurs as the minority comes at 
the distance of the critical radius may be 
justified by the fact that the observed wings 
of the doped crystals extend over the range 
nearly of this width. The minorities nearer 
to the bromine would contribute the wings 
too far to be observed. Thus we may find 
the value of 2 by equating the left-hand side 
of (5) tentatively to the theoretical dipolar 
widths, at the same time putting the critical 
radii determined above, for Br’ and Br®!. In 
this way the amplification factor is determined 
separately for each isotope as 


RS Oe BO 
=e) KOE IIH - 
Considering the not so strictly sharp a na- 


ture of the way of derivation for these values, 
we had better put 42~40 for both isotopes. 
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3.2) Linearly Compressed Crystals 
In Fig. 4, the relative signal strengths 


Drmax/Domax are plotted against the degree of 
strain for a number of deformed crystals. 
Since only the data of Br’ were used for dis- 
location analysis, those of Br*! are not shown 
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Fig. 4. Normalized signal strengths for Br‘? in 
pure KBr and their square roots which are very 
nearly equal to the relative peak intensities plot- 
ted against the degree of strain. The cross indi- 
cates I/Ip previously reported by Watkins. 


in the figure, but suffice it to note that the 
effect of plastic deformation is again greater 
for Br’® than for Br®!. In the same figure is 
is very nearly equal to the ratio of the peak 
intensities I/Ih. The measurement was made 
thoroughly with [100]//Hy. The cross in the 
figure is the value of I/Iy) obtained by Wat- 
kins using a higher magnetic field of 6380 
gauss». In Fig. 5, a couple of absorption 
curves for deformed crystals are shown for 
illustration. Every absorption curve has a 
common feature of having a longer tail on 
the higher magnetic field side. Apparently 
this is quite analogous to the case of poly- 
crystalline alloys under the second order broa- 
dening; however, the inner situation is rather 
different, since the strains which are respon- 
sible for the effect would not be caused by 
point defects such as impurities or vacancies, 
but mostly by dislocations which bear a line 
character. This wili be checked a little more 
quantitatively in the next section. For the 
present, we shall implicitly assume that dis- 
locations play a dominant role and proceed 
along this line. 
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It is expected that the result of linear com- 
pression will be that the produced dislocations | 
are such that edge- and screw-types being | 
mixed-up. So we have to consider two types | 
of field gradients: one is that due to edge-| 
type dislocations and the other due to screw- 
type ones. In alkali halides, a slip occurs 
always on a (110) sheet, the Burgers vector 
being parallel to the [110] direction with mag- 
nitude |b|=/ 2a. The screw dislocation line 
lies along the slip direction and accordingly : 
parallel to the [110] direction, while the edge 
dislocation line is perpendicular to this, lying 
along the [100] direction. The stress field of 
the former is cylindrically symmetric and des. 
cribed solely with the shear stress o9: in the 
cylindrical coordinates. On the other hand. 


the latter is more complicated and three com- 
ponents of the stress tensor appear; namely, 


Orz, Oyy and dzy. However, the compliancé 
constants are $1;=3.0, s.=—0.43 and sx,= 20.00 
for KBr? and hence the largest component 
is shear. Thus, for an approximate treat- 
ment we may be justified by neglecting all 
other components than shear in dealing with 
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Fig. 5. Absorption curves of Br” for a series of 


deformed pure KBr crystals. 


edge dislocation. This has been done also by’ 
Watkins. Justification for this approximation) 
will be all right also for KI, for which sy,= 
3.9, Siz=—0.53 and sy=23.8. 

Moreover, we shall approximate that the: 
field gradients produced by the squeeze cor-: 
responding to a dislocation is axially symme-. 
tric around the squeeze direction and hence: 


described by the following familiar expres-- 
sions® ; 


(VE)= ; eq(3. cos? 6—1) , 


(PB) 60g sin 0 cos Bet!” , \ (8) 


+27@ 


(VE) s2= 36 eq sin? Be 


Now with A) being parallel to [100] and con- 
_ sidering only the electric field due to the six 


nearest neighbors, Watkins shows for a sque- 


_ eze in an arbitrary direction 


‘where 7 is the ishecrit compression, 
- strain. 


(E)y= 31" pores 01) (9) 


or 
Comparing this with the first expres- 
sion of (8) we see that we are dealing with 


an axially symmetric field with eq= 12. 
ig 


Any squeeze in an arbitrary direction should 


_ be accompanied by another one with opposite 


sign in the perpendicular direction to it; in 
other words, the strain is composed by tension 
and compression. Hence we must add two 
terms of 7E components having two 6’s cor- 
responding to tension and compression, in 
order to calculate the frequency shift due to 
the quadrupolar interaction. Detailed ac- 
counts of such calculations will be given in 


_the appendix and suffice it to say here that 


6 varies only for a screw dislocation and hence 
averaging process is unnecessary for edge 
dislocations in order to get the first and se- 


cond moments of the frequency deviation. 


If there are screw and edge dislocations 
with the densities of cs and cy, the first mo- 
ment, or the center of gravity of the absorp- 


_ tion curve, becomes 


Q)? 
— pny eo 22 
vo? h2a°vy 
pf 208 Tacs In i perigy mac nn 5 ) 
4096 9na®cs 1016 9nacn) 


(10) 


It is -worthwhile to note here that the direc- 
tions of the shift are opposite to each other 
for screw and edge dislocations. This enables 
us to separate the effects of the two type 
dislocations as shown later. For the time 
being, however, we might as well tentatively 


put cs=cn, since this assumption is not un- 


reasonable so long as an order of magnitude 
discussion is concerned. Then we are able 
to deduce the dislocation density by experi- 


mentally determining the first moment for a 
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deformed crystal which shows a second order 
broadening. The observed first moments and 
the corresponding dislocation densities are 
given in the Table II for four representative 


Table Il. The observed first moments together 
with their corresponding dislocation densities 
for representative deformed crystals with the 
assumption cs=cCq. 


Degree of Strain = =vop in cps. ¢ in cm-2 


4.7% 1044 6 (8.0+0.5) x 108 
15.4% 239+11 (19.740.9) » 
27.5% 361+ 4 (31.240.4) 7 
40.9% 496 +59 (44.04+5.2) 7” 


deformed crystals. The large probable error 
for the heaviest deformed crystal is caused 
by the small sample size and too much broa- 
dened tails at the far wings. For the cry- 
stals not shown here, errors are even greater 
than this on account of their smallness in size 
and hence not used for a quantitative analysis. 

As mentioned above, the assumption that 
Cs=Cn will not cause a serious error so long 
as the order of magnitude estimation is con- 
cerned. However, this may not be true in 
reality, and we are tempted to find a way by 
which the ratio cs/ca can be determined. This 
is qualitatively achieved through second mo- 
ment analysis. For the quadrupolar second 
moment the effects of screw and edge dislo- 
cations are additive, and the expression be- 


comes 
ee TED, PEP OOH i 
Oypy>= 
aa (oe ( ri 
81011 2401. _,* 
ea ae i 
(essa Pt saq4o0@ ) - See 


Here 7; is the inner cut-off radius in the course 
of integration. This quantity is so defined 
that the signal from the nuclei nearer to the 
dislocation line than 7; escapes observation on 
account of the fatal frequency shift. The 
corresponding frequency spread will be ex- 
pressed in terms of 7 as 
( Z Va 
ri 


Meet)” (12) 
Insertion of (12) into (11) will eliminate 7%. 


Avodisha sr, ; 
870” h?a> vo 


Writing dy) =dve and Avg, ais/Ove=a, we 
have 
e'Q? ,,/81011._, , 2401 
Oveg=0.193a nas rate ca sa" Samoa) 
(13) 
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The parameter a in this equation can be de- 
termined experimentally and its order of mag- 
nitude can be inferred to be 3~10 as seen 
just from the line shapes illustrated in Fig. 5. 
Combining (10) and (13), we can construct a 
set of simultaneous equations for cs and Ca. 
Sve is determined by subtracting the dipolar 
second moment, or half the line width of the 
undeformed crystal, thus picking up the broa- 
dening having purely quadrupolar nature. Be- 
fore solving the simultaneous equations, we 
might as well again tentatively put cs=ca in 
(13). In Table II, dye’s and the correspond- 
ing dislocation densities times a thus derived 
are shown. 

Table III. The quadrupolar broadenings together 


with the corresponding dislocation densities 
times a. 


Degree of Strain Ovg in cps. ac in cm~2 
4.7% 165.0+19.1 (6.0+0.7) x 109 
15.4% 3665224073" © (13422155) oy 
27-0 ASS. So2410) Wy 28s 5) 7 
40.9% 637.5+76.1 (23.342.8) 4 


Comparing Table II and Table III, the para- 
meter a can be determined. This parameter, 
however, can also be found otherwise by di- 
rectly measuring 4ve, dis) for each absorption 
curve. Since dye, disi is by definition the se- 
paration of the frequencies where the signal 
intensity just escapes observation, it can be 
determined experimentally, although the de- 
termination itself cannot be said so definite. 
At any rate, two sets of @ values are derived 
in this manner and in Table IV are listed 


Table IV. The parameter 4v@,aisi/dva=a with two 
different ways of derivation, one with the as- 
sumption cs=cy, the other just through direct 
observation. 


Degree of Strain Qexp 
pe A se 7 Seal Sabie sis 
15.4% 6.80 8.3 
27.5% 70) 7.6 
40.9% D.27 720) 


these two kinds of @ for each deformed cry- 
stal. Their coincidence is fairly good, so that 
one may expect the solution to lie near at 
hand around cs=cr. This situation facilitates 
the actual solution of the simultaneous equa- 
tions. That is, the logarithmic factors in the 
first moment expression may safely be put 
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equal and expressed by «. Thus the final 
expressions for cs and cw are written as 


cs=| — 0.58022 02 1.60 milk 107cm-?, 


co=| 2. 7622 Pa Ped 2.94 al 10 onaee 


Thus combining the shift <y—v)> and broa-_ 
dening dye, we are able to separate cs and Ca, 
where the experimentally determined values . 


are to be used for a. The obtained c values 
are plotted in Fig. 6 for each stage of defor 


4x1 O%m 2 


@ Edge 
° Screw 


3+ + Total 


Density of Dislocation 


0.4 


0.2 0.3 


Degree of Strain SSS 


Fig. 6. 
sities 


Edge, screw and their total dislocation den- 
plotted against the degree of strain. 


mation. It is seen that each kind of disloca- 
tion increases quite linearly with degree of 
strain, and the screw dislocation outnumbers 
the edge dislocation in the deformed crystals. 
Extrapolation to the zero strain shows that 
for an undeformed crystal, the densities of 
the screw and edge dislocation are nearly 
balanced in number and the total density lies 
around 4x 10®cm-?. 


3.3) 


In contrast with the linearly compressed 
crystals, in which we could observe remar- 
kable second order broadenings, neither broa- 
dening nor asymmetry characteristic was 
found for the circularly bent crystals. Of 
this negative result we shall discuss in the 
next section. 


§ 4, 
It 
fact 


Circularly Bent Crystals 


Discussions 


is already accepted as an established 
that even with a pure and undeformed 


mic Br: 


957) 


KBr, the resonance lines of both Br? and Br®! 
are perfectly split, the satellites being so 
widely spread out under the noise level. It 
is believed that this first order broadening is 
caused not by point defects such as impurities 
or vacancies but by dislocations. Indeed if 
we try to have the satellites spread over a 
range of 10kcps by adding an impurity of 


the same valence, say Na, to the perfect KBr 


of satellites is ~10!9cm-?, 


, crystal, a simple first order perturbation cal- 
culation will show that a lower limit of im- 


purity concentration needed for that spread 
In usual reagents 
such a high impurity concentration is not al- 
lowed. Also an impurity of different valence 
ordinarily does not exceed 10!*cm-? in con- 
centration. Accordingly, apart from an arti- 


ficially added one, a quadrupolar effect due 


to impurity can be said entirely negligible. 
Then how about the vacancies? The eQq 
due to a vacancy is similar to that due to a 
divalent ion, and may be assumed by not 
more than an order of magnitude greater than 
that due to Na. Their concentration, however, 
scarcely exceeds 10!” per unit volume even 
for T=1,000°K, if calculated from the thermal 
equilibrium condition nu=Nexp(—W/2kT), 
putting N=10cm-* and 4W=0.96ev. for 
hence for a crystal quenched at very 
high temperature, we might as well ascribe 
the satellite reduction only in part to these 
vacancies. Yet it is far from the second 


order broadening, and as stated in §2, the 


signal intensity for a quenched crystal showed 
no observable change compared with a good 
one. 

Now for the plastic deformation: Although 
the quadrupolar effect is highly sensitive to 
a linear compression, practically no effect is 
observable for a circularly bent crystal. The 
aim of this bending technique was to get a 
certain regularity of the field gradient by pro- 
ducing many edge-type dislocations pointing 
the same direction. If this had been done 
for a sufficient degree, we should have been 
able to observe an asymmetry characteristic 
of the absorption curve dependent on the 
magnetic field direction. The possibility of 
a directional effect for’ asymmetry charac- 


teristic will be discussed in more detail in a 


later paper, and for the present we discuss 
simply the reason why this trial ended in a 
negative result for KBr. A simple theory” 
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predicts that when we bend a thin slice of 
the crystal, the order of magnitude density of 
the dislocations produced by bending will be 
given by 


c=1/765 (15) 


where 0 is the magnitude of the Burgers vec- 
tor and 7 the radius of curvature. By putting 
yv=1.4cm and b=4.65x10-8cm, we obtain 
c~2xX10’cm-?. On the other hand, from the 
analysis for the linear compression we see 
that a density of more than 108 cm-? is needed 
to cause an observable second order broaden- 
ing. This may be the possible reason for the 
negative result. The value of c obtained from 
(15), however, is not necessarily the maxi- 
mum density attainable through this techni- 
que. For example, by repeating the bending 
back and forth several times, we might. be 
able to get more than 108 unidirectional edge 
dislocations per unit area. This repitition of 
bending indeed was put on trial, but with no 
avail. An observable effect might be expected 
for an element with larger eQq. Potassium 
iodide is one with such a possibility. An ex- 
periment on this object is now under prepara- 
tion. 

It is not so certain why linear compression 
does introduce much more dislocations than 
bending. However, some clue might be ob- 
tained if one considers the fact that the most 
important increases of dislocations occur when 
those belonging to different slip systems inter- 
sect each other. In the case of bending the 
specimen surfaces are free over most of their 
area and the strain may be brought about by 
only one slip system in any one region. In 
linear compression, on the contrary, there is 
constraint from the pressure plates over a 
large part of the surface area, which will 
usually compel intersecting slip systems to 
operate. The conclusion that liner compres- 
sion introduces much more dislocations is 
therefore quite an acceptable one, but the 
situation is rather complicated for one to have 
been able to predict this with certainty. 

It is of interest to compare the two kinds 
of frequency spread (5) and (12). Since 4 is 
common to both the formulae, the critical 
radii responsible for broadening comparable 
with dipolar one are connected by the relation 


V2 a_ GU-M 
7h Va , 


(16) 
ee 
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where ra is the critical radius for the disloca- 
tion. For Br? we may put m~/V12a, and 
get rala~200. If the dislocation density c ex- 
ceeds (z7ra?)"!~7 x 10°cm-?, each nucleus un- 
dergoes a broadening at least comparable with 
the dipolar broadening; in other words, the 
central line itself will practically be smeared 
out. However, even for the fourty percent 
deformed crystal the signa does not vanish, 
thus proving that its dislocation density has 
not yet exceeded this limit. In fact, we see 
from Fig. 5 that c still lies around 3 x 10° cm~ 
for this crystal and hence well below the 
above-mentioned limit. 

The undeformed crystal has a_ perfectly 
symmetrical absorption curve and thus for 
this sample c<7x10®%cm-?. Or, a little more 
strictly, we may safely assume that for this 
crystal less than ten percent of the total nuclei 
are closer to the dislocation line than 7a. 
Thus c<.7x108cm-? would be a pretty rea- 
sonable value as an upper limit of dislocation 
density for an undeformed crystal. 

On the other hand, the lower limit of the 
dislocation density for an undeformed crystal 
can be deduced from the requirement that 
the satellites be smeared out by the strains 
due to dislocations. The first order perturba- 
tion calculation gives for the frequency shift 
due to a dislocation as 
wee Qag 12 1 
Sil) Vo tos sae 

(17) 
If we replace 3cos?@—1 by 3, we get a mea- 
sure of the spreading range of the satellites 
for a given 7, The signal would become un- 
observable for sufficient spread, say 10keps, 
and the value of 7 corresponding to this spread 
gives the above-mentioned lower limit for the 
dislocation density. Calculation shows that 
this limit is 5x10’cm-*. The allowable range 
for the dislocation density for an undeformed 
crystal therefore becomes 


DAO eT KA tm (18) 
The extrapolation made in Fig. 6 drops just 
within the range prescribed by this condition 
and c=4x108&cm-? would be a reasonable re- 
sult consistent with all these analyses. 


hAy=(2m—1)( cos? 0-1) 


§5. Conclusion 


The absence of the knowledge of the cor- 
rection factor 4 in the quadrupolar interaction 
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has often been an obstacle for the study of | 
lattice imperfections. Through an experiment 
of mixed crystals we have found this value 
to be ~40 for bromine in KBr. Using this | 
value thus derived, we have been able to de- 
termine the dislocation density for plastically — 
deformed crystals and thence further estimate | 
the density for an undeformed crystal. It is | 
concluded that the dislocation density for a 
usual pure and undeformed potassium bro- 
mide lies in the stage of 10®cm-?, the edge ; 
and screw dislocations being nearly balanced 
in quantity. The linear compression, how- 
ever, more favors the production of screw 
dislocations rather than that of edge disloca- 
tions and for the heaviest deformed crystal. 
40.9 percent strain, the total dislocation den- 
sity achieved is 3x10%cm-?. Up to this high 
stage of plastic deformation, the dislocation — 
density seems to increase quite linearly with 
strain. 
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Appendix 


The frequency shift due to the second order 
quadrupolar interaction for nuclei with J=3/2 
is given by 


y= Fe {WEP —5 Esl . (AL) 


where pE-, and pE., are those in (8) in the 
text. In order to calculate the field gradients 
due to dislocations, we must refer to the stress 
equations of a dislocation. 
1) Screw Dislocation 

In rectangular coérdinates, the stress has 
only two nonvanishing components: 


O33 Ga == ch = bh 
s 2m arty? ’ 
A (A2) 
Gb v 
Oyz= 5 = 
AFG Bataan se 


where G is the shear modulus and the direc- 
tion of the screw dislocation line is taken as 


1957) 


_the z-axis, which is parallel to [110]. The 


-plane perpendicular to this is shown in Fig. 
he 


?. In cylindrical codrdinates, the stress tensor 


yields only one nonvanishing component: 


van 
i014 4 


Va 


Fig. 7. A diagram indicating the cylindrical sym- 
metry of a screw dislocation, with yz plane be- 
ing the slip plane and Oz the dislocation line 
which is parallel to a [110] type direction. 

phot 
Dacre 


x 
[aexe)| 


(A3) 


Thus the stress field is in the form of cylin- 
drical symmetry. By deriving the direction 
cosines of both the magnetic field direction 
and the axis of the field gradient with respect 
to the x, y and z axes of the dislocation, we 
can find the angle @ appearing in (8). Since 
the magnetic field has been applied throughly 
along the [100] direction, its direction cosines 
are either (+1, 0,0) or (0, +1//f 2, +1/V 2). 


- In other words, there are two kinds of equi- 


valent (110) sheets on which a slip occurs with 
regard to the magnetic field direction. We 
shall next introduce a new coordinate system 
(z’y’z’), which is rotating on the surface of a 
cylinder of radius 7 coaxial with the disloca- 


ty = VoScrew = 


363 72 2(ea 


~ 4096 22 \ha? 
90 983,49 12 ae 
~ 4096 z2 \hkd? 


where cs’ is half the screw dislocation den- 
sity, or the density on an equivalent set of 
the two of the (110) sheets with regard to the 
magnetic field direction. The lower limit of 
the radial integration has been rather arbitra- 
rily chosen 3a as by other authors, within 
which one may expect that Hooke’s law would 


fail to be valid. This arbitrariness will be 


allowed if one considers the logarithmic nature 
of the result. 
2) Edge Dislocaticn 

As stated in the text, we shall only consider 
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tion as shown in Fig. 7. The 2 axis is fixed 
and identical with the z axis of the disloca- 
tion. Then the axes of the field gradients 
lie in the y’z’ plane and along the lines y’= 
-Fz’; one is for compression and the other 
for tension, whose magnitudes being given by 


Me. E€ O6z 
(eq= +1206, 


awh 


@ G 


(A4) 
(€q).= —122- 


Now that their direction cosines with respect 
to the rotating codrdinates are (0, +1// 2, 
+1//Y 2), those with respect to the axes of 
the fixed codrdinate system can now be ex- 
pressed in terms of the rotation angle a of 
the (a#’y’z) system and thus written as 
(-1/Y 2 sina, 1/Y 2 cosa, +1/Y 2). 

Hence the angle 0 between the direction of 
the magnetic field and the axis of the field 
gradient is found to be either 


cos 6= sa 


a) 7A sin a , 
or (A5) 
b) cos 0=-) COS @=E - 


This set of cosine values should properly be 
associated with corresponding tension and 
compression. Introducing (A5) into (Al) and 
averaging over the angle @ and radial dist- 
ance 7, we get the contribution of screw dis- 
locations to (Al). It becomes 


1/2 1/2 


2 (0g!) (m0 @’) 
i 4 | dr i | ; ydr 
Yo J 3a Ve 0 
2 
eee (A6) 
Vo 97aCs 


the shear component in dealing with an edge 
dislocation. This greatly simplifies the pro- 
blem and all we have to do is to consider the 
two squeezes which always lie along [100] 
type directions (See Fig. 8). Hence cos@ in 
this case is either 0 or 1, and there is no need 
of averaging process. There are again two 
kinds of equivalent (110) sheets on which a 
slip occurs: one for which (eq), satisfies cos?=1 
and (eq),cos@=0, the other for which both 
(eq), and (eqg)2 satisfy cos@=0. For cos é=1, 
there is no frequency shift corresponding to 
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(Al). For cos @=0, we have 
1 3 
ee | 2 eee 4) |2= ——- eG? AT 
with 
rd E€ Oxy 
(egi=+120 oe 
and (A8) 
Q We. 
(eq)z2= —122 a sae ; 
where 
Gh nee) 
LTE ieee: eee 
Gb COS @ COS 2a 
~ 2n(1—yv) j perros ary) 
[010) +y 
UZ : 
bas - 
Gy 
%, 
Fig. 8. The codrdinate system for an edge dis- 


location, with wz plane being the slip plane and 
Oz the dislocation line which is parallel to [001]. 


Averaging q? over a cylinder of radius 7 
coaxial with the dislocation, and then again 
integrating with respect to 7, we obtain 


AS 8 Vol 


<y—vo)Edge= 


1016 22° \ha? / v5 
il 
x (aC n’) ln ——— 
(ratee’)In =; (ALD) 
here the value 1/7 has been inserted for the 
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Poisson’s ratio, and cn’ has the same nature | 
as cs’. One should note that (A10) gives a | 
contribution having only positive value. This — 
arises from the absence of averaging process 
over 9. Changing the direction of the mag- | 
netic field, contributions having negative | 
values may also be derived for edge disloca- | 
tions. In any case, with H)//[100] we get the 
first moment expression just combining (A6) 1 
and (All), thus yielding (10) in the text. 

Squaring (Al) and averaging in a similar: 
way we can find the quadrupolar second mo- 
ment given as (11) in the text. 
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Magnetic properties of the synthesized solid solution x FeTiO3-(1—2) 
Fe,03 of ilmenite (FeTiO;) and hematite (Fe,03) were investigated in 
detail for the whole range of 0<a=<1. On the experimental side of 
the study, the most suitable method for preparing the specimen with the 
largest intensity of magnetization was found. Changes of the Curie 
point, the estimated intensity of magnetization at 0°K, the Curie con- 
stant and the asymptotic paramagnetic Curie point with the composition 
were presented. It was found that the magnetic properties of the solid 
solution, «FeTiO3-(1—a)Fe.O3, could be divided into three parts, (i) «= 
1, (ii) 1 >a 20.5 and (iii) 0.5>> 20: Pure ilmenite (FeTiQ;) is anti- 
ferromagnetic below 55°K and the specimens for 1>2=0.5 are very 
strongly ferromagnetic and for 0.5 >x=0 they are again antiferro- 
magnetics on which feeble parasitic ferromagnetism is superimposed. 

On the theoretical side of the study, these magnetic properties were 
discussed by using the approximation of molecular field. It was shown 
that we could explain an outline of the magnetic properties of the solid 
solution if we assume that the tetravalent Ti ions always occupy one of 
the two sublattices in the specimens for 12a = 0.5, while such an 


ordering of Ti ions and Fe ions is disturbed for 0.5 > a7 0. 


§1. Introduction 


Both hematite (a-Fe,O;) and ilmenite (FeTiO;) 
which are of rhombohedral crystal structure 
have been considered as antiferromagnetic 
substances». Below its Néel point of about 
950°K, hematite shows a parasitic ferro- 
magnetism with a transition temperature of 
magnetic susceptibility around 260°K®. Néel 
proposed an idea that this parasitic ferro- 
magnetism is due to an imperfect compensa- 
tion of two antiferromagnetic sublattices”. 
Although many experiments have been carried 
out on this substance”, no decisive ex- 
planation of the magnetic properties of 
hematite has not yet been attained. On the 
other hand, very little work has been done»>” 
with respect to the detailed magnetic pro- 
perties of ilmenite which has recently been 
found to be antiferromagnetic below 68°K by 
Bizette and Tsai”. Practically nothing has 
been known about the spin orientation or its 
interaction in the antiferromagnetic state. 

A systematic investigation of the solid 
solution of hematite and ilmenite, zFeTiO;- 
(1—zx)Fe,03, was first carried out by Pouil- 


lard, who found hematite and ilmenite form 
solid solution only for two limited ranges of 
composition (1>2>0.66 and 0.33 2>2=>0), 
when the specimens are prepared by sinter- 
ing at 950°C for two hours. Nicholls propos- 
ed a phase diagram of hematite and ilmenite 
by making use of this result!?. We have 
found that, when the specimens are quenched 
from the sintering temperature higher than 
1100°C, it is possible to make the solid solu- 
tion in the whole range of the composition’. 

On the magnetic properties of this solid 
solution series, Nagata, Akimoto and Uyeda 
found that certain minerals composed of the 
solid solution of hematite and ilmenite have 
very strong ferromagnetism™, sometimes 
playing a very important role in the magnetic 
properties of the rocks, especially in the 
characteristics of the thermoremanent magne- 
tism. For example, the existence of the 
ilmenite-hematite solid solutions results in the 
self-reversal of thermoremanent magnetism 
of some rocks™. Since the ferromagnetism 
of the ilmenite-hematite solid solution series 
was discovered, experimental studies on this 
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solid solution series have been rather system- 
atically continued by ourselves and many 
other investigators for both natural minerals 
and synthesized specimens!”?)}).1©. But any 
comprehensive experiments and plausible ex- 
planation of the experimental results have 
not yet been presented up to now. 

The characteristics of the magnetic pro- 
perties of this solid solution series can be 
summarized into the following three parts, 
which must be explained consistently when 
we try to discuss the magnetic properties 
completely. 

a) The ferromagnetism of this ilmenite- 
solid solution series appears only in the 
limited region of the composition; that is, 
the solid solution of xFeTiO;-(1—2)Fe,O; 
is ferromagnetic only for 0.95 =>x2=—0.5. 

b) As for the strong ferromagnetic speci- 
mens, the intensity of magnetization in- 
creases almost linearly with temperature 
from near the Curie temperature down 
to the liquid nitrogen temperature. It 
has been reported that some compounds 
of the spinels show the same thermo- 
magnetic characteristics for the very re- 
stricted conditions!” !®), 

c) The intensity of magnetization of the fer- 
romagnetic specimen is remarkably af- 
fected by heat treatments’, indicating 
that the magnetization of this series has 
a great correlation with the ordering of 
cations. 

In the experimental part of the present 
study, the authors will investigate these 
magnetic properties of the solid solution 
synthesized with special care of the ordering 
of cations in the whole range of the composi- 
tion, and in the theoretical part they will 
discuss the experimental results as con- 
sistently as possible by using the molecular 
field theory. 


Part I. Experimental Studies 


§ 2. 


The specimens dealt with in the present 
study were prepared by the usual ceramic 
method. Pure hematite and ilmenite were 
prepared in advance by the method described 
in the previous paper”. Both were ground 
in an agate mortar to pass a 200 mesh sieve 
and were mixed in the desired proportion. 
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Then the mixture of pure hematite and 
ilmenite, sealed in a quartz tube evacuated 
approximately to 10°? mm mercury, was: 
sintered at high temperatures for a long: 
time. 

It is, however, necessary to find the most 
suitable heat treatment for preparing the: 
specimens perfectly ordered or having the: 
largest intensity of magnetization. Thermc-) 
magnetic curves of the specimens prepared] 
by various heat treatments are shown in Fig. 1.. 
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Fig. 1. Intensity of magnetization in a field st- 
rength of 8500 Oe vs. temperature of the speci- 
mens prepared by various heat treatments. 

J. a specimen prepared by quenching from 
1200°C after being maintained at this tempe- 
rature for more than 12 hours. 

Il. a specimen prepared by quenching from 
1200°C after being maintained at this tempe- 
rature for 6 hours. 

Ill. a specimen prepared by quenching from 


TLS002Ce 

IV. a specimen prepared by quenching from 
1370°C. 

V. a specimen prepared by slow-cooling from 
1200°C. 


Before heat treatment each specimen had the 
same original composition of about 0.7 FeTiO;- 
0.3 Fe,O3. It was found from this experiment 
that we could obtain the specimen having 
the largest intensity of magnetization at 80°K 
when it was quenched from 1200°C after be- 
ing maintained at this temperature for more 
than 12 hours. The thermomagnetic curve of 
this specimen is almost linear down to 80°K. 
This method of preparation is denoted in the 
present paper as I hereafter. When, on the 
other hand, the specimen was quenched from 
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1200°C after being kept at this temperature 
h for less than six hours, the thermomagnetic 
curve is convex, the intensity of magnetiza- 
p tion at 80°K being fairly smaller than that of 
the specimen prepared by the method I. Of 
course, the solid reaction proceeded enough 
even in this case, the prepared specimen 
having the same composition and the crystal 
parameters as that prepared by the method I. 
This method is denoted as II. The specimen 
prepared by this method seems to be in the 
partially ordered state. When the tempera- 
ture of sintering is higher than 1200°C, the 
ordering seems to be disturbed by the thermal 
agitation, intensity of magnetization getting 
smaller with the elevation of the sintering 
_temperature. It is further remarked that 
when the sintering temperature was higher 
_ than 1300°C some amounts of oxygen might 
flow into the quartz tube through its wall so 
_that the composition of the specimen deviated 
from the expected value towards the hematite 
and some Fe,.TiO;-FeTi.O; solid solution series 
was also produced™. It was also found that 
we could obtain the homogeneous specimen 
even when it was prepared by cooling slowly 
in the furnace from 1200°C. Its thermo- 
magnetic characteristic is, however, not better 
- than that prepared by the method I. 


§ 3. 


X-ray analysis of this ilmenite-hematite 
solid solution series has already been carried 
out by one of the authors for both synthesiz- 
ed specimens and natural minerals in the 
whole range of the solid solution™. Those 
results are reproduced in Fig. 2 and 3, in 
which the results obtained thereafter are also 
plotted. The chemical analysis was carried 
out by Katsura, Dept. of Geochemistry, Tokyo 
Institute of Technology, for the three main 
components, FeO, Fe,O; and TiO, and the 
details were described in the previous paper™. 

It was confirmed from the X-ray analysis 
carried out by a “Norelco” X-ray diffracto- 
meter that the specimens dealt with here 
were of sufficiently pure single phase of the 
rhombohedral crystal structure. Some speci- 
mens contained a trace of FeTi,O;-Fe.TiOs 
solid solution series, but it was acertained 
that they had negligible influence on the 
magnetic properties of the specimens*». No 
other trace such as titanomagnetite, (yFe,TiO,- 


X-ray Analysis and Chemical Analysis 
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(1—y)Fe;,0,) of the cubic structure could be 
observed at all. 

In Fig. 2, the chemical composition of the 
specimens is plotted on a FeO-Fe,0;-TiO, 
ternary diagram and in Fig. 3 the volume V, 
of the unit cell of the crystal, calculated from 
the two crystal parameters dm and am of the 
rhombohedral structure, is plotted against the 
mol. per cent of FeTiO;. This figure shows 


Fig. 2. Chemical composition of the FeTiO3-Fe.03 
series specimens represented on a FeO-Fe,03-TiO 
ternary diagram in mol. per cent. 
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Fig. 3. Volume of unit cell vs. composition of the 
FeTiO3-Fe203 solid solution series. 


that the volume of the unit cell varies linear- 
ly with the composition from 100.43A? of 
a-Fe,O; to 105.22A? of FeTiO;. Hence, the 
chemical composition of the specimens were 
determined in the present study from their 
volume of unit cell determined by X-ray 
analysis on the assumption that the above 
empirical linear relation always hold true. 
Such a method of determination of the com- 
position seems to be more plausible than 
chemical analysis when the specimen involves 


1086 


impurities of oxides such as 
FeTi,0;-Fe.TiO; solid solution series. For 
some specimens used in this paper, the 
chemical analysis was also performed and the 
compositions determined by both methods 
were found to accord well with each other. 


some other 


§ 4. Thermomagnetic Measurement 


The magnetic properties of ilmenite- 
hematite solid solution series, zFeTiO;-(1—2:) 
Fe,0O; can be classified into three groups; 
that is, iha@=1, ii)-12 20.5.and 111).05 Se 
>0. Therefore they are discussed separate- 
ly in the following. 


4.1. 


The intensity of magnetization was measur- 
ed by means of the magnetic balance des- 
cribed elsewhere”. The amounts of the 
specimens used for this measurement were a 
few milligrams as for the strong ferromagnetic 
ones. Consequently the largest error is 
caused from the weighing of specimen, it is, 
however, estimated to be less than four per 
cent. 


i) @=1 
Pure ilmenite, being found to be antiferro- 


magnetic at very low temperatures, will be 
dealt with in the next section (4. 2). 


i? 1 See 0.5 
In Fig. 4 several examples of the thermo- 
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Intensity of magnetization in a field strength of 8500 Oe 
vs. temperature for the specimens of 0.95 =a = 0.47. 
attached to each curve indicate the FeTiO; mol. per cent. 
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magnetic curve down to the liquid nitrogen | 
temperature in a field strength of 8500 Oe are | 
The specimens used are the ones | 
either prepared by the method I described in | 
§ 2 or of which magnetization were intensifi- | 
ed by an appropriate heat treatment after they 


shown. 
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Fig. 5. Intensity of magnetization vs. magnetic 
field strength at 80°K. Numerals attached to 
each curve indicate the FeTiO3 mol. per cent. 


were prepared by the method II. The 
latter is denoted as h in the figure. A few 
specimens of which thermomagnetic curve 
were extended to the liquid helium tempera- 
ture in the figure were measured at Research 
Institute for Iron, Steel and Other Metals, 
Tohoku University, for the field strength of 
5000 Oe. The field dependence 
of magnetization of the speci- 
mens at 80°K are given in 
Fig. 5. It is seen in this 
figure that the magnetization 
is almost saturated by the field 
strength of 85000e for the 
specimens of x<0.8, while it 
is far from saturation at the 
same field strength for the 
specimens of 2 >0.8. 

As was shown in Fig. 4, it 
is a remarkable characteristic 
for the thermomagnetic curve 
of this solid solution series 
that magnetization changes 
almost linearly with temper- 
ature to the liquid nitrogen 
temperature and then ap- 
proaches to the final value of 
0°K with the decreasing slope. 


500 600 


Numerals 


{ 


r 


| 


extrapolated to 0°K without any modification. 


j 


1957) 


Hence we can not extrapolate the thermo- 
magnetic curve linearly to 0°K in the esti- 
mation of the saturation value of magneti- 
zation at that temperature. Then, the follow- 
ing procedure was tentatively adopted to 


obtain the approximate value of the magneti- 


zation at 0°K, J(0). 


IO) ee. 

4 
where J(80) and Jj indicate respectively the 
observed value of magnetization at 80°K and 
the one calculated by assuming that the linear 
character of thermomagnetic curve can be 


J (e/Mo)) 


Saturation Magnetization 
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Fe, jo 
Fig. 6. Estimated saturation magnetization at 0°K 
vs. composition for the specimens of 1 > x 0.47. 
The solid straight line indicates the theoretical 
value. 
©: the specimens prepared by the method I. 
x: the specimens prepared by the method II. 
h: the specimen of which magnetization was 
intensified by heat treatment after being pre- 
pared by the method II. 


Fig. 6 shows the dependence of the estimat- 
ed value of the saturation magnetization at 
0°K upon the composition of the solid solution 
series. In this figure the intensity of magnet- 
ization is expressed by the Bohr magneton 
number per one molecule of #FeTiOs;- 
(1—zx)Fe,0;. Although such an estimation as 
mentioned above includes a fairly large error 
for the specimens of 1>>x>0.8, the general 
tendency that the magnetization attains to the 
largest value around «=0.75 and decreases 
on both sides of the composition seems to be 
true. In the figure the magetization of the 
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specimens prepared by the method II is also 
plotted for comparison. The above-mentioned 
general tendency remains unchanged even in 
this case. 

iy Oo a 0 

All specimens in this region are feeble fer- 
romagnetics when they are quenched from 
any temperature higher than 1100°C. The 
thermomagnetic curve down to the liquid 
nitrogen temperature are given in Fig. 7 and 
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Fig. 7. Intensity of magnetization in a field st- 
rength of 9350 Oe vs. temperature for the speci- 
mens of 0.5>a”>0. Numerals attached to each 
curve indicate the FeTiO3 mol. per cent. 
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Fig. 8. Intensity of magnetization in a field st- 
rength of 9350 Oe at 80°K vs. composition for the 


specimens of 0.5>a>0. 


the intensity of magnetization at 80°K for a 
field strength of 9350 Oe is plotted in Fig. 8 
against the composition of the specimen. It 
is clearly seen in these figures that the 
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magnetic properties of the solid solution series 
change with their composition very abruptly 
when 2 approaches to 0.5. It must be noticed 
in Fig. 7 that the thermomagnetic curves of 
the specimen for 7«=0.50 and «=0.48 differ 
one another remarkably in their general 


20 


40 60 80 FeliOs 
FeltOzs Mol %— 
Fig. 9. Variation of Curie temperature with com- 
position in the FeTiO;-Fe,O3; series. 
x: the specimens prepared by the method II. 
O: the specimens prepared by the method I or 
of which magnetization was intensified by heat 


treatment after being prepared by the method 
Il. 


modes; the thermomagnetic curve of the 
specimen of «=0.50 is distinguished in a large 
temperature coefficient, 0//OT, from that of 
x=0.48. It must be further noted that, as 
to the specimens of x greater than 0.07, a 
discontinuous change in magnetization at the 
lower temperatures as Morin 
found in a-Fe,0;2 was not 
observed. 

We plotted the Curie point 
of the specimens against their 
compositions in Fig. 9, where 
it was found that the Curie 
point of the specimens with 
the weak magnetization (those 


= 


© 
Oo 


BS 
{e) 


netic Susceptibility | 
} : 3 


3:0 
for «<_0.5 or those prepared 3 
by the method II) changes 32:0 
almost linearly from 950°K of 3 
a-Fe,03; to 55°K of FeTiOs, S10 
but as for the specimens of 4 


which magnetization was in- 
tensified the Curie point devi- 
ated distinctly from this line 
towards the higher temper- 


ature side. These facts will cent. 
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be discussed in detail in the theoretical con- 1 
siderations of the second part of this paper. © 


4.2. Magnetic Susceptibilities 


Change in the magnetic susceptibility with 
temperature was also measured by the 
magnetic balance. The specimens of 100~_ 
200 milligram in their weight were used in | 
this case. The specimens for 0.5 >x=0 were. 
measured in the atmospheric pressure, while 
for 1052 > 0.5 in the state sealed into a. 


quartz tube evacuated below 10°? mm 
mercury. 
In Fig. 10, the change in the reciproca! 


magnetic susceptibility with temperature is 
given. In this figure it must be noted first 
of all that pure ilmenite is antiferromagnetic 
below 55°K as has been reported by Bizette 
and Tsai”, but its Néel point is lower than 
that of their specimen. The pure ilmenite 
specimen used in the present study has the 
very high electrical resistivity (10°2-cm at 
the room temperature) and is expected to have 
no trace of Fe*+. This was also confirmed 
by the chemical analysis. This measurement 
at the very low temperatures was also carri- 
ed out at Research Institute for Iron, Steel 

and Other Metals, Tohdku University. 

The reciprocal magnetic susceptibility versus 
temperature curve (1/y—7JT curve) of the 
specimens for 7<.0.5 shows a particular mode 
which can be interpreted as the simple super- 
position of the parasitic ferromagnetism upon 
the antiferromagnetism proper to this sub- 


(°K) 


1000 
Temperature 
magnetic susceptibility vs. temperature. 


Numerals attached to each curve indicate the FeTiO; mol. per 


1957) 


‘stance. On the other hand the 1/y—7T curve 
for the specimen around #=0.5 shows a mode 
unique to the ferrimagnetic substances: a 
concavity towards the temperature axis is 
clearly seen in the curve. It must be further 
noted that when x approaches 1, the 1/y—T 
curve approaches to the straight line which 
‘is distinguished from that of the ordinary 
ferrimagnetics. 


300 400 500 


200 600 700 
Temperature (°C) 
Fig. 11. Reciprocal magnetic susceptibility vs. 


temperature for the specimen of x=0.5. 


We showed in Fig. 11 the change in the 
reciprocal magnetic susceptibility with tempe- 
fature of the specimen for x=0.5 in detail. 
The specimen originally prepared by the 
method I has the very weak magnetization. 
When it is heated up above its Curie point, 
the reciprocal magnetic susceptibility follows 
the curve I, but in the cooling process it 
follows the curve II. This shows the magetiza- 
tion was intensified appreciably by cooling 
under the magnetic field. The 1/y—T curve 
of the specimen in re-heating and re-cooling 
process coincides well with the initial cooling 
curve. Furthermore, we could make this 
specimen strongly ferromagnetic by the heat 
treatment described in another paper’. 
1/x—T curve of the specimen of which 


magnetization was intensified in this way 
It may be worthwhile 


follows the curve III. 
to note that in any cases the magnetic sus- 


ceptibilities coincide well at high temperatures 


within the experimental errors. Hence, we 
may need not pay too much attention in the 
measurement of magnetic susceptibility by 
what method the specimens were prepared. 

We could find that the 1/y—T curve for all 
the specimens obeys the Curie-Weiss’ law, 
x¥=Cu/T—Q@, quite well at high temperatures. 
The values of Cm and @ were determined by 
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means of the method of least squares, their 
variations with composition of the solid solu- 
tion series being given in Fig. 12 and Fig. 13. 
The cross marks in these figures are the 


60 
FeliO 3 
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FeO. 
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3 
Fig. 12. Variation of the asymptotic paramagnetic 
Curie temperature with composition in the 
FeTiO3-Fe.03 series. 
O: calculated from 1/y=(T—0)/C 
x: calculated from 1/y=(7—0)/C—«/(T—8) 
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Fig. 13. Variation of Curie const. per mol. with 
composition in the FeTiO3-Fe.03 series. 
O: calculated from 1/yy= (7-9) /Cy 
x: calculated from 1/yy=(T-—90)/Cy—o/(T—6) 
Straight line represents the theoretical value 
obtained from the assumption that only spins 
contribute to magnetic susceptibility. 


1090 
values determined by using the following 
equation, 


Sa 8 a 

x Cm T-6 
It is suggested in Fig. 12, by taking the sign 
of 9 into consideration, that there are fer- 
romagnetic coupling in the specimens for 
1>2>0.55 and when the composition ap- 
proaches to 0.5 antiferromagnetic coupling 
comes to predominate. The latter result is 
very consistent with other experimental re- 
sults. However, we can also find that the 
value of Cm decreases and the value of @ 
increases in holding its positive sign as the 
composition change from x=1 toz=0.5. This 
fact can not be explained by such a simple 
theory as will be stated in the second part of 
the present paper. 


Part II. Theoretical Considerations 


§5. Super Exchange Interactions in the 
Rhombohedral Structure 


Before we discuss the magnetic properties 
of the solid solution series, it is necessary to 
understand fully the configuration of cations 
and the exchange interaction between them 
in the rhombohedral sesquioxide. This has 
been recently discussed by Li? and Iida?”. 

In the rhombohedral sesquioxide the cations 
form a hexagonal lattices but they deviates 
slightly from the hexagonal lattice points 
towards the direction of arrows illustrated in 
Fig. 14. As we can see in the figure the 


C Axis 


Fig. 14. Cation lattice in a rhombohedral sesqui- 
oxide. The cations deviate from the hexagonal 
sites towards the direction of arrows. 


cation sites can be divided into four sublat- 
tices; A;, As, B; and B,. Such cation pairs 
along C axis as Ai—B, or B,—A, form the 
pseudo-molecules. 

Then the exchange interaction between these 
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cations can be classified as is given in Table I. 
In the third column of the table, the number 
of the nearest neighbour having the same: 
kind of interaction is given. The angles bet-, 
ween metal-oxygen-metal tabulated in the; 
last column were calculated by Iida for a-. 


Fe,0;. As this angles show, I’. and Is; the: 


Table I. The configurations of Me-O-Me with | 


close contacts between Me and O. The angle 
ZMe O Me is calculated for aFe,O3. m is the | 
number of the nearest neighbour having the | 
same kind of interaction. 


Exchange 


interaction | Cation sites | @ ZMe O Me: 
: : : | | 
Pa A; B; 6 | 132°41/ 
Ps | A, Byi#9)| 3 | 116°59’ 
sre : me 
a B, B 3 94°20 
Pa Aj; Bi | 1 | 98°23" 


(pseudo molecule) | 


interactions between the cations on differenti 
layers are expected to be stronger than I/"., 
i.e. those between the cations on the same 
layer. This is because the overlapping of 
electrons of cations and oxygen is larger for 
I, and 7» than for 7,. Hence, the magnetic 
lattice might be chiefly determined by these 
interactions. It must be further noticed that 
Ia and I’5 have the same sign for a-Fe,O2 
but different for Cr,O3. Li proposed that Ia, 
the interaction between cations of the pseu- 
do-molecule plays also an important role on 
the construction of magnetic lattice, while 
Iida has omitted it as the secondary effect. 
We also disregard this interaction in the 
present paper. 


§ 6. Cation Distribution in Hexagonal Lat: 
tice 

In order to understand the magnetic pro- 

perties of the solid solution series, we must 

know how the cations distribute among fout 

sublattices described in §5. It has recently 

been confirmed by both X- “ray™ and neutron 


Be The fesuita of the Koy Wanaiveie for a 


single crystal of the ferromagnetic specimen of the 
FeTiO;-Fe,O03 solid solution series will be published 
separately in near future. 


| 


957) 


analysis* that the crystal structure of the 
} ferromagnetic specimen in the solid solution 


_ series keeps the same space group R3 as pure 


d . . 
ilmenite??), 
! 


£ 


In other words we could detect 
a kind of super structure of Ti ions and Fe 
ions, where the layers involving Ti ions 
selectively alternate along C-axis with the 
layers involving only Fe ions. Accordingly 
we can assume with sufficient plausibility that 


_ Ti ions occupy only two sublattices B, and 
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Bs, in our rhombohedral structure for the fer- 
romagnetic specimen which we denote here- 
after as the ordered specimen. Generally 
speaking, there are four possible configura- 
tions of Fe?*+, Fe’+ and Ti‘*+ ions among four 
sublattices and the number of occupation of 
these ions on each sublattice is given in Table 
Il for the solid solution of #FeTiO;-(1—z) 
Fe,03. 

In this table, the configuration I and II cor- 


Table II. Possible distributions of Fe2+, Fe3+ and Ti‘+ ions among four sublattices and the 
number of the occupation of these ions on each sublattice in xTiFeOs-(1—2)Fe,03 solid 


solution series. 


: | Tl | 0 | IV 
esi: : Bi eile Lb Be, Seas es oe Hh Be le a hw 
1 Jovi. 1 x (=niper © = 
A E 2+ ok Fe2t a8 yn a il BREEN Sg 2p +4 « 3 (l-@) 
1 | e 9 € 3 Fe 5 Fe 5 [Penal tr Hee 3 
| 1 | yp ea ry s 
As Fet*(2-— \Re'*(1—z) | Fet*(a——> )Fe*(1-a) | ” | ” 
B Tift Lo | 4+ Bet | yO ee (LSw)ly A 
1 i 9 id all (Ee 9 Fe (1-2) | Ani 9 Fe woe? § y 
[tween it : oe ete Sa Se 
| a) Sie Hy — ‘a = i 
Bs Tit* (w— 7 Reta 2) Titt — | ; | 7 


respond to the cases when each Fe?* and Ti‘* 
ions occupy the one of the four sublattices 
preferentially; that is, A, and B, for con- 
figuration I and A, and B, for configuration 
Ti. But in the configuration III, Fe?* and 
Fe*+ distribute at random among A, and A; 
sublattices and Ti‘t and Fe*+ among B, and 
B, sublattices. Configuration IV is the case 
when all ions distribute at random among the 
cation sites, corresponding to the disordered 
state. 

In pure ilmenite Fe?+ ions always occupy 
the A sublattice, so the configuration such as 
Fe2+ ions enter into the B sublattice seems 
to be unnatural for the ordered specimens. 
Besides, the simple consideration of the 
magnetic properties excludes this configura- 
tion as will be stated in the next paragraph. 
Consequently such a configuration was omit- 
ted for the ordered structure from the outset. 

It is very difficult to know which of these 
three configurations I, II and III is the most 
stable and is realized in the ordered specimens, 
because it can be determined only by the 


* Private Communication from Dr. G. Shirane. 


careful X-ray or neutron diffraction studies. 
In the present stage, we know nothing about 
it, so we calculated the electrostatic energy 
of these three configurations to see which is 
the more stable. The calculation was carried 
out for the specimen of x=0.5 where the 
superstructure within the layer as weli as 
along C-axis can be established. 

In Fig. 15, the super lattices established for 
the configuration I and II are shown, and in 
the bottom of the figure, the calculated gains 
of the electrostatic energy by forming the 
superstructure are presented. E™ is the value 
calculated by considering only the nearest 
neighbour interaction, while in the case of 
E® the interaction is considered up to the 
second nearest neighbour. In these calcu- 
lations the energy for the disordered state is 
taken null and the unit is arbitrary. As the 
Coulomb force is very slow to converge, we 
must consider the interaction between the 
more remote neighbour to obtain the more 
accurate value of the energy. We can see, 
however, from these two calculations that the 
energy difference between these two con- 
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figurations is getting less when we consider 
the interaction more completely. In other 
words it is expected that the configuration I 
and II are realized with an almost equal pro- 
bability. Consequently, the configuration III 
seems to be the most probable for the ordered 


@) 


E a! 


<p) Fe’? 


Fig. 15. Superstructure of the cations in the speci- 

men of w=0.5. Numerical values at the bottom 
of the figure indicate the gain of electrostatic 
energy by forming the superstructure. 
bitrary unit) 


(in ar- 


specimens so long as we consider the electro- 
static energy alone, since the configuration 
III may be regarded as the average state of 
the configuration I and IJ. Hence, in the 
following discussions we always assume this 
configuration for the ordered state. 


§ 7. Simple Explanation of the Magnetic 
Properties of the FeTiO;-Fe.0; Solid 
Solution Series 

In this paragraph, we will discuss briefly 
an outline of the magnetic properties of the 
solid solution series. The more detailed dis- 
cussion is stated in the next paragraph. 


i) Antiferromagnetism of ilmenite (FeTiO;) 

We have already confirmed in § 4 that il- 
menite is antiferromagnetic below 55°K. 
This temperature is a little lower than that 
of ilmenite measured by Bizette and Tsai. 
Considering that their specimen is a natural 
mineral, this discrepancy may be due to the 
presence of an impurity in their specimen. 
Shomate reported a marked hump on the 
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heat capacity versus temperature curve at 
58°K for synthesized ilmenite’?. If we sup- 


pose this temperature corresponds to the — 
Néel point, our Néel temperature agrees well | 


with it. 

In order to understand the magnetic struc- 
ture of antiferromagnetic ilmenite, it is very 
important to know the valency of Ti ions. 
We have found through the study of the 
electrical conduction of the FeTiO;-Fe.03; solid 


solution series it is more plausible to assume i 
that Ti ions is always tetravalent in the solid 


solution?» 
discussion Titt ions play no part on the 
magnetic coupling. 


So we assumed in the following | 


Accordingly, we can consider the two dif- 


ferent magnetic structures for the antiferro-_ 
magnetic ilmenite which are given in Fig. 16_ 


schematically. 
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Fig. 16. Schematic illustrations of two possible | 


antiferromagnetic structure in ilmenite. 


We can explain the outline of the magnetic 
properties of the solid solution by using either 
of these models. 


ny te 0»: 

In this region, the ordering of Fe and Ti 
ions established for pure ilmenite is retained. 
So, the cation configuration is assumed to be 
the case IN. If we put another assumption 
for the specimens of 0.75 >2> 0.5 that the 
interaction 7’, and 7’) are negative and their 
strengthes are fairly large compared with Pc, 
the magnetic moment on each layer is 
orientated in the same direction, coupling 
antiferromagnetically between neighbouring 
layer. Consequently, the saturation magneti- 
zation of the solid solution, #FeTiO;-(1—2) 
Fe,O; at 0°K can be given for this region of 
x by 


Ferromagnetic region 


J=«: Jpeo+ =4e 


where / is the magnetization per one mole- 


i957) 


cule of the solid solution expressed by the 


number of Bohr magnetons. In Fig. 6 this 
value is drawn by a solid line. Though the 
experimental values are deviated from this 
line, this configuration may be the most 
plausible, because the discrepancy becomes 
larger when we assume the other configura- 
tions. 

The decrease in the magnetization for 2 
0.75 may be attributed to the following 
reason. So long as the magnetic ions in B 
layers are few and the interaction between 
A and B layer is weak, the magnetic 


. moments on the A layer are orientated anti- 


- above consideration. 


parallel with each other by the interaction 
within the layer and they can not align in 
the same direction as is assumed in the 
Consequently, the total 
magnetization decreases with the increase of 
the number of ions coupled antiferromagnet- 
ically on the A layer, tending to zero for 
pure ilmenite. 

It may be very probable to suppose that 
the specimens are not completely ordered* 
since they were prepared by quenching from 
high temperatures. The theoretical value of 
the magnetization for 0.75>2>0.5 can be 
approached more closely the experimental 
value when we consider this imperfect order- 
ing. 

iD) 0.5 >a — 0: 

When the concentration of FeTiO3 is less 
than 50 mol. per cent, the state that Fe?*+ and 
Tit+ distribute at random between A and B 
lattices is assumed to be more stable. Con- 
sequently these two sublattices become equi- 
valent, the magnetic structure being anti- 
ferromagnetic as a whole. The reciprocal 
magnetic susceptibility versus temperature 
curve which was given in Fig. 10 clearly 
shows this character at high temperatures. 
It is, however, impossible that these two 
sublattices become completely equivalent, so 
the parasitic ferromagnetism appears owing 
to an uncompensation of magnetization bet- 
ween two sublattices. When the composition 
approaches to «=0.5, the tendency that, Fe2* 
ions concentrate on A layers and Ti‘* ions B 
layers begins to appear, resulting in the 


antiferromagnetic region 


* This was also expected from the neutron 
diffraction analysis. (Private Communication from 
Dr. G. Shirane) 


Magnetic Properties of the FeTtO3-Fe.03 Solid Solution Series 


1093 


abrupt increase of the parasitic ferromagnetism 
around 2=0.5. 

It has already been shown in the experi- 
mental part of the present paper and in 
another paper! that such an ordering of Ti‘t 
and Fe?* ions could be either established or 
disturbed by the appropriate heat treatments 
especially for the specimen of x around 0.5. 
The mechanism of the order-disorder trans- 
formation of this substance, however, is so 
complicated that it will be discussed else- 
where in near future. 


§ 8. Detailed Discussion 


In the above paragraph we have proposed 
a model which can explain the outline of the 
magnetic properties of the solid solution 
series. In this paragraph we shall discuss 
them more in detail by using the molecular 
field theory and examine whether such an 
approximation can be applied successfully to 
the interpretation of the magnetic properties 
of this rhombohedral solid solution series in 
the same manner as has been done for many 
ferrites”. 

Since we have assumed in the previous 
paragraph that the cations distribute at 
random within each layer, the molecular field 
coefficient in the structure is reduced to @ 
and 7 which correspond respectively to the 
interaction within a layer and between layers, 
being expressed by the following equations, 


a=2(3I.)/Ne? up? 
7 =A6 ot 30») (Ne2UB? - 


Then, the molecular field acting on each 
magnetic ion on different layer becomes 


(8.1) 


Ina =(1—2) Tin Jug t eet I Tiytd—a)ay tk 
hua= (—2)Tun/ipteant Jy tU—2)en Lay 


joan =(l —x)aqr it Juptern tht —2)Tin Jee 
(8.2) 


where ihe hua and hur indicate the mole- 
cular field acting on a Fe?* ion on the A 
sublattice, that on Fe®+ ion on the A sub- 
lattice and that on Fe*+ ion the B sublattice 
respectively. vim, %11°*° indicate the mole- 
cular field coefficient between Fe?* (I) and 
Fe+ (ID) ions, Fe?* (I) and Fe?* (I) ions- - 

Tha and Tita are the magnetic moment per 
gram ion of Fe?+ and Fe**+ on the A sub- 


1094 Y. ISHIKAWA and S. AKIMOTO (Vols 12; 


lattice, and Je is that of Fe?+ on the B sublattice. The magnetic moment / at any temper- 
ature T is given by 


FA (T)=F,, (0) BAA + halk). 8.3) | 


i) The Curie point | 

We have found in § 4 that the Curie points of the series vary almost linearly from the i 
Curie point of a-Fe,O; to that of FeTiO; when the magnetization is weak or the ordering is | 
not complete, whereas some deviation from this straight line was seen when the magneti- | 
zation becomes large. In this section we show that such a characteristics can be derived 
from the above theory. 

The Curie temperature of the solid solution is determined from the following equation 


nayp—l | Cr) (l—w)ayi (d—z)1n | 
Vay I (l—a)ay n—T/C(z) (L--a)0a1 u i (8.4) 
evry (l=2)fn (1—2)ay n— T/C(@) | 


where C(x) is the Curie constant per gram ion of the solid solution of zFeTiO;-(1—2) Fe,03. — 
In special cases for x=1(FeTi03), and x=0(Fe.03), the Curie temperatures are reduced from 
eq. (8.4) as follows, 


TreTio;= CQ) 211 
Tre,0, =CO) (@nut+Tn . (8.5) 


In order to solve the eq. (8.4) for general case, we neglect the quadratic terms of a because 
a is very small compared with y. The Curie point of the specimen for any x is given by a 
root of the following equation. 


de 2 T: As 2. one ete pe 
ar see ai [ay +20 —z)an n]— (ye a“) af p+ (1—2)? al 
—a(1—a) (Zein tin Tun—en nu n—ary enn) =0 . (8.6) - 


The last term of the equation is expected to be very small and is also neglected. Then 
T/C is given by 


“is 1 a es 
Cle) 2 [ayy +2(1—2x) ag nl]+ Y/Y (l—2) 2 Ty y+ —2)? Py 
aie : 7 } 
9 TTiFeO,/C(1) X 2+ TFe,0;/C(0) x I—2)+7[7/1—2 —(1—2) ]. (8.7) 


On the other hand, in the disordered state, A and B sublattices becomes equivalent and 


the molecular fields Ty and hu are reduced as follows by ignoring the distinction of A and 
B in eq. (8.2). 


i= > (ait+T1) J,+A—2)(arnt+T1 Tas 


hy = 3 (aint+Tinj,+—«annt+ TumJy - (8.8) 


Then the Curie temperature is determined from the following equation 


( Ae Fall 2 @rttr) + Lz) (en +7 | 


+| (ai mY m)?—(aqit+71 y) (ann + My w) =o } (8.9) 
The last term is also neglected in the same reason as in eq. (8.6), since it is expected that 
(@im+71m) may be the mean value of ayi+711 and ayytyyy. 


Thus, the Curie tempera- 
ture for the disordered state is finally expressed by 


(1957 ) 


T/C(@)= 9 (TFeTio,/C Q)+7n) + (—z) Tre,0,/C(). 
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(8.10) 


The difference of the Curie temperature for the ordered and disordered state of the same 


composition is 


(T/C) oraer — (T/C) aisoraer =1/(1—2) # 14 1 + (1-2)? 72; n-| 4 ritd—e)rr n| 


In order to compare this theory with the 
experimental results, we plotted in Fig. 17 
the value of the Curie temperature divided 
by the Curie constant C(x), T,/C(x) against 
the composition. As for C(x) we used rather 
theoretical value obtained from C(#)=2C(1) 


100 


FeO, 20 40 60 80 FeliOs 
FefiOzs Mol Yo 
Variation of the reduced Curie tempe- 


Big. 17. 
- rature Z./C(a) with composition in the FeTiO;- 
Fe,03 series. 
@: ordered specimen. 
A: partially ordered specimen. 
x: disordered specimen. 
—: theoretical value for the ordered case. 
theoretical value for the disordered case. 


+(1—xz)C(0), where C(0) and C(1) are the 
atomic Curie constant for Fe?+ and Fe** ions, 
being 3.00 and 4.38 respectively. These 
values are calculated from the assumption 
that the spin for Fe?* ions is j=4/2 and for 
Fe*+ ions is 7=5/2. 

In the figure cross marks indicate the Curie 
temperature of the disordered specimens, 
while triangle marks and circles show that of 
partially or nearly completely ordered speci- 
mens. On the other hand, the solid line 
represents the theoretical curve calculated 
from eq. (8.7) by estimating 7=150 and the 
broken line was calculated from eq. (8.10) by 


(8.11) 


estimating 7j7=98. These estimated values 
seem not to be unreasonable, because it can 
be inferred from eq. (8.5) that yyyteann= 
216 and furthermore yy or 711 are expected 
to be smaller than yyy. AS we can see in 
the figure, the agreement is fairly well. The 
linear decrease of the Curie temperature of 
the specimens prepared by the method II 
with composition from that of hematite to 
ilmenite may be only apparent, since we can 
not expect any linear relation between the 
Curie temperature and the composition from 
the present theory. 

Besides we may expect from these con- 
siderations that the magnitude of superex- 
change interactions in this rhombohedral 
structure 1s given by the following order, 


Fe*+—O—Fe*+ >Fe*+t —O—Fe?+ 
>Fe?+—O—Fe?* . 


This is also expected from the mechanism of 
the superexchange interaction theoretically. 

It may safely be said that the number of 
the interaction between Fe?+ and Fe*+ in- 
creases and that between Fe?+ and Fe?* 
decreases as the cation configuration changes 
from disordered state to ordered state. Ac- 
cordingly as was shown in the figure, it was 
expected that the Curie temperature of the 
ordered specimen is higher than that of the 
disordered specimen only for *<(0.75 provided 
that we adopt the above-estimated values for 
F and 7;;. But it was found from the ex- 
perimental results which was shown in Fig. 
9 that the increase of the Curie temperature 
attains to the largest value around 7=0.75. 
This discrepancy may become smaller if we 
take the configuration I or II for the ordered 
state in place of III and adopt the experimental 
value for C(z). 


ii) Magnetization 

In this section we try to explain the general 
mode of the thermomagnetic curve and the 
magnetization at 0°K by the present theory. 
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For this purpose, we simplify the expression 
of eq. (8.2) a little more by assuming that 
the magnetization of all ions on the same 
sublattice changes with the same temperature 
coefficient; that is, Tua=nJua for any tempe- 
rature, where ~=4/5 in our case. 

Then eq. (8.2) can be reduced to 


ha=[enay1+(—a)ay in] Ja + —2) Tr n/p 
=a’ Jxt+(1—z) rJe , (8.12) 
hg=[enrin+(—a)rnnl/a+(1-2) an JB 

=7 IatU—a)ajp . 
This equation corresponds to that for the case 
when one kind of magnetic ions distribute on 
A and B sublattices with the ratio of 1:(1—2). 
This was treated by Néel in detail?®. So we 
can adopt his results if the assumption made 
above is permitted. According to his theory, 
the thermomagnetic curve takes very dif- 
ferent modes as the values of a, a’, y and 7’ 
change relatively. When they are in some 
restricted range which he denoted as R, the 
thermomagnetic curve becomes linear as is 
found in our specimens. The type R corres- 
ponds to the case when the interaction with- 
in the A layer a, a’ is not so weak compared 
with that of ions between the neighbouring 
layer and they are all negative. In this case 
the magnetization on the A layer does not 
saturate even at 0°K, while that on the B 
layer saturates, total magnetization changing 
linearly with temperature. 

This model seems to be able to be applied 
to our case, because the interaction between 
the layer is diluted by concentration of non 
magnetic ions only on the B_ sublattice. 
Then the magnetization on the A sublattice 
is expected not to be saturated, while that of 
B sublattice is saturated. Consequently the 
total magnetization of the specimens must 
take the smaller values than in the case 
when the magnetization is saturated on both 
the sublattices. The deviation of the observ- 
ed value of magnetization from the theoretical 
curve which was seen in Fig. 6 for the 
specimens of 0.75 >a >0.5 may be partially 
attributed to this effect. 

When we calculate the total magnetic 
moment / at 0°K mathematically by following 
Néel’s procedure, it becomes for R type 


(yf Irie lr'l=2lal sin 
J=( oy 2\a| Jat - (8.13) 
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This value can not be fitted to the observed | 
value for 0.75>2>0.5 even though we choose} 
any proper value for 7, 7’ and a, indicating | 
that the magnetization on the A sublattice 
seems to be more saturated than is expected 
from the theory. This fact suggests that, 
though we assumed in the above considera- 
tion that the superexchange interaction witha 
the layer was negative, there exists some | 
force to align the magnetic moment parallel. 
Existence of such a force is also expected, 
from the measurement of magnetic suscepti- 

bility. 


Magnetic Susceptibility 

If the above molecular field approximation | 
can be applied to the magnetic susceptibility 
above the Curie temperature, it must obey 
the following equation rather than the simple 
Curie-Weiss’ law 

1 Tes 

aa T—0 — 


iil) 


(8.14) 


x Cc 


500 600 700 800 


Temperature 


900 (°K) 


Fig. 18. Theoretical curve for 
1/xar= (1'+854) /4.61 —17733/(T'— 496) 
and the experimental values for the specimen of 
«=0.5. (the case UT in Figy 11) 


We showed in Fig. 18 that this equation can 
be fitted well to the observed values for the 
specimen of w=0.5. The values of @ and C 
determined from this equation are also plotted 
in Fig. 12 and Fig. 13. When 2x becomes 
larger than 0.7, however, it is found that 
this equation can not be adapted to the ob- 
served curve. Therefore, it is clear that the 
above model is still unsatisfactory for ex- 
plaining the magnetic properties of the solid 
solutions «FeTiO;:(1—2x)Fe.O; over the whole 
range of 2. 
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Furthermore, the positive value of @ (that 
is the positive interaction) for the specimens 
of 1>2>0.5 can not be expected from the 
‘ above model where we assumed all interac- 
_ tions to be negative. The decrease of the 
. Curie constant or the atomic moment with 
_ the decrease of x, which was shown in Fig. 
13, is much more unexplainable. Such a 
: deviation of C from the theoretical value is 
' generally attributed to the decrease of the 
ionic character of ions as has been done for 
some cobaltite’?. But such a situation can 
not be expected for the present solid solution 
series, because we could not find any extra- 

ordinary change of the lattice parameters 
and the electrical conductivity for the speci- 
men of 1>>2 > 0.5, which would be expected 
if the covalent character should appear only 
in this region. 

It must be noticed that in the case of the 
solid solution of NiTiO; and Fe.03, which is 
also ferromagnetic and has the same charac- 
teristics of the thermomagnetic curve and 
the magnetization at O°K as that of the 
present solid solution series?®, we have not 
observed any anomalous change for 9 and C. 
Hence, such an anomalous character aS was 
stated above may be, if really exists, due 
_ partially to the instability of the compound or 
the presence of Fe?* ions whose orbital 
moment is not quenched. Because in case of 
the NiTiO;-Fe.03; solid solution series, the 
compound is stable and orbital moment seems 
to be quenched. 


§ 9. Conclusion 


Magnetic properties of the synthesized 
solid solution of wFeTiO;-(l—2)Fe.0O; have 
been examined in detail both experimentally 
and theoretically for the whole range of 
0>2=>1. The general conclusions obtained 
may be summarized as follows: 

1). We have found that the specimens 
having the largest intensity of magnetization 
(or perfectly ordered) can be prepared by 
quenching the mixture of ilmenite and hema- 
tite in a given ratio from 1200°C after being 
maintained at this temperature for more than 
12 hours. The magnetic properties of ilme- 
~ nite-hematite solid solution series «FeTiO;- 
(1—x)Fe,O, can be classified into three groups; 
i) a=1, ii) 1>2 = 0.5, and ili) 0.5 >r20. As 
for the pure ilmenite, we have found that it 
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is antiferromagnetic below 55°K. The speci- 
mens for 1>% 20.5 are strongly ferro- 
magnetic. Estimated intensity of magnetiza- 
tion at O°K increases as the composition x 
becomes large from 0.5 to 0.75 and reaches 
maximum around 2#=0.75, then decreasing 
towards pure ilmenite. The specimens for 
0.5 >e=0 are again antiferromagnetic on 
which feeble parasitic ferromagnetism is 
superimposed. Curie temperature of the 
specimens with a weak magnetization (the 
specimens of 2< 0.5 and those imperfectly 
ordered for 1 >220.5) changes almost 
linearly from 950°K of a-Fe,O; to 55°K of 
FeTiO;. But, as for the specimens having a 
large intensity of magnetization, the Curie 
temperature deviated distinctly from this 
straight line towards the higher temperature 
side. Dependence of the Curie constant: Cm 
and the asymptotic paramagnetic Curie tempe- 
rature 9, which were determined from the 
reciprocal magnetic susceptibility versus tem- 
perature curve, upon the composition has also 
been examined. We have found, for the 
specimens of 1 >2>0.5, the anomalous 
decrease and increase on the value of Cm and 
@ respectively. 

2) These experimental results were dis- 
cussed by using the approximation of mole- 
cular field. It was shown that we could 
explain an outline of the magnetic properties 
of the soild solution provided that the tetra- 
valent Ti ions always occupy preferentially 
one of the two sublattices in the specimen 
for 1>2=0.5, while such an ordering of Ti 
and Fe ions is disturbed for 0.5 >2=0. 
However, we have also found in detailed 
study that the simple molecular field theory 
can not explain all the magnetic properties 
consistently. 

Since the present theory stands on many 
assumptions, they must be verified by the 
further precise experiments. 
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The light induced when a homogeneous electron beam (500-700 eV) 
intersects normally a localized jet of methyl, ethyl, or n-propyl alcohol 
vapor in a vacuum of 10-4 mmHg has been found to be almost entirely 


due to the emissions from the fragments H*, CH* and, OH*. 


The angular 


momentum distributions of the OH* radicals split from alcohol molecules 
of the respective species have been measured by the molecular spectro- 
photometric method. They all differ notably from that previously found 
for OH* from H,O, that is, the first maximum appears near the rota- 
tional quantum number 7 and the second maximum is entirely absent 
except for OH* from CH;0H. Qualitative discussions are also given to 
the multiple fragmentation by electron impact of these alcohol molecules. 


Introduction 


§ 1. 

Molecular dissociation due to electron im- 
pact is usually a consequence of excitation or 
ionization of some electronic state of the 
molecule. Transitions from the ground state 
of the neutral molecule to some excited or 
ionized state are governed by the Franck- 
Condon principle. The energy involved in the 
dissociation is related to the relative situation 
of the upper-state potential energy surface to 
the ground state one. Let Ey, be the vertical 
excitation or ionization potential to raise the 
molecule from the neutral ground state to a 
certain unstable state without changing the 
internuclear distances in the interior of the 
molecule, and let Ey be the energy of the 
dissociation limit of the upper state above the 
ground state of the neutral molecule. Then 
the total excess energy, Ey—En, will be par- 
titioned among various degrees of freedom of 
the fragments formed by dissociation, being 
in part converted into the mutual kinetic 
energy with which the fragments separate 
from one another. 

When the parent molecule is diatomic, the 
dissociation process is usually treated as fol- 
‘lows. For instance, let us consider the reac- 
tion XYte—>X*+Y+2e. Then the kinetic 
energy possessed by the ion, E(XS canbe 
expressed by the following equation, for the 


conservation laws of energy and momentum, 
Ey —Ep= E(X*)Mxy/ My , 


where Mxy and My are the masses of the 
parent molecule and the neutral atom formed 
along with the ion, respectively. On the 
other hand, as far as the translational energy 
of fragment ions is concerned, there has been 
a well established method of observation”. 
The energy, E(X+), can be measured by 
employing a plane parallel retardation field in 
front of the ion-collector plate in a mass 
spectrometer and recording the ion current 
as a function of retarding potential. The first 
derivative of this curve with respect to the 
voltage scale gives the distribution of trans- 
lational energies among the fragment ions 
produced in the dissociation process. 

When the parent molecule is polyatomic, 
however, no satisfactory method can be used 
to determine how the total excess energy will 
be distributed among the fragments, especial- 
ly when multiple fragmentation takes place. 
In general, it will be transformed not only 
into translational energies but also into rota- 
tional and vibrational energies of the frag- 
ment atoms, ions, and radicals according to the 
conservation laws of energy, linear momen- 
tum, and angular momentum. A measure- 
ment of the angular momentum distribution 
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of fragment radicals would be a valuable ad- 
dition to the knowledge of the kinetics of 
fragmentation by electron impact of poly- 
atomic molecule. 

Molecular spectro-photometric studies of the 
angular momentum distribution of diatomic 
free radicals split from polyatomic molecules 
by a single electron collision have been in 
progress at our laboratory for more than ten 
years. The program was initiated -with the 
intention of investigating the fundamental 
processes involved in the so-called abnormal 
rotation of OH which was first observed in 
1934 by O. Oldenberg® in an electrical dis- 
charge through H,O. In the preceding pa- 
pers®»®) studies of the OH* radicals split by 
electron impact from water and hydrogen 
peroxide have been reported in detail. In the 
case of H.O the angular momentum distribu- 
tion curve has double maxima near the rota- 
tional quantum numbers 5 and 17, while in 
the case of HO, it has a single maximum 
near the rotational quantum number 20. Put- 
ting it in other terms, electron impact of 
H,O molecules leads to a swarm of OH* radi- 
cals with rotational energies corresponding to 
the rotational temperature of 14,000°K, while 
electron bombardment of H,O, molecules 
results in a swarm of OH* radicals with a 
little higher energies of rotation correspond- 
ing to the rotational temperature of 20,100°K. 
With the view of having a further insight into 
the manner in which the angular momentum 
distribution for OH* depends upon the struc- 
ture of the parent molecule, the present ex- 
periment has been carried out with CH;OH, 
C.H;OH and n—C;H,OH. 


§2. Experimental Procedure 


The light induced when a beam of electrons 
intersects normally a localized jet of vapor of 
methyl, ethyl, and n-propyl alcohol was ob- 
served. The beam of electrons was supplied 
from an electron gun provided with a focusing 
solenoid producing a coaxial magnetic field. 
The electron gun, which was specially de- 
signed to suit our own purpose of making 
molecular collision experiments, produces in 
a horizontal direction a collimated electron 
beam with nearly homogeneous velocities for 
electrons of energies ranging from 20 to 1,000 
eV. Under the optimum condition of opera- 
tion, it is possible to raise the beam intensity 
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up to 50 mA or more, but in the present ex] 
periment the gun was operated within the 
limits of the beam intensity from 20 to 30 mA\ 
and of the electron energy from 500 to 700 eV.| 
After vacuum distillations of each of th : 
alcohol samples had been repeated several 
times at the dry ice temperature, the vapc 
was allowed to enter a source chamber and 
then to jet into a vacuum chamber througa 
an image and a source slit of a molecula 
beam projector. 

The vacuum chamber was_ beforehan 
evacuated down to a pressure of 10-° mmHg: 
or less, and then a beam of alcohol molecules 
of the respective species was projected into +t 
through the image slit, and at the same time: 
a homogeneous electron beam was fired across 
the localized jet of vapor. Immediately after: 
having traversed a short distance of 10 mm or: 
so, the molecular beam was condensed on 41 
surface of a liquid air trap to prevent the: 
background pressure within the chamber from) 
being deteriorated. However, the hydrogen) 
gas produced by decomposition of alcoho!! 
molecules at the intersection of the twe) 
beams and the stray beams from the image: 
slit caused the background pressure to rise 
up to 10-mmHg. 

The light from the glow appearing at the 
intersection of the two beams was inspected | 
with the help of an ordinary quartz prism 
spectrograph with a small dispersion which 
covers the whole range of wave-lengths from 
Ad 2,000 to 8,000 within a span of 77mm on 
a photographic plate. In order to make pho- 
tographic photometry measurements for the 
OH (0,0) band near 2 3064, a Littrow-type 
quartz prism spectrograph with one 60° and 
one 30° prism (dispersion, 5.5 A/mm near 2 
3000) was used together with a recording 
microphotometer provided with a phototube 
and a string electrometer. 

The light excited by the passage of elec- 
trons with energies of 500 eV or more across 
a jet of vapor of any species of alcohol is 
almost entirely due to the hydrogen Balmer 
series, the OH band near 4 3064, and the CH 
bands near 24 3900 and 4300 as shown in 
Fig. 1, the C; line at 2 2478 being too faint 
to be shown in the same figure. Especially 
when exposures of long duration were made, 
the negative-system of N.* was also detected, 
whereas: any band of N; did not appear at 
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Fig. 2. Discharge spectra; condensed discharge 


Fig. 1. Electron-impact spectra, 
CD ICO? (2) CH30H, through (1) CH;0H and (2) n-C3;H;OH, uncon- 


(3) (C H;OH, and (4) n-C3H;OH. desed discharge through (3) CH30H and (4) 
n-C3H,OH. 
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all. The (0,0) and (0,1) bands of this system 
near 22 3914 and 4278 are in appearance more 
intensive than would be expected from weak 
intensities of the other bands of the same 
system, since they are much enhanced by 
their superpositions with the CH bands near 
4k 3900 and 4300, respectively. 

As a result of several tests on the purifi- 
cation procedure of the samples and on the 
background pressure in the collision chamber, 
it looks likely that these bands of the N.* 
negative system are not due to impurities 
contained in the samples, but entirely due to 
the residual air in the observation chamber. 
Such a presumption is in good accordance 
with the recent experiment performed by C. 
Y. Fan” on the optical emission induced by 
the passage of a monoenergetic beam of 
particles through an observation chamber 
containing a rarefied air sample (10-’—10-° 
mmHg), in which it has been shown that the 
first and the second positive systems of N, 
are practically the only emissions in the spec- 
trum excited by 23 eV electrons, but their 
intensity is negligible compared with the ne- 
gative system of N.* in the spectra excited 
by 500 eV electrons and 20 keV protons. 

In order to show how simple are the elec- 
tron-impact spectra for these alcohol mole- 
cules, some examples of complicated spectra 
for the same molecules excited in electrical 
discharges are presented in Fig. 2. In a con- 
densed discharge through CH;OH or n-C;H;OH 
vapor, the Swan and the Deslandres-d’Azam- 
buja bands system of C, are much stronger 
than the line of Hg and the bands of CH and 
OH. In an uncondensed discharge through 
the same vapor, the spectra are almost en- 
tirely due to the Angstrom, the 3 Pos. Group 
and the 5 B bands of CO. Furthermore, the 
C; line at 4 2478 appears very strongly ina 
condensed discharge, but does not at all in 
an uncondensed discharge. On comparison 
with the electron-impact spectra it is seen 
that various kinds of secondary processes 
must be considered to take place in electrical 
discharges. For instance, the fact that the 
C, bands come out with strong intensities 
even in a condensed discharge through CH;0H 
may be accounted for only by some recom- 
bination reactions among fragment carbon 
atoms which may occur in the interior of the 
gas or at the side wall of the discharge tube. 
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§3. Experimental Results and Discussion 1 


In Fig. 1 are compared the electron-impacti 
spectra for CH;0H, C.:H;OH, and n-C;H;OH] 
with that for H,O. In the case of H.O, the: 
light is entirely due to the hydrogen Balmer; 
series and the OH band near 4 3064. In the: 
other cases, it contains the bands of CH near Ad 
3900 and 4300 into the bargain. In the former; 
the Balmer series extends only up to the mem-- 
ber He at 2 3970, while in the latter even the: 
higher member Hy at 24 3835 can be easily? 
recognized, and further the line of He at 4| 
3770 is also detectable especially on the origi-- 
nal plates taken with C,H;OH and n-C;H;OH.. 
Furthermore, it looks likely that the tail cf! 
the OH band extends towards longer wave-: 
length with decreasing number of hydrogen 
atoms contained in the parent molecule vary-- 
ing from C,H;OH to H.O. The line Cr at &| 
2478 could not be observed unless exposures: 
of exceedingly long duration were made. 

When bombarded by an incident electron 
with such an energy as high as 500 eV or so., 
if an alcohol molecule were split directly into) 
fragments of different species of H, CH, and! 
OH at a single stroke, the abundance ratio: 
among these fragments would be 2:1:1 for 
CHZOH, 3:25 tor (CHO e ande4= sels romsum 
C;H;OH, respectively. If so, when the inten-: 
sity of the OH band is taken as a standard,, 
the intensity of the CH bands would be ex- 
pected to increase with increasing number of 
carbon atoms within the parent molecule. 
Actually, however, a lowering in intensity is 
found, e.g., for the band near 2 3900 on going 
from CH;0H to C,H;OH. Such a discrepancy 
between the prediction from the simple rup- 
ture of the bonds and the observed intensity 
of the CH bands must be attributed to much 
more complicated processes of dissociation of 
the alcohol molecules. 

Mass spectrometric investigations have 
already been made of the products of ioniza- 
tion resulting from electron collisions in se- 
veral of the simpler alcohols. Methyl and 
ethyl alcohols were studied by C.S. Cummings, 
Il and W. Bleakney®, n- and iso-propyl alco- 
hols by T. Kambara®. According to the 
observed relative abundances for electron 
energy of 70 volts, the greater number of the 
fragment ions from, for example, CH;OH are 
of the species of CH;0H*+, CH,OH*+, HCO*, 
and CH;*, their approximate percentages 
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being estimated as 19.1, 33.6, 25.7, and 12.3, 
jrespectively. The formation of these ions 
fexcept the first must result in the liberation 
of the neutral fragments H and OH. If any 
‘of these fragments have electronic excita- 
tional energies, the following processes can 
be considered to take place, 


CH:OH + e—CH,OH* +H*+2e, (1) 
CH30H + e— HCO* + H, + H* + 2e, (2) 
and 

| CH.OH + e— CH;* + OH* + 2e, (3) 


‘where the asterisk means the excitation of 
electronic state. The strong emission from 
the CH* radical, however, must be attributed 
‘to another kind of dissociation process of 
'CH,OH, which will be discussed as follows. 

In order to account for the double maxima 
in the angular momentum distribution curve 
for OH* from H;0, the following two processes 
were proposed in the previous paper”, 
- H.0+e>0H*+H+e, 
and 

H.O + e— OH* + H* +e. 

The former involves only the excitation of 
the O (2p) electron, while the latter the 
simultaneous excitation of both the O (2p) and 
the H (1s) electrons making a pair bond with 
each other before dissociation. The former 
process contributes to the second maximum, 
and the latter not only to the first maximum 
but also to the emission of the Balmer lines. 
In the case of CH;OH also, let us make a 
proposal which is in line with that made in 
H.O, namely — 

CH;OH + e — OH* + CH; + e 
and 

CH,;OH + e— OH* + CH;* + e. Ca) 

The free methyl radical in its ground state 
has been proved theoretically by J. W. Lin- 
nett and A. J. Poé! to be nonplanar and 
further by T. Itoh, K. Ohno and M. Kotani‘? 
to have the most stable configuration of a 
pyramidal structure with the angle of 80° 
between the line C—H and the axis of sym- 
metry. An attempt to obtain the absorption 
spectrum of the free CH; radical has recently 
been made by G. Herzberg and J. Shoosmith’” 
by means of the flash photolysis technique 
using Hg(CH;), as the parent compound. They 
have succeeded in finding diffuse absorption 
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bands of the Rydberg type in the vacuum 
ultraviolet region and shown that these bands 
are unambiguously due to the free methyl 
radical. The former of the two processes 
newly proposed here, (4), results in a free 
methyl radical in its stable ground state. 
However, when a methyl radical is excited 
up to some unstable electronic state in the 
latter, (5), it may spontaneously decompose 
into a CH* radical and hydrogen atoms as, 
for instance, 


CH;0H + e > OH* + CH* + H* +H +. (5’) 


The observed strong bands of CH are likely 
due to the CH* radicals produced in reaction 
processes of this kind. 

On the other hand, the OH* radicals are 
liberated in the processes (3), (4), and (5’). 
In (3) and (4), the parent molecule dissociates 
into two pieces with nearly equal masses and 
with a variety of internal degrees of freedom. 
In these processes as well as in the multiple 
fragmentation, (5’), only a small fraction of 
the total excess energy, H,;—En, will be con- 
verted into the rotational energy of the OH* 
radical. According to the mass spectrometric 
investigations cited above of the fragment 
ions from methyl, ethyl, and propyl alcohol, 
the more complicated the parent molecule is, 
the more different kinds of processes of dis- 
sociation into pieces must be considered to 
take place. 

In Fig. 3 there are presented the results of 
photographic photometry measurements for 
the rotational lines of the Q, branch in the 
(0,0) band emitted from the OH* radicals split 
from methyl, ethyl, and n-propyl alcohol mo- 
lecules, respectively. The previous result for 
H.O and the Maxwell-Boltzmann distribution 
for 2,800°K are also shown in the same figure 
for the sake of comparison. In every one of 
these alcohol molecules the first maximum 
shifts towards a little higher rotational quan- 
tum number near 7, as compared with the 
case of H.O, and moreover the second maxi- 
mum is quite flat in CH3;0H and entirely 
absent in both C,H;OH and n-C;H;OH. The 
distribution of rotational energies among OH* 
radicals is in all cases quite similar to the 
distribution calculated for the rotational tem- 
perature of 2,800°K. It is true some traces 
of the second maximum is still retained in 
the simplest molecule of alcohols, CH;OH, but 


] 
1104 T. Hortn, M. OTSUKA and T. NAGURA (Vol. 12)) 


in C,H;OH and n-C3;H;OH the number of de- 
grees of freedom among which the total 
excess energy will be partitioned is so great 
that any energy of abnormal rotation is not 
likely given to the OH* radicals splitting from 
these molecules. 

In 1938 a study was made by H. Wake- 
shima! of intensity distributions in the OH 
(0,0) band excited in an electrical discharge 
through H.O, CH;0H, and C,H;OH, in which 


OH” FROM H,0 


OH” FROM CH30H 


OH" FROM CsHsOH 


INTENSITY OF ROTATIONAL LINE —ARBITRARY UNITS 


OTs 


O 
MAXWEL- BOLT ZMANN 
DISTRIBUTION 
FOR 2800 K 


5 10 15 20 Zoe 


Fig. 3. The rotational intensity distributions for 
OH* from CH30H, C.H;OH and n-C3H;OH in com- 
parison with that for OH* from H_O and with the 
Maxwell-Boltzmann distribution for 2,800°K. 


no appreciable variation was pointed out. Now 
that a great difference has been found to exist! 
between the electron-impact and the discharges 
spectra, even for the same alcohol, it goes 
without saying that his result must not be con-! 
sidered as contradictory to ours that reveals: 
a remarkable difference between the angular 
momentum distribution for OH* from HO andj 
that for OH* from several of the simpler: 
alcohols, in the most fundamental process off 
excitation by electron impact. [ 
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Measurements of nuclear quadrupole resonances of antimony isotopes 
in solids have been made at a relative accuracy of about one part in 108. 
Detectors are superregenerative oscillators. Relative accuracy was 
achieved by measurement of two or three resonance frequencies in a 
very short time. For antimony trichloride the results were almost in 
agreement with Wang’s data, but the resonant frequency v3 of the Sb 
isotope, was higher about 2.5 kc. This implies that the cedecipole 
coupling constant might not have an order of magnitude which leads to 
a definitely measurable amount. In antimony oxide the simultaneous 
measurement was more easy, since it has a small asymmetry parameter. 
In this case, the deviation of resonance frequencies from a multiple 


relation is very small. 


These results are discussed in terms of cedeci- 


pole interaction and thermal vibration. 


§1. Introduction 


The first indication of the existence of 
nuclear electric cedecipole interaction was 
given by Wang through the experiment of 
nuclear quadrupole resonances of antimony 
isotopes». Antimony consists of two isotopes, 
Sb! and Sb!”, with relative abundances of 
57.2% and 42.7%, respectively. The isotope 


Sb, having a spin of 7/2, gives rise three 


whereas the 
having a spin of 5/2, has two 
The frequencies of each reso- 


nuclear quadrupole resonances, 
isotope Sb!!, 
resonances. 


- nances depend upon two quantities, i.e., nuclear 


quadrupole coupling constant eQg and asym- 
metry parameter of field gradient tensor 7. 
Wang measured three resonance frequencies 
of Sb!23 in SbBrz; with a great deal of care at 
0.4°C, and found that the frequency of the 
third resonance, calculated from eQg and », 
which were obtained from the measured fre- 
quencies of the first and the second reso- 
nances, showed a small disagreement with the 
measured one. He attributed this small dis- 
crepancy to nuclear cedecipole interaction. In 
his experiment the amount of the discrepancy 
was only 2 kc, but the width of the resonance 
line was about 12 kc and the temperature 
dependence of the line was about 7~17 kc/ 
degree. He also measured SbCl; and Sb.S; 
in single crystals. Descrepancies of measured 
and calculated »v, frequencies range from 
nearly zero to 4 kc. The present work aims 
at a similar measurement of nuclear quad- 


rupole resonances of antimony isotopes in 
Sb.03, where the resonance line is more 
sharp and the dependency of the frequency 
upon temperature is smaller. The resonances 
of antimony isotopes in SbCl, studied by 
Wang were also measured for comparison. 


§ 2. Experimental Procedure and 
Apparatus 


In order to compare the frequencies of 
nuclear quadrupole resonances to an accuracy 
of about 0.001 percent, it is necessary that 
the center of the resonance line be deter- 
mined accurately and that the temperature 
of the sample be kept constant during a 
series of measurements. 


a) Apparatus 


Two types of superregenerative oscillator 
were used. The first oscillator was a push 
pull feed back type with LC tuning circuit. 
It is responsible to a frequency range be- 
tween 20 and 90 Mc, with two similar cir- 
cuits cover the lower and higher range. The 
circuit diagram is shown in Fig. 1. The 
second oscillator had a transmission line tuned 
circuit similar to one reported by Kojima et 
al.» The frequency range was between 90 
and 200 Mc. In order to measure three re- 
sonance frequencies of Sb!” three oscillators 


se Abou} experiment was done at the laboratory 
of the Physics Department, Tokyo University of 
Education. 
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were used corresponding to their resonance 
frequencies. By use of a long sample three 
oscillator coils could be arranged linearly as 
shown in Fig. 2. If the coils have been 
coupled more closely, the oscillators would 
interacted with each other. Exact simultane- 
ous operations were avoided on account of 
pulling phenomena of oscillations. Therefore, 


Fig. 1. Circuit of ZC tuning oscillator. 


Fig. 2. 


Block diagram of system. 


the three oscillators were operated in turn. 
A block diagram of the complete system is 
given in the same figure. Thus three fre- 
quencies were measured in a time of about 
a few minutes. 


b) Method to Determine the Center of the 
Line 
Generally simple regenerative spectrome- 
ters are adequate for studying line shapes. 
Such spectrometers were tested at the begin- 
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ning of this experiment. 
of the high sensitivity, superregenerative spec- 
trometer were used for all measurements. 
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However, because 


The superregenenerative spectrometer gives | 


many signals resulting from the side bands 
separated by the quenching frequency. These 


signals have various shapes owing to their 


different phases which depend on the fre- 


quency and amplitude of the quenching oscil- 


lator®». Moreover the resonance shape dis- 


played on the cathod ray oscilloscope is asym- . 


metric to the direction of sweep, since it 
receives some distortion from the finite pass 
band of the amplifier. The center of the 
resonance line was determined by superposing 


the two patterns at sinusoidal sweep as shown — 


in Fig. 3. The phase of sweep was adjusted 
by receiving a sharp marker signal from a 
test oscillator. When the frequency of a line 
was measured, the signal from the test oscil- 
lator was superimposed on the resonance line. 

Preliminary adjustment of marker frequen- 
cy of test oscillator to the center of the line 
was carried out to be consistent for all the 


shapes of three or four side bands of super- 


regenerative oscillator. 


Method to measure the three frequencies 
at the same temperature 


c) 


It is often experienced that the temperature 
of a sample rises during a measurement by 
its absorption of radio frequency power. 
Therefore, to keep a sample at a constant 
temperature, it is not sufficient even if a ther- 
mostat is used. To avoid the rise of tem- 
perature the oscillation level must be kept 
low and the necessary measurements must be 
carried out in a very short time at the begin- 
ning of operation. Indeed, the third resonance 
frequency of Sb!” in SbCl; was observed to 
change 0.01 percent during five minutes from 
the time of switch on of oscillator operation 
at some condition. Thus two or three fre- 
quencies are measured almost simultaneously 
by a suitable arrangement of the apparatus. 
Accurate measurements were obtained by 
changing the switch of supply voltage, and 
by varying the quenching power as shown in 
Fig. 2. Measurements were repeated many 
times. 


d) Measurement of Frequencies 


The test oscillator used had a frequency 
range between 10 and 15 Mc. Its frequency 


(a) 


was stabilized to about one part in 10°. Soon 
after adjustment to the center of resonance 
lines its frequency was measured accurately 
beating with the higher harmonics of a pre- 
cission frequency meter, having a working 
range between 1 and 2 Mc and an accuracy 
of one cycle. The frequency meter was 
always calibrated against the standard fre- 
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(b) 


A series of resonance absorptions of side 


Pigers: 
bands (a) and 
oscilloscope. 


marker signal (b) viewed on 


quency of 4 Mc from //Y. Thus measured 
frequency has a accuracy of about 0.0001 
percent of resonance frequency. 


Results and Discussion 
Sb.0; 


The resonance frequencies Of Sb'”! and 
Sb!”3 of Sb,O; were measured by Barnes and 
Bray at room temperature and liquid air 
temperature®. We also measured these fre- 
quencies at room temperature. The tem- 
perature dependency is about —3x10-° Mc/ 
deg. at all frequencies which are very small 
compared to SbCl; and its other compounds. 
This small temperature variation of resonance 
frequencies increases the accuracy of the 
measurement. Signal to noise ratio was five 
to ten for all the resonances, which is better 
signal to noise ratio than other Sb compounds. 
The line widths were about 8 kc on oscillo- 
scope measurements. The asymmetry para- 
meter was almost equal to zero. A _ signal 
of one frequency from test oscillator could 
be used to measure all resonance frequencies 
of one isotope. Therefore it is very convenient 
to measure resonance frequencies relative to 
one another. Plots of v; and »; relative to vp 
are expected almost to coinside with the line 
inclined 45°. Resonance frequencies are shown 
in Table I. 


a) 


The resonance frequencies of 
Sb in Sb.03 ‘ 


Table I. 


Isotope 


APAXC V1 v2 V3 (Mc/sec.) 


16.8+0.5 50.20608 100.41144 150.61572 
82.70832 165.41928 


Sp123 
Sbl21 Y 


The averaged values of frequency differen- 
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ces from multiple relation are obtained over 
all measured values supposing that they do 
not depend upon temperature in this small 
region. Errors are weighted mean of mean 
square deviation in every measurement at 
each temperature. The deviation from multi- 
ple ratio was obtained which was comparable 
to the experimental error of measured fre- 
quencies. 

From resonance frequencies of Sb’, the 
asymmetry parameter 7 and the cedecipole 
coupling constant eMm was calculated. For 
[=3/2, the energy level has an exact solution 
but for 7=5/2 the energy level are obtained 
from an expansion in powers of 7?. In Sb.O; 
the asymmetry factor is very small, therefore 
it is sufficient to use terms of the order of 
7”. The nuclear cedecipole term which is the 
next term to be considered in the electric 
interaction of nucleus with surrounding elec- 
trons will be zero unless nuclear spin J/>2 
and the electron configuration has an angular 
momentum, such as, d or f orbitals. For 
T=7/2, and 5/2 the resonance frequencies will 
be deduced from the equation of the energy 
levels». 


f=7/2 ee 22a(1 += 35 eMm , 
=z, e041 on *) ~ apy Mm 
cae 000(1 = iPS oe 

f= 5) 2. yy 99 (243 — tg eMm , 

= 15 60a(1 -3 i?) eum 


With the values of the asymmetry parameter 
of Sb’ the cedecipole coupling constant and 
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calculated. Table II indicates these calculatec 
values and the frequency differences in kc/sec: 


b) SbCl; 

Sb?23 in SbCl; has three frequencies vj, v2. 
and »; of about 37 Mc, 68Mc and 103 Mc: 
respectively. Simultaneous measurements 
were carried out for the three frequencies 
v1, ¥2, and v3; in a temperature range betweer 
17 and 20°C. The observed frequencies v 
and v3 are plotted against »2, which has the 
smallest temperature dependence in _ these 


67:80 


67:81 Mc/sec 


aie eMm=10 Ke 
b. eMm=20 Ke 
c. Wang 


Fig. 4. Resonance frequencies v,; and v3 vs. Vg 


quadrupole coupling constant of Sb? were in SbCl. 
Table II. 

Isotope ee (Kejsec.) nv/8 (ke/sec) N =i Peri (ke/sec.) |eMm| (kc/sec.) 
Spies 0. 36-40. 74 0. 8440. 84 ~ 0.0006-£0.001 702877.3 3+0.5 | 18+£10 
Se IRSOse 0292 _- y 991382.2+0.5 WSS) 

Table III. The resonance frequencies of Sb in SbCl; . 

; Isotope Ene ee a vo V3 v3 cat ‘(Me/sec.) 
Sbi23 19.4+0.5 37.4449 67.8022 102.8283 102. 8285 - 
Sp121 Wd — 


58.1925 


112.6443 


sl 


C 
v 


} 


957) 


1 

J 
: 
q 


three frequencies, as shown in Fig. 4. Wang 
has measured these frequencies at the two 
temperatures of 0.8 and 30.07°C. The results 


which were extrapolated from Wang’s data 


‘ 


f 
4 


4 


to our temperature range are shown in Fig. 


4 with a broken line. On the resonance 1), 
the present result agrees well with Wang’s 
data. On the other hand for the resonance 
v3, however, the present values are higher 
than his value by about 2.5 kc. The fre- 


_ quencies at 18°C, estimated from the points 


on the figure, are summarized in Table III. 
The temperature was measured with a ther- 


-mocouple. 


Since the frequencies », and », 
were measured relative to v2, the error of 


temperature did not affect the discussion. 
The resonance frequencies of Sb?! was also 


measured. In this case the measured values 
agree with Wang’s data. The resonance lines 


of Sb’! have better signal to noise ratio than 


those of Sb!”. v3.0, is calculated from mea- 
sured frequencies of vy; and v. under the as- 
sumption that the resonance frequencies are 
depend upon the quadrupole coupling constant 
and the field asymmetry parameter. In this 
calculation the energy level equations which 
were described with the terms of eQq and 7 
to the order of 78 were used. Indicated 


lines in Fig. 4 are calculated under assump- 


tion that SbCl; has a cedecipole coupling con- 
stant of the order of about 10 kc and 20 kc 
and has sign opposite to the electric quadru- 


pole interaction. 


c) Discussion 


The valence electrons of the antimony iso- 
topes are in 5p orbitals which may be hybri- 
dized with 5d orbitals. The hybridization 
factor of configuration will depend upon their 
bonding angles. In SbCl; bond length and 


“angles have been investigated by microwave 


experiment and Sb—Cl=2.325-+0.005A, Cl— 
Sb—Cl=99.5-+0.5°.2 In Sb,O; these values 


are also obtained which is about 2.22 A and 
O—Sb—O~100°, respectively». In this res- 
pect, they seemed to be hybridized with 
similar configurations. By Wang’s data SbCl; 
has a cedecipole interaction to be many times 


Jarger than our results, which lead the value 


of 10 kc at the most. It seems very difficult to 
deduce an accurate value of cedecipole inter- 
action factor in this experimental accuracy. 
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The atoms Sb and O in crystal of Sb.0O; 
are arranged as shown in Fig. 5.2 Sb atom 
has three bonds to the three oxygen atoms 
with the same bond length and lies on one 
of the body diagonals of cubic lattice, thus 
the asymmetry parameter will vanish. 


Fig. 5. Molecular structure of antimony oxide. 


In consideration for cedecipole interaction, 
calculated results introduce small asymmetry 
factor of about 0.0006, which could not be 
distinguish from zero within the limits of 
experimental error. It is consistent with the 
consideration of crystal structure. This small 
value of 7x, if it exists, would be ascribed to 
the thermal vibration of molecule. The effect 
of the thermal vibraiton of molecule on asym- 
metry parameter has been studied by H. 
Bayer.” Accurate measurements at the dif- 
ferent temperatures would be favourable, but 
at other temperature differing from the room 
temperature, it would be very difficult. 
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Oscillations of Electron Cloud in External Fields 


By Masao SUMI 
Electrical Communication Laboratory, Tokyo 
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The collective behavior of density fluctuations in a purely electronic 
cloud which is not neutralized by positive ions is analysed under the 


influence of external electromagnetic fields. 


In an equilibrium state the 


electrostatic space charge force is counter-balanced by the external fields 
and it gives rise to the mean drift flow of electronic cloud accompanying 


with the oscillations similar to those in the usual plasma. 


The classical 


description lead to the dispersion relation, which involves additional 
terms due to the drift velocity of electron flow. The effect of this drift 
velocity on the frequency shift is briefly discussed. 


§1. 


The collective behavior of the electrons in 
an electron gas has since been analyzed and 
developed in a number of papers”), where 
the ‘‘electron gas’’ is usually assumed to be 
neutralized by the positive charge of ions dis- 
tributed over the volume considered. There 
are sometimes the cases that the positive ions 
are eliminated or of absence in the electron 
clouds or beams*. Even in such a_ purely 
electronic cloud there have been observed 
plasma-like oscillations when external fields 
confine the assembly of electrons appropria- 
tely». These plasma-like oscillations may be 
qualitatively illustrated as follows: let us 
consider a simple case where external electric 
and magnetic fields counter-balance the electro- 
static space-charge forces of electron clouds. 
Then it will give rise to the steady drift flow 
in this clouds. When we observe on a sliding 
frame of reference with the velocity of the 
drift flow, the external and space-charge 
forces vanish in the clouds and there remains 
the density fluctuations of electrons, bringing 
about the plasma-like collective oscillations as 


Introduction 


* For instance, in the interaction space of 
magnetrons or in an electron beam of vacuum tu- 
bes, there remains almost purely electronic cloud 
or beams. 


usual. Back to the laboratory frame of refe-. 
rence the drift flow of electrons will reappear\ 
which affects these plasma-like oscillations,, 
resulting in the shift of oscillating frequency... 
We shall deal with these situations first im 
the classical theory of density fluctuations: 
and next in the quantum-mechanical theory; 
of collective descriptions. 

In the simple classical treatment of section 
2, the velocity of individual electron will be: 
devided into the steady component of drift 
flow and the fluctuating component. Then 
we shall find by the method of the Fourier 
decomposition of density fluctuations? that 
the latter component brings about the plasma- 
like oscillations and the former the corres- 
ponding shift of frequency. 

In section 3, we shall give a more precise 
dispersion relation by the quantum-mechanical 
description, which is equivalent to the general 
method by Bohm and Pines”, and by Tomo- 
naga. The center-of-mass coordinate and 
momentum conjugate to each other for the 
electron assembly will be introduced, while 
internal coordinates and momenta will simply 
be obtained for the system with a sufficiently 
large number of electrons. The Hamiltonian 
for the system will be decomposed into a part 
representing the center-of-mass motion and 
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-an internal part describing an internal motion 
of electron assembly, the latter of which leads 
to the plasma-like oscillations and accordingly 
to the dispersion relation by the method of 
usual collective descriptions®®), 

The effect of drift flow on the dispersion 
relation will be considered in section 4, but 
for the present we shall have to restrict our- 
selves to give rather formal discussions. 


§2. Classical Treatment of Oscillatory 
Behavior 


We shall first treat classically an aggregate 
of electrons under the influence of external 
electric and magnetic fields. Coulomb repul- 
sive forces between electrons will provide an 
electrostatic space-charge force, as an average, 
and a fluctuating force caused by the density 
fluctuation. It will be shown that a macro- 
scopically steady state is attained, when the 
repulsive space-charge force is counterbalanc- 
ed by the external electromagnetic forces. 
Then the assembly of electrons will exhibit a 
flow with a steady drift velocity. 

If we ride on a frame of reference which 
moves with the same velocity as that of drift 
flow, we might no more observe the drift flow 
of electron gas, since net forces acting on the 
electrons vanish on the average in this frame 
of reference. This means that the external 
electromagnetic fields play as similar an effec- 
tive role to cancel out the repulsive space- 
charge forces in this case as positive ions do 
jn the case of usual neutralized plasma. 

Then it would be seen that the density 
fluctuation causes the collective oscillations as 
if the electron cloud would be the usual 
plasma. If we go back to the frame of re- 
ference fixed on the laboratory, the frequency 
shift of oscillations would be expected to ap- 
pear due to the drift flow of electron cloud. 
These situations will be clarified in the follow- 
ing analysis. 

The particle density of point electrons in a 
box of unit volume is expressed as: 


p(x) = ¥ dx—x,) (2.1) 


where JN is the number density: N=|o(x)de. 


Splitting o(x) into Fourier components, 


(x)= Sy eik(x-*)) = > one : (2.2) 
j,k 
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Ox= D>) eth; , (2.3) 
Ps 
Note that 9 represents the mean electron 
density N and the o, with R<0 the density 
fluctuations. 
The equation of motion of the j-th electron 
is described by 


Xj=Bjy=— © LBs) +04 x B(x;)], (2.4) 


the dot denoting the time derivative. MKS 
rationalized unit is used throughout this paper. 
E is devided into static and fluctuating parts: 
static part consists of two parts, i. e., one due 
to the mean charge distribution of electrons 
E, and the other due to the external agency 
Evzt; the fluctuating part EF, is due to the 


density fluctuations of electron charge. Hence 
the total electric field becomes 
E=Eent+Eyt+FE, . (2.5) 


Denoting the electric potential by ¢(x), 


Pex) =< (x) 


== (oot Ore h (2.6) 
Eo k0 


Hereafter the summation over k implies not 
to include the term of k=0. Also splitting 
g(x) into two parts 


7?0o(x) =~ 00 , (2.7) 
9 
ro(x)=— > pxe**, (2.8) 
Eo k 
then we get 
piix)=—& > Pketke, (2.9) 
Eo &k k 
and 
E\(x)=—V¢o0(*) , (2.10) 


E\(x)= poi) = DE pect. (2.11) 
Eg k k 


We can regard (2.4) as the equation of mo- 
tion of a specified electron in a small volume 
element located at x. It may be written as 


é é é 
Y= SEs 
m m 


x [Eo(x;) + Ecat(x;) +0; X Blx;)] a2) 


If we take an average of Eq. (2.12) over all 
particles in the volume element, assuming 
reasonably Bo, Hex: and B to be uniform over 
this volume element, we can drop out the 
first term in the righthand side and obtain in 


Tl 


the following macroscopic equation of motion, 
by=— ale) + Bowe) +0) x B(x) . (2.13) 


As a macroscopically steady state is reached, 
Uo=0. The relation that the righthand side 
of Eq. (2.13) is put equal to zero yields a 
function of x, vo(x), which represents the drift 
velocity of electron cloud. 
Putting 
UVj=Up ti; 5 

then 

Uj=Uo bij =01; « (2.14) 
Hence Eq. (2.12) becomes 


(2.15) 

Now differentiation of (2.3) gives 
Ox=—1 x (kas ens 5 (2.16) 
On= x [(kv;)?-+iko;je7"** 3 . (2.17) 


By the use of (2.15) and the random phase 
approximation, (2.17) becomes 


it S| (ye) + (hes) mae tee Bente 2: 
me m 


(2.18) 


Furthermore assuming the random distribution 
of v;; and averaging over all electrons, we 
see that the third term in the bracket of the 
last equation is cancelled out, because the 
magnetic field gives the gyromagnetic motion 
to the electron but does not alter the magni- 
tude of electron speed. Then we get 


Ox+[op?+ (kv)? +((kv1j))]ox=0 , (2.19) 


where »?= Ne?/mey and the bracket < ) means 
the average concerned. We find this equation 
indicates the oscillatory behavior of the den- 
sity fluctuations, the frequency of which is 
given by the relation 


@? = Wy? + (kU9)? + ((kv15)>. (2.20) 


The second term in the right hand side re- 
presents the frequency shift due to the drift 
velocity which confirms the qualitative illust- 
ration mentioned previously. The third term 
is due to the usual thermal agitations. 

If we separate the density fluctuations o, 
into two parts, 1. e., the collective and indi- 
vidual components, we shall obtain also in 
this case the more refined dispersion relation, 
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| 
as was shown by Pines and Bohm. But we) 
shall stop here the classical treatment and in. 
the next section we shall reconfirm the effects} 
of drift flow by means of the quantum-mecha- 
nical treatment. 


§3. Quantum-mechanical Descriptions 


In the previous section we have discussed | 
in a classical description the effect of exter-- 
nal fields to the density fluctuations of purely 
electronic cloud. This section will present the: 
more precise description of our problems by’ 
quantum-mechanical methods. 

We start with a system containing WN elect-: 
rons in a box of unit volume affected by the: 
external electric and magnetic fields, which 
is represented by the potential g and Ae.. 
This system can be described by a Hamilto-: 
nian of the form 


H= + Sp +eAdx)p 
2m j 


e eik(xO =x) 
were RP? 


=e = [eo(x™) + G.(x)] 


where ¢ corresponds to the potential due to) 
the uniform distribution of electronic charge, 
satisfying the equation [7j?¢(x@)=e/e). It isi 
well known this Hamiltonian is equivalently 
transformed by introducing the longitudinai 
vector potential A(x) and electric field inten- 
sity E(x), which is expressed by 


1 . . 
ja cae > [p+ eAc(x™) + eA(x)] 


Ti) 


a 


[EXx)de—e S [olx)+.9e(xe)] , 


(3.1) 
together with a subsidiary condition §restrict- 
ing allowable state vectors 


On=| divx) +e: e—x) Jo= 0. (3.2) 


Now we consider a motion of a center-of-mass 
coordinate of this system. Defining a center- 
of-mass coordinate by 
1 SS >) 
xX,=— xV } 
oy 2 (3.3) 
a center-of-mass momentum conjugate to this 


quantity can be introduced by the relation 
for each component 


F 
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} 


_ tNm 


2; i foals etc. 


(3.4) 


where T is the kinetic energy of this system, 


N 
(1/2m) | p>”. Hence we get 
J=1 


NV . 
Po= 2p. (3.5) 
Clearly in this case 
[ Doz, ale —th, SWE s, (3.6) 


hold. 
Internal coordinates x; must satisfy the re- 
lations 
[Dox, xj3]=0, etc., 
which is fulfiled by putting 


Xj=XO—X. GH) 


As internal momenta conjugate to these we 


take 
al 
pj=p™— nv Po: (3.8) 
Then 
: le: , 
[Dje, ej|= sls ny it~ it, etc., (3.9) 
for N>S1, which shows that the internal 


momenta defined by (3.8) are sufficient appro- 
ximations for large N. Clearly we get 


[ Pix, xo]=0, etc., (3.10) 
and 
NV 
> p;=0 CS. Ly 
- Thus we can write for N>1, 
XDP=Xj+X , 
p=p; +5; Do- 512) 
Insertion of (3.12) into the Hamiltonian (3.1) 
leads 
H=H,.+H , (rks) 


Ho= . [po t+ NeAc(x»)]?—Nelo(xo) + Ge(xo)] , 
2Nm 
; (3.14) 
Hy, saya s is pueatce S| fo. a 1 not eA. cx) 
es i N 
x A(xo+x;) + A(xo+x;) 
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Dj Nn @ 0 
e 5 £9 
ae Arete) +9 | Bae Pe 
2m j 2 


here consideration are taken into account that 
static fields are regarded as uniform in the 
volume concerned, so that Av, ¢ and g are 
functions of x») only. The Hamiltonian H, re- 
presents the center-of-mass motion in the 
external fields, while H) yields the internal 
motion of electronic cloud affected by the 
external fields. 

The total Hamiltonian H determines the 
motion of state vector of the system by the 
Schroedinger equation 

0 


HO =ih— © . 
H dary 


By making a unitary transformation 9=U,Y, 
Us=ex| — Het | > 


the equation satisfied by the new state vector 
¥Y becomes 


(3.16) 


(3.17) 


U,-! HoU VHS = iho . 


The motion of center-of-mass coordinates is 
represented by 


. d * i i —% L 
th a : ==|250) He =elt/hIHet [xo, H. |e‘ ash Het 


and for the other components, so that 


(3.18) 


Up = Xa =), (Pot NeA,)* 


and 
Mice on. , fol , etc, 
Hence a condition for the steady motion of 
c-m-coordinates corresponds to [voz, He] = 0, 
ete ee; 
[Por-t+NeAcz, He]=0, etc. (3.19) 
Returning to the original Hamiltonian (3.1) 
and applying the unitary transformation 
1 e ska 
U=exp| 5, pan OVE greek | 
to it, we see that (3.15) is equivalently re- 
placed by H,’ as follows, 


! 2 e spy Bo \gnene® rote + guene**ot*p( pj + ra +¢cAe 
Hy == >) Dye, | (a+ nyt eA avere N 
2m Gj 2mV 9 rae 


‘Cc 
1 52 eik(xj-*59) 
2) 


a mana 
_ Dy, prp-«At 9 ‘ 


2 kite 


e? Y exerguqe! Ft Orr) (3.20), 


omen 
k,l<k¢ 
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where gx and p, are Fourier amplitudes of A and E, 


1 
= —— ep Qeke BA 
A(x) V6, = qnere, ( ) 
Elx)=—7— 5 p-asnel™, (3.22). 
Eo &k 
[ pe, Gv J=—thorx-, [ pe, Pel=[Ge, qv ]=0 . (3.23) 
Subsidiary conditions becomes 
Dl eet tka) | yr — 3.24) 
QO E lara) ze | 0, (3.24) 


for k<k-, where ke is the usual maximum wave vector beyond which we cannot expect the 


collective description of oscillations. 
Now the transformed Hamiltonian (7)=U,.-!H) U. can be written as 


Mita ssab 


2m G 


Bt av (Sank | _ AB) pik (xe /Nm)(p94N ede bk/2)t jothe 
re = Endk ve 2 =I (Po NeA¢ 9 fe 0 0 (Agsages 


k<ke 
2 
+5 SS energugici &* (or G/N) { vp+Nede+(n/2)(k+))} tei h+De 
MEG j 
kl<ke 
Ca e niga ae : 
So > pep-x 9 DHE oe > (3.25) 
k<k¢ E90 k<ke 2€9 net k 
"Xe 


Here use has been made of the condition for steady flow (3.19). In (3.25) the third term can 
be neglected by random phase approximation and the last term which represents the short 
range screening interaction between electrons may also be dropped out as we are not concerned 
here with it. Thus it becomes. 


SC = HE y+ H+ SF | (3.26) 
SC y= D: Bit (3.27) 
SIE y= a oh (pip-e+ Op*qug_-x), (3.28) 
a ae De eeguPy|tMror Gime" Dethes , (3.29) 
where 
Pj =ps+ se +y( po-+ NeAc A) : (3.30) 
Peas (p + NeAct sal (3.31) 


We introduce creation and destruction operators a;* and ax, 


Qu=(h/2a)'/(ay—a_x*) , 
pe=t(ho/2)(a*+a_x) , (3.32) 


ij 
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where 


[dx, de*|=Oxxr, other commutaters vanish. 


Then we have 


IE y= =( 3 aetan +x) + &(s2 Jos? — 0?) Andi + nn — Ce-k— An A-K*) 
= FH n+ CE anh ) (3.33) 


ee ae ae = we 
B= </ ae ) Sy [ex P jane ror G/myP ytingikx jt ent hGeo+d/mPo We-thx iq *e,, Pj] F (3.34) 
0 


In (8.33) A>, and Hann represents harmonic and anharmonic parts of the oscillating field, 
res pectively. 


Next we pass to the interaction representation with unperturbed Hamiltonian H7»+4n 


by means of the U-transformation 


U.=exp[—C/h)\( ot A nt . 


Hence 
P= Uo ? 
ine b= UMA i+ A ann) Uop =(Hit Hann) . (3.35) 


Dil ; Se . - 
te ) TOD Be OF (icing NZ CaS MENG oA GRE Pes BY ta NB Be ALi gd 099 BoA | 
WE Lk 
(3.36) 


Hamn=-(ooy# 0) Dulex Get char aac, OC Oa aes Poser hI") (3.37) 
(O} 

If we can cancel out the interaction terms by a suitable transformation, the representation 
corresponds to the system consisting of the bare electrons without interaction and collective 
oscillations. 

If we make the transformation given by 


Paelslhg, s=—|' Hid’ )dt’ , (3.38) 
the wave equation for ¢ becomes 
i) i : 
A, P=} tank by , 3.39 
ine 0 {H nt 55 [He SI le (3.39) 


to the approximation retaining only quadratic terms in the field variables. 7/2h[H:, S] involves 
terms respresenting the residual interaction of electrons through virtual collective field, which 
include the self-action of individual electrons. The remaining terms combined with the Hann 
provides the anharmonic part of collective oscillations. The residual parts of electron-electron 


interaction can be written as 


e | (exPs)(CePS*) pince sx) 4 otha jx, (xP MeuPs*) | (3.40) 


Hr». = — Am?wéy w—(k/m)P3* o—(k/m)P;* 


This term may be negligible also in this case in comparison with the screening interaction 


according to Bohm and Pines. . 
The elimination of anharmonic collective oscillations leads us to the dispersion relation as 


follows: 
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ieee! Lae (3.41) 


which becomes for N>1, 


<e H 1 ‘ys (3.42) 


me [om ors iment (2a) 


While the self-action term becomes 


e (exP;)? (enP5*)? _ Qy 

lElzetr = Be Rar = “z E = - —— ie (3.43)) 
Ameo” iL y—=P- wo—— Pt 

m m 


Neglecting the terms of hk, Pj*~Pj-=P; and assuming |kP;/mo| <1, 


aie NG ae 3.44) 
El eete 3N ~ om 2m ’ ( e ) | 
where 
Noe (3.45) 
672 


This self-action can be reflected into the original kinetic energy which gives the effectiv@ 
mass as usual: 


DIEING ho 
2 (a — 
= ny (Dot NCAR eS De ect a Die st, : 


(3.46) | 
so that 
m*=[3N/(3N—N’)|m . (3.47) 


Finally the new subsidiary conditions which is obtained after the transformation reduces 
(HO), ONS (RA 


w? ; 
ais : 4 5 eik(otx 5) o=0, 


Jj Poe Bee). 
m 


where the dispersion relation (3.41) has been taken into account. 


(3.48) 


§5. Discussions 


If we donote pj/m=v; and (p)+NeAc)/Nm=vy in the dispersion relation (3.41), the appro- 
ximation for small k such that |kvj/o] <1 and |ku,/w| <1 gives the following relation as 


w2=,?| 1+ 9 (Kv) +.3(kvo” afte) <(kv5)”> a AR anes. ' (4.1) 
wo wo? wo? 


2mo 


where assumption of the isotropic distribution is made for vj. 
Hence 


oxi] + 4 (Keo) (kv)? , 3<(kw3)*> i (te yt. 49) 


sits c 
Op Op? 20 p? 2M p 
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The terms containing vy represent the effect 
of drift velocity of the electron cloud. If the 
magnitude of vy is much smaller than that 
for the mean velocity of thermal agitations, 
the effect of drift velocity would be negligible 
and (4.2) reduces to the dispersion relation for 
the usual plasma. In some cases the magni- 
tude of the drift velocity would be expected 
much greater than that of the mean velocity 
for thermal electrons*. Then the drift velocity 
has the main effect on the dispersion for the 
collective oscillations. 

In practical cases, however, it is a rather 
complicated problem that with what wave 
vector k the wave would be excited which 
satisfies given initial and boundary conditions. 
Accordingly it is difficult to give the quanti- 
tative estimation for this effect, but we must 
content ourselves for the present with the 
qualitative or formal discussions of the pro- 
blem. 


_ * For example, the drift velocity of electrons 
in an interaction space of magnetron is nearly ex- 
pressed as %=H/B. For typical values of applied 
voltage 1000 volts over 2mm and magnetic flux 
1000 Gauss, vp~5x 10° m/sec. This is much greater 
than the thermal speed of electron, vw7~2x10°m 
|sec for the electron temperature of 1000°K or 
6x 105 m/sec for that of 10000°K. 


Oscillations of Electron Cloud in External Fields 


1117 


If the excited wave travels towards one 
direction, the term (kvy)/w» contributes to the 
frequency shift and the sign of this contribu- 
tion is dependent on whether the direction of 
the wave vector is the same or opposite to 
the drift velocity. If the standing wave is 
excited, the term (kuvy)/w» vanishes and (kuv»)? 
/@,? yields the main contribution. 

Note that in (4.2) we must replace the effec- 
tive mass m* expressed in (3.47) for the 
electron mass m, except in w,?= Ne?/mey; hence 
vj; and vy should also be replaced by vj*=p,/m* 
and vo*=(po+NeAc)/m* respectively. In the 
usual electron gas N’ would be small compar- 
ed with N so that the effect of these replace- 
ments would not be remarkable. 
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The scattered light from Cr-plated aventurine surfaces were measured 


by a goniophotometer. 


The results were analysed assuming that the 


surfaces are covered by randomly distributed small facets and the scat- 
tered light consists of ones reflected regularly by the facets. It is con- 
cluded that the inclinations of the facets are distributed by Gaussian 
process, the r.m.s. values of them lying between 4° to 10°. The results 
were compared with the theoretical one calculated by the equi-inclina- 


tion model. 


$i. Introduction 


The angular distributions of scattered light 
[(aw, v) from matt surfaces are dependent on 


the profile of the surfaces, where a and ¢ 
indicate the angle of incidence and the angle 


of view respectively (Fig. 1). The experi- 
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mental results obtained until now may be 
summarised as follows: 

1) At any setting of a, the relation of log 
I to (y—a) are nearly linear or quadric as the 
roughness of the surfaces are small or large 
respectively. 

2) The intensity of specular reflection in- 
creases as @ increases, the rate of increases 
being much larger than that expected by the 
simple application of the Fresnel’s formula. 

There are two methods for the theoretical 
treatments of the problem, the one being the 
approximation based on the geometrical 
optics and the other based on the wave optics. 


The former may fit to rougher surfaces and - 


the later to finer surfaces. 


Fig. 1. 


Reflection by a facet. 


We analysed the scattered light from sur- 
faces whose r.m.s. roughness f being smaller 
than 0.5 uw, by a wave optical method. It was 
assumed that the height z of any point of 
the surface is a Statistical quantity following 
the Ornstein-Uhlenbeck process. The sur- 
faces are then represented by two constants 
h and 8. Here 1/8 has the dimention of 
“length ” and indicates the range of the ex- 
tents of the autocorrelation of z. The critical 
angle of sheen and curves of diffuse reflec- 
tion are explained by assuming some adequate 
values for 1/8, which is about 104 for the 
surfaces h=0.2 yp. 

The Kirchhoff’s diffraction theory tells us 
that the half-value width of a zeroth order 
diffraction pattern is inversely proportional 
to the slit width and is approximately 1° for 
a slit of 304 width. The geometrical ap- 
proximation of scattering, then, may be suf- 
ficient for the much rougher surfaces than 
we have treated. 

Kappler and Schricker® analysed the scat- 
tered light from matt glass surfaces by a 
geometrical approximation. The surfaces are 
assumed as consisted of small facets which 
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may be set at any angle to mean surface 
The intensity of light which is received a 
any angle is considered to be proportional te 
the Fresnel’s coefficient besides the area 0} 
the facets suitably directed. Their analysii 
reveals that for matt glass surfaces, prepare¢ 
by lapping with #150 to 500 abressives, the 
geometrical models are well fitted and the 
distribution of the inclination of facets is 
Gaussian. For finer surfaces prepared by 
#2000 powder, these approximation are if) 
sufficient. 

Tanaka®» measured the reflection charac 
toristics of matt glass surfaces using polarizec 
light and got a result similar to that 
Kappler and Schrlicker’s. 

In the following paper, we have measurec 
the scattering of light from metal aventurine 
surfaces and analysed them by geometrica 
approximations which are believed sufficient 
for our purpose. The mean inclination of 
the facets obtained by the analysis are com: 
pared with the one calculated from profilo: 
curves by the Katto’s® methods. 


§ 2. The Theory of the Analysis 


The intensity of scattered light was measur- 
ed by a goniophotometer. Figs. 1 and 2 give 
the schematical arrangement of the apparatus. 
Sufficiently large area of the test surface is 
illuminated uniformly by a parallel beam of 
light, the angle of incidence being a. The 
light scattered to the direction ¢ is received 
by a photomultiplier tube. The solid angular 
aperture of the receiver dw is limited by a 
diaphragm situated at the focal plane of a 
lens whose effective area is sy). The apertures 
of the optical systems and the area of test 
pieces are carefully selected so that the re- 
flected flux are always limited by the area 5, 
throughout the experiments. 

It was assumed that the beam of light is 
reflected regularly by facets LM whose 
normal inclining #6, where 6=(a+¢)/2. Jy is 
the flux density of the incident, beam, anc 
R(a+6), the coeficient of reflection of the 
metal. @(@)d@ is the probability density of 
existence of the facets, i.e., the sum of the 
projection upon XX’ of all facets having the 
inclination 8, divided by the area of XX’. 

The intensity of reflection is given by the 
following consideration. The intensity o} 
illumination of the surface LM is Ip) cos(a@+@) 


la 
| 
(The area of the surface which reflects the 
ight to the direction g passing the aperture 
So is O(A)spd0/cos g¢cos 0. The solid angular 
range of the direction of facets which reflects 
light flux involved in the cone dw, is dw/4 
0S (@+0). The distribution of facets is con- 
sidered constant for small angle of dw. 
Multiplying these factors, the intensity of the 
received light is given by; 

1R(a+ 9) 500 (0) 
4 cos (a+20) cos 0 


If R(@+6) is known, we can calculate (0) 
from the observed intensity J(a@+20) by (1). 
That is the case of transparent materials as 
reported by Kappler and Schricker or Tanaka. 
Although the coefficient of reflection of 
metals are unknown, it can be approximated 
as constant for small angle of incidence. 
If we put 


PLIES 


Ka+20)= do (1) 
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Rata I(a@+20) cos (@+20) 


it ee a 


(4) 
we can calculate R(a@+0) successively from 
the experimental data by (4) and then 0(0) 
by (1) numerically. 


§ 3. Apparatus and Results of Measure- 
ments 


a) Goniophotometer. The goniophotometer 
used is given in Fig. 2. The angular aperture 
of both the incident and the reflected beam 


Lean reg ed A.C. Voltmeter 


Stabilized 
electric source 
(+0-2%) 


Stabilized 
high Voltage 


R(a—O)=const. for a—#<20° (2) ‘ IN ats 
— ESN Photomultiplier 
O(0)=O(—8A) . 93 
I(a—20)= IhR(a—6) So DO) (3) Rail Micro Ammeter 
pee Eee : Fig. 2. The apparatus. 
Table I. The Results 
a. Details of the working coud Inclinations | r.m.s. roughness 
Test pieces | Abressives Ames Times Opitical profil. ne hoon cal. 
of liquid A i = = == —— 
i@bine electropolish electroplate | 14 | 00 | h h 
S. 234 A “#180 Omin| 15 min| 6,9 nei 1,8 1,79 
S. 221 ” 1 ” 5,9 7,6 1,8 1,62 
S, 224 " 3 " 4,8 6,3 15 1,48 
Se 167 VA Y | Y Deo va) 185 1,50 
S226 ” 5 | UY 4,2 6,3 1,5 2,20 
Sy Bil u a | ” 3,9 4,8 1,4 1,60 
Sy ZY 9 Y 4,2 6,0 1,6 73 
See 75 Y 3 | 5 (fall (53,8) 1,6 1,40 
S.- 76 ” w Ua 6,9 8,8 1,6 1,81 
S. 63 1 ” 10 5,8 6,9 WB 1,58 
4 64 ” ” ” 6,4 Sed ita 1,89 
S. Dit ” ” 20 5,6 6,4 1,9 Ag 
A 79 ” a ” ORO 6,1 15 1,62 
a 78 a Va | 25 5,0 6,8 AY) 1,60 
Sor S #120 3 15 6,6 10,0 2,3 | 2,06 
Sy EY, S #150 Y YA 4,5 5,8 0,8 0,89 
a 202 S #320 y 4,0 5,4 0,9 0,81 


a The parted wonuad “A” are sinaeiuin and «Ss», Pe foraadtimn: 
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are 27’. The aperture of the incident and 
the receiving lens are 50mm and 10mm 
respectively. 


The test pieces were Cr- 
Brass plates 


b) Test pieces. 
plated aventurine surfaces. 


I(a+20 ) 
Test piece 
Arbitrary scale 


-28 (deg) 29° (déq.) 
Fig. 3. Distributions of scattered light. 


were roughened by liquid horning and electro- 
polished, then electroplated by Ni and finally 
by Cr. The details of the processes were 
listed in the 2nd to 4th columns of the 
Table I. 

c) Measurments and calcu- 
lations. A series of reflection 
curves were obtained on each 
plates, namely, the intensities 
of scattered light J against @ 
were measured, the angle of 
incidence a being fixed at 20°, 
20,9503. 40° 502 and? 607) on 
each plates. Some examples 
are given in Fig. 3. 

R(a+0) were calculated suc- 
cessively by the formula (2) 
and (4), Fig. 4 is a result of calculation, where 
curves (a) and (b) are the R(a+é@) taken 
separately for the reversed directions of the 
same plate whose distribution of inclination 
is expected symmetrical. Their differences 
may be due to the accumulated errors of 
the calculation which are apt to occur by the 
successive application of (4). For the calcu- 


Fig. 5. 
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lation of @(@) we used the mean of the tw 
It is shown from Fig. 4 that the ag 
sumption (2) is reasonable. The R-curves fc 
different test pieces are similar. Fig. 5 j 
the @(@) of a sample calculated separatel) 
for each incident angle @ using a common rs! 
curves. All the curves coincide perfectly wit 
each other. | 


| 
| 


curves. 


R{(K-6)$ 20°}=const 


Test piece S.67 


40 8650 60 70 


(+8) (dég.: 
Fig. 4. Reflectivity of a Cr- plated surface (Ne. 
S67): 


Examples of the @(@) curves of the tes 
pieces averaged over a are given in Fig. 4 
then R-curves being calculated separetely fo 
each plates. 

The distribution of the inclination of facet 
are then approximated by Gaussian Process 
1.€., 

O(0)= Dye- 12" (5 


y being the r.m.s. inclination. The 5th 
column of the Table I give the values of +.. 


Test piece No.S.67 


@ (by Q’scale) 


(No. S 67) 


$4. The Analysis of the Profilocurves o: 


the Surfaces 


Katto” analysed profilocurves of randon 
surfaces and concluded that they can be re 
presented by a model named the equi-inclina 
tion profile with the Gaussian distribution 
It is assumed that the boundary of the sur 


Be consists of straight lines inclined by a 
ponstant angle % and the height of the vertex 
wv the triangle is a random function of 
saussian process. (Fig. 7) 

| If a straight line drawn parallel to the 
lorizon at z, cut the profile at A,B,, A.B, 
h+-AnBn, in the unit length of the mean 


surface, the sum of these length S AiBi 
ial 


livided by unit length is the probability P(z) 
that the height of a point on the surface is 


Ze 
g 
al 
ie 11-0 
} O:7 
0:5 
0-3 $234 
S.67 
S.224 


[ZSOt44 S26. 7 SC 9 10° 


O(by 6'scale) 


Fig. 6. Distribution of the inclination of facets. 


Unit length | 


Fig. 7. Katto’s equi-inclination profile. 


higher than a definite value of z. The proba- 

bility density O(z)dz is the increase of P (2), i.e., 
O(z) A4z=P (z+ 4z)—P (2) 

=2n(z) cot Adz (6) 

where m(z) is the number of cut in the unit 


length. 
The distribution of z is considered Gaussian 


2 
roger ii} 
m being the r.m.s. roughness of the furface. 
[f ) indicate the number of cut by the mean 
ine (z=0), 
1 
V 2n-h 


2m COt Op4z= Dy) Az= Az 


Na 
tan 0)=2V/ 2x moh (8) 

ind 

Az an @) 


: 9 
V 2n No \ 
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We have proceeded the analysis of our pro- 
filocurves*, the vertical and the horizontal 
magnifications being 5000 and 100 x respec- 
tively. Cares were taken to get a profile as 
accurate as possible. We had tested several 
types of profilograph as it was found that 
some one do not record the detailed structure 
of surfaces missing small peaks, and selected 
a optical lever type profilograph designed by 
Yamamoto. 

The main inclination and the r.m.s. rough- 


o 
ao 
‘y 10 —O— ¥.Calculated from scattering 
S 
5] 2 —O— §.Calculated from profile 
re curve 
Sl) ace) 
& 
0 7 
€ 6 
: 
5 
4 
3 
2 


Pos TQ Oa elh 7 Bea 
Times of electro polishing 


fe) 


min 
Fig. 8. Decrease of inclination by Electro- 


polishing. 


—o— Y¥. Calculated from scattering 


S 1 —O— 6, Calculated from profile curve 
io} 
~— 9 
G1 
ies 
re 6 
: 5 
We 
eA 
rea 
3 
2 
(@) § {Oo 15 20 25 


Times of Ni-Plating , min. 


Fig. 9. Decrease of inclination by Ni-plating. 


ness, calculated from the record of 600 mm 
length (corresponding the 6mm of the real 
surfaces) by the equation (8) and (9), are 
given on the 6th and 8th column of the 
Table I. 

The 7th column of the Table I is the r.m.s. 
roughness of the surfaces measured by a 
Kosth’s profilometer which measures the 
fy* We are indebted to Miss Iwasaki for these 
curves, 
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r.m.s. value of the roughness directly. 

The mean inclination y and 9% plotted 
against the time of electropolishing and the 
time of Ni-electroplating are given in Fig. 8 
and Fig. 9. It is shown that the mean in- 
clination reduces as the time of electro- 
polishing increases and seems to reduce and 
saturate as the time of Ni-plating increases. 
No such relations observed between the times 
and the roughness heights. 

The inclination y calculated by optical 
method is always lower than 4) obtained by 
the Katto’s method. This discrepancy may 
be attributed to the approximate nature of 
the latter model which assumes the sharply 
pointed vertex whereas that of the real sur- 
faces are rounded. 


§ 5. Conclusions 


1) The scattering of light by metal aven- 
turine surface whose r.m.s. roughness ranged 
1,5 4 to 2 uw may be treated on the bases of 
the geometrial optics. 

2) Both the inclination and the height z of 
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the facts are random functions of Gaussiat 
process. The r.m.s. inclinations are range¢ 
between 4° to 10°. 
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A Method of Calculating the Solid Angle Subtended by 
a Circular Aperture 


By Minoru Naito 
Department of Physics, University of Akita 
(Received March 8, 1957) 


Practical formulae in terms of elliptic integrals have been obtained 
which are useful for calculating the solid angle subtended by a circular 


aperture at a point which is not on the axis of the aperture. 


Like the 


familiar formulae in terms of zonal harmonics, these formulae can be 
used not only to calculate the solid angle with an accuracy of 4 signifi- 
cant figures, but are also applicable to cases in which the former for- 


mulae cannot be employed owing to their slow rate of convergence. 


The 


results of some preliminary calculations are shown in tables. 


Introduction 


§1. 


As is well known, the solid angle Qp sub- 
tended by an aperture at any point P is given 
by the expression 


(1) 


where S is a surface bounded by the aper- 
ture, R is the distance from P to a point Q 
on the surface, and 7 is the angle between 
the normal to the surface element dS at 
and the line PQ (Fig. 1). 

Such a solid angle occurs in various bran: 
ches of physics, e.g. in the radiation or radio: 


3 


activity measurements, in the calculation of preliminary table as computed by our for- 
magnetic potential produced by a current, the mulae. Next, he has given supplementarily 
mutual inductance, etc. Especially, in radia- geometrical interpretations of the parameters 
tion physics circular apertures appear very appearing in the formulae. 

commonly, and the ratio of the solid angle 

subtended by the aperture Op to 4z is often §2. Derivation of Exact Solution of Op 
called the “geometrical factor” Gr of the Referring to Fig. 1 let ABC be a circular 
aperture: aperture of radius @ with its centre at the 
| Gp=Op/(47) (2) origin O of the coordinate-axes, and let the 
cylindrical coordinates of P and Q be (z, 0, z) 
and (7, 8, 0) respectively. Then, since 
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_ Even for a simple case of a circular aper- 
ture, Op or Gp cannot be expressed in a simple 
closed form unless the point P lies on the axis 
of the aperture. Many workers)-® have al- 
ready given various approximate and practical 
formulae for facilitating the calculation of the 
solid angle, e.g. those in terms of binomial 
series, zonal harmonics and elliptic integrals, 
and the formulae in terms of zonal harmo- 
nics* seem to have been used most usually. 
Recently, Jaffey® and supplementarily Gar- 
rett®? have presented excellent summary of 
practical formulae and tables useful for calcu- 
lating the solid angle. Especially, the latter 
has pointed out that a formula in terms of R2=2+29?+7?—2ercos@, cosr=2/R, 
elliptic integrals is excellent in its validity in 


vs 


P(X,0+Z) 


Fig. 1. 


we have 
comparison with other formulae. The object peel Peay 
of the present work is to investigate the be- On=| Ce are Bay rene NTE (z3<0) 
haviours of such a formula. First, the writer aed ORLA. 
has derived analytically a reasonable formula (3) 


by carrying out exact calculation of Qp in Carrying out integration with respect to r, we 
terms of elliptic integrals, and has given a_ have, after some laborious calculations, 


(4) 


Op=22—-—_2#K®) |" fod __ cos Ha—x cos 0)d0 oer 
[227+ (a+a)*]}/? 0 (22-+2? sin? 0)[z?+ (a+2)?—4aa cos* 0/2)}/? 
where K(k) represents the complete elliptic integral of the first kind with modulus k given by 
k?=4az/[2?7+(a+2)"] , (GS) 
accordingly its complementary modulus k’ being 


k?=1—h=[2?+4 (a—2)/[2+(@+x)] . ce 


Thus, 0<k<1 whenever x= 0 and z>0. é 

The last integral in (4) can be decomposed into three integrals, one of which gives the 
same integrals as the second with minus sign and the remaining two are denoted by J; and 
Ih. Changing the integration variable from @ to ¢ by the relation 0=z—2¢ we get 


x The formulae. in terms of zonal harmonics are as follows: 
When «<a 
a? 2 il 


Zz = {ici als ( 
= — ——_—_—_ + aoe es v 0 Py ( wie )h 9 ) ’ 
Op=2n 1 (22+ 21/2 Bae 2 ieee n A ) 2 21. 2 V 24+02 


and when «>a 


+a 
p= PoE eee P;(0) na 7 V eto] - 
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Orp=2rt+htlh , (fF 
where 
i —22 z[ (22+ am alge a, Fa es, 3 F dy =r . P Rey , ( 8 | 
gai [( 2+22) W242] [22 +(a+ an)2]3/2 0 (1—A,?2 sin? ¢)(1—F? sin? g)!/? 
| ie —22[(2+27)¥? +a] la dy (9) 
* [(e2-+2? 2)1/2 | [22 +(a+e)]V2 » (1+4,2 sin? 9)(1—R? sin? gy)? ’ | 
with 


Ay? = 22a] (227 +27)? +2] , Ay? = 2e/[(22 +2?) V2 —a)] . (10, 


In order to evaluate the above two integrals J, and Jz, let us introduce two constant para 
meters a and @ such that 


Pont des k? sn? B= —2,?. (1) 
In general a and 8 will take complex values (see (A.6), (A.7)). 


Then both J, and J, can be reduced to the fundamental complete elliptic integrals of t : 
third kind by the substitution sin g=sn€&, and referring to (A.18) in Appendix, we have 


=n adn @K(R) _ os nnK, a, k), (1% 
Sn @ | 

Ro ee PR ee oe (135 
sn 8 


where J/(K, a, k) and I(K, 8, k) are the complete elliptic integrals of the third kind with 
modulus k, amplitude K(k) and parameters @ and § respectively, namely: 


K - 
II(K, a, k)=k? snacnadn al" ___sn? Ed& 
1—F? sn? a sn? BE? al 
s 


WK : sn? EdEé 
IN(K, 8, =k? sn fen #dn Al” mt 


lf we use the well-known relation: 
IT(u, a, k)—IT(a, u, k)=uE(a, k)—aE(u, k) , 


where Eva, k) and E(u, k) represent elliptic integrals of the second kind, these integrals can 
be written in the forms: 


II(K, a, k)=K(k)E(a, k)-aE(k), IK, 8, k)=K(R)E(B, k)—BE(R) . (15) 


Thus, (7) becomes 


Oe=2n—2i (% adna,cnfdng 


sna sn B )K(b+ INK, a, k)+IN(K, B, | (16 


which, by the use of the relation” 
IT(K, a, k)+TT(K, 8, k)=1(K, a+8, k)+k?K(k) snasn 8 sn(a+8) , 
as well as the relation like (15), may be changed into 


Op=2n—2i| BOT#) 


¥ snasn B 


Making use of the imaginary transformation of E(w) and referring to (A.19), (A.20) ane 
A2D in Appendix, the second and third terms in the parenthesis of Eq. (17) are writter 
in a more practical form containing real parameters alone, namely; 


K(k) +K(®E(a+, a+ AE | (7 


r 
‘ 
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K(k) E(a+ 8, k)—(a+ B)E(k)=i[w{K(k)— E(k)}— K(k) E(w, k)+-k? K(k) snwenw/dnw] (18) 


Here we is a new real constant parameter introduced in place of a+ 8 (see Appendix), and 
snw, cnw and dnw represent Jacobi’s elliptic functions with the complementary modulus ’. 
Thus, we arrive at a final result (the first formula): 
Op=27-+ 2[w{ K(k)—E(k)}—K(k) E(w, k’)—k’ K(k) sn w] 
=2r +2[ F(b, R’)CK(k)—E(k)} —K(R)E(@, k’)—k’ K(h) sin 4] , (19) 


where, by means of (A.16), the real constant parameter w has been replaced by the elliptic 
integral of the first kind: 


— < = do A 
fe \ (1—k’? sin? @)1/2 ad oe (20) 


oF 
sn w=sin ¢=2/[z2+(a—zx)]/2 (see (A.17)) . (21) 


In the above calculations we have made no restriction to variables except ay a), w > 0) 
Therefore, the formula (19) is applicable to any values of 2 and z such that z >0, z>0, so 
hat this is also applicable to the cases of «=a and (z2?+2?)”?=a, or (z?+a?)/2=2, where the 
isual formula in terms of zonal harmonics is of poor convergence. When x=a, with the aid 
yf the well-known formula 


ER)K(R)+KRER)—-K(RA)K(R)= 2/2 , (22) 
he formula (19) is reduced to a very simple form: 
OQp=2—2k’ K(k) . (23) 


_ Next, we shall derive from the first formula (19) a more interesting and practically appli- 
‘able formula by applying Landen’s transformation», by which we have 


F(¢, k')=2F (di, ky /A+R) , (24) 
E(o, E)=(4+k (Ebi, +d Rk) Fb, kx /A+h)}—F’ sin 6 , (25) 
K(k)=2K(ki A+R) , (26) 
E(k)=(1 +k’) E(k) —2k’ KRy)/A+k’) , (27) 
vith 
ky=(1—Rk’) Atk’), ky =2V Rk’ (14k), (28) 


vhere ¢, represents the amplitude of the elliptic integral with new modulus k,’ and is related 
vith the amplitude ¢ of the elliptic integral (20) by the equation: 


tan ¢=sin 2¢,/(k’ +cos 241) or  tan(¢—@,)=A, tang, . (29) 
Putting (24)~(27) into (19), we have a formula (the second formula): 
Op=20+4[F (1, hi {K(ky)— ER) }—- KREG, v1, (30) 
vith 
b 1k [2+(e+eP Pe —[2+la—2) 31) 
14k [24+(at+ea)]2+[22+(a—2)?)}? ? 

pe OVE Ae + (ata ple +(a—a)' Ao 

PS T4h  [24(ate) 2+ [22+4 (a2)? ’ 

2 as 2 2)2 1/27 52 We he 
sin2 ee +2? a+[2+(a+2) Plz +(a@ x)? ; (33) 


Q[22+(atea)?}¥2[22-+(a—2x)?}? 
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According to Garrett®, this result is identical with that by Tallqvist®. It will readily be 


proved that when «> 0, z>0 the inequality: 


(i, hy’ ){K(R1)— E(Ri) f < K(k) E41, ky’) 


always holds so that the second term in (30) is negative. 


§3. An Asymptotic Formula for Qp 


: | 
By repeating Landen’s transformations m—1 times more successively, we have from (30). 


Op=204+2""[F (bn, Rn’ {K(kn)—E(kn)} —K(kn)E(bn, Rn’) 


+4[ ky’ K(Ri) sin $,+2hk/ K(k2) sin dot ors SEAT ey IM enea) sin on—1] 5 


where hi, kz, 


@ 


++, Rn, Ry’, Re’, +++, Rn’ are moduli such that kr—-0, ka’ ->1 as n-co and 41, @9 


-++,@n are parameters such that ¢, tends to a definite limit, d. say, aS 2-09. 


It will readily be seen that as kn—0, 


K(Rn)—E(kn)—0 , 


K(kn)E(¢n, Rn’) 3 sin bn . 


Thus we obtain finally an asymptotic formula (the third formula) in the form: 


Qp=2n+4) by’ Kh) sin $:+2k,/ K(k2) sin bot a3 =| 22h, 1’ Ki Rn=1) sin on-1—2”-1 I sin $n | ; (24 


and this formula can be conveniently used for calculating Qp to 3 or 4 significant figures. 


§4. Geometrical Meanings of k’, ki, ¢ and 
gi 

In the first place, it will easily be seen from 
(6) that referring to Fig.2 k’ is equal to the 
ratio of the minimum generating line to the 
maximum one of the cone subtending the solid 
angle Qp with the circular aperture as its base, 
i.e. 


Pigs 2. 


k’ =[2+(a—2)?]/2/[22+(a+2)?]/2=AP/BP . 
(35) 
If the point of intersection of the line bi- 
secting the vertex angle “APB with the dia- 
meter AB be denoted by M and let OM=y, 
then we have 


kiy=(1—hk’)/A1+k’)=y/a=OM/OA . (36 

Next, it is apparent from (21) that the am 
plitude ¢ gives the angle between the diamete 
AB and the minimum generating line AP a 
the cone. Thus, when x=a, ¢ is equal t 
z/2 irrespectively of z. 

Lastly, we can easily prove by (33) that 2¢é 
is the complementary angle of the verte: 
angle “APB. Thus, it is found that whe: 
«<Ca, sin? 6, reduces to zero as z decreases 
whereas when 2 >a, sin? ¢; has a minimur 
value at z?=2?—a® and tends to unity as 
approaches 0 or o. 


§5. Numerical Computations 

Numerical values of the solid angle Op hay 
been calculated by the third formula (34). Th 
number of times m of Landen’s transforme 
tions which should be repeated until R,’ be 
comes nearly equal to unity within the a 
curacy of at least 5 figures is different fc 
different starting values of k’. Table I shows 
in its second row, such required numbers < 
times for different starting values of k’ a 
shown in the first row. 

The starting values of k and k’ can be ol 
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tained by the geometry. Thus, for example, 
when «=z=a, we have, by (5) and (6), 
k=0.8944272 | k’=0.4472136 . 


An example of numerical calculations for 
the case in which e=z=a is shown in Table 


Oral 0.2/0.7 0.8 0.95 0.994 


afals sens 


Table II. 
First stage Second oe Third stage | Houari: ce 
(n=0) Ra! ) ce eh (= 3) 
log k’ og ky! log De log ks’ 
1.6505150 | 1.9657549 | 1.9996626 0 
— 5 Sy ee Aa 
foe K(k) ie Ka). log K(kz) | log K(ks) 
0.3535710 0.2130736 | 0.1962885 | 0.1961198 
Bios sin 5 log sin ¢1 | log sin pe “logs sin $3 
0 1.9297513 | 1.9136557 | 1.9134871 
log cos ¢ log cos ¢1 ae cos én 
— 00 1.7207637 | 1.7579962 
log (1+'/2) |log 1+hy'/2) log 1 +hke2'/2) 
1.8595026 1.9832149 | 1.9998313 


ie 

The values of the complete elliptic integrals 
Kk), K(k,), etc. have been calculated conveni- 
ently by the formula 


2 2 
OF 1h! ee 
2 
rs oie 


The value of Qp in this case when z=z=a 
has been calculated by an approximate for- 
mula: 

Op =22—4[ hy K(k, sin $1 

+2hk2/ K(ke) sin @2—-27 sin ds] , 
and the result is Qp=1.122689. This should 
be ompared with the result OF e 122686 
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which has been calculated by the use of the 
formula (23), and also with the result Qp= 
1.1225 as calculated from Jaffey’s table. 

It will be seen that our asymptotic formula 
(34) can be used with sufficient accuracy for 
calculating the solid angle Qp. 

In conclusion, the author wishes to express 
his hearty thanks to Professor Suekichi Kawa- 
ta of Konan University for his helpful re- 
marks. 


Appendix 

Properties of Constant Parameters @, B 

and Associated Constants 

First, let us determine the values of @ and 
8 satisfying (11). Among Jacobian elliptic 
functions of a@ and @ satisfying (11) we may 
choose the following: 

sna=+A/k, snB=+iA/k. (A.1) 

It is apparent from (5) and (10) that the rela- 
tions 2,/k = 1 and A,/k = 1 hold for any values 
of z and z except for z=0, and therefore sna 
and snf are restricted respectively to the 
following ranges, namely: 

lisna@< @+a@)/2V az =[Vk]e-0 , (A-2) 

1<I|sn Bl <o. (A.3) 
Comparing these ranges with the fundamental 
period-parallelogram of sn functions»,®, it 
will be found that a and 8 should take the 
following values: 

a=K(k)+iu, K(k)+i[K(k)+u]; (A.4) 

B=, K(k’) +0] , (A.5) 
where uw and v are both real constant values 
such that —K(k’) cu< K(R), 0<v< KR). 
Hence, @ is a complex constant and # a purely 
imaginary constant. 

As the required values of a and ® we may 
conveniently choose the simplest forms, na- 
mely: 

a=K(k)+1u , (A.6) 

BED . (A.7) 
Thus, we can derive other Jacobian Elliptic 
functions from the above relations: 


, [2+(ata)]\/? 
sn a=sn (K+in)=* fe ~ (2a)¥7[(22-+ a? 2)1/24 gy )i/2 , 
—i02—R) —i[ (+27)? —a] (A.8) 


cn @=cn (K+1u)= R ~ (2a)¥ (22 +a?) W? La gE ) 


[(-paty/—a} 


Se lo lores AT a2)? + ag )}/2 , 


dn wa=dn (K+1u)= 
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1h, [z2+(a+a)?2]!? 


sn B=sn iv= b ~ (2a) (22-222) V2—a |? ? | 
ee meme ee ee oe OB sig ies ine why 
afar a Ok (2a) (z+ a2) ay?” cn | 


Utes page pA a 2 a 
dn #=dn cee ab ace ania (0 pe : 


| 
and from these equations we can easily determine the forms of uw and v, namely: | 


—~ a 
sn u(k’)=sn u= eka 9 8 


[2+(a—x)?}v? * 
(2artertayr—ap — | 


cn u(k’)=cn u= [2+ (a—2)}/2 ; (A.195 
Na (2a)¥7[(z2@+2°)/2+e]!/2 
dnu(k’)=dn u= [2+ (a—a) 2 : 
At else (aah? 
sn v(k’) =sn v= (@tayiata ? 
me (2a) [22-222]? 
cn ky) =cav—— “(@4+e) 24a — (A.11} 
dn vps tangs CO ee eee 
(22 -+a:2)1/2 4 @ 


If we denote the amplitudes of the elliptic integrals of « and v by ¢; and ¢, respectively 
we have 


(rat) a_ 


sin p= [227+ (a—ar)?]}!/2 ’ at 
din prelate Faye (A.12? 
(+e 24a 


Next, we consider elliptic functions of a+8. By means of the addition theorem for the 
Jacobian functions®»® and Jacobi’s imaginary transformation®»”, we get 


sn (@+8)=sn (K+i(u+v))=cn iw/dn iw=1/dn w=[22+(a+a)}2/(a+e) , 
cn (a@+)=cn (K+i(u+v))=—F’ sn iw/dn iw=—ik’ sn w/dn w= —1z/(a+2) , (A.133 
dn (a+ 8)=dn (K+i(u+v)) =F /dn iw=R’ cn w/dn w=(a—2x)/(a+e) , 


where w=u-+v is given by 


a+B=K(k)+iw . (A.144 

_ Thus, we finally obtain 
PEN MODE SSI a8 Co te tees =a aS ata i 
[2+(a—a)]? ? cn w [2-4 (a—ay? ? dn w= [P+(a-+ayy? ’ (A.15) 


and consequently, w can be written in the form: 


w=\" = LS Sl exe t 
» (=k? sins oa)» (A.16: 


where ¢ is the amplitude of the elliptic integral of w, so that 
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sh w=sin 6=———7 = 
es Tt) ih fh fe 
= (A.17) 
‘ cn w=cos ¢=——__2@—* apes 
[2+(a—a)?}2 ’ 
ess a few results will be given which are useful for the calculation of the solid angle 
fp In . 


: ei) By the help of (A.8) and (A.10) the terms in front of the integrals in (8) and (9) may 
be rewritten in terms of the constant parameters a and 8 as: 


__ (84-27)? —a] _icnadna Z| (227+ a)/2+¢] icnBdng 
[(2?7+-@?)¥/24-a][z2?+(a+e)2]}/2 sna " [(2+2a?)?2—al[2t(ate)]2 Tr snipe oe 


(A.18) 


| (ii) By (A.8), (A.9) and (A.13) we have 


sn(a+f) k?sn w cn w-+k’ sn w dn w 
snasnp idnw 


(A.19) 


(iii) According to (A.14), E(iw) and E(a+8) may be evalualed in terms of the elliptic inte- 
grals with real amplitude ¢. Thus, 


E(iw)=i[w— E(w, k’)+sn w dn w/cn w] , (A.20) 
E(a+8)= E(K+iw)= Eliw)+ E(k)—ik? sn w dn w/cn w 
=i[F(¢, k’')—E(¢, k’) +k? sn w cn w/dn w]+ E(k) . (A.21) 


(iv) With the aid of (A.17) the amplitude relation (29) in Landen’s transformation may be 
rewritten in a convenient form as: 


cos 2¢,= —k’ sn?w+cnw dnw , (A.22) 


sin? d= ; (148 sn2 w—cn w dn w) 


Se ; Gch hi Sint é +00369/ =P i sini) (A.23) 


A. V. Masket: Rev. Sci. Instr. 28 (1957) 191. 
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Viscous Flows past a Spheroid 


By Shoichi WAKIYA I 
Faculty of Engineering, Niigata University, Nagaoka 
(Received June 24, 1957) 


A solution of the Stokes equations of motion of a viscous fluid is given | 
in a form suitable for dealing with the fows past an ellipsoid. When the 
ellipsoid has rotational symmetry, the solution is expressed in infinite | 
triple integrals. 

By utilizing these results, two kinds of steady flows of a viscous fluid 
past a spheroid are studied when the direction of the main stream is 
parallel to the axis of symmetry of the spheroid. The first is the flow 
past a spheroid between two parallel plane walls and the second is the 
flow past a spheroid in a cylindrical pipe with its axis of revolution along 
the axis of the pipe. 

In particular, the drag and the moment acting on the spheroid as well 
as the pressure drop in the pipe are discussed in detail. It is worth 
noticing that the moment of force acting on a spheroid moving uniformly 
between two parallel walls changes its sign when the rate of roundness 
of the spheroid exceeds a certain definite value. 


§1. Introduction 


The method by which Faxén has studied the effect of boundary walls upon the steady) 
translation of a sphere in a viscous fluid was recently applied to the investigation of the flow: 
of a viscous fluid past a sphere placed in a cylindrical pipe?» or between two parallel plane: 
walls®. No discussion on other similar problems in the three-dimensional case seems to have: 
been made yet, however. In this paper, boundary-value problems for a spheroid will be: 
treated. 

In the first place, Oberbeck’s solution” of Stokes’ equations of a viscous flow past an el- 
lipsoid is extended to the case of more general fields of flow and then the infinite integral! 
expression of the solution is given for the special case of an ellipsoid of revolution. Next,. 
by making use of this solution, two kinds of steady flows of a viscous fluid past a spheroid! 
are discussed; the first is the flow past a spheroid between two parallel plane walls and the 
second is the flow past a spheroid in a cylindrical pipe. The drag and the moment acting 
on the spheroid as well as the pressure drop in the pipe are discussed with special reference: 
to the cases of a circular plate and a sphere. 


§ 2. Solution for the Flows round an Ellipsoid 


Referring to the rectangular coordinates (2, y, z), Stokes’ equations for the steady motion 
of an incompressible viscous fluid are expressed as follows: 


Op 
Ox 


Op 


= 2 Se 2 \ 
Oy Lp7v , Lp , (2.1) 


=LPru, 
where 7?=0?/0z?+67/0y?+67/0z, 41 is the coefficient of viscosity of the fluid, p is the pressure 
and uw, v, w are the velocity components. The equation of continuity is 


Ou Ov . Ow 


Be | ult eae (2.29 


The coordinate system may be so chosen that the fixed or uniformly moving ellipsoid is 
given by 


ets + -=1. (a, by c: constants) (2.3) 
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| a we may construct the solutions of (2.1) and (2.2) which are regular outside of the 
| e ipsoid (2.3) and vanish at infinity, by the aid of the harmonic functions defined by 


Xn= \. abe a? = y* <3 Pe if uy ds 
Barrstiestare |) WeESOTIGTS’ (OLZ—) es 


where A(z, y, z) is a positive root of 


aa YY Ze a 
@+aA an ey sew * a 
In particular, we shall use here the following solution: 
eel 0 1 oy 
Uy= wateie =e Pane (2x1) + ters ae re Ox? 53) et) = 2Ar—G-2% 
o2 ( % 1 0 2 oO? 02 
=e A 3 ey Gomeet 8 a See ell 
at G+ 9 (P+ G as ae +- F (E ant G aaa) 
0 
ee en) 
0 Oh 
Vi= oy 4, {Awne ae as Cars (no Ans +G- an? Ms 
0? a 2 a 0? 
5 PAG Aas ses. te ie. de atOns\n ye f, ' 26) 
. | 
w= a | Aart + c2 7 tea) = al? a ce af 
0 1 ar | 
Pee \@ Ay+— a(Precs, ae Oz aoa ; | 
0 ax, | 
+5, {B-On+ 5 (D-E) ry 
ec 
) Ox mf 0» | 
pi=2ye As |4%0+C ae ae »(E Oz Tew O22 a ais 


with arbitrary constants A, B, C, 
Further we assume that there exists an external flow which tends to the form: 


Up = Ao + QZ+ Aoz7+ 32? , 
Vp = Doxy ’ (Ae) 
Vij Clea OH 6 

on the surface of the ellipsoid (2.3), where the constants dn, bn, Cn may have some relations 


with a, b and c. The boundary conditions: «=v=w=0 on the ellipsoid can be satisfied by 
(2.6) and (2.7) with properly chosen constants. Namely, in terms of dn, bn, Cn we have 


Hi 1 , Ca — a1 alytoLs 
Pre eh ot 245+ a? B= —— = a 2.8 
A Kea {40+ 3 Cat a a)| QL,+cLs ’ ~ (@L,+07L3) M3’ ae 
where 
Pfs at» ial) aia ees 
Va +s)(b+s)(C2+s) ’ 0 @+s)V@+s)b?-+s)(C? +5) (2.9) 


joe 3 ne = M3= \". ds 
“f (+s)\V(@+s\(b2+s)(C2+s) ’ (2+s(C+39)V(@+s)\(0+s)(CP+8) * 


if Gn, On, Cm involye A, B, C, ’---, (2.8) may be regarded as a set of infinite simultaneous 
equations for determining the constants AnB,,. C, 
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We put a3;=a3*+a;**(c?—a/a? and assume that a, d@, bs, C1, C. and a;*, a;** have all 


definite values for a0. The values in (2.8) reduce to 


A=-— —faot ate +a}, B=C= 4 Cas3 
3 7 
8s 4 x 
D=E=—C az , F=2G=—¢(a,+-2a3**) , 
3 32 


for a circular plate (a=0, b=c), and 


Bee ajat S (da+ ash, B=*a\a—01), C=2 aac) ’ 
2 3 35 
D=3@( Sart boca), B=? a az—bi+e2), 
35 se 
F= ® a8 (as-+3as* +02) 5 G= 76 eas =D;) , 


for a sphere (a=)=c). 


The total force on the ellipsoid exerted by the flow given by (2.6) is in the direction o! 


the z-axis and becomes 


W = 1l6zxHvA , 


and the moment of force about the centre of the ellipsoid has only the y-component, 


is given by 
iN = Oa 


(Vol. 12,) 


(2.10). 


which: 


(2.11) 


Finally, in case when the ellipsoid has axial symmetry so that b=c (say), we can express» 
%n and x%n in the forms of infinite integrals; among those the followings are utilized in the 


later analysis. 
For'@< cs 


il se sin (91 c?—a*) eo (zany tee) dé dg dg 


Maa, , 
7? PV. oe 


thos = 21 iff: sin in (6 c?—a? > eg Ertan +z) sae 
OV Ca o* ; 


’ 


ee ear 


? 


24> — eS iif) COs(oiAci—a))s Sr aeey ei Extny+s2) EdEdndge 


sie of 


(6c) (o/c?—a2) 


and for a>c, 


ae iif: = ee etler+nyt ce) ae 
E EV a@—c? 


nen BH NOLS of smevere)_sntevarany 


x eieeenusge, EdEdndg 


o* 


(2.12) 
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i= al (eae sin (EY, aM eterno dednde 
ANIL EV aay (EV a?—c?)’ 0 


= — aly {| cos(€1/a?—c?) _ sin iss) 
| (EV a?—c?) (EV/a— 2) 
fueeae, Sam 3 sin(EV/a*—c?) | . cos (E//a?—c?) 
( (EVa—c) / (EV a?—c) it (EV'a?—c?)! } 
x et Ex+nu +z) EdEdynde 
ONT ) 


Where 1=//-1, 6 =1/7?4@? and p=YP4yPtl?. 
FLows PAST A SPHEROID BETWEEN Two PARALLEL WALLS 


§ 3.1. General Formulae 


AeA S393 


\ (2.12a) 


Making use of the above solution (2.6), we shall discuss the flow past a spheroid (6= C) 


placed between two plane walls which are parallel to the zy-plane and are given by 
Z— Cin — Oe (d;, dy: positive constants) 


respectively. 
Suppose that, at large distances from the spheroid, the flow is represented by 


to A+ B2+727, Va=Wa=0, (a, 8, y: constants) 
which is a solution of (2.1) and (2.2) with 
, po=2 prxz+const. 


Then the boundary conditions to be satisfied are 


UUs, == at infinity, 
“4=V=W=0 Ome2—— (anus == 
=U —\\) on the spheroid. 


(3.1) 


(3.2) 


(3.3) 
(3.4) 
(3.5) 


Now, on integration of (2.12) or (2.12a) with respect to €, we obtain the following formulae 


which are valid for both oblate and prolate spheroids, when |z|>J|e|, 


a5 ae sinh(eg) ei(getau)-kizI an 
Om 
7 e& 


m= — {\{ ater = er] Seat) _ SEE) oe aetieeededy 


(e&)? (e&)> Jj  & 
a ea cosh(e&) sinh (e&) sceeeny)—k] 21 GEED 
ff ais 
MC: 


(ef) (e&)? 


aa cosh(e&)___sinh(eg) 
on=\(farmen| (e£)? (e&)° | 


' 3 \ sinh(e&) __ 3 cosh(eé) l edeeqy anid odody 
(+ ce) we | Ks 


where k=7/£?+4 y2 and e=//c?—a? (real or imaginary). 
By substituting (3.6) into (2.6), we have when |z|>le| 


—e2p? 


(3.6) 
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a= “asd Sab lel fy eteernn-nier dE 
aH 4 k 


v= J \\ en (fotkiz| fs) et Eet70)-* 21 dEdy ; 
f ke k 
B (3.7 
AS : te - -y | pitereny)—Kle! dEdy 
ue «| |z 2| raler +fs)+(fe a Hal Ss) ce € : ; 
i | 
fi=#t z [ier eiez+ny)-kle| dédy 
7 J k ? 
where 
FE, 7y=—-2AS) _ 2 Bic a cosh(eE)__sinh(eE)] 
NCShe7) ae ia| )R (eE)? (eB) ? | 
AE, p= A Sine) _ 4 cal cosh(e&) _ sinh (eE) | 


‘ sinh(e&) cosh(e€) sinh (eé) 
(Ee is k ae i ae ee 
PS ae oie | Git 6Ge: 1. 


In analogy to (3.7), we can easily verify that another set of solutions of (2.1) and (2.2) 1s 


given by 
ie “I {at © (ga-thegs)betcereny-ee AEdn 
JJ J k 
peta . } 7 (Yat kags) ce! E2+1y)-ke aan ; 
t= ait al {(g1+9s) + (G2 + kzg ) pet Geared xz EN 
7 Jk AD? Ae He ko? 
ap : re e§ Exrny)-ke dEdy 
T J k 4 
and 


% 
| 
a [ke 
Coe, 


jie . (iy —hezhs) | euertnu reve EEN 
ke J ee 


{{& (h »—heahs)olGernud+ee Gdn 
JR | a 


> 


KK ee N., —kzah. | LCELANY )+k2 dé | 
w = rf h {a +h3) + (hy kahs) e (t+ nu)+k jie a 


DS uu 2 {| sen. ciExrny tke dEdy : 
7 k 


— oo 
f 


If the functions g,(&, 7) and hnl€, 4) are determined such that 
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=. UD aaa fa HAPS, 
ni, 7) pet Fy hy (&, y)=—- ’ a = ? 
Ce be OF fk tefsO+ fs — kar fo eae Ay) I3_ 
t—1 2(t—1) t—1 t—1 2m | 
h(E, ))= LfiOPt f,O by fg + 3 kai fs aera eal LAs, 
t—1 XE=1) peal t—1 jee 
gE, 2)= Gg Ve acm Ge asec va eee, ( (3.11) 


si > t= 1) hO+ Fs?) + tkhd(1+2kdy) fs + tek(tdi+ ds) ae | 


| = 2 > = o (+ + - - 
PE = Gap cages [EHDA NOAM) tated HOLKO) | 


x * CAL OLB) + thd Lt Bhd) fO + Hi tda+ di) fa } ; 
Where ¢;==¢e?**1, t,=e7%42 , t=t,-t,=e7*4, d=d,+d,, and Fn Fp? denote the values of SAO 
Z=—d, and z=d, respectively, the integrals in (3.9) and (3. 10) converge and the boundary 
conditions on the walls (3.4) are satisfied by the sum of (3.9), (3.10) and (3.7). Also, con- 
sidering (3.11), (u*, v*, w*) and (u**, v**, w**) tend to zero at infinity. Thus, we have a 
solution satisfying the conditions (3.3) and (3.4) as: 


U=m tuk +u*+u.. , 

v=v,+u¥+u™ , | 

w=witw* tw , | tele, 
p=pitp*+p**+peq . 


On the spheroid: = 2#?/a?+(y?+2?)/c?=1, the flow (w* +u**, v*¥+0**, w*+-w**) is expanded in 
the form: 


) 


urput= “LU oth) ie te: |e 
a ke 2 k 


$e malt (gi1—hy) + [(Ga— he) — (93—hs)| eee ' | aten 
3 


k? 
+2 \\{[ atm (92+ ha) cal 1-5) —Warthe) vache ros bdEdy 
ri Be ee ee - ; Bal) 
-={{ (nth) + athe) al eee ) Sdedn-to 


tye — (rt ha Ay +7 )AdEdat 


Pe — “(([o- In) + Gee) +h) (BE + da 


+S Afilorm q (goth) E+ "ae bedédn+- Sn, 


This (3.13) together with wu. tends to the flow mentioned in (2.7). Therefore, using the 
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values of A, B, C, --- determined from (2.8), we can also make (3.12) satisfy the conditio 
(3.5) on the spheroid approximately. : 
The drag acting on the spheroid and the moment about its centre due to the flow (3.12 
are given by (2.10) and (2.11), since those due to the flows except (wm, v1, W1) are ail eque 
to zero. 
If, in the &y-plane, we introduce the polar coordinates (k, #9) defined as: 
| 
the integration of (3.13) with respect. to @ can be carried out directly by expanding th 
hyperbolic functions. For the last integration, we may rely on numerical means”. 


E=PICOS UE hist Ge 


§ 3.2. Numerical Computations 
As a numerical example, we have carried out calculations for the case in which d;=d/ 
and d,=3d/4, and arrived at the following results: 


ap=a+6.9613 A/d—9.8466 a? A/d*—23.405 c? A/d’ +0.3594 B/d?—3.4518 C/d*+---, 


ay p29'2766 AVE: =~’, agp Pa: Ala 
d3= —(29.540—20.665 c2/a2) A/db+---- , Bae BTS Ale ts ess 
Cra 11,430 Alga. C2 =67.955 A/de+--+--. (3.14 


Substituting these values into (2.8), we have 


Ay are — 0.307 © — 0.0856 a 

ar en +0.0225 +2 — 0.2157 - . 
B=; vee “a ip —-(0.5798 — 0.7146 ara 3. 
OS ear) = 18— (0.5798 + 0.7146 = ‘ 


Cece) ONT once erin et 


where / denotes the distance from the centre of the spheroid to the nearer wall, i.e. l=d/4 
and the relation: a?Z,+c?L3=(K+qa?L,)/2 has been used. G becomes zero in the case of ; 
sphere. ; 
By (3.15), the effect of the boundary walls can be estimated for A up to the order o 
(a (or c)/1)* and for B up to the order of (@ (or c)/1). | 
Using the values of A and B determind from (3.15), we can obtain the formulae for thi 
drag and the moment in three cases such as: 


Case (A) in which a spheroid is moving with a constant velocity (— U) along the z-axis: 

Case (B) in which a spheroid is in the Couette flow which may be realized by the stead! 

translstion of one of the two walls in its own plane, 

Case (C) in which a fixed spheroid is immersed in the two-dimensional Poiseuille flow, 
which correspond respectively to three sets of the values of (a, 8, 7) in (3.2), namel} 
(U, 0, 0), (U, U/di, 0) and (U, 2U/d:, —U/(did:)). Some values of ae eer and N/yc?ll 
are shown in Tables I and II. ie 

It can be seen from (3.15) that the moment due to the additional flow (u*+u**, y*+y** 
w*-+w**) changes its sign when the ratio a/c exceeds a certain definite value. If terms 0: 
the order higher than (a (or c)//)* are neglected, we have 


(a/c)erit = 0.901 (3.16 
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Eabletl. Values of w/ al a 
| K+aty Table WH. Values of N/uc2U. 
| Case (A) in which w.=U: Case eo) in which wo=U: 
a. = 7 Se : Se) Sea 
* F | j 
a= SS ee ee oe oo | 05] 4 eee 4 
Brus mi to03%) 038.03 | teo4) -7,05 Grout maces Fao 6 | ow. tonnes 
0.1 1.06; 1.06 | EEOC cle OSs lpedls LL 0.05,|.-0.02|.-0.01|. 0 Q:12 1) ieee 
0.2 Pe TUS ise ds Wor Lele ain, 1s. 23 0.1 | -0.06| -0.05| 0.02) 0.54] 4.33 
0.3 1.20 API 24) 1729 1.34 0.2 |} 0.26 | —0.21 | 0.09} 25167)" 1829 
0.4 Teas}. 4.3.34 | 1.40) O23 = 0.620749 | 2-021 a oBte 
0.5 1.38} 1.41|..1.46| 1.53 Se ee 
Mene(K| ... | oe Reais : 
fer) 16 | 17.06 18.85 | 22.69| 30.12 
_ Case (B) in which ee oar Case (B) in which w.=U(1+2/d1) 
— ale = = —<—<——= =< aia) i = sea ——— 
Se 0.5 | 1 ie al ee Bi 0 | 0.8 Oe 4 
0.05; 1.03 | 1.03 | 1.03 | 1.04 | 1.05 0.01 | 0.32| 0.34| 0.38 |} 0.46) 0.64 
Pate 1,06 1 1.06 1.07 | - 1,08.) —L,11 0.05 | 1:58) 1,70} 1.89], 2.39 /Podaos 
0.2 | 1.12) 1.13) 1.15) 1.18) 1.23 0.1 | 3.14] 3.37)/78179'| “Bt04]! 10135 
ett! E19 | W2i> 01.123 | 1.27 (it dese Og (96.14 5)’ e6u62lo 068 Wa) Be 
rer BOT (oth, 26i pr RSRehe ite szi 0.3 | 8.98) 9.75] 11.51 51 | 1 18.8 
Boh) 12869) 1.38) 91,42!) 1.45 | oy teen sos 7 Taal 
Case (C) it in which 1 t= OU 42/4) ea Case ©) in which tees Le 
— a/c « i | lads - <5 ag verre 2 as Laan es 7 
a | 24 Baier 2 fe eon 8 5 | A as ae 
0.05} 1.03} 1:03, 1.03] 1.04) 1.05 0.01 | 0.21 0-23°| 0°25 | "0.3! “0a 
0.1 1064 1:06} (1.07 1.08) 1-14 0.05 | hi 05%| 143°] 1.26) “1563 eeoroe 
0.2 Pete ets eid 1,17 | (1.22 Osi st) yx 207 | 2.235) 2.531) aoeoa meee 
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as the critical value at which such an effect 
just vanishes (cf. Fig. 1). 

In particular, the formulae of the drag and 
the moment for a circular plate perpendicular 
both to the main stream and to the walls are 
expressed as follows: 

Case (A) in which u..=U, 
W=16 wcU / (1—0.5540 ¢/1 
+0.0272 c3/13—0.023 c*/I*) , 
N= —32 po? U(c/1)(0.1846 c/1+0.102 c?/I?) . 
Case (B) in which w.=U (1+2/l), 


W=16 ucU | (1—0.5540 c/1+0.1502 3/18 —0. 
N=32 uo? U(c/1)(1—0.1846 c/7—0.102 c?/I?) . 


Case (C) in which u.=U (1+2/l)(1—2/30), 


Bigtels 


023 c#/I*) , 


N/pc2U in the 


case (A). 


W=16 poUA—c?/92) | (1—0.5540 c/1+.0.1092 c4/*—0.023 c4/l!) 
== nc2U (cfl\(1—0.2769 c/1—0,153 c?/I?) . 
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On the other hand, the formulae for W and WN in the case of a sphere become respectively 


Case (A):— | 
W=6 xuaU | (1—0.6526 a/-+0.1475 a?/l3—0.132 a*/l*) , | 
N= 12 nya? U(a/l)(0.0506 a/1-+0.033 a2/I2) . 1 
Case (B):— | 
W=6 zpuaU | (1—0.6526 a/1+0.4003 a3//23—0.132 at/P) , | 
N=12rpa?U(a/1)\(1+0.0506 a/1+0.033 a2/2) . | 
Case (C):— 


W=6 ruaU(1—a2/92) | (1—0.6526 a/1+0.3160 a3/l3 —0.132 at/l) , 
N=8 rua U(a/1)(1+0.0758 a/7+0.049 a?/l?) . 


Some of these formulae for a sphere have already been obtained”»® correct to the order cf 


(afl)°. 


FLows PAST A SPHEROID IN A CYLINDRICAL PIPE 


§ 4.1. General Formulae 
Next, utilizing the solution (2.6), we shall consider the flow past a spheroid in an infinitely? 
long straight pipe having a circular cross section, its axis coinciding with the axis of sym-- 
metry of the spheroid, i.e. the a-axis. 3 
We assume that the undisturbed flow through the pipe has the form: 
Uso = A+0 (y?+2?) , Ve=We=0 (a, 6: constants) (4.1)) 
which together with 


po=4 wdx+const. 


satisfies (2.1) and (2.2). Then the boundary conditions to be satisfied are 


=e O=Vr=O [Ob —eoom (4.2) 
“=v=w=0 for Yy+ze=n , (4.3) 
u=v=w=0 on the spheroid , (4.4) 


where 7 is the radius of the pipe. 


Integrating (2.12) or (2.12a) with respect to 7» and ¢€, we find that, when 
ry (=Yy+22) >lel, 


i 2 ‘ a Ko(Er) cos(Ex)d& , 
_. _ 4(* sinh (eé) bebe) i ¢ 
te) ae ErKi(Gr)—| eoshef)— 2) |e} sin(x) (4.5) 


_ _4(*{ cosh(eé) _ sinh (ef) : 
i \] GBP Gee | uCE 0s (Ewa 


Tw Jo 


where Kn» is the modified Bessel function of the second kind. 
In the present case, due to the symmetry of the field we may put 


B=C=D=E=0. 


Then, using (4.5), general solution (2.6) is expressed for vy > |e| in the integral forms as: 


Viscous Flows past a Spheroid 
4 °o 
uy= = { SErK\(Er)—(2S,+ 71) K(Er) cos(Ex)d& , 


7 


ey) Zz pe ia (ree < 3 ee 
a= a Bm alk Ti.Ay (Er) — SiErko(Er) j sin(Ex)dE , 


ph=—-h e \. EK (Er) sin(Ex)d€ , 


referring to the cylindrical coordinates (x, r, v), where 


ef (e&)? (e&)3 


Hence, the second solution may be found as follows: 

. ae ay { SsErh Er) + 2S:+ TEP) } cos (Ex)dé 
a= 2 \"{ TanEn)+ SubrD(Erdé } sin Endl 

pom m2 \" SE D(EN sin(Ee) dE , 


‘where J, is the modified Bessel function of the first kind. 
If the functions S.(&) and 7.(&) are determined such that 


ne _KolEro) ‘4 ale s I, (Ero) a Ty€)) 
Sa) Si) Ip (Ero) 4 {Ss ©) 1p(Ero) ‘9 i j 


eae KolEro) 1 fp JAEKo an) 2a r} 
TOTO 8 7 6 ac hia: ee) Siero , 
with 

4=21)( Ero) (Ere) — Erol Wo(Ero) ?—[h(Ero)]?} , 


S(E)=A sinh(eE) Mabey pes AU oar = Sa ht 
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(4.6) 


(4.7) 


(4.8) 


(4.9) 


the integrals in (4.8) converge and the boundary conditions on the inner surface of the pipe 
are satisfied by (4.6) and (4.8). Also, with the value of (4.9), w=q.=0 for e=-oo and py» 


at infinity is evaluated as: 
(Ps) e=se0 a F4y [S.(E)E2Lo(Er) Je=0 ’ 


by applying Dirichlet’s integral theorem. 


(4.10) 


The flow (u#, g:) is expanded on the spheroid in approximately the same form as (2.7) 


where a@,=a,=c,=0 and b:=c2, namely: 


i =<| {(2s, PTS, 1 Tbe la 


™ JO 


—7? 


: |; {les.+ Ts)/2 + (c/a )(S3+ TMB ++ babe 


™ Jo 
amar" (Sa TER ++ bE 
On the spheroid, the undisturbed flow (4.1) becomes 
Uoo=(a+¢70)—(c?/a?)Ox? ,  Va=Wo=0, 


which may also be regarded as a special case of the flows of type (2.7). 


Thus, we can obtain the approximate solution of the problem as follows: 


(4.11) 


(4.12) 
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U=U;+UgtUen , 
q=(y/r)v+(2/r)w=q,4+4 » | 
p=fpithotbe . 


Our solution (4.13) satisfies exactly the boundary conditions on the walls as well as at in 
finity, and also satisfies the ones on the surface of the spheroid approximately with the| 
values of A, B, C, --- as determined by (2.8). 

The integrals in (4. 11) may be evaluated numerically. We have thus obtained, from (4. 11} 
and (4.12), . 


dy, =a+c26+(5.6112—1.0106 @?/729 —4.4289 c?/ro) A/rot:s? ; 
d3= — (c2/a®)0—(3.0316— 2.6574 c2/a2)A/ree t+ , (4.14) 
bs=C,=3.0316 Alri? +: - 


By inserting these values into (2.8), we have, neglecting the terms of the order higher tha 
(a (or c)/1)f, 


a(S) yctang(ooe—tomg-saene)h. a8 
= = 0 1— 5.6112 — 2. oz" B45 |= 4.18 
Same (a+ a ro(K-+ aL) oe 


§ 4.2. Drag and Blocking Effect of the Spheroid | 
When the constants (a, 0) involved in w., take the values (U, 0) or (U, —U/r)?), we have: 
either of the following two cases respectively: 
Case (A) in which a spheroid is moving with constant velocity (—U) along the axis of! 
the pipe. 
Case (B) in which a fixed spheroid is immersed in the Poiseuille flow through the pipe. 
The additional pressure difference between the both ends of the pipe which is required to: 
maintain the same total flux through the pipe as in the case of no spheroid is given by 


LPO Cy ect 2 (1- ees Wiss (4.16) 


2 3 192 


On the other hand, the drag acting on the spheroid due to the flow (4.13) is given by 
(2.10) as well. Hence, as far as terms of the order higher than (@ (or c)//)® are neglected, 
the force P necessary for maintaining the pressure difference as given by (4.16) is connected 
with the drag of the spheroid by the relation: 


oa! BS 
P=dpnri=2W( 1-5), (4.17) 


which should be compared with the case of the sphere problem». 
In particular, the formulae for W and 4p for a circular plate (a=0) are given as follows: 


W=16 pe( a aT )/( —1.786-° + 1.128 a4 (4.18) 
3 Yo T° 4 


Ap EN ec eel otvaral | 7 WBE Ss 1.128) (4.19) 
UI? 3 ro" Yo ro 


where a=U, 06=0 in the case (A) and a=U, d=—U/r,? in the case (B). 
The results for the case of the sphere are in perfect agreement, to our present approxima- 
tion, with those obtained previously by the present author», namely 


W=6 nna a+ 2 0) /( 12.1042 + 2.087. =) 
3 Yo ro? 


and so on, 


i 


| 
957) 


| 16zu4U 322uU 
The values of w| =e Reece, 
Fee, aay 
or some values of a/c and c/l are shown in 
‘ables III~V. 


Table III. Retde ore ey ey 
K+, 
aq. Gece ae 
(To ~ = oan ! 4 J ett = 
0.01 1.02 1.02 ney 103 1.03 
0.05 1.10 nest 2) eal Is 120 
0.1 22 1L 20) 5) essa 1.46 
0.2 iL sas} 53) 1.68! 1.87 2.00 
0.3 2.02 JEANS 2eSo: Zoe 
Table IV. 
16nuU 1 Pee 
Values of W, ee for Uo=U1—7?/7¢). 
32ruU 
Values of P eens fon wae Ws 
— aje meh | | oe 
Ez 0.5 b ny 2 | 4 
0.01 1.02 1.02 1.02 | 03 103 
| 
0.05 LeallO) 1 si@) 25] 1.14 1.20 
Mae 21) 1.22) 1.25) 1.321 1.45 
| 
0.2 1.49 iL atte) LG | IE, i OH) 
0.3 1.90 2.02 Deval | 2.46 | 
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Table V. 
32rpU ‘ 
Values of Plier for u.o=U1—72/7;(2). 

<0 aya z Pim wi pecs. on © 
elro ls 0 0.5 | 1 i be ie 4 

0.01 1.02 1.02 1.02 1.03 1.03 

0.05 1.09 i I) tii Lot! 1.19 

0.1 R20) 122 25) WO! 1.44 

0.2 1.45 1.50 1.59 STEN, 

Ors Heri 79 1.90] 2.08 
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Structure of magnesium fluoride films of thickness from 40 A to 8000 A 
evaporated on optical glass and on fused quartz was studied by means 
of electron microscope and diffraction and its correlation with optical 
properties and tenacity of the films was examined. Films deposited at 
room temperature are amorphous, and the grains remain considerably 
small and tend to grow in height. Effects of residual gas, contamination 
of substrate surface and rate of deposition were examined. Films 
deposited in poor vacuum are shown to be porous in structure. Films 
deposited on substrate kept above 220°C have [301] preferred orientation, 
and the grains remain thin and grow along the substrate surface. The 
causes of tenacity of the films deposited at high substrate temperatures 


are discussed. 


$1. Introduction 


Properties of evaporated magnesium fluoride 
films depend upon the conditions of prepa- 
ration. For example, scattering of light from 
films depends upon substrate material and 
substrate temperature during deposition.” 
Refractive index depends upon the conditions 
of evaporation as seen by reported values 
ranging between 1.35 and 1.41.28) Structure 
of metal films has hitherto been studied ex- 
tensively by electron microscope,” but little 
attention has been given to structure of 
magnesium fluoride films in spite of the fact 
that they are widely used in optics. In the 
previous paper,” the film structure was in- 
ferred based upon the experimental results 
about optical properties of magnesium fluoride 
films. It is the purpose of the present in- 
vestigation to examine the effects of con- 
dition of preparation on the structure by 
means of electron microscope and diffraction, 
particularly the effects on the structure due 
to (1) material and temperature of substrate, 
(2) film-thickness, (3) deposition rate and 
pressure of residual gas and to correlate the 
observed structure with optical properties and 
tenacity of the films. 


§2. Experimental Procedures 


Magnesium fluoride was evaporated from 
tungsten basket onto borosilicate crown glass 
(BK7) or fused quartz placed 22cm above the 
basket. To degas adsorbed molecules, the 


substrate was heated at 350°C for an hour 

high vacuum before deposition. Film wi 
deposited at the rate between 200 A/min am 
300 A/min at pressure 5x10-°*mmHg. Tt 
measurement of film-thickness was carrié 
out by multiple-beam interferometry.© TE 
surface structure of film was studied by < 
electron microscope* using carbon replica. 


§3. Experimental Results 


(1) Change in structure with increasim 
film-thickness | 

Films of thickness from 40 A to 8000 A wez 
examined. Some of them were deposite 
simultaneously on an optical glass and a fuse 
quartz plate in order to study the effect ' 
substrate on the film structure. When a fill 
is deposited on fused quartz at room tempe 
ature (Fig. 1), it consists of patches of i 
regular shape at 40A thickness. With ii 
creasing thickness, the initially develope 
patches do not increase in size but intersticc 
between them are filled and the surface : 
film becomes extremely smooth at 280 A thic: 
ness. With further increase of film-thicknes: 
the grain size increases gradually and becom 
as large as 300A in films of thickness 5000, 
When a film is deposited on fused quartz . 
400°C (Fig. 2), the grains are aggregated in: 
nearly spherical granules at 40A thicknes: 
With increasing thickness, the grains join ar 
merge together in large and flat grains. #£ 


* Akashi Tronscope TRS-5. 
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(c) (c) 
Fig. 2. Electron micrographs 
of films of the indicated 


Fig. 1. Electron micrographs 
of films of the indicated 
thicknesses, deposited on 
fused quartz kept at room 
temperature. 


thicknesses, 


room temperature, no remarkable difference 
due to substrate material is detected. At 
higher temperatures, difference in film structure 
is distinct. Films on fused quartz show granu- 
lar surface and those on optical glass show 
considerably flat appearance (Figs. 2(c) and 
3). Moreover, in films of thickness above 
6000 A on fused quartz many cracks are 
observed which separate the film into blocks 
of about 10 (Fig. 4), while films deposited 
simultaneously on optical glass show no such 
cracks. The scattering of light by films on 
fused quartz which has been reported by the 
present author” is found to be caused by the 
cracks in the film. 


fused quartz kept at 400°C. 
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Fig. 3. Electron micrograph 
of film deposited on optical 
glass kept at 400°C at the 


same time with the film 
shown in Fig. 2 (c). 


Fig. 4. Electron micrograph 
of film 8200 A thick depo- 
sited on fused quartz kept 
at 400°C. The film is the 
same as that shown in Fig. 
2 (c), the magnification of 
this micrograph being 1/50 
of that of Fig. 2 (c). 


deposited on 


(2) Effects of substrate temperature on 
structure and tenacity of films 

The surface structure of films deposited at 
high temperatures is distinctly different from 
that deposited at room temperature (Figs. 1 
and 2). It is well known that films deposited at 
high temperatures adhere to glass surface with 
greater tenacity than those deposited at room 
temperature.” In order to find out correla- 
tion between tenacity and structure of films, 
films of thickness about 700 A were deposited 
at various temperatures from 30°C to 400°C 
and both tenacity and structure of the films 
were examined. Tenacity of film was measur- 
ed with abrasion test. Film surface was rub- 


OO ESS eee aaa... 


—— 


10-4 mmHg. 


200A 


Fig. 8. 


Fig. 6. Electron micrographs 
of films deposited on optical 
glass 

(a) kept at 30°C, 

(b) kept at 90°C, 

(c) kept at 230°C. 
The tenasity of film is given 
on each figure. 


perature. 


bed with a piece of glass with spherical surface 
(radius of curvature 10 mm) which was pressed 
against the film surface under a given weight. 
With each weight, the surface was rubbed 
several times at different places. The heaviest 
weight which the film could withstand and 
the lightest with which the film was injured 
on the average were determined. The value 
of tenacity of the film was defined to lie 
within these two values. Tenacity of film 
increases rapidly as substrate temperature is 
raised (Fig. 5). The difference in tenacity 
due to substrate material can scarcely be 
detected. Films deposited on optical glass at 
90°C (Fig. 6(b)) consist of extremely fine 
grains which are far smaller than those of 


Nobuyoshi MORITA 


Fig. 7. Electron micrograph 
of-film deposited on fused 
quartz kept at room tem- 
perature at pressure 7x 


Electron micrograph 
of film deposited on con- 
taminated surface of fused 
quartz kept at room tem- 


~ bas 


Fig. 9. Electron micrographs 
of films (a) deposited in 
1 minutes, (b) deposited in 
15 minutes, on optical glass 
kept at room temperature. 


Fig. 10. Electron diffraction 
pattern of film 900 A thick 
deposited on optical glass 
kept at 220°C. 


films deposited at 30°C (Fig. 6(a)). The grains 
in films deposited at 230°C (Fig. 6(c)) are 
nearly of the same size as those of films 
deposited at 30°C but show the tendency to 
remain thin and to grow along the substrate 
surface, while the grains in films deposited 
at 30°C show the tendency to grow more in 
height, i.e. become thicker before joining 
together. Heat treatment at 350°C for an 
hour in vacuum after deposition was found 
to reduce height of grains in films deposited 
at room temperature. The effect on flatten- 
ing of the film surface by heat treatment, 
however, is smaller than that by depositing 
at 230°C. The tenacity of films which under- 
went heat treatment after deposition is 


1957) 


between those of films deposited at room 
temperature and 230°C. 


gr) 


ilm ( 


200 


Tenacitiy of f 


O™ 100 
Temperature of substrateCC ) 


200 300 

Fig. 5. Experimental value of tenacity of film 
700 A thick as a function of substrate tempera- 
ture. Full line indicates the value for film 
depositted on optical glass and dotted line in- 
dicates the value for film deposited on fused 
quartz. 


(3) Effect of residual gas on structure of 
films deposited at room temperature 


Films of thickness about 500 A were deposit- 
2d on fused quartz at room temperature at 
various pressures from 5x 10-°'’ mmHg to 7x 
10-* mmHg. Films deposited in poor vacuum 
Fig. 7) have more aggregated structure than 
chose deposited in high vacuum. 


(4) Effect of contamination of substrate 
surface on structure of films deposited 
at room temperature 

A fused quartz plate was cleaned by clothes 

dipped in the mixture of ethyl alcohol and 
sther and was used as_ substrate without 
legasing it in vacuum before deposition. The 
ilm of thickness 200A deposited on such a 
substrate (Fig. 8) is more granular than the 
ilm of nearly the same thickness deposited 
m a degased substrate surface (Fig. 1(b)). 


(5) Effect of evaporation rate on structure 
of films deposited at room temperature 
Two films of thickness about 600A were 


srepared, one taking 1 minute for deposition 
ind the other 15 minutes. The slowly de- 
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posited film has more aggregated structure 
and larger surface area than the rapidly de- 
posited film (Figs. 9(a) and 9(b)). 


(6) Results of electron diffraction study 


Electron diffraction by reflection failed to 
give any distinct pattern for films deposited 
on optical glass at room temperature. By 
films of thickness 7000 A deposited on fused 
quartz at room temperature, a faint pattern 
which is likely to indicate [301] orientation 
can be obtained, though no such patterns are 
observed for films deposited simultaneously 
on optical glass. 

At substrate temperatures above 220°C, 
however, [301] orientation can be observed at 
thickness below 1000A (Fig. 10). This re- 
flection continues to dominate the pattern as 
the film thickness is increased up to 6000 A. 
This orientation can also be detected in thin 
films below 1000 A deposited at 220°C at high 
pressures such as 5x 10-? mmHg, though dif- 
fuseness of the pattern is larger for such 
films. No remarkable difference in the pat- 
tern due to substrate material is detected at 
high temperatures. 


Discussion of the Results 


§ 4. 

(1) Crystallization in films 

The growth of magnesium fluoride films 
deposited at room temperature does not follow 
the usual sequence which can be seen in 
metal films such as silver® and gold.® Ac- 
cording to Schulz,” films up to thickness 1000A 
deposited on slide glass at room temperature 
produce no reflection pattern, but films of 
thickness from 2000A to ly, a faint broad 
rings with (301) reflection. In the present 
experiment, (301) reflection is observed only 
for films deposited on fused quartz but not 
on optical glass at room temperature. Grains 
of size about 300A observed in films of 
thickness 5000 A (Fig. 1(c)) might not be in- 
dividual crystallites, for crystallites of this 
size would have given sharp rings. At room 
temperature, the kinetic energy of deposited 
molecules is insufficient to surmount the 
potential barrier on substrate surface, and 
crystallization can not develop in the film on 
account of extremely limited range of mi- 
gration of the deposited molecules on the 
substrate surface. At high substrate temper- 
atures, the deposited molecules on substrate 
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surface obtain sufficient energy to surmount 
the barrier on the surface and crystallize 
rapidly. The [301] orientation observed in 
films deposited at high temperatures originates 
from the tendency of molecules to aggregate 
first in close packing to form plane sheets of 
monomolecular thickness on the substrate, as 
(301) plane is the most densely populated net 
plane in magnesium fluoride crystal. Though 
the films deposited at 30°C and at 230°C have 
similar appearance of surface as shown in 
Figs. 6(a) and 6(c), respectively, the former 
is amorphous and the latter is crystalline 
having distinct orientation. 

(2) Coagulation in films due to adsorbed 
gas molecules 


High pressure of residual gas, contamination 
of substrate surface and slow rate of evapor- 
ation are all effective in increasing grain size 
in thin films deposited at room temperature. 
As these films are amorphous, grains in the 
films are formed merely by coagulation and 
not by crystal growth. These effects seem 
to be caused mainly by gas molecules adsorbed 
on substrate and film surface. At pressure 
5x 10-° mmHg, the rate at which residual gas 
molecules strike a surface is such as to form 
five molecular layers in a second. The as- 
sumption that some of these residual gas 
molecules are adsorbed on substrate and film 
surface kept at room temperature and coagulate 
the grains in the film will be confirmed from 
comparison of Fig. 6(a) with Fig. 6(b). As 
the residual gas molecules impinged upon the 
surface kept at 90°C would reevaporate from 
the surface, the deposited magnesium fluoride 
molecules stick to the place where they hit 
the substrate under the strong binding force 
of the substrate. Accordingly, grains in the 
film remain extremely small without coagulat- 
ing together. At room temperature, however, 
adsorbed layers prevent the deposited mole- 
cules from coming within the true surface 
force of the substrate and reduce the binding 
force of substrate to the deposits. Therefore, 
the deposited molecules can not stick to the 
place where they hit the substrate, but co- 
agulate together to form large grains in the 
film apart from the substrate surface. The 
flat surface of films deposited at high temper- 
atures compared with that of films deposited 
at room temperature (Fig. 6(c) and Fig. 6(a) 


Nobuyoshi Morita 


(Vol. 12, 


or Fig. 2 and Fig. 1) suggests the reduced) 
effect of residual gas on coagulation of the; 
deposits and the development of crystallization! 
in the films. Such films can be thought to be: 
compact and stable in structure. The fact 
that films which underwent heat treatment 
have also flattened surface suggests that re 
sidual gas molecules occluded in the films are) 
released from the films and crystallization is 
stimulated both by removal of the residuak 
gas and increased kinetic energy of the de 
posited molecules. 

The coagulation in films deposited at slow 
rate of evaporation is not so distinguished as 
that observed in metal films such as antimony* 
and silver.» As the range of migration ef 
magnesium fluoride molecules is extremely 
small compared with that of the metal atoms, 
the effect of evaporation rate on the mobility 
of deposited molecules may be considerably 
small. Therefore, residual gas moleculeg 
adsorbed on the film surface during prolonged 
deposition would be the main cause for coagus 
lation of the slowly deposited films. 

In poor vacuum, residual gas affects the 
molecular beam by producing collisions be? 
tween the individual evaporated moleculeg 
near the filament, producing thereby largé 
clumps of molecules before they reach the 
substrate. The film deposited at pressure 
7x10-4mmHg* (Fig. 7) is thought to be 
formed by deposition of these large clumps 
of molecules and porous in structure having 
voids within the film. 


(3) 


Correlation between structure anc 
optical properties of films 


As films deposited at room temperature if 
poor vacuum are porous in strucure (Fig. 7) 
the films can be thought to have lower re: 
fractive index than the bulk material from 
Lorentz-Lorenz formula which relates the re 
fractive index with the density. The vari 
ations in refractive indices which are lower 
than the bulk material!) as reported by 
some investigators») for the films depositee 
at room temperature, can be explained by 
the different amount of voids in the films: 
The aging effect observed for such films”® 
is thought to be caused by sintering of coa: 
gulated grains in the porous films with time 


* 


The mean free path of magnesium fluoride 
molecules at this pressure is 3cm. 
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As the coagulation of grains due to adsorbed 
gas molecules is observed in films deposited 
at room temperature at pressure 5x 10-°mmHg 
(Fig. 6(a)), such films may also be considered 
to be porous in structure and sinter with 
time. As reported in the previous paper, 
however, their refractive indices are the same 
as that of the bulk material within the ex- 
perimental error of 1%, and the contractions 
in film-thickness shown by some of them are 
only several milli-microns. Therefore, it can 
not be concluded decidedly that such films 
are porous and sinter with time. The fact 
that films deposited at high temperatures 
show no contraction as reported in the previ- 
ous paper, indicates the stable structure of 
the films in accordance with the conclusion 
obtained by the present experiment. 

_ The fact that grains in films deposited at 
room temperature remain sufficiently small 
compared with the wavelength of visible light 
and those deposited on optical glass at high 
temperatures remain thin and grow along the 
substrate surface explains the small scattering 
of light from such films.” 


(4) Correlation between structure and 
tenacity of films 


- Tyler? has suggested that the increase in 
durability and tenacity of magnesium fluoride 
films might be caused by high concentration 
of high energy magnesium fluoride molecules. 
The author! examined the tenacity of cryolite 
films prepared under various conditions and 
pointed out that it is essential for obtaining 
fenacious films to prevent residual gas mole- 
cules from depositing within the films. It 
was found by the present experiment that 
soagulation of grains in height caused by 
adsorbed gas molecules has tendency to reduce 
the tenacity of the films when deposited at 
‘oom temperature. On the contrary, tenacious 
films which may be thought to scarcely be 
iffected by gas molecules were found to con- 
sist of extremely fine grains. Films deposited 
it high substrate temperatures also have flat 
ippearance of surface and are extremely 
enacious. Accordingly, smoothness of film 
urface is thought to be a factor which favour 
le tenacity of the films. The great hardness 
films obtained at high deposition temper- 
tures indicates the strong cohesive force 
vithin the films and large adhesive force of 
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deposited molecules to the substrate. The 
fact that films obtained at high deposition 
temperatures have definite crystal orientation 
and little tendency to grow in height sug- 
gests the compact structure of films and 
strong cohesive force within the films. The 
strong adhesive force may be caused by the 
increased binding force of oxygen atoms of 
substrate at high temperatures to deposited 
magnesium fluoride molecules. 


(5) Difference in affinity of optical glass 
and fused quartz to magnesium 
fluoride molecules 


The different behavior of films deposited 
Simultaneously on optical glass and fused 
quartz as is explained in §3 (1) and (6), sug- 
gests that surface force of optical glass to 
the deposited magnesium fluoride molecules 
is larger than that of fused quartz. Optical 
glass used as substrate contains sodium and 
potassium ions which are thought loosely bound 
by surrounding oxygen atoms.! Strong sur- 
face force of glass substrate to the deposited 
magnesium fluoride molecules may be attri- 
buted to these ions in the glass. 


Summary 


Thin films of magnesium fluoride when 
deposited on optical glass and on fused quartz 
kept at room temperature consist of extremely 
fine grains. Distinct reflection patterns can 
not be obtained for such films by electron 
diffraction. High pressure of residual gas, 
surface contamination and slow rate of de- 
position stimulate the coagulation of grains 
in height. 

The possibility of lower refractive index 
and sintering with time can be considered for 
films which are affected by the residual gas 
molecules. 

In films deposited at high substrate temper- 
atures, [301] preferred orientation is found to 
be distinct. With increasing film-thickness, 
the grains aggregste rapidly to form large 
and flat granules. 

Scattering of light by films deposited on 
fused quartz kept at high temperatures is 
found to be caused by cracks in the films. 

The tenacity of films has close correlation 
with flatness of film surface, compactness of 
films and surface force of substrate atoms to 
the deposited magnesium fluoride molecules. 
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The Visco-elastic Properties of Network Structure 


Il. 


Structural Viscosity 


Introduction 


The so-called structural 


By Misazo YAMAMOTO 
Department of Chemistry, Faculty of Science, Kyoto University 
(Received July 1, 1957) 


Viscosity behaviors of concentrated polymer solution are treated by 
making use of the model of weak Gaussian network. If chain-breakage 
coefficient, i.e. the probability of breakage of a chain in the network is 
independent of elongation of the chain, such system shows the Newtonian 
flow. Proper choice of chain-breakage coefficient, for example, that of 
square well type, yields a typical rate dependence of viscosity; the 
larger the rate of shearing flow, 4, the smaller the value of viscosity 
coefficient, u. The tensile viscosity, u*, is also considered, which in 
general increases with the rate of stretching, 4*, for small values of the 
rate. The so-called Trouton’s formula, »*=3, is satisfied only in the 
limit of zero values of rates 4 and 2*. 


to this particular behavior. 


viscosity or, in 
becomes 


When the magni 
tude of applied deformation or its time rat 


modern terminology, non-Newtonian viscosity 
is one of the most interesting rheological 
phenomena on high polymeric systems. In 
solutions of high polymeric substances, usual- 
ly the viscosity is very sensitive to rate of 
shear of the flow; the larger the rate of 
shear, the smaller the value of viscosity coe- 
fficient. It is likely that in such systems 
there exists some structure which may respond 


larger, such structure may prc 
gressively be broken down and, as a result 
the resistance of the system to the deformatio 
becomes smaller. For extremely dilute sc 
lutions of polymers where interactions betwee 
coiled chain molecules are negligible, a numbe 
of theoretical studies have been worked ot 
on their rheological behavior by previous it 


vestigators.» It appears, however, that n 
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Bistactory theory is yet available for the 
structural viscosity of concentrated polymer 
‘solution. 

. When the concentration of a given polymer 
‘solution is increased, the viscosity coefficient 
increases rapidly and its shear-rate dependence 
becomes quite marked. In such solutions the 
interchain interactions may play a role in 
their rheological behavior. The chain mole- 
‘cules may entangle each other and form a 
temporary, weak network structure gual 
out the solution. In a previous paper» a 
‘statistical mechanical theory of such a weak 
network structure was presented and in terms 
of it the stress-strain relation for general 
deformation was derived. One of the purposes 
of the present paper is to provide the concrete 
expression of the shearing stress for simple 
shear deformation. It is shown that, when 
the probability at which the network 
“junction ” breaks is independent of the state 
of network deformation, the shearing stress 
becomes proportional to the rate of shear. 
This results in the viscosity coefficient, 4, 
independent of rate of shear. This is actual- 
ly the particular case investigated by Green 
and Tobolsky,® and is nothing but an ideal 
case. In actual systems the probability of 
chain breakage may increase with increasing 
tension acting on network junctions. It is 
shown below that such a system really shows 
a typical structural viscosity. 

The so-called tensile viscosity, 4*, is also 
considered for simple elongation. The clas- 
sical theory of elasticity shows a simple re- 
lation to hold between the viscosity coefficients 
for shearing and stretching deformations, that 
is 

=o (1) 


This relation is sometimes called Trouton’s 
formula. For actual polymeric substances, 
this in general does not obtain. Nitchmann- 
Schrade’s experimental results for concen- 
trated solutions of nitrocellulose in diphenyl 
chloride show that the tensile viscosity coe- 
ficient increases with rate of stretching. This 
behavior should be contrasted with that in 
simple shearing. It is shown that our net- 
work theory yields a qualitative interpretation 
of these characteristics of viscosity behavior 
as functions of rate of deformation. 
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§2. General Considerations 


From the statistical thermodynamical point 
of view, viscous flow is considered as one of 
the dissipative processes. In terms of the 
energy of dissipation 4€ in a simple shearing 
flow the viscosity coefficient 4 is defined by 
the equation 

p=A4E/i? , (e259) 
where 4 is the rate of shear or the velocity 
gradient of the flow. The viscosity coefficient 
is usually defined in terms of the shearing 
flow. However, it is possible to extend the 
concept of viscosity to deformations of other 
types, if rates of deformation are properly 
defined in respective cases. For example, let 
us consider simple elongation. It is shown 
that the length a* of the sample must be 
changed exponentially with time to maintain 
the deformation steady. Thus 
(3) 
where A* is considered as a measure for the 
rate of stretching. We may then apply Eq. 
(2) and define the “tensile viscosity” or 
“Trouton viscosity ” coefficient “*. In terms 
not of energy of dissipation but of normal 
stress o* and strain a*, w* is then defined 
such that 


ak=ayXer , 


Heras (4) 
In this paper, for simplicity of calculation, 
we assume that any chain in polymer net- 
work is represented by the Gaussian chain, 
e., its free energy, ¢, for stretching is pro- 
portional to the square of the end-to-end 


distance h=(E, 7, €), such that 
SRT | hi? 
N, ole —— = ’ 5 
OCH, ND, (5) 


where k& is Boltzmann constant, 7 is the abso- 
lute temperature, and a and WN are the length 
and the number of statistical segments in a 
chain, respectively. It has been shown in a 
previous paper that with this simplification, 
the stress tensor s corresponding to the strain 
tensor e is given in terms of the “ chain distri- 
bution function” F(h, N,t). Thus 


s=s,+ PI Gh) 
with 


= Sw \\\y SET (nh)F(h, N,t)dh, (7) 


where (hh) is a tensor defined as 
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ee Ef ianeG where f(h, N), the “chain-breakage coe! 
(elvis alana (8) fficient”, is the probability of breakage of 
cE apall tie the chain (junction), and G(h, N, t), the “chain; 


iiinethetete reformation function”, is the instantaneous 
It has been shown” that the chain distribution qictribution function of chains reformed at 


function F must satisfy time tf. 
OF (h, N, t) = 


\] 
| 


_pFth, N pj ee-th For actual calculations, however, the follow: 
ae GL 


ot ing integral form of the chain-distributiom 
1 dle} function is more convenient than the abov 
——.— Fh, N, t)+Gth, .N, t : ; 
le| dt i ite ) differential form: i 


le) Fh, N, )=Fy(e0)h, N) exp | - \ Ble(t’)e-1(t)h, N) at’ | 


a i le(’)|G(e(’) e“(8) h, N, t’) exp | - |, Ble(t”e-h, N)d dav Ce 


§3. Shearing Stress and Viscosity Coefficient 


Let the bulk of a given system flow in the z-direction with a constant velocity gradient 4) 
in the y-direction. The strain tensor for this deformation is 


Ww, fi. © 
a=(0 i) 0). (11) 


It follows from Eq. (9) that in order to maintain the flow steady, the quantity (de/dt)e-!' 
must be independent of time. Eq. (11) fulfills this condition. Introduction of this strain: 
tensor into Eq. (10) gives 


ING 9 65 NSF E> har, C3 NDexp | -\,8@-ane—1), 2, C; Nydt | 
0 
+) GE-ant—1), 0, ¢; Nexo] —\" ag —anlt—1), 9,6 Nydt” Jat. 


The time variable ¢ can be eliminated from Eq. (12) by making a transformation 


OR ie ATL 


{> FE anlt—-1"), “ 
and letting ¢ to infinity. In this limit, 
ea Arbl ce, OHNE Ant, 76 Ni 0, (14) 
so that we have 
PE n>: N= 7) 6.16 Nyex| 21" aes nc: ode ae, (15); 


1 (-t - 
PE 9<0,6; N= 7" OI, Nex] | ate”, €: Nydg” Jae’, (15), 


where we have used the relation 


Goi mC SN \=G( Eye Ne (16) 


This holds here because the flow occurs in the plane normal to the z-direction, so that in 
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the symmetry condition G(h, N)=G(—hk, N) € may be replaced by —€. It is readily shown 


that this condition results in 


FE, 7, €; N)=F(—E, —7,€; N) (17) 


which, in turn, reduces the integration of Eq. (7) with respect to h to that only in the half- 


space Q’(7> 0). 


Substitution of Eq. (16) into Eq. (15),, use of Eq. (7) and the definition 


give the viscosity coefficient x. 


L=012/2 (18) 


Exchange of the order of integration, exchange of symbols 


& and &’, and transformation of the variables such that 


thus provide 


wore ME 2h 


+G(—é 


Q’”’ 72 


Shae Oe eh, 


19 
Ca gee Gel a 


“| GE. 2,0; N) ["dexp {— E\ace, ne Nyda’ a9 


co E 6 
1: N)\" gexp{— 2" a¢07, 6; Nydo'\ao|an, (20) 


where 2” denotes the quartary space, €>0 and 7>0. Furthermore, if G(h, N) and B(h, N) 
are spherically symmetric, Eq. (20) may be simplified to 


Beet ; 
MA)= Oa? Era7\\\_F Gth, N)J(h, N, 2)dh , (21) 
‘where 
| Tih, N, )=Juh, N, )+J-(h, N, a), (22) 


Ju, N= |" Oexp| — 
ant 


3 |" B(EO’, 2, €: Nya’ ao (23) 


A 


No more reduction of these equations may be made without actual information about G(h, N) 


and B(h, N) for given values of 2. 


In the vicinity of such limiting A-values as 24-0 and 


A4—oo, asymptotic forms of the viscosity coefficient are obtained: 


i) For sufficiently small value 


Simple but lengthy calculation 
form (Appendix A): 


a N 
3kRT 4 1 


é 
ee 


ie 8 N 


mo Pf 
Q 


ee ee ‘Gh, 
ae: Eon Mo EB4(h, N) 


of 2, 4 may be expanded in powers of 24 to give 


MA)=MotMAt mates. (24) 
determines the expansion coefficients 4, /1, #2, °°: in the 

, Gh, a E = 

z Ss We Neg dh 

Bh, N) B OE 
Ty, GN) 1 ry apr, ~ 

goa ae oe ae pan : —— dyn. 25 
\ ‘ (Chae mie SIRI AN) . sar Z op 
(25)s 


nf Sis OB, £70" 


ASHEN GS ERE 


——————EeEeEeEeeEeEeEeEeEeEeEeEeeEeEeEeEeeee—eEeEeEeEeEeEeEeEeEeEeEeEeEeEee 


1152 Misazo YAMAMOTO (Vol. 12, 


Sh” aed 


=>=— ; T— > oT ral fe GO, N) eg @B re Lito di dB | 


Br, N)| B dr a aps B dr 


= ee ae 


ii) To obtain an asymptotic expression of » for sufficiently large 4 it is assumed that for 
sufficient large r-value @(r, N) varies approximately proportional to the mth power of 7, that: 


is, | 


lim B(r, N) —> Ar”. (26) 
It follows then that 
co = 
lim (2) —> finite (27) 
A280 0 
in accordance with the condition 
(—1<)n230, (287 


respectively. (Appendix. B) 


§4. Tensile Stress and Tensile Viscosity 


Making use of a similar procedure as described above permits calculation of the tensile 
stress and the tensile viscosity. Let us consider an incompressible sample being stretched 
in the z-direction. The strain tensor for this deformation is 


a 0 0 | 
e-( O02) ive 0 (29)) 
0 0 Va 


The condition of steady state, (de/dt)e~!=const., leads a(f) to the form | 


a(t)=aye" =e , (30)) 


where it has been chosen that a(0)=1 at t=0. | 

In that follows, we are interested only in the normal components of the stress, which. 
contain the isotropic hydrodynamic inner pressure P. In the present theory of network 
structure, P is rather an integration constant to be determined from the boundary condition. | 
The boundary condition is that the side of the sample is free from external force; this 


gives 6..=03;=0. Combination of Eqs. (6) and (7) then results in 


2 


3 1 2 
pai afl f( & 


C? 


which readily leads to the tensile stress o*=o,, in the form 


)pe. N)dh , (31) 


3kT 
2a" 


= 


Div ap \|| CROP, Nd adh 


We introduce into Eq. (10) the new integral variables E’=eVE, and &’’ =e’ E, in place: 
of t’ and ?’’, respectively, and let ¢ go to infinity, taking into account that 
lim f= lim (Eo, 20, €o)=(0, ©, 0°) , 
lim Fo, N)=0 (33) ) 
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ernembering further that V&im=VE y and VE&.=VEC , the final expression of the steady 
chain-distribution function reads 


PO, N= Fel 2(E% y/Eni JE: N) exp Lae) P(E? p/ bom of Bee wae” fae. 


As in the treatment of shearing flow, Eq. (34) is substituted into Eq. (32), and suitable 


transformation of the intergral variables and exchange of the order of integration are made. 
a: then obtain 


ot ET Ee nr \ got Moan |” pee ean aro) 


x exp E |, Ole” jin : os Nae” ae", 


where ©’ is the half-space &>0. 
Because of cylindrical symmetry, it is convenient to use the cylindrical coordinate 


(€, 7, C) —> &, 0, 9) (36) 


In terms of the dimensionless variables 


O=£/E and OSE JE (37) 
the tensile viscosity coefficient defined by Eq. (4) is then written 
US) = ee SLO I (38) 
N 
where 
L(N, a*)=2L,(N, a*)—L,(N, 2*) , (39) 
Lil, mal ae "dp ice Gee, p; N)My,oE, 0; N 2*), (40) 
ie 0 
and 
M,.9{E, 0; N; 2)= “( G ) exe] 7 [ye BAO olvars Nae’ [a0 (41) 
1,2\S 5 , 5) ; 1/@ )* 10 ? 


The double subscripts 1 and 2 refer to the above and below factors in the parenthesis of 
the integrand, respectively. 
For the two limiting cases, 4* 0 and 4* > oo, the asymptotic forms are derived as follows: 
i) For 4*-0, 


LEER) tb 1b aE, (42) 
pete EE ode Eyl? rei hte aa | er 
int = EE te Ba te tee Wt as Bae TASTE a a ae) L (oO 
eH AE nae A ARE Ba 4 Gato) 

BE-GOGDGHk © 


ii) For 2*> 0, 
if it is assumed that asymptotically 


(Vol. 12,, 


1154 Misazo YAMAMOTO 
! 
lim B(r, N) —> Ar” , 44) 
there is obtained | 
ro) | 
lim p*(A*) —> {soe (45)) 

AE 00 

0 
in accordance with | 
O<)nZ1. (46) 
§5. Chain Breakage Coefficient of the Square-Well Type | 
Let us consider a chain-breakage coefficient f(r, N) of the square-well type | 
= Bo Tals (47)) 
ay, N)={" Cory ) 


This type indicates that chains reformed at 7 larger than R immediately break 
it can be assumed that the chain-reformation function G(r, N) vanishes for r= R. Ap- 


off. Hence 


plication of Eq. (47) brings the shearing viscosity Eq. (21) to the form 


eeskDd thegala 


MA) wo By N 


fom 


| - : &-6)| 


sfivfe-noo[-Se-r]}a, a 


where & is connected with R, 7 and € by 


Ftp tO R 


Fig. 1 shows schematically the rate-dependence 
of viscosity as estimated from the integrand 
of Eq. (48) as a function of 4. The curve 
horizontally enters the s-axis, which means 


KF 


“pe 


Fig. 1. Structural Viscosity. 


the Newtonian flow to appear at the limit of 
sufficiently small velocity-gradients, in agree- 
ment with the finding from Eqs. (24) and (25). 
Viscosity decreases with increasing rate of 
flow and appears to approach zero in inverse 
proportion of the square of 2 for sufficiently 
large values of it. 

If the chain-breakage coefficient is constant, 
le; if R—-oo in Eq. (7), viscosity is in: 


(49) 


dependent of rate of flow, as has been shown 
by Green-Tobolsky,® that is 


nye seh tet \\\ 1°G(h, N)dh 
N ° 


ay By? 
=K/ Bo 

where « denotes the instantaneous elastic 

modulus for simple shear deformation. 

For the simple stretching, the expression 
of tensile viscosity with the chain-breakage 
coefficient of the square-well type is so com- 
plex that complete rate-dependence of such 
viscosity is not ready to follow. However, it 
is shown, taking Eqs. (42)~(46) into con- 
sideration that 

i) the tensile viscosity vs. rate of stretch- 
ing curve enters the ywz*-axis with a finite 
(positive) slope; 

li) for A*—> 00, w*(A*)- 0. (51) 

It is also shown that for constant chain- 
breakage coefficient ~*(A4*) goes to infinity if 
stretching rate 1* exceeds the value B)/2 (the 
divergent term is M, in Eq. (41)). Then the 
tensile viscosity would vary with rate of 


(50) 
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‘Stretching as shown in Fig. 2. This curve 
has a maximum and shows the “inverse 
Structural viscosity ” in the range of small Ae 
this behavior may be found in the experimental 
data of Nitchmann and Schrade. 


ives. WA 


Tensile Viscosity. 


Although the theoretical interpretation of 
the abnormal viscosity given above appears 
satisfactory at least qualitatively, it is rather 
an accident. Use of a different form for the 
chain-breakage coefficient results in a p—A 
relation of different behavior. There is a 
type of 8 in which viscosity increases with 
velocity gradient even in the shearing flow. 
This behavior may be compared to that often 
called “dilatancy ”. The actual mechanisms 
of dilatancy may be much more complicated 
than what we are considering here. For such 
system the quantities appeared in our theory 
‘may have no direct physical meanings even 
if the theoretical results are consistent with 
experimental ones. 


§6. Comparison between Two Viscosities 
mA) and p*(A*) 

As has been shown in the above section, 
the rate-dependence of the shearing viscosity 
-is entirely different from that of the tensile 
viscosity. However, there may be a close 
connection between them because the dis- 
sipative mechanism is the same in both de- 
formations. In the introductory section we 
pointed out that classical phenomenological 
theory leads to a simple interrelation between 
the shearing and tensile viscosity coefficients 
of the ideal, Newtonian fluid, that is, “Trouton’s 
formula” »*=3u. This relation is in general 
not valid in our network theory. At the 
limit of small rate of deformation, however, 
there obtains 
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lim “*(A*)=3 lim pe(A) 
AX 0 rA>0 


from Eqs. (24), (25), (42) and (43). 

The fact that the shearing viscosity curve 
horizontally intersects the axis comes out of 
symmetric property in the inversion of the 
direction of flow. Change of the sign of flow- 
rate gives the identical flow in the opposite 
direction, and the viscosity coefficient must 
therefore be symmetric about the w-axis. This 
means that the shearing viscosity intersects 
the ordinate horizontally when plotted against 
the rate of shear. This is not the case with 
simple strectching deformation. A positive 
value of 4* corresponds to a simple stretching, 
and a negative to a simple compressing de- 
formation. Any simple symmetric property 
does not obtain in this type of deformation. 

The rate-dependence may be more _ pro- 
nounced for tensile viscosity than for shearing 
viscosity. This fact is understood if we con- 
sider the relative degree of orientation of 
network chains in both stationary flows. In 
shearing flow, the network chains may be 
oriented in the flow direction in proportion to 
the time, so far as the chain-breakage does 
not take place. If the value of £8 is in- 
dependent of chain-stretching, the average 
orientation of chains would be proportional to 
the rate of flow 2, and thus the system shows 
the Newtonian flow. On the other hand, the 
orientation of chains in simple _ stationary 
stretching may increase exponentially with 
time (see Eq. (30)). If &4* approaches the 
value 8/2 with constant $8, certain numbers 
of chains may be elongated infinity without 
breakage. This results in getting the tensile 
viscosity diversed at A*=8/2. In actual 
systems, however, B may increase with the 
end-to-end distance of a chain, and chains 
will break down at finite elongations. 


$7. Summary 

Viscosity coefficients of concentrated polymer 
solutions are discussed assuming a Gaussian 
weak network with the chain-breakage (c- 
b-) coefficient as an arbitrary function of 
elongation of a chain. The c-b-coefficient of 
square-well type yields the typical rate-de- 
pendent shearing and tensile viscosities. How- 
ever, some other choices of the form of the 
c-b-coefficient lead to physically meaningless 
results. For example, the form that p(7, N)= 
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Ar”,n>5 gives a negative viscosity coeffi- 
cient for small values of velocity gradient. 
Then, there should exist some physical re- 
strictions on the allowable functional form of 
the c-b-coefficient. This problem is beyond 
the scope of the present paper. 

The dependence of viscosity on molecular 
weight is another problem of extreme interest 
on concentrated solutions of polymers. Recent 
experiments demonstrate that the viscosity 
increases with the 3.4th power of molecular 
weight and that this dependence is practically 
independent of polymer species if M.W. and 
concentration of highpolymer are not so low. 
Unfortunately, introduction of the concept of 
molecular weight into our network model 
seems to be so difficult that at present we 
must await a further development of the 
theory for the interpretation of such behavior. 
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Appendix A 


Let us consider the viscosity coefficient s:(A) 
for sufficiently small value of velocity gradient 
4. The exponential factors in the integrands 
of J+(h, N, 4) (Eq. (22)) become negligible for 
# not extremely close to +1 except for par- 
ticular values of €, y and 8. For sufficiently 
small 24, there is a small positive number 4 
which satisfies the condition 


AJA>1 and 2/’<1 (A.1) 


(The first condition is more important; so far 
as B(h, N) is not so singular, the second con- 
dition may be ignored.) Use of the new 
integral variables ¢=041 etc. reduces Eq. 
(23) to 


Ji(h, N, == [en exp ee [e | 
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x | BEG), 7 Gs Nydt |at+es I 


(A.2). 
Ex ~ P(A/ae-AIMB , (A.3) || 
where P(x) is a polynomial of finite order | 
of x and ® is a “representative value” of | 
Bih, N). As 4 becomes sufficiently small anc | 
A/A very large, €s may approach zero. It is 
assumed that (E(t’+1),7,€; N) can be ex- 
panded about the point h=(&,7,€) in powers. 
of ¢ which is confined to the range 0~4 
Thus 


BEW +1); 7, 5.N) 
=Ba+7)] oe | Be + age ee 


where the following abbreviations are used: 


epee’ oy CN )s 
(A.5) 


rep ee See , 


Substitution of Eq. (A.4) into Eq. (A.2), and 
carrying out of the integration with respect 
to ¢t’ give the series expansion of the ex- 
ponential in powers of ¢t (0<(t<4) except for 
the factor of which exponent has the factor 
pete Mithatais 


Js(h, N, 2) 
& 


= i), C=) exp (— ne aa Bat)[-- -ldt+éx , 
(A.6) 


where [---] is the abbreviation of the power 
series of ¢. Replacement of 4 by o, which 
may give rise to a negligible contribution to 
the integral, reduces Eq. (A.6) to 


Ja(h, N, 2) 


= [+]? ls 4G L)OFDB}S, 
-|3 | {(8DsB+Ds*8F3(D.B)) 


Sig : i {4D.?8-+D.?8F10(Ds8)(Ds28) 
—15(D.7-£15(Ds8)} 5, +009], (A.7) 
” Dina =F | | 
oral ear 
If B(h, N) is spherically symmetric, 


Dirb-=(—y| Fee (PDB. (A) 


where 


(A.8) 


hy 
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The final expression of J(h, N, 4) is thus When 7<R, on the other hand, we define 
‘Th, N.D=2 ( Ly 1 1—pal the quantity BUR) by 


B(R)=Max ¢r<m(B(r, N), A(NVA-+8)r") 
—2a( 7) 2 (D848 10,098.08) (B.3) 


Let us consider the integral 

—15(DB)?+15(DB)?]42+ O(A4) . (A.10) . 
\Substitution of Eq. (A.10) into Eq. (21) permits K,0)=| BE’, 7,€; N)d0’.  (B.4) 
‘integration of (A) with respect to the angular a 
components of hk under the assumption of For sufficiently large R,@ may be chosen 
‘the spherically symmetric chain-reformation such that 
function G(h, N). The final expressions are 2 £2Q2 1 21 P2~ £2—g2 
‘Eas. (24) and (25). ; a Geer pe 
Beeler ec iculationwcan be: made.for The correction for the approximation involved 
the tensile viscosity to yield Eqs. (42) and ™4Y> if necessary, be included in €. It then 
| (43). follows that 

De ere We) 


Ss aa ace 0<KLA)<BO+D, (B.6) 
If the spherically symmetric chain-breakage ii) For 0>0, 
coefficient B(hk, NV) is a smooth function of h, 


it may be assumed that B(h, N) varies ap- 1 gt OO —BO+1) 
proximately proportional to the mth power of 
|h|=r for sufficiently large 7. Namely, there La MO A (1+8)E0"14 BO+1) . 
is a quantity R for any positive € such that l+n 
moins > iv (B.7) 
Use of abbreviations 
ane (B.1) 
A is Sigblonrid BOs 1b. Be) 
or Leen 
AW )r"(1—€) < BY, N) and substitution of Eqs. (B.6) and (B.7) into 


<A(N)r(1+é). (B.2) Eq. (23) results in 


nao LP AS 


= nl), aex7| - 1 : (aA +6) oe +-b°) |d0—\ "odo, (B.9) 
1 - 1 2 a m+1 fey pe 
TEN VS: rah exp] — |= (a (1-€) O15 ) (a+ ado | (B.10) 


These integrations are evaluated under the condition » >—1 to give 
sd —b/r 1 if 2 Nene ) mi |< h, N, 2) 
ue pemee f1) ade. te Sth, 
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where lim Jx(h, N, 4) 
C b’=b. (B.12) per r( 5 
n+l \n4+1 


(i= and 
0 


| capac 4 


Limiting processes 4 and G0 with @/2->0 


and b/A—0 give the final expression (B.13) 
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Use of Eq. (B.13) in Eq. (21) finally leads to 378; W. Kuhn and H. Kuhn, Helv. chim. acta. |, 

the limiting value of the viscosity as appeared . os a aaa pit SL Ned ie 

] 1 : a 5 e 5 

in Eq. (27) with Eq. (28). rs | 

References 3) M.S. Green and A. V. Tobolsky: J. Chem, | 
Phys. (1946) 80. | 

4) Hs. Nitschmann and J. Schrade: Helv. chim. | 
acta. 31 (1948) 297. 


1) A. Peterlin and M. Cépic: J. Appl. Phys. 27 
(1956) 434; M. Cépic: J. Chem. Phys. 53 (1956) 
440; Y. Ikeda: J. Phys. Soc. Japan 12 (1957) 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 12, No. 10, OCTOBER, 1957 


On the Piezoelectric Effect of Bone . 


By Hiichi FUKADA 
Kobayasi Institute of Physical Research, Kokubunji, Tokyo 


and Iwao YASUDA 


Department of Orthopaedic Surgery, Kyoto Prefectural Medical University, 
Kamikyo-ku, Kyoto 


(Received August 15, 1956, Revised July 9, 1957) 


The piezoelectric effect of bone has been observed similarly to the 
case of wood or ramie. The specimens were cut out from the femur of 
man and ox, and dried completely by heating. The piezoelectric con- 
stants were measured by three different experiments, that is, measure- 
ments of the static direct effect, the dynamic direct effect and the dyna- 
mic converse effect. The piezoelectric effect appears only when the 
shearing force is applied to the collagen fibres to make them slip past 
erch other. The magnitude of piezoelectric constant depends on the 
angle between the applied pressure and the axis of the bone. The 
maximum value of piezoelectric constant amounts to 6x 10-°c.g.s. e.s.u., 
which is about one-tenth of a piezoelectric constant dj, of quarts cry- 
stal. The specimens which were boiled in hot water and afterwards 
dried completely showed little change in the piezoelectric effect, the fact 
ascertaining that the effect is not of biological origin. The origin to 
piezoelectricity in bone may be ascribed to the piezoelectric effect of 
the crystalline micelle of collagen molecules. The consideration of the 
symmetry of the configulation of collagen fibres in the bone texture 
shows the existence of effects which are represented by only two piezo- 
electric constants dy, and dys, which are the same in magnitude but 
opposite in sign. 


$1. Introduction perties of bone for some years® and has found 
In previous papers it has been shown that that the piezoelectric effect is observed in 

the piezoelectric effect is observed in wood)», bone®. The authors have undertaken the 

wool and hair. Recently Fukada has suc- Quantitative measnrement of the piezoelectric 

ceeded in confirming the direct and converse Constants of bone by means of both direct 

piezoelectric effects in wood and ramie®, and converse piezoelectric effect. 

The piezoelectric effect in these materials is 

due to the crystalline properties of cellulose $2- Specimens 

micelle which are highly orientated in the The bone of femur is comprised of outer 

direction of the fibre axis. hard layers of.collagen and inner soft tissues. 
Yasuda has been studying the dynamic pro- If one takes out these tissues, the most parts 
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of bone look like a hollow cylinder except 
doth ends which have peculiar shapes. It is 
Mainly composed of highly orientated collagen 
fibres and inorganic crystals, called apatite, 
imbedded among collagen fibres. The axis of 
done is designated as the direction of length 
of the cylinder. The large arrow shown in 
Fig. 1 is the axis of bone thus defined. The 


J (2) 3) 
RD 
> rE as 
(1) AS (1) (4) , (4) 
T(2) t (3) 


| : 

Fig. 1. Specimens of bone. Signs represent those 
of electric polarization which appear in square 
planes when pressure is applied on each side 
plane. 


collagen fibres make the spiral structure along 
the axis and the direction of winding of spi- 
ral is reversed to right and left by each suc- 
cessive layers which compose the outer cylin- 
der. Thus the properties of bone is assumed 
to be symmetrical to this axis. 

Small square plates of bone as shown in 
Fig. 1 were cut out from the outer layer of 
the femur of a man and an ox. The length 
of the edge of square plates was about 90 to 
15mm. The thickness was about 2 to 3mm. 
Specimens obtained from the femus of man 
had been air-dried for years and were dried 
for a week or so in a desicater containing 
calcium chloride before measurements. Speci- 
mens obtained from the femur of ox were 
heated up to about 120°C for about 5 hours 
for drying. Some specimens were boiled in 
the hot water for about 2 hours and then 
dried by the same way. 

Very thin silver foils were attached to the 
square planes by means of alcoholic solution 
of shellac and those were used as electrodes. 


$3. Measuring Apparatus 


Measurements of both the direct and con- 
verse piezoelectric effect were carried out 
using the apparatus which was described in 
the previous paper». The direct effect could 
9 observed easily by the static method. The 
sressure was applied on the side plane of 
specimen by a lever mechanism and the elec- 
vical charge appeared on the square plane 
was led to the grid of the UX-54 vacuume 
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tube and the deflection of a galvanometer in- 
serted in the plate circuit was read. 

The converse piezoelectric effect could be 
measured by the dynamical method. The 
principle of measurement is shown in Fig. 2 
schematically. The specimen, an x-cut quartz 
plate and a completely shielded rochelle salt 
crystal were clamped together with a metal 
frame, with polystyrene insulating plates be- 
tween them. When the electrodes of speci- 
men are earthed and the alternating voltage 
is applied to the quartz electrodes, the oscil- 
lational force is transmitted to the rochelle 
salt crystal due to the converse piezoelectric 
effect of quartz. Therefore, the rochelle salt 
crystal produce the alternating voltage, which 
can be amplified enough to be read by a volt- 
meter. 


frame 


metal 


Fig. 2. Schematic diagram of measuring device. 


When electrodes of quartz are earthed and 
a.c. voltage is applied to electrodes of bone 
specimen, the converse piezoelectric effect of 
bone can be measured in the same way as in 
the case of quartz. 

If applied voltages Vz, and V4, are necessary 
to cause the same output voltage of rochelle 
salt crystal in bone and quartz respectively, 
the piezoelectric constant of bone d, is given 
by the following formula: 


dy a Vo 
where d, is the piezoelectric constant d,, of 


x-cut quartz crystal and d,=6.5x10-*c.g.s. 
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e.s.u., a the height of bone plate, and c the 
thickness of bone plate. 

The frequency of applied voltage is around 
2000 c/s. As the size of specimen of bone is 
very small as described above, the fr2quency 
of measurement is sufficiently small compared 
to the resonance frequency of the specimen. 
However, a mechanical resonance of the 
clamped system, presumably due to the outer 
metal frame, occured by chance around 2000 
c/s and the use of this resonance point was 
very convenient for the measurement. The 
gain of amplifier was about 100db. The re- 
quired voltage applied on the bone specimen 
was about 100 volts. 

The direct piezoelectric effect of bone could 
be also measured dynamicall by the same ap- 
paratus. When electrodes of specimen are 
earthed and a.c. voltage is applied to the ro- 
chelle salt crystal, the oscillating force is 
transmitted to the quartz and the bone. Then 
the output voltage of quarts due to the direct 
piezoelectric effect of quartz plates can be 
amplified and measured by the voltmeter. 
On the contrary, when quartz plates are ear- 
thed, the bone specimen produces the a.c. 
output voltage due to the direct piezoelectric 
effect of bone. The piezoelectric constant of 
bone can be calculated by the same formula 
as eq. (1), if we take Vy and V» to be the 
necessary applied voltage to rochelle salt cry- 
stal in order to obtain the same output vol- 
tage of quartz and bone respectively. 


§4. Experimental Results 


Fig. 1 shows the signs of electrical polariza- 
tion which appear on the square planes when 


“NN 
x10 Coulomb / cm® 


3 
c 
2Re 
s : 
8 | 
.e) 
a 
O 
(@) 20 40 60 80 {00 
pressure Kg/cm*® 
Fig. 3. The direct piezoelectric effect of bone. 


the pressure is applied on each side plane as 
represented by the small arrows with num- 
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bers. The sign and the amount of polarize 
tion vary considerably with the direction oj) 
pressure. The relation between polarization) 
and applied pressure in the case of direction 
(1) is represented in Fig. 3. The circles ana 
| 
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Fig. 4. The converse piezoelectric effect of bone. 


triangles denote the charge appeared on thé 
bone plate when the pressure is applied ance 
removed respectively. Their signs are, there: 
fore, reverse. 

The strain vs. applied electric field relation: 
ship is protted in Fig. 4 using the results of 
the converse piezoelectric effect measurement’ 
Both figures show that the linear relationship 
exists between polarization and stress or be: 
tween strain and electric field. This is an 
evidence that the effect is truely piezoelectric 
and not electrostrictive. The electrostriction 
can be observed in every materials but in 
this effect the strain is proportional to the 
square of the applied electric field. 

The measured values of piezoelectric con 
stant of bone in the case of (1) and (2) in 
Fig. 1 are represented in Table I. Lower 


Table I. Piezoelectric constant of bone of man. 
(C.g.S. €.8.U.) 
direct effect converse effect 
static dynamic dynamic 
(1) 2.0x10-9 2.9x10-9 2.9x10-9 
(2) e222 36> Or? 3.5x10-9 


values in the static piezoelectric measurement 
may be due to the leakage at the specimen 
and the measuring apparatus. 

The specimens cut as shown in Fig. 1 have 
been examined in various ways of applying 
pressure. Silver foils were attached to the 
side planes as electrodes and the pressure 
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was applied upon the other side planes or the 
square planes. The piezoelectric effect could 
not be observed in these cases. 

The sign and magnitude of charge appeared 
mi the square plane are very different accord- 
ing to the direction of pressure as shown (ys 
2), (3) and (4) in Fig. 1. We take the plezo- 
electric constant of bone d, as positive when 
the front square plane in the specimen in 
Fig. 1, that is, the outside plane of bone is 
positively polarized, as in the cases of (2) and 
(4). If we plot d, against the angle between 
the bone axis and the direction of pressure, 
we obtain Fig. 5. The piezoelectric effect 


J? cgs.esu. 
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~ 


piezoelectric 


30 60 90-degree 
WY angle between pressure direction 
and bone axis, measured 
crockwise from bone axis 


Fig. 5. Dependence of the piezoelectric constant 
of femur of man upon the angle between the 
pressure direction and the bone axis. 
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Fig. 6. Dependence of the piezoelectric constant 
of femur of ox upon the angle between the 
pressure direction and the bone axis. 


lisappears when the direction of pressure 
makes the angle of about 10 degrees with the 
pone axis. 

The relation of d, and the angle between 
he bone axis and the pressure direction were 
nvestigated more extensively using the bone 
yf ox. Several pieces of plate were cut out 
rom the femur of ox, which have different 
ngles with the bone axis. The results are 
riven in Fig. 6. The piezoelectric constants 
vere determined by the measurement of the 
onverse effect. 
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The similar curve as in Fig. 5 was obtained. 
The piezoelectric constant is zero at the angle 
of about 10 degrees, too. Black points show 
data when the specimen was first boiled in 
hot water for about 2 hours and afterwards 
dried completely by heating up to 120°C for 
about 5 hours. Little difference was observed 
between specimens boiled and unboiled, which 
ascertains that the effect is not entirely of 
biological origin. 

Formerly Yasuda has observed that the 
piezoelectric effect still remains after the im- 
mersion of human bone specimen in acid for 
three weeks, so that the apatite crystals lying 
between the collagen fibres has completely 
dissolved. 

The highest value of piezoelectric constant 
in the bone of ox is 6X10-°c.g.s. e.s.u., which 
is about one-tenth of the piezoelectric con- 
stant di, of quartz crystal. 


§5. Discussions 


From the above described experimental re- 
sults we can conclude that the bone manifests 
the piezoelectric effect similar to that of the 
crystalline materials. The value of the piezo- 
electric constant amounts to about one-tenth 
of that of quartz. 

In general the anisotropic crystals have the 
piezoelectric effect and their piezoelectric con- 
stants can be represented by the following 
matrix®: 


dy dy diz dy hs die 
(1 dye dy3 dos dys i 
d31 dz. d33 dz4 35 Ase 


In the case of bone, the piezoelectricity ap- 
pears only when the shearing force acts on 
the orientated collagen fibres so that they slip 
past one another. Considering the present 
results of experiments we can deduce the 
matrix of piezoelectric constant in this case 


as follows; 
0 © O¢ge © 7 
(° 0 0 0 —di ) 


OR OAOMO SO « m0 


if the symmetry axis Z is inclined about 10 
degrees to the right side from the bone axis. 
This matrix is quite the same as that of wood 
and ramie bundle. 

The crystalline structure of collagen fibres 
has been well investigated. For example, 
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Romachandran and Kartha have proposed 
the hexagonal symmetry in the unit cell of 
collagen. The matrix of piezoelectric con- 
stant of crystal possessing hexagonal sym- 
metry Ds is represented by the same formula 
as described obove. 

The microscopic structure of bone consists 
of the thin layers of spirals of collagen fibrils 
which are alternatively turned to the right 
and to the left. The crystallites of collagen 
are highly orientated in the direction of the 
axis of fibrils. The consideration of the sym- 
metry of this system shows us that the above 
mentioned matrix of piezoelectric constant 
holds good, except that the value of di, in 
the total system is lower than that of single 
crystal of collagen molecules. Even if the 
symmetry of the collagen micelle is not hexa- 
gonal, for example, monoclinic or rhombic, 
the matrix of the total system is also repre- 
sented by the same formula. 

It is noticeable that the Z axis assigned in 
this matrix is inclined about 10 degrees to 
the long axis of bone of femur. The x-ray 
diffraction patterns of the specimen has also 
shown the inclination of symmetry axis to 
the bone axis. We suppose that it might be 
_ caused by the fact that the bone axis of femur 
is not vertical when man or ox is in the 
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standing position, so that the bone axis id 
slightly inclined to the direction of gravita 
tional force, in which the resultant axis o) 
collagen fibrils lies. If the bone of leg (tibia) ) 
where the bone axis is in the same direction 
as the gravitational force, is examined, ther 
the Z axis in the piezoelectric matrix might 
coincide with the bone axis. More extensiv 
studies using specimens which are cut out ? 
various directions and different positions see: 


to be necessary. 


{ 
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| The spectral sensitivity of photoelectric emission 
surrent from barium strontium oxide coated ca- 
thodes has been studied at room temperature. 
Jnder some conditions a new peak of the sensi- 
fivity curve was found at about 4.7 ev in incident 
»shoton energy. 

This peak was observed on the cathode to which 
4 small amount of oxygen gas was added. Fig. 1 
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Fig. 1. Spectral sensitivity of photoemission after 
oxygen exposure. 


is an example of the cases, where the curves were 
ybtained from the cathode after being exposed to 
yxygen atmosphere of 10-5-10-° mmHg for about 
ive minutes. This peak disappeared, when the 
cathode was heated at about 700°K, or was exposed 
‘0 oxygen atmosphere of 10-+-10~° mmHg as shown 
in the figure. These phenomena are reproducible 
srovided the chathode is aged in vacuum or elec- 
rolytically activated. During both activation pro- 
sesses the gas pressure in the tube was found to 
mcrease to 10-*-10-7 mmHg, and it may be attri- 
buted to the releasing of oxygen from the cathode. 

If batalum getter near the cathode was heated 
in short duration after an appropriate aging process, 
it was found that the peak at 4.7ev_ initially in- 
creased and then gradually diminished. Thereafter 


no peak appeared by successive heating of the 
getter. The results are shown in Fig. 2. These 
facts suggest that the peak is not attributed to 
barium but to other material initially evaporated 
from the getter. (probably oxygen). 

Accordingly, it seems that the source of this 
peak is closely connected to oxygen added on the 
cathode. Since optical activation energy from the 
top of the filled band to the vacuum level has been 
known to be about 5.0ev in BaOD, the energy 
level corresponding to the oxygen will be situated 
at about 0.3ev above the top of the filled band. 


Photocurrent 


23 it 
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laecinsant 


Fig. 2. Variation of photoelectric sensitivity peak 
at 4.7 ev with aging of the cathode and heating 
of a batalum getter. 


It may be either the surface level due to adsorp- 
tion of oxygen or the acceptor level. Though it 
is not clear at present which is the case, the levels 
are probably localized at the surface region of the 
oxide from the following reasons: 1) photon absorp- 
tion coefficient is so large at these high energy 
region”) that these photons cannot penetrate into 
the bulk, 2) the peak easily disappears by heating 
the cathode (diffusion or evaporation of the centers), 
3) at room temperature the peak appears by oxygen 
exposure and disappears after a long time and 4) 
the magnitude of this peak is closely connected to 
the oxygen pressure in the experimental tube before 
the measurements. 
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The Galvanomagnetic Effects in Single 
Crystal of PbTe 


By Kisaburo SHOGENJI and Susumu UCHIYAMA 
Department of Electrical Engineering, Faculty 
of Engineering, Nagoya University, Nagoya 
(Received July 18, 1957) 


Measurements of the magnetoresistance of single 
crystal of semiconductor give an important infor- 
mation of its band structure.Y2) Here we report 
measurements of the magnetoresistance effect and 
also the planar Hall effect?) in synthetic p-type 
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single crystal of PbTe. The measurements were 
made for two specimens, one of which had its long 
axis in [100] direction and the other in [110] direc- 
tion; they were cut from the same ingot whose 
Hall coefficient was+ 2.48 em/coul. and resistivity 


From magnetoresistance 


0X 105 dx10° | x10 


4.20 


—2.16 =9).60 
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1.93x10-4Qem at 90°K, their temperature d 
pendence being normal. 

The measured results at 90°K and with 800 
gauss are shown in Figs. 1 and 2. In Fig. 1 varia 
tion of the magnetoresistance with respect to || 
angle between the electrical current and the magne 
tic field, is shown with the direction of curret 
and the axis of rotation as it is measured. T 


Curve Current ax. of rot. 
I [100] {001] 
II [110] [001] 


(volt cm amp gauss) 


Vt 


pH 


150° Igor 


€ 


120° 


90° 
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planar Hall effect is shown in Fig. 2 and its vari 
ation with regard to angle is sinusoidal as expectet 
from the theory.*) The field dependence of the 
magnetoresistance and the planar Hall voltage i: 
approximately expressed as the square of the fiel¢ 
up to 10000 gauss in all cases: exactly speaking 
however, their exponent with respect to field i 
a slightly smaller than two. The relation 40/092 
vs. @ does not necessarily conform to Seitz’: 
theory.” The behaviour of curve 2, which deviate; 
appreciably from curve expected theoretically, tells 
us an appearance of terms of higer order it 


| 


| From planar effect 


7 x 108 Ox105 | ex 10° d x 10° 


9.68 ~2.18 | = 2.59 


magnetoresistance, 7.e. terms proportional to H', 

The constants) of magnetoresistance obtained are 
shown in Table, which represent the data plotted 
in Fig. 1 fairly well except curve 2. In Table the 
values of ¢ and d which are obtained from planar 
Hall effect®) are also shown; Their values are 
satisfactorily in accordance with those obtained 
from the magnetoresistance. 

When the results are interpreted according to 
Shibuya’s theory,” p-type PbTe may be concluded 
to have spheroidal energy surfaces with their ex- 
trema along [111] and its equivalent axes, since the 


5.29 


values of @+7+6 and 8+y7-—6 are far apart fron 

zero as compared to the value 8+ 7, and 6 < 0. 
The authors wish to thank Professor Y. Sakak 

for his kind guidance in carring out this research 
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Magnetic Properties of NiTiO,-Fe,0, 
Solid Solution Series 


By Yoshikazu ISHIKAWA 


Institute of Science and Technology, 
University of Tokyo, Tokyo 
(Received June 18, 1957) 


Hitherto, the magnetic properties of solid solu- 
ions of ilmenite (FeTiO;) and hematite (Fe,0:) 
lave been studied in detail.)2) They are entirely 
new type of ferromagnetics and other ferromagne- 
ic compounds which belong to this type have not 
‘et been found. In these studies, it was supposed 
hat the complicated magnetic properties of these 


naterials would be partially due to unstableness 
£ FeTiO; at high temperature. 


_We have reported in the previous paper®) that 
NiTiOz is a stable compound having the same 
‘rystal structure as FeTiO;. If, therefore, the 
nagnetic properties of the solid solutions of FeTiO; 
ind Fe,03 has its origin in their crystal structure, 
ve could expect the same situation for the solid 
solutions between NiTiOz and Fe,03. To examine 
his idea, we have prepared the solid solution of 
NiTiO3 and Fe,03 and investigated their magnetic 
sroperties. 


O° (e.m.U gr) 
30 


DY) 
CS 


° 


Intensity of Magnetization 


200 300 400°(k) 
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Fig. 1. The intensity of magnetization for a field 
of 8350 Oevs. temperature. The numbers in 
the figure indicate mole percentages of NiTiO; 
in the compounds. 


(0) 100 


In this paper we report the outline of our results. 
t was found by X-ray analysis that NiTiOs; and 
*e,0; can make the solid solutions over the whole 
ange of composition. Their magnetizations were 
neasured down to the liquid nitrogen temperature 
n a field of 8350 Oe as shown in Fig. 1. The 
1umbers in the figure indicate the mole percentages 
yf NiTiO; in the solid solutions. As is seen in the 
igure, the specimens become strongly ferromagne- 
ic only in a limited region of composition just 
ike the solid solution of FeTiO; and Fe,O03; that 
s, x NiTO;—(1—2) Fe,Oz seems to be ferromagnetic 
nly for 0.92a>0.6. The thermomagnetic curves 
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are quite similiar to those of solid solutions of 
eTiO; and Fe,O;. Besides, the circumstance that 
the magnetization is largest for « ~ 0.7 is also same 
as that for the case of FeTiO; series. 

As all specimens prepared contain a trace of 
impurities of the ferromagnetic spinels, the Curie 
temperatures of antiferromagnetic specimens («=< 
0.6) can not be determined from this experiment. 
For ferromagnetic specimens (a > 0.6), however, 
we can estimate them from the figure. The chang- 


ing rate of the Curie temperatures with composition 
seems to be same as that of FeTiOs; series. 


The magnetic susceptibilities of this solid solu- 
tions were found to obey the Curie-Weiss law at 
high temperature. In Fig. 2 Cy, and O obtained 
from the formula x,=C,»,/T+0 are plotted against 
composition. We find that they vary almost line- 
arly with composition. This is not the case for 
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Fig. 2. Cy, and 9 obtained from the Curie-Weiss 
law ¥n=Cm/L'+0 vs. the composition. 

FeTiO; series, for which the anomalous dependences 

of Cy, and O upon composition are observed for 

the ferromagnetic specimens. 

Another marked difference is as follows: For 
NiTiO; series the magnetization of the specimen 
for «=0.6 is very weak, while for FeTiO3 series 
the specimen of 0.6 FeTiO;-0.4 Fe,O3 is strongly 
ferromagnetic. We may suppose that such differ- 
ences are to some extent attributed to the following 
situation. In the case of FeTiO3 series, the con- 
ductivity being relatively high, the ordering of 
Fet?2 and Fet? ions can occur merely by the electron 
transfer. In the case of NiTiO3 series, on the other 
hand, Nit? and Fe+*® ions are fixed to lattice sites 
at the time of preparation of specimen. 

The auther withes express his sincere thankes 
to Prof. Shozo Sawada for his encouragement 
throughout this investigation. 
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Iodine Quadrupole Resonances 
in ICI, and AIT; 


By Shigeo HAGIWARA, Kiyoe KATO, Yoshihito ABE 
and Midori MINEMATSU 


Department of Physics, Tokyo University 
of Mducation 
(Received July 31, 1957) 


Nuclear quadrupole resonances of [!27 have been 
measured in solid iodine trichloride and aluminium 
triiodide with superregenerative spectrometers. A 
sample of iodine trichloride was produced by adding 
iodine into liquid chrorine. Aluminium triiodide 
was produced by direct interaction between alumi- 
nium and iodine. The high frequency lines of ICI; 
were detected with the cavity-type spectrometerV 


Short Notes 


The frequencies of two resonance lines in All 
were measured simultaneously to get rid of tl! 
change of temperature of sample*®). The structuij 
of solid ICl; is considered as built up of plans 
I,Cly molecules, which consist of ICl,~ and ICl,**} 
The obtained coupling constant of ICl; is very ne@| 
the value of ICI, 3008.3 Mc at 20°C. Therefory 
the observed resonance is probably arisen fro) 
ICl.+. Because of filled p orbitals the iodine ni 
cleus in ICly- seemes to give rise to no resonances 
The chlorine resonances in IClz; was first studié 
by Bray. He reported two resonance lines : 
liquid nitrogen temperatures. We have also mez 
sured the lines at 31°C and obtained the frequer 
cies of 34.87 Mc and 33.39 Mc, which agreed we# 
with Bray’s value taking into account temperatui 
effect. If the molecule had a resonance structua 
as the case of All; three resonance line should 


and other lines with the transmission type spectro- detected. However, only two resonance were oh 
meters”), The obtained results are listed in Table I. served. 
Table I. Nuclear Quadrupole Resonance of I’. | 
sample ANS) vy (Mo) vz (Mc) 7 (%) eQq (Mc) 
Ci 20 451.22+0.01 895.76+0.02 hee 203953 t2Orel 
: —15 452.87+0.01 899 .70+0.02 ie: 3002.3+0.1 
A 111.369+-0.005 212.67 +0.02 19.92 712.20+0.05 
— 25 1B 129.894+0.005 259.74 +0.02 20) 865.62+.0.05 
C 130.493+0.005 260.78 +0.02 2.48 869 .36+0.05 
A 111.011+0.005 210.88 +0.02 20.44 708 .60+0.05 
All 2 4B 129.326+0.005 258057 320202 1.54 861.95+0.05 
C 129.939+0.005 259.59 +0.02 2Be9L 865 .44+0.05 
ike 111.017+0.019 211.052+0.052 18.1 723.38 
24* B 129.327+0.030 258 .972 +0 .060 0 876.52 
C  127.763-+-06030 259.961 +0.060 0 879.33 
* S. L. Segel and R.G. Barnes: J. Chem. Phys. 25 (1956) 578. 
The three resonance lines of I)?’ in All; was Acknowledgement 


already studied by Segel and Barnes”. They sug- 
gested the indirect spin-spin interaction from their 
results that the ratio v3/v; was slightly greater than 
two and the lines were broad having line width 
of about 50kc. In the present experiment the 
lower resonance frequencies v1’s are in agreement 
with their values. The higher resonance freq- 
uenciesS v»’s, however, are lower than their values 
by about 500kc. As a result the vs/v; become 
smaller than two and yielded real value of asym- 
metry parameter. The line width of the higher 
frequency lines was observed as 40 kc. But the 
lower frequency lines were not so broad and had 
a line width of about 10kc~14kc. Therefore, 
large indirect spin-spin interaction as the case of 
iodine is not expected, 


The authors wish to express their thanks +t 
Prof. S. Kojima for his guidance throughout thi 
work. 
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On the Dielectric Properties of a-phase 
n-Higher Alcohols and Associated 
Electromotive Force 


By Mikio TAKEYAMA 


Department of Physics, Faculty of Science, 
Hiroshima, University 


(Received April 18, 1957) 


The author has measured ¢’ and e’’ of n-higher 
alcohols in the frequency-range from several hund- 
reds cycles to kMc (A=1.2cm.) and observed that, 
in a-phase, a dielectric dispersion occurs in micro- 
wave region as well as in low frequency region. 
The frequency dependence of ¢’ and ¢/' of octade- 


cyl alcohol, CisH3;OH, is given in Fig. 1. A simi- 


LP ai a a oa 


10dio¥ ——> 
Fig. 1. Frequency dependence of dielectric con- 
stant of octadecyl alcohol I Kin a- plese) 


Table I. 
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lar curve has been obtained for tetradecyl alcohol, 
Cy4Ha0OH. But for cetyl alcohol, CigH330H, two 
peaks have not been clearly separated, though it 
is certain that a dielectric dispersion occurs in 
microwave region. 

It seems reasonable to consider that such a dis- 
persion in microwave region is due to a certain 
degree of freedom of OH-radicals of those alcohols. 


Sample of thickness : d= | m.m | 
and area:S=20 cm? ! 


|} EMF (mv) 


Au- Ni case 


y, 


40“T.P. M.P250 TC 


Fig. 3. Temperature dependency of the electro- 
motive force of cetyl alcohol. 


On the other hand, sample pieces of a-phase 
placed, as shown in Fig. 2, between two metallic 
plates of different kinds (for example, Pt and Ni) 
give rise to such electromotive forces as given in 
TableI. The temperature dependence of the electro- 
motive force is represented by the curve given in 
Fig. 3. Such an electromotive force appears nei- 
ther in @-phase nor in liquid state. It should be 
noted that the form of this curve is very much 
alike with that of the temperature dependence of 
e’ and «/’ of this sample and the electromotive 


Plates and polarity | 


Work function | 
difference (eV) eee a! 


Electromotive force (mV) 
max. value 


CigHxOH | CysH;0H 
Pt — Ni 5.3—-4.6=0.7 2.1+40.2 
Pt — Au 5.3-4.9=0.4 1.2+0.2 
Au — Ni 4.9-4.6=0.3 1.0+0.1 0.3+0.1 
Au — Au 4.9-4.9=0 0 0 


force is closely related to the work functions of 
he two metals, as one can see in Table I. 

One may get a hint from this fact, as to explain- 
ng the proton transfer mechanism)?)3) of those 
cohols which has been discussed by many workers. 

The detailed report and discussion on the ex- 
erimental results is to be published in ‘‘ Journal 


of Science of Hiroshima University (Series A)’’. 
The samples used in this experiment were chemi- 
cals of Eastman Kodak Company. 

In conclusion, the author wishes to express his 
sincere thanks to Prof. I. Takahashi of Kyoto 
University and Prof. H. Takeyama for their en- 
couragement and useful advices, 
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Antiferromagnetic Resonance 
in CuCl,-2D,0 


By Muneyuki DATE 


Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendai, Japan 


(Received July 25, 1957) 


We have performed the experiments of the anti- 
ferromagnetic resonance in CuCl,-2D.0 at 16100 
Mc/sec of which the main purpose is to find out 
any slight difference of the antiferromagnetic pro- 
perties of CuCl,-2D,0 from that of CuCl.-2 HO 
which was previously investigated in detailed by 
the Leiden group.” 


Magnetic field 


© CuCly2D,0 
© CuCl32H, 0 


GO S30 70" (0 0 Onna 0 nO a GOn 
Angle between GQ-axis and magnetic field 


Fig. 1. Antiferromagnetic resonance in CuCl: 
2D,0 and CuCl.:2H,O in the ab.plane at 1.4°K. 


The single crystal of CuCl,-2D,0 was crystalized 
from saturated solution which contained 10 gr. D,O 
as the solvent. The colour of the crystal is bright 
blue being slightly lighter than that of CuCl.-2H,0. 
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The size of the crystal used is of about 0.5 mm 
and the static magnetic field was applied in thp 
ab-plane. The microwave circuit is usual one 0 
the transmission type and the second harmonics 0: 
2K25 klystron was used for the experiments: 
Special care was taken for the precise compariso) 
of the results on CuCl,-2D,0 and CuCl,-2 Ha 
crystals. To avoid any slight difference in tha 
experimental condition day by day, both ae 


were mounted together but with orientations di 
fering from each other and experiments wer¢ 
repeated for both crystals. 

The experimental result are shown in Fig. ie 
and may be summarized as follows: 

1) The resonance constant C; in Nagamiya’ 
theory”) of the antiferromagnetic resonance is tin 
same in both crystals within the experimental ond 

2) The resonance line of the low field branct 
at a//H in CuCl,-2D,0 is lower than that of 
CuCl,:2 H,O and this means, according to the pre 
sent theory of the antiferromagnetic resonances 
the smaller value of the other resonance constan: 
Cy of CuCl,-2D.,0 compared with that of CuCiy; 
2 H,0. | 

3) The dip appeared in CuCl,-2H2O at the top 
of the circle (Fig. 1) is reduced in CuCl,-2 D,0. 

4) The total angle range in which the resonance 
can be observed in the ab-plane is 74° in CuCh, 
2D.0 whereas it is 70°30’ in the CuCl,-2 H,O. 

The detailed account of the results and discus: 
sions will be published later. Finally the authop 
wishes to express his cordial thanks to Prof. T. 
Fukuroi for the stimulations during the course 02 
the present research. 
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J. PHYS. Soc. JAPAN 12 (1957) 1169 helium temperatures were found independently in 
the work done by Frederikse and Hosler and in 
ours.) To obtain the more complete irnformations 
about these anomalous effects, we measured the 
galvanomagnetic effects of the single crystals of 
teliulium doped n-type InSb, which had the different 
electron densities and crystal orientations. 

In Table I, the values of resistivity (0) and Hall 


jzalvanomagnetic Effects in n-type Indium 
| Antimonide at Very Low Temperatures* 


By Yasuo KANAI 


Electrical Communication Laboratory, 
Musashinoshi, Tokyo 


and Wataru SASAKI coefficient (R) of our samples at various tempera- 
Electrotechnical Laboratory, Nagatacho, Tokyo tures are listed. The ratio of the Hall coefficient 
(Received June 25, 1957) R in the various magnetic field H to the value of 


R, Rio,oo, in the magnetic field of 10kG are shown 
Recently, anomalous (oscillatory) galvanomagnetic in Fig. 1 as a function of the inverse value of the 
ffects in n-type Indium Antimonide (InSb) at liquid magnetic field. And it seems to us that these 


Table I. The values of resistivity (0) and Hall coefficient (R) at various temperatures. In the all 


' Sample 


Bio. 3-2-2 8-2-3 8-2-2 12-2-3 12-2-2 
Direction cy i Ty ‘ : 7 = a ies ; s 
of electric 110 100 110 100 110 
— current 
™ £«&;pxildt/ R poly RR” 0 x 10# HRT (PNT oeen hie ox 10th 


| = : | 2 , 
ohm-cm) cm#/coul. ohm-cm! cm#/coul. ohm-cm| cm?/coul. ohm-cm_ cm*/coul. ohm-cm'cm$/coul. 


273°K | 6.39 12.0* | 10.05} 19.6* 8.81 Zee Piles AO) Psefs 166* 


90 | 6.17 | 12.2" 10.7 | 23.6% 9.12 | 23.4% | 22.1 112" | 36.3 | 170* 
ap a / 41.2 23.7% 22.6%" 17.4 | 105%* | 


1.4 | 6.44 GL tees on INAS, 24,.4** | | 40.5 16S 


* The value in bitaiagn etic field of 5.7kG. ** The value in the magnetic field of 10kG. 


LO2al= ihe aes : é -, - 
rot 1° 8 2 | 0.7 kG curves in Fig. 1 show the existence of the anoma- 
1.00 lous (oscillatory) Hall effect in the n-type InSb at 
0.9 very low temperatures. 
aoe aewaak Corresponding to the anomaly in the Hali coeffi- 
[ Biases iil em&oul, cient, the magnetoresistance of our samples also 
os showed the same anomaly (oscillation) at very low 


temperatures. Unfortunately, however, it was 
found that the magnetoresistance of the n-type InSb 


8-2-3 |-4°K 
was usualy depend on the shape of the sample, 


Rio,000 = 24-4 mou 


8 b.01 the absolute value of this effect was quite erro- 
° hz neous. 

> coe aie es The authors are grateful to Prof. T. Fukuroi and 

| Bere 4.2°K his corworkers for the hospitality given in using 

Rip eo accu cael the helium apparatus at the Research Institute for 

Mal Iron, Steel and Other Metals of Tohoku University, 

el and also to Mr. R. Nii and Miss C. Yamanouchi 


for their assistances in this work. 


Rio,000 = 105¢m7couj, References 


1-01 
ee : 1) Y. Kanai and W. Sasaki: J. Phys. Soc. Japan 
aa izes ne wee 11 (1956) 1017. 
Rioooo = 165 © Mou} ; 
Bor pase bahes SSE D s 2) H. P. R. Frederikse and W. R. Hosler: Bull. 
p oF mui leaiele «axa? Amer. Phys. Soc. Ser. II, 1 (1956) 298 and 


Canad. Jour. Phys. 34 (1956) 1377. 


Fig. 1. The ratio of the Hall coefficient Ff at 
various magnetic field to the value of F?, Rio,o00 , 
in the magnetic field of 10kG as a function of 
the inverse magnetic field, University. 


his work was carried at the Research In- 
stitute for Iron, Steel and Other Metals, Tohoku 
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Errata 
On the Variational Problem connected with the Thomas Fermi Method 
By Yukito TANABE 
J. Phys. Soc. Japan 12 (1957) 974 . 


P. 974 right column 
line 4 N should be read Ne. 


line 25 U or pV~e should be read pU or Ve. 


Impedance of Bulk Semiconductor in Junction Diode 


By Toshio MISAWA | 
J. Phys. Soc. Japan 12 (1957) 882 


P. 884 right column, line 4; Zexp (iwt) should be read Texp (dwt). 
P. 884 left column; Eq. (16) 


should be read 


In Eq. (18), dg should be read dg». 
P. 885 right column; in Eq. (29) cr» should be read cp. 
P. 886 right column, line 37; dg», should be read dgp. 
P. 887 right column; in Eqs. (45) and (46) ux should be read py. 


Stress-Strain Relations for Viscoelastic Large Deformation 
By Wataru SEGAWA 


J. Phys. Soc. Japan 12 (1957) 996-998 


The notations éy~,-++€yz,--+ must be ammended as Si oe -E,2"**, respectively, ex: 
cept in $3. 

p. 997, left column, line 11, ‘‘ According to the Neo-Hookian Theory ’”’ must be 
eliminated. 


p. 997, right column, line 6, ‘‘ but finite’’ must be eliminated. 
p. 997, right column, line 8, “‘ finite strains’’ must be amended as ‘‘ im, °° *Cyzs 2?” 
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Nuclear Interactions in Nucleon-Proton and Nucleon-Carbon 


Nucleus Collisions above 10 GeV 


By Koichi SuGA 


Institute for Nuclear Study, University of Tokyo, Tanashimachi, Kitatamagun, Tokyo 


(Received May 14, 1957) 


Nuclear interactions in hydrogen and carbon by nucleon (a few to 
several tens of GeV) have been studied using a multiplate cloud chamber 
which contained paraffin, carbon and lead at mountain altitude. The 
cross-section for the nuclear interaction by nucleon-proton collision was 
found to be 60+17mb, assuming the cross-section for nucleon-carbon 
nucleus 320mb. Energy spectra of neutral pions produced in paraffin, 
graphite and lead were compared. The energy distribution of neutral 
pions in paraffin-interactions is more steep in low energy region and 
similar in high energy region compared with that in carbon-interactions, 
and possible interpretation will be given. Charged secondary particles 
are emitted isotropically in c.m. system in nucleon-nucleon collision, 
and in the carbon nucleus some secondary particles undergo secondary 
collisions in the same nucleus. The azimuthal angle distribution of 
secondary particles was examined and some comments will be mentioned. 


Introduction 


1. 


Results of an experiment on penetrating 
showers from hydrogen and carbon will be 
reported. The experiment was carried out at 
Mt. Norikura Cosmic-Ray Laboratory, Univer- 
sity of Tokyo (2840 m altitude), from summer 
to winter of 1955. This work is the continua- 
tion of previous studies by CH.-C subtraction 
method with a counter hodoscope. Main pur- 
poses of the present experiment are as follows: 
(1) To check results of the previous experi- 
ment (the cross-section of meson-production in 
hydrogen) with newly designed experimental 
arrangement. Ambiguities of the results caused 
by secondary interactions in the producer and 
the uncertainty of identifying the penetrating 
shower with a counter hodoscope were over- 
come by using a multiplate cloud chamber 
which contained thin producers of paraffin and 
carbon. (II) To obtain informations about 
neutral pions produced in hydrogen and carbon, 
using lead sheets in a cloud chamber. (IID) 
To study the angular distribution of shower 
particles in the nuclear interaction. 


§2. Experimental Arrangement 


A sketch of the apparatus is shown in Fig. 
1. The whole apparatus consisted of a hodo- 


scope of G.M. counters and a multiplate cloud 


rear-illumination and lateral-expansion type, 
and was filled with 85cm Hg argon and 
saturated vapor of ethyl alcohol. The illumi- 
nated region is about 50cmx50cmx40cm. 
The chamber contained four layers of paraffin 
and graphite and three layers of the lead 
sheet of 1cm thickness. Thickness of each 
layer of paraffin and graphite was made to 
3.14 g/cm2. and 2.68 g/cm?, respectively, so that 
the both contained the same number of carbon 
nuclei. It is perhaps desirable that appearances 
of paraffin and graphite layers are made in- 
distinguishable from each other, so that the 
personal bias is prevented which come into 
the visual inspection of cloud chamber photo- 
graphs. Each graphite layer was composed 
of two slices piled up with spacers, and was 
covered with aluminium-foil of 50 microns 
thickness same as in the case of paraffin layer. 
Thus apparent thicknesses. (of 3.5cm) and 
appearances of paraffin and graphite were 
made to be very similar with each other. In 
order to reduce the effect from the difference 
of the detection-efficiency of nuclear interac- 
tions in paraffin and graphite by the counter 
coincidence system, each layer of paraffin and 
graphite (23cmx4lcm) was set as shown in 
Fig. 1. In the course of the experiment, 
positions of paraffin and graphite were fre- 


chamber which contained paraffin, graphite | quently interchanged. 


and lead sheets. The cloud chamber is of 


There were four trays of G, M. counters 
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called A, S, B and C, respectively. Tray S 
consisted of 21 counters of 36cm length and 
2cm diameter. Tray A and 6 contained 14 
counters of 40cm length and 4cm diameter. 
Tray C was a group of 17 counters of 50cm 
length and 4cm diameter. Tray B was sepa- 
rated from Tray S by 15cm of lead and 4cm 
of iron. Each counter of this tray was 
wrapped by a lead sheet of 3mm in thickness 
to reduce the effect of knock-on electrons. 
Tray C was separated from B by 5cm lead. 
All counters of these trays were connected to 
each corresponding neon lamp through each 
hodoscope circuit. 


Cloud 
Chamber 


eee + ee ee ee ee ee 
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Oe yO? on Pb Fe Paraftin 
Graphite 
Fig. 1. A Sketch of the experimental arrange- 
ment. 


The condition for a master pulse was 
simultaneous discharges of at least two 
counters of tray S and discharges of at least 
three counters in tray B and at least one 
counter in tray C. Photographs of the cloud 
chamber by two 35mm cameras and photo- 
graphs of the hodoscope by 16 mm cine-camera 
were taken with these master pulses. Experi- 
mental conditions of the cloud chamber were 
tested by visual inspection and electronic cir- 
cuits were checked a few times per day. 


§3. Analysis of Photographs 


Cloud chamber photographs were taken with 
pieces of 35mm films, each of which con- 
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tained about 50 pictures. In order to avoid th 
personal bias in the course of visual inspectio) 
of cloud chamber photographs, numbers dl 
four orders which were obtained from th 
table of random number were attached t 
each piece of film before photography. Eac 
film was represented by these numbers. [I 
the course of analysis, pieces of films wert 
mixed randomly and then the piece picked 1) 
was scanned. Photographs taken with th 
triggering master mentioned above show an 
trating showers produced in paraffin, graphiti 
or lead plate as well as air showers or som 
other spurious events. For the present study 
events which were produced in paraffin @ 
graphite layers and were convincingly re 
garded as nuclear interactions were picke: 
up and analysed stereoscopically. After thi 
analysis, the assignment of events to parafii 
(P) or graphite (G) was done with the aid a 
the number attached to each piece of film 
Criterion of the nuclear interaction was a} 
follows: (1) event with one secondary particl! 
which penetrates at least 2cm of lead withow 
multiplication (penetrating particle) and one o 
more heavily ionizing particles and/or one o: 
more cascade showers (2) with two or mori 
penetrating particles (3) with two or moré 
penetrating particles and one or more heavily! 
ionizing particles and/or one or more cascadi 
showers (4) with two or more cascade shower 
and/or heavily ionizing particles. Event 
which were produced in the region of lcn 
from the edge of each producer were excluded 
because the uncertainty of determination o 
the position was about +1cm in this experi 
ment. 


§ 4. 
(1) 


Results and Discussions 


Cross-Section for the Nuclear Inter 
action in Hydrogen 


Scanning of all of photographs in this ex 
periment has not yet been completed, 15% 
P-interactions and 120 G-interactions (produce: 
in paraffin and graphite, respectively) wer 
obtained by both charged and neutral primar 
particles, after scanning and stereoscopic ana 
lysis of about a half of photographs along th 
procedure mentioned above. If the cross-sec 
tion for nuclear interaction by nucleon-carbo: 
nucleus collision is assumed, the cross-sectio 
for nucleon-proton collision can be obtaine 
from above rates of P- and G-interaction. 


1957) 
| In order to inspect whether the ratio of 
‘rates of P- and G-interaction (P/G) is free 
from the personal bias and instrumental defects 
or not, distribution of P/G values was exa- 
“mined from the following points of view: (1) 
P/G values in the case of the different relative 
position of paraffin and graphite layers in the 
cloud chamber (2) P/G values at different 
height of producers in the cloud chamber (3) 
_P/G values in producers in right and left sides 
in the chamber (4) P/G values in sequence of 
time in the course of scanning (5) P/G values 
in sequence of time in the course of the 
“operation of the cloud chamber. The distri- 
) ‘bution of P/G values was consistent with that 
expected from the Poissonian fluctuation. 

_ After the correction of the materials (Al-foil 
and adhesive material) that covered the pro- 
ducer, ratio P/G=1.33++0.15 was obtained. 
The energy of primary particles is considered 
‘to be a few to several tens of GeV as des- 
| The cross-section 


f 


-cribed in Section 4 (8) [A]. 
for nuclear interaction by nucleon-carbon col- 
lision in this energy region is known to be 
about 320mb by many authors”. Then the 
‘cross-section for nucleon-proton collision is 
53-24 mb, because P/G ratio is equal to the 
value of (2xcross-section of proton -+cross- 
“section of carbon nucleus) divided by cross- 
‘section of carbon nucleus. This value is con- 
sistent with previously obtained cross-section 
in same energy region; that is 67+25 mb. 
Taking weighted average of these two values, 
one obtains 60+17 mb. This value is almost 
equal to the geometrical cross-section of 60 mb 
(=27r?, 7% =1.4x10-%cm), but is slightly 
higher than 42 mb at 2.75GeV® and 29.5 mb 
at 5.3GeV® obtained by the Cosmotron and 
Bevatron. Recently, E. Brenner and R. W. 
Williams obtained o=21mb for effective 
‘elementary nucleon-nucleon cross-section at 
50 GeV from the cross-section for nucleon-iron 
nucleus collision; i.e. 615~605mb obtained 
experimentally. In our case, the cross-section 
for nucleon-proton collision is 49--14 mb, even 
if we take 260mb for the cross-section for 
nucleon-carbon nucleus collision which is the 
lowest value obtained up to present time in 
the energy region of a few to several tens 
of GeV. 

As to the difference of the cross-section by 
proton and neutron primaries, none was ob- 
served, just as in the previous experiment. 
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(2) Production of Neutral Pions from Hy- 
drogen and Carbon 


Neutral pions produced in nucleon-proton 
and nucleon-carbon nucleus collisions were 
studied with the aid of cascade showers 
developed by the lead plates in the cloud 
chamber. In the present analysis, cascade 
showers which convincingly associate with 
nuclear interactions were examined, and cas- 
cade showers which have only one or two 
particles in only one space under a lead plate— 
namely cascade showers of very low energy— 
were excluded. No noticiable difference in 


oor 


OF 


No. of Photons per !00 MeV Interval 
(Arbitrary Unit) 


Ol 5000 10000 


500 1000 2000 
Energy of Photons (MeV) 


100 200 


Fig. 2. Energy distribution of cascade showers 

produced in Paraffin (C)), Graphite (A) and lead 
(LJ). The abscissa shows the energy of cascade 
showers in MeV, and the ordinate shows the 
number of cascade showers per 100 MeV interval 
in arbitrary unit. 


multiplicity distribution and angular distri- 
bution between P-interactions and G-inter- 
actions was observed. 

The energy of cascade showers of P-inter- 
actions and G-interactions was estimated from 
the transition in three lead plates of 1cm 
thick each, following the theoretical cascade 
curve by Snyder®?. It is preferable to use 
the correct curve by Monte Carlo Method, but 
it is not available up to several GeV. The 
energy distribution of cascade showers pro- 
duced by the nuclear interaction in paraffin 
and carbon thus obtained is shown in Fig. 2, 
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as well as one in lead. Because of missing 
some showers of low energy and of inaccuracy 
of the refered cascade curve, the absolute 
energy spectrum of cascade showers can not 
be shown, but the difference of energy dis- 
tribution between paraffin and carbon may be 
discussed based on these results. In Fig. 2, 
the abscissa shows the energy of photons and 
the ordinate shows the number of photons 
observed for the same running time in paraffin 
and graphite and for rather small amounts 
of running time in lead in 100 MeV interval 
in arbitrary unit. 


2:0- 


O'5 4 
100 =200 


4 ais iL J 
500 1000 2000 1 5000 10000 
Energy of Photons (MeV) 


Fig. 3. Ratio of the number of photons produced 
in P- and G-interactions for the same running 
time vs. the energy of photons. 


Although experimental errors are rather 
large, it may be seen that the energy distri- 
bution of photons in P-interactions is more 
steep in low energy region and similar in high 
energy region compared with that in G-inter- 
actions. And the energy distribution of photons 
in interactions in lead shows the same ten- 
dency as that of G-interaction. The ratio of 
numbers of the cascade shower in P- and G- 
interaction is shown in Fig. 3 with respect to 
the energy of photons. The full line and 
dotted lines show the ratio of the numbers of 
P-interaction and G-interaction and its statisti- 
cal accuracy. From this figure, it may be 
seen that the ratio of the cascade shower for 
both interactions is rather high in low energy 
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and rather low in high energy compared witl 
the ratio of the number of both interactions) 
These behavoirs might be due to the insuffi 
cient statistical accuracy, and the hasty con) 
clusion is to be reserved. But those might be 
tentatively understood by the hypothesis that 
the production of charged pions of high energy 
is usual but that of neutral pions of higt 
energy is rather less in the nucleon-nuclecr 
collisions, and/or that neutral pions of low 
energy are absorbed by the successive collii 
sions with nucleons in the same nucleus im 
carbon and lead. 


(3) 


Angular Distribution of Charged Second 
ary Particles 


In those interactions which contained cas; 
cade showers, charged secondary penetrating 
particles were often masked by these cascade 
showers. So, those 46 interactions which 
showed only charged secondaries and were 
caused by charged primaries were selected 
from 276 interactions produced in paraffin and 
graphite layers and were studied. 


[A] Colatitude-angle distribution of secondar;; 
particles 
Angles between the charged primary par- 
ticle and each secondary penetrating particle 
were measured in each interaction and are 
named colatitude angles (@). The colatitude- 
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Fig. 4a) Colatitude-angular distribution of charged | 
secondary “particles in the laboratory system for 
total interactions, 


E 
angle distribution and the so-called F -plot® 
are shown in Fig. 4, including total events. 
‘F-plot is almost linear as is expected from 
the isotropic distribution and the approximate 
relation m=8,./Bz=1 in the center-of-mass 


system in the nucleon-nucleon collision where 


oy Hot ieee ae | a ree See 
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Fig. 4b) F-plot for the same data. 
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O 10 20 30 40 50 60 70 80 90 


Mean Colatitude Angle 


Fig. 5. Distribution of the mean colatitude-angle 
of each interaction in the laboratory system. 


B, and f, is the velocity of incident nucleon 
and produced pions in unit of the velocity of 
light, respectively. The tangent of the line, 
however, is not equal to 2, while it is expected 
so in the above condition. Further analysis, 
therefore, seemed to be necessary. Inter- 
actions were divided into three groups accord- 
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ing to the mean colatitude-angle of each 
interaction (i.e. the primary energy or the 
Lorentz factor (r-) of primary particle—pro- 
bably nucleon—in the c.m. system). Fig. 5 
shows the distribution of mean colatitude- 
angle of each interaction and Table I shows 
the character of each group. 

F-plots corresponding to each group are 
shown in Fig. 6, together with the F-plots 
corresponding to the case of smaller breadth 
of 7. than Group I (Group I’) and to the case 
with at least 4 secondary particles (Group I’’). 
Though errors are rather large, it may be 
seen from this figure that lines of Group I, 


el tan@ 10 
Fig. 6. F-plots for each group as shown in 
Table I. A: Group I, B: Group I’, C: Group 


I’, D: Group II and #: Group III. 


I’ and I” are almost linear but lines of Group 
II and III are curved. F-plots corresponding 
to the isotropic distribution with m=1, isotro- 
pic distribution with m=1.03, cos?@ distribution 
with m=1 and cos?@ distribution with m=1 
and cos?é distribution with m=1.03, in c.m. 
system assuming y-=4 are calculated and 
shown in Fig. 7, in order to examine what 
meanings those experimental F-plots show. 
From these curves and Fig. 6, it may be seen 
that Group I, I’ and I’’ show nearly isotropic 
distribution with m1 and Group IJ and III 
show rather sharp distribution in the forward 
and the backward directions with m>1 inc.m. 
system. And, also, Table I shows that the 
Group JI and III have not less multiplicity 
than Group I irrespective of smaller value of 
7, than GroupI and I’. These tendencies may 
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Table I. 
; Group I Group II | Group III Group I’ Group I’! & 
canbe a ea E a I 
breadth of ye ® | 10~3 3~2 | 2~1.5 bao 10~3 
tales ay 00 litre 2.3 1.7 hes | 516 
number of interac- 18 rT ° 12 10 
_iions ny Abt PM ; : te. ts 
mean multiplicity | 3.8 | 3.6 | 4.5 4.0 4.8 
I een o rather sharp in | rather sharp in he (aS) ee 
ane uit sestrea ; ..| forward and | forward and_ nearly isotro- nearly isotro- 
tion in c.m. sys- | nearly isotropic haciiward. gdic 1 backward’) dpumpic | pic 
a i | rections rections 
m ) ZA Sal ll Al Alt 


a) determined from the mean angle of secondary particles; 7-=1/é. 


b) determined from F-plot, assuming the nucleon-nucleon collision. 
c)d) determined from the shape of line in F-plot assuming the nucleon-nucleon collision. 


d) m=£e/Bx in the center-of-mass system. 
e) 


be interpreted by the following hypothesis. 
The nucleon-nucleon collision and nucleon- 
nucleus collision without secondary interaction 
in the same nucleus show the isotropic dis- 


itele) 


FF 
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Fig. 7. F-plots for Y.=4 calculated theoretically, 
assuming (A) isotropic distribution with m=1, 
(B) isotropic distribution with m=1.03, (C) 
cos’@ distribution with m=1 and (D) cos% dis- 
tribution with m=1.03. 


tribution of secondary particles and have 
pions of high energy in c.m. system. But the 
nucleon-nucleus collision with secondary inter- 
actions will produce pions of rather low 
energy and shows rather sharp distribution 


in this group, interactions with at least 4 secondary particles were selected. 


in the forward and the backward directions, 


due to the analysis by the assumption of 
successive nucleon-nucleon collision, though 
each process of the nucleon-nucleon collision 
probably has the isotropic distribution. Under 
the above interpretation, the energy of primary 


particles may be a few to several tens of 


GeV from yx. in Table I. 


[B] 
secondary particles 


Events examined in this section are the 
same as in the former section. The incoming 
direction of the primary particle was taken as 
Z-axis in the polar coordinate, and the so-called 
azimuthal angle (#) of the charged secondary 
particle was studied. The importance of the 
azimuthal angle distribution of secondary 
particles in the nucleon-nucleon collisions has 
been noticed from the view-point of the 
mechanism of the multiple production of me- 
sons and especially from the possible role 
of the angular momentum of incoming nucleon 
to the multiple production of mesons.” In 
this analysis, the arbitrary determination of 
origin in azimuthal angle is difficult and not 
adequte. So, the separation in the azimuthal 
angle between each secondary particle and its 
nearest neighbour was taken. 

The separation angle is ¢=dis:—¢%, and 
P(@) is the frequency of cases with angular 
separation $. Wi6)=\"P(g)ao | |" P()ddvs. 
@ is shown in Fig. 8 (a) and (b) in inter- 
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Azimuthal angle distribution of charged 
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actions with three and six secondary particles 
irespectively, together with same curves ob- 
tained by the Monte Carlo Method assuming 
ithe random and cos’# distribution. In inter- 
actions with three secondary particles, decision 
whether the experimental distribution belongs 
to the random distribution or cos’ distribution 
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Fig. 8. Curves which shows the relation between 


wig)=(| "Pode | "Pode and 4. 


(a): for interactions with 3 secondaries, (b) for 
interactions with 6 secondaries. Full line shows 
the experimental curve and dotted and dot- 
dashed curves show the curves obtained theo- 
retically assuming the random and cos?y distri- 


bution, respectively. 


is very difficult, owing partly to the large sta- 
tistical error and partly to the contribution 
of neutral secondary particles and effect of 
the momentum of secondary particles. But 
in interactions with six secondary particles, 
the observed curve is close to the curve ex- 
pected from the cos? distribution. Any deci- 
sive conclusion is to be reserved in the present 
state of analysis. But considering the inter- 
wretation described in the preceding section 
hat interactions with many secondary particles 
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may undergo some secondary interactions, 
the cos’? distribution may be due to the fact 
that a special secondary particle as a case of 
fluctuation collides with a nucleon in the same 
nucleus and produces some tertiary particles 
so that such particle may make some small 
angular separations ¢ in a special direction 
and the azimuthal angle distribution looks like 
cos’ distribution as the result of the statisti- 
cal accumulation of these cases along the 
present procedure of analysis. Nothing is 
concluded in the cases of nucleon-nucleon 
collisions, but these lines of analysis, perhaps, 
may be effective if data will be accumulated 
more. 
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By bombarding fluorine target with 5.7 MeV protons, a new gamma 
radiation of energy 3.86-+0.02 MeV was observed with a three crystal 
pair spectrometer. This gamma radiation was proved to be emitted from 
10.98 MeV (or 10.77 MeV) state in 1*O in the transition to 7.12 MeV 
(or 6.91 MeV) state by gamma-gamma coincidence experiments. No 
gamma radiation corresponding to the transitions from this state to 
other lower states in 1©O was observed. 0O- (or 3+) was assigned to this 
state. 

An 8.87 MeV gamma radiation corresponding to the direct transition 
to the ground state from the 2- excited state in 1®O was observed. 

A hard gamma radiation of about 11 MeV energy was found at proton 
energies between 4.8 and 5.7 MeV and was ascribed to the capture radia- 
tion in F(p7)Ne reaction, 

A weak gamma radiation of about 4.9 MeV energy was also observed. 


As the protons of energy up to 5.7 MeV 


Excited states of *O have been the objects 
of many experimental and theoretical investi- 
gations. Experimentally, the excited states 
of *O were observed chiefly in F(p, a) 
16()*1)2)3)7) 16O(p, POF), O(n, n’) 6O*9) 
and ¥N(d, 2)!O*2 reactions or observed as 
the compound nucleus levels in ’C(a, a)!2C®, 
UN(p, a)PCP” and /N(p, 2)''OU! reactions. 

Dennison! and Kamney™ have calculated 
the excited states of !O using alpha particle 
model and showed good correspondence bet- 
ween the theory and experiments. According 
to Kamney, of the first nineteen excited states 
which are experimentally observed (0-12.95 
MeV), fourteen are definitely predicted, two 
levels (11.10 and 12.95 MeV) are observed but 
not predicted and three levels (8.87, 11.08 and 
12.02 MeV) are tentatively predicted but 
await experimental determination of spins and 
parities. (Identification (a) of reference (12)). 

To the first of these three excited states 
(8.87 MeV), 2- was assigned in accordance 
with theoretical prediction by Wilkinson, 
Toppel and Alburger” in the investigation of 
the gamma rays from "F(p, @)®O* reaction 
at proton energy of 3.7 MeV. 

The spins and parities for 11.08 and 12.02 
MeV states predicted by Kamney’s theory are 
3* and 1* respectively. But there are no 
experimental evidences for such assignments. 


are obtainable with our newly built cycla 
tron, we undertook an examination of the 
higher excited states of #O using the same 
reaction !"F(p, @)!®O* as the above experiment 


§ 2. Experimental Methods 


Molecular ion beam of hydrogen acceleratec 
by Osaka University 44 inch cyclotron was 
focussed onto a target located at about ‘ 
meters from the cyclotron by a wedge type 
focussing magnet through concrete shield wal 
of 1.5 meter thickness. The energy of the 
proton was estimated to be 5.70.1 MeV fron 
the measurements of the range in air and it 
nuclear emulsion. To vary the energy of the 
incident proton, aluminium absorbers of dif 
ferent thicknesses were imposed at about one 
meter in front of the target. The bean 
defining slit was made of a gold plate with: 
circular hole two millimeters in diameter it 
gamma-gamma cascade experiment, but the 
diameter was increased to one centimeter it 
most other cases. The proton current wa: 
varied with the problem in hand from a fev 
thousandths of a microampere up to about 0.! 
microampere. 


Teflon or BaF, targets of a few mg/cm 
thickness were bombarded by protons and th« 


gamma rays were observed with scintillatioi 
spectrometers. 
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_ We have used single crystal spectrometers 
with Harshaw Nal(T1) crystal 14 inch in dia- 
meter and 1} inch in length. In a later work, 
a larger crystal 3 inches in diameter and 3 
inches in length was emplyed. We have also 
used a three crystal pair spectrometer™ with 
center crystal 1 inch in diameter and 2 inches 
in length. The energy resolution of the three 
crystal spectrometer for 4.43 MeV gamma ray 
was about 6%. 

The time resolution of the coincidence cir- 
cuit in the three crystal pair spectrometer 
and in gamma-gamma coincidence work was 
0.1 microsecond. In gamma-gamma_ coin- 
cidence work, the “fast-slow coincidence ” 
technique was used. The pulses from one 
crystal which were in coincidence with selec- 
tively chosen gamma rays detected by the 
other crystal were analysed. 

To avoid the back ground gamma rays, 
scintillation spectrometers were surrounded 
by lead blocks ten centimeters in thickness. 

For the measurements of pulse height dis- 
tribution, Atomic Instrument Company 20- 
channel pulse height analyzer was used. The 


Counts 


|.96 Mev 
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75 Mev 
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calibrations of the energies were performed by 
2.75 and 6.13 MeV gamma rays produced in 
PE(p, ar)O reaction” and 4.43 MeV gamma 
rays produced in ?C(pp’ 7)”C reaction. As 
the monochromatic 4.43 MeV gamma ray is 
produced with high intensity when polyethy- 
lene is bombarded by protons, this gamma 
ray was used frequently as the reference line 
in the determination of gamma ray energies. 


§ 3. Results and Discussions 


Fig. 1 and Fig. 2 show the gamma ray 
spectrums observed with the three crystal 
spectrometer placed at right angle to the 
proton beam when BaF, and teflon were bom- 
barded by 5.7 MeV protons. In addition to 
the well known gamma rays of 6.13, 6.91 and 
7.12 MeV energy from the excited states of 
BOD) cnt 0.96, 12.75, 3.86. and ~ 40Mev 
gamma rays are observed. The first three of 
them were shown by Wilkinson et al.” to 
come from the 8.87 MeV excited states of 
14Q. In Fig. 2, the deexcitation gamma rays 
from the first excited state of #*C (4.43 MeV) 
are also observed. 


4.9 MeV 


Height 
Fig, 1. Three-crystal pair spectrum; BaF,+-p at 5.7 MeV and 90° with respect to 
the proton beam. 
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Counts 


Pulse Height 


Fig. 2. Three-crystal pair spectrum; Teflon+p at 5.7 MeV and 90° with respect 
to the proton beam. 


Counts 


Pulse Height 
Three crystal pair spectrum; Teflon+p at 4.8:MeV and 90° with respect 


igus 
to the proton beam. 


Abe! 
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Fig. 3 shows the gamma ray spectrum when 
he incident proton energy was lowered to 
.8 Mev. It is evident from Fig. 3 that new 
amma rays of 3.86 and 4.9 MeV disappeared 
it this energy while all the gamma rays of 
ther energies are still observed. 

While the 4.9 MeV gamma ray was too 
veak to be investigated further, the intensity 


(2:75-0.5!)mey 


(3-86-1.02) 
| a 2-75mev 


A 


| (3.86-0.5!)mey 
3-86mov 


VLVINCIVUENCe COUNTS 


oe 


Vase 
y = 


Pulse Height 


Fig. 4. Gamma ray spectrum in coincidence with 
gamma rays of energy larger than 4 MeV; 
BaF.+p at 5.7 MeV and 90° with respect to the 
proton beam. 


1.96 (3.86-1.02) 
al-76mev oe 


(3-86-0.51) roy 


3.86mev 
| (6-13-1-02)mey 


! 


LOINUIOeENCE UOUNIS 


Pulse Height 


Fig. 5. Gamma ray spectrum in coincidence with 

“gamma rays of energy larger than 6.3 MeV; 
BaF,+p at 5.7 MeV and 90° with respect to the 
proton beam. 


f 3.68 MeV gamma ray was enough for 
urther work. 

The energy measurement was made with 
he three crystal spectrometer and the value 
.86-+0.02 MeV was obtained after the careful 
heck of the linearity between pulse heights 
nd gamma ray energies. 

To investigate the origin of 3.86 MeV 
amma radiation, gamma-gamma _ coincidence 
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experiments were performed with two Nal 
(T1) crystals each at 90° to the beam on each 
side of the target. 

Fig. 4 and Fig. 5 are the gamma ray spectra 
in coincidence with gamma rays whose 
energies are greater than 4.0 MeV and 6.3 
MeV respectively. The dotted line represents 
the upper limit of background counts calculat- 
ed from surplus counts in the 20 channel 
analyser and the pulse height distribution in 
each single crystal spectrometer. 

In identifying the energies to the peaks in 
Fig. 4 and Fig. 5, the knowledge of the pulse 
height distribution for monochromatic gamma 
ray for the same crystal is necessary. The 
pulse height distribution shown in Fig. 6 was 
obtained for the 4.43 MeV gamma ray under 
the same experimental conditions (13 inch dia., 
13 inch length, Nal(T1)). 


(eas 1:02) mev 


(4-42-0.5!)mey 


Counts 


Pulse Height 
Fig. 6. Singles spectrum of 4.43 MeV gamma 
radiation. 


From these results it is concluded that the 
3.86 MeV gamma ray is emitted in cascade 
with the 7 MeV gamma ray (6.91 or 7.12 MeV) 
while the 2.75 MeV gamma ray is in cascade 
with the 6.13 MeV gamma ray. Therefore 
both of them are the deexcitation gamma 
rays from the excited states of O at about 
11 MeV (10.77 or 10.98 MeV) and 8.87 MeV 
respectively. The latter result with the 2.75 
MeV gamma ray is in agreement with the 
work of Wilkinson et al. 

If we assume that the 3.86 MeV gamma 
radiation originates from the 10.77 MeV state, 
transition to the 6.13 or 6.06 MeV state from 
this state will produce a gamma radiation of 
4.64 or 4.71 MeV respectively. The gamma 
radiation corresponding to those energies was 
not observed and the intensity was estimated 
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to be less than 1/10 of the 3.86 MeV radia- 
tion. 

If we assume that the 3.86 MeV gamma 
radiation comes from the 10.98 MeV state, 
the energy of gamma radiation corresponding 
to the transition to 6.13 or 6.06 MeV will be 
4.85 or 4.92 MeV respectively. The observed 
4.9 MeV radiation just coincides with those 
energy and the intensity is about 1/4 of the 
3.86 MeV radiation. 

Next, a search for hard gamma radiations 
due to direct transitions from the 11 and 


( 6.13-1.02)mMev 


6a7 Mev Srays 


\ 


(8.87-1.02) 
MeV 


(8.87-0.51)Mev & 


(11—1.02)Mev 


Pulse Height 


Fig. 7. Singles spectrum in search for hard gam- 
ma ray; F+p at 5.7 MeV and 90° with respect 
to the proton beam. 


8.87 MeV states to the ground state was 
made using both single crystal and three 
crystal spectrometers. 

From the single crystal spectrum shown in 
Fig. 7, it is apparent that the 8.87 and 11 
MeV gamma rays are emitted at E,=5.7 
MeV. The intensity of the 8.87 MeV radia- 
tion relative to the 2.75 MeV radiation was 
about 1/160 while that of the 11 MeV radia- 
tion relative to the 3.86 MeV radiation was 
found to be about 10-* correcting for the ef- 
ficiencies of scintillater for each gamma ray 
energies. At proton energy of 4.8 MeV 
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(Fig. 8) both gamma rays are observed b 
the intensity of the 11 MeV radiation relativ: 
to the 6 and 7 MeV (joint intensity) gamm: 
radiation increased considerably compared t 
the ¢asé of “E¥=5:7' Mev. 

Fig. 9 shows the excitation curves for th 
6 and 7 MeV gamma radiations and the 1] 
MeV gamma radiation respectively in thy 
proton energy region between 4.8 and y 
MeV. 

The intensity of the 11 MeV radiation re 
lative to the 6 and 7 MeV radiations increase: 
by a factor of 3.7 when the proton energy i 
lowered from 5.7 MeV to 4.8 MeV. If tha 


Counts 


Pulse Height 


Fig. 8. Three crystal pair spectrum; F+p ai 
4.8 MeV and 90° with respect to the proton 
beam. 


ll MeV radiation is the direct transitio 
gamma ray to the ground state, the 3.& 
MeV peak in pulse height distribution shoul 
increase by the above ratio at proton energ, 
of 4.8 MeV. As is evident from Fig. 3, th 
3.86 MeV peak does not increase but dig 
appears. 

From this fact, it is concluded that th 
origin of the observed 11 MeV gamma radi 
tion is different from that of the 3.86 Me’ 
radiation. Perhaps it is emitted from 2N 
formed by the capture of proton by ™ 
nucles. 
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_ As to the 8.87 MeV radiation, its strength 
‘M2) relative to the 2.75 MeV (Ml) radiation 
would be predicted to be 1/90 by the use of 
Weisskopf’s formula based on the single par- 
ticle model if 2- is assigned to the 8.87 MeV 
state”. The value obtained by our observa- 
tion (1/160) does not conflict with the experi- 
nental upper limit 0.15 given by Wilkinson 
st al.», and is in good agreement with theo- 
retical prediction, justifying the 2- assignment 
to 8.87 MeV state. 

' We then tried to estimate the spin and 
oarity of the 11 MeV state from the observed 
oranching ratios of gamma radiations from 
this state. 


On 
1@) 
Relative Intensity(e 11 MeV gamma radiation) 


aes 
Oo 


Relative Intensity (*«Ga7 MeV gamma radiations) 


Ww 


45 0) 5) 
Proton Energy in MeV 


Fig. 9. Excitation curve for 6 and 7 MeV gamma 
radiations (upper curve) and 11 MeV gamma 
radiation (lower curve). 


Since #O above an excitation of 7.15 MeV 
is energetically unstable against break up 
into 1#2C in its O+ ground state and an alpha 
particle, we have restricted ourselves to the 
examination of 0-, 1+, 2-, 3+ only. 

We shall discuss exclusively by the use of 
the single particle formula as the calculation 
on transition probabilities based on the alpha 
particle model is not available for indivisual 
cases. 

As the El transition is forbidden in °O by 
the isotopic spin selection rule and its inhibi- 
tion factor amounts to a factor of 100 to 
1000, an inhibition factor 500 was assumed 
for E1 radiations. 
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We shall examine the indivisual case in 
the following: O-: Assignment of O- to the 
11 MeV state results in ascribing the 3.86 
MeV radiation as a M1 transition from the 
10.98 MeV state to the 7.12 MeV (1-) state. 
The ground state transition is forbidden, in 
accordance with experimental result. The 
intensity of the 4.85 MeV gamma radiation 
corresponding to the transition from the 10.98 
MeV to 6.13 MeV (37) state is estimated to 
be 2x10-® of the 3.86 MeV radiation. There- 
fore, though the observed gamma radiation 
of about 4.9 MeV is close to 4.84 MeV in 
energy, it must find another explanation on 
intensity consideration. 

1+; In this case the energy of the 11 MeV 
state must be 10.77 MeV as the transition 
probability from this state to the 6.91 MeV 
(2*) state is estimated to be about 20 times 
larger than that to the 7.12 MeV (1°) state. 
The direct transition to the ground state has 
larger probability than the transition to the 
6.91 MeV state by a factor of 20, contrary to 
the experiment. Therefore 1+ assignment is 
abandoned. 

2-: The transition probability from the 2- 
11 MeV state to the 7.12 MeV state is 
estimated to be 15 times larger than that to 
the 6.91 MeV state. The transition from the 
10.98 MeV state to the 6.13 MeV (3-) state 
is estimated to yield a 4.85 MeV gamma 
radiation with probability about 1/2 of the 
3.86 MeV radiation. In this way the observ- 
ed 4.9 MeV radiation can be explained. The 
intensity ratio of 10.98 MeV gamma radiation 
to 3.86 MeV radiation is calculated to be 
about 1/180. This is very large compared to 
the experimental upper limit of about 10-‘. 
Thus 2- is also abandoned. 

3+: The 3.86 MeV gamma radiation is in- 
terpreted as a M1 radiation from the 10.77 
MeV (3+) state to the 6.91 MeV (27) state. 
The intensity of the 10.77 MeV radiation re- 
lative to the 3.86 MeV radiation is estimated 
to be about 10-°, which is consistent with the 
experiment. The transition from the 10.77 
MeV state to the 6.13 MeV (3-) state will 
produce a 4.64 MeV radiation about 1/10 of 
the 3.86 MeV radiation in intensity. This 
value is not in contradiction with our obser- 
vation. The transition probabilities from the 
10.77 MeV (3+) state were also calculated on 
the alpha particle model by R. Nakajima in 
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our laboratory. His results show that the in- 
tensity ratio of 10.77 MeV radiation and 3.86 
MeV radiation is about 1/70. 

After all, the spin and parity for 11 MeV 
state deduced from the single particle model 
is either 0- or 3+. For the latter assignment, 
the calculation by the alpha particle model, 
however, gives too large probability for the 
transition from the 11 MeV state to the 
ground state as compared with the experiment. 

Next we shall compare the energy for the 
excited state deduced from this experiment 
(10.98 MeV (O-) or 10.77 MeV (3+)) with the 
values obtained in other experiments. 


Fig. 10. Energy level diagram of 160 up to 
12.08 MeV. 


Hornyak and Sherr* observed an excited 
state of O at 11.08 MeV by the analysis of 
protons inelastically scattered from 1*O. They 
have also confirmed that a gamma radiation 
is emitted from this state. 

Squires, Bockelman and Bruechner® obtain- 
ed the value 11.085--0.0014 MeV correspond- 
ing to this state by precise magnetic analysis 
of alpha particles emitted in 1°F(pa)*O re- 
action. 

Of the two values 10.98 and 10.77 MeV, 
the former is more close to the above value, 
which is in favor of the assignment O-. 

Recently Bent et al.? in Columbia Univer- 
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(Vol. | 
sity report a 3.86 MeV gamma radiatia 
emitted in F(pa@)*O* reaction as in our e7 
periment. The Columbia group® also foun 
excited states of O at 10.937+0.010 Me? 
and 11.063+0.015 MeV from the study « 
16N(d, 2)6O reactions. The former value — 
more close to the value 10.98 MeV obtaine 
from the gamma ray experiment. 

The excited states of O relating to tH 
present experiment are shown in Fig. 10. 

Considering the above results, it is “* 
cluded that the level at about 11 MeV is pre 
bably the 10.98 MeV O- state. 

This conclusion, however, is not very oi 
jectionable to the alpha particle model, as tit 
assignment 3* is in identification (a) i 
Kamney’s article, and in identification (b) tiv 
the assignment of O- is suggested for th 
level at about 11.5 MeV. 


§ 4. 


An excited state at 10.98 MeV (or 10.7 
MeV) in #80 emits a gamma radiation a 
3.86-+0.02 MeV energy in transition to th 
7.12 MeV (or 6.91 MeV) state. No gamm: 
radiation corresponding to the transition t! 
other lower states was observed. The spi: 
and parity for this state are probably O- (a 
3*). Of these two values, O- assignmen 
seems more probable. 


Conclusion 


A direct transition gamma radiation fron 
the 8.87 MeV state (2-) in 180 was observed 
Its intensity is consistent with single particl: 
considerations. 

A capture gamma ray of about 11 Me\ 
energy emitted from *Ne formed by th 
capture of proton by 1°F was observed in th 
proton energy interval between 4.8 and 5. 
MeV. 

A weak gamma radiation about 4.9 MeV i 
energy was found and was tentatively as 
signed to the transition from 12.02 MeV t 
7.12 MeV state in 180. 
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Theory of Excitations in Liquid Helium 4 
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A modified “phonon-roton” model for liquid Helium II is proposed 
and is shown to be connected smoothly with the theory of Bose conden- 
sation. The method used is the direct extension of the method of 
“auxiliary variables ” used by Bogolyuboy and Zubarev, and is equivalent 
to that used by Bohm and Pines in the theory of the electron gas in 
metals. The phonon excitation is described in terms of the density 
operator, and the roton part by the so-called individual coordinates. 
The elimination of the kinematical interaction leads to the following 
model: The excitations for long wave length are described by phonons, 
and for short wave length by rotons, and the total number of excitations 
cannot exceed the total number of the particles. The thermal properties 
of this model is seen to agree with the experimental fact qualitatively. 


$1. Introduction 


The peculiar properties of liquid He* at 
very low temperatures have been one of the 
most interesting subjects in low temperature 
physics since their discovery. The phenome- 
nological theory, usually called two fluid 
theory, has been very successful to explain 
these properties. In this theory, the liquid 
helium is assumed to be composed of two 
interpenetrating components. One has the 
properties which are same in all respects as 
those of the usual liquids and is called the 
normal fluid part. The other is called the 
superfluid part and has quite different pro- 
perties from the normal part. 


The derivation of this two-fluid model from 
the first principle and the explanation of the 
A-transition are very interesting subjects for 
theoretical physicists. The first proposal was 
due to London”, who noted that the He‘ atoms 
obeyed Bose statistics and the ideal He‘ gas 
with the density of the liquid underwent the 
Bose condensation at the temperature very 
near to the A-point of real liquid He*. Then, 
Tisza”, proposed the idea that, below this 
Bose condensation temperature, the particles 
in the lowest energy level were the super- 
fluid part of the liquid helium and the re- 
mainder were the normal fluid part. Although 
these theories are based upon the ideal gas 
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model, the explanation of 2-transition in terms 
of Bose condensation is supposed to be true 
and supported by the fact that the isotope 
He? obeying Fermi statistics does not exhibit 
any such transition. Recently, Penrose and 
Onsager» showed that “there exists Bose 
condensation ” in liquid Het at 0°K by only 
assuming the absence of the long range order, 
and at finite temperatures using the Feynman’s 
expression” for the partition function. 

On the other hand, Landau® proposed a 
quite different point of view. His idea is that 
the excitations in liquid He* are essentially 
different from those in the ideal gas, and con- 
sist of the so-called “ phonons” and “ rotons ” 
with the following spectrum, 


heck , for phonons, 
E(k) = 


4+ TE pany ; for rotons. 
2u 
Ch.) 


By choosing appropriate values of the adjust- 
ing parameters 4, w and ky), he succeeded to 
explain various properties of liquid helium. 
In this theory, the normal fluid density on is 
calculated from the inertia of the excitations 
and the superfluid density os is equated to 
Po—On (Oo is the density of the liquid helium). 
The 2-point is defined as the temperature at 
which o,=0), 0s=0. But nothing can be said 
about the transition. 

Since then, many authors have tried to de- 
rive this “ phonon-roton ” model from the first 
principle or to revise the Landau’s idea by 
quantizing the classical hydrodynamics in a 
similar way as in the case of the quantum 
electrodynamics (quantum hydrodynamics®’). 
Although these authors succeeded in some re- 
spects, it does not seem that any of them 
succeeded to explain the presence of the phase 
transition. 

As mentioned above, it is perhaps certain 
that the transition is due to the Bose statistics. 
Brenig? proposed the model in which the 
number of rotons was restricted and the Bose 
condensation could occur. However, his model 
does not seem to have a concrete basis. It 
is one of the purposes of this paper to con- 
nect the phonon-roton model with the Bose 
condensation theory more smoothly. 

The other purpose of this paper is to write 
down the interactions among excitations ex- 
plicitly. This is necessary, for example, for 
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the calculation of the viscosity coefficient 
This is done by Usui and Matsudaira®, wh 
adopted the procedure used by Dyson® in hi 
theory of spin wave interactions in ferromag 


nets, and took 6,+= oes as the creation 


operator of the excitation with wave numbe; 
k, where cz, cx* are usual operators whiel 
annihilate and creat the particle with momen 
tum #k, respectively. However, their Hamil 
tonian, although rigorous, contains interaction 
terms up to sixth power of }, or dx*, and se 
is very inconvenient to deal with. This show, 
that their choice of b,* was inadequate. 
Many authors took the density operator 


N 

m= = eee > CKercx (12 
as the variables describing phonons. For ra@ 
tons, however, it is not clear what coordinats 
is to be taken. For Bose systems, it is no 
impossible to describe all the excitations il 
terms of o,’s only. But it seems that 0, 
are variables not so appropriate to short wave 
length excitations (rotons) as they are to lona 
wave length excitations (phonons). We corn 
sider the roton excitations as particle-like 
Then the problem reduces to one of the cob 
lective descriptions in which the collective 
coordinate corresponds to phonons and _ tha 
individual one to rotons. Nishiyama! ana 
Brenig” attempted to derive the phonon-rotop 
spectrum (1.1) using the method of Toma 
naga, However, since the Hamiltonian can 
not be written in a closed form by the methoo 
of Tomonaga, we resort to a different method 
which is a direct extension of the method a 
the “auxiliary variables ” used by Bogolyubo» 
and Zubarev'™. The Hamiltonian obtained i 
equivalent to the one which Bohm and Pines" 
used in the case of the electron gas in metals 

The elimination of what Dyson calls tiv 
“kinematical interaction ” leads to the follow 
ing model: The excitations are composed c 
two parts. For long wave length the excite 
tions are described by ox’s (phonons) and fe 
short wave length the excitations are particle 
like (rotons). Moreover, the total number c 
the excitations cannot exceed the total numbe 
of particles, leading to the Bose condensatio 
of second order. Thus the two purposes mer 
tioned above can be achieved, 


; 
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$2. Hamiltonian 


As was mentioned in §1, we take px’s, Eq. 
12), as the variables describing the phonon 
*xcitations and the individual coordinates x,;’s 
as the roton excitations. The Hamiltonian 
Which describes the motions of these x’s as 
well as x;’s is constructed in the following 
way. The method is an extension of that 
ised by Bogolyubov and Zubarev™, and is 
plicable for the variables other than o;’s, 
mut here, for simplicity, we treat only the 
case of ,’s. As was mentioned in §1, o,’s 
ire good variables for small #%, but for large 
2 they are no longer supposed to be good. So 
we restrict ox’s only for |k|<k., ke being 
letermined later. 

The Hamiltonian for the system of N iden- 
ical —.. with the mass m is written as 


= —— — aos Aj+ 


> oS Gj) =T+G., 
i j=1 ej 


(2.1) 


vhere 4; is the Laplacian operator for the j- 
h particle, and G(r) is the interaction energy 
yetween two particles with mutual distance  ¢. 
f we expand G(r) in Fourier series* 


Co)=, > Gike*, Gm®=\Ge) o- tke dp , 
(GD) 


hen the interaction part G of Eq. (2.1) be- 
omes 


oN A aa Gtk 
| _- 2V o< sn ae ga 2V Nae ) 
i 1 k(x ,-x, 

sinrloe G(R) P+ NGO). 
; Ly. pple 


(253) 
The kinetic energy T of Eq. (2.1) is written 
lown as follows. We consider that the wave 
unction Y includes p,’s as well as the particle 
Oordinates x;’s. Then the differential oper- 
tor in T is written as 


ow _ (or Box 2) 
x7 ( pees Ox5\ O0K/ x 


OF 1 Loa (=) 
2 (ated pee k pik y= 
ake eee ; Ook x 


(2.4) 


* Actually, this Fourier expansion is not pos- 
ible due to the presence of the strong repulsive 
ateraction of short range between Helium atoms. 
lere, we neglect this fact temporarily, and shall 
iscuss this problem in § 6. 
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Ox; Ox? VN 0<(kIS<k, Ox On 

or 
SESS SS 2 pikx 
VN o<ikisk, eaten Tey Don 
1 Ow 
as Se k- YON VANES SY OY Opt , 
VN earns Ueekeeke : OpnO 0K: 
(2.5) 


Summing both sides of Eq. (2.5) over 7, and 
considering p;’s as independent variables, the 
kinetic energy T can be written as 


1 Whe) 
TUN By ean ge Op, 0 0K: 
0<|k+k’|<k, 
wR 0 


~ 0<fkI<k, 2m 00.00-% k 
Line Wk-k’) gitk+k/yx, 9 o? 


a 2 O<Ikl, 1K I<k, 2m Oo.0 0K ~ 
(2.6) 


k iS lk+k’ | 
Thus, the total Hamiltonian can be written as 


SE = FF t+ KF ina tH im. ; (2.7) 

where the collective part Frou, is 
\- fh? O2 
2m 00,00-% 


2m 


CO wl. = Dd 
0< IkISk, 


N 

—— G(R) 04 0-% 
+317 C@eu0-1| 
apes eK) 
TYN ote feist, 2m 


O<|k+k’ IsSk, 


G(R) +2 


I odNbl 
2V 0<ikisk, 


and the individual part Hina, is 


G0), (2.7a) 


ci (eet ae 
——— >) p; 
2m j= 


Ce ea 


Se Cc, (2.70) 


2V “tej &<IkI 
and the interaction aye Son, 1s 
1 N 
San Sy K (cikx yp, + Dj ayo 
Noi L0< RISK, oe OK 
MEW pea vourdisne 
<\k[,|k|<k, 2m 0040 Ox 
eek! 


(2.7c) 
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If we set p;=O for all j, that is, if the wave 
function does not contain xj’s explicitly (this 
is allowed only for Bose systems), and put 
ke—oco, then the Hamiltonian # is reduced 
to that used by Bogolyubov and Zubarev’™, 
who attempted to describe the motion of the 
system only in terms of the density o,. In 
this case, Hing. =0, and the second term in 


SF 1m. vanishes and the first term reduces to 
free tory ee ic makecethe 
k 2m Oox 


Hamiltonian of Bogolyubov and Zubarev non- 
Hermitian*. Here, we adopt the form of Eq. 
(2.7c) in order to keep the Hermitian property 
of our Hamiltonian. 

Moreover, the Hamiltonian (2.7) is equivalent 
to that used by Bohm and Pines™, as is easily 
seen when we set 

__—ik 0 _V/4nN 
ian Opn ere 
That is to say, the method of Bogolyubov 
and Zubarev is a special case of Bohm and 
Pines. 

The second term of Eq. (2.7a) is considered 
to be small by Bohm and Pines! by the 
random phase approximation, and is com- 
pletely neglected by Brenig”, who assumes 
the orthogonality of o,’s. But since the num- 
ber of the modes considered is very large, 
this term cannot completely be neglected. 
For, even if the error resulting from this as- 
sumption is of the order of 1/;/N for each 
mode, the total error for all modes is very 
large. In fact, this term represents the inter- 
actions among phonons, and is necessary for 
the calculation of the viscosity coefficient. 

The Hamiltonian &, Eq. (2.7), contains 
excess number of independent variables. Usu- 
ally, this is avoided by setting the subsidiary 
conditions 


edk - 


me! fel og > eikxs—( 
Ok VN Fs ae 2 


However, this method is too formal and in- 


O<lkl<he. (2.8) 


* When we set p.=0 and the number of 0,’S is 
equal to 3.N, our transformation of the Hamiltonian 
can be considered as the transformation of varia- 
bles from x,’s to 0,’s. Then, if we take into con- 
sideration the Jacobian of this transformation, the 
transformed Hamiltonian must remain Hermitian. 
But since 0,’s are treated as independent variables, 
the Hamiltonian of Bogolyubov and Zubarey seems 
to be non-Hermitian. 
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convenient to deal with. It is very difficul 
to find the wave functions satisfying thes 
conditions (2.8), and, in fact, such wave func 
tions have never been found in literatures 
The problem how to avoid this excess of th 
independent variables corresponds to wha 
Dyson” calls the “kinematical interactions. 
To eliminate this kinematical interactions wi 
do not use the subsidiary conditions (2.8), bu 
use a quite different method, which will 5 
discussed in § 4. 


§3. Energy Spectrum 


To obtain the energy spectrum of the ex 
citation, we must diagonalize the Hamiltonian 
First, we consider the collective part Fea. 
(2.7a), which is separated into two parts, 


CE wh = pense ’ (34 


UF 


where 
hk? =? 

0< RISK, | 2m 00400-% 

N 

toy 


ee pion, == 


G@o.p-«} 


N? ry 
GR) + 5760 G1 


is the phonon energy, and 


As ot hk: Kk’) 0 
VN o<ikniitse, 2m R+k" Oo.Opeal 
O0<|k+k’ | Sk, 
(3.11 


is the interaction energy among phonons, ; 
was mentioned above. Now, we introduce tH 
annihibilation and creation operator b;, b,* « 
phonons as follows 


Ren 
Ok Vre (Ox ORE) ’ 4 | 


as9\ibb, ACERT 4 
Fn FV bt) 


where bx, b,* satisfy the commutation relatic 


Ldn, bi |= Onn , (3.. 
and 
SC ee 
2m | 
Ee =4 THD-ca ft” 7 
= i Xo )| 


Then, Hpnon., (3.1a) becomes immediately 


SS non= > {5 ECR) baby babe*) 


0<|kISK, 
LN. N? 
oy ow) LG) (3.5) 


‘Thus, the phonon energy is given by E(k), 


Eq. (3.4). For small values of k, E(k) is pro- 

‘portional to k, 

} — 

me AR) ~ hy/ NGO), , for small k, (3.6) 
mV 


as can be expected. For finite , strictly 


speaking, E(k) deviates from linearity to k 
and show the dispersion. 

Using the transformation (3.2), the interac- 
tion term %’ can be written as 


ys 2(k-k’ , 
SS ima an 
0<[k+k’ |<ko 
x {bis bi bt we +0 bide 
—2biswb* ibe +c.c.} , (3.7) 
where 


ax=(T(R/E(R)P? , 
and c.c. represents the operators conjugate to 
the preceding ones. 

On the other hand, Hina, has the form 
(kinetic energy)+(short range interactions). 
As was suggested by Feynman”, the excited 
states of such a system have a wave function 

of the form 
(the permanent of the plane waves) 
x(the ground state wave function), 
and the excitation energy can be given ap- 
proximately as 
hk? 

Oh) = Ont 
where m* is the effective mass. 

Substitution Eq. (3.2) into Eq. (2.7c), leads 
to 


(3.8) 


> 


1 2 hie 
Ei. = 7p yen 0< [RISE , 2m 


1 z 
+ ps e™*3) 99 (bx, —8-«) 


rd BAKKE) ease ye, 1 

ou Ag age 

HN = o<iel, ih I<k, 2m © Aedes 
ko <lk+k’| 


x (bi nb Re —2b7 de +Opdn’) - 
Thus, the interactions among various excita- 


tions can be written down explicitly. Eq. (3.7) 
represents the interaction between phonons, 


(3.9) 
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and Eq. (3.9) between phonons and rotons. 
The interactions between rotons are included 


1D etna 
§ 4. 


As was mentioned in §2, our Hamiltonian 

Gf involves excess degrees of freedom. Usu- 
ally, this excess freedom is avoided by the 
subsidiary conditions (2.8), which is too formal 
and inconvenient. Here we use another pro- 
cedure which is generally applicable to Bose 
systems. 
The basic idea is the following: We con- 
sider the Hilbert space which consists of the 
wave functions which contain x;’s and px’s as 
independent variables and call this space U. 
An element of this U-space will be denoted 
as |v). The Hamiltonian &, Eq. (2.7), is 
an operator in this U-space. On the other 
hand, let the Hilbert space which consists of 
the wave functions which contain x;’s only as 
independent variables be V, an element of 
which will be written as |@>. The original 
Hamiltonian H, Eq. (2.1), is an operator in 
this V-space. 

Then we can define an operator P which 
operates on |@) in U-space and puts it into a 
state |a@> in V-space 

Pla)=|a@). (4.1) 
To write down this operation explicitly, we 
may proceed as follows, 


Kinematical Interactions 


Po(x5; pr)=G(%5; Pr(2Xj)) « (4.2) 
The meaning of this equation is as follows: 
When we operate P on any function g which 
contains px’s as independent variables, then 
ons in PY are no longer regarded as inde- 
pendent variables, and so Pg depends on x,;’s 
through o,’s as well as explicitly. 

Now we take the sub-space U; of U-space 
which has the following property: From com- 
plete orthonormal set of functions |a@1), |@2), 
--- in this sub-space U,; we can get the set 
of the functions in V-space, Pla,)=|a), 
P|a,)=|a.>---. If we choose U, properly, 
then |a,>, |@>, --- can be made linearly inde- 
pendent of each other and, moreover, form a 
complete set in V-space. That is, any func- 
tion |» in V-space can be expanced in terms 


of these |a@;>’s, 
[>= > |as>es (4.3) 


the coefficients c;’s being determined uniquely, 
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These |a;>’s are not always normalized and 
orthogonal to each other, since <ai|aj>= 
(a;|P|a@;) is not always equal to di;. 

Now let us consider the eigenvalue problem 
and also the calculation of the trace in V- 
space in terms of this non-orthogonal set. The 
result is very simple as shown in the follow- 
ing: For any operator A in V-space, we can 
write 


Alai>= = lapyAj . (4.4) 


This is possible because of the completeness 
of the set |aj>. We can not, however, set 
Aj=<ai|Alai>, because |ai>’s are not ortho- 
normal. 

Using the coefficients A,;’s in Eq. (4.4), we 
can write down the secular equation determin- 
ing eigenvalue a of A as follows, 


|Aj—ady:|=0 (4.5) 
and the trace of A can be calculated 
AeA Sy Au . (4.6) 
a 


Eqs. (4.5) and (4.6) are obvious because Aj 
can be considered as a matrix representation 
of the operator A. 

Next let us define the operator % in U-space 
corresponding to the physical observable A in 
V-space in the following way 


PREAP (4.7) 


This procedure is equivalent to that used by 
Dyson” to construct the operator in the “ideal” 
space from that in the original space. 

That our Hamiltonian &, Eq. (2.7), satis- 
fles the relation (4.7) is seen as follows: The 
operator A is a function of the particle coordi- 
nates x;’s and momenta p;’s. From the re- 
lation (4.7) we get 

P38 = A BP 


meaning that if 2 corresponds to A, and 8 
to B, then the operator corresponding to AB 
is 2%. Thus it is sufficient to construct the 
operator in U-space which corresponds to the 
operators x;’s and p;’s in V-space. 
Now we can write for x;: 

xjPY(%j; OK) =XIP(KS; On(Xs))=P{xjP(xj; p)} . 
Thus, x;’s need not be rewritten. But when 


NV 
the form pens appears, we may write it 


either as ox or as Si gike,, the 
j=l 


arbitrariness of this sort remains in the defi- 
nition (4.7), showing that Eq. (4.7) is neces- 


Therefore, 
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sary but not sufficient to define %. We take} 
the form (2.3) for the interaction energy G. | 
Next, for p;’s we can write 


P_ Poles; px= ao (x53 onl) 
Xj | 


Ox; 
=*((35), +2 olen) 


| 

| 

This is just the transformation used in Eq! 

(2.4). Thus, it is proved that our Hamitonian 

(2.7) satisfies the relation (4.7). | 

Now, Eq. (4.4) is written in terms of thal 
operator 2% defined by Eq. (4.7), 


PUlai)=P ¥ |ay)A pe. (4.8) 


In general, 2%{a:) has components |fx)’s ortho, 
gonal to U,, 
Mlai)= dla) Aut x |Bu)Ani . (4.9) ) 

Ej 5 ; 


From the orthonormal property of |a@j;)’s im) 
U-space, we can calculate the matrix element: 
Aj in a usually way 
Aji = (a¢;|2 |i) : (4.10) ) 
Thus the secular equation (4.5) and the trace: 
(4.6) in V-space can be written as 
| (as|\Ulai)—ady, | =0 (4.11) 
and 


Tr A=. (4.12)) 


It is to be noted that in Eqs. (4.11) and! 
(4.12) |@;)’s should not be taken as the com-: 
plete set of the entire U-space, and A,, ini 
Eq. (4.9) has no physical meaning. Thus, for 
example, we must not take |@:)’s into con-. 
sideration even in the intermediate virtual. 
states in the perturbation calculation. It is: 
necessary and sufficient to consider the sub- 
space U, only. 

In our case the above-mentioned sub-space 
U, can be constructed easily. According to 
the arguments in $3 the wave function of the 
excited state, in which the phonons with wave 
numbers ki, -:-, km and the rotons with wave 
numbers Ky, ---, Ky are excited, has the form 
in our approximation 

D1 = Ofky.. kins Ky: 


ae 


Ky} 
= Pk," (4.13) 
where @) is the ground state wave function, 
and ¥{x,...K,} is a permanent of plane waves, 


V{Ky..-Ky} = =P exp [2(ax1+ aie + Knxn)] ; 


Ki: ‘Km}%o J 


where the summation is over all permutations 


4957) 


P of WN particles. On the other hand, the 
functions 
Be IU Ekg bya Kx) 


— x JP exp [i(keyxy+ “pelts + KemXm ++ Ba X41 


Tess +KnXnem)|, mtn<N, (4.14) 
form a complete orthogonal set in V-space. 
Thus, if we impose the restrictions lkil<ke, 


Ki | >k, and m+n< WN on the wave functions 


between the set O; and ¥;. 


) functions (4.13), 


(4.13), we can make one-to-one correspondence 
Therefore, when 
such restrictions are imposed on the wave 


they form a sub-space U, 


‘which has the same property as those men- 
‘tioned above. 


In other words, we can say that the roton 
excitations with wave numbers smaller than 


ke are inhibited and the excitations for |k| < ke 


are described only in terms of phonons, and 
that the total number of these excitations 
cannot exceed the total number WN of the 


particles*. 


systems. 


The above argument applies only to Bose 
In Fermi systems, it is not possible 
to describe the excitations only in terms of 
o.’s even for small |k|. This is possibly the 
reason why liquid He* obeying Fermi statistics 


exhibits quite different behaviors from those 
‘of liquid Het. 


In the case of the electron gas in metals, 


‘treated by Bohm and Pines™, the collective 


oscillations, usually called plasma oscillations, 


have very high frequencies compared with 


ES It might seem to be strange that the number 
of phonons is restricted. In fact, in the solid state, 
no restriction is imposed on the number of phonons, 


although the number of the modes of phonons must 


be equal to 3N. But in solids, the coordinates 
describing phonons are different from ours, Eq. 
(1.2), and are defined as 


N 
u,n= Ws 2S otk (05 =X), 
N 521 


where xj? is the equilibrium position of j-th atom 
in the crystal. This is a linear transformation from 
x; to u;,, and the inverse transformation is possible 
if and only if the number of the modes 1S GUNG Tbe 
this is the case, no kinematical interactions enter, 
and the whole system can be described by ux Ss. 
In our case, the inverse transformation of Eq. (1.2) 
is difficult to find, and it is more convenient to 
restrict the number of phonons. Moreover, it is 
due to this difference between above equation and 
Eq. (1.2) that our phonons can carry the momentum 


although the phonons in solids do not. 
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the individual excitation energies. Hence if 
the temperature is not so high, the plasma 
excitations may be neglected, and we need 
consider only the individual oscillations. In 
this case, the sub-space U; consists of the 
individual excitations only. Thus, the usual 
procedure in which we neglect the presence 
of the subsidiary conditions is justified. How- 
ever, in the case when the plasma excitations 
play an important role, it is necessary to con- 
sider this problem more carefully. 


§5. The Bose Condensation 


From the arguments in §3 and §4, we can 
derive the following model for the liquid heli- 
um 4: The total energy can be written as 


E=Ey+ bY MK)E(k) , ny 


where £y is the ground state energy, and 
€(k) is given by 


Eh) =2| Th) sy rae | fore 


E(k)= 
pa . for |k| > ke, 
(O02) 
and n(k) is subjected the following restriction 
> nhs No (5.3) 
|k[>-0 


where JW is the total number of particles. It 
is remarked here that Eq. (5.3) is the results 
of the kinematical interactions as was shown 
in §4. There remain only “dynamical inter- 
actions,” i.e., the non-diagonal term in the 
Hamiltonian. We cannot show that these 
interactions are very small and can be neg- 
lected, and, in fact, these interactions is sup- 
posed to modify the energy spectrum (5.2) to 
approach the Landau spectrum (1.1). Since, 
however, calculation is very complicated, we 
do not carry out the calculation here, but 
proceed the arguments based upon Eq. (5.2). 
Furthermore, the phonon spectrum (5.2) for 
|k|<k., may be replaced by vck, if the dis- 
persion can be neglected. Therefore, only the 
qualitative conclusions can be drawn. 

First of all, it is evident that the above 
model exhibits the Bose condensation because 
of the restriction (5.3). Furthermore, the 
transition due to Bose condensation is of the 
second order. This is due to the form of the 
spectrum (5.2) which is linear for small R. 
To prove this, we consider the relation be- 
tween the energy spectrum and the order of 
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the Bose condensation. In general, let us 
consider the N particles which have the energy 
spectrum &(#) and obey the Bose statistics*. 
To investigate the Bose condensation, we 
may only construct the grand partition func- 
tion, from which we can get the equation 
determining the chemical potential # as a 
function of the temperature 7, the volume V 
and the number of the particles N. If we 
get the solution for fixed V and N, in which 
# becomes zero below a certain temperature 
T-., the Bose condensation occurs at T=T7>. 
The order of the transition is determined by 
the value of (O02/0T).7, and (@?4/0T?).7,, etc. 
That is, if (Ou/0T).7,2<0, the transition is 
of the second order, and if (04/0T).r,=0 and 
(0?/0T?),7,2<0, then the order becomes third. 
Now the equation for 4 is given by 


NG gett ett ie 
Ne pecayt a Arck?dk eee (5.4) 
where a=—p/kRT, and B=1/kT. In Eq. (5.4), 


we assume that there is no gap in the excit- 
ation energy, that is, €(0)=0 and that €(k) is 
a positive function of |k|=k only. The second 
term of Eq. (5.4) can be written as 


Ne penel ae = i a : (5:5) 
27? n=1 0 
Here we expand &(&) in powers of k, 
E(k)=anklt+tak+-:-), %I>0. (6.6) 


Substituting Eq. (5.6) into (5.5) and putting 
anBk'=y, we obtain 

Woe ne 
27? n=1 [(nBay)*!’ 


Ea ne 


Voce) S 


| e- VA +a1 CY /MBag +++) y@/D-1 dy 

0 

Pa accel! tha deat 
272 I (Bao)? nm=1 nl? 


x [erryero-1(140/ ay ; 
0 


The integral over y converges because />0. 
Thus we obtain the equation 


Noxe.= A(T) F sla) + A(T )Fi(a)+-++, (5.7) 


* Jn our case, the total number of the excitations 
is not always equal to N. But this does not con- 
tradict with the usual statistics of N particles. 


The right hand side a n(k) of Eq. (5.3) represents 
20 


the number of excited particles, and the remaining 


N- Pe n(k) represents the number of the particles 
20 


in the ground state. 


ene 
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where 


(5.8) 


Now as a0, Fp(a@) becomes infinite if p<1,, 
but remains finite if p>>1. As is well known,, 
if Noxe., Eq. (5.7), can become infinite, them 
we always obtain the solution a>>0, and the» 
Bose condensation does not occur. But, iff 
Nexe, Can not become infinite, as a—0, wal 
obtain the solution in which a>0 for T> Tz, 
and a=0 for T<7T., leading to the Bose: 
condensation. Thus, the condition for Bose: 
condensation to occur is determined by the: 
first term of (5.7) and becomes 


=>1 Vis OTe (5.9) 
Of course, to determine the condensation tem -- 
perature J, all the terms in Eq. (5.7) mustt 
be considered. 

The order of the transition is determined! 
by the values of the derivatives of @ with 
respect to JT when T->+7,. For T&Tbe, im 
the equation (5.4) for a, the first term repre-- 
senting the number of the ground state parti-- 
cles can be ignored, and the right hand side: 
of Eq. (5.7) is equal to N. Thus, differentiat-. 
ing Eq. (5.7) with respect to 7, and putting: 
T-T, and a—0, we obtain 


ALT Foi (Gr) > (5.10) 
here we neglect all terms except the first.. 
From Eq. (5.10), we see that if (3//)—1<1, 
then (da/dT).7,=0, and da/dT is continuous: 
at 7=T. and the transition is of more than 
third order, and that if (3/l)-1>1, then 
(da/dT )+7,2<0, and da/dT shows discontinuity; 
at T=T,, the transition being of second order. 
Thus, we obtain the following relation; 


Beli no Bose condensation 


(3/2) <1<3: Bose condensation, transition 
of third order or more 
0</<(8/2): Bose condensation transition 


of second order 
(5.11); 
In our case, J=1 and we obtain the second: 
order transition, while, in the ideal gas, /=2) 
and the transition ‘is of the third order. Thus, 
our model agrees with the experiment qualita- 
tively. 


1957) 


As was mentioned above the quantitative 
results are not supposed to have any physical 
‘meaning. But we suppose that by adjusting 
the values of m* and k we can obtain the 
value of 7. and the specific heat curve which 
‘agree with the experimental data. 

The temperature dependence of the visco- 
sity coefficient will be investigated in another 
paper, using the interaction term given in 
this paper. 


§6. Conclusions 


The two purposes of this paper mentioned 
in § 1, that is, to connect the excitation theory 
with the Bose condensation theory, and to 
write down the interactions among various 
excitations explicitly, can be achieved by a 
‘simple method. The Hamiltonian, derived in 
$2 and §3, is rigorous, and the interactions 
between phonons are given by &’, Eq. (3.7), 
and those between phonons and rotons by 
& in., Eq. (3.9), and the roton-roton inter- 
actions are included in Hina, Eq. (2.7c). 
The energy spectrum of the excitations has 
the form, Eq. (5.2), so that our model exhibits 
the second order transition due to Bose con- 
densation as was shown in §5. It is noted 
that this is the result of the elimination of 
the kinematical interactions. The method of 
this elimination is very simple and convenient 
compared with the method of the subsidiary 
conditions. 

As was mentioned in §2, the interaction 
energy G(r) between two Helium atoms con- 
tains the strong repulsion term of short range, 
and this makes the Fourier expansion of G(r) 
impossible. This is completely neglected in 
the above discussion, and the velocity of sound 


is determined only by Go)= |GWar, but does 


not contain the zero-point energy of Helium 
atoms. In order to avoid this difficulty about 
the Fourier expansion of G(r), Bogolyubov™ 
proposed that G(k) may be replaced by the 
matrix element of scattering, and Kanazawa’ 
showed that such a procedure was really pos- 
sible in the method of Bogolyubov. In our 
case, however, this seems to be impossible. 
Instead, the following procedure may be em- 
ployed: We divide the interaction potential 
G(r) into two parts at the distance 7, 


Gi7)=Git)+Gxl7) , 
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ie for 7Srve, 
G(r) for r>r9, 


Gof" LOOP RST o- 

0 tor 7S ye. 

We expand only the first part Gi(r) into 
Fourier siries and use this to obtain the pho- 
non spectrum and the second part G,(r) is 
included in Hina, (2.7b). The cut-off length 
7) may be determined from the condition of 
minimum energy, although this procedure has 
not such a precise meaning as the usual vari- 
ation method. Then, the zero-point energy 
of rotons will affect the phonon spectrum 
through the value of 7%. 

In any way, our model emphasizes the fact 
the excitation theory can be connected with 
the Bose condensation theory smoothly, but is 
not concerned with another characteristic pro- 
perties of liquid Helium, i.e., the superfluidity 
below the 2-point, and the reason why the 
liquid Helium does not solidify under the 
normal pressure, etc. These are the problems 
about the ground state of an assembly of 
Helium atoms. 

Nothing is said about the dynamical inter- 
actions. One of the effects of these interac- 
tions would be the modification of the energy 
spectrum (5.2) which will probably approach 
the spectrum Eq. (1.1), proposed by Landau. 
The other important effect of the interactions 
will be the scattering of the excitations by 
each other. The calculation of the cross sec- 
tions for these scatterings and of the viscosity 
coefficient of liquid helium will be carried out 
in another paper. 

There remain some ambiguities in our model, 
for example, about the energy and the wave 
function of the roton part, and about the 
smallness of the dynamical interactions. We 
believe, however, that our model represents 
the essential properties of liquid helium at 
least qualitatively. 

Finally the value of k-, introduced in § 2, 
is determined from the minimization of the 
ground state energy. In our approximation, 
the ground state energy of phonon is given 
by 


Gi(r)= 


N N2 
Seley B®-sy GH) [+3760 . 
(6.1) 


We do not know about the roton part, but, 
since the roton energy is supposed to be al- 


d pee dee 
k|Sk, 
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most independent of k-, we may neglect this 
in the qualitative determination of k-. In Eq. 
(6.1), the summand is negative for small k, 
because there E(k) k and G(k)~G(0) >0. For 
large k, G(k) 0 and the summand is positive, 


so that the minimum value of E%,,, can be 
obtained by taking as the value of k, 

1 N 

6 Eke) Bip G(Re) . (6.2) 


Substituting Eq. (3.4) into the above equation, 
we obtain 


T(ke)= 2 _G(he) . (6.3) 
2V 

We cannot solve this equation exactly because 

of the lack of the knowledge about G(k), but 

in the approximation in which the dispersion 

of sound velocity is neglected, we can set 


N N eae 
Therefore, from Eq. (6.2) we obtain the value 
of ke, 


1 i 

“9 Che ise > 

This gives the right order of magnitude. 
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Cell Theory of Classical Liquid. 
Phase Transition between Gas, Liquid and Solid. 
Parts I and II. 


By Tohru Morita 
Physics Department, Tokyo Institute of Technology 
(Received July 4, 1957) 


The cell theories of liquid in the past have assumed that the molecules 
are localized near the centers of cells. In this respect, they may be 
considered as the theories for solid. In this article, the correlations 
between the occupations in neighboring cells are taken into account in 
the degree of Bethe approximation. This improvement of the cell theory 
is shown to be followed by the transitions between gas, liquid and solid; 
the liquid and gas states corresponding to the states where the distribu- 
tion function p“(r) is constant throughout the volume of the system, 
and the solid state to the state where the distribution function pr) is 
localized near the centers of cells. 

The development of the theory is based on the cluster variation method 
for cooperative phenomena in the cell pair approximation. For the il- 
lustrative purpose, the method is first applied to a system of square 
lattice gas. 

The numerical calculations are performed for the oritical point, phase 
diagram and second Virial coefficient in a very rough approximation, 
where the intermolecular potential of Lennard-Jones (6-12) type is used. 


Part I. Square Lattice Gas 


The phase transitions of two-dimensional 
lattice gases composed of molecules with both 
hard core and attractive interaction were 
discussed by Kikuchi? and Shimose. Apply- 
ing the cluster variation method, Kikuchi 
treated a triangular lattice gas composed of 


Ran 
Pav wa 
Ae tas’, 


Fig. [-1. 


molecules whose potential energy of interac- 
tion is infinity between nearest neighbor 
lattice sites, negative constants between 2nd 
and 3rd neighbor lattices sites and zero there- 
after. Grouping all the lattice sites into three 
sublattices as shown in Fig. I-1, and assuming 
that the solid state corresponds to the state 


where the molecules are more populated in 
one of sublattices (e.g. ® in Fig. I-1) than the 
others (O and x), he obtained the result 
that, in order that the stable liquid state 
exists, it is necessary that the depth of the 
potential energy of interaction is greater 
between 3rd neighbor lattice sites than 
between 2nd neighbor lattice sites. In an- 
other approximation, Shimose calculated the 
equation of state for a square lattice gas 
composed of molecules whose potential due 
to a molecule is infinity at the nearest and 
second neighbor lattice sites, a negative con- 
stant at the 3rd and 4th neighbor lattice sites 
and zero thereafter. Grouping all the lattice 
sites into four sublattices as shown in Fig. 
I-2, and assuming that the solid state corres- 
ponds to the state where the molecules are 
more populated in one of sublattices (e.g. @) 
than the others (©, x and A), he obtained 
the result that the stable liquid region would 
appear. 

In the following in part I, the square lat- 
tice gas, whose constituent molecules have 
the potential of the type (1’), will be treated 
by the cluster variation method of approxima- 
tion®. It will then be shown that, if the 
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same premise for the solid state and the same 
potential as those used by Shimose” are 
adopted, the stable liquid region will not be 
expected to appear. This problem is, of 
course, of quite academic nature*. This part 
may be considered to have the meaning only 
as the preliminary calculation to part II. 


Fig. 1-2. 


In this part, the part from “Phase Transi- 
tion of Lattice Gas I” published by the pre- 
sent author in Busseiron Kenkyu No. 106 
(March 1957) 30-38 (in Japanese) is translated, 
which seems to be useful for the development 
of the following part. Three dimensional lat- 
tice gas composed of molecules with both 
hard core and attractive potential was also 
discussed by the present author in Busseiron 


Kenkyu No. 106 (March 1957) 39-50 (in 
Japanese). 
§1. Application of the Cluster Variation 


Method 


Let us consider a square lattice with lat- 
tice constant a/2. Let WN indistinguishable 
particles be on 4Z lattice sites. Let the 
potential energy of the system be the sum of 
contributions from pairs of molecules and the 
potential energy between two particles, one 
at rs and another at rm, be of the form 


V@(rs, re=VO(rs—ril) , (1) 
=o, p=) Gia, Fale 
VPs SO ar aad mM?) 
=0, roo; 


* A possible example of the system, for which 
the argument of part I will be applied, is the 
adsorbed monolayer on a crystal surface, when the 
diameter of the adsorbed molecule is about twice 
as large as the lattice constant of the crystal sur- 
face. 
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the particles have cores of diameter VY 2 a/2? 
This system may be characterized by a 
following three conditions: 1) The configu 
ration of the system is described by the con 
figurations of 4Z lattice sites. 2) The possibléd 
configurations 2s for s-th lattice site (s=1, ---) 
4L) are “a particle is present at the sité 
s——as=p. at s” and “no particle is at the 
site s——avs=a. at s”. 3) The potential energy 
| 


of the system is, for the configuration (a1, --*: 


4); 


41 


(2 


O(x1, +°°, X4r)= +3 ys V Oars, xi) 
(set) | 
V (as, ar)= V (rs, re) 
if both w=p. at sand z:=p. at f, 
V (as, 2:)=0 if otherwise. ( 2a 


These conditions allows us to apply directiy 
the formulation of the cluster variation methse 
proposed in CVM to this system. 

At first, we have to decide the preservee 
clusters and the not-preserved clusters. We 
introduce cells in the lattice as shown in Fie: 
I-3; a cell-consisting of 4 lattice sites. j-th 
lattice site in 7-th cell will be denoted as 7/4: 
G=1, “ls vols 2,3) 4) esWesdividesua™ 
clusters, clusters whose constituent lattice 
sites are conceived either in one or two cell 
and clusters whose constituent lattice sites aré 


Fig. I-3. The numbers attached to lattice points 
denote the values of up. 


over three or more cells. We adopt the 
former ones as the preserved and the latter 
ones as the not-preserved. We will call this 
way of decision “the cell and cell pair ap- 
proximation”. In this approximation, the 
function F, whose minimum value is to be 
taken as the free energy, is written as, ac- 
cording to (CVM-9 and 7)**, 


** (CVM-9) means Eq. (9) in CVMD). 


i 4 4 
i a Pa = e(@in=P., tjy=p.)V (| rin—rjy|) 


L 
me kT 2 In G (21, 72, 73, i4) 


Be Ol an as, Fs JL, =, 74) 

| ee COG COG... “iy 

| (3) 
_ The approximate equation (3) can be obtained 
rom another point of view, where the cell is 
aken as the unit. Then, the system can be 
haracterized by that: 1) The configuration of 
he system is described by the configurations 
the L cells. 2) The possible configurations 
x of i-th cell are “a particle is present at 
attice site iu——p. at iu”, (u=1, 2, 3,4), and 
M0 particle is in the cell i—-a. ini”. 3) 
[he potential energy of the system is, for 
the configuration (a,, ---, 22), 


O(a1, --- (4) 


© Vw, 2) =VO Urn —rpl) 


if both a=p..at iz and 2j;=p. at jv, 
=0) (ae) 
In this point of view, if we take all cells and 


if otherwise. 
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all pairs of cells as the preserved clusters 
and the others as the not-preserved, then we 
obtain Eq. (3) for F. 

Now, we introduce p@ (or po) and 
ecell pir) (or o(%)) taking into account of (CVM- 
10 and 11) as in Tables I and II. 


Table I. 
configuration of cell 7 
present at 2 


its probability 
pY(u), (u=1, 2, 3, 4) 


. 4 N 
absent in @ 1-0 6 > 0") =— 
mm re 


Table I. 


configuration of 


cell pair (i, j) its probability 


p. at im and p. at gv O(a, Jv) 
=p Xn)pPo)gFGn, Hv) 
4 


oY(n)— St pip, Jv) 
y=1 


p. at qj and a. in 7 


cs 


a. in 4 and p. at jv eY(v) — 3d) pp, Jv) 


wal 


eRe «Te 
Dd, 0 (ip, Jv) 
1 weal 


tl 


» 


a. in @ and a. in 7 1-—20+ 
1 


i 


In, Jr) =9(u, V5 Ta-Tp) 


By using these tables with (CVM-6), (3) be- 
comes 


FDS SY ou p)9 En, ix) VOC — Fl) 
LRT 2kT jai wai vai 
Cj) 


2 o{3 


wal y=1 


++ x 9° (40} 1 SoM) git, i» | 
+ SM) | 1— & pw lin, i» | In 
y=l h=1 


és . . 
4/3 ~2p+ YY Pu) gin, i»| eee meee 
we=ly=l 


a 


p(n) and g(in, jv) are to be determined so as 
to minimize this equation (5). It is easily seen 
that g(in,jv) is zero when V@([riw—riv = ag 
and unity when between two cells 7 and j 


In - 


4 ype . 
SY pY(poO(v)g(te, jv) In gus, Jv) 


pat 


4 
1— + pMPVvjg@ Un, jv) 


1—p 
4 
1= X Pe)g Cin, 3») 
Bele et, ; 
Lop 
4 4 
Les 20 py fs eNO ee ay 
Malysl ; ‘ 
a=»? 


(5) 


V©(lriw—ry|)=0 for any of w=1,---,4 and 


any OL y=1, 20,4: 


In the next section, we restrict the varia- 
tional functions p® and g® and proceed the 


1198 


approximate calculation. 

§ 2. 
In a quite rough approximation, we restrict 

the variational functions in the form 

0 if V@(riau—ry|)=0 

1 if otherwise , 


Approximate Calculation 


gin, j)=| (6) 


Giese 20 gt? Py) =p G3) =e 
ee 4 cosh? B ae cath ati 4 cosh? 8 
CD (Ay Os B38 7 
oe 4 cosh? ae ae 


the only parameter 8 is to be determined so 
as to minimize F. Substituting these into (5), 
we obtain 8=0 as one of roots for 0F/OB=0, 
and calculating (62F/082)s-», we find that P=0 
corresponds to the minimum at higher tem- 
peratures than 7; given by 


i 4 1 
dg 8g.) 
iL 2 
+ Say 
beset Lp: 


1 c 
—2In(1—F a )+2In(1— 5m: ) 

3 5 
—In (1p: ) +1n (1 1o) (8) 


and to the maximum at the lower temper- 
atures; where 


4690 S* VO(lru—ral) , (9a) 
j=l 


Bo > [V @(|ri1—rjo|)+ V © (ris —r5js|)] ? (9b) 


I 
8¢,= Di V@(|ra—rial) ’ (9c) 
j=l 


where * on the summations means that in 
the summations j for which V@(|riz—ryjy|)= 0 
should be omitted. 

When 8=<0, one of sublattices (e.g. u=1) 
is more populated than the others (u=2, 3, 4) 
and the state may be considered as the solid 
state. On the contrary, if B=0, then o(1) 
= p@)(2)=p(3)= (4) and this state may be 
considered as the fluid state. The transition 
between these states is given by Eq. (8), 
which is drawn in Fig. I-4. The quantities 
for fluid state can easily be calculated; for 
instance the critical point is given by 


VU Se. L/de=3.01 . 

Rive 
—= —~=().1380 . 10 
—(P~at2yo+2¢¢) a) 
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The potential used by Shimose is ¢a=%o= — 
¢e=0; for these values kT,=0.414, this crit! 
cal value is also plotted in Fig. I-4. | 
This figure I-4 shows that from our “ 
proximate calculation we cannot expect t 
appearance of the stable liquid region. 


= ae es _ _solid 


meta-and 
un-stab!e) 
region — 


(GF = } 
Fig. 1-4. Phase Diagram. (gg=¢,)=—1, ¢c=0; thi 
dotted lines are schematically drawn.) 


Part If. 

In this part, we translate the calculation « 
the previous part to the case where the num 
ber of the lattice sites in a cell is very large 
and then we make this number tend ¢ 
infinity. 


Classical Liquid 


$1. Application of the Cluster Variatie 
Method 


The system considered in this part is suc 
that NN particles are interacting with eac 
other by Lennard-Jones (6-12) potential in 
volume V. 

At first, we consider the case where th 
particles constituting the system have har 
cores of diameter o. Let us divide the volum 
V of the system into L cells in such a wa: 
that the diameter of any of the Z cells doe 
not exceed o. Moreover, let each cell b 
divided into s volume elements. Then, thi 
system may be characterized by that: 1) Th 
configuration of the eystem is described b 
the configurations of sL volume elements. 2 
The possible configuration for a volume ele 
ment is either “a particle is present in it 
or “no particle is in it”. 3) The potenti 
energy of the system is the sum of potential 
between pairs of volume elements, and th 
potential between a pair of volume element 
is V@(r), r being the distance between th 
volume elements, when the configurations ¢ 
both volume elements are “a particle is pre 
sent in it” and is zero otherwise. In thi 


: 
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ase, we need an additive term (CVM-12) for 
1e function F, whose minimum is to be 
uken as the free energy of the system: This 
srm is calculated by putting u(z,;=“a particle 
; present in 7”)=ai, ui being the volume of 
ze volume element 7, (¢=1, ---, sZ), and 
(@#i=“no particle is inz”)=1. Applying the 
luster variation method in the cell and cell- 
air approximation, we obtain an expression 
or F analogous to (I-3)*. This equation is 
btained form another point of view where 
he cell is taken as the unit, just as is done 
1 part I. In this point of view, the system 
; characterized by that: 1) The configuration 
f the system is described by the configura- 
ions of L cells. 2) The possible configurations 
f cell 2 are “a particle is present in volume 
mement 7—p. in iu” (u#=1, ---,s) and “no 
article is in the cell z——a. in 7”. 3) The 
otential energy of the system is, for the con- 
iguration (21, ---, xz), 


V O(a, SD V @(lriw—riv—Risl) 
if both #=p. in 7 and xj=p. in iv, 
=(0 if otherwise , Gig) 


where riz is the vector from the center of 
cell z to that of the volume element zy and 
Ri; is the vector from the center of cell z to 
that of cell 7. The additive term to F is 
calculated by taking n(ai=p. in iz)=ui, and 
Nae in) 

We take as ZL cells decahedrons of equal 
volume u=V/L, then the centers of cells con- 
stitute a face centered cubic lattice, the dis- 
tance between nearest neighbor lattice sites 
being (u//Y 2/3. Denoting a volume element 
by dr, where r is the vector drawn from the 
cell center, we take the probabilities for the 
configurations of cell and cell pair as in Tables 
I and II. 


Table I. 


configuration of cell 


its probability 


o( ) 1 Sis Vor, 1 a present in dr at r p2(r)dr, (rin w) 
NCO el euer a CL) —— Vir Uv uw 
; 2 ae i absent in the cell th= =| oY (r)dr 
Gj) 
Table II. 


; configuration of cell pair (7) 
p. in dr; at rn; and p. in dr; at rj 


p. in dr; at ry and a. in 7 


a. in @ and p. in dr; at r; 


* a. in@ anda. ing 


Using these tables, we make the function F. 


its probability 
02Ani, 75; Rip dridrj= pO )eO(r/) gi, 17; Ridridr; 


| p@(r;) - "oO, rj; Ri j)drs |dri 
2 : wt r 

015) - [ po ri, 193 R; 5) dr; |r; 
123 J 


wiCus 
1~2p-+| \ 02 ni, 15; Rij)dridr; 


In the limit of sco, the function F becomes 


ets) > sa ri Wn dridrjsV (ri, 15; Riso ri, 15; Br) 


ak T 2kT 3 


e 


+\ dro(r) In (rn) +(1—p) In (1—p) 


+72 [ - i. dridrjpO(ri, 13; Ris) In g@(ri, 15; Ris) 


uj 
1—[" dro (rare, m9 Re) 


w us 
+| Par, (o%r)— | drj}0 (ri; V3; Ry) In =o sy 


1— 4 drip©(rig@ (ri, 73; Ris) 


ae i dr; (or) [3 driop@ (1-1 Yj; Ri) In 5 T= ea 


1—20+ i \" dridrjp(ri, 73: Ris) 1 
(2) 


+ (1-20+\" \ dridr; 0 (ri, Ti; Ri) ) In ae scien =? a 


"* (1-3) means Eq. (3) of part I. 
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e© and ¢® (and L=V/u) are determined so as to make this function Fa minimum. Ast 
g®,-the statement under Eq. (1-5) is valid. The variation by g® gives 


rf) 
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: 


| 


| 
2o+ \ \" dr: drsp© (ri, ¥5; Ry) i 
(3 


Fate (Fy ss RS  — 7 = 


; aj : te ui ; 
(o ri)— | drjo© (Ti, 3; Ri) )(0rs)—| drip (ri, 5; Rs) 


This is the generalization of the approximate 
formula which is the basis of the Bethe or 
quasi-chemical approximation”. 

In the above arguments, we have proceeded 
the discussion under the restriction that the 
diameter of a cell does not exceed o. When 
the diameter of a cell is allowed to exceed og, 
we have to take into account the probability 
that two particles are present in a cell in ad- 
dition. However, if the probabilities of such 
configurations are negligible, we may consider 
these probabilities to be zero before the varia- 
tion is taken; which will affect the result very 
little. And with this procedure, the function 
F to be minimized becomes the form of Ed. 
(2) again. In conclusion, if the cell size is 
not very large compared with the diameter of 
a particle, we may calculate the free energy 
of the system using Eq. (2) for F. Analo- 
gously, when, even if the particles do not 
have the hard cores, the interparticle potential 
is rather singular and the probability that two 
or more particles are present in a cell is 
negligible, we may calculate the free energy 
by using (2). 

We will apply Eg. (2) to the case of Len- 
nard-Jones (6-12) potential 


yo — ee ) - (4) 


In equation (2), if we put g@@=1, then only 
the first three terms are retained, which is 
just the form from which Mayer and Careri® 
started their variational calculation. This ap- 
proximation may be called “the cell approxi- 
mation” in our scheme of development. 
Moreover, if a=1, it reduces to the equation 
introduced by Kirkwood®. In our scheme, the 
hole theory of liquid, in its features, may 
be considered as the approximation where 
g@\(ri, r;; Ri;) is taken in the form g*(rig*(r;), 
@ir)=ale™(r)F, @ and 8 being constants, 
when ; and j are neighboring cells and taken 
unity otherwise. When we take g*(r)=c™?, c: 
constant to be determined so as to minimize 


in the theory of Levine, Mayer and Aroesté 
the rigorous grand partition function ¢ 
a lattice gas is replaced by the function w 
is obtained by applying Bethe-Fowler appr 
mation. It is my opinion that with the 4 
proximation of the form g@(ri, ri; Ris= 
o*(rdg*(r;) the localization of p“™(r) near 
centers of cells is inevitable, and as the c 
sequence we cannot expect the transition | 
tween solid and liquid or gas. It is to! 
noted that when we start with “the cell 
point pair approximation ” then the last thr 
terms in the sum of the fourth term of 
drop, and when we start with “the point ans 
point pair approximation ”, then the third term 
drops in addition. 

In our approximation, as uw is taken to 
smaller, the number of the preserved clusten 
is reduced and the evaluation of entropy tern 
will be worse. So, we will restrict the valu: 
of « so as not to become too small and deter 
mine p™, g®@ and u so as to minimize thy 
function F. ) 

As to the result of the variation, it i 
expected from the calcuations for lattice 
gases*, that two regions will appear: thi 
“fluid” region where p©(r)=1/v (constan 
independent of r) at large specific volume © 
and high temperature kT and the “solid’ 
region where p™(r) is localized near the cente 
of cell at small v and low kT. We will hene 
take up two sets of variational functions witl 
one parameter, each corresponding to one 6 
these two regions, and adopt the smaller 6 
the two minimum values for F as the ap 
proximate value of the free energy. 


i 


$2. Approximate Calculations 
2a. Fluid Region. The variational func 


tions corresponding to the fluid state ar 
chosen to be | 
eM(r)=1v, v=V/N=ulp ( 5 


= 


Part I and several papers cited there. 


: 


a 

I(r, 5; Rij)=JO(|r—1ry—Ris|) (6) 

Gri 0 Pea OORT, Sg KE 
in the same degree of approximation as used 
in Part I. Substituting these into the right- 
hand side of Eq. (2), retaining the contributions 
between nearest neighbor cells only in the 
sum of the fourth term and estimating the 
integrals in the last three terms in the sum 


of the fourth term in an approximate way, 
we obtain, for f=F/N, 


pies Nnas8ro("” are ao 7 i 
i ro ©) 47 © E)b 


_ ; (eaopleys 


OEE 9 — SAA mm, A feeds $a * 


| Sy ee ee 
(ey 


In bee tre 


48 29+) In : (7) 
0 (1—p)? 


where 
| o 
Tu = | gO(rs=0, 15; |Risl = (Ul V 2) )dr; 

(8) 
and €=a?/u; + being the function of & only. 
g(r/a, €) is the factor due to the fact that 
there cannot be two particles in a single cell 
ata time. Substituting (4) into (7), assuming 
— to be constant and approximating that 
g(r/a, ©) =1, we find that the value of uw which 
minimize f/kT is given by 
x {,_ _6kT Fe 


127 in —7p) 
é 1/2 
ae ( a 6r ) In (1—20-+r0*) |} . (9) 


The equation of state is obtained from (7) and 
(9) to be 
pu Ik NOgef 2 
Rn okT ae ER 
In these equations, on the one hand, we 
have retained the correlations between nearest 
neighbor cells only, which is justified if is 
small, and, on the other hand, we have put 
g(r/a; £)=1, which is justified if & is large. 
As the point of compromise, we may esti- 
mate that £= 72 from intuition; when 
f—1/ 9, a is equal to the distance between 
centers of neighboring cells. In the following, 
we use for numerical calculations 


—&=/Y2 and 7= 015942 


2 11 
a In (1—p) 
eu? 0? ( p 


(10) 


3)41. 


(11) 
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The critical values obtained are 
RTc=1.31, ve=2.77, pe=0.168, peve/kTe= 0.354, 
which are to be compared with the experi- 
mental values for argon: 
RT-=1.26, ve=3.14, po=0.117, pevre/kTe=0.291. 
In Figs. II-1 and II-2, the pressure and density 


under liquid-gas equilibrium calculated by 
using (9) and (10) are drawn. 


0.2 
solid 
————os critical 
Ve point 
Pp 0.I calculated 
exp. for Argon 
gas 


triple point 


O 
Ow 02 04 06.08 LO 12 yA 


kT 
Phase™Diagram (p-kT). 


Fig. II-1. 


solid 


cope 


ee ates nee 


0.0 : = 
00 02 04 06 08. 10 2 14 


Kas 


Fig. IIl-2. Phase Diagram (1/v-kT). 


In the limit of voc, (10) and (9) reduce to 


pv B 
~—=1+4+— 12 
oT tes (12) 
1 lon fee 2 
= SS a 13 
isle eal meer. 3) Ge) 


2 Si De tee 
S/T! 2 sme RT. (14) 
£2442 ee ( 7) 
The second Virial coefficient B calculated with 
y=0.594 is compared with the rigorous value 
in n Fig. IL She 


zk If we determine the “value of” y so that the 
value of B at high temperature (k7=400) may fit 
with the rigorous value, we obtain y=0.639. The 
curve of B with this 7 is also drawn in Fig. II-3. 
Using 7=0.639 and §=1.3042, we obtain for the 
critical values 
Ee Whooyve Vo 2-99, 


Pe=0,179, Deve/kT'e=0.382. 
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2b. Solid Region. The variational func- 
tions corresponding to the solid state are 
chosen to be 


Gin? sa73 ale 

qa) — [= Sa 6r-/2tley 
err=( Tm, e BY Fone) 
IP (i, Yj; Rij)=1 ’ (16) 
u=v=23 or L=N. (17) 


Of course, it might seem to be desirable to 
choose the variational functions with more 
parameters, e.g. those used by Mayer and 
Careri® or those analogous to Levine, Mayer 
and Aroeste’s®. However, at the density of 


+ af ts 
50) NCO» AOC, 
ki — 


4 1 0 
5 KO, yo) 


Nr 


7 =0.594 
7 =0.639 


rigorous 


Fig. II-3. Second Virial Coefficient. 


solid these reduce to the one we have chosen, 
which is seen from the Table I in Mayer and 
Careri’s paper, so it is satisfactory to cal- 
culate with our variational functions. 
Substituting (15)-(17) into (2) and adopting 
such approximations in the first term that the 
potential energy is replaced by Morse type 


V (7) = e- P1072!) -1] —2¢-6[(r/2G19)-1) (4’) 


when the contributions from nearest neighbor 
cells are calculated and by the values for the 
distance between the centers of cells when 
the contributions of the further apart cells are 
calculated, we obtain 


a Fe ( 2a _ 248202) (18) 


v* vy 


BE ES OEE 


fe 1h, — Dp!) 01 207Y —12@412 99 (] __ 9.9) p3822y-62+6 
3 3 6 ; 
where y is determined by 
pine 


[1—6x(1—2ay) Jel227y- 122412 
Buy 


+[1—32(1—ay)]e3274- 82 +6 , (19) 
which has been obtained from (18) by taking 
Of /RT)/Oy=0. 

Jf/kT from (7) and (9) and from (18) and (19) 
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are drawn in Fig. II-4 for kRT=0.7, 0.8 ane 
0.85. The lower of these two is taken te 
give the approximate value for the free 
energy. From this figure, the values fo) 
solid and liquid equilibrium with p=0 are 
read to be 1 

Pile Os0u : Unen ia OS ° | 
which may be compared with the values fol 
melting point of argon (p=0.0024) 
RT m.=0.699 ; Deed = LeU , Ua tigaid— Lee ! 
The equilibrium curves between solid anc 
liquid and also between solid and gas are 
drawn in Fig. II-1 and II-2, in a very rough 
approximation; the values being taken from 
Fig. II-4. ! 

Though the calculations have been very 
rough, our cell theory may be said to be the 
theory for gas, liquid and solid, while the cell 
theories of liquid in the past to be rather 
theories for solid and unstable solid. Consid- 
ering the roughness of the approximations 
used, numerical values obtained may well be 
said to be generally in good agreement with 
the experimental values. 


Ver. liquid = 1.¥4 


Fig. II-4. 
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The possibility is examined to give rigorous expressions for kinetic co- 
efficients such as heat conductivity, diffusion constant, thermoelectric 
power and so on which relate the flow of a certain kind to the generaliz- 
ed forces of thermal nature. We take here as the fundamental assump- 
tion Onsager’s assumption that the average regression of spontaneous 
fluctuation of macroscopic variables follows the macroscopic physical 


laws. The kinetic coefficient Gj; appearing in the phenomenological e- 
quation, d@;= >) Gj (0S/daz) is shown then to be expressed as 


ee B 
Gn=66)>| de{ < ay(—thad) a; (rt) > da 
0 


0 


where i is the Boltzmann constant and B=1/kT. This is the same type 
of formula as we have for kinetic coefficients for mechanical distur- 
bances (Kubo, J. Phys. Soc. 12 (1957) 570). The theory is illustrated 
for the example of electronic transport phenomena. 


§ 1. Introduction 


In the preceding paper by one of the pre- 
sent authors! a general theory has been 
developed for the calculation of kinetic coef- 
ficients such as electric conductivity and 
complex susceptibility in periodic field. It 
was shown that these kinetic coefficients are 
expressed in terms of time fluctuation of ap- 
propriate internal variables of the system. 
This conclusion was obtained by a perturba- 
tional calculation of linear response of the 
system to the external disturbance which is 
axplicitly involved in the Hamiltonian of the 
system. We shall call in the following such 
listurbance as mechanical. 
~The mechanical disturbance is controlled by 


| 
} 
’ 


a5 ee 


the observer in a mechanical way and the 
interaction of the system with the outer body 
which is directly controlled can be expressed 
by an additional perturbation energy which 
perturbs the natural motion of the system. 
There exists another kind of outer distur- 
bances which will be called thermal distur- 
bances. We are dealing with this kind of 
disturbance when we observe a non-equilibrium 
system in which temperature, pressure or 
concentration of particles is changing spacial- 
ly or temporally. Thermal disturbances can 
not be expressed by definite perturbation 
energy in an unambiguous way. 


* Now at the Research Institute for Fundamental 
Physics, University of Kyoto, Kyoto. 
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Now the question arises if it is possible to 
give similar expressions of the kinetic coef- 
ficients for thermal disturbances as_ those 
obtained for the mechanical disturbances. The 
answer should be yes, as we anticipate from 
the fact that the whole theory developed in I 
is a sort of generalization of the Einstein 
relation which means the conductivity is re- 
lated to the diffusion constant. The aim of 
the present paper is to give a physical argu- 
ment to justify this anticipation.» We shall 
do this by following the, line of logics used 
by Onsager® in his monumental work on the 
reciprocity theorem. The general idea will 
be discussed in the first two sections. This 
will be further illustrated in the last section 
by the example of electron transport pheno- 
mena. The exact expressions are given for 
the kinetic coefficients appearing in the linear 
relations connecting electric and heat cur- 
rents with the gradient of electrochemical 
potential and temperature. 


§ 2. Application of Onsager’s Assumption. 


Classical Case 


In order to derive the generalized recipro- 
city law, Onsager? made the fundamental 
assumption; 

(A) The average behavior of fluctuation of 
a physical quantity in an aged system is 
governed by the macroscopic physical law 
which governs the macroscopic change of the 
corresponding macroscopic variable. 

This assumption is easily understood by a 
simple example. We may have local and 
temporal fluctuation of the temperature dis- 
tribution in a system in thermal equilibrium. 
This fluctuation will decay in time on the 
average, following the Fourier law of heat 
conduction. We shall call this Onsager’s as- 
sumption. 

This will be expressed mathematically in 
the following way. Let aj(j=1, 2, ---n) be 
a set of macroscopic variables of a system 
which we observe. These variables are con- 
sidered as stochastic variables. We further 
introduce the variable, 

a;t+At\a’) , 
which is defined as the stochastic variable a; 
at the time point ¢+4t¢ when the observed 
values of (a, ---, @n) at the time f are 


specified to (a@y’, +++, @n’). Now the assump- 
tion asserts that the relation, 
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OS 


aj(t+ 4t\a’) w= > Gix Pee e (2.1 


holds for a time interval 4f which is short it 
macroscopic sense but is sufficiently long o1 
microscopic scale. In Eq. (2.1) aj(¢+dtla’) i 
the average of a,(t+4tla’) for all possibls 
initial states at the time ¢, which are co 
patible with the prescribed values a’ at 
On the right hand side of the equation, S i 
the entropy which is considered as the fune 
tion of the variables aj’, @2’, --- @n’, so tha 
0S/da’; multiplied by the temperature T i 
the generalized force which drives th: 
variables a;’, --- an’ to change in macroscopi 
way. The constants G;, are the macroscojm 
coefficients which correlate the motion of a 
to the driving forces. As far as we confia’ 
ourselves to those cases where the deviation 
from equilibrium is small enough, we general 
ly expect the existence of linear relation 
between the average velocity of regression o 
a, and the driving forces.» In such case 
Gix’s are simply constants in which we art 
Now interested. 


Onsager obtained his celebrated law of re 
ciprocity from this assumption and the prin 
ciple of microscopic reversibility by showin 
that 


<a (t+ At)ar(t)> —<a;(Hai(t)>= —kG i, At 
(2.2 


where k is the Boltzmann constant and < | 
means the average over the equilibrium en 
semble. | 

Now we see that Onsager’s assumpti« 
provides us, besides the general proof of ré 
ciprocity, a method of calculating G;, in term 
of the time correlation of fluctuating variable 
a if the correlation can be calculated. 

This is essentially the way of our reasori 
ing employed in the present paper. In tht 
preceding paper? we pursued the dynamicé 
response of the system to a mechanical oute 
disturbance to derive the admittance ji 
general, which is expressed as the Fourie 
component of time fluctuation of correspona 
ing physical quantities (fluctuation-dissipatic: 
theorem). Onsager’s assumption is rathe 
a consequence of that argument. But, nov 
we reverse our standpont, and_ start frop 
Eq. (2.1), that is the assumption (A). 

In order to obtain a concrete expression ¢ 


- 
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the coefficient Gj, we rewrite Eq. (2.2) as 
follows. 


= a at+ Atai(t)—as(ta(t)) 


t 
=+on\, 


iL At 
=; ( 1 ma Gi(t-+t)du(t)> dr (2.3) 


ar’ « ajt+r)a(t) » dt 


In this transformation we used the relation, 


mE Oe) Y, (2°4) 
which follows from the condition of stationary 
process, 


{ ajDatt) >=< a(t+ tat’ +t) > 
| =( aj(t—t)a(0) > 


bg =< a;(O)a(t’—2) >, (2.5) 
and the assumption* that 
{ aja, >= —K aja, >=0. (2.6) 


Eq. (2.3) can further be written as 
Gia ai € ajt+r)al(t) > de 


a ; I< exs(t)G0(0) > dt , (2.7) 


| 


provided that the correlation time of a; and 


> Cindi. \ai'{ay Ane —S(ary’ i 


=/2 >) GjmAt fF Nai", a ay) War: 
Am 


‘ mm 


= —kGjAt 


which coincides with the right-hand side of 
eA. (2.2). We made here use of the assumption 


oe If the . condition (2. 6) is not fulfilled, Eqs. 

(2.3) and (2.7) must be corrected by the additional 
term. 
| 1 1 3 

ee ajar P= Sage Sy 
'* The infinite integral here is rather the 
Cesaro limit as one sees at once from the last 
form of Eq. (2.3). The Cesaro limit may be re- 
dlaced by the Abel limit, 

lim fet < a(t) a1 (0) > dt . 

e> +0. 
We omitted here more rigorous mathematical 
statement because physicists are rather accustom- 
d to use improper integrals which are summarable 
nm some way or another. 


. 


j 


a; is short enough compared with that of a; 
and a, which is governed by the macroscopic 
law and is measured by 

Tmacro = { AjQ S/RGi . (2.8) 
AS we see from Eq. (2.2), Eq. (2.7) is just 
the type of expression which we want to 
discuss in the following. 

We shall examine more in detail in later 
sections the reasoning which leads to Eq. (2.7). 
We only note here that the argument made 
here is legitimate only in classical mechanics 
so that a certain revision is required to apply 
it to quantum-mechanical cases. The revised 
form is rather easily anticipated from the 
results of the previous paper. We shall dis- 
cuss this in the next section. 

Before doing that, we shall briefly describe 
here the classical derivation of (2.2) from (2.1) 
for the convenience of later reference. We 
multiply the both sides of Eq. (2.1) by a’ 
and average them with the probability dis- 
tribution density W(ay’, - Qr’), Which is 
the stationary probability for the realization 
of the values (a;’, --- @n’) in the aged 
system. The left-hand side becomes evident- 
ly the correlation functions which appear in 
Eq. (2.2). The right-hand side is now trans- 
formed as 


: ++ an’) Way eae An’ day’ « » day’ 


5 An!) day’ 2° + dAn, 


Way’: 7% -An )=C exp 4 S(a@1- > -an!)| (2.9) 
where C is the normalization constant. 


§ 3. Application of Onsager’s Assumption 


For quantum-mechanical systems, it is not 
always possible to define a simultaneous dis- 
tribution of the observed values of aj, a, --- 
and a,. Or more specifically, we may not 
be able to prépare a statistical ensemble like 
that defined classically by (2.9). This is so 
because such variable are not necessarily 
commutable with each other or with the 
Hamiltonian itself. It is true that they are 
nearly commutable if they are really macro- 
scopic quantities. But still caution is requir- 
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ed for the effect which may enter as a con- 
sequence of non-commutability. 

Considering this circumstance, we propose 
here to interprete Onsager’s assumption in 
a little less stringent way than what Eq. (2.1) 
literally implies. Namely, we now regard 
a,(t+J4t\a’) as the expectation of the variable 
a; at the time ¢+4? for a statistical ensemble 
for which the variables (a, --- @n) have the 
expectation values (a@;’, ---, @n’) at the time 


t. This ensemble is represented by the 
statistical operator p(t+At\|a’) which, by de- 
finition, has the properties, 
Tr o(t+0|a’)aj=a;’ , (3.1) 
Tr p(t+4tla’)aj=a,(t+At\a’) . (3.2) 


According to our new interpretation, Eq. (2.1) 
is now read as 


Tr o(t+ At\a’)aj—ay =>) Giz soe A ; 
k 


Oa 
(3.3) 
Now the question is what will be this 
density matrix o(t+0\|@’). This is the most 
subtle point of the whole argument. It seems 
to us that the most natural answer for the 
form of p(t+0!a@’) is 
p(t+ 4t(a’)=exp [B(O—-H)—B & Aja] , 
(3.4) 
which is a sort of canonical distribution. 
Here © is a free energy and A;’s (j=1, 2, 
++, #) are scalar quantities which are defin- 
ed by the conditions (3.1) and correspond to 
the forces associated with the coordinates 
@;s. The density operator (3.4) is the solu- 
tion of maximization problem of the entropy 
S=—k Trologo, (35) 
with the supplementary conditions (3.2) and 
other well known conditions. The _ para- 
meters A;’s enter here as the undetermined 
multipliers. We see at once that 


(3.6) 
S=—kRBO+RB 35+ a kA;a; , (3.7) 
j 


where 5S} and a; are the everage values 
for the ensemble represented by (3.4), and 


OS 


pani aRBAS (3.8) 

Therefore Eq. (3.3) now becomes 

Tr exp [B(O-F °)-BX: A,an|{a;(dt)—a;(0)} 
=hB SGA Mt . (3.9) 
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where a;(r) means the Heisenberg representa 
tion of the variable a;. Namely they are 
defined by | 


a(e)= } fale), H), 
ih 
ajt)=exp i t/h) dexp(—iFt/h) . | 
(3.10 
We now assume the linear dissipative 
systems, so that the deviation from the equili 
brium is small. This means that the force: 
A;’s are really small. Thus we expand the 
left-hand side of Eq. (3.9) and leave only th 
linear term. Using the formula 


exp [—BH—8 = A,ai] 
=exp (—8%) 
-\' exp (—BH*) x A, al(—thi)dA+o(A) , 


(3. 
we obtain at once 
aj(t+dtla’)=< a;> 
B 
—-> Ai\ < a(—thd)a(At) > dd 
0 
+0(A). (3. 
where < > means the average over the equi 


librium distribution exp B(O°—%#) so tha 
<a@;> is the equilibrium value of a. Ecc 
(3.12) reduces, in particular for 4¢=0, to 
aj(tla’)=a/ 
8 
eR ya Al Cathy 
1 Jo 
+o0(A), (Some 


which is the condition to determine the force 
A in terms of the deviation a@;/—<a;> from 
the equilibrium. The set of Eq. (3.13) is equi 
valent to Eq. (3.6). 

Inserting Eq. (3.11) into (3.9) we get easil 


F \"< a(ihd){a(At)—a,(0)}) da 


=—kG At , (3.14 
which corresponds to Eq. (2.2), as we 
from the fact that the left-hand side of E¢ 
(3.14) becomes the correlation function ay 
pearing in Eq. (2.2) in the classical lim: 
h-0. 

Like Eq. (2.4) for the classical correlatic 
function, we evidently have the relation 


2 °B 
¢ai(—thda)a;> da 


dt? 0 


= He < a(—ihd)ees(t)> da. (3.1 


Thus, if the condition 


B 
| Lies eee 
0 


B 
| oil < ail —ihaja;) dd=0 , (3.16) 
4 0 


Is Satisfied, Eq. (3.14) can be transformed 


into 
i At C 
Cie 4 aie 
kB \ gar jae 


x ‘i < ail—tha)ej(t) > da. 


i 
{| 


Gal) 
“just in the same way as we did in Eq. (2.3). 
If, furthermore, the characteristic time of 
‘decay of the integrand of (3.17) is small 
enough compared with that which corresponds 
‘to (2.8), Eq. (3.17) gives 


oo B 
Gy= a as| { a(—ihdaj(t)> dd. (3.18) 
RB}o Jo 


‘as the wanted expression for the kinetic co- 
efficient Gj. The infinite integral may be 
regarded as the Cesaro limit or the Abel 
limit. We note finally that the condition (3.16) 
is satisfied if 

“lar, aj] =0, 
that is, if a, and a; are commutable on ihe 
average. The equivalence of (3.19) to (3.16) 
‘is seen from the identity, Eq. (3.7) of I, i.e., 


[exp (-—BS), Al] 
=ih \' exp (—B 9) A(—ihd) da. (3.20) 
0 


(i19)) 


Therefore we have 
B 
| Géey> di 
0 


= (ih)! Tr [exp B(Q°— XH), alex; 

=(ih) Tr exp B(Q°— lai, aj]. 

It should be remembered that the expres- 
‘sion (3.18) becomes rigorous only when the 
choice of infinitely large 4¢ is proved to be 
possible for the particular choice of the 
variables a. Otherwise, it remains only a 
certain approximation. 

This should be particularly emphasized, be- 
cause we see in literatures certain confusion 
about this point.»?? Some of formulae of the 
type (2.17) or (3.18) given in literatures are 
by no means rigorous since the above-men- 
tioned choice of 4f—co is simply impossible. 
These approximate formulae, though we 
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should not underestimate their usefulness, 
must be discriminated from such rigorous 
formulae as we are concerned with in the 
present work. 

For instance, the expression of conductivity, 
Suy in Eq. (4.6) of the present paper, which 
was derived in the preceding paper I, is 
rigorous. We may write this as 


oo (8B - 
=| | « JeJz(t+iha) > dadt = met f 
0 m* 


0 


(3.21) 
where we defined the effective mass m* by 


ne 8 3 

wal 6SeJeiha) > di, 
m 0 

(see Eq. (8.12), I) and the average relaxation 

time t by 


=| bat ’ (3.22) 

with 
wn=\"< JeJutt+ina)> da /\"< Jefliha) Sida 
(3.23) 


Now an approximation for this relaxation 
time is given by 


Ack i. p(tdt 
T 0 


hs at <Jej.(t-+iha) vi \: SeJelihd)>da, 
(3.24) 


which may be used as good approximation 
under certain restricted conditions. Namely 
it may be used when the function ¢(¢) be- 
haves like exp (—#/t), or in other words, when 
the spectrum of relaxation time of ¢(f) is nearly 
degenerate. It is easy to show that Eq. (3.24) 
gives the Griineisen formula when applied to 
electrons scattered by phonons.® One of the 
present authors proved many years ago that 
the Griineisen formula is derived from the 
Bloch equation by calculating the average of 
the relaxation frequencies and equating this 
to the reciprocal of the average relaxation 
time rt in Eq. (3.21). 

We may see the approximation (3.24) rough- 
ly by applying the same transformation 
technique as used for Eqs. (2.3) and (3.17) to 
the function (tf), that is, 


o(t)=1 +\\¢-o@aentt” b(c)de na (GE) 


The last form may be used for ¢ which is 
much longer than the characteristic time ta 


1208 


of (tc) and shorter than the relaxation time t 
of ¢(t) provided that such a choice of ¢ is pos- 
sible.* For such f, #(é) is decreasing as 1—?/r, 
r being that defined by Eq. (3.24). Note that 
here the assumption is introduced for the ex- 
istence of a plateau value of the integral, 
i.€., 


| deyde~|* bc) ale 
0 0 


for ta<t<t. 
It is essential in the expression (3.24) to 
stop the integration at a finite upper limit, 
because we ought to have 
= B lay b 2 902 
Jarl" < Jodelt+ind) =0, (8.26) 
0 0 

if the integral (3.21) does exist. 

It should be also noticed that the Kirkwood 
formula® 


eae | BLP, (t) dt, (3.27) 
0 

for the friction constant € of a Brownian 
particle is simply a special case of Eq. (3.24). 

Thus the Kirkwood formula (3.27) and the 
similar formula (3.24) rely upon rather re- 
stricted assumptions about the nature of ¢(f), 
which can by no means be proved to be 
generally valid. On the other hand, Eq. (3.21) 
itself is rigorous and fundamental as was 
proved in I and also in § 4 of the present paper. 
We should discriminate between these two 
classes of expressions for kinetic coefficients. 


§ 4, 


Let us now consider, as an illuminating 
example of the argument made in the pre- 
ceding sections, the electronic transport phe- 
nomena in metals or semi-conductors. Ac- 
cording to the phenomenological theory,’ the 
electric current density j and the heat flow 
density qg are linear functions of the gradients 
of the electrochemical potential 


Electron Transport Phenomena 


L=C—-e , (4.1) 


of the electrons and the een of SNe a 


fs Bayeeaile the function b(t) ceurecouncs to 
the time correlation of forces acting on the elect- 
rons. The characteristic time ta of this will be 
the duration time of collision if the electrons are 
scattered by phonons or other perturbers only 
with rare chances and short duration of collision. 
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The charge of electron is taken here 


ture. 
Namely we have | 
| 
| 


dS —€; 


1 
j=60(E+ 778) + SO 7T 


1 1 | 
= 6@) + pt\ EO rts 4.2), 
q=—S ( e+ 78) S zl ( 


where E is the electric field and & is defined 
by 


&=C/T. 


Eq. (4.2) can be written as 


il 
B=0j-—GyT —— 96 


q=nj—“p TG, (4.4 
where the constants are 
0= 6 ome t 
S=(epS—L)/T, | 
r= —G@p—C/T . 
c=(GO—GOpS) / T. (4.5) 


Here op is the electric resistance, « the heatt 
conductivity, —G/e the absolute thermoelectric: 
power per unit temperature difference, and: 
z is the Peltier constant. All of 6@™ (r=1,) 

--4) and other coefficients are tensors of the: 
second rank. Our problem is now to find: 
exact expressions for these coefficients in 
Eqs. (4.2) or (4.4). 

The answer is easily anticipated, because: 
we know already the exact expression of 6®, 
that is the conductivity tensor. Thus we: 
want to show that the equations, 


eons all 
Siv = 


\ < jvju(t+iha)) dadt 
=\"\ <a vju(t-Hiha)) dddt 


0 JO 
> (2) 
Sy 
0 
(3) 
She 


-\"\" : < jv qu(t+iha)> dadt 


Sie -\" \. <qv Qulé+iha) > didt , (4.6) 
0 
hold as rigorous expressions for these kinetic 
coefficients. Expressions similar to Eqs. (4.6) 
have been given indepently by Mori®?. His 
formulae, however, differ from (4.6) in the 
upper limit of the time integral which he 
put as finite. This reflects the difference of 
the ways of reasoning. We shall show that 
it can be extended to infinity and that Eqs. 
(4.6) are rigorous in their nature. We follow 
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the line of reasoning described in the forego- system and define the total entropy as the 
ing sections in order to arrive at these results. sum of entropy density under the assumption 

It is most convenient to consider the elect- of local equilibrium. The local entropy den- 
ron number density mx(r) and the energy sity is a function of n(r) and &€(r). Thus the 
density €(r). We regard an electron gas entropy S can be expanded in terms of 
rsystem with the volume V as an isolated fluctuations 4(r) and 4E(r) of n(r) and €(r) as 


s=| s(r)dr 
r Os Os EES 0s O"s 
— : £ € i # é j = 
\[s 45g +5, Ant 5 | pelts +2 een (dE dn) + 2S (an) } far bog 
eh, OM | a1 Wee : 
iy ( AS Gi Ne dr Hee p )\seanar - ( an \atdr ae (4.7) 


-where Sy is the equilibrium entropy of whole system so that the linear terms in 4€ and 4n 
-Mnust vanish. We made in Eq. (4.7) use of the relations, 


08: wed, be 
05, Ty.’ On ei 


Now the fluctuations 4€(r) and 4u(r) are developed in the Fourier components. Eq. (4.7) is 
rewritten as 
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where mx, and &j are the Fourier components of u(r) and €(r) respectively. 
The general thermodynamics of irreversible processes here asserts that the flows €, and 
“x, When they are present as macroscopic observables and hence their fluctuation is neglect- 
ed, are linearly related to the driving forces, 0S/On, and OS/O&. Namely the phenomeno- 
logical equations are 
0 2 4) OS 5D 
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which, with the aid of Eq. (4.8), are written as 
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The flows j(r) and g(r) are related to the densities n(r) and &(r) by the phenomenological 


equations, * 


s These equations leave an ambiguity for t 
antisymmetric part of the tensors 6”, which vanish automatically in the divergence. Thus the following 
incompetent as the proof of the antisymmetric parts of Eqs. (4.6). This 


he current components which are derived from the 


argument is, strictly speaking, 
point will be considered in a forthcoming paper. 
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E(r)=—div q(n) , (4.11) “(ag ek ae, oT KOK) ' 
so that we have e On T On . 
: “aac 4,13) } 
iu= ihe je) j ( ) | 
: e Comparing Eq. (4.10) with Eq. (4.13) we; 
&,=—ikgn) » (4.12) find that | 
where j, and gq, are the Fourier components T 
of the flow densities. Inserting the Fourier CVG? .= 3 kk , Tey ae 
components of Eq. (4.2) into Eq. (4.12) and 414 
making use of the equations, (4.14); 
1 and that 
oT O71 ré 4 OF ny , . 
0& On GE, =0 , if hth <0 . 
. 08 OE i 
VE oe Sis On Bs These relations must hold in order that the» 


“thermodynamic” relations, (4.9), are con-. 
he a sistent with the phenomenological equations. 
cin=— (7 oe kSOK + 2 OF KEKE (4.2). 4 

R Now we are in position to apply our logics; 


we obtain 
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By the remark made at the end of § 3, it is evident that we have 


B 
\ € n-n(t—tha) n(t) > dk=0, 
0 
and 
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Corresponding expressions containing 2, and & are also zero, because we have by virtue of 
Eq. (3.20) 
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The last expression is obtained by explicit calculation of the commutator [7.,%, €,| in terms 
of quantized wave functions. The average of current in equilibrium is equal to zero, so that 
we may put é 


B q 
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Therefore we can safely rewrite Eqs. (4.14) in the form of : eRe Cone Wp 


~~ 


_ Furthermore, Eq. (4.14) shows that the 
decay of the functions on the left-hand sides 
of Eq. (4.15) becomes infinitely slow if the 
Wave number k approaches to zero. Speak- 
ing in classical language, the time of the 
decay of the fluctuation of #2 and € becomes 
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infinitely slow as the wave length of the 
spacial fluctuation becomes infinitely large. 
This is physically evident. This provides a 
sound basis for the transformation of Eq. 
(4.15) into the expressions of the type Eq. 
(3.18) in the limit of kR-0. Thus we arrive 
at the equations 


j = ee ~ 

. as : of 5 ; . 
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k-0 k 0 0 
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ofp - 5 
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Now Eq. (4.12) is used to rewrite the expres- 
sions on the right-hand sides of these equa- 
tions and the resulting expressions are com- 
pared with Eq. (4.14). Thus we find that 
Eq. (4.6) are obtained rigorously from Onsa- 


ger’s assumption. 
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Growths of a-Fe,0; whiskers formed on pure iron in oxygen at 400~ 
850°C were studied by electron microscopy and diffraction using speci- 
mens cut off successively from a uniformly oxidized wire which was 
heated consecutively to avoid ill effect of contamination condensed during 
electron-microscopic observation. Whisker grows at the tip by surface 
diffusion of molecules from base to tip. Axial growth at a fixed tem- 
perature is approximately given by: /=kt)-3, where &, a constant, depends 
on temperature and has a maximum at 700~750°C. Initial diameter 
corresponds to that which gives the minimum strength necessary to keep 
whisker shape at the growth temperature. A whisker has an axis parallel 
to <110>nex, becoming thereafter blade-shaped crystal parallel to (001). 
Further growth at the tip of a blade-shaped crystal occurs at those sites 
which are in a plane parallel to (001), and similar growth happens on a 


fracture surface of a mechanically truncated crystal, too. 


Introduction 


$1. 


Whisker growths on the surfaces of metals 
and alloys oxidized at high temperatures were 
recently investigated by Pfefferkorn, Taka- 
gi?, Cowley®, Morita et al.”, and Arnold & 
Koonce»? either with electron microscope or 
with a combination of electron microscope 
and diffraction. Since current theory of oxi- 
dation of metals fails to account for this 
phenomenon,” interest was aroused in their 
growth behavior. Pfefferkorn pointed out, 
after tracing the growth of a particular needle 
crystal on phosphor bronze or iron by alter- 
nating oxidation and observation, that these 
oxide needles grow at their tips by means of 
surface diffusion of constituent elements, and 
Cowley, from the fine structure of electron 
diffraction spots obtained with his high reso- 
lution apparatus, explained the characteristic 
structure of CuO needles as resulting from 
growth about one or more screw dislocations. 

In course of our electron-microscopic study 
of the growth of oxide whiskers subsequent 
to the previous paper” we found it impossible 
to trace the natural growth of a particular 
oxide whisker by observing successively in 
electron microscope. Then we devised a new 
method of observation avoiding the ill effect 
of electron irradiation on the natural growth. 
The object of the present paper is primarily 
to report the results obtained by this method 
and in consequence to clarify the growth 
processes of oxide whiskers in conformity 


with the facts known from the conventiona 
oxidation theory. 


Ses 
It was found that most conspicuous whiske: 
growths are seen in Fe.O; on iron and steeh 
CuO on copper and phosphor bronze, and Znt 
on zinc and brass. Among them iron appean 
to be the most suitable material for stud! 
since wide temperature range of the whiske: 
formation exists below melting point of th 
metal and the structure of the oxide, a—Fe.O) 
is fairly simple (rhombohedral)*. Hence wy 
used pure iron in most of the experiments: 
Results with other metals are reported fo 
supplementary purposes in this paper. 

Iron specimens were of purest materia 
available. Electrolytic iron was subjected tt 
re-electrolysis, and then vacuum cast am 
drawn into a wire of diameter 0.3 mm, whic: 
was kindly given by Mr. T. Nagashima a 
Electrotechnical Laboratory. Drawn wire wa 
annealed for three hours at 850°C in flowin 
purified hydrogen. Surfaces of the iro 
specimen were electropolished in a fresh bat: 
of a mixture of H;PO, 90% and H.SO, 102 
using lead cathode. 

Heating furnace was a tube of 2 cm i 
diameter and 30 cm in length wound externa: 
ly with nichrome wire. Both ends of th 
tube were equipped with rubber stoppers 


Experimental 


*) For convenience hexagonal indices will b 
used throughout. 
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through which tank oxygen dried by passage 
over CaCl, and P.O; was kept flowing at an 
approximate rate of 50 cc/min. Temperature 
of the specimen was measured by a thermo- 
couple placed in the furnace and automatical- 
ly kept constant. 

For successive observation of growth be- 
havior of a particular whisker, a piece of 
wire, 3mm in length, was passed across an 


a j- - 


Photo. 1. Successive observation of the same 
ZnO whiskers on zinc formed at 450°C in: 
(a) 6 and (b) 6+12 min. 


or 


Photo. 2. Successive observation of the same 
CuO whiskers on copper formed at 470°C in: 
(a) 3, (b) 3+10 and (c) 3+10+10 min. 


electron microscope specimen supporter and 
was placed in the central region of the 
furnace, to be repeatedly heated and observed 
(Method A). But since this direct way of 
studying growth with an electron microscope 
was regrettably found to be accompanied with 
4 serious drawback, following alternative 
method (Method B) was adopted. An iron 
wire, 5cm in length, was fixed to a frame of 
uichrome wire at one end and _ uniformly 
yxidized in the furnace. A 3 mm_-long piece 
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was cut off from the free end of the wire, 
and it was observed under electron microscope. 
The rest of the wire was preserved and used 
for further oxidation. The process of heating 


(ec) 


Photo. 3. iron formed at: 


Fe,O; whiskers on 
(a) 700°C 1 min., (b) 700°C 1min. +500°C 13 min.., 
(c) 700°C 1 min. +500°C 70 min.+700°C 1 min. 
and (d) 700°C 1 min. + 500°C 70 min. + 700°C 
1 min. +500°C 5 min. 


oc 


Photo. 4. Initition of further growth at 500°C 
in 3 min. on the tip of a blade-shaped FeO; 
crystal formed at 750°C in 100 min. 


the remaining wire and cutting off a specimen 
can be continued again and again as long as 
the wire is long enough for the next specimen. 
Accelerating voltage of electron beam was 
50 kV for microscopy and 70 kV for diffraction. 
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§3 Results 
(1) Factors influencing upon the formation 
and growth of whiskers 


Atmosphere: Densities of whiskers formed 


Photo. 5. Further growth at 500°C in 100 min. 
on the tips of Fe.O; crystals formed at 750°C 
in 100 min. 


ee 


Photo. 6. Further growth at 500 C in 20 min. 
on a fracture surface of an Fe,O; crystal 
formed at 725°C in 40 min. 


Photo. 7. (a) Fe203 whiskers formed at 650°C 
in 30 min. (b) Electron diffraction pattern of 
the specimen shown in (a). 
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in air were compared with those formed im 
oxygen. Whiskers on iron and copper had 4 
large preference for oxygen, while those om 
zinc and brass showed little difference be} 
tween the two atmospheres. 

Temperature: Temperature ranges withir! 
} 


Photo. 8. Electron diffraction pattern of an Fe,Qs , 
crystal formed at 700°C in 2h. The beam 
coming through a hole in Al film is parallel to 
[001]. Bright area of Al around the hole due to 
partial transmission of electron beam casts dif- 
fuse shadow of specimen, which facilitates cor- 
rect the Probable 
position of the crystal in the shadow image is 
indicated by a black line. Mote a line of 9 
anomalous spots between 2 normal spots in- 
dicated, e.g., by 2 downward white arrows. 


(330) spot is indicated by an upward arrow. 


movement of specimen. 


Photo. 9. Coagulation after electron irradiation 
of Fe,O3 crystals formed at 700°C in 20 min, 
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which whiskers readily grow in oxygen are 
listed in the following table. 


| Iron and steel 400~850°C 
Copper and phosphor bronze 400~550 , 
Zinc and brass 300~850 7 


Surface impurity: A remarkable property 
found for iron is that the attachment of a 
small amount of moist substance or slight 
touch of finger tip on electropolished clean 
surface accelerates the whisker formation.* 


Electron irradiation: Most of the whiskers 
once observed by an elcetron microscope do 
not grow in a natural way, but those located 
just outside the field of view and received 
little electron beam irradiation grow quite 
naturally on heating them afterwards in an 
oxygen atmosphere. The cessation of normal 
axial growth due to electron beam irradiation 
is presumably caused by the condensation of 
carbonaceous contamination on the growth 
site at the tip of the whiskers. 


(2) Successive observation of whisker growth 
— (a) Growth of a particular whisker (Method 
eA). Photo. 1 shows the growth of ZnO on 
oxidized zinc. Whiskers in Photo. 1 grow 
either at the tip or at the branchings direct- 
ed to an angle of 60 or 120° from the tip 
direction. Photo. 2 shows CuO on copper, 
where some grow normally (such as A) while 
the other stop their axial growth and increase 
in thickness. Thinner oxide is seen growing 
at the tip of a thickened crystal (B). 


(b) Growth of whiskers in general (Method 
B). When one and the same heating tempera- 
ture was used throughout several repeated 
cycles of heating the wire, cutting off a speci- 
men and observation, whiskers did not show 
any sign of discontinuity in thickness along 
their length. General trend of axial growth 
‘was estimated from experiments specially 
designed for that purpose: A series of 
several electron micrographs were successive- 
ly taken for different heating times at a fixed 
heating temperature. The length of the 
longest whisker on each electron micrograph 
was measured and plotted against time as 
shown in Fig. 1. Though scattering of 
individual points is considerable as might have 
been expected from the method of measure- 


*) In this connection Fricke et al.” obtained 
Fe,0; needles by heating 7-FeOOH in air. 
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ment, yet a straight line may be drawn for 
each heating temperature, which is approxi- 
mated by the general equation 
l= ier 

where 7 is whisker length, ¢ is time and k is 
a constant. k depends on temperature and 
attains a maximum value at 700~750°C. 

Whisker thickness increased as the heating 
temperature was raised, and Fig. 2 shows the 
minimum thickness estimated from an electron 
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Fig. 2. Minimum whisker thickness. Lowest 
three points are near the resolution limit and 
uncertain. 


micrograph of the specimen heated for one 
minute at each temperature. By utilizing the 
fact that whisker thickness changes remarkably 
with heating temperature, next experiments 
were carried out: An iron specimen was 
heated in the first place at 500°C and, after 
ascertaining the growth of thin whiskers, 
then heated at 700°C. It was found electron- 
microscopically that thin whiskers which had 
grown at 500°C disappeared entirely on 
heating at 700°C, so that solely thicker 
whiskers grown at 700°C remained there. 
On the contrary, when thicker whiskers 
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grown in the first place at 700°C (P) 
were heated subsequently at 500°C, thin 


whiskers (S) grew at the tips of the original 
thicker whiskers (Photo. 3 (a) and (b)). When 
this specimen was again heated at 700°C, S 
parts disappeared completely while P parts 
remained with increase in thickness (Photo. 
3 (c)). When these remaining P parts were 
heated again at 500°C, thin whiskers grew at 
the tips of the thicker whiskers as before 
(Photo. 3 (d)). The usually observed  be- 
havior of initial formation of S whisker is 
shown in Photo. 4, where many tiny crystal- 
lites are formed apparently independently of 
each other on the advancing edge of a blade- 
shaped crystal, gradually growing together 
into a sheet of single crystal as they grow 
further afterwards (Photo. 5, A). There are, 
however, some crystals showing exceptionally 
parallel growth, such as B in Photo. 5. It 
seems in both cases that the place where a 
plane passing through the axis of the crystal 
and parallel to the flat blade surfaces meets 
the advancing edge of the original crystal has 
a particular ability of providing S crystal 
with growth site on subsequent heating. 
When a P crystal broken mechanically by 
rolling the oxidized straight wire between two 
parallel glass plates kept at an appropriate 
distance was further heated at 500°C, S 
crystal grew on the fracture surface likewise 
(Photo. 6), but nothing grew from the broken 
pieces. 


(3) Electron diffraction observation 


Photo. 7 (b) is an electron diffraction pat- 
tern of densely grown a-Fe,0; whiskers, and 
from the fiber diagram which is the direction 
of whisker axis can be determined to be 
<110>. The direction is in accord with the 
result of Miyake®, who reported the fiber 
orientation of Fe.O; on oxidized iron surface 
though he did not refer it to whisker growth. 
Single crystal electron diffraction pattern of 
a relatively thick crystal produced at 600~ 
800°C could be obtained by a three-stage 
electron microscope or, more accurately, by 
placing an aluminum film with a hole of about 
59 #@ in front of the specimen and sliding the 
specimen relative to the hole in search of an 
appropriately oriented crystal (e.g. Photo. 8). 
Photo. 8 shows a pattern of a-Fe,0; always 
obtained when the crystal is placed so that 
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its (001) plane, which is parallel to flat blad¢ 
surfaces, is normal to the electron beam} 
where lines of anomalous spots corresponding 
to a period equal to ten times the spacing 0 
(330) plane can be seen besides normal cross 
grating spots. This period, 14.35 A, is equai 
to a length of a line of five contiguous oxyget 
ions when a-Fe,O; is supposed to consist 9) 
close-packed oxygen ions. In cases of a 
and CuO, no regular row of anomalous spot 
was observed except for extraordinary elon 
gation of diffraction spots reported earlier?” 


Discussion 


§ 4. 

(1) Tip growth 

From the results described in § 3 (2) (0), # 
is known that S crystal grows at the tip & 
P crystal. In principle we cannot find any 
discontinuity in the growth mechanism at tha 
boundary of P and S, which are two differen: 
parts of the same crystal, and the apparen 
departure at the boundary from the norma: 
growth is merely the discontinuous change it 
thickness due to abrupt fall of temperature 
in the course of its growth. Hence it mas 
be generally concluded that crystals grow a: 
their tips even when there are no observabld 
thickness changes. Results of Photos. 1 ana 
2 also indicate the tip growth. But there tha 
situation is rather complicated and it is sup 
posed as follows: Contaminant film attachee 
on to the growth site at the tip during obser 
vation stops the axial growth temporarily 
and thickening takes place; the latter seem: 
less sensitive to contamination. When ths 
contaminant film on the tip is broken, axia 
growth is resumed by a thin whisker. 


(2) Material supply 


There are three possible processes of sup 
plying materials for growing oxide whiskers 
(i) Evaporation followed by condensation, (ii 
surface diffusion, and (iii) internal diffusion 
The process (i) occurs partly in ZnO in th 
form of zinc atoms since the vapor pressurt 
of zinc at the temperature employed is, as i 
well-known, quite high. Actually ZnO whis 
kers were often observed growing at place 
separated from zinc or zinc oxide. But Fe,O 
or CuO whiskers were found only on the re 
spective metal or oxide showing that th 
process (1) is negligible. Internal diffusion o 
material which usually requires higher activa 


F 


i 
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ion energy than surface diffusion is unlikely 
e Fe.0O; whiskers from the following con- 
siderations: It is known that during oxida- 
ion of iron the main diffusing component in 
the outermost Fe. »O3 layer is the oxygen ad- 
vancing from O./Fe,0O; interface through 
Fe.O; phase up to Fe.O;/Fe,Q, interface, in 
the form of oxygen ion vacancy and electron 
diffusing in the reverse direction.» If FeO, 
whiskers grow by this mechanism, they should 
Brow at their base instead of the experimental- 
ly found tip of whiskers. Since other possi- 
ble processes of internal diffusion are less 
likely to occur, it may be supposed that Fe.O, 
whiskers, and most of the other oxide whis- 
kers, too, grow by surface diffusion, provided 
that evaporation is negligible. High mobility 
of the constituent elements on the surface is 
indicated by the meniscus-shaped accumu- 
lation of material at the contact places of two 
crystals described by Pfefferkorn,? and also 
by the spherical coagulation generated when 
Fe.O;, whiskers are irradiated with intense 
electron beam giving rise to extraordinary 
local thinnings without still any bending or 
breaking of whiskers (Photo. 9). 

Oxidation theory of iron described in the 
preceding paragraph further reveals that 
Fe,0; whiskers are not buried in the bulk 
oxide from the base during later oxidation, 
since Fe,O; layer grows in thickness at the 
inner interface Fe.0;/Fe;0:, so that the 
measured whisker length in Fig. 1 contains 
ho error arising from this source. 

If we assume that (i) the increase in whis- 
ker length is effected solely through surface 
diffusion of oxide molecules adsorbed on the 
whisker surface from base to tip, (ii) the e- 
vaporation of adsorbed molecules is negligible, 
and (iii) surface concentration of adsorbed 
molecules at a given time during growth 
varies simply linearly along the length of the 
whisker just like the variation of concen- 
tration of ratedetermining diffusing component 
along the oxide layer thickness in conventional 
parabolic oxidation theory, axial growth would 
be expressed by / oc f®’® under constant temper- 
ature and radius. The difference in rate from 
the experimentally found axial growth may 
be ascribed to the radial growth which is 
actually observed. 

(3) Thickness of whiskers 

It was known that thickness of whiskers 
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increases as they are heated at heigher temper- 
atures and for longer periods. But we may sup- 
pose that thickness of whiskers, at the outset 
of their growth at a given temperature i.e. 
nearly the value given by Fig. 2, corresponds to 
the diameter of a crystal having the minimum 
shear strength necessary to maintain the 
whisker shape against surface tension force 
at that temperature. The observation shown 
in Photo. 3 can then be explained in such a 
way that the crystal parts grown at 500°C 
collapsed at 700°C because they do not have 
enough strength at 700°C. Actually, however, 
whiskers formed grow slowly in radial direc- 
tion, particularly in directions parallel to 
(001) plane which is approximately close-packed 
with larger oxygen ions, so that most of the 
observed whiskers have considerably larger 
thickness than that indicated in Fig. 2. 


(4) Formation and growth of whiskers 

We have treated the problem by surface 
diffusion of oxide molecules without regard 
to how oxidation really takes place. In this 
respect present problem is not much diffferent 
from the growth of needle crystals on tungs- 
ten when oxidized tungsten is heated in vacuum 
where evaporation and condensation of tungsten 
oxide takes place considerably besides surface 
diffusion. In order to make it clearer that 
an oxide whisker forms in some way and 
grows by surface diffusion it would be con- 
venient to assume the existence of perpetual 
step at the tip provided by screw dislocation 
with Burgers vector parallel to the whisker 
axis as Cowley» has done. These dislocations 
will be produced, for instance, by slip in Fe.O; 
crystals due to stress generated during the 
formation and growth of Fe,O; layer. Once a 
screw dislocation is produced in an appropriate 
direction of a crystallite, molecules adsorbed 
on the surface migrate toward the step until 
the crystal grows to a diameter large enough 
for preserving whisker shape. After that the 
axial growth commences. 

It seems from the observations shown in 
Photos. 4 and 5 that on the advancing edge 
of a whisker numerous growth steps are dis- 
tributed in a line on a plane parallel to the 
basal plane. Though we cannot satisfactori- 
ly explain how such a particular plane occurs 
in a crystal, it appears that the particular 
plane persists within crystal even after the 
crystal has fully grown, as shown by Photo. 
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6. We cannot find the relation, if any, between 
the assumed dislocations and the periodic 
imperfections found by electron diffraction as 
shown in Photo. 8. 

In conclusion, the author wishes to express 
his sincere thanks to Professor Ryozi Uyeda 
for suggestion of this problem and continude 
interest during this work. He is also indebted 
to Dr. T. Kawada for encouragement and 


advice. 
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Theory of Viscoelasticity of Amorphous Polymers 


I. 


A Note on the Time-Temperature Reducibility of 


the Relaxation and Retardation Spectra | 
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(Received June 8, 1957) 


Equivalence of temperature change and shift of log-time scale is usually 
assumed empirically in obtaining a master curve of relaxation and retar- 


dation spectra in polymers. 


In this paper the molecular theoretical basis of this assumption—which 
we call here the twme-temperature reducibility—is elucidated by an 
examination of the generalized diffusion equation in the configuration 


space of a polymer chain. 


Several criterions for the reducibility are deduced as the results of the 
analysis which in fact give a gurantee to the reducibility in the case of 


simple intra-chain relaxation phenomena in amorphous polymers. 


Critical 


examinations of some other cases are also made. 


§1. Introduction 


Extensive progress has been made recently 
in measuring the dynamic response of various 
polymers in very wide frequency ranges, and 
thus characteristic features of relaxation 
phenomena in polymers have been elucidated 
progressively. 

But in actual experiments a single run of 


- Present address: Hitachi Central Research 
Laboratory, Kokubunji, Tokyo. 


the measurement can cover in most cases only 
a limited range of frequency which is usually 
rather narrow compared with the required 
range of the relaxation spectrum. Thus, in 
order to get a complete relaxation spectrum, we 
usually make resort to the assumption that a 
change of temperature in observations of re- 
laxation phenomena is equivalent to a proper 
shift of log-time  scale.2-3)).5 This as- 
sumption enables us to constract a “ master 


1957) 
. 
burve ” of the relaxation spectrum at reference 
emperature by shifting and joining succes- 
ively a number of segmental curves obtained 
it different temperatures. We will call here 
the assumption mentioned in the above the 
ime-temperature reducibility. (CE. 8 2) cts 
ndeed probable that such an assumption of 
reducibility is satisfied at least approximately 
i a narrow range of frequency and temper- 
ature in the case of amorphous polymers. But 
itt is open to question whether it really holds 
over the whole range of the spectrum required. 
Unless the physical ground for validity of the 
assumption is clarified, we may not be able to 
rely upon the obtained master curves of the 
relaxation spectrum based on the assumption. 
In the following we will try to elucidate the 
applicability of the time-temperature reduci- 
bility from a molecular theoretical aspect.” 


§2. The Time-Temperature Reducibility of 
the Relaxation Spectrum and of the 
Retardation Spectrum 


The dynamic elastic modulus, e.g. the shear 
modulus G, can be expressed in general as a 
function of angular frequency w and of temper- 
ature T in the following integral form: 


Blo, D=GlT)+\" seed dn), (1) 
Bees +10T 


where G, is the static elastic modulus (i.e. the 
modulus for zero frequency). The function 
H(t, T) in the integrand is called the distri- 
bution function of relaxation times or simply 
the relaxation spectrum, and the variable rt 
is called the relaxation time. 

According to Ferry et. al.,% the effect of 
temperature on the relaxation spectrum is as- 
sumed as follows: First, the integral of the 
equation (1) is interpreted as representing an 
ensemble of rubberlike elastic elements. Then 
Hc, T) should be proportional to the absolute 
temperature. Next, all relaxation times cS 
of elastic elements are assumed to be multi- 
plied by the same shift factor a7 when temper- 
ature is changed from i tO T. Thus 


=) Recently ‘Onogi and Ui made an n experimental 
confirmation of the time-temperature reducibility 
for polyvinylidene-vinyl chloride fibre and PVC- 
DMT gel. (S. Onogi, K. Ui: J. Colloid Sci. 11 
(1956) 214.) On the other hand, Okano discussed 
the reducibility from the viewpoint of thermo- 
dynamics of irreversible processes. (K. Okano: 
Reps. of the Sci. Res. Inst. 32 (195 96) 197.) 
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At, T)=(T/T))H(c/ar , Ty) (2) 
adr=1 Be PSI (3) 


Since, however, the introduction of the factor 
T/T) in the above equation in analogy with 
the rubber elasticity is without ground,** we 
here define the time-temperature reducibility 
of the relaxation spectrum by the following 
equations: 


H(t, T)=BeT)H(acdT)t,T) (4) 
DE Ale (5) 


These relations are visualized in Fig. 1. If 


—_—— hy FA (t,7) 


Fig. 1. A schematic diagram of a time-temperature 
reducible relaxation spectrum H(z, 7). 


the relaxation spectrum H(r, T) is time-temper- 
ature reducible, the log (modulus) vs. log 
(frequency) curves at diverse temperatures can 
be superposed on a single master curve at a 
reduced temperature by proper shifts of original 
curves along both axes. 

The reducibility of the retardation spectrum 
is defined in a similar manner. The dynamic 
elastic compliance /(w, JT) is expressed with 
the aid of the retardation spectrum L(t, T) as 


i ter a; J 
vat. T)=J(T)+\" ce atin 


where /. denotes the enone in high 
frequency limit. 


t), (6) 


fakes The relaxation spectrum H(c, T) may be con- 
sidered to be a product of the factor Ar, J) re- 
presenting the intensity of each relaxing element 
and the factor p(c, 7) representing the density of 
elements in the range dt. Indeed the intensity 
factor 4 will be proportional to the absolute tempera- 
ture if we assume the each element to be rubber- 
like, but the density factor » will also depend on 
temperature in general. Accordingly the relaxation 
spectrum H will not necessarily be proportional to 
the absolute temperature. (Cf. reference (6)) 


ee ee ee 
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Then we define the reducibility of the retar- 
dation spectrum L(r, T) by 
Le sT y= BaP Lax T)toTs) 7) 
as(To)=1. (8) 
Real and imaginary parts of G(w, 7) and 
So; T), Htc. T), and? Lic, 1) “are not- inde- 
pendent of each other, and if one of them is 
given in the whole range of the variable, others 
are derivable from it. Hence the relations 
(3) and (4) can not be independent of relations 
(7) and (8). According to Gross,” the relax- 
ation spectrum H(c) is derived from the retar- 
dation spectrum L(r) by the following formula. 


Lc) 


pie ee 9 
O"To@ PARLOR 
Q(t) = Jt) +2’ (zr) (10) 
oe=\" FIM) seid a). (11) 

ey RT) 


Substituting Eq. (7) into Eqs. (10) and (11), we 
get 


Qc, T)=J(T)+ 8. 


—oco 


a,tL (u To) 


QT —uU 


d(\n 1) 
mae) 
=F Jo(Ta)+ BQ" (eut, Tr) 

Thus we see from Eqs. (9), (10) and (12) that 

the reducibility of the retardation spectrum 

leads to the reducibility of relaxation spectrum 
if J. is negligible compared to 2, or if 


sing pete 
Jeo Ty) 
Also it will be seen from Eq. (9) that when 
the reducibilities of the relaxation and retar- 
dation spectra are compatible with each other 
shift factors of the two spectra are related by 
Bo=1/BA(T) , (14) 
Since the fulfilment of the condition (13) will 
be rather fortuitous, it will be necessary that 
Je is negligible compared to 2 in order that 
the reducibility of the retardation spectrum 
is compatible with the reducibility of the 
relaxation spectrum. These circumstances will 
be discussed again in the later section (§5). 
In the following we confine our discussion in 
the reducibility of the retardation spectrum 
in the convenience of a molecular theoretical 
treatment. 


(13) 


aAG=—Az. 


$3. Phenomenological of 


Reducibility 


When the step function-like stress, 


Meaning the 
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r=0 


1 
t=0 sj 


fo, 
oO = 

ee ’ 

is applied to the system which has the dynami 

compliance given by Eq. (6), the retardee 

strain y of the system increases with tim) 

according to the following equation as it i 

well known in the phenomenological theory 

of linear viscoelasticity,” 

(16 

| iH 

The function in the curly bracket in the above 

equation is usually called the creep function 

The retarded response of the system unde: 

0-functionlike stress, 

6=6)0(t) 

is given by the derivative of Eq. (16) 


KOs {\" Lj(t)[1—e-*/* |dn ote ‘ 


(17; 


ro={\" = Ea(s)e"t/"d(Ine) (18: 


Substituting Eqs. (7) and (8) into Eqs. (6: 
and (18), we get 


rt, T)=bH(T rl, To) (13: 
Vt, T)=aT)BiAT y(t, To) (20 
aces a ae . (211 


These equations derived in the above wil 
tell us the phenomenological meaning of the 
time-temperature  reducibility: When the 
system has the reducible retardation spectrun: 
the intensity and the rate of the response op 
the system against external excitations are in 
creased or reduced along with a temperature 
change only by constant factors which depenc 
only on temperature. 


§ 4. The Molecular Theoretical Basis of the 
Reducibility 


Now we proceed to the molecular theoretica 
consideration of the physical meaning of the 
time-temperature reducibility. 

The system is assumed to be uniform ane 
to be composed of microscopic structural units 
such as molecules, chain segments, network 
chains etc. We denote by q’s a set of general: 
ized coordinates which are sufficient to describe 
the configuration of the structural unit, and 
we define a probability distribution function 
J(q) in such a way that the probability of a 
unit to be in small range dq equals Ft (qq. 
We consider_a simple macroscopic quantity X 
which is determined directly by the distri- 


4 
957) 


uition function of the unit f (q) in the follow- 
ag way: 


Mt, T)—XT)=c | aL, t, T)— Sula, Pda 


(22) 
flere suffix zero means a value in equiliblium; 
(q) is a microscopic physical quantity cor- 
esponding to X; and c¢ is a constant deter- 
lined by an arrangement of units. 

In amorphous cross-linked polymers we may 

hoose as a structural unit a network chain 
etween adjacent cross-links, and simple 
lacroscopic quantities such as polarization, 
hear strain, refractive index, etc. are deter- 
ined directly by corresponding microscopic 
uantities, i.e. dipole moment, end-to-end 
istance, polarizability, etc. of a network chain. 
Now in order that the strain y satisfies the 
mdition of the reducibility, Eq. (19) to Eq. 
0), it is sufficient, so far as we assume 7 to 
e one of simple macro-quantities, that the 
eviation of the distribution function f—/fy is 
sducible in a similar way: 


| Si=f —fo=X(T)9@q, t*, To) (23) 
Pea it (24) 
he relations, (23) and (24), are obviously more 
eneral than the relations (19) or (20) and (21), 
volving that all first order deviations of 
mple macro-quantities should be reducible in 
me and temperature. So we will distinguish 
ie two by calling the latter the macroscopic 
sducibility and the formers the microscopic 
sducibility. We have, however, some evi- 
ences in relaxation in polymers for that the 
lacroscopic reducibility is originated from the 
licroscopic reducibility, as we shall see later. 
f. §5) So hereafter we will seek for con- 
itions of the microscopic reducibility. 
Under the influence of thermal agitation 
ructural units of the system are changing 
leir configrations incessantly in the medium.” 
herefore, the change of configurations of 
nits with time is described properly by a 
eneralized diffusion equation which can be 
st up in the following way.* 
The distribution function of the structural 
nit satisfies the equation of continuity in the 
mfiguration space, 


* By the term “medium” we mean any homo- 
snious surrounding of a representative unit, which 
ay be either a foreign solvent or structural units 
lemselves, 
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| ore —— 
div 7+ apa (25) 


Here j is the flux of the probability density 
in the configuration space, which is composed 
of four components: 


J=JatIntfitJe (26) 
where 
ne =f a grad f (27) 
jm=Unf (28) 
= SPs (29) 
i Fe ae Cee (30) 


Here € means the friction tensor of the 
structural unit in the medium, vm the flow 
velocity of the medium, wv. the additional 
excitation flow of the medium. /; the force 
exerted internally to the unit, and F the ad- 
ditional excitation force exerted externally to 
the unit. The first component ja means the 
diffusion flow which obeys Fick’s law. The 
second component jm is the flow along with 
a motion given to the medium. The third 
component 7; is due to forces exerted internal- 
ly to the unit. The last component 7. means 
the flow corresponding to a small excitation 
exerted to the unit by an external force F. 
or by an additional excitation flow wv. of the 
medium. Substituting Eqs. (26), (27), (28), (29) 
and (30) into Eq. (25) we get the required 
generalized diffusion equation for the structural 
unit in the configuration space {q}. 

Now assuming that the external excitation 
is given by the force F.. which is sufficiently 
small we expand the distribution function f 
in power series of the external excitation force 
Fe: 

F=fotFi toe’) (31) 


Substituting Eq. (31) into Eq. (25) and taking 
account of Eqs. (26) to (30), we get the follow- 
ing equation for /,. 


Lf, t 0 = ~aiv (F fv) (32) 


‘oi C 
Here L is an operator given by 
L = leg ae Ui +L: (33) 
La=—kT div ; grad- (34) 
ain, Um* (35) 
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Lede (36) 


€ 
In the case where the excitation is given 
by a flow of the medium ve we need only 
replace F./€ in the above equations by we. 
For the purpose to examine the reducibility, 
it is sufficient to consider the response of the 
system to the 6-function-like excitation. If d- 
function-like force F is applied to the system, 
the right hand side of Eq. (32) becomes also 
a 0-function, so that 


OTs 
Lift at =0 ) 


Fy; 


for (37) 


t>0. 


First we assume that the microscopic re- 
ducibility, i.e. Eqs. (23) and (24), holds for the 
system. Then substituting Eq. (23) into Eq. 
(37), we get 


Lg+n,=0 : t>0. (38) 
Or, taking account of Eq. (24), 
Bh thon in glia * 

aT) OF? F0s (39) 


Since the function g defined in Eq. (23) is as- 
sumed not to depend on temperature explicitly, 
the righthand side of the Eq. (39) does not 
depend on the variable 7, so that L/a(T) on 
the lefthand side of the equation also should 
not contain T explicitly. The reverse state- 
ment of the above deduction can be easily 
verified by retracing the equations. Therefore 
the necessary and sufficient condition for the 
microscopic reducibility is that the operator 
L in Eq. (32) can be writen in a form, 

E=adn, (40) 
where @ is a shift factor which is function of 
T, and Ly is an operator which does not depend 
on T explicitly. 

According to Eqs. (34) to (36), three com- 
ponents of the operator L, i.e. La, Lm and L; 
depend on temperature in mutually different 
manners so that Eq. (40) does not hold general- 
ly when more than one components coexist in 
L. Therefore the microscopic reducibility 
should hold only in the following three cases: 


i) Laax0, big =() 
il) Laa<0, Ibe Sky sO (41) 
ili) Liss, Wie m= 


Moreover, in order that the operator L can be 
expressed in the form of Eq. (40) the friction 
tensor € should be written in a form, 


C=6(T Eo (42) 
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where $(7) is a scalar constant which depen 
only on temperature and €» is a tensor whi 
is independent of temperature. Then the shi 
factor a(T) in each of three cases in Eq. (4 
is given by 

kT/¢(T) for case (i) 

aya 
1/6(T) 
As far as we consider the irreversible fia 
phenomena along the line developed here, v 
can not eliminate essentially the diffusion fie 
operator La, so that cases (ii) and (ili) can ii 
be realized in a strict sense. It might & 
however, realized in an approximate sense 
a low temperature where La<L» or La<l 
An approximate reducbibility also holds. 

we see in the following, when the activatis 
energy of the elementary process of the fic 
is sufficiently large. If we assume convenient 
the Andrade’s equation for the temperatu 
dependence of the friction constant i.e., if ¥ 
assume 


for case (ii) @ 
for case (iii) . | 


Ol SAT "elle. (4 


relative changes of magnitudes of the operaton 
La and Li can be written as 
G 


sta (2 miner 
{(E[kRT)—n\(AT/T) . (é 


Lea or 
={(E/RT)—(n-DHAT/T) 
AEs | A 
[Lel 
Accordingly in the case where 
E/kT>n and 1, Ln=0, 
the temperature dependence of La and L; }t 
comes almost the same, and 
4b=da(PyLs (é 
so that the microscopic reducibility holds ; 


proximately at least in a comparatively sm 
temperature range. 


iv) 


$5 Applications to the Relaxation of Po) 
mers 


Now we will apply the criterions for t 
reducibility of the retardation spectrum ¢| 
tained in the above to actual cases. 
reducibility of the spectrum has been us! 
most effectively in determing master cury' 
of shear relaxation spectra of amorphous pol 
mers such as polyisobutylene in very w) 
frequency ranges. It is well establish 
both experimentally and theoretically that { 


[ee 


| 
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Shear relaxation spectrum of linear amorphous 
polymers consist mainly of two parts, the wedge 
type part in a shorter relaxation time range 
and the box type part in a longer relaxation 
time region.» The former originates from 
the configurational relaxation of each of chains 
between junctions,©!21%) and the latter implies 
the relaxation of the junctions themselves 
which are either temporary entanglements or 
secondary bonds between chains.!1516) So 
eross- -linked polymers such as vulcanized rub- 
ber which are considered to have permanent 
chemical junctions between chains naturally 
lack the box type spectrum. Besides the wedge 
and box spectra, there often appears a third 
relaxation region in high frequency in certain 
polymers, which can be usually attributed to 
rotation of a side group. In the following, we 
will examine these cases in turn, as well as 
some other cases. 


a) The wedge type spectrum. As a 
structural unit in this case we may choose a 
metwork chain between adjacent junction 
points. The macroscopic shear strain may be 
assumed to be proportional to the microscopic 
strain of network chains. It should be empha- 
sized that in homogeneous amorphous poly- 
mers the internal energy does not change ef- 
fectively with the change of configurations of 
the network chain, so that the internal force 
fF, acting on a chain can be neglected. Hence 
the operator L is made up of only one com- 
ponent La when the flow of the medium is 
zero. While, the friction tensor € can be ex- 
pressed in the form of Eq. (42), since the 
underlying elementary processes are the same 
for all internal freedoms of the chain. Thus 
t turns out that the configurational relaxation 
xf a chain in amorphous polymers belongs to 
he case (i) in Eq. (41) which together with 
Eq. (42), guarantees the microscopic reduci- 
vility and hence also the macroscopic reduci- 
jility of the retardation spectrum. 

In order to prove the reducibility of the 
‘elaxation spectrum, it is necessary to verify 
he compatibility of the reducibility of the 
‘elaxation and retardation spectra. 2” in Eq. 
11) can be evaluated approximately as follows: 


O(c)= Ie mea (In ux fe "Liedn it) 
aOR Ca. a 


Lawd(n u) (48) 


~ ¢ In 
= — L(w)d(in u)~| 
Inz 4 
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Now from Eq. (6) it is seen, with the use of 
Alfrey’s approximation, that 


In C1/@) - 
Hho, Ty Jn. | Lic, T)ddnt) (49) 


With the aid of Eq. (49), 
written as 


Eq. (48) can be re- 


Qe) ~ J Alt) — Jew (50) 
Except when rt takes a value quite near to 
the shortest retardation time, the relation 


Je) Joe > Joe (51) 
holds experimentally in amorphous polymers. 
From Eqs. (50), (51) and (11), it is seen that 


Y > Joo (52) 
for the major range of the retardation spectrum, 
which is sufficient for the compatibility of the 
two spectra. 

Thus we see the time temperature reduci- 
bility is valid in the wedge type relaxation 
spectrum. 


b) The box type spectrum. In this case 
we can not take a network chain as the 
structural unit, because here the relaxation 
phenomena concern with the inter-chain inter- 
action of rater complex nature—i.e. breaking 
and reforming of entanglements or secondary 
bonds among chains. Nevertheless, we should 
be able to formulate the problem, at least in 
principle, in the formalism developed in § 3, 
if we can choose a proper structural unit. The 
structural unit in this case should contain an 
internal freedom concerning to breaking and 
reformation of junctions. 

Thus, in the problem of the box type 
spectrum, the essential point consists in the 
nature of temporary junctions. If they would be 
of energetic nature, e.g. caused by hydrogen 
bonds or dipolar interactions, the intervention 
of a L; term should prevent the time-temper- 
ature reducibility to hold in rigorous sense. 
If, on the countary, junctions would be 
merely caused by entanglements without any 
special interaction between chains, the reduci- 
bility should hold favourably in the box type 
region as well as in the wedge type region. 
Non-polar linear polymer like polyisobutylene 
[CH.CH(CHs3)n, may belong to the favourable 
case. 

c) The side group relaxation. The typical 
example of the relaxation of this type is found in 
polymethylmethacrylate [CH2C(CHs)COOCHs|»,, 
in which rotational relaxation of (COOCH;) 


or ee es 


Na aa eae ee ne 


ees f= 


Se us Se Soe Oy 2 


ee ee ee 
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group is considered to take place in a higher 
frequency.!” 

Apart from the wedge and box spectra, the 
spectrum of the side group relaxation alone 
may be time-temperature reducible. But it 
can not be reducible simultaneously with the 
wedge and box spectra, since the relaxing 
unit in this case will be quite different from 
that of the wedge-box parts. In terms of our 
formulation it should imply the inadequacy of 
Eq. (42); instead, the friction tensor will be 
written in a form 


dei ae 


where ¢,€;, corresponds to the side group 
relaxation, and ¢.€. to the wedge-box rela- 
xation. Thus the two relaxation processes 
may be treated seperately, so far as the two 
relaxation region does not overlap. In these 
cases the shift factor a depends not only on 
temperature as usually assumed, but also on 
the kind of relaxing unit, and may be better 
expressed by 


OnkT ete GRE ly Soagies (54) 
where & denotes the kind of the relaxing unit. 


(53) 


d) Relaxations in crystalline polymers. 
Crystalline polymers are usually imagined to 
be made up of fine crystalline phases embed- 
ded in the amorphous phase, each chain mole- 
cule penetrating several crystalline and a- 
morphous regions. If we can assume that the 
both phases are perfect and that the elasticity 
and relating relaxation phenomena are ex- 
clusively attributed to that of the amorphous 
phase, then the reducibility of the crystalline 
polymers will be reduced to that of the purely 
amorphous polymers. But we should remember 
that the two phase description of crystalline 
polymers is only a convention, and that there 
should be at least intermediate regions between 
the two limiting phases. In other words, if 
we consider a representative chain in a- 
morphous region the friction force suffered by 
segments of the chain will change along with 
chain length so that the friction tensor € in 
this case also will not be expressed in the 
simple form of Eq. (42). 


e) The relaxation spectrum of dynamic 
bulk modulus. The linear amorphous poly- 
mers are shown to exhibit the dispersion in 
the bulk modulus as well as in the shear 
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modulus.) This is attributable to the cor 
figurational relaxation of a chain just as 1 
the shear relaxation. It should be re 
membered, however, that there is an apprec: 
able change of internal energy accompanie 
by the volume change, so that the operate 
Li (Eqs. (33), (36)) can not be neglected. More¢ 
over the bulk modulus is not expressed in | 
simple form of Eq. (22). These piiniile 
together will interfere with the reducibilit 
of the spectrum of the bulk modulus. 


§6. Discussions 


In the above treatments we have ascribe 
the molecular basis of the time-temperatur 
reducibility defined macroscopically by Eay 
(7) and (8) (i.e. the macroscopic reducibili®y 
to the reducibility of the distribution functio 
of the structural unit, Eqs. (23) and (24) Ge 
the microscopic reducibility). It is obvicu 
that the latter yields a sufficient but not neces 
sary condition for the former, except whe 
all macroscopic quantities of the system whic 
can be expressed in the simple form of Eé¢ 
(22) would satisfy the reducibility. Thoug; 
comparative experimental investigations ¢ 
various relaxation phenomena have not bee 
made thoroughly, Ferry et. al! found tha 
shift factors a(T)’s, of the dynamic and d 
electric relaxations in many polymers coincid 
with fairly good precision. This fact seem 
to give us a resonable, though not sufficiem 
evidence to presume that the macroscop? 
reducibility is originated from the microscopp 
reducibility. 

We can imagine in Eq. (35) or (36) the cas 
where vm2<0 with div umf=0, or Fi2<0 wit 
div Fifi=0. But these odd cases mean phys: 
cally that the occurrence of the flow vm 6 
the force Fi does not give any effective in 
fluence on the dynamical behavior of th 
system, so that they will belong to trivia 
cases, and we shall not go into further detai: 
of them.*? 
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Structure of Nuclear Quadrupole Resonance Line 
II. Solid Bromine 


By Shoji KosmmA, Yoshihito ABE, Midori MINEMATSU, 
Kineo TSUKADA* and Akira SHIMAUCHI** 
Department of Physics, Tokyo University of Education Otsuka, Tokyo 
(Received June 26, 1957) 


Broad resonance lines of Br®? and Br*! in a single crystal of bromine 
have been studied. If the theory of indirect spin-spin coupling is ap- 
plied, ten components are expected for each lines even when asymmetry 
of the field gradient tensor is neglected. The observed derivative curves 
of the lines could not be resolved into more than three lines. Provided 
that the each components have a finite line width a rough agreement 
was obtained with the interaction constant of 3kc. This value is reson- 
able if the s-character of Br-Br bond is 18%. The ratio between overall 


line w 


square of nuclear magnetic moment. 


§1. Introduction 
In a earlier report it was shown that nuclear 
quadrupole resonance lines in solid iodine, 


* Now at Japan Atomic Energy Research In- 


stitute, Minato-ku Tokyo. 
+* Now at Institute for Optical Research, Tokyo 


University of Education, Shinjuku-ku Tokyo. 


idth of Br? and Br®! accorded approximately with the ratio of the 


bromine and iodine monochloride have a fine 
structure which was probably arisen from 
electron-coupled spin-spin interaction. The 
preceding paper, I of this series, has dealt 
with a detailed measurements of the splitting 
of the resonance line of solid iodine”. The 


present paper contains an extension of that. 
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measurement to solid bromine, whose crystal 
structure is the same as iodine. Solid bromine 
contains two isotopes, Br? and Br*, with 
nearly equal abundances and the spin numbers 
of both isotopes are 3/2, whereas iodine con- 
sists of single isotope having spin of 5/2. An 
investigation of bromine seems to be interest- 
ing in the fact that splittings due to the in- 
direct spin-spin interaction are simpler than 
iodine owing to smallness of the spins. More- 
over, comparison between the splittings of 
both isotopes will be valuable to verify the 
origin of the splitting. 

Sometimes spurious complex patterns of re- 
sonance lines were observed for a number of 
compounds when the samples were locally 
heated by radio-frequency field. Such cases 
are described in the Appendix. lJIodine mono- 
chloride is also discussed there. 


§2. Experimental Procedures 


Bromine used was purified by means of de- 
hydration and distillation from a commercial 
sample. The purified sample was kept from 
moisture, otherwise it showed no fine struc- 
ture of the resonance line. A _ single crystal 
of bromine was produced by the method of 
pointed-bottom crucible, which was used in 
the previous experiment on the Zeeman effect 
of bromine”. 

The detector was a super-regenerative de- 
tector with a transmission line tuned circuit 
as previously». The transmission line, how- 
ever, was extended to about one wave length, 
so that the sample was located far from the 
vacuum tubes. The recording system was 
the same as discribed in I. 

The crystallographic axes of bromine were 
determined through the method of Zeeman 
effect of nuclear quadrupole resonance with 
larger Helmholz coil than that of the previous 
experiment. The Helmholz coils consisted of 
air cooled coils with separation of 1lcm. Each 
coil had inner diameter of 25cm, outer dia- 
meter of 35cm and thickness of 4.3cm with 
9000 turnes of No. 24 enamelled copper wire. 
These coils were mounted in a goniometer. 


The absorption curve of Br®! was observed 
by an oscilloscope with large modulation of 


frequency. The observed pattern is reproduc- 
ed in Fig. 1. In order to keep the sample at 


Result of Experiments 
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constant temperature this observation “a 
made at the melting point of bromine of 
—7.9°C, while a small part of sample was 
melting. Although the large modulation of! 
frequency gave rise to distortion of pattern, 
the observed curve showed a complex struc- 
ture. By using small modulation a derivative: 
curve was™recorded which showed complex: 


structure more decidedly (Fig. 2). The obtain; 


Jaga, Ale 


Fig. 2. Derivative curve of Br®! at —7.9°C. Fre- 
quency increases from the left to the right. 


ed pattern could be resolved into three lines. 

Since the previous experiment on the single 
crystal of iodine revealed that the pattern of 
the absorption line depended on the orientation 
of the applied radio-frequency field. The pat- 
tern had to be studied at various orientation 
of the rf field with a single crystal whose 
crystallographic axes were determined. In 
order to carry out many measurements with 
one single crystal the experiment at the melt- 
ing point of the sample is unfavourable. Then 
the following experiments were carried out at 
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~ ooh ome 
a 
hence oe eae Sortie s 9 pono 


AG ge tee 


Fig. 3. Derivative curves at —23°C. 


(a) Br, 
(b) Br®, 
(eG) Bree 
(d) Br’, 


—23°C which was the melting point of carbon- 
etra-chloride. 

Derivative curves of the resonance line of 
3r79 and Br® were recorded at various orienta- 
ions of the rf magnetic field. Their frequ- 
ncies were about 378 Mc and 315 Mc respec- 
ively. Some of the recordings are reproduced 
n Fig. 3. The curve Fig. 3 (a) agreed well 
vith the curve of Fig. 2. The over-all split- 
ings of the patterns of Br” and Br*! are 21.0 


The rf field parallel to the @ axis. 
The rf field parallel to the 6 axis. 
The rf field parallel to the ¢ axis. 
The rf field parallel to the a axis. 


+0.5 ke and 24.0+0.5 kc respectively. These 
were determined as the spreading between 
two outer peaks of the derivative curves. 
Shapes of absorption curves can be obtained 
by integrating the derivative curves. As an 
example, a curve which was obtained by 
graphical integration is shown in Fig, 4. 


§4. Calculation of the Splitting 
Theory of the electron coupled spin-spin in- 
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teraction in solid iodine was recently given 
by Itoh and Kambe®. By their theory the 
Hamiltonian of the interaction is expressed 
by*, 

SF im= JE t+ K fiche + fiyhy) , (1) 
where J, and & are spins of a pair of nuclei 
in a molecule. The interaction constants J 
and K are, 


jG] orf Fawor+a—a >} | 


2h") 2 (8x oe ee 
Kah | ar = algo? —2 (1 ac >| . 
(2) 
In this expression @ is the s-character of the 


chemical bond, 8 the Bohr magneton, 7 the 
gyro-magnetic ratio of the nucleus and 4F is 


Fig. 4. Integrated curve obtained from the curve 
(a) in Fig. 3. The line spectrum is calculated 
from the theory assuming that J~>K=3 kc, 


the mean energy difference of excited states 
from the ground state. |@(0)|? is approximately 
expressed by Z02/7n’a)? where Z is the atomic 
number, 6 Slater’s orbital exponent, »’ the 
effective principal quantum number and ay is 
the Bohr radius. For bromines Z, 6 and n’ 
are 35, 1.65 and 3.7 respectively. <l/v?> can 
be obtained from the coupling factor of hyper- 
fine structure of ?P3,. term. By King and 


Jaccarino®» the factor, 16 pk, we of Br? 
NST ee Spe 


and Br®! are given as 884.810 Mc and 953.770 
Mc respectively. 

Splitting of the nuclear quadrupole energy 
levels were calculated by perturbation theory 
started from the eigenstates dinjdm,, where mm, 
and m, refer to the magnetic quantum num- 
bers of the two spins. The splittings are 
different between homonuclear molecules, Br?’ 


* 


Eq. (1) in the paper I was misprinted. 
ALL+Bichz+Tyly) should be read Alzh.+ 
Bfielox + yhry). 
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Br? and Br®!Br®!, and heteronuclear moleculeg 
Br@Br®!, on account of mixing and nonmixi 
of the states PsjoPiy2 and dips. The resu! 
of calculation by the first order perturbatioi 
theory is shown schematically in Fig. 5, wher 
asymmetry of field gradient tensor is neglect 
ed for simplicity. Transitions are allowed i 
4m,=-1, 4m,=0 and if the character of syi 
metry for exchange of nuclei is conservec 
As shown in Fig. 5, five resonance lines ar 
expected for both types of molecule**. Rele 


homonuclear 
molecule 


heteronuclear 


eae molecule 
Ds ae 


Energy level diagram. 


Pigs, 
tive intensities of these five lines a, 0b, c, ¢ 
and e are 2:2:1:1 and 2 for both types o 
molecules. The lines are independent o: 
orientations of the rf field at this stage o 
approximation. 

The quadrupole interaction of solid bromine 
is known to have a small deviation from axia 
symmetry. The asymmetry parameter definec 
by 7=(dzz—Qvy)/dzze WaS experimentally deter 


mined as —0.20*%. This effect is accountec 
by the additional Hamiltonian; 
aS, = 0G eT) +8 Bet By] ; 


GS 
The resonance frequencies are given in Eqs 
(4) and (5), by putting 7=0. 


x 
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where »,; and vy, are the resonance frequencies 
yf nuclei 1 and 2. Splittings of energy levels 
were calculated by the second order perturba- 
jon theory. In this calculation, however, the 
small terms containing K2, J? and 7” were 
ymitted. The result for the heteronuclear 
nolecules shows that the two degenerate 
states dispPsiy2 and Pips. split each into 
1 pair of states having additional energy of 
+7K and that the states $iid4i/. into a pair 
states of 27K. The first state of the pairs 
§ represented by a symmetric wave function 
with respect to the reflection by the ac-plane 
ind the second by an antisymmetric one. In 
‘he homonuclear molecules the splitting of the 
states Psijo4i/2 is the same as the hetero- 
auclear molecules, but the degenerate state 
which are represented by four eigen function 
pespPsi and $s1/2+3/2, split into three states 
having the additional energy of 27K, 0 and 
—2yK* with the character of (+, @), (+, 0) 
and (—, @) respectively, where e and o indicate 
the even and odd character of exchange of 
nuclei and + the symmetric character respect 
to the reflection by the ac-plane. 

The resonance frequencies expected from 
these levels are expressed by 


Ya=Yot(3/2)J , 
Yor, Yoo =VYot(1/2)Jr27nK , 
Pb, Ye, =Vo—(1/2)/+2K+yK , (4) 
Vay, Ya,=vo—(1/2)J/—2K 47K > 
Wes, Ye, =Vo—(3/2)JenK , 


for heteronuclear molecules and 


Yar=Vo+ (3/2) J—(3/2K) , 
Yo4"s Vogr=Yo+ (1/2) J+ (3/2) K#20K , | 
Yer=Yo—(1/2)J/4+2K , | (5) 
Vay’, Vag? =VYo—(1/2)J—2K 427K . 


Vey =Yo—(3/2)/ , 
Vey", Vez"=Vo—(3/2)J+27K . 


for homonuclear molecules. 

Relative intensities of lines, a, 01, b2, C1, C2, 
ued,, €; and e, are 2:1:1: Y:X:X: Y:1:1 where 
X=cos?@ and Y=cos?¢ being @ the angles 
between the rf field and the X axis and ¢ 
the angle between the rf field and the Y axis 


* For homonuclear molecules the energies of 
levels are also calculable by using the general 
formula derives by Itoh and Kambe, 7.e., Eq. (22) 
of Ref. (4). 


x 
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of field gradient tensor**. For lines a’, by’, 
be’, c’, di’, de’, ey’, ex and e;’, relative intensi- 
OS Bie Leile lois KO IWail. as Ne 


$5. Analysis of the Resuls 


The observed spectrum on Br®! is the mix- 
ing of spectrum of homonuclear molecule Br®! 
Br®! and that of heteronuclear molecules Br” 
Br®! with nearly equal intensities. Taking 
into account the difference between the values 
of the magnetic moments of Br? and Br®!, 18 
lines are expected from the calculation. The 
theoretical spectrum is a function of the ratio 
of K/J. The line spectrum shown in Fig. 4 
is calculated with /~©K=3kc. On the other 
hand, the observed spectrum could not be 
resolved into more than three lines because 
of a finite width of each lines. Therefore, 
exact comparison between theory and experi- 
ment is impossible. If we assume that s- 
character of the Br-Br bond is 18%***, we can 
calculate J and K by using Eq. (2). The cal- 
culated values of J and K are 2.9kc and 0.46 
ke for Br®. The obtained spectrum, however, 
shows poor agreement with the observed one. 
If we assume that /~K~3kc as the case of 
iodine, better agreement is obtained than the 
previous case, although some discrepancies 
still remain. In this case, in order to fit the 
spreading of the observed pattern the width 
of the each components must be about 15 kc. 

The ratio of overall splitting of the reson- 
ance of Br7 to Br®! is about 1.14. This value 
accords approximately with the ratio of the 
square of nuclear magnetic moment****, 1.16, 
and does not with the ratio of the nuclear 
quadrupole moment. If the splittings were 
arisen from nonequivalent position of nuclei, 


** When the character of asymmetry for the re- 
flection to the ae-plane changes, the intensity is 
proportional to Y and when it does not change, 
the intensity is proportional to X. 

*e* RS, Mulliken (J. Am. Chem. Soc. 77 (1955) 
884) estimated theoretically the s-characters of the 
F, molecule and the Cl, molecule to be 2% and 
10% respectively. T. Itoh and K. Kambe obtain- 
ed 22% s-character for the I, molecule from the 
analysis of indirect spin-spin interaction, 

**** Strictly speaking, when the ratio are taken 
for the homonuclear molecules. Br®Br* and Br®!— 
Br®l, the ratio should agree with the square of the 
magnetic moment. In the practical case where 
heteronuclear molecules exist the ratio will be re- 


duced somewhat. 
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the splitting would be proportional to the 
nuclear quadrupole moment. The dependence 
of the spectrum in bromine upon the orienta- 
tion of rf field is less than in the case of 
iodine. The reason is that the pairs of lines, 
which have the intensity X and Y, are near 
each other and cancel the effect. 

The present results on bromine are sum- 
merized in Table J. For comparison,. the pre- 


Table I. 
| Br79 Br®l | [27 
Resonance freq. (Mc) 3/78 315 332 
Overall splitting (kc) | 21 24 | 48 
Interaction constant (kc)| 2.6 3.0, 3.0 
s-character of the bond | 20 | 20. || os 


(%) | | 


‘vious results on iodine are also summerized 
in the Table. 

The mechanism of indirect spin-spin coupl- 
ing seems adequate to account for the observed 
structure of the absorption line. The agree- 
ment between the observed pattern and the 


calculated pattern, however, is not satisfactory. 
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Appendix 

It was often experienced that a resonance 
frequency shifted during observation. This 
effect resulted from a rise of temperature of 
samples due to heat conduction from vacuum 
tubes and to dielectric absorption of radio- 
frequency power. An experiment on paradi- 
bromobenzene with a _ super-regenerative 
spectrometer which was operated at high 
power level demonstrated a temperature rise 
of about 4°C. 

If a sample is so large that its ends extend 
to outside of the rf-coils, the temperature in 
the sample will be non-uniform. Non-uniform 
distribution of temperature may given rise to 
spurious fine structure of the resonance line. 
Indeed, a sample of dibromobenzene in a 
suitable condition showed a broad resonance 
line having a complex structure. This pattern, 
however, changed with time. Therefore it 
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could be distinguished from the structure dug 
to indirect spin-spin coupling. | 

In early experiment on iodine monochloridd 
a complex resonance line was observed almos} 
stably as shown in Fig. 6. Using a mor 
pure sample we have repeated the experiment) 
In the present experiment* the resonance ling 


Fig. 6. Complex structure arisen from local 
heating of sample (IC1). 


Fig. 7. 


Absorption curve of I!” in iodine 
monochloride. 


showed an ordinaly pattern having a width o 
about 25ke. The oscillograph display is re 
produced in Fig. 7. 

Transiently, however, a complex structurs 
Fig. 6 was observed in the present experi 
ment. This pattern was not arisen from the 
indirect spin-spin interaction, but from th 
mechanism of local heating. If the crysta 
used is perfect and in nonstress, the rathe 
broad width will be accounted from the in 
direct spin-spin interaction. The coupling 
however, is much smaller than the cases 0 
bromine and iodine. 
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Paramagnetic Resonance Absorption in Chromous 
Sulphate Pentahydrate 


| By Kazuo ONo 
Institute for Solid State and Chemical Physics, University of Tokyo 
(Received July 23, 1957) 


The paramagnetic resonance spectra of Chromous sulphate pentahydrate 
have been analyzed at room temperature for the wavelengths between 
0.54cm and 1l.lcm. The results show that this crystal has a structure 
similar that of copper sulphate pentahydrate. The observed data have 

been analyzed by the so-called spin Hamiltonian and the positions and 
intensities of the absorption lines are adequately explained by a crystal- 
line electric field of rhombic symmetry. The parameters determined 
have been found to be quite consistent with the values of the spin-orbit 
coupling constant and spin-spin interaction constant obtained from spectro- 
scopic data. The line width varies from 1K oer. to 3K oer. with the 
direction of the magnetic field and high frequency field and seems to be 
broader than that expected from magnetic dipolar interaction alone. 


Cut+ which have been studied in great detail. 
In the case of Ni*+, C@rt*; and Fet*, the 
splittings are generally larger than the energy 
of the microwave used usually. So the reso- 
nance must be observed with rather high 
frequencies. That is: NiSO,-7 H,O? shows 
a resonance at 0.54cm and 0.66cm wavelengths 
but does not at 1.25cm because it has zero 
field splitting of about 2cm 7}. 


1. Introduction 


The method of paramagnetic resonance has 
een developed for a detailed investigation of 
1e lowest energy levels of paramagnetic ions 
1 crystals. This method is the observation 
f transitions caused by resonance of a high- 
‘equency magnetic field at right angle to 
le magnetic field. The consequence absorp- 
on of energy therefore shows a series of 


laxima as the static magnetic field is varied. 
y repeating the experiment for a series of 
ifferent values of the frequency of the high 
equency field, it is possible to plot out the 
nergy levels as a function of the static field. 
1 particular, one can very accurately estimate 
1e splitting of the energy levels in the ab- 
ance of magnetic fields. Then the resonance 
ata provide valuable information on the bulk 
roperties of the crystal e.g. susceptibility and 
pecific heat at very low temperature. 

Amongst the common salts of the first (iron) 
‘ansition group, the splitting is small in the 
Be: of Cr+tt+, Vtt, Mn**t, Fet**, Cot, and 


Moreover, the Cr** ion is very unstable 
and has a strong tendency to oxidize, especially 
in aqeuous solution. Then it is difficult to 
obtain a large crystal of divalent chromium 
salt. So few measurements® have heretofore 
been made of the magnetic properties of the 
Cr++ ion. Only one salt, Cr(NH,4)2(SO;)2.-6H,O”, 
has been studied by the paramagnetic reso- 
nance method and it was reported that no 
resonance was observed at 3cm wavelength. 

The present paper describes the paramagne- 
tic resonance spectra found in chromous sul- 
phate pentahydrate at room temperature for 
wave-lengths between 0.54cm and l.lcm. 
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The result shows that the fivehold spin de- 
generacy is completely lifted by the crystalline 
electric field of rhombic symmetry and the 
spacing between the adjacent energy levels 
are found to be 1.94cm7!, 0.60cm7}, 6.42cm“, 
and 0.0lcm-!. A brief account of the mea- 
surements on this salt has already been given 
by Ono et al.” 


§2. Crystal Preparation 


A solution of Cr** salt is rapidly oxidized 
by atomospheric air and forms a green one of 
Cr*+**+. Hence the solution of Crt* must be 
prepared and treated in an evacuated vessel. 
The author obtained fairly large crystals of 
chromous sulphate as follows (See Fig. 1): 


Cr+HCl 


@ Rubber 
ew Brass 
© Glass 


J Nach,coo 


Fig. 1. Apparatus for the preparation of chro- 
mous acetate. 


A solution of chromous chloride was formed 
in an evacuated vessel by dissolving chromium 
metal with hydrochlonic acid. When dissolv- 
ing was over, the solution was filtered through 
a paper into a solution of sodium acetate. 
Chromous acetate, which is sparingly soluble, 
comes down as red crystals. The chromous 
acetate was taken out from the vacuum vessel 
and filtered off in the air because this salt is 
not oxidized readily. 

The chromous acetate was then dissolved 
in a rather concentrated sulphuric acid in an- 
other evacuated vessel and was left overnight. 
Many crystals were obtained, which have a 
blue colour, somewhat more violet in tint than 
that of copper salts. In order that a few 
well-formed crystals should be obtained it is 
necessary to ensure that crystal nuclei are 


A 
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not present in too great number. Therefor} 
the filtering of chromous chloride in the ev } 
cuated vessel is essential to obtain a goor 
crystal. 

The crystal thus obtained, CrSOQ,-wH.0, i 
triclinic and the results of resonance absorg 
tion show that each unit cell seems to contai/ 
two unequivalent ions. The number of wall 
molecules of crystallization in this crystal wa 
determined as follows. The weighed crystal 
were put in a glass tube as shown in Fig. 2 
The tube was then evacuated by a mechanica 
pump, after which the tube was sealed off. — 


i 


‘Thermometer 


U shaped Glass Tube 


Condensed 


Cr $O4*XHO olen 


Electric Furnace 


Fig. 2. Apparatus for the determination of the 
number of water molecules of crystallization in 
chromous sulphate, CrSO,-«H,0. | 


Then the crystals were heated very slowl 
keeping the other end of the tube at roor 
temperature. The hydration water came dow: 
abruptly at about 260°C. The amount a 
water remained almost constant as the tem 
perature was raised until the wunhydrate 
crystals were decomposed at about 400°C 
The condensed water of crystallization wa 
weighed and a was determined to be 


«=4,90+0.50 


Thus the formula of the crystal becam 
CrSO,-5 H.O. It could not be determined rez 
dily from the external form of the cryst 
whether it were isomorphous with coppe 
sulphate pentahydrate or not. 


§3. Apparatus and Experimental Procedut 


In paramagnetic resonance experiments tl 
advantages of working at shorter wavelength 
than those used usually (2=3cm, 1.25cn 
are; 

1) ions with a large zero splitting can 1} 
investigated; 
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2) the intensity of absorption goes up as 
ne frequency is raised; 

nd 3) measurements can be done by smaller 
mounts of materials. 

_Chromous salts has a large initial splitting 
nd cannot be obtained in a sufficiently large 
ingle crystal. Then, in the present investi- 
ation, it is necessary to use millimeter wave- 
eneths. 

_A crystal multiplier driven by a klystron 
re frequently used as a source of radiation 
f the millimeter wave-lengths in micro-wave 
pectroscopy. But power output from a cly- 
tron is quite low, and only second or third 
‘armonic is available for physical measure- 
ments in solid state spectroscopy, which 
equires higher power than that in gaseous 


Magnetron 


Modulating 
Coil 


fA-picryl hydrazyl 


Fig. 3. Schematic diagram of paramagnetic reso- 
nance absorption apparatus at millimeter waves 
_ employing magnetron harmonics. 


me. Since one cannot easily obtain a kly- 
tron below the wavelength of 3cm in Japan, 
xperiments in millimeter wave region are 
lifficult. 

It has been reported by Klein et al? that 
nagnetrons emit harmonics of their funda- 
nental frequency of oscillation. Employing 
he techniques reported by them, harmonics 
s high as the sixth have been obtained from 
igh power magnetron. That is: the wave- 
eneths used, 2=6.6 mm and 4=5.4mm, were 
he fifth and the sixth harmonics of the 
nagnetron of A=3cm. 

The main components of the apparatus are 
hown in Fig. 3. The magnetron is operated 
vith a pulse length of about one micro-second 
nd a repetition rate of about 600 per second. 

Microwave radiation of the fundamental 
scillation is reflected back by the tapered 
iston, T. P., and absorbed by the absorber, 
.. Radiaton of harmonics goes through the 
vave-guide W. G. The sample crystal is 
laced at the center of the piston of the 
ectangular cavity, C. excited in the Fon 


mode and can be rotated in the plane of the 
static and micro-wave magnetic field. An 
external magnet applies a field to the crystal 
which can be varied from zero to 20 kilogauss. 
The intensity of the static magnetic field was 
measured using a fluxmeter and calibrated by 
the magnetic field for the absorption peak of 
a-diphenyl §-picryl hydrazyl (g=2.00, 4H= 
several gauss) at 2=5.4mm. A pair of sub- 
sidiary coils wound on the pole-pieces are 
used to modulate this field to a depth of about 
200 gauss at a frequency of 30 c/sec. 

The absorption of micro-wave energy by the 
sample in the cavity reduced the Q-value of 
the cavity, and was registered as a diminu- 
tion of the power transmitted. The power is 
detected by the silicon rectifier, R, which is 
a demountable one constructed with a silicon 
wafer and a tungsten cat whisker within the 
wave-guide. Then the power, modulated with 
30 c/sec, is fed through the wide-band ampli- 
fier, W.B.A., the detector D, the amplifier, 
T.A., tuned to the modulation frequency, 
and the lock-in amplifier, L.I.A. This ampli- 
fier output is read on a meter. 

The wave-length of 2=1l1mm is obtained 
by a harmonics multiplier of silicon diode 
crystal from the fundamental oscillation of 
a 2K25 klystron. (A=3cm). The measuring 
method is essentially the same as that of the 
wavelength of 5.4mm and 6.6mm. 

The positions of absorption lines vary very 
rapidly with the direction of the applied mag- 
netic field, and hence with the accuracy of the 
cutting and mounting of the crystal. The 
sample used is very small(about 2mm x1.5mm 
x0.5 mm) and the accuracy of this process is 
rather bad. 


§4. Preliminary Discussion of the Spectrum 


Before describing the observed ‘spectrum, 
it is convenient to consider the theoretical 
basis for its interpretation. 

The free ion Crtt is in a °D state but the 
orbital momentum is strongly quenched by 
a crystalline electric field. (shown in Fig. 4). 
The orbital levels are split by a cubic field 
into a triplet 7’; and a doublet 7’3. The non- 
magetic doublet is split by a tetragonal or 
rhombic field, and paramagnetic resonance is 
observed for the lower level. The combined 
effects of the non cubic part of the crystalline 
field and the spin-orbit coupling then produce 


1234 


a further small splitting of the lowest orbital 
singlet, which has five fold degeneracy due 
to the spin (S=2). 

When static magnetic field is applied this 
spin quintuplet is approximately descrived by 
the Hamiltonian 

FE ={SD?Z—1/3 S(S+1)}+ E(S2?—Sy’) 

—B(92H2 Ss + yHySy+92H-2S:z) ( ti ) 

The term in D represents the fine structure 
due to the crystalline field of axial symmetry, 
while small departures from this due to the 
rhombic component appear as the term in E. 
Here g is the spectroscopic splitting factor, 8 
is the Bohr magneton, and A is the applied 
magnetic field. 
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Fig. 4. Schematic energy levels of Cr++ ion in 
crystalline electric field. 


The expressions for the parameters D, E, 
and g are derived by Koide and Sekiyama;” 


R2 
Eo py ales. 
D==B( mT. +e ) (2) 
~ 2 
VA ££2E3 Lie 9 
E v3im (fe 0) (3) 
G2=2—21—-V 3 my*A/4E 
y=2—24+4 V3 mya/4E (4) 


Jz=2—8P2/4E 


where 4 is the spin-orbit coupling coefficient, 
o is the spin-spin coupling constant between 
3d electrons, 4E is the spacing between I’, 
and /’;, and / and m satisfy the relations 


2lm/(V 3 (2—m?)] = E/D 
P+m=1 

Spectroscopic data indicated 2=58cm-! and 
o=0.42cm7! 8 for the free Crt++ ion. As- 
suming L=0 we have two alternative cases 
in the above formula, i.e., J=1, m=0 and 
m=1,1=0. Since copper sulphate corresponds 
to the former, it is resonable to assume that 
for chromous sulphate it is also the case 


(5) 
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With the values of 2=58cm7!, o=0.42 cm} 
and 4E=10000cm~!, it is obtained from eq. 
and eq. (4) that 

D=—2 cma 95— 1895 

The assumed value of 4£=10000cm7! 
reasonable considering the color of the ea 
which is due to transition between /’; and 

The levels of the spin quintuplet when H= 
are seen from (1) to be . 


W, es =D +(3E)? 


G2=Jo=1.999 | 


W.=—D-—3E 
W3= —D+3E (6 
W.=2D 


Ws=2V D?+(3E)? ! 

When # is present, these levels vary wit 

H. In Mn*+, Fet*+, and Crt**, D is gaam 

compared with y@H and they can be approx: 

mated by simple formulae, but this is not tht 
case’ In (Gnas 


Fig. 5. Relative positions of the lowest energy 
levels of the Cr++* jon in CrSOg:5H.9. The 
full lines are those for H//z and the dashed 
lines for H//y. 

Fig. 5 shows the calculated values of VJ 
using eq. (1) with the values D~2.24cm- 
E£=0.10cm™ and g2=9y=9:=2.00. The micre 
wave transition (W.2+}W,) can be observer 
when H is parallel to z and that betwee 
(W:<)Ws) when # is applied in the zy plane 
The transition (W.49 W;) is energitically pos 
sible in the case of HA//z, but forbidden b; 
selection rule, 


i 
P? 


i 
‘5. Experimental Results 


“The analysis of the spectrum of chromous 
ulphate is very complicated with the follow- 
ag reasons. 

1) The value of D is large compared with 
‘BH. 
2) The structure of this crystal is trinclinic 
nd magnetic axes bear no relation to the 
rystalline axes. 

3) The spectrum is doubled by the presence 
i two inequivalent ions in a unit cell. 

To determine the constants D, E and Gy ihe 
fequires to be two things. 
1) To find directions of the rohmbic axes 
@iY121)(w2Yoz) associated with the dissimilar 
ons in unit cell. 
: 2) To observe the resonance fields with H 
darallel to any particular rhombic axis for 
lifferent values of 4, so that the parameters 
n eq. (1) can be determined. 


ies) 
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Fig. 6. The angular dependence of the resonance 


field in the z'y, plane withA=llmm. %, "1, 
2, and y, Yo, 22 indicate the rhombic axes of 
the crystalline fields corresponding to the two 
kinds of ions, respectively. 


It is remembered that the resonance field 
with H parallel to any particular rhombic axis 
jas a Maximum or minimum one. For exam- 
jle, one of the rhombic axis, “1, can be deter- 
nined precisely as follows. 

The crystal is mounted in a cutted plane, 
say a’ plane, which was found to contain 21’ 
ind y,/ nearly parallel to 2 and 4, respec- 
ively. Fig. 6 shows the resonance field 
iwainst the direction of H in this plane with 
i=l1lmm. The direction of the minimum 
ralue of resonance field H corresponds to 21’. 
[hen the crystal is remounted in a a” plane 
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which is rotated by about 2 degree about an 
axis perpendicular to z,/ in the a’ plane. The 
resonance fields near z,/ against H were also 
observed and 2,’ axis was obtained corres- 
ponding to the minimum value of H. A series 
of the values of H corresponding to 21’, 21/’:** 
thus obtained are plotted against the angle of 
rotation in Fig. 7. The minimum value of H 
in Fig. 7 corresponds to the true 2 axis. 
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Fig. 8. The angular dependence of the resonance 


field in the zy, plane with A=5.4mm. Here 
P is the intensity of the absorption, the product 
of the muximum absorption and the width of 
the absorption line. 


Thus the positions of absorption lines with 
HT parallel to any particular rhombic axis were 
precisely determined, although the sample 
used was so small that the accuracy of the 
cutting and mounting was not sufficient. 

Fig. 8 shows the angular dependence of the 
resonance field in the za, plane with 2= 
5.4mm and Fig. 9 and Fig. 10 shows that in 
the z,2, plane and the zz, plane with 4=6.6mm 
respectively. We can see in Fig. 10 that the 
angle between z, and z is 86°. This angle 
is the same as that obtained by the author 
for copper sulphate pentahydrate. In the 
figures, the positions where the intensity is 
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low are written with the dashed curves. They 
disappear with H parallel to z, where the 
transition (W..)W;) is forbidden by selection 
rule. 


oo Be. GO’ 0°. 120" TiI50° 60" 


Fig. 9. The angular dependence of the resonance 
in the 2,4 plane with A=6.6 mm. Here P is the 
intensity of the absorption. 
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Fig. 10. The angular dependence of the resonance 
field in the 212, plane with 2=6.6 mm. 
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Fig. 11. 4W as a function of H. The full line 


indicate the theoretical values and the crosses 
the experimental ones. 


Assuming 9z=gy,=2.00, the best fit of the 
experimental transitions is obtained with D= 
2.24cm1, E=0.10cm™ and g,=1.96,. Fig. 11 
shows the calculated values of 4W (full lines) 
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using these values from eq. (1), and th 
crosses are the experimental points. Thes} 


values of D and g. are quite consistent witl 
those calculated from the eq. (4) using spectro; 
scopic data. With D=2.24cm-1! and E=0.1il 
cm-!, it is also obtained from eq. (5) that ! 


m=0.035 7=1.00. 


For a splitting of the type shown to exist * 
Crt+, the principal susceptibilities for an ion 


with axial symmetry are { 
. 

% 1, =2Ng9)\282/RT (1—7D/5kT) | 7) 

11 =2N91282/kT (1—7D/10kT) ’ 


Then, the sign of D may be determined hy 
observing the anisotropy. The contributions 
to the specific heat from these splittings oh 
the energy levels is given by; 


cryR= (9) (D438 
The susceptibility of chromous_ sulphate 
hexahydrate, CrSO,-6H,O, in a powdered form 
has been studied by Lips®. Over the tenw 
perature range 54°K to 400°K he found the 
Weiss law to be obeyed with an effective 
Bohr number of 4.82, in agreement with 
the value of eq. (7) neglecting the D term, 
Unfortunately, for the lack of data on sus- 
ceptibility and specific heat at very low 
temperature, comparison between measured 
and calculated ones cannot be made. 


and 


(8}) 


§6. Line Widths 


Because of the rather closer spacing of the 
Cr** ions in the crystal, there may be ex- 
change interaction between identical and non- 
identical ions as can be seen in the case of 
CuSO,-5 H,O® which contributes fairly to line 
widtns. Moreover, the experimental magnetic 
field is never really large compared with the 
Stark splitting of the energy levels. So the 
observed magnetic width is not in general 
linearly related to the frequency width, and 
this can have the effect of broadening the 
observed line, especially in the transition 
(WiOW:.). Van Vleck has calculated the 
line width from magnetic dipolar interaction 
alone. In the crystal, the calculated dipolar 
width is about 1.3K oer., but the calculation 
can not be applied to the case in details from 
the reasons mentioned above. | 

The observed widths of absorption lines 
varied with the orientation of the crystal, 


— 


957) 


om 1K oer. to 1.5K oer. in the transition 
W2- Ws) and from 1.3K oer. to 3.0K oer. 
1 the transition (W,QO)W,). Fig. 12 shows 
1e absorption curves in the Za, plane with 
=5.4mm. The error of the broadest line 
idth is estimated at 30%~40% on account 
f low signal to noise ratio, while that of the 


~Zall H 


Z,// H 


‘ig. 12. Paramagnetic resonance spectrum of 
Cr+* ion (1) and ion (2) in the 2,22 plane with 
4=5.4mm. 


arrower one is correct within 10%. Line 
idth does not vary remarkably with wave- 
mgth and that multiplied by d(4W)/dH, 
srived from Fig. 11, gives almost a constant 
ith the same orientation of the crystal. The 
lape of every absorption line is near to 
qussian. 


7. The Intensity of the Absorption Lines 


‘The intensity of the absorption lines varied 
ith the direction of the external field A, 
ith the direction of the oscillating field h, 
id with the wavelengths 4. Fig. 8 and Fig. 
‘show relative intensities of absorption in 
ie zy, plane with 4=5.4mm and in the 4,2, 
ane with 4=6.6mm. In the figures, inten- 
ty, P, are normalized by an absorption of 
diphenyl $-picryl hydrazyl mounted in the 
me measuring cavity containing the crystal. 
he intensity of the absorption is nearly 
tropic both with the direction of the exter- 
il field H, and the oscillating field # in the 
‘plane, while the intensity varies remarkably 
ith W and h# in the plane containing the 
axis. 

A comparison is made in Table I between 
perimental and calculated transition proba- 
lities. The theoretical values of relative 
ansition probabilities between two eigen- 
ates, 1 and 2, for a single system per unit 
ne with eigenvalues differing the energy 
») for x-polarized radiation is 


P=(2n/h)*|ta2"|7L « (9) 
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Where /4,;* is the matrix element of the 
magnetic moment operator y*=g,8S, and I 
is the total energy in the incident radiation 
field per unit volume per unit frequency in- 
terval. A conversion must be made, however, 
because the theoretical probabilities are calcu- 
lated at the constant field as a function of 


Table I. Comparison of experimental and theo- 
retical transition probabilities. For the notation 
used see the text. 


transition proba- expt. theor. 
bilities observed 4mm ratio ratio. 

P(e, a) 
Cae) 6.6 0.7 0.6 
P(g, xy) 5.4 6.0 4.8 
P (2, 2) 6.6 3.0 3.4 
Est Yoomort Sh souseitoe- i 
P(X,Y) 11.0 4.4 4.2 
XY, 2) 5.4 0.7 0.7 
P(X 6.6 1.8 0.9 
ee) IL@) LZ ial 

EE) 
Py,2) 5.4 1.4 IL 

P (a, 2) 
ae 6.6 1.2 iNee 

P (xy, @) 
Pe, x) 5.4 2.3 1.8 
P(X,2) 6.6 2.5 Dey: 


frequency, while the observations were made 
at the constant frequency. This is accom- 
plished to a first order by the factor d(4W/dH), 
the slope of the transition energy curve as 
a function of magnetic field in Fig. 11. In 
Table I, P(z, «) refers to the transition pro- 
bability when A is parallel to z and h is 
parallel to z, P(z, X) in which large letter X 
is used instead of small one x or y is calcu- 


lated with E=0, and ay indicates the bisector 
of « and y. Here experimental transition 
probability means the product of the maximum 
absorption and the width of the absorption 
line. The agreement between experimental 
and calculated values is fairly good. 
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A general semi-empirical theory of conjugated double bond systems, 
including those with non closed-shell structures and heteroatoms, is de- 
veloped. The general formulation is similar with that of Pariser and 
Parr and that of Pople and others, but for non closed-shell structure our 
equations are somewhat different from those of Pople et al. The neces- 
sary parameters for hydrocarbons, which have previously been deter- 
mined arbitrarily as the case may be, are estimated, 
paper, by using the experimental data of the ethane and ethylene mole- 


i 


cules. 


Introduction 


§1. 


One of the most interesting branches in the 
field of the molecular physics, so-called the z- 
electron theory of the conjugated double bond 
systems, has been developed by many inves- 
tigators and an enormous number of papers 
have been published in later years. The 
theoretical basis of such z-electron theory was 
discussed by Lykos and Parr”, and we shall 
limit our discussion in the z-electron approxi- 
mation. General properties of such conju- 
gated systems were thoroughly discussed by 
various authors, especially by English school, 
on the basis of the simple L.C.A.O. molecular 
orbital theory and many useful methods and 
definitions are introduced, which may be re- 


The theory is checked by some simple examples and found to be 
in satisfactory agreement with experiments. 


| 
| 
| 
in the present 
| 


garded as a theoretical basis of the “ electe 
nic theory of organic chemistry ”. | 
In the simple molecular orbital theory, th 
electronic interactions are taken account © 
only in terms of a suitable average potenti 
but their explicit consideration is very imp® 
tant both from the theoretical and the pra 
tical point of view. Of course, in relative: 
simple systems, calculations can be alwayz 
carried out on the exact non-empirical bas! 
including electronic interactions, but, in com 
plex systems, non-empirical such approae 
faces prohibitory difficulty due to the labor : 

computation. Thus, in recent years, attem 
have been made to develop semi- oe 
methods of calculation including electr ; 
i 
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iteractions, which are practically applicable 
) complex molecules. 

Pariser and Parr?) proposed such a semi- 
mpirical method, where they neglected dif- 
ential overlapping, between atomic orbitals 
sntered about different nuclei for the calcu- 
tion of electronic repulsion integrals com- 
etely and, among necessary integrals for the 
‘ediction of energy levels, only (aalaa) and 
ia|bb) types of integrals were calculated by 
sing a simple model. Thus, their method 
as successfuly applied to many condensed 
ydrocarbons and heterocyclics, probably due 
1 the large reduction of the configulation 
teraction. But, in their treatment, the re- 
mance integral, @, still remains an adjus- 
ble parameter. On the other hand, Pople, 
onguet- Higgins and others developed a semi- 
iipirical theory in the self-consistent scheme”, 
id discussed a wide range of properties in 
mjugated systems, i.e., ionization potentials, 
ysorption energies, inductive and mesomeric 
fects, etc. Their method of calculation of 
ie integrals is more or less similar to that 
‘Pariser and Parr. In the present paper, 
e shall develop a general semi-empirical 
eatment of the L.C.A.O.M.O. type on z- 
ectron systems, which will be easily appli- 
ible for any complex molecule at a suitable 
ep of approximation and in which all the 
irameters that we shall not neglect will be 
liguely determined by using the experimen- 
1 data on the simple molecules, and we shall 
iow various applications to discussions on 
iemically interesting properties of conjuga- 
d molecules. 


2. Forms of Matrix Elements 
‘Before we derive the general S.C.F. equa- 


restore eyes 


~(N-1)! 
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P= and S’’ means the sum over / where 
here Pity means the sum over / where qu On x 
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tions for the z-electron systems, we shall for- 
mulate the hamiltonian matrix elements, when 
we take a linear combination of Slater deter- 
minants as the electronic wave function, into 
a favorable form for us, though the general 
formulation has already been given in many 
literatures”. 

We take a linear combination of antisym- 
metrized products of orthonormalized one- 
electron functions (orbital function xspin func- 
tion) 

O= Sal»; 


Vy SN yi detlesn(1) )b2(2)---Gw?™N)|, (1) 


| #0) dae = th ? cone , 


as the approximate electronic wave function. 
The approximate hamiltonian for an N- elec- 
tron system is, neglecting the magnetic and 
the nuclear multipole interactions, 


N ; e@ 
H=>,H(i)+>—4+h, 
i=1 4,5 Vj 


where Hy is the part independent upon the 
electronic coordinates. The hamiltonian matrix 
elements are to be linear combinations of such 
terms as 


[PtH ade . -dtn : 


We can now rearrange the one-electron func- 
tions in #%» and can make the maximum num- 
ber of ¢;2’s in Yp» to coincide with ¢;%’s in 
w7, Thus, we may assume that 

o2=O2, 1S<ti<N—-Nn, 

bP abit, N—Nog<icn. 
We, then, obtain by a straightforward calcu- 
lation 


=I ENT) Now—2)- Nie) BY ote 


(2) 


(—F af Noa—2)-++(1—Noo) 5 5 (| [ort aera) oy ba2harsde, 
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-| (sera bu0*2)" our(l)oe 2)de,des ) 
42 —Nop—1)-+ New) 3S” (| dor) beM@) 2 be ybua2hdeade 
—|\seranoer@) © gus(d)bst Q)devdes ) 
sal NiciNenst (Gren) SA ({smeane@) © 4.0(1) bx idevdes 


-\| pr?*(1) bx? *(2) Jf be"(1)ba@)derdrs ) ; 


and 


|v" Hot ade; shee dtw 


_(-)rn 


=~ —{(N—Npq—1)- + -(1—Noa)o’ 91, 1) +(N—Noa)* * *(2—Noa)o’ P41, 1A 


N! 


o/(L, 2)= SY’ b?*(1)d.%(2) , 
01, 2)= 0” bP) bri(2) , 


where Py, is the ordinal number of the per- 
mutation for coinciding the maximum number 
of one-electron functions in ¥, with those in 
Va. 


§3. Self-Consistent Field Equations for z- 
Electron Systems 

Roothaan® derived the self-consistent field 
equations in the L.C.A.O.M.O. scheme for 
the closed-shell configuration in quite a gene- 
ral way, and we have only to simplify his 
equations so as to apply to our semi-empirical 
scheme. For the ground state of neutral non- 
radical molecules, this procedure is expected 
to give favorable results because of the uni- 
formity of the electronic density pointed out 
by Longuet-Higgins®. For the non closed-shell 
excited or ionized states, we shall construct 
the electronic wave functions conveniently by 
assigning the electrons to various real and 
virtual orbitals obtained from the ground state 
S.C.F. equations, since, if solving the S.C.F. 
equations for the particular excited states se- 
parately, the problem of the orthogonality be- 
tween the wave functions would complicate 
the calculations extremely, and since the re- 
sults obtained by this troublesome procedure 
would not be expected to be more favorable 
than those obtained by the simpler procedure. 
In this respect, Mulliken? showed that the 
ionization potential calculated by using the 
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same one-electron orbitals as in the groum 
state also for the ionized state was in closé 
agreement with the experiment than that ok 
tained by solving the S.C.F. equations sepé 
rately. } 

There are some interesting systems tha 
have non-closed-shell ground states, i.e., rad 
cals, and, in later parts of this series, w 
shall intend to construct a larger conjuga 
system from the smaller ones, of which wi 
assume that we have solved the S.C.F. equi 
tions already, and some of which are of th 
free radical character. So, we shall deriv 
a kind of $.C.F. equations for those non close« 
shell structure as well as for the closed-she 
structure in the L.C.A.O.M.O. scheme of th 
z-electron systems. Pople and others*’#™ pri 
posed a form of S.C.F. equations for the : 
electron systems with non closed-shell stru 
ture, but, here, we shall take a somewhi 
different procedure from that of Pople an 
others. 

We take as the molecular orbitals for : 
electrons 


p= CiaPa ’ 


where # is the normalized real 2fz atom 
orbital of the a-th atom. The coefficient c 
is to be determined by the S.C.F. metho 
We neglect the differential overlapping a% 
between atomic orbitals centered about diffe 
ent nuclei except in the resonance integr 
between neighboring orbitals, ar Pariser 
Parr, and Pople did. Thus, 


| 
i 


957) 
>» Ictal?=1 


[alls = Br , if a, b neighbor , 


E==() an if a, b non-neighbor . 


rece, H(i) is the effective potential for the 
th electron from the atomic core skeleton, 
ad we assume it to be of the form 
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Hi)= 3 Aa(2) . 


i. Closed shell structure 

In this case, the necessary equations were 
already given by Pople and we shall only 
rewrite them in our notations and approxima- 
tions. Assume that 2m electrons occupy the 
molecular orbitals ~,, ---,¢n doubly. Denote 
the one-electron spin wave functions @ and 
B. Then the electronic wave function is 


>= -n(2n)B(2n)| . (5) 


nergy integral for this configuration is given by 


s&s =| o*n0d:,: a -dATan 


Lv 


=2> >» 2 cua cte} — —TIa +5 > Gra Grn Uda— i) = Sica Ss Grps Cro as )h 
=a bya Rap 


here, as we wish to estimate various inte- 
‘als in terms of empirically obtained quan- 
vy, we used the following approximations: 

j [etladude= —TLy ’ (7) 


: \oerme © bal bul2)deu=Ta—Ex» (8) 


| betldrde = Bar= Br ’ (9) 

[eHlopude= =e . (10) 

[Jena cena! C1) 
Yiz Tae 


‘and EF, are the ‘ionization potential’ and 
e ‘electron affinity’ of the atom a in the 
propriate valence state, respectively, Za is 
e number of the formal positive charges of 
e atomic core, and 1/Ra». does not mean the 
verse interatomic distance, 1/7a., but is a 
itable function of 7a», which will be given 
a later part of this paper. Pa is assumed 
be determined by the species of atoms @ 
id 6 and the interatomic distance, which, in 
rn, should be determined by the bond order 
neglecting the effects of the formal charge. 
Zs. by the ae en method, the S.C.F. 


ds 


TWhons a de |i (1)a( 


4253 Scn*ew je 3 ton 
i=1 @ bxa 2 k=l R 


a(1)Jr(2)B(2) 


X Pnsi(2n+l)a(2n-+1)-- 


Ray  &=1 
(6) 


{+H 0) 


equations are 


cra —Ig+- S Cra*Crala—Ea) 


ee eee a Crd “coop =i 


ae = cia] Bar 3 | = 610% « (42) 


e? 
> Ceo Cra 
e=1 Rap 


Of course, the right-hand sides of these equa- 
tions should be, in general, of the form of 
>) €uCra, but the electronic energy is invariant 
k 


for the orthogonal transformotion between 
Cia’s (J=1,---,n; a=1, 2, ---), we can choose 
Cia’s so that €,=0 for /-<k, and the equations 
above would reduce to a normal eigen-value 
problem if the cia’s in the bracket would be 
known. 
ii. Closed-shell plus unpaired electrons 
with parallel spins 

Assume that 2m” electrons occupy the mole- 
cular orbitals ¢,,---,¢ doubly and m elec- 
trons occupy the molecular orbitals dns, --- 
Qn+m singly all with parallel spins. Pople and 
others assumed that electrons with different 
spins occupy two distinct sets of molecular 
orbitals. We adopt a somewhat different as- 
sumption as mentioned above, and take the 
electronic wave function as follows, 


all 


- + Yn(2n)B(2n) 


-Pn+m(2n-+m)a(2n+m)| (13) 
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The energy integral is 


So =z S a Ta+ dfs bg Cra®* Cra la —Ea) — 2, aE mh OnCKo* Cro al : 
G= 2 2 Cia“Ctay —lat+ eee KCka” Cka\la a jek Pad Ra | 
nm+m n Le? Aas é ée = 

+ >> crakcia| Tot 3) Cra Cen(Ia—Ex)— =( Ae T'S! arcestcur | 


nem n+m 


tag a 


t=1 


Ss OCia* Cw 
ba 


{Bao 


where o is the occupation number. The S.C 
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.F. equations are 
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“14H ’ 


ab 


Gs 2 n+m e 
cra — —Ig+ >> OrnCka” os a) so Gas — 2 acwten—)t 

nem e Eix : 
+ C14 Bav— ye OxCro* Cra 1 = Ercia + So —Cka ; for 1</<n, 

b= Ra k=n+1 2; 

nm Ze? n+m = 2 

| a +>) Cra*Cral la — —E,)— i oe. os OrnCro Cro> 
k=1 oa Rap =1 Uta 


+5 C104 Bar— e cx Crab, 
ba 


where €7*=€x. 


It should be noted that, in this case, €:42<0 
if the occupation numbers of ¢, and ¢; are 
not equal, because we cannot perform the 
orthogonal transformation between the orbi- 
tals with different occupation numbers. As 
mentioned in the earlier part of this section, 
we do not attempt to construct the S.C.F. 
wave functions for individual states, and it is 
desirable to use for any state the orbitals de- 
rived by the S.C.F. equations for the appro- 
priate standard state. If the standard state 
is of a closed-shell structure, we can define 
a set of virtual orbitals in addition to real 
orbitals, because the equations would be linear 
ones associated with a normal secular equa- 
tion being independent of /, if the cza’s in the 
bracket at the left-hand side of Eq. (15) would 
have been determined, and we can construct 
the wave functions of the excited or ionized 
states in terms of these virtual orbitals. Un- 
fortunately, this is not the case if the stand- 
ard state is not of a closed-shell structure, 
because the equations are different from orbi- 
tal to orbital depending on the occupation 
number and coupling of spin, and we cannot 
define virtual orbitals uniquely. But, in order 
to discuss the properties related solely with 
the ground state, the S.C.F. method is still 
most convenient even for non closed-shell con- 
figulation, and, for the phenomena related also 


M+mM 
Dy Cro" Cha 
=nm+ 


e? 
Ni 


ad 


1-3 EuxCra + EiCia , 
— 


for nt+l<l<n+m (1 


with the excited or ionized states, it may 1} 
necessary to simplify the calculation so tht 
the method is a one which is capable of & 
fining virtual orbitals as well as real orbita. 
With respect of this point, Hall® proposed : 
idea of the standard excited state, i.e., tl 
state where all the electrons have the sari 
spin. In this case, the S.C.F. equations an 
for an m-electron system, 


cue =), = SS es m 
| =81c10 . (I 


e 
bya Ra ue? a 
m e2 
+3) cw{ Bar 5: Gro exe 
Ia k=1 Ras 
These would be a normal eigen-value proble 
if the ci2’s in the bracket would have be: 
known. Hall’s idea is convenient for our pp» 
sent purpose and we shall discuss on tt 
problem in a later part of this series fromy 
somewhat different point of view. ) 
In the method used by Pople, there are | 
milar difficulties to those mentioned abov 
and, in addition, it may be more serious th 
his wave function is not the correct eige 
function for the total spin operator. 


§ 4. 


2 


Estimation of Parameters for Hydi 
carbons | 


In the present procedure, we intend to ‘ 
timate the integrals 8 and e?/R in terms; 


lee 
67) 


mpirical data for smaller molecules. This 
an be carried out for carbon-carbon pairs as 
gown in the following. 

For the ethylene molecule, the first singlet 
nd triplet state energies and the ionization 
gaergy are given by 


Es= 7 (To— oy lpm —5 28 , (18) 
ie —F(o— ener e—28, (19) 
5 (lot E)+ > om ’ (20) 


aspectively, Ga) gis configuration interac- 
ons. In the present approximation, the tri- 
let energy is equal to the z-bond energy. 
3 Is the ionization potential of the valence 
tate of the carbon atom and concerned with 
5>1V) — spr) and Eo is the electron affi- 
ity concerned with sp(IV) —sp‘(II]). We 
aall adop the value 11.54eV and 0.46 eV for 
y and Eo, respectively, estimated by Skinner 
ad Pritchard”. 

We must determine the values of 8 and 
/R as functions of the interatomic distance. 
‘he precise dependence of these parameters 
n the interatomic distance is not very im- 
ortant at the present stage of approximation 
nd we may assume rather crudely that 
: @ _1-—exp(—«r) 

RR r ; 

‘is a parameter, which is determind by 


(21) 


© (r=0)=Io—Eo=11.08 . 


«=0.7645/A 

[sing this value of «, the value of B at r= 
344 is determined by equations (18), (19) 
nd (20), so that the calculated Es, Er and J 
gree with experiments as well as possible. 
‘he value of B=—2.2016eV is found to be 
10st favorble. The calculated and experi- 
ental values of Es, Er and I are shown 
elow. _ 


calc. exptl. 
Es 6.48 eV 7.60 eV 
jon, 230 7 ol Om dacs hs 
I 11.67 » 10.62 7D 


Ve assume that the double bond energy is 
ivided into the part due to the o-bond and 
iat due to the z-bond; the former attains to 
$s maximum value at r=1.54 A, i.e., the C—C 
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distance in the ethane moleculue, and the 
maximum of the whole double bond energy 
is at r=1.34 A, i.e., the C—C distance in the 
ethylene molecule. The z-bond energy is, 
therefore, assuming the parabolic variation of 
bond energies with 71”, 


Ex=Eo—falr—rayt+hs(r—rs)? 


= tg A —Eo)+- 5S 28, 


2 
where EF) is a constant, and fa and f; are half 
the stretching force constant for the C=C 
bond of the ethylene and the C—C bond of 
the ethane molecule, respectively. From the 
above, we can determine the value of @ as 
a function or 7, using! 

Fs=14.045 eV/A2 , 

Fa=29.963 eV/A?2 , 

Er=1.34 A)=2.30 eV . 
The calculated values of 8 are shown in the 
Table below as a function of ,. 


(22) 


Table I. Value of p as a function of 7. 
r = 
1.34A 2.2016 eV 
Wess) 2.1781 
1536 2lb38 
sey 2.1267 
1.38 2.0984 
1.39 2.0687 
1.40 2.0373 
EAT 2.0042 
1.42 1.9694 
1.43 1.9331 
1.44 1.8951 
1.45 1.8556 
1.46 1.8144 
1.47 1.7716 
1.48 A 
1.49 1.6810 
1.50 1.6385 
eo 1.5843 
ay? 125335 
iby) 1.4812 
ihe tot 1.4271 


If the configuration interaction can be neg- 
lected as above, the concept of bond order is 
useful for the closed-shell structures, and, if 
assuming that the bond distance is determined 
by the bond order of the bond concerned, ir 
relevant to the remaining part of the mole- 
cule, when the steric condition is favorable, 
it is useful to set down the relation between 
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the z-bond order and the double bond length. 
The z-bond order p has been defined by 


Pav= 


1 
9 Dd (cw* cia +Cwlra*) 
1 


and, for the closed-shell structure, the part of 
the total energy due to the bond a—b is 


Pav © 
Dasle. 


except for the effects of the formal charge 
and the steric hindrance. LE; is the o-bond 
energy which is given by 


Jone Eso +fhs(r—1s)? ° 


Eay= Ext bar} 2B— (23) 


(24) 


If the state is not of the closed-shell struc- 
ture, Ea» is not given by equation (23). The 
interatomic distance is determined by the 
minimization of Ea, with respect to 7 for a 
given p, and p, in turn, is determined by the 
electronic wave function and, hence, by 7 


be 
es 
Ones 


Bond Length 
S 


0.0 02 0.4 0.6 0-8 1.0 
Bond Order p 
Fig. 1. 


through the parameters 8 and e?/R. Thus, 
the wave function should be self-consistent 
for the variation of 7, as well as it should be 
so for equation (23). The relation between 
p and r¢ is shown in the figure, 
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§5. Some Simple Application to Hydrocat 
bons 


Though the electronic structures of simpl 
alternant hydrocarbonmolecules have bee 
discussed by many investigators, using bot 
semi-empirical and non-empirical method, ana 
their spectra have been explained systemat 
cally™, we shall illustrate some typical appiil 
cations to those molecules in order to sho 
that our method gives quite reasonable resuil 
in spite of its simplicity. | 

It should be noted that, in the previously 
proposed molecular orbital theories which 4 
or do not include the electronic interaction 
in the semi-empilical scheme, the parameter 
B, remains an adjustable constant so as & 
agree the calculated results with the exper 
ments for the individual cases. It has bees 
thus pointed out that, in order to predict thr 
positions of the energy levels of the line 
and the condensed alternant hydrocarbons, ww 
must use different values of 8, or, in orde: 
to predict the values of the resonance energ® 
and the excitation energies of a hydrocarbon 
molecule, we cannot do with one value of B1 
Our present method gives the way how tt 
determine the value of 8 for individual bond: 
as a function of the interatomic distance ot 
the bond, which we can calculate a 
ently, if desired. 

In the Table below, we show the results 6 
the calculation for the butadiene and the bem 
zene molecules. For alternant hydrocarbons 
Hueckel orbitals are self-consistent except ths 
use of the same resonance integral for all the 


bonds, instead of ene which are to bi 


different for different bonds in the presen 
approximation, and we have used here Huec 
kel orbitals instead of the true S.C.F. orbital 
for the butadiene molecule. Moreover, we 
have considered only the configuration inter 
action between states that have the same 
energy in the simple Hueckel theory, whicl 
Moffitt called the first order configuration in 
teraction. The agreement between the calcu 
lated and the observed results is found to be 
satisfactory. 


Butadiene 
calc. obs. 
Bond length (A) i Se a | 


r 


957) 


ertical resonance energy (eV) 0.52(trans) 


0.58(cis) 
ond compressional energy (7) 0.21 
\diabati 
Adi 1c resonance energy (7) fi 0.280 


ertical ionization potential (7) 10.40 9.3» 


10.50 8.7» 
ixcitation energies (7 ) 


19 (1951) 1271. 
>») T.M. Sugden and A. D. Walsh: 
Soc. 41 (1945) 76. 


>) J. R. Platt and H. B. Klevens: Rev. Mod. 
Phys. 16 (1944) 182. 
Benzene 
| calc. obs. 
3ond length (A) 1.39 1.39 
Vertical resonance energy (eV) 3.80 
3ond compressional energy (7) 1.16 
Adiabatic resonance energy (7) 2.6 1.9 
Vertical ionization potential (7) 11.13 9.52” 
Vertical electron affinity (7 ) 0.87 
Excitation energies (7 ) 
I 1p) 4.39 4.9 
1Bia L0G 0.2 
id Dee 6.43 7.0 
a4) R.S. Mulliken and R.G. Parr: J. Chem. Phys. 
19 (1951) 1271. 
b) J.D. Morrison and A. J.C. Nicholson: J. Chem. 


Phys. 20 (1952) 1021. 
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The problem of the convergence of the absorption wave-lengths of 
chain conjugated systems, polyenes, and merocyanines, is discussed, by 
using the method developed in the previous paper. 
bond alternation as the cause of the convergence of the absorption wave- ! 
lengths, which has been presumed from the view of the resonance theory | 
but cannot be deduced in terms of the ordinary molecular orbital theory, 
do actually occurs even for an infinite polyene chain, but the calculated 
limiting wavelength does not agree with the experiment quantitatively, 
possibly because of the coulomb attraction between the excited electron 


and the hole. 


Introduction 


$1. 

The explanation of the low energy trans- 
itions of chain conjugated molecules have long 
been a subject of many theoretical papers 
since Herzfeld and Sklar” first discussed such 
molecules in detail on the basis of both the 
molecular orbital and the resonance method. 
The most remarkable experimental fact is that, 
though wave-lengths of absorption maxima of 
certain types of molecules, e.g., symmetrical 
cyanines, increase linearly about by 1000 A for 
every vinylene group in the chain, those of 
other types of molecules, e.g. unsymmetrical 
cyanines, merocyanines, and polyenes, deviate 
more and more towards shorter wave-lengths 
from those of symmetrical cyanines as the 
lengths of the chains become larger and larger, 
and seem to converge to certain limiting wave- 
lengths. On the details of the experimental 
results, the reader can refer to many papers 
referred by J. R. Platt,» especially to a series 
of works by L.G.S. Brooker. 

Attempts have been proposed by many in- 
vestigators to explain the deviations and the 
convergence of the absorption wave-lengths 
of the so-called convergent dyes (or molecules). 
Herzfeld and Sklar? showed that, on the basis 
of the resonance theory, the energy of the 
first transition converges to a finite value as 
the length of the chain becomes infinitely 
large, if the energies of the two lowest ex- 
treme resonance structures are different, but 
that, if we use the ordinary molecular orbital 
method, the transition energy of the unsym- 
metrical dye approaches to zero as well as 


Bond Alternation in Conjugated Chains 


It is shown that the 


that of the symmetrical dye, though the for, 
mer deviates from the latter. On the other 
hand, Kuhn, using the free electron model, 
showed that, if the potential for the electrons: 
is not uniform but has maxima and minima 
at the alternate carbon atoms, respectively, 
the transition energy approaches a finite value 
with increasing chain length. The polyenes: 
have only one lowest resonance structure, and 
it may be reasonable to suppose that the 
potential is of such a form that Kuhn assumed 
from the point of view of the resonance theory, 
because of the bond alternation in the lowest 
resonance structure. The situation is similar 
in unsymmetrical cyanines and merocyanines.: 
But, from the point of view of the molecular 
orbital theory, it is not obvious whether the 
effect Kuhn supposed remains for an infinitely: 
long chain, since the effect is to be considered: 
only an end effect. 

From the entirely different point of view, 
Araki and others,® applying the theory of the 
plasma oscillation, showed that the deviation 
and the convergence of the absorption wave: 
length can be successfully explained by taking 
into account the electronic interaction, which 
is of primary importance for large systems. 
Though the predictions of the absorption by 
their method can be brought into very good 
agreement with the experiments by using only 
one parameter for very large number of mole- 
cules, and though the electronic interaction is 
undoubtedly of importance as they suggested, 
the value of the parameter cannot be con- 
sidered physically reasonable, and, further, the 
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‘eason why the absorption wave- lengths of 
iome homologues seem to increase linearly 
vith increasing chain length, while those of 
thers seem to be strongly convergent is not 
‘lear. 

Recently, Platt? published a paper, in which 
1e discussed the problem of the absorption 
spectra of the conjugated chain molecules in 
Jetail, and gave a way how to predict the 
absorption wave-length for any molecule semi- 
empirically. He postulated the importance of 
the “configuration interaction,” as he called, 
and stated that the configuration interaction 
causes the bond alternation and, hence, the 
potential is of such a form as Kuhn supposed, 
and thus the absorption wave-length converges. 
But he did not formulate actually how the 
configuration interaction causes the bond alter- 
nation. 

From all the experimental and theoretical 
acts mentioned above, it may be almost with- 
out doubt that the electronic interaction and 
the bond alternation resulting from it are the 
cause of the convergence of the absorption 
wave-lengths of the convergent molecules. 
But, if we stand on the basis of the previously 
proposed treatment in terms of the ordinary 
molecular orbital theory, even if the bonds 
mear the ends of the chain have single and 
double bond characters alternately, it is shown 
that the degree of the alternation becomes 
smaller and smaller as we go towards the 
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center of the chain, and that, for an infinite 
chain, the bond alternation gives only an in- 
finitesimal effect on the energy levels and the 
wave functions. 

The purpose of the present paper is to show 
that the bond alternation can actually exist for 
an infinite polyene chain by means of the 
semi-empirical molecular orbital method de- 
veloped in the preceding paper, and to predict 
the absorption spectra of the polyene chains. 


§2. Bond Alternation in Conjugated Hydro- 


carbon Chains 


Consider a polyene molecule composed of 
2n carbon atoms. If we assume that the 


pe 


interaction integral r(= See in our pre- 


ceding notation) between neighboring carbon 
atoms is independent upon the position of the 
bond, and that the other interactions are 


negligible, the molecular orbitals (Hueckel 
orbitals) are 
- 2 1 
bay? & si f nye ; (2 


where #s’s are the normalized 2z—atomic 
orbitals, and the orbital energies are 


PSS 0Se5 al 


(2) 


The firist singlet excitation energy is, there- 
fore, 


Bean = (cee es 
by, a 1)2 \= sin? ae J on pe) . we 
Peeegeg a as pal | 
RZ 2 = sin yer mz sin see 7 Si one sin eB sath 


The bond order between the s-th and the ¢-th carbon atom is 


(4) 


2(2n +1) 


SS 


sin (s + #)x/2 
(stia 
Non +1) 


These Hueckel orbitals are, of course, not self- consistent, because of the difference of bond 


orders for different bonds. 
the s-th and the s+1-th atom is 


But, for an infinitely long polyene chain, the bond order between 


ek in lim ; 


=2/n—( 


noc 2N + ~ 7/2(2n-+1) 
(—1)82/(2s+1)z . 


sin (s+1/2)x _ a 
sin  ((s+1/2) \/(2n+1)) 
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Thus, the bond alternation occurs near the 
chain ends, but it is damped as s increases 
till the bond order becomes z/2 for bonds far 
from the ends. The Hueckel orbitals are, 
therefore, self-consistent for an infinitely long 
chain except for the bond alternation near the 
ends of the chain, and, as the end effect may 
be neglected for a long chain, the results 
obtained by using the Hueckel orbitals may 
be correct for a long chain. (The Hueckl 
orbitals are actually Bloch orbitals for an in- 
finite chain.) Hence, it is shown that the first 
excitation energy E(u, ~+1) tends to zero with 
n— co from equation (3). 

Thus, it is impossible to show by such an 
ordinary method that the bond alternation still 
remains for an infinitely long chain and that 
the wave-length does not increase linearly 
with the chain length but converges to a 
certain definite limit. But the self-consistency 
of the Hueckel orbitals does not mean the 
minimum of the total energy with respect to 
any variation of the parameters, but means 
only the stationary value of the energy, and 
if we allow the alternate increase and decrease 
of the interaction integrals between neighbor- 
ing atomic orbitals, it may be quite possible 
that the minimum of the energy is at the 
point where the two interaction integrals 
mentioned above are different from each other 
and that the bond alternation occurs actually 
also near the center of the chain. 

Now, for an infinite system, we shall obtain 
the same result, no matter whether we treat 
an open chain, or we connect the two end 
atoms and make a closed ring. So we carry 
out the calculation for a 2m-membered ring 
and consider the limit mw—>.0 for the sake 
of simplicity of the boundary condition. 
Number the atoms as 1,2,3,---, 2m, and 
denote —7y, by the interaction intgral for 
bonds between the 2s—1-th and the 2s-th atom 
and by —7, that for bonds between the 2s-th 
and the 2s+1-th atom, including the bond 
between the 2m-th and the first atoms. y, and 
Y2 are assumed to be independent on s, and 
the interactions between non-neighbors are 
assumed to be negligible. The latter as- 
sumption does not influence the form of the 
molecular orbitals for a closed ring. The 
molecular orbitals are expressed as follows, 

A sg exten, (6) 

be=x' hi—aPre , 


tee, ail 


Yuzuru OOSHIKA 


bua 3 3 GROSS dys 6 


(a—€)a—(rie™+72e7-"*)a’ =0 , 

—(ne"*+72e")a+(a—E)a’=0 , 
where € is the orbital energy. Solving th 
equations (8) and considering the normalizations 
we obtain 


ae 1 10 ee -i0 
Tk a78 i Zz V2° = 
tan 29=0— tank, z>20>0, (10 
Fx 2 


a—E=+AV TP 4+72+27172 008 2k, (i 
Here, we assumed 7,>72>>0, and, hence, the 
plus and minus signs in the equation (11) cor: 
respond to 1, ~.?, respectively. Thus, we 
can see that the one electron energy levels 
are split into two bands, as expected, one the 
bonding and the other the antibonding. N: 
we shall determine 7, and 7. by means of the 
method in the preceding paper, and shail 
show that the bond alternation remains for am 
infinite chain. 

The partial z-bond order of the 2s—1—2s. 
bond (“double bond”) and the 2s—2s+1 bond 
(“single bond”) due to the bonding orbital # 
are 

balk) = 


1 F ; 
5 (ote 4 ay’ ¥e-ik) 


V1 +72 cos 2k 
NV 12+72 +2717 COS 2k’ 


(12). 
ps(k)= = (erate + ara’ *etk) 


_ a+71 cos 2k 
AV rE+T? + 27172 C08 QR’ 
respectively. Thus, for an infinitely large 
ring, the bond order of the “double” and the 
“single” bond are 


Pa=lim > pak) 


moo bonding 
_l+z, cee z ) =«03v2)| (13) 
T 1+2z Us 1l+z 
Ps=lim 3% ps(k) 
n>co bonding 
at a B22) SK (22) 
20 1+z 2m 1+z 
where z=7./7; and K and E are the perfect 
elliptic integrals of the first and the second 
kind, respectively. 


(14) 


F 
wr 


From these equations for P,; and Ps;, and 
cE. relation between the bond order and the 


we can deter- 


mine the bond orders, bond lengths, and the 
ralues of B — oo self-consistently. The re- 


sults are shown below. 


Ah z2=0.484 
“double bond” “single bond ” 
we 2/n 0.938 0.249 
r 1.389 A 1.346 A 1.463 A 
‘oR 4,244 eV 5.437 eV 2.632 eV 


The solution z=1 corresponds to an ordinary 
syclic polyene, and it is easily seen by calculat- 
ng the adiabatic resonance energy from the 
values of 7: and yr, above that z=0.484 cor- 
esponds to the lower energy. The calculation 
f the adiabatic resonance energy for z=1 
nd z=0.484 is shown below. 


{ 


total x-electron energy double bond single bond 


(per two electrons) —8.040 eV -—8.262 eV 
- yertical resonance 
energy (7) 0.484 0.427 
bond compressional! 
energy (7) 0.392 0.084 
_ adiabatic resonance 
energy (7) 0.092 0.343 


Thus, we see that the bond alternation lowers 
the total energy. 

In the calculation above, we neglected the 
effects of the interactions between non-neigh- 
boring atoms, but, for benzene, they contri- 
bute only 10 % to the resonance energy, and 
it is not probable that they influence the 
conclusion reached above. 

Our calculation concerns with an infinitely 
large conjugated ring, the result of which is 
also applicable to an infinitely long polyene, 
and, if a position of a “double” and “single” 
bond is determined at any part of the mole- 
cule, its influence extends to the whole mole- 
cule. For an infinitely long chain, the bond 
alternation is to occur at the ends as short— 
long—short—long— as shown in the earlier 
part of this section, and the whole bond alter- 
nation is determined by the ends of the mole- 
cule, i.e., the atoms do know how far they 
are from the end. 

As one-electron energy levels are slipt into 
two bands as shown above, it is expected that 
the absorption wave-length does not tend to 
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infinity with increasing chain length. 
singlet transition energy is 


E(n, n+1)=I— 
— | stags 22 nll) Pnar 2a 


The 


sal ove co! Pasa) prn(2)de 


and the calculated limit of the absorption 
energy equals to the gap between the bands, 
because the last two terms in the right-hand 
side of the above equation tend to zero for 
an infinite system. But, for such an infinite 
system, it cannot be expected that the ex- 
citation energy is correctly calculated by the 
method above, because of the neglect of the 
attraction between the hole and the electron. 
In fact, the energy gap between the filled and 
the vacant band is 5.6 eV, and the experimental 
limiting excitation has been estimated to be 
about 2.5eV” i.e., about half the calculated 
value. 


§ 3. Discussion 


The conclusion above is to be applied to all 
chain molecules, and the limiting absorption 
wave-length of any such molecule is to tend to 
the same finite value, because the bond alter- 
nation is a “bulk” effect and not a “surface” 
effect. But, actually, the absorption wave- 
lengths of symmetrical cyanines seem to tend 
to infinity, while those of unsymmetrical 
cyanines and merocyanines seem to tend to 
individual values. Here, we must remember 
that the experiments on various homologous 
series which led to the above conclusion have 
been carried out for molecules with at most 
about 10 carbon-carbon bonds, and, in such 
cases, our conclusions for an infinite system 
are not applied as such. As shown by the 
resonance theory, it is no wonder that, for 
cyanines with conjugated systems with odd 
numbers of atoms, symmetrical ones do not 
show any convergence of the absorption wave- 
lengths and the deviations of unsymmetrical 
ones are different from molecule to molecule 
for conjugated chains not sufficiently long. 

The treatment in the previous section is to 
be applied to smaller systems, and it may be 
interesting to examine whether the benzene 
molecule would be of the configuration with 
the bond alternation. We shall show that this 
is not the case, and that the bond alternation 
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does not occur in the benzene molecule. For 
n=3, the total z-bond orders of the “ double” 
and the “single” bond are 


siya Rasen or cae, 
Leste 
1 nee 22-1 2 
paar era eee} 


respectively. By the method similar to that 
in the previous section, we can obtain the 
self-consistent solution, but, in this case, z=1 


Yuzuru OOSHIKA 
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is the only solution and, hence the benzene! 
molecule has the hexagonal symmetry. 
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The Lower Excited States and the Phosphorescent : 
State of Diphenyl I. 
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We have calculated the lower excited x electronic states of diphenyl, 
employing Pariser approximation and assuming empirical values for the 


atomic Coulomb integrals: 
6.546 ev. 


(11[11)=10.959 ev, (11]22)=6.895 ev, (44]55)= | 
We have obtained B3, state for the lowest excited singlet, | 


against the By, state obtained by London where the products of wave 


functions for benzene molecule were utilized. 


A method to treat the 


phenomena of phosphorescence has been suggested and the group theore- 
tical classification of combination by L-S interaction is discussed. 


§1. 


The electronic energy levels of polyacene 
have been calculated and discussed by many 
authors?-”, but the polyphenyl molecules are 
not yet treated so much. The z electronic 
energy levels of diphenyl were calculated by 
London? by utilizing, as an approximation, the 
product of wave functions computed for 
benzene molecule by Goeppert-Mayer and 
Sklar”. The method of London, however, 
does not take account enough of the ionic 
structures which seem to be important in 
view of the remarkable properties of fluore- 
scene and phosphorescence of this molecule®. 
In this article, the lower excited levels of 
diphenyl have been calculated by the mole- 
cular orbital method, constructing the linear 


* 


Introduction 


On leave from the Electrical Commumication 
Laboratory, Musashino-shi, Tokyo, Japan. (present 
address) 


combination of atomic z orbitals for all the 
molecule, employing the approximation pro- 
posed by Pariser. This method will probably 
overestimate the importance of the ionic 
structures such as; 
heegATOY Spee 
eset Nah 

However, a certain number of recent publica- 
tions have shown that the relative weight of 
these structures is great even in the ground 
state when the configuration interaction is 
taken into account. We have obtained the 
results which are a little different from those 
of London. Probably the actual situation 
might be between the two types of approxi- 
mation. 


Calculation 


§ 2. 


The geometric structure of the molecule 
and the axes of coordinates are assumed as 
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-hown in Fig. 1. The molecule has the sym- One can express the symmetry orbital S;, of 
netry of V, and each symmetry orbital be- symmetry 7’ in the form: 
ongs to one of the irreducible representations 
SSS OL a, LSE 
3iu, Bog, Bzsg and Aju. as shown in the Table I. Zi aoe OSs oe 


where A numerates the nuclei, and x, is the 


Biu Bag Bsg Aww 
Or 
% 
Jae Qe Ps 
A ae eee 9 CS 
ee , Saas _—_— : 5 
Distance 12=23=---=7'8=1.39A % 
45=1.48 A P hee) 
Fig. 1. Geometric structure Fig. 2. Energy level scheme of Hiickel orbitals. 


Table I. Symmetry orbitals 


Peed 1 1 1 
: Bru: yg ety) 5 Vg ket x8) ; 9 (kab Xa bx +107) ; 9 (kat Xa" +X6 + yo") 
: oes! 1 1 1 
2g: 7g kt x8) ; Vg kt Xs) ; “a (Xa Xa’ — Xr — 27’) ‘ “9 (ks FX’ — Xe Xe") 
1 1 
B3g: “a (ka Xa" HX7— X17’) ; “g (X8— Ka’ +X6 — Xo") 
1 1 
Au: “g (ka — Xa’ — Xt +7’) ; og (X38 Xa" — Xe +0") 


2px atomic orbital of Slater type centred on 
A and we have taken Z=3.18. Table II. Values of 0 

In every subspace corresponding to an ir- — a, to jose Pine: 
reducible representation, we have solved the 


secular equation of Hiickel!” which gives the 


px 1.8909 ° pv: 252791 “py 1.0000". %p5- 1.0000 
ps’ 0.7049 3 1.3167 5 —1.0000 px —1.0000 


energy of each orbital in the form; 3 1.3167 pe —0.7049 

E=F—a+o8 . (2) @1 —2.2791 2 —1.8909 
The value of p obtained are given in the > 
Table IP. orbitals given in Table I. 


For every value of p, the corresponding | With these MO’s (molecular orbitals) ¢:, we 
molecular orbital of Hiickel is constructed in construct the antisymmetrized wave functions 
the form of linear combination of symmetry for all the molecule as; 


ground state Vo=|11, 22, ---, 66] , | 
singlets Vr oll, see, pee 66| —|11, ofeee ik’, hae 66}} | (3) 
excited states 


triplets Tw ap ((L, ++) iH y-++ OB)TILL, «++, GR, ++, 66} 


Here the number without bar means a MO with a@ spin, and that with bar a MO with @ spin. 
For the consequence, the lower energy levels of the molecule are, in the Hiickel approxi- 


mation, as follows: 


Ist --- Veo , Too’ (B3u) ; 
2nd --- Vser= Ves" » Tso = Tos’ (Bau) , Vier = Vow 5 T15= Tou Bg) » 


| 
| 


| 
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3rd --- V55 ) Vv , T 55’ ) Tw (Bsu) ’ Vev= Ves" , T 54° = [45 (Aw) ’ 
Ath coe Vexr= V 367 3 Ce T 367 (Aig) ’ 
ClG: ae 


5 3 | 
By our approximation the wave functions of molecule are represented as linear combinations 
of the lower mono-excited functions belonging to the same irreducible representation of the 


symmetry group of the molecule, for example, | 
a= ArVit AaVat<= (4) 


The energy E, and the coefficients -A; are given by the solution of a system of secular 
equations, : 


In the present case, the elements Hn» are denoted for the singlet states 
Eli = | VnH Vndv={ Vin | Vn} ’ 


and for triplet states 


Jap [TnHTodv= { Ia In} A 


with 
i= Hot 1/7pq In atomic units. (6) 
1 
However”, 
{ Vixr| Vine} —{ Vol Vo} = Lure —Lis + [aa |’ + [0k’ tk J —[ aa [tz] — > {2LF laa] ) 
{T ix’| Tixe} —2[ ff |k’R'|—[ft| fi] + [FR | FR} 
{ Vine] Vier} = 2[0k' |g’ —[ag|k) , 
{Tie | Tye} = —[i R17 , Cy Ch 
with (7), 


TslAt={ u(t) 641),) dQ) 


T= | pttorsdde : 


For 8, the empirical value 2.371 ev proposed empirical values employed are as following; 
by Pariser? has been utilized. 

These integrals are given as linear combi- (11|11)=10.959 ey , 
nations of the integrals over the atomic orbi- (11|22)= 6.895 
tals. In the Pariser approximation the atomic 
exchange and hybrid integrals are all negleted. 
For the atomic Coulomb integrals, we have Where 
for. the large iveratumic divtence eho ane Dla | met) 1a tpeeece Oye 
or the large interatomic distance where the Nis 
approximate formula by Pariser” (Eq. 75) has 
been utilized. On the other hand, when the The penetration integrals have been calculated 
atoms are very near, the semi-empirical values by the method of Parr and Crawford™. The 
are adopted for the Coulomb integrals, because results of calculation are shown in Table III. 
the atomic orbital of Slater type can not give Fig. 3 compares the results with those of 
good values for the small distance. The semi- London. 


“2 


44|55)= 6.546, 
(44|55) (8) 
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Wave functions 


vr i Energy 
; *¢o~ (Vo) 0 ev 
4 Mbso* 6.707 
[ Big ‘bss™ 6.765 
E *ds6* 6.009 
se 6.765 
a *bo0* 6.647 
if Bou \p 6 6.402 
i *bo6* 5.912 
# *ho6- 6.402 
; Wi= 0.5675 Wdyg* +-0.7171 p55 —0.4046 Mo 5551 
. *ho= 0.1079 144+ —0.0529 1h s5* +0.9928 Mbee* 5.730 
| 2 Ma= — 0.7332 Ipsa* +0.6627 Ih55* +0. 1527 Mho5* 7.409 
P 3h1= 0.6210 3g44* +0. 7078 355+ +0. 3368 3h66+ 3.068 
ey 3o= 0.1822 5h4,+ +-0.2825 855+ —0.9418 Sh 55+ 4.425 
; 33—= —0.7615 3g44t +0.6466 ast +0.0477 3he6* 7.192 
l 1 1 
A Put= 9 Viet Vier), baer t=5 (Tu tT ew) « 
/ 
| ea 
if i=, 6570 
; Biy —— 6.647 gia ss 6G 
au 6-402 Bau —— 6.402 au 
BY, —— 6.009 
+ ——_= 
os 5.551 
Bx Aig 5.4 
Bau 5.2 
Big —— 4.9. 
By 4-426 
p},—— 3.068 
Singlets Triplets Singlets 
Ai SS ee 
a) Iguchi b) London 


| We see that among all the lower excited 
singlet states B;,, state comes to the lowest in 
our scheme, whereas in the calculation by 
‘London B,. comes to the lowest (Big is 
neglected because of its optical inactivity). 


Fig. 3. Energy levels 


This is the natural result of Hiickel approxi- 
mation. The accordance with the experi- 
mental values of absorption spectra is reason- 
able in both calculations. At present we have 
no experimental data sufficient to determine 
the symmetry of the lowest excited singlet 
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state. When higher excited states are taken 
into account in the configuration interaction, 
the order of upper states might be changed a 
little. 


§ 4, 

The phenomenon of the phosphorescence 
has been studied by many authors!». Lewis 
and Kashal!® have discussed thoroughly these 
problems and demonstrated that the phospho- 
rescent level of a molecule is unique, that is, 
the lowest triplet state. At the low tempera- 
ture, the lowest triplet state has no vibrational 
motion, and the fine structure of phosphor- 
escence spectrum shows nothing but the vibra- 
tional motions of the ground state. 

But the quantitative evaluation of the inten- 
sity of the phosphorescence spectrum or the 
lifetime of the phosphorescent state is difficult, 
because the matrix elements of the dipole 
transition are very sensitive to the form of 
wave functions. 

Mizushima and Koide!” have shown a theore- 
tical method to treat these problems utilizing 
the theory of group. According to them, the 
L-S interaction term of a molecule is given, 
for the jth electron, by: 


Treatment of the Phosphorescent State 


ng j= Om Opt erad V Xp); 
Ste | a Gm CSR OVO 
8m?c? Ox Oy Oy a 
“2 Con @ OV a ) 
2 Oy One OZ Oy 
ot— 0V0 OVA 
1 oerelnae Ox Oa aa | i 
For the Vz symmetry, this is written as 
His(j) = CBee Birt Bog , (10) 


= 
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Table IV. Scheme of intercombination 
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where oa is the spin operator and V is / 
potential. 

By the Hz» term, the triplet states mix a 
the singlet states (intermediate states), an: 
the dipole transition can take place from thes 
intermediate states to the ground state. Ther 
are two processes of intercombination: | 
a) The electron in the excited MO of ta 

triplet state is transferred, by the Hzs term 

to the excited MO of the singlet state, an 
then drops into the MO of the ground stat 
by the dipole radiation. (Fig. 4a) 


ground | 
state 


ground intermed . 


state 


intermed. triplet y 
singlet singlet 


excited MO excited MO excited MO excited MO 


eee ae 
His — radiatics: | 
ay Sie Se ee ee . 


(a) (b) 


triplet 


—--— show the singly occupied orbital 
— show the doubly occupied orbital 


Fig. 4. Scheme of intercombination. 


b) An electron in the lower MO of the triple 
state is transferred, by the His term, i 
the MO of the singlet state which was eve 
singly occupied, and then the electron in a 
excited MO drops into the MO of the grourn 
state. (Fig. 4b) 
The theory of group shows that only tt! 

By, term of Axzs is effective for the interco 

bination and the result is given in Table IV 

The state Ty, does not participate in th 

intercombination. 

Now the problem of intercombination 
reduced to the evaluation of the followin 
integral between two combining MO’s ¢ ari 


d; 
OPO) AddOp 
| vs aa Oy Oy rae 


a b 

Triplet stete Tss(Bau) | Tos(Bsu) Ta(Ban) Teo! (Boy) Tes (Bau) ae: (Bou) | Pes: (Bau) | Tos’ (Baw 

MO of the Coal ae ah ee 

triplet state s'(Aiu) bo'(Biu) $s’(A1w) "te gor (Bw) $s'(Aiu) be) he’ (Baa) 

MOlotthe intens| then cents * 4 - occupied: 

med. omg. state $o(Biu) bs’ (Aiw) 5 doubly de doubly 

SS = hl eer ines isipglygss elial és singly 

ihenaea sing. rr) 

Stabe Vse7(Bou) | Voo(Bou) | Vss7(Bsu) | Vos’(Bou) || Wosr(Baw) Veo(Bau) Vs0(Bsu) Vise (Baxu| 
a oe) etd SEA) LAs | alte. in - | | | 


if one takes for ¢ and ~ the ordinary linear 
mbinations of 2pz atomic orbital and reduces 
e integral to the sum of integrals between 
m atomic orbitals, the integrals always 
nish because of the symmetry property. 
Mizushima and Koide have avoided this diffi- 
tulty by including the o orbitals (though the 
pene molecule they have treated has the 
symmetry of Den). But we suppose the pro- 
lem might be solved even in the domain of 


t orbitals only. For this surpose some modi- 
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- Introduction 
When usual hydrated copper salts are exa- 
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Paramagnetic Resonance in Copper Acetate Monohydrate 


By Hidetaro ABE* and Junji SHIMADA 
Institute of Science and Technology, University of Tokyo, Tokyo 
(Received August 1, 1957) 


At four microwave frequency bands (A=78, 10, 16 and 32mm), single 
crystals of copper acetate monohydrate, Cu(CH3COO)2H2O, were examined 
at room temperature by the method of paramagnetic resonance absorp- 
tion, the results differing somewhat from those of usual copper salts. 
They can be explained by a spin-Hamiltonian with an effective spin S=l 
which is considered to be originated from a pair of Cu** ions each in 
2D) state, holding a strong interaction between them. This is consistent 
with the results of X-ray crystallography; this crystal consists of bi- 
molecular units Cus(CH3COO),-2 HO, in which two copper ions approach 
as close as 2.64 A. Exchange energy between these copper ions in the 
unit was estimated using the parameters determined from the resonance 
spectra and its temperature dependence is discussed. 


mined by the method of paramagnetic reso- 
nance absorption, there appears one resonance 
peak at the value of applied static field H 
given by 
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hy=9BH ly) 


where h is the Planck constant, v the frequncy 
of microwave used, 8 the Bohr magneton, 
and g the spectroscopic splitting factor which 
ranges from 2.0 to 2.4. In these salts, other 
than from ions of non-equivalent orientation 
in unit cell, there appears one peak and its 
resonance field H varies in proportion to the 
frequency »v of the rf-field. This can be de- 
duced from the fact that the copper ion has 
(3d) electronic configuration, 7.e., one electron 
missing from the complete 3d shell. So, under 
an influence of a crystalline field, it leaves 
a Kramers’ doublet (S=1/2) as the lowest 
ground state. Resonance transition occurs 
between levels of the doublet, their splitting 
being in proportion to the applied magnetic field. 

On the other hand, copper acetate mono- 
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; 
hydrate has a quite different appearance > 
its paramagnetic resonance spectra whi 
resemble somewhat to the spectra of imme | 
nickel salts having spin triplet (S=1). R 
sonance peaks observed in copper acetate Ci 
be well fitted to an effective spin Hamiltonia: 

9 = 98H $+ D|S2—S(S+)} | 


+ E(Sz?— Sy?) (2 
with two paramagnetic units in unit cell. © 
tailed resonance measurements were achiev) 
at four different frequency bands to determi: 
parameters appearing in the spin Hamiltonii 
and directions of three principal axes of cr 
stalline field (z, 2 and y). 


§2. Experimental 
Single crystals of copper acetate mon 


Reading (Relative Absorption ) 


5 2) AZ 16. Sime 
oO 

5 

e a) gp =54 

> 

ro 

O 

= 

B 

ss 

3 

Oo 

Applied Magnetic Field H 
euikens cil, 


in the ac-plane, 


Paramagnetic resonance spectra in copper acetate monohydrate at wavelengths of 
7.8: and 16.53mm, the direction of static magnetic field being indicated by the angle ¢ 


(in Koer, ) 


hy drate were prepared by means of the vapori- 
zation method from aqueous solution. They 
belong to the monoclinic system having 
parameters» of 


| @:b:c=1.5320:1:0.8108, and @=116°26’ 


and show themselves as twins arround (201) 
plane, the twinning plane. This twinning 
plane is expressed as (101) plane refered to 
the unit cell determined by X-ray crystallo- 
graphy which was given by Kiriyama ef ai» 
as 


Me 2=13.10A, b=8.564, c=13.88R 


| and B=116°26’ 

and by van Niekerk and Schoening® as 

Me a=13.1548, 5=8.524, c=13,908 
anda — a Wie. 


Since the detailed descriptions on our ex- 
perimental apparatus will be reported else- 
where®?, only a slight glance is given here. 
By crystal multipliers, higher harmonics were 
produced from the fundamental 3-cm wave 
supplied by a 2K25-type klystron. The 2nd, 
3rd and 4th order hormonic was separately 
utilized as our vf-power source of 24=16,. 10, 
id 8mm wave, respectively. 
Microwave power with appropriate frequency 
y0es through attenuators to the silicon diode 
after transmitting through a cavity resonator 
containing the sample crystal. The rectified 
current of the diode is then fed to a sensitive 
galvanometer. Resonance absorption causes 
galvanometer deflection decrease as a function 
of the static magnetic field applied. Some 
Be rales are shown in Fig. 1. The magnetic 
ield strength H corresponding to the maxi- 
mum decrease in galvanometer deflection was 
determined as a function of the vf-frequency 
and of the direction in which the static field 


} 
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was applied. Between the observed values 
of resonance peaks and the calculated ones, 
the best fit is obtained when the parameters 
appearing in the Hamiltonian (2) are deter- 
mined as listed in Table I. Experimental 
results reported in our preliminary works»® 
were also used to determine the proper values 
of parameters in the Table. This Table also 
contains the parameters given by Bleaney and 
Bowers”® which were determined from their 
experiments at 90°K. From the spectra of 
paramagnetic resonance, orientations of three 
mutually perpendicular (z, 2, and y) axes of 
crystalline field acting on copper ions can be 
determined refering to the crystallographic 
axes. Experimental results show the existence 
of a pair of paramagnetic units in unit cell, 
where the magnetic unit consists of two copper 
ions. One of the magnetic units can be de- 
rived from the other by an operation of mirror 


Table I. Parameters in the Hamiltonian (2) 
determined as giving the best fit. 


Authors This report 


Bleaney & Bowers 
Temperature 300°K 7 
Ge 2.34, +0.01 2.42+0.03 
Gx 2.053 +0.005 2.08+0.03 
OF, 2.093 +0.005 2.08+0.03 
D (cm-}) 0.345 +0.005 0.34+0.03 
E (cm7!) 0.005+0.005 0.0140.005 


reflection with the ac-plane. The results are 
given in Table II, where angles w and @ have 
the following definitions: » means the angle 
between the c-axis and the projection of the 
two z-axes on the ac-plane, measured from the 
c-axis towards the +a@-axis whereas a means 
the angle between the z-axes and the ac-plane. 
This orientation may be considered to be that 
of a line joining the two copper ions in the 


| Table II. Orientation of the principal axes of crystalline field of copper acetate monohydrate. 


Static x 


Method agi, At aR AS rey, 

Authors Abe and Shimada Bleaney et al van Niekerk et al Guha 
Reference This report Refs. 7 & 8 Refa3 ee, 
Win deg.) —34.541.5 —33 —32.7 +23 

(—34.1)" (—33)» 
a(in deg.) Souda 33 34.6 ota 


treated as the c-plane. 


Remarks a) Mean value calculated for a twinning crystal. na 
b) In Guha’s report, it is supposed that the (201) plane (the twinning plane) was 
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unit. In Table II, the angles indicating this 
direction which were obtained by the methods 
other than the paramagnetic resonance, are 
also listed: X-ray cristallography and static 
susceptibility. There comes some complexity 
from the twinning character of this crystal. 
Considerations were put on this twinning 
character to prepare the Table II. 


§3. Discussions 


From the measured spectra of paramagnetic 
resonance absorption, a conclusion can be de- 
duced that there must be clusters of copper 
ions having a strong interaction within ions 
in pair. 

The effective spin Hamiltonian (2) can be 
deduced® by combining two Hamiltonians 
and &, which describe isolated copper ions 
under cristalline field X and a dot type ex- 
change term TSS: 

BC = SC + Sls JSS; (3) 


where 


SPR LAS RA L280) 
Ga CFD) 
The parameter D in the effective Hamiltonian 
can be derived® from these equations as 


D=— | gn 2) —(.-2"| (5) 


Using parameters in Table I, exchange energy 
J can be estimated. Our results at room 
temperature give  |J399|=116cm-!_ whereas 
Bleaney and Bowers’ give | Joo9|=73cm7!. Tak- 
ing account of the range of errors (containing 
neglection of rhombic part of the crystalline 
field), Jsoo ranges from 95 to 140cm~ and Joo 
from 62 to 87cm7!. These results show the 
exchange energy between two copper ions 
increases with temperature. Assumption of 
isotropic thermal expansion gives the reverse 
temperature variation in exchange energy. 
To explain this reverse temperature depend- 
ence, anisotropic thermal expansion must be 
assumed causing a thermal contraction be- 
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tween two copper ions. If the exchange inte 
action between two directly interacting cop 
ions can be assumed to obey to the Bort 
Mayer’s relation, 


J < exp (—4k/0.345) (6) 


there must be a contraction of order of 4 
——(.027 A in the distance between the copy 
ions in pair when the temperature of crys 
changes from 90°K to 300°K. Although th 
value itself is not so unreasonable one but 
expected order from the view-point of therm 
expansion, it is somewhat doubtful whet 
the difference of J has a physical meaning) 
not. 

A survey on the variation of absorpti 
intensity of each lines will be reported eld 
where.) 
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Investigation was made on the magnetic anisotropy induced by me- 
chanical rolling of ferromagnetic alloys. 
on the single crystals of Ni;Fe through observation of magnetic domain 
patterns and torque measurements. 
found to be normal to the roll direction for (110) [001] and (001) [100] 
rolling, while it changes to parallel to roll direction at about 30% re- 
duction for (001) [110] rolling. The maximum value of uniaxial aniso- 
The results were satisfactorily explained 
by assuming the appearance of directional order by slip deformation. 
It was shown theoretically that the anisotropies thus induced are clas- 


Experiments were carried out 


Easy magnetizing direction was 


| sified into long range order (fine slip) type and short range order (coarse 


: 
CS slip) type. 
‘ 


r 


§ 1. Introduction 


It is well known that iron-nickel alloys de- 
‘elo a large magnetic anisotropy when they 
are plastically deformed by rolling or stretch- 
ing. Isoperm is a magnetic material treated 
inthis manner. This phenomenon was first 
found by W.H. Six, J. L. Snoek and W.G. 
urgers» in 1934. Detailed investigations 
were reported by H. W. Conradt, O. Dahl and 
K. Sixtus?) in 1940 and by G. W. Rathenau 
‘and J. L. Snoek® in 1941. It was confirmed 
by these investigators that the magnetic an- 
_isotropy induced by rolling (roll anisotropy) is 
i “not merely related to a magnetostriction and 
‘internal stress nor to a crystal magnetic 
anisotropy. 

- Recently L. Néel® and independently S. 
Taniguchi and M. Yamamoto” interpreted the 
mechanism of this anisotropy in terms of the 
“ directional order ’’ or ‘‘ orientational super- 
lattice’? which means an asymmetrical distri- 
bution of AA, BB and AB atom pairs in the 
‘solid solution of A and B atoms. Their theo- 
‘ries are based upon the idea that a directional 
order would be induced by a strong stress 
exerted during rolling or stretching, where 
atom migration during plastic deformation 
plays an important role in bringing the atoms 
into their stable positions. 

On the other hand, it was confirmed by one 
of the present authors and T. Oomura® that 
a roll anisotropy reported by Rathenau and 
Snoek is quite similar to the anisotropy due 


Relation to the superlattice formation was also discussed. 


to magnetic annealing in their dependence on 
the alloy composition. This fact also con- 
firms us in the view that the origin of roll 
anisotropy is closely related to the directional 
order, as is the case for magnetic anneal- 
ing.4)»5)7 

The present investigation was made for the 
purpose of making out the true mechanism 
of the appearance of directional order by 
plastic deformation. Experiments were carri- 
ed out on several sorts of single crystal and 
polycrystal through observation of magnetic 
domain patterns and measurement of magnetic 
anisotropy energy. The results were satis- 
factorily explained by assuming that the 
directional order are induced by slip defor- 
mation. It was theoretically expected that 
the anisotropy thus induced can be classified 
into two types i.e. long range order (fine slip) 
type and short range order (coarse slip) type. 
Calculations along this concept are found to 
be in good agreement with experimental 
facts. 


§2. Specimens and Experimental Procedure 


Specimens used in this experiment were pre- 
pared by melting electrolytic iron and nickel 
in a high vacuum induction furnance. Large 
crystals were obtained by solidifying the alloy 
slowly in a crucible. This procedure was 
carried out first in a molybdenum wire resis- 
tance furnace, but recently in a high vacuum 
induction furnace. These crystals were cut 
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into rectiangular plates having desired crystal- 
lographic orientation. The size of the speci- 
men was 10 ~ 20mm in length, 3~5mm in 
width and 1~2mm in thickness. In some 
cases thick pieces of single crystal (2~ 3mm 
in thickness) were used in order to observe 
the domain pattern on the thin edge. 

Specimens were in some cases previously 
quenched from 700°C to attain the disorder 
state or annealed for 200 hours at from 490° 
to 430° to attain the prefect order state. The 
specimen indicated by ‘‘slow cool”’ is that 
which was cooled naturally in a cruicible be- 
fore shaping. 

Cold work on the specimen was carried out 
by a small rolling machine with rollers of 
50mm in diameter, which rotate at 1l r.p.m. 
A reduction of the thickness by one pass was 
about 0.03 mm. 

Domain patterns were observed by means 
of the usual powder pattern technique with 
a light electrolytic polishing of the rolled 
surfaces. 

Measurement of the magnetic anisotropy 
was carried out in various ways. For (110) 
[001] rolling, the anisotropy was determined 
by the measurement of magnetization curve 
by using long specimens. Since the easy 
direction in this case is normal to the roll 
direction, magnetization takes place by rota- 
tion and therefore gives rise to a linearly in- 
clined magnetization curve. The anisotropy 
was obtained from the inclination of the linear 
part. In the case of the polycrystal, long 
specimens were cut from the rolled sheet, 
one in parallel and the other in perpendicular 
to the roll direction. The anisotropy was 
determined by the comparison of the magneti- 
zation curves for both specimens. 

Exact determination of the anisotropy was 
made by means of the torque measurement. 
Specimens for this were cut in a shape of 
circular plate from the rolled single crystal. 
In some cases successive rolling and shaping 
were made on a circular specimen for the 
purpose of measuring the torque as a function 
of roll reduction. The size of the specimens 
was 3~13mm in diameter. 

Composition of the specimens used in the 
present experiment was restricted to Ni;Fe 
where the superlattice formation is most ef- 
fective, because the dependence of the aniso- 
tropy on the composition has been known 
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to be simple as reported by Rathenau ani 
Snoek. | 


§3. Experimental Results 
(1) (110) [001] rolling | 
Simple and well-defined domain pattern 

were observed on the rolled crystal surfac% 

(110), when the direction of rolling is paralle 

to [001]. Pl. 1, 2, 3, 4, 5 and 6 are the seri 

of the photographs in the course of rolling 

For more than 30% reduction, many domai 

divided by 180° walls which are running i 

perpendicular to the roll direction appearec 

Although the pattern becomes more an 

more clear as the reduction increases, ti 

essential feature does not change until 944 

reduction. Even when the roll directio: 

rotates to the other direction in the sara 
plane, the direction of domain magnetizatio 
is also parallel to the same crystallographi 


direction [110]. The patterns for [112] an) 


[110] roll are shown in Pl. 7 and 8. | 

The anisotropy energy in this case wa: 
determined from magnetization curve. Sine 
the magnetization takes place by rotation, th 


magnetization curve is linearly inclined om 


1000 
(110) (100) ROLL 
o 
a 
o 
> 
fx 
> 500 
S 
io 
< 
8 
i ROLL REDUCTION 53-5 % 
S 
<x 
= 
) 
to) 250 500 75) 
EFFECTIVE FIELD Ho¢¢ IN Oc 


Fig. 1. Magnetization curve for rolled (110) [001) 
crystal. Specimen was previously cooled slow- 
ly. Reduction is 53.5%. 


as shown in Fig. 1. The coefficient o 
uniaxial anisotropy Ku (cf. Eq. (32)) is cal 
culated from the inclination of the linea 
part. The results are summarized in Fig. 
for variously treated specimens as a functio 
of roll reduction. The point marked by dou 
ble circle is obtained from torque measure 
ment, being in good agreement with tha 
obtained from magnetization curve. It i 
interesting to note that a curve for slowl 
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cooled specimen, for annealed 
for 1 hour at 490°C and a point 
for quenched from 700°C are 
‘in good coincidence with one 
another, whereas the curve for 
| perfectly ordered specimen 0.5 
shows a very slow development 
|! of the anisotropy. The domain 
‘patterns for perfect ordered 
crystal are shown in Pl. 9 and 
Pl. 10. Zigzag character of the 
‘pattern in Pl. 9 may be due to 
‘the relatively large crystal an- 
, isotropy energy (~ 3 x 10‘ erg/cc) 
) of the perfect order state. 
Uniaxial domains similar to Pl. 
3~6, however, appeared at the 
later stage of rolling (Pl. 10). 


TORQUE 
(e) 


i 


(2) (001) [110] rolling 


: 
: 


straightforward interpretation as shown in 


(110) 11007 ROLL 


UNIAXIAL ANISOTROPY Ku 


re) 50 100 


ROLL REDUCTION riIN % 


© quenched from 700°C 


© obtained trom torque curve 
(slow cool) 
-+- slowly cooled 
~A- annealed Ihr. at 490°C 
-o- perfect order 


_ Fig. 2. Coefficient of anisotropy as a function of 
: roli reduction. Specimens are (110) [001] crys- 
4 tals, previously heat-treated as indicated. 
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Fig. 3. Torque curve for rolled (001) [110] crystal. 
was previously in a perfect order state. 


The domain patterns appearing on the roll- 
ed surface are not so simple as to allow a 
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4 low dyne-cmy, . 


(OO1) T1017 ROLL 


ROLL REDUCTION 49.6% 


o 


30 60 90 120 150 180 
ANGLE 


Specimen 
Roll reduction is 49.6%. 


Pl. 11, 12, 13 and 14. We could observe, 
however, well-defined domain patterns on the 
thin edge of the roiled plate as shown in Pl. 15 
and 16. It is interesting that the patterns of 
the upper and lower half of the side surface 
are symmetrical with respect to the inter- 
mediate plane, corresponding to the slip bands 
which are observed on the same surface as 
are shown in Pl. 27 and 28. The black and 
white strips are the uniaxial domains, whose 
direction rotates gradually to a_ horizontal 
direction as the reduction increases. It is 
concluded that the very small spikes observ- 
ed on the rolled surface (Pl. 13 and 14) are 
the reverse domains which are responsible to 
the reduction of a magnetostatic energy. It 
is observed that the spikes become longer and 
longer as the basal domains rotate to make 
the smaller angle to the surface. 

Anisotropy energy in the rolled surface was 
measured by means of torque magnetometer 
by using a circular plate. One example of 
the torque curve is shown in Fig. 3. Since 
this curve includes a small amount of crystal 
anisotropy A, term, the uniaxial term Kz 
was calculated by eliminating the A, term 
by the Fourier analysis. A, was less than 
0.02 10° erg/cc for slowly cooled specimen 
and equal to 0.25x10°erg/cc for perfectly 
ordered one. 

K, is graphically shown in Fig. 4 as a 
function of roll reduction. It is interesting 
that K, is at first negative (easy direction 
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being normal to roll direction), 
while it changes its sign to 
positive (easy direction being 


x| fe} dyne-cme¢ 
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(001) [100] ROLL 


parallel to roll direction) at_about 
y=20~30%. Increase of Kz in 


r 


positive sense for larger reduction 
corresponds to rotation of uniaxial 
domain to the roll direction, as 


TORQUE 
.e) 


is observed in the domain pat- 
tern. 


(3) (001) [100] rolling 

The crystallographic orien- 
tation in this case is the same as 
that of recrystallization texture 
which is applied to the ‘‘isoperm’’. The 
torque curve is shown in Fig. 5, which pro- 
ves that the easy direction is nearly normal 
to the roll direction as is well known for 
isoperm. The value of Ky, obtained from this 
curve is —0.48x10° erg/cc for r=52%, which 
is also in good agreement with the value 
obtained by Rathenau and Snoek. The domain 
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Fig. 4. Coefficient of uniaxial anisotropy as a 
function of roll reduction for (001) [110] rolling. 


Torque curve for rolled (001) [100] crystal. 
was previously cooled slowly. Roll reduction is 52.0% 


REDUCTION 52.0 


\50 


120 160 


90 
ANGLE 


30 60 


Specimen 


pattern in this case, however, is very cor 
plicated as shown in Pl. 17, 18 and 19. The 
patterns on the thin edge have the charac: 
ter similar to the patterns observed on thi 
basal plane of cobalt (Pl. 20 and 21). The 
star-like patterns in these plates prove tha 
the domain direction strikes the side surface 
at a deep glancing angle. Patterns on the 
rolled surface at latter stage of rolling (PU 
19) shows a gradual approach of the domairi 
direction to the roll surface (normal to the 
roll direction.). 


(4) Polycrystal 


The domain patterns for rolled polycrysta: 
are shown in Pl. 22, 23 and 24, in which 
numerous uniaxial domains are observed in 
the individual crystallites. It is recognizec 
that there are statistically many domains 
which have the magnetization parallel to rol) 


! 


MAGNETIZATION 


500 
H eff 


250 
EFECTIVE FIELD 


IN Oe 


Fig. 6. Magnetization curve of rolled polycrystal 
measured by applying the filed normal to the 
roll direction. Specimen was annealed for 100 
hours at 490°C. 
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direction. This is also confirmed by the 
| Measurement of magnetization curve. F ig. 
| 6 is a variation of magnetization curve which 
| is measured by applying the field normal to 
the roll direction. 

i The work necessary to magnetize to satu- 
"Tation are shown in Fig. 7 as a function of 
roll reduction for parallel- and perpendicular- 
‘Cut specimens. The fact that the energy is 
larger for perpendicular cut than for parallel 
cut specimen means that the average easy 
direction is parallel to the roll direction. This 


LRT ae ae 


POLY CRYSTAL 


x< 
alg 9, 


inv) 


WORK NECESSARY TO SATURATE 


O 50 
ROLL REDUCTIONr IN % 


100 


disorder 
annealed 3hr. at 490°C 
annealed 20 hr. at 490°C 
annealed 100 hr. at 490°C 
perpendicular to roll direction 
- parallel to roll direction 
Fig. 7. Comparison of the energy necessary to 
magnetize to saturation between parallel and 


, perpendicular-cut specimens of rolled poly- 
crystal. Crystal was previously heat-treated 


as indicated. 


- It should be noted that the anisotropy energy 
5 in this case increases with a progress of 
order formation, on the contrary to the (110) 
[001] case. Moreover it should be added that 
4 stress hardening increases considerably with 
: 


fact was also reported by Rathenau and Snoek. 
j 
; 


ba progress of order formation, so that the 
perfectly ordered specimen was broken at 
their crystal boundaries by the rolling of 
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only 10% reduction (Cf. Pl. 25). This was 
not the case for any single crystals. 

§4. The Mechanism of Appearance of 
Magnetic Anisotropy due to Slip De- 
formation 


In this section we shall deal with the cal- 
culation of magnetic anisotropy induced by 
slip deformation. Now the dipole-dipole in- 
teraction between neighboring atomic moments 
gives rise to the energy 
Ci) 
where gy; is the angle between magnetization 
and pair direction. This energy, however, 
does not give rise to any anisotropy energy 
as far as the orientational distribution of the 
atomic pairs is of a cubic symmetry. If, 
however, the coefficient / takes the different 
values J44, Jez and lag for AA, BB and AB 
pairs respectively in the solid solution contain- 
ing A and B atoms, unbalanced distribution 
of these atomic pairs (directional order) should 
give rise to the anisotropy energy. Since 
Naat, Nesi and Nazi, the numbers of AA, 
BB and AB pairs per unit volume having 7- 
th bond direction, are related to Nu and Na, 
i.e. the numbers of A and B atoms in a unit 
volume, by 


2NaaitNazi=2Na 
2Nevit Nasi=2Nz } ’ 


we can express the anisotropy energy by the 
form which includes only Nez, namely 


B= > (Nasilaa+ Nevilan+Nazilan) COS? Gi 
= Dy Nee i(lastlee—2liz) cos? gi-+const. 


Wi=1 cos? G% , 


(2) 


=1 >) Nes: cos? gi + const. , (3) 


where 

[=laatlse—2lap . (4) 
For iron-nickel alloys the numerical value of 
1 has been estimated by Néel® from the 
magnetostriction data as 

N= Niwinitlrere—2lrewt)=3:-1 x 10° erg/cc, 

(5) 
where WN is the total number of atoms in a 
unit volume. 

Next we shall calculate the distribution of 
BB pairs induced by slip deformation. It 
was found that the directional order thus in- 
duced can be classified into two types accord- 
ing as the travelling of atoms by the slip is 
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confined within an original order domain or 
extends to another order domain of the op- 
posite side of the slipped plane. 


(c) Anisotropy of Long Range Order 
(Fine Slip) Type 

Fig. 8 shows the long range, ordered A;B 
type lattice (face-centered cubic) which is de- 
formed by one-step slip along (111) plane in 
the direction of [011]. Although no BB pairs 
are found in the non-deformed part, it is re- 
cognized in the figure that many BB pairs 
which direct to [011] appeared at the slipped 
part. We shall calculate the number of BB 
pairs thus induced. It is verified by simple 


Fig. 8. Appearance of BB pairs by one-step 
slip along (111) plane in the direction [011] in 


the long range ordered A3B type lattice. 


calculation that the number of B atoms oc- 
cupied at -sites on a unit area of (111) plane 
is larger by S// 3 a? than that of a-sites, 
where S is the degree of long range order 
and a is the lattice constant. The number 
of BB pairs induced per unit area of (111) 
plane is thus given by pyS?/2Y 3 a? on the 
average, where the factor 1/2 comes from the 
fact that a chance of appearance of BB pairs 
are limited to the case that the slip is made 
by the displacement of the odd number of 
dislocations. It is, however, generally accept- 
ed that the dislocations tend to move as in 
pairs in the ordered crystal so as to recover 
the ordered state. On this reason the pro- 
bability po, that a dislocation does not be- 
come in pairs with another one, was intro- 
duced in the above expression. 

Now let us suppose that ms dislocations 
passed per m atomic planes which belong to 
the referred slip system. We shall call s as 
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‘‘slip density ’’ hereafter. Then the number: 
of slipped planes is given by Y 3 p’|s|/a per 


unit depth, where p’ is the probability for) 
one dislocation to start in a virginal atomic; 


plane. The total number of BB pairs for 7-- 
th slip system is given by 
—, Pw x V 3 Pp’ \sil | 
Diges 2V 3 a? a 
| 
=< Noss, (6) 

where 
p=hof’ . (7)) 


In face-centered crystal the slip plane is} 


known to be {111} and the slip direction is; 
to be <110>, so that the total number of slip) 
systems is 4x3=12. The direction cosines; 
of BB pairs induced by the slips of individuai. 
slip system 7 (Bui, Bx, B3:) are given in Tab. 
I. By using the direction cosines (@, @:, @3) 
of the inner magnetization together with (S1:, 
Boi, B3:) and Eq. (6), Eq. (3) becomes 


E= ‘ NIPS? >, |si|(@1B1i+ @2B2i+ 3834)? 


=} Nips 3 lsd fl, a, a3), (8) 
where 
Filan, A, A3)= Bii?1? + Boi?Qy? + P3723? 
+28 2iB3:a2.a@3+283:Bia3a, 
+2BiBridias . (9) 


The coefficient of each term in /fi(@) is also 
tabulated in Tab. I for every slip systems. 
It should be added that this type of aniso- 
tropy should be induced irrespective of the 
degree of order, as far as the slip distance 
per one atomic plane is less than the diame- 
ter of the antiphase order domain (fine slip). 


(b) Anisotropy of Short Range Order 
(Coarse Slip) Type 

When many dislocations pass through a de- 
finite atomic planes so as to bring the one 
side of the crystal to the out of phase order 
domain of the opposite side of the crystal, it 
is expected that the directions of the induced 
BB pairs are different from that given in 


Fig. 8. In the case of (111) [011] slip the 
directions of BB pairs is [011], [101] or [110] 
or they disappear, depending upon the sorts 
of antiphase domain and upon the number of 
dislocations. It is easily verified that the 


Magnetic Anisotropy Induced by Cold Rolling (I) Fe-Ni Alloy 


1265 


ty of finding BB pairs among the atomic 


pairs which have a certain bond direction is 
also 1/4 in the disordered state, we can re- 
gard the distribution of atomic pairs which 
connect the both sides of the slipped plane 


as disordered one. 


Now let us suppose that 
the crystal was previously in the partially 


ordered state, which is characterized by ¢ 
the degree of short range order. 
verified that the number of BB pairs lying 
in a unit area of (111) plane is (l—o)/(4V 3 @), 
which is smaller by o/(4V/ 3 a”) than that of 


disorder state. 


It is easily 


Then it follows that the num- 


ber of BB pairs connecting the both sides of 
the slipped plane is larger by o/(4VY 3 a?) per 
unit area of (111) plane than before the slip 
Thus the number of BB pairs 


takes place. 


induced by the slips in a 


given by 


- V 3 p’'\sil 


a 


unit volume 


is 


Table I. Direction cosines of BB pairs and the coefficients of each term in Fila, a2, a3) in 
os ie ii - nae ete order (fine slip) type anisotropy. Cf. Eq. (9). 
No. of Slip Slip Slip | ee oe Cocmicienes in Foun = 

System plane | direction Bi, B2, Bs r a ig we hea. lead (aes ye 

ho lpr ene: [011] 0, es WT rales mle? Pas. 

2 [101] FF 0, a > 0 > Ose tele 

3 [110] a ee 0 + 5 0 One 1 

4 (111) [101] os 0, -F5 : 0 5 QO 1et 0 

5 [011] 0, TF “Fs 0 5 5 El 0 0 

6 170] F. FR 0 5 ; Os) 40 ao ee 

7 (111) [110] Fs. -F5. 0 > S 0 0 O | =1 

8 101] 5, 0, a 5 0 > Ondiameenn 

9 [011] 0, FF: -Fy 0 5 ; -1 | 0 0 

10 (11) [011] 0, oe ma 0 5 5 i | 0 0 

2 [110] Bi 7 5 5 5 0 0 0 -1 

Probability of ie ~ case ee these ; walt ete 1304 ieee at 
four cases is equally 1/4. Since the probabili- 16 


Since the bond direction of BB pairs thus in- 
duced is [011], [101] or [110], the average in- 
teraction energy becomes 


if i : 
Ww =~, (COS? Yf011] + COS? Yf101]+ COS? Y[110)) 


>a (Bina + Bora, + B3ra@3)” 


k=1, 


sy 

Ue 
3 

aay 


a (Q@,Q@3+A3A,+a,a,)+ const. (11) 


This functional form means that the slip 
plane (111) is an easy magnetizting plane and 
a normal to it is a hard direction, provided 
1>0. Then the interaction energy for 7-th 
slip system whose slip plane’s normal is (#1, 
Ni, 13i:) becomes 


Wix=1(NiNz1A.A3+NziNiA3Q,+NWNxiAA,). (12) 
The resultant anisotropy is 
I= SS Nepi Wi 
a 
1 a 
16 NIp‘o DS, [si] Gi(Q1, as, 3) , (13) 
v 
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; | 
Table II. Direction cosines of the normal of slip plane and coefficient of each term in | 
gi(ay, &, a3) in the expression of short range order (coarse slip) type anisotropy. 
Crabqe da): 
eae CéeHicions aarp cue a.) 
No. of Slip Me Vie, te is ae 
ae i | A203 | a0 | 1a 
= — —— { = — = 7 = 
“4 vii 1 i ie 1 | 
d V3" V3? ¥ 3 3 3 3 | 
1 2 eg | 
: ‘ 3 3 3 
1 ne ig 
7 ou | 3 3 
4 inde gi sees aX 2= i 
“3 Vo ¥3 3 3 | 3 
1 oe i 
: 4 4.3. Sel 3 
1 wae S| i 
6 ” es 3 3 
+ 1 rae a ‘sis i mis 
Vo. fyi3" ys 3 3 3 
1 1 in 
: 4 ee: 3 3 
J ¥ ue 
9 y 2 3 = 
is jo 2S ns 1 AL: 
| 1 vo os 
: é | Soh 3 | 3 
12 pn ae a | 2 
: | 3 he 3 
where components of strain tensor are given by 


Gia, as, 3) = NyiN3i.A3 
+N3iN 103A + NpyiNiA\ Ar. (14) 


The coefficients of each term in (14) are 
tabulated in Tab. II for every slip systems. 

It should be noted that this type of an- 
isotropy should be induced irrespective of the 
degree of order as far as the slip distance is 
larger than the diameter of antiphase order 
domain. 


§5. Calculation of Slip Deformation 


In order to calculate the magnetic antiso- 
tropy for individual rolling cases from Eq. (8) 
or (13), it is necessary to determine the value 
of slip density |s:| for every slip systems. 
The deformation by (110) [011] slip system 
(No. 1) is shown in Fig. 9. By considering 
that the distance of atomic plane is a// 3. 
and length of one step of slip (Burger’s vec- 
tor) is a/Y 2, it is easily verified that the 


T2r2i=0, Tyyi=Si, Geel } (15) 
Yyz2i=0, Yz21= —S,/2, Txy1=S3/2 
2 
ns 
y 
SSS SY 
n 
x 


Fig. 9. Deformation by the slips which belong 
to (110) [011] slip system. 


where s, is the slip density as defined in §4 
(a). The strain tensors for the other slip 
systems are similarly calculated and tabulat- 
ed in Tab. III. The resultant deformation is 
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Table III. Components of strain tensor for every slip systems. 


| i Son Eee ee 
Slip System Teeae Tuy Vee | yz Tew Tey 
| iy = ae 
1 0 | | 1 1 
| | Si | -S; 0 aoa ‘Si a St 
j 2 joer —S5 0 i 1 
4 F | ie 2 0 —9 
| 
f 3 Ss -% | 0 | -s8, oS. 0 
MS ~ 
f 4 Ss. ‘aaa i 1 
; 4 0 | St | 2 Ss 0 9 St 
- 5 0 4 | | 1 1 
: | Ss | Ss 0 = 95 — 95 
i | 
} eg So 3 Se | 0 | Fikes Se = 5S 0 
SS ee ee eee ee 
\ | 2 
- 8 = Ss 0 TEN SE 0 | - Ss 
He | | 
} | 
i i 1 
: 9 0) — So So 0) 99 E ris) 
il il 
0 v Sto ~Sto 0 “9 S10 = “9 S10 
say 18k Sir 0 —Sy ~38n (0) -58u 
‘ 12 ASS ES 0 LA OS 0 
+ | | a gre 


“given by 


i 
; Tee=Di feet, Tyw=Datyvi, Te= Dei 
: : : . (16) 
T= > Tyzi, Tex= Di Fenty Tey= >i Tavi 

7 a a 


(1) (110) [001] rolling 


_ It is assumed that the rolling of the speci- 
“men plate results in an elongation in length 
and a reduction in thickness but no widen- 
‘ing of the specimen width. This assumption 
‘is exactly reallized in the (110) [001] rolling, 
although there are some exceptional cases 
which will be mentioned later. Then the 
‘tensor components with respect to the coordi- 
‘nate fixed to the crystal should be given by 
i fcx— ly -Tyy— 7; Tzez=2r °y (17) 
| Tyz=0, Tey =), Tie al 

where ¢ is the reduction in thickness. 

; It should be expected that the slip systems 
‘contributing to this deformation are No. 1, 2, 
4 and 5 (i.e. that of (111) and (111) slip plane), 
because the others have the slip planes 
normal to the roll plane and the slip along 
them should not contribute in reducing the 


| 


thickness (Cf. Fig. 10). If it is true, the 
rolling in any direction for (110) plate might 
always induce the preferred elongation in the 
direction [001]. In fact it was observed that 


(110) [001] 


roll 


Fig. 10. The slip systems contributing to 
(110) [001] roll. 


the specimen having different crystallographic 
direction are rolled into the various shapes as 
shown in Fig. 11, which are found to be caused 
by the preferred elongation in [001]. 

Then the strain components are expressed 
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in terms of s:’s by referring Tab. III. Thus 
we have 
Cex SEOs 5) 
Tyuy=S1—Ss » 
(eiio= —$1-+S2—Sa-FS5 ) 
(18) 


Yyz=4(S2tSu) , 
T22 = 3(—Si1—Ss) ) 
=3 


Yxy=43(S1—So+S4—Ss) 


By assuming the symmetry consideration, i.e. 
(19) 
we have by the comparison between (17) 
and (18) 

SS, 


SS SS 


Ss=S5=7/2 : (20) 


NizFe before after reduction 


(110) aa — gee 55.2 ¢ 
Plane ~~" (002) 


= —- Gay 56.6 % 
Qio) 
= Gm WM 51.37% 
111 
roll direction : ? 2 cm 
ey 


Fig. 11. Change of shapes of the specimens cut 
from (110) plate by the rolling along various 
direction. 


(2) (001) [110] rolling 


The deformation for this case should be given 
by 


Tex=T7, 


pe ies he 
Tyz =\()). 


21 
ay Tey ( ) 


The slip systems which can contribute for 
this deformation are also No. 1, 2, 4 and 5, 
but the real contribution was made only by 
No. 1 and 2. This is because the slips in 
this case are made by easy glide. Pl. 27 
and 28 are the microphotographs of the slip 
bands appearing on the thin edge of the speci- 
men. It can be seen in the plates that easy 
glide takes place in the upper and lower 
halves of the crystal and the slip bands in 
each region rotate to the roll direction with 
a progress of rolling. The reason why easy 
glide takes place in this case is as follows: 
In this case the slip plane (111) makes the 
angle of 54.5° with rolling plane (Fig. 13), 
and therefore the slip along it causes the ro- 
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tation of the crystal which results in a de 
crease of the angle from 54.5°. This chang 
of orientation results in an increase of thi 
shearing stress component along its slip plana 
and thus favors the slips along itself. If 
the case of (110) [001] rolling, however, (111) 
slip plane makes the angle of 35.5° with ro} 
plane and the slip along it results in a dex 

i 


C110] 


(O01) rol{ 


Fig. 12. The slip systems contributing to 
the (001) [110] rolling. 


(110) (O01) ROLL 


<>< 


(OO1) (100) ROLL 
SSIS SE / 
OEE OF 


Fig. 13. Actual slips by the rolling in various 
crystallographic direction. 


crerse of angle from 35.5°. This crystal ro 
tation disfavors the original slips and favor: 


the slip along another slip plane (111), result 
ing in the both slips as assumed in §5 (1). 
The deformation is given by 


[ 


i 
| 


: | 


1 


b| 
FY 


i 
| 


i 


| 


Magnetic 


i Tan So, | 
Tov=S1, 
T2z2=—Si tS. , me 
Tuz = 282 , 2 
Tex=—2S1, 
Txy=3(S1—S2) 
By comparing (22) with (21), we have 
Si=%, S=-7r, (23) 


although they do not give the right values 
MOY Fye and Fez. 

For the under half of the crystal where ef- 
fective slip systems are No. 4 and 5, we have 
(24) 


Si Tost Sb ad 


(3) (001) [100] 
The deformation for this case should be 


Taz=27, Tuy=0, 22 re 
Tuz =0, Tze=0, Txy=0 [ 
The slip*systems which contribute to the 


rolling 


(25) 


deformation are No. 2, 4, 8 and 11, because 
“No. 3, 6, 7 and 12 should not coritribute in 
‘Yeducing the thickness and No. 1, 5, 9 and 
‘10 should cause the widening of the speci- 


“men width. 
also expected, because the slip by No. 2 causes 


| 


In this case the easy glide is 


‘the crystal rotation which favors No. 2 itself 


F 


/ 


i 


Places (Cis Big, -L3), 


; 


roll 


(OO!) [100] 


Fig. 14. Slip systems which contribute to the 
- (001), [100] rolling. 


Bend No. 11 and disfavors No. 4 and No. 8. 
The calculation is given in Appendix. It is, 
therefore, probable that the slips by both No, 
2 and No. 11 take place in some places and 
“those by both No. 4 and No. 8 in the other 
The slip bands in this 
cases are shown in Pl. 29 and 30. 

The deformation due to No. 2 and No. 11 


is given by 


" 
iy 
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Txx=—SotSis, 
Tuy =0, 
ze =S2 Si 5 
Tyz =3(S2—Su) , 2) 
Tex =0 , 
Tey= —2(S2+S1) 
By comparing (25) and (26) we have 
DSH. STH 5 (27) 
although they give a finite value for y7,,. For 


the deformation due to No. 4 and No. 8, it 
follows 
S—=7, Se (28) 
Although the results (23), (24) or (27), (28) 
give the finite values for 72, 722 OF Tyz which 
do not conform with (21) or (25), the actual 
deformation of crystal did support the presence 
of these strain component. 


§6. Calculation of Magnetic Anisotropy 
for Individual Cases and Comparison 
with Experiments 

(1) (110) [001] rolling 

By putting the values of s; given in (20) 
into (8), we have for the anisotropy of long 
range order type (L.F. type) 


De a NipS*rlay? aye 2232) 


» = NipS?ra;?+ const. (29) 


Similarly by putting (20) into (13), we have 
for short range order type (S.C. type) 


1 
E=— Nip’ craja, (30 

sy iii re) 
Eq. (29) (L.F. type) gives the anisotropy which 
makes «-y plane easy magnetizing plane, 
while (30) (S.C. type) gives the anisotropy which 
makes [110] easy magnetizing direction. Thus 
both anisotropies make [110] as stable direc- 
tion which is in good agreement with experi- 
ments. The resultant anisotropy in (110) 
plane can be expressed by 


E= & Nir3pS'+0"6) cos* 8 (31) 
where @ is the angle between magnetization 
and roll direction. Since the coefficient Ky 
of the uniaxial anisotropy energy is defined 
by 

= 


—Ky cos? 0, (32) 
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we have 
Ka -5 Nir(3pS?-+P'¢) - 
By comparing it with Ku=—1.9x 10° erg/cc 
at r—0.5 for slow cool specimen (Cf. Fig. 2), 
we have, by using the numerical value of N/ 
given in (5), 
3pS2+ p’a =5.9% . (34) 
For perfect order specimen, since Ku=—0.64 
x10? ativ=0:55 ; 
3pS?+ p’o=2.0% . 


(33) 


(35) 


(2) (001) [110] rolling 

By putting (23) into (8), we have for L.F. 
type 

i & NIPS?r (ay? + a2? + 2a3?+ 2a,a3 ++ 2a3) 


= i NipS*r ais(2c,+20t-+-a3)+ const. , 
and by putting (23) into (13), we have for 
SiGe type 


(36) 


iD x NIp’ 67 (Q,03+ 030, +a\a2) : (37) 


If we assume that s, and s; also take place 
together with s,; and s, in the same region, 
the anisotropy becomes 


E=7, NipStray? (38) 
for L.F. type and 
oe, 
E=5, Nip OVA, (39) 


for S.C. type. Since the roll plane is a;=0, 
only S.C. type would be effective for this case. 
In actual case, however s; and s, take place 
in the upper half of the crystal as assumed 
in (23), so we must use (36) and (37) by tak- 
ing into consideration of the crystal rotation. 

As one will easily verify from Eq. (A. 2) 
in Appendix, the angle of the crystal rotation, 
wr (the angle between [001] and normal of the 
plate), is given by 


Ww=V 2r. (40) 


Then the anisotropy in the rotated surface 
becomes 


E= -v 2 -NIPS? rp cos? 0 


il 
=e —{ Nips cos? 6 (41) 


for L.F. type and 
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ee 5 Nip or( —/ 9 yh) cos? 0 


= a NIp’or(1—2r) cos? 8 (42) | 


for S.C. type. Thus the coefficient of uniax 
al anisotropy in the roll plane becomes 


Kee mr NK —p'or-+2(p'o+3pS2r7} (44 
which is a quadratic function of 7 and ca 
be well fitted with the experimental curve Z 
shown in Fig. 15. From this comparison w 
have 
pS?=0.36% } (de 
p’o=0.78% 
for slow cooled and 
pS?=0.50% 
p’o=0.54% 


for perfect order specimen. 


(43 


UNIAXIAL ANISOTROPY Ku 
9 


short range orderterm 


O 50 
ROLL REDUCTION rIN % 


Fig. 15. Comparison of K,—7 curve for (001) 
[110] rolling between calculation and experi 
ment. The experimental points are that foi 
previously slow-cooled specimen. 


100. 


(3) (001) [100] rolling 
By putting (27) into (8) we have 


Bes + NIPS*ry(a2+ a3") 


il 
= —. MpStras?+ const. (A 


for L.F. type and by putting (27) into (13) w 
have 


1 : 
ary NIp’ cara, (4 


| 
t 
t 


Illustration of the Plates 


Pl. 1. Domain pattern of rolled (110) [O01] NisFe 
(previously cooled slowly) PENG 

Pi 2, ditto, 7—20%. 

mie 3. ditto, 7=30%. 

Pl. 4. ditto, r=42%. 
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Pl. 5. ditto, r=55%. 

Pl. 6. ditto, r=94%. 

Pl. 7. Domain patterns of rolled (110) [112] Nij3Fe 
(previously cooled slowly) 7=44%. 

Pl. 8. Domain patterns of rolled (110) [110] NisFe 
(previously cooled slowly) 7=57%. 
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Pl. 9 lel, 1K 
| 
| 
IP, it Ab We 
. 
JON, 14! 
Pl. 
| 
Pl. 16 | 
iL, : | 
Pl. 9. Domain Patterns of rolled (110) [001] NisFe Pl. 12. ditto, r=53%. 
(previously in perfect ordered state) r=29%. Pl, 13. ditto, r=—60%. 
Pl. 10. ditto, »=73%. Pl. 14. ditto, 7r=68.5%. 
Pl. 11. Domain pattern of rolled (001) [110] Nis3Fe PI, 15, ditto, observed on the thin edge. r=42%,. | 
crystal (slow cool) r=42%, Pl. 16. ditto, observed on the thin edge. r=60%. ; 
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lel, ty 


Hele 


lok 


elle 


Pl. 17. Domain pattern of rolled (001) [100] Ni3Fe 
(slow cool) 7r=39%. 

ele ise ditto, 7—9072. 

Pile 19) ditto, r=60%. 

Pl. 20. ditto, observed on the thin edge. r=307%. 


2 40) 


Pl, ZZ 


Pl. 24 


Pl. 21. ditto, observed on the thin edge. r=50%. 
Pl. 22. Domain pattern of rolled polycrystal line 
Ni3Fe (previously in disordered state.) 7=20%. 
PL, FB, Chino, 7?SaS, 
PAL, kl, Ghinwoy, PSN. 
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Pl. 25. Domain pattern of rolled polycrystal line 
NisFe (previously in perfect order state.) 7»=30%. 

Pl. 26. Slip bands observed on the surface of (001) 
[110}xrolledverystaly 79. 127. 


Pl. 27. Slip bands observed on the thin edge of 
(001) [110] rolled crystal. 7r=9.1%. 


for S.C. type. Since a3;=0 in the roll plane 
(001), S.C. type (47) does not contribute to the 
torque. The L.F. type (46) makes [010] easy 
direction, being in good agreement with tor- 
que measurement. Since Ky=—0.48 x 10° erg/ 
cc at r=0.52, we have from (46) 


PpS?=0.24%. (48) 
Since easy direction of S.C. type anisotropy 


(47) is [011], it would make the real easy 
direction to make a glancing angle with roll 


SuzuKI and H. lwaTA 


26 

eee AIS rE Ree 
28 
30 


Pl. 28. ditto, r=4222. 

Pl. 29. Slip bands observed on the surface of (001) 
[100] rolled crystal. 7=10%. 

Pl. 30. Slip bands observed on the thin edge of 
(O01) [100] rolled crystal. r=10%. 


Roll direction is horizontal for all plates 


plane. This would be the reason why no 
clear domain was observed on the rolled sur- 
face. It should be expected that the crystal 
rotation in this case causes the rotation of 


[011] towards the roll plane. Actually we can 
find the distorted uniaxial domains at the latter 
stage of rolling (Pl. 19). 


Discussion 


$7: 


As mentioned in §6, principal points obtain- 
ed by the experiments are well explained by 


1957) 


the present interpretation. The values of 
a and p’o calculated for each case are sum- 
‘marized in Tab. IV. The fairly good agree- 


Table IV. Values of pS? and po calculated from 
j the data for each rolling. 


| (110) [001] 


| 


| (001) [110] (001) [100] 


4 ; 5.9% 1.85% 

| 3nS2 , 7 - 06% ad 

es oO. (2.0) (2.04) 

. x i, 0.36 

| PS (0.50) 0.24 
1.6 

| plo = (1.1) & 


-ment between different cases indicates the 
quantitative validity of the formulae. The 
order of magnitude of pS? or p’o may be also 
“plausible, although we cannot make an exact 
-estimation because of lack of informations 
about p or p’. 

It is interesting that the values of pS? and 
po for perfect order specimen are not so 
‘much different from that for slowly cooled 
-specimen.* This is partly because that po 
: mentioned in §4 (a) should decrease with an 
i 


increase of S. Moreover it would be related 
to the fact that the manner of slips depends 
‘upon the degree of order®11). The fact 
that the anisotropy for a quenched specimen 
exhibits a large value (Cf. Fig. 2) would be 
also explained along the same line. It is in- 
teresting further that the anisotropy for 
polycrystal increases with a progress of order 
(cr Fig. 7), contrary to the case of single 
. 


crystal. One possible explanation will be as 
follows:, Since the individual crystallites in 
a polycrystal are surrounded by other crystal- 
lities, easy glide along one slip system should 
not be permitted. If several slip systems 
must contribute to the deformation at the 
‘same time, pairs of dislocations travelling 
along one slip system might be separated by 
“another dislocation which belongs to the other 
| ‘slip systems. Then the separated dislocations 
would become effective in inducing the an- 
‘isotropy. Thus the anisotropy would increase 
with a progress of order. If, however, order 
progresses to too much extent, the pairs of 


* Note added in 2 proof: The extremely slow 
development of anisotropy for perfect order (110) 
1001] specimen (Cf. Fig. 2) may be due to occur- 
rence of easy glide. 
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dislocations would become hard to be separa- 
ted, resulting in an independent deformation 
for each crystallite which would lead to the 
break down at the crystal boundaries (Cf. Pl. 
Zo) 

Further detailed investigations on the roll 
anisotropy will offer the valuable informations 
about slip mechanism. 
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Appendix 

Calculation of Crystal Rotation by Slip 

Let us suppose that the face centered cubic 
crystal having the surface parallel to x-y plane 
is deformed by the slips which belong to the 
slip system having slip direction (d;, dz, ds) 
and the normal of the slip plane (7, m2, m3). 
It can be shown by a simple calculation that 
the crystal surface rotates to the plane whose 


normal is 
1=— /3 Kaito rp 


p= a: Snods \ ; 


ps=1 
The angle of crystal rotation yy, which is the 
angle between z axis and the normal (fu, po, 
ps), is given by 


Wa V pet p= 9 SV nee 


(Al) 


(A2) 


The Component of Shearing Stress for 
Given Slip System 

When the crystal is under the stress given 
by 


Os 
yy =0 , (A3) 
Oz —T 


the shearing stress for given slip system 
whose slip direction is (di, dz, d3) and the 
normal of slip plane is (71, #2, ”3), becomes 


t=(din—d3n3)T . (A4) 


Calculation for (001) [100] Rolling 
The angle of crystal rotation caused by the 
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slip No. 2 can be calculated by (A3), thus 


— [se 
yy 
By this rotation the component of the shear- 
ing stress should be changed by 


(A5) 


dcx —{2dins+ dats + dy(2m.+s)} 7 5 -(A6) 
Then it is easily found that 
e te we >? for No. 2 and No. 11 
=— re <0 for No. 4 and No. 8. (A7) 
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Oscillations in Plasma I 


By Shoji, Kojima, Kiyoe Kato and Shigeo HAGIWARA 
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By using super-regenerative detector plasma oscillations have been 
studied. On similar discharge tubes to Looney-Brown’s tube many plasma 


oscillations were observed without auxiliary electron beams. 


When 


a small beam was introduced into main plasma, all the oscillations be- 
came stronger but their frequencies remain unchanged. For the excita- 
tion of plasma oscillations the existence of thick ion sheaths was not 


necessary. 


With usual discharge tubes plasma oscillations were detected 
from the outside of tubes by a small antenna. 
having slight different frequencies were always observed. 


Many plasma oscillations 
However, 


details of these oscillations are still obscure. 


'§1. 


Ionized gases at low pressure are known to 
generate oscillations with frequencies of order 


Introduction 


of 1000 Mc. These oscillations are interpreted 
as the plasma-electron oscillation, whose 
frequency is expressed by 

So=V Ne*|xm 5 ea?) 


being N the electron concentration, e the 
charge and m the mass of electron.” Since 
the frequency is independent on the wave 
length, the group velocity of plasma waves 
should be zero. Recently Bohm and Gross 
took into account thermal motions of electrons 


and gave the following expression for tk 
frequency: 


F=f? +(Vinl A? (2 


where Vin is the mean velocity of electror 
and 2 the wave length.» Then the grot 
velocity becomes Vix2/Af. Since af is ord 
of the velocity of primary electrons, the grou 
velocity is usually very small. Therefore tl 
each plasma oscillation is expected to be loce 
ized in a definite region of space. Such plasn 
oscillations had been cleary observed by Me 
rill and Webb”. By using a movable prol 
they showed that the oscillation with lar; 


amplitude was detectable in a narrow region 
being near the layer where primary electrons 
received anomalous scattering. Merrill and 
| Webb pointed out that the primary electrons 
were subject to velocity modulation when they 
/passed throuth the oscillating layer of plasma 
and bunched subsequently at the region where 
Fre oscillations were detectable. Recent ex- 
‘periment by Bailey and Emeleus seems to 
confirm this interpretation®. In these experi- 
ments the oscillations were detected with a 
crystal rectifier. 
With a super-heterodyne de- 
tecter and a specially designed 
discharge tube Looney and 
-Brown® attempted to test the 
postulate of Bohm and _ Gross 
that plasma oscillations could be 
‘excited by a beam of electrons 
‘alone. However, they could not 
“observe plasma oscillations except 
when large ion sheaths were 
‘introduced on the electrodes and 
‘a standing wave was set up in 
the region bounded by the 
heaths. 

The present experiments using 


Figs 1. 


more sensitive detecters have 
‘been undertaken to study of the 
effect of probe in Merrill and Webb’s ex- 
periment and to study of the effect of ion 
‘sheaths in Looney and Brown’s experiment. 


‘$2. Apparatus 

_ The coaxial cavity spectrometer which was 
discribed in a report on nuclear quadrupole 
resonances” was applied for the detection of 
plasma oscillations. The main part of the 
“spectrometer is a two-cavity grid separation 
‘oscillator with a light-house tube 2C43. The 
block diagram of the detecting system 1s 
‘shown in Fig. 1. The oscillator works as a 
‘super-regenerative receiver when a quenching 
oscillater is applied or as a simple regenera- 
tive receiver without quenching oscillator. 
Frequency modulation was established by a 
vibrating metal sheet which was inserted into 
the plate cavity. The range of modulation 
‘could be extended upto 4Mc, which was 
‘broader than the line widths of oscillations. 
i. The super regenerative type has an advan- 
tage to be more sensitive than the simple 
regenerative type, but has a disadvantage 
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that the quenching produces many sidebands 
spaced by its frequency. The quenching 
frequency adequate for the operation was 
about 1 Mc, which was smaller than the line 
width of osciliations. Therefore the super- 
regenerative type gave broadened line-shapes 
owing to the sidebands. The effect of side- 
bands, however, did not exceed several mega- 
cycles. 

The frequency was measured by comparing 
with a overtone of a test oscillater of the 
frequency range between 30 and 500Mc/s 


~300~-400V 


Block diagram of detecting system. 

A: Plate cavity, B: Cathode cavity, C: Plate plunger, D: 
Cathode plunger, G: Grid disk, H: Quarter wave trap, L: 
; Coaxial cable, M: Modulation stub, N: Antenna, P: Plate 
cylinder, Q: Cathode cylinder, T: Light house tube (2C43). 


whose frequency was read acculately with a 
frequency meter. 

Three types of discharge tubes containing 
mercury drops were employed. The type A 
was similar to descrived by Merrill and Webb. 
The type B was same as the type A except 
having no probes. The type C was simular 
to that described by Looney and Brown. The 
discharges were run in mercury vapour at a 
pressure of order of 10-* mmHg. 


§3. Results with the Discharge Tubes of 
the Type A 

Diagram of a discharge tube of the type A 
is shown in Fig. 2. The cathode was a oxide 
coated type having a diameter of 5mm and 
the anode a nickel disk having a diameter of 
12mm. The gap length was 16mm. Movable 
double probes were used to pick up the oscil- 
lation and to measure the concentration and 
temperature of electrons, whereas a single 
probe was used by Merrill and Webb. The 
double probes consisted of two parallel tungs- 
ten wires of diameter 0.06mm having a 
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separation of 5mm. Each probes were coated 
by glass except the both ends. By the 
courtesy of the double probes rather strong 
oscillations were picked up. So that the 
spectrometer was used as a simple regenera- 
tive receiver. An observed spectrum at the 
discharge current 26mA and the room tem- 
perature 11°C is reproduced in Fig. 3. The 
center frequency of the plasma oscillation was 


Fig. 2. 
type) 


Discharge tube of type A (Merrill-Webb’s 


Fig. 3. An oscilloscope display of plasma oscil- 
lation with sinusoidal frequency modulation. 
The pattern is duplicated at increasing and 
decreasing sweeps of frequency. 


944.58+-0.25 Mc and the half width was about 
2Mc. The center frequency was checked by 
the method of crystal detector and parallel 
wires resonator. 

The frequency of the oscillation changed 
linearly with discharge current. When the 
probes were moved parallel to the axis of 
tube, a slight change of frequency was ob- 
served. The maximum intensity of the oscil- 
lation occured in the middle region of dis- 
charge. Beside these strong oscillations many 
weak oscillations having different frequencies 
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were simultaneously observed. Plots of thy 
observed frequencies against to the discharg} 
currents are shown in Fig. 4. The plotes wer] 
obtained by a series of measurements wher; 
the oscillations were detected at a fixed fre 
quency of the receiver by changing the diss 
charge current. The plots were highly reprai 


mA 


60 


40 
I 
Fig. 4. Plots of frequencies of oscillations ws: 
discharge currents on a tube of Merrill-Webb’s: 
type. Large circles indicate strong oscillations.; 


Mc? 
x1 08 ° 
10 


5 Ke) \5 20 


pA 
Fig. 5. Square of frequency vs saturation current. 


ducible. In order to determine the concen 
tration and temperature of eleclrons doubl 
probe charactors were measured. The squar 
of frequency of the oscillations were plotte 
against to the saturation current of the doubl 
probes which is proportional to the concer 
trating of electrons. The result is shown i 
Fig. 5. The linear relation accords qualitz 


i 


ee ee ee ae 


coated type 3mm in diameter. 


|, 1957) 


itively with Eq. (1). 


The electron temperature 
obtained from the double probe measurement 
es about 18,500°K. Since the ion tempera- 


ture was not obtained from the double probe 


i : 

‘measurement, it had to be assumed. Taking 
‘the ion temperature as 500°K the concen- 
tration of electrons, N, was evaluated as about 


6x10". Eq. (1) gives 2200 Mc which is higher 
than observed frequency 938 Mc by facter 2. 


§4. Results with the Tubes of Type B 


Diagram of a discharge tube of the type B 
is shown in Fig. 6. The cathode was an oxide 


750 
$ 
700 
650 
600 
20. 40. 60 80mA 
: I 
Fig. 7. Plots of frequencies of oscillations vs 


discharge currents on the tube having no probes. 


The gap 
length and the diameter of the anode were 


‘same as the tubes of type A. The diameter 


of the glass envelope was somewhate larger 
than that of type A, but the total volume 
was smaller. The oscillations were detected 


‘with the super-regenerative receiver with the 
‘aid of a small antenna which was set outside 


of the discharge tube. 


Very weak plasma 


oscillations could be detected, and their fre- 


. 


quencies were measured. The plots of fre- 
quencies against to the discharge current are 


eg contuced in Fig. 7. In this case too, many 


: 
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oscillations were observed. At the condition 
that the electrodes were earthed with by-path 
condensors, the maximum intensity of oscilla- 
tions was occured at the almost middle region 
of the gap. Therefore these oscillations did 
not arise from the anode current. When the 
antenna was moved away from the wall of 
the discharge tube, the intensity of oscillation 
was decreased approximately by the low of 
inverse square of distance. Since the plasma 
oscillation does not radiate transverse waves, 
the antenna would receive electrostatic in- 
duction of the oscillation. This experiment 
shows that for exciting plasma oscillations the 
existence of probes is not essential. The plots 
shown in Fig. 7 are qualitatively in accord 
with the result shown in Fig. 4. A series of 
oscillations in Fig. 4, however, were made 
strong by the existence of probes. 


§5. Results with the Tubes of Type C 


Diagram of a tube of the type C is shown 
in Fig. 8. A pair of oxcide coated cathodes 


Fig. 8. Discharge tube of type C (Looney-Brown’s 


type). 

A: Accelerating electrode, Cp: Cathode for main 
discharge, Cy: Cathode for auxiliary discharge, 
D: Anode disk, G: Anode for auxiliary dis- 
charge, P: Probe, W: Ringe anode for main 


discharge. 


C,’s and a pair of ring anode W’s produced 
main plasma. A cathod Cy, an accelerating 
anode A, an anode of the auxiliary discharge 
G, and an anode disk D formed a electron 
gun which provided auxiliary electron beams 
for exciting plasma oscillations. The oscilla- 
tions were picked up with a movable single 
probe. 
(i) Without auxiary beams 

In the present experiment plasma oscilla- 


1280 


tions could be observed even when no auxi- 
liary beam was introduced. These oscillations 
were probably excited by primary electrons 
which maintained the main plasma. The plots 
of frequencies of the oscillations against to 
the discharge currents are reproduced in 
Fig. 9. 


700 


50 100 


T 
a 


150 


200mA 


Fig. 9. Plots of frequencies of oscillations vs dis- 
charge currents on a tube of Looney-Brown’s 
type. 


From the plots the oscillations were classi- 
fied into three groups as indicated in the 
figure. The first group appeared at discharge 
currents below 100mA where the discharge 
showed visible change. Below this critical 
discharge current some of low frequency os- 
cillations were often observed. The second 
and third group appeared above this critical 
discharge current. When receiver was kept 
at a fixed frequency, and the discharge cur- 
rent was changed, the second group appeared 
at lower discharg currents and the third 
group appeared at higher discharge currents. 
The oscillations of both groups were stable, 
whereas those of the first group were unstable. 

For the all oscillations the efiect of ion 
sheaths was examined. The electrodes A and 
D were biased up to —200V and thick ion 
sheaths were produced. However, any change 
of oscillations were not observed. On the 
other hand, when a thick ion sheath was 
produced on the probe, the oscillations be- 
longing to the first and second groups became 
weaker, but not changed their frequencies. 
In this case too, the intensities of oscillations 
of the third group were almost constant. 

By changing the position of probe the oscil- 
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lations were studied. When the probe w. 
moved slightly from the center of plasma 
a cathode C,, the frequencies of oscillation 
increased a little and the intensities change 
The second group became stronger and ti 
third group became weaker. When the pro 
was moved between the electrodes D and 
the first group exhibited intensity maximu 
at the central part and those of the secon 
and third groups were almost constant throu 
the region. The frequencies of the all osci 
lations were slightly decreased as the prob 
was apart from the center of the gap. B 
using the prove and the electrode D as floa 
ing double probe system the characteristi 
curves were measured. The relation betwee 
the square of frequency and the saturatis 
current, which is proportional to the concent 
ration of electrons, is shown in Fig. 10. 

The oscillations of the third group are f 
agreement with Eq. (1) qualitatively. There 
fore these oscillations seem to correspond t 
the oscillations indicated by solid line of Fig 
4. The electron temperature determined fror 
the double probe measurement was 27800°K 
Assuming the ion temperature to be 500°Ki 
the concentration of electrons was evaluates 


200 


pA 


Fig. 10. Square of frequency vs saturation cur- 
rent. 


as 1.110". With these values Eq. (1) giv 
2900 Mc which is higher than observed fre 
quency 825 Mc by factor 3. Such descrepanc 
ies were recently discussed by Esprester an 
Hang”. Their interpretation, however, seem 
to be not appricable for the localized plasm 
oscillations. The present descrepancy probabl 


comes from the error of probe measurements. 
Gi) With auxiliary beams 

An auxiliary electron beam of about 1.5 mA 
was introduced in the main plasma whose 
lischarge current was between 50mA and 
(200mA. By the auxiliary beam all the oscil- 
ations became stronger, but their frequencies 
lid not changed. The auxiliary beam of the 


LS 


> esent experiment was so small that the 
main plasma was not disturbed by it and 
much smaller than the case of Looney and 
Brown’s experiment. Even when ion sheaths 
on the electrodes A and D were produced by 
applying a bias potential, oscillations were 


Menerally unchanged. When the ion sheaths 


ured with the movable probe were shown in 
Fig. 11. One is the case presenting no stand- 


Intensity 
Intensity 
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— 
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(6) 
a nn ite, i A Position of Probe 
J =850.Mc ff =740 Mc 
a ; b 
(a) OTA (>) 7 =180 mA 


Fig. 11. Intensity distribution. 


ing waves and the other case presenting stand- 
ing waves. For comparisons, the intensity 
distributions, where the auxiliary beam was 
‘absent were also shown by dotted lines in the 
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the outside of a discharge tube. It was shown 
that probes were not essential for the oscilla- 
tions. 

(2) Without the aid of remarkable 
sheaths plasma oscillations were excited. 

(3) Frequencies of plasma oscillations were 
independent to the beam of electrons. Inten- 
sities of the oscillations were increased by the 
beam. 

These results suport Bohm and _ Gross’s 
theory. 

(4) Many plasma oscillations having slight 
different frequencies were detected. However, 
details of the oscillations are still obscure. 

The authors are grateful to Dr. T. Ichimiya 
of the Electrical Communication Laboratory 
for continuous interest and for making avail- 
able to obtain the discharge tubes. The authors 
are also grateful to Dr. K. Takayama for 
helpful discussion. This work was financed 
by the Scientific Research Fund of the Minis- 
try of Education. 
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| 

Phototubes sensitive to light in the spectral region from ultraviolet to | 
It is revealed that these phototubes are suita- | 

ble for the spectral photometry throughout the spectral region above 


near infrared were made. 


mentioned. 


The light transmission and photoelectric yields of the thin photocathode 
films such as antimony-caesium, silver-caesiumoxide and bismuth-caesium- 


oxide were investigated. 


§1. Introduction 


In, 1938, Goerlich? has made a phototube 
which has a comparatively uniform response 
to light in the visible spectral region. In this 
tube, an antimony-caesium or bismuthcaesium 
film of appropriate thickness is evaporated on 
a silver-caesiumoxide surface. It is expected 
that we may have a phototube with the similar 
character, too, if a half of the inner wall is 
covered with a semi-transparent antimony- 
caesium photosurface, and the other half of 
the wall with an ordinary silver-caesiumoxide 
photosurface. 

If the spectral yields of phototubes prepared 
in these methodes are comparable to those of 
the ordinary silver-caesiumoxide phototubes 
in the reddish spectral region and to those of 
the antimony-caesium phototubes in the bluish 
one, they are very useful for spectral photo- 
meters, especially for those of self-recording 
type. 

In the phototubes firstly prepared by Goer- 
lich, a certain amount of incident light is 
absorbed by the upper layer, and the remainder 
stimulates the underlying photosensitive layer. 
Photoelectrons generated there have to pass 
through the upper layer to escape into vacuum. 

Thus, it is important to control the thick- 
ness and the structure of the upper layer. In 
this method, however, it is not easy to control 
them since the interaction between two layers 
is unavoidable. 

In the phototubes prepared in the second 
method, the photoelectrons can escape into 
vacuum directly from the photosurface. Of 
course, the tube characteristics are affected 
by the thickness of the semi-transparent photo- 
surface. In this second method, however, it 


can be measured through the optical trans 
mission. 

In this point of view, the second method 3 
adopted to prepare a phototube sensitive t 
the light in a wide spectral region. The co 
bination of antimony-caesium and silver-caes:; 
umoxide photosurfaces (Sb-Ag type), and tha 
of bismuth-caesiumoxide and silver-caesium 
oxide (Bi-Ag type) are mainly investigated. 

When the semi-transparent photosurface i 
made of the antimony or bismuth film of tht 
thickness of about 2.0 ug per cm?, the phote 
tubes are obtained, which have satisfactoril| 
high responses for spectral photometry in th: 
spectral region from 24400 my to 4800 mz. 

The appropriate thickness of antimony c 
bismuth film above mentioned was determine: 
by the preliminary experiments in which th 
light transmission and photoelectric yields a 
the photosurfaces of various thickness wen 
measured in the spectral region from 4400 mi 
to 4800 mz. Futhermore, from these results 
some considerations on the structures of phote 
surfaces and the sources of photoelectric emi¢ 
sion are made. 


$2. 


Light Transmissions and Photoelectri 
Yields of Thin Photosurfaces 


(1) Experimental procedure 

A schematic diagram of the experimentz 
tube is shown in Fig. 1. A small piece c 
metal 2mg in weight are evaporated on th 
glass plate “b” by resistive heating of 
tungsten coil “f”. The distance between “ f| 
and “b” is 10mm. As a source of caesiur 
a nickel capsule “1” containing a mixture c 
caesiumchromate and silicon powder is usec 
The tube is sealed onto the pumping syster 
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in such a position that the glass plate lies 
lorizontally, looking down the evaporator. 
lhe shield plate “j” slides down on the tube 
| wall to keep clear the portion of the inner 
wall from metal evaporation. The metal is 
wholly evaporated in a vacuum of the order 
of 10-7mmHg. The average rate of evapor- 
ation is estimated at about 0.2 mg per minute. 
The thickness of the evaporated film is calcu- 
lated by the geometrical arrangement of the 


evaporator and the glass plate. 


Tea ee 
Rau evacuating 
system 


a, glass envelope; b, glass plate; c, Ni support; 

d, Al evaporated; e, anode; f, W small helical 

coil; g, aquadac film; h, cathode lead; i, mica 

plate; j, movable Ni plate shield; k, side tube; 

1, caesium source; AB, reference part in trans- 
mission measurements. 


SS 


e 


a ~ 


Fig. 2. Arrangements for transmission measure- 
ments a, monochrometer; b, lens; c, aperture; 
d, experimental tube: e, phototube. 


ia ae Ma 


| In the cases of bismuth and silver, the film 
‘formed on the glass plate “b” is oxidized to 
‘some extents. Caesium is liberated in the 
‘side tubes by eddy current heating. The tube, 
together with the side tubes, is then sealed 
off from the vacuum system. The light trans- 
‘Mission in this stage is measured. Then the 
sensitization with caesium is done by heat- 
ing the whole system of tube at 100°~110°C 
‘ina thermostatt. The transmission and photo- 
‘electric yields of these tubes are measured 
in both cases of the light of 4380~2800 my is 
incident on the glass and photosurface sides 
of the cathods. : 

' The arrangement of apparatus used in the 
transmission measurment is diagramatically 
shown in Fig. 2. The incident light is focused 
to a rectangle of 8x0.5mm on the photo- 


. 
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cathode surface. The transmission is defined 
as the ratio of the light intensity passed throgh 
the glass envelope, photosurface and glass 
plate to that through only the glass envelope, 
or the light transmitted through the portion 
of the tube indicated by AB in Fig. 1. The 
monochrometer and the photocurrent amplifier 
used in these measurements are the same as 
described in the previous paper.» The photo- 
electric measurement is also made in the same 
arrangement, applying the voltage to the ex- 
perimental tubes. To simplify the process of 
experiment, the slit of the monochrometer is 
maintained at a constant width of 0.08 mm. 
The relative energy distribution in this case 
of the monochrometer, measured with a 
thermopile, is shown in Fig. 3. 


157 


Oo 
T 


Relative energy 


i 4 


400. 500. 600 700 800 
Wave Length (mp) 


Fig. 3. Energy distribution of light from the 
monochrometer with a constant slit width. 


In this paper, transmission and the photo- 
electric yields is plotted against the thickness 
of initially evaporated metal film expressed 
in the unit of “wg per cm?, for it is very dif- 
ficult to measure accurately the thickness of 
such a photosurface which has a very com- 
plicated structure. 


(2) Results of experiments 


In antimony film, a distinct boundary line 
is observable at the thickness of about 10 ug 
per cm?, the thinner portion being coloured 
blownish, while the thicker portion greyish.” 
The obtained results of the transmission of 
the antimony film are shown as dotted curves 
in Fig. 4. The appearance of the antimony- 
caesium photosurface is different from that 
of antimony itself. In the portion thicker than 
40 wg per cm?2, the interference fringes appear, 
instead of a distinct boundary. In Fig 4, the 
transmission of the antimony-caesium film for 
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the light of shorter wave length decreases 
logarithmically with the film thickness, while 
that for longer wave length varies periodical- 
ly. Similar results are also obtained by 
Wallis.” 

In Figs. 5 and 6, the photoelectric yields of 
the antimony-caesium photosurfaces are plot- 


& 
c 
° 
‘O 
we — 
= ve pe 
rm) 600 
i Sm 
9 s 600mm 
= 400m 
560 mp 
5 10 5 20 25 


ANTIMONY Thickness (Mg/cm) 
Fig. 4. Transmission of antimony and antimony- 
caesium films. 
- antimony film, —— antimony-caesium film. 


4oot Transparent conducting film 
glass only on glass 


600MM 


560 mp 
400m 500 my 
5 1O/ad- ts 20 
ANTIMONY Thickness 
(ug/cr) 


Fig. 5. Photoelectric yields of the antimony- 
caesium film for the light incident on the glass 
side. 


— usual case ‘++ excess caesium case. 
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ted against the film thickness. In case of th 
light incident on the glass side, the curve h | 
a peak at about 2g per cm? thick. (Fig. 5. 
In case of light incident on the photosurfac 
side, the yield is almost constant in the portio 
thicker than 6~8 wg per cm? (Fig. 6). How 
ever, in both cases the photoelectric yield 
falls abruptly at about 1.0 2g per cm? thict 
as shown by chain lines, and the fluctuation 
of the photocurrent is observed. But wher 
a glass plate covered with a transparent coa) 


400; 
200+ 


| 0or! 


t 
SSS cop) 80) 
Ce FOX) 


De) 
= 


Photocurrent (1-8 x lOA) 


(9; 5 10 15 20 
ANTIMONY Thickness (fAg/cm?) 


Fig. 6. Photoelectric yields of the antimony- 
caesium film for the light incident on the photo- 
surface side. 


ductive film, neither abrupt change nor fluctu: 
ation of the photocurrent is observed. 

Dotted curves in Fig. 5 are obtained when 
the caesium more than usual is evoporatec 
into the experimental tube. It is interesting 
that the curve for 4600 my is higher than thai 
obtained in usual case. 


In Fig. 7, the transmission of silver filn 
for the light of 24600myz is shown. Dottec 
curves “a” and “b” correspond to that befor 
and after the oxidation, and the solid curves 
to the completed silver-caesiumoxide film, re 
spectively. .The transmission increases in ac 
companying with the progress of oxidatior 
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In Fig. 8 the photoelectric yields of silver- 
caesiumoxide film are plotted against the film 
thickness. The yield decreases abruptly at 
100 the thickness of about 4 ug per cm? as shown 

aon by chain lines. In the portion thinner than 
this critical thickness, the photocurrent fluctu- 
ate similarly just as in case of antimony- 
caesium, 


Transmission (%) 
(%) 
— hw 
DD MO fe) 


Transmission 


5 10 Ga 220 
SILVER Thickness (4g/cm*) 


5 


| Fig. 7. Transmission of silver and silver-caesium- 
oxide films. 


a, silver film (for 4600 mz); b, after oxidation 


(for 24600 my); solid curves, silver-caesiumoxide | 
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Fig. 9. Transmission of bismuth and bismuth- 
400 ; : 
caesiumoxide films. 


a, bismuth film (for 2600 my) 


200 oe b, after oxidation (for 2600 m,) 
/ ‘b solid curves, bismuth-caesiumoxide film. 

aa ae 700m~ 
BORING thick AN eect -800mp 

a 800mm 

$ 600mp 

E70 600msM 

x< 

© 20 

© 500m 

ne) 

x 8 500mmu 

5 

o 6 \ 

fe} 

o 4 glass only 

feat 

oO 


2 transparent conducting film on 
glass only 


2 Ie Le ay 0 5 10 15 20 
SILVER Thickness (ug/cem ) BISMUTH Thickness (g/cm?) 
Fig. 8. Photoelectric yields of the silver-caesium- Fig. 10. Photoelectric yields of bismuth-caesium- 
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.+++ light incident. on the glass side. ..»» light incident on the glass side. 
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In the thicker portion, the yields decreases 
with the film thickness for the light of shorter 
wave length, while for the longer wave length 
light it begins to increase steeply at the thick- 
ness of about 9 wg per cm’. 
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2o 
(SKS) 


(1-8 «107%A) 
B Oo 
Q'S 


Photocurrent 


800 


500 
Wave 


600 
length 


700 
(mu) 
Fig. 11. Spectral responses of semi-transparent 

photosurfaces. 

a, silver-caesiumoxide, 6 »g per cm? thick, before 
silver re-evaporation, light incident on the photo- 
surface side; a’, ditto, light incident on the 
glass side; a’’, after silver re-evaporation, light 
incident on the photosurface side; a’’’, ditto, 
light incident on the glass side; b, b’, b!’, b/’’; 
silver-caesiumoxide, 12 4g per cm? thick, refer- 
ing respectively as above; c, bismuth-caesium- 
oxide, light incident on the photosurface side; 

c’, ditto, light incident on the glass side. 


When a transparent conducting film was 
formed previously on the glass plate, the 
yield, having a maximum at about 2 ug per 
cm?, does not show any abrupt change and 
fluctuation. In this case also, the yield for 
the light of 2800 my is small in the thinner 
portion. Dotted curves “a” and “b” in Fig. 
9 represent the transmissions of the bismuth 
film before and after the oxidation, respective- 
ly. In Fig. 10, the yields of the bismuth 
caesiumoxide photosurface are plotted against 
the film thickness. The variation of the yield 
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with the film thickness is similar to that of tl 
silver-caesiumoxide photosurface. 

In Fig. 11, the spectral response of se 
transparent silver-caesiumoxide photcceeae 
and that of semi-transparent bismuth-caesiu 
oxide one are shown. The sensitization f 
re-evaporation of silver as already Asao» he 
developed is also made. The yield of a thi 
ner silver-caesiumoxide photosurface for t 
red and the infrared region is also small ev 
after the silver re-evaporation. 


The Phototubes Responsible for Wi 
Regions of Spectra 


§ 3. 


From the results described in the preceee 
ing section, it is infered that antimony-caesiui 


| Vacuum system 


Fig. 12. Schematic view of the tube construction 
a, anode; b, cathode lead; c, Ni plate; d, silve 
head; e, antimony bead; f, silver-caesiumoxid 
photosurface; g, semi-transparent antimony 
caesium photosurface; h, mica plate; i, caesiur 
source. 


or bismuth-caesiumoxide photosurface, n 
silver-coesiumoxide one, should be used as 
semi-transparent photosurface. For, the la 
is not sensitive to the reddish light in tl 
thinner portion. 

The schematic view of the phototube ne 
prepared is shown in Fig. 12. Small amoun 
of antimony (or bismuth) and of silver a 


nounted separately in tungsten helical coils 


jof the inner wall of the globe, while on a 
| remaining half, a semi-transparent antimony- 
| caesium (or bismuth-caesium) film are formed 
a 
{ 
I 1000 


B8 
SZ ®) 


Dw) $ 
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‘ 
: 800 
Fig. 13. Spectral yield variation due to the thick- 
__ ness of semi-transparent antimony-caesium photo- 
surface. 
a, appropriate thickness and moderate caesium; 
a’, appropriate thickness and excess caesium; 
b, thinner thickness; c, thicker thickness; d, 
antimony-caesium phototube (30uA/lumen); e, 
silver-caesiumoxide phototube (30 /A/lumen). 


respectively. By measuring the light trans- 
Mission, the evaporated amount and con- 
‘sequently, the film thickness is controled. The 
typical examples of the spectral yields of the 
‘Sb-Ag type phototubes prepared in this man- 
‘ner and those of ordinary phototubes are shown 
in Fig. 13, and those of Bi-Ag type phototubes 
‘in Fig. 14. It has been confirmed that photo- 
s having a response such as “a” and “ a’ zB 
in Fig. 13 are suitable for spectral photometry 
in the spectral region from 2400 my to 2800 my. 
‘The curve “a’” is more uniform than curve 
a ” with the high yield in the range between 
2600 mz to 24700myz. This is considered to 
e due to the excess of caesium. But the 
ore excess caesium does not give a better 
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result, lowering the yield over all the spectral 
region. Curves “b” and “c” in Fig. 13 cor- 
respond to the spectral response when the 
antimony film is too thin and too thick re- 
spectively. The response shown in Fig. 14 is 
superior in its uniformity, but inferior in the 
yield, especially in the ultraviolet region, to 
theseutves! Sa “and ““a"” im Figs 13. 

In Fig. 15, the relation between the photo- 
current and the flux of incident light are shown 
in the case of the Sb-Ag type phototubes. In 
this figure it is noticeable that the proportion- 
ality of the photocurrent to the illuminating 
light flux is well satisfied in the range less 
than 10-° A. Any abnormal effects such as 
time lag described in the previous paper” are 
not observed. 

The deviation from proportionality in curves 
“A” and “B” is due, as Widmaier and 
Engstrom® have pointed out, to the high re- 
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400 800 


700 
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500 600 


Fig. 14. Spectral yield variation due to the thick- 
ness of semi-transparent bismuth-caesiumoxide 


photosurface. 
a, moderate thickness; b, thicker thickness. 


sistivity of the semi-stransparent antimony- 
caesium film. When the inner surface of the 
glass globe is covered with a transparent 
conductive film, the proportionality holds in 
the photocurrent range larger than 10-° A. 
as shown by “©” and®*9C?" in’ Fig. 15: 

In Fig. 16, current-voltage curves for light 
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of various wave length are shown. The hump 
at about 15 volts is due to the secondary 
electrons produced by the photoelectrons which 
return to the cathode. Such discontinuities, 
as reported by Gordon-Smith!? and also by 


10° 


Photocurrent of the experimental phototube (A) 


7 


toe 
Incident Light (Arbitrary Unit) 


Fig. 15. Current-incident light curves of the Sb- 
Ag type phototubes. 
A, phototube No. 1, for 2720 mp; A’, for 2520 mp; 
B, phototube No. 2, for 4720 mp; B’, for 24520 mp; 
C, phototube No. 3, for 4720 mp: C’, for 4520 mp. 


(10'S) 


Photocurrent 


anode voltage {V) 


Fig. 16. Current-voltage curves of the Sb-Ag type 
phototube. 


100 


Taylor® are not observed. The phototubes of 
Bi-Ag type also have the similar characteristics 
with those of Sb-Ag type. 

After all it can be concluded that the photo- 
tubes now prepared have the characteristics 
suitabe for spectral photometry in the region 
from 4400 my to A800 mz. If the envelope is 
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made of fused silica instead of glass, thes 
phototubes are used in the spectral regio 
from 2200 mz to 21000 mz. 


§4, Some Considerations on the Thin Phote 
cathode 


According to Hammer,” when the lig 
with wave length 2 passes through no 
absorbing film on a glass plate, transmissio; 
maxima and minima arise at the thickness 
satisfying the following conditions; 


| 


nd=(2m-+ n+ , for minima 


nd=(2 m+2)4 , for maxima m=0, 1, 2, -@ 


where 7 is the refractive index of the mediu: 

and d, the thickness. According to Wallis,‘ 
nm of antimony-caesium film for the light 

A800 mz is 1.8. Considering the antimony 
caesium film as a non-absorbing film for th: 
longer wave length light, the thicknesses cor 
responding to the maxima and minimum 

the upper most curve (for 4800 my) in Fig. | 
are calculated to be d=110 and 330myz fa 
minima, and d=220my for maximum, all 
these coincide well with those obtained b) 
Wallis. By comparing these values with th 
corresponding thickness of initially evaporate: 
antimony film of 6.5, 19, 134g per cm?, re 
spectively, it is known that the thickness a 
antimony film increases to 11 times of th 
initial value after it turns into the antimony 
caesium film. Using this factor 11, the ak 
sorption coefficient of antimony-caesium fo 
the light of 2400 my is determined as 11 x 107 
cm from Fig. 4. This is somewhat large 
than Wallis’ value 4x10°cm7! for the lig 
of 404m, and Burton’s™ 4.7 x 10° cm-! for th 
ultraviolet light. But the difference is toler 
able as the reflection is not taken into ac 
count in our case. It is well known that thi 
films of silver, antimony and bismuth ar 
composed of separate aggregates. As the filr 
thickness increases, the separate aggreate 
grow in size and merge into together.» A 
the results, the discontinuous change in th 
resistivity, photoemission and other propertie 
occurs. In antimony-caesium film this chang 
takes place at about 10 ug per cm? thicl 
while in the antimony-caesium film at abou 
l vg per cm? thick, the ratio is 10. This — 
in a good agreement with the value 11 cale 


. 
Tated from the transmission measurement. 

| Mayer and Nossek*? measured the variation 
of the photoelectric yield with film thickness 
for potassium. The yield was independent 
on the film thickness in the portion thicker 
than 3~4 atom layers. From this fact, they 
‘concluded that the photoelectric effect of the 
potassium is the surface effect. In Fig. 6, 
the yield of the antimony-caesium is almost 
constant in the portion thicker then 6~8 Le 
per cm? (90~120 my). 

_ This result seems to show that, for antimony- 
caesium, the volume photoelectric effect is 
concerned. 

_ As to the effect of excess caesium for the 
antimony-caesium yield in Fig’ 5°and 13, itiis 
presumed that the atoms of caesium in excess 
migrate into the Cs;Sb film and form the 
emission sources which are rather sensitive 
for the light of longer wave length. 

) The variation of curves for the light in- 
cident on the photosurface side in Figs. 8 and 
1 are explained as follows. In the thinner 
portion, by oxidation and reaction with caesium, 
the silver or bismuth aggregates grow in size. 
The obtained photosurface in this portion is 
coarse-grained, accompanying with the ir- 
regularities of the film lattice which are great- 
est at some thickness. The photoelectrons 
are generated chiefly in these irregular portion 
of lattice and the maximum of the yield ap- 
pears. 

| In the thicker portion, the film is composed 
of a continuous layer and the variation of the 
photoelectric surface with film thickness is not 
so large as in the thinner portion. So the 
photoelectric yield changes more gradually 
with the film thickness in the portion thicker 
than about 10 “g per cm? in Figs. 8 and 11. 
_ The steep rise of the yield for the longer 
wave length light at the thickness of 9 wg per 
cm? in Fig. 8 is due to the silver layer underly- 
ing the caesimoxide layer. It is presumed 
that the active centers of photoelectrons for 
the longer wave length are formed mainly on 
the intricated boundaries between silver and 
caesiumoxide. 

"The large absorption coefficient of antimony- 
cresium for the shorter wave length light in 
Fig. 4 is due to lattice absorption.“ The 
transmission of the silver-caesium and bismuth- 
caesiumoxide in Figs. 7 and 9 decreases with 
flm thickness more gradually than those of 
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mentioned. This 


means that the absorption of light in the 
former two is small and may not be thought 


as lattice absorption. 


This is in agreement 


with above considerations as to the sources 
of photoelectrons. 

The photoelectric yield for the light incident 
on the glass side is mainly dependent on the 
depth where the photoelectrons are generated, 
but in the silver-caesiumoxide and bismuth- 
caesiumoxide, it seems to be affected also by 
the film structure. 


Summary 


The light transmission and the photoelectric 


yield of the antimony-caesium, 


bismuth- 


caesiumoxide and silver-caesiumoxide photo- 
surface of various thickness were measured 
in the spectral region from 2400 my to 2800 mp. 
Applying these results, the photoelectric tubes 
which are highly sensitive to the light in the 


wide spectral region were prepared. 


These 


tubes can be satisfactorily used in the spectral 


photometry. 
variation with thickness 


It is concluded that the yield 
is caused by the 


change in film structure. 
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A Study on the Attenuation of Shock Waves due to 
Obstacles in the Passage 
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Results are reported of a shock-tube experiment on the retardation of 
shock waves due to obstacles in the passage. 
is applied on the flow field resulting from the interaction of shocks and 
obstacles, and a theoretical relation between the attenuation of shocks 
and the resistance of the passage is derived. The drag coefficients of 
a series of simple bluff obstacles used in the experiment are estimated. | 
Comparisons with available steady-flow data are made along with some 


discussions. 


Introduction 


§1. 

It has been recognized that a plane shock 
front is highly stable as it propagates through 
a stagnant gas in a uniform channel. Thus, 
when it hits an obstacle placed in the passage, 
the propagating front gets once curved as it 
is transmitted beyond but restores the plane 
shape in a short distance of travel downstream 
which we shall call ‘‘ the formation distance.’’ 

On the other hand, with the advent of the 
shock front an unsteady flow is induced around 
the obstacle accompanied by a complicated 
system of waves produced by multiple reflec- 
tions and interactions. But these waves decay 
rapidly and the flow reaches a steady state 
after a short time interval. In the course of 
these processes, flow separation (for bluff ob- 
stacles) and/or choking (for large-blockage 
ones) are considered to occur. 

The shock front transmitted past the ob- 
stacle is weaker than the incident one and 
is retarded with respect to the latter. The 
flow field suffers momentum loss due to the 
resistance of the obstacle in the unsteady and 
steady stages. Apparently the retardation of 
the shock must balance with this momentum 
loss, and especially, the attenuation in the 
ultimate state with the steady-flow resistance 


A one-dimensional analysis 


of the obstacle. This condition will be form 
lated in the next section on the basis of on 
dimensional wave theory. 

It was intended in the present experiment: 
investigate the effect of simple bluff obstack 
on the attenuation of weak plane shocks p» 
duced in a shock tube and also to check ¢ 
analytical theory to be developed in the bi 
section. 

The interaction of a plane shock wave w7 
simple-shaped obstacles has been treated fre 
a different angle, i.e. as the diffraction po 
blem, by various authors, experimentally w” 
shock tubes as well as theoretically. 
these studies, attentions are given to # 
two-dimentional flow field behind the she 
wave as it passes over the surface of t¢ 
body. On the other hand, the interaction 
a shock with wire screens or porous pla‘ 
placed normally in the passage has al 
been investigated experimentally by seve: 
researchers.Y»)5) This problem is essentia: 
the same with the present one, and the resu. 
obtained are parallel. The present one m 
be regarded as a microscopic model of ti 
phenomenon. The attenuation of a shock p 
pagating through an empty channel is a ratt! 
old problem and has already been studied 


every detail. The attenuation is evidently 
‘caused by the wave system generated by the 
‘growth of wall boundary layers, and must 
balance with the momentum loss due to the 
wall friction. Some theories have been pre- 
‘sented with reasonable experimental verifi- 
cations.» 


§2. Theory 

: Sufficiently long after the incidence of the 
‘shock front on the obstacle, as stated above, 
‘a steady flow is established around it. The 
transmitted shock front is situated far down- 
‘stream and is plane and uniform. The re- 
flection of the incident shock at the fore 
‘surface of the obstacle forms an upstream- 
propagating shock front. It is then plane and 
‘uniform, too. Thus the flow field in the 
‘ultimate state is as shown in Fig. 1 (a), where 
Sr and S; denote, respectively, the reflected 
‘and transmitted shocks, and C the contact 
layer consisting of the particles passed by the 
‘waves during the transient stage. The flow 
regions (I), (II) and (IV) are those of uniform 
states behind the incident, transmitted and 
‘reflected shocks, respectively, and (0) is the 
‘region of rest. (III) is the region downstream 
of the obstacle and is regarded as uniform. 


Sp Obstacle C et 


| (11) | (0) (a) 


Fig. 1. 
(a) Obstacle present, 


Idealized model of flow field. 
(b) Obstacle absent. 


_ In the absence of the obstacle, the flow 
. at the same instant consists, as in Fig. 
1 (b), merely of two uniform regions (1) and 
0) separated by the undisturbed incident 
‘shock Sr. 
_ The regions (IV) and (III) are connected be 
the steady flow past the obstacle. The ob- 
‘stacle exerts resistance D on the flow. Let 
us denote density, flow velocity, pressure and 
‘Specific enthalpy with p, “, p and H, respec- 
tively. (H=3.5 p/o for air.) Let the physical 
‘quantities of the regions (0), (). (ID, (HD, 
and (IV) be designated with subscripts 0, l, 
2, 3 and 4, respectively. The conservation 
laws of mass, momentum and energy can be 
expressed as follows: 
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04U4= 03U3, Ge) 
Pst 02=fp3+03U32+D/A , (2) 


us?/2+ Hp=us?/2+Hsz , (3) 
where A is the cross-sectional area of the 
channel. 

Pressure and velocity are invariant through 
the contact layer, i.e. p3=f. and us=us. So 
the above equations are transformed into the 


following forms including only quantities of 
(IV) and (I): 
Pst oul =potpmit,+DA , (4) 
Ose +1 Pslg= OiUgly? +7 pole . (5) 
Now let all the physical quantities be made 
non-dimensional by dividing them with those 
in the region (0). (For the case of velocity 
u we make it non-dimensional by dividing 
with the speed of sound in (0), a.) Thus 


Di =Pillo, 61 =i, Ui =Uilado,---. 
We get from Eqs. (4) and (5) 
pitl 46s = pot Apstiaiin +1.4D , 
Badia? + 5Pails= pulliln® +5 pails , 

where D= D/(0oa2A) . 

Next, let us denote the pressure ratio across 
a shock with the shock Mach number M with 
P(M), the density ratio with RUM), and the 
velocity behind it divided by the speed of 
sound ahead of it with UUM). WM is the ratio 
of the propagation speed of the shock to the 
speed of sound ahead of it, and is a parameter 
representing the shock strength. Let the 
shock Mach number of S;, Sr and Sr be Mz, 
Mr and My. Moreover, abbreviations such 
as Pr, Rr, Pr, etc. are used here for P(Mr), 
R(Mr), P(Mr), etc. It follows from the de- 
finitions that 


pi=PrPr, 


(6) 
Ch) 


t4= Ur—URAr , 


i Un ) 


jon Ker Reis 
Pi=Pp > 
and Eq. (6) and (7) are rewritten in the fol- 
lowing forms: 
Fi(Mr, Mr; My=D: 
PrP +1.4RerR1(Ur—URAr)? 
—Pp+1.AReR(Ur—UrAnUp+14D , 
(Mr, Mr; M,)=0: (9) 
ReRi(Ur— Ur Arn? +5PeP(Ur— UR Az) 
=RrR1(Ur—UrAr) Un? +5PpUpd 
Eliminating Me from (8) and (9), we get 
a relation between Mr and Das 


(8) 
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F;(Mr; Mr)=D, (10) 
which, in practice, can only be solved by 
graphical calculations for fixed values of Mr. 
Now, define ‘‘the attenuation rate’’ of the 
shock, m, by 

m=(Mr—Mr)/ Mr ' 
and the drag coefficient of the obstacle re- 
ferred to the cross-sectional area of the tube, 
(Cin. by 
Cpo=D/(1/2- oxuz2A) 5 
Then Eq. (10) can be reduced to the form: 
Fim, Cv; M1)=0. (11) 
This relation between m and Cp was calcu- 
lated for the strengths of the incident shock 
&—(), Gn Oosandadua(iVis— 125, eh 36and ao. 
respectively), where & is the reciprocal of the 
shock pressure ratio, i.e. the ratio of the 
pressure ahead of the shock to that behind it. 
The result of the calculation is shown in 
[ikey, PP. 


Fig. 2. Relation between m and Cp. 


The transcendental equations (8) and (9) are 
reduced to linear ones in the limiting case 
where the blockage ratio of the obstacle, 
b=B/A, is either very small or very near 
to unity, b being the blockage area of the 
obstacle. 

(i) The case b<1: 

Se is slightly stronger than a sound wave, 
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and Sr slightly weaker than the incident shock! 

Put 

Mr=1+6&, (12)) 

Mr=Mi(1—€,) . (13), 

Further, we may put Cp=Cnoxb, where 

Cyo is the free-stream drag coefficient of the 

obstacle. Second- and higher-order terms 9 

€; being neglected in Eq. (8) and (9), we 

obtain linear equations for €, and &, and 
thence, the following numerical results: 


E Grip 01 Oar) One 
&/Coob | 0.033 0.076 0.182 (14), 
&3/Coob | 0.0125 0.0196 0.0290 


(ii) The case 1—b <1: 
In this case the flow is considered to 4 
always choked. Sr is slightly weaker tha 
the normal reflection of the incident shock, i.é€ 
Mr=My-& ’ 
and Sz slightly stronger than a sound wave 
es 
Mr=1+€, , (16). 
where My is determined by M, and is some 
what smaller than the latter. The flow Mac 
number in the region (IV), M,, is decided b 
assuming the isentropic contraction of th 
flow from (IV) to the throat section wit 
a contraction ratio (1-b). Thus 
(U;— URA1)/ArAr=M4= Mer(b) 
Putting the expressions (15) for M into th 
above equation and neglecting higher-ord 
terms of €;, we obtain the following results 
E 0.6 


0.5 0.4 


ae (17y 
€/(1—b) | 0.45 0.49 0.64 


Then from Eq. (9) & is calculated as 


| 


E ie OrGrewors ow0H 


= -. aay 
&/(1—b) | 2.16 3.20 4.96 


$3. Experiment 


The experiment was performed by the us 
of a shock tube with a 5cmx15cm cross 
section.» A test chamber of 60cm in < 


is situated.about 3cm downstream of the did 


phragm station. A 50cmx15cm glass obse 


F 


vation window presents a wide field of view 
convenient for schlieren photography employed 
in the experiment. 

: A. 5mm-thick brass plate was inserted hori- 
zontally in the test-chamber dividing it into 
the upper and lower channels, which are 10 cm 
and 4.5cm, respectively, in heights. The 
‘obstacles were set at the upstream end of the 
‘upper channel, while nothing was placed in 
‘the lower channel. Thus the disturbed trans- 


Flange 


Separating plate 


Obstacle insertion 


Fig. 3. Test section. 


Fig. 4. Experimental arrangement. 


1. Photo-screen light source 7. High-tension supply 


2. Photo-multiplier 8. Cocave mirror 

8. Thyratron relay 9. Camera 

4. Delay circuit 10. To pressure gauge 
5. Spark trigger 11. To vacuum pump 
‘6. Spark unit 


mitted and undisturbed incident schocks could 
be observed simultaneously, and the retarda- 
tion lengths measured directly from the 
photographs. 

' The high-pressure chamber was kept at 
atmospheric pressure and the low-pressure 
channel was evacuated with a 1HP vacuum 
pump to an appropriate pressure, by which 
e strength of the incident shock was regu- 
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lated. The shock strength used in the experi- 
ment was between 0.6 and 0.4 in terms of &, 
the reciprocal of pressure ratio. 

For schlieren photography use was made of 
two kinds of spark light sources. The one is 
an ordinary 15 KV single-shot unit, and the 
other is a newly-designed 8KV ‘‘ multiflash ”’ 
unit capable of giving several shots at a re- 
petitive frequency of about 5KC.? A photo- 
screen was set through the glass window at 
the upstream end of the lower channel, and 
the incident shocks were picked up with a 
photo-multiplier, the output signal of which 
triggered the spark light source through 
thyratron relays and a pulse-delay circuit. 
Wave-speed measurements were not made for 
individual snapshots, and the shock strengths 
were calculated from the initial pressure ratios 
across the diaphragm according to the previous 


Table I. List of obstacles. 


No. size 


(Circular cylinders) 
1 40 mm 
58 mm 
25mm x3 (row) 


wo bw 


(Normal plates) 
40 mm 
58 mm 
29mm x2 (row) 
14.5 mm x4 (row) 
25mm x3 (row) 
30 mm x3 (row) 


;OONDO SE 


A (Semi-circular shells) 
10 40 mm 
11 58 mm 


calibrations. The schlieren axis was set in 
most cases at 40cm to 45cm downstream of 
the obstacle position. The field of view was 
15cm to 25cm in diameter. Some photographs 
were also taken in the field 10cm to 20cm 
downstream in order to observe the formation 
process of plane fronts. 

Normal flat plates, circular cylinders and 
semi-circular shells of various sizes were 
adopted as obstacles either singly, or, to 
diminish the formation distance, in combina- 
tion into grids. They are tabulated in Table 
I. Let us denote, for simplicity, the shapes 
of obstacles with s; s=1, 2, and 3 are to cor- 
respond, respectively, to circular cylinders, 
normal flat plates, and semi-circular shells, 
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In order to produce measurable retardations 
of shocks within the test-chamber length, 
obstacles with fairly large blockage ratios, 
amounting at minimum to 40%, had to be 
used in the experiment. 


Table II. Measured values of retar- 
dation rates r/Z (%). 

No. s ,60(%) JZ(cm) Gin OAS silViadt: 
il 1 40 50 IRS 

2 1 58 50 Be2t ule Aah 
3 i 75 45 ad, eco ORO 
4 2 40 35-40 ZAP A2EO 

5 2 58 40-45 5 SSO Iti eS 
6 2 58 30-45 HNP Sins 

vi 2 58 30-45 BO lee, 

8 2 75 45 (ee MORO Wee 
9 2 90 30-45 TORO ISLS AO R756 
10 3 30 30-45 4.0 

11 3 58 30-40 


ae) 


350 300 350 400 


Fig. 5. Example of original data of 7. 
obstacle. 


No. 6- 


(6) 


Fig. 6. 
f==() 5: 


result: 


Experimental 


r/L versus s. 


In the field of view more than 30cm down- 
stream of the obstacle, where most photographs 
were taken, transmitted shock fronts were 
apparently plane and normal in any case. 
Only when the obstacle was single, were ob- 
served a pair of thin oblique wave fronts 
attached behind the main front. From each 
schlieren record the streamwise coordinate of 
the incident shock L measured from the ob- 
stacle center and the retardation distance of 


R. KAWAMURA and H. KAWADA 


(Vol. 1: 


the transmitted shock with respect to th 
incident one, 7, were obtained. The orde 
of magnitude of 7’s was a few to severe 
centimeters, and they were determined with a 
accuracy of 0.5mm which was the thicknes 
of shock fronts appearing on the photograpl 
The observed values of 7’s showed a ee 
large scatter (see Fig. 5). For every (s, 0, | 


30 


r/L(%) 


20 


» 


Co0=4,2,1 2 
lz 


ie) 20 


40 


Fig. 7. Experimental result: 
(Broken lines: theory, (12)~(17)) 


60 80 100 4 
r/L versus 6. §=0.8 


r/L\%) 


(8) 06 O05 0.4 ‘3 


Fig. 8. Experimental result: 7/Z versus &. 


combination the average value of 7/L wi 

determind. They were surprisingly small 
to large values of b, and even for b=909% tif 
transmitted shocks were much stronger th 
sound waves. (See Table II and Figs. 6 to || 
At 10cm to 20cm downstream of the ci 
stacle the transmitted shock fronts were pel 
ceptively curved and the accompanying wai 
systems appeared fairly thick, indicating ti 
transient flattening process in progress ther] 
Let us call the foot of the transmitted fred 
B and its»belly C as in Fig. 9, and denote ti 
retardation distances of B and C with respe| 
| 


| 
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| to the incident shock with 7, and 7x. des 
are plotted versus L in Fig. 10 for a 58% 
blockage single normal-plate obstacle. maaies 
the thickness of the curved front, is also plot- 
baed in Fig. 11. In most part of the 10cm 
{ field of view (72—71) is positive so that the 
' shock front is convex to the up-stream, but it 
‘decreases with distance and near L=200cm 
changes its sign. The thickness (defined as 

positive when the front is convex towards the 
upstream) thus appears to undergo a damped 
| oscillation around zero till finally a plane and 
“normal front is established. 


_ Nos. 5, 6, and 7 obstacles have similar 
‘shapes and same blockage ratic. If scale 
effects or wall effects on the flow are absent, 
the retadation data for them are expected to 
‘lie on a single curve when plotted in terms 
of r/B, versus L/B,, where B, denotes the 
channel height for a single obstacle and the 
“mesh length of the grid for a multiple one. 
As shown in Fig. 12, No.5 and No. 6-data 
“appear to continuate smoothly but No.7 data 
lie considerably lower than the extension of 
the other two sets. The reason is not yet 
Bear. Typical schlieren photographs are 
Bpresented in Plates 1 to 4. 


j 


Bp. Analysis and Discussions 


tL Sufficiently far downstream of the obstacle, 
that is for L much larger than the channel 
height, the retardation rate of the shock, 7/L, 
i may be equated with the attenuation rate in 
shock Mach number, m=(Mr—M7)/Mr. When 
Lis not so large, some correction is necessary, 
depending on the formation character of the 
plane front behind the obstacle. The sim- 
plest form of the correction may be: (7—70) 
‘/L=m. 7% in this equation was estimated to 
be 3mm or so for the 58%-blockage single 
‘normal plate. This quantity will be halved 
for a double obstacle. The systematic evalu- 
ation of the necessary correction is difficult 
“and was not made. It is assumed here to be 
“small, and we put 7/L=m. Then, from Eq. 
‘11 (Fig. 2) and Table II, Co can be calculated 
for various (s, b, £)-combinations. Cp may be 
“somewhat overestimated here because of the 
negligence of the corrections. 
It is noticeable that Cy changes only little 
with € in the present experimental range. 
For example, Cy=11.0, 12.0, and 9.8, res- 
‘pectively, for €=0.6, 0.5, and 0.4 for No. 3- 
: 


Attenuation of Shock Waves 


1295 


obstacle. A variation of £ for fixed s and b 
corresponds to variations of Mach and Rey- 
nolds numbers of the incoming flow. The 


Fig. 9. 
stacle. 


Transmitted shock front near the ob- 


(10) 


Fig. 10. Experimental result: 74, 72 
No. 5-obstacle. 


versus JL. 


(11) 
50 100 150 200 
Fig. 11. Experimental result: (72-71) versus ZL. 


No. 5-obstacle. 


(12) 
Fig. 12. Experimental result: 
Nos. 5- to 7-obstacles. 


r/B, versus L/B,. 
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above-mentioned result shows that the drag 
coefficients of the bluff bodies which we 
adopted as obstacles are insensitive to Mach 
and Reynolds numbers, and is in accordance 
with ordinary experimental facts. 


Cp 


10+ 


Wire screen 
(round bar) 
in steady flow 


100 


Fig. 13. Relation between estimated Cp and b. 
(Data for =0.6, 0.5 and 0.4 compiled.) 


Cp increases with 6 exponentially (Fig. 13). 
Steady-flow data of the drag coefficients of 
such large-blockage obstacles are not availa- 
ble, but the above result may be compared 
with the low-speed pressure-drop-coefficient 
data (which are practically equal to Cp) of 
wire screens. The dependence of Cp on 0 is 
similar for both, and the order of magnitude 
agrees reasonably. 

A few critical remarks may be necessary 
here. In the first place, the presence of the 
walls and the large blockage ratio of the 
adopted obstacles modified the steady flow to 
a considerable extent. For example, the total 
pressures in front of and behind the obstacle 
were very different, and in about half of the 
cases the flow is considered to have been 
choked. Secondly, the flow field past the 
obstacle was always limited in the upstream 
and downstream by the reflected shock front 
and the contact layer, respectively, contrary 
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to an ordinary steady flow. Lastly, although 
the obstacles were two-dimensional in shape} 
their span-to-diameter ratios were not sufi) 
ficiently large, and some three-dimensiona\ 
effects may have been caused. However, in 
the present experiment, the insensitivity of) 
the separation-point locations of the bluff ob» 
stacles to the flow character and the smallness: 
of the viscosity effects in the short-duraticn 
flow are considered to have prevented such 
troubles. 

Next, a consideration must be given on th : 
mechanism of the retardation and attenuatic 
of the shock. It is diffracted as it passes} 
the obstacle, being retarded and disfigured, 
and then, by the action of the reflected-wave 
system catching over it, converges to the 
original plane shape. If a steady potential 
flow were to be established around the obstacieg 
in the ultimate state, the shock front would 
eventually acquire the original strength (at- 
tenuation being absent), since there would be 
no steady resistance. But there would be an 
amount of retardation corresponding to the 
momentum loss due to the _ transient-stag 
resistance of the obstacle, which is caused byy 
the assymmetric pressure distribution on the: 
fore- and rear-half surface. In the real flow, 
separation takes place on the surface of the 
obstacle, giving rise to a certain pressure 
resistance even in the ultimate state. The 
separated flow generates a wave system, 
which catches over and weakens the trans- 
mitted front, the ultimate attenuation of which 
must balance with the steady-state resistance: 
Such a wave system is superposed on the 
regular row of the reflected waves, but is 
not visible contrary to the latter. 

The phenomenon treated here is a compli- 
cated one which is essentially instationary, 
and, unlike ordinary shock diffraction pheno- 
mena, involves viscosity. There exists no 
theory to describe the phenomenon completely. 
For the full understanding of it, the unsteady 
flow character around the bluff body in the 
shock tube must be investigated in detail. 

In this experiment large scatters of data 
made the result somewhat unsatisfactory along 
with the uncertainty in the photographic mea- 
surements of small quantities. If stronger 
shocks are used with similar arrangements, 
greater retardations will be realized. How- 
ever, the steady flow will be always choked 


1 


! 
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| and the retardation effects of wall friction 


will not be negligible. 


§5. Conclusions 


The retardations and attenuations of weak 


_ shocks due to various simple-shaped obstacles 


Zz, 


Plate 1. 45cm downstream of No. 5-obstacle. 


Plate 2. 15cm downstream of No. 5-obstacle. 


placed in the passage have been measured 
by use of a shock tube and instantaneous 
schlieren photography. The formation process 
of plane shock fronts behind the obstacles 
have also been investigated in some detail. 
On the theoretical side, a method of estimat- 
ing the drag of the obstacle from the attenua- 
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tion of the shock has been developed on an 
assumption of a simple quasi-steady flow 
model. Using the experimental data of the 
shock retardations, the drag values of a series 
of obstacles have been calculated. They show 
reasonable agreements with available steady- 
flow results. 

The authors wish to express their gratitudes 
to Professor J. Tamiya and Mr. H. Saito for 
their kind advices and instructions about de- 
vices and measurements. Thanks are also 
due to Mr. S. Watanabe for his assistance in 
the experiment. 


30cm _ to 
Shot in- 


Plate 3. ‘‘Multiflash’’ photograph. 
45cm downstream of No. 6-obstacle. 
terval: about 400 microseconds. 


photograph. 130cm_ to 
Shot in- 


““Multiflash ’”’ 
45cm downstream of No. 9-obstacle. 
terval: about 200 microseconds. 


Plate ‘4. 
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Approximate formulae of the displacement thickness and the skin 
friction of the hypersonic laminar boundary layer are derived by use of 
von Karman’s integral method, assuming the heat-insulated wall, the 
Prandtl number of unity and Chapman and Rubesin’s formula for the 
variation of viscosity with temperature. The results obtained are com- 
pared with some exact solutions. Because of the good agreement, it 
seems that these formulae are very useful. 

These formulae, together with the tangent-wedge-approximation, are 
applied to the viscous flow over slender bodies with a sufficiently sharp 
leading edge. As an example, the pressure distribution over a flat plate 
is calculated numerically over the entire region of the surface. Com- 
parison with other author's theoretical results as well as experimental 
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Proc. 6t 


values is made. 


$1. Introduction 


In the hypersonic flow the laminar boundary 
layer is rather thick because of high temper- 
atures in this region, and its thickness in- 
creases like M? for a given Reynolds number 
on the assumption of Chapman and Rubesin’s 
formula for the variation of viscosity with 
temperature. The outward deflection of the 
streamline induced by this thick boundary 
layer causes a significant increase of the pres- 
sure in the main flow and this induced pres- 
sure in turn feeds back into the boundary 
layer and affects its rate of growth, and thus 
so-called shock-wave-boundary-layer interac- 
tion occurs. 

Recently many works concerning this inter- 
action have been published. For instance 
several theoretical studies on these problems 
for a flat plate or a wedge with an infinitely 
sharp leading edge have been made by Bert- 
ram», Kuo», Lees®, Lees and Probstein”, Li 


and Nagamatsu®, Maslen®, Pai and Shen”, 
Shen®, and Stewartson®, and a few experi- 
mental studies by Bertram!, Hammitt and 
Bogdonoff!», and Kendall’. 

From these studies we may expect that the 
hypersonic viscous flow over slender bodies 
with a sufficiently sharp leading edge can be 
separated in two regions, namely the usua! 
boundary layer and the inviscid layer of small 
disturbance, and that Prandtl’s boundary layer 
equations remain valid even in the presence 
of interaction as long as (0/2)?<1. 

In these interaction problems the displace- 
ment thickness of the boundary layer plays 
a particularly important role, since it repre: 
sents an effective thickening of the body. 
Therefore it is desirable to have an approxi: 
mate formula of the displacement thickness 
when the pressure distributions on the body 
surface are prescribed. 


In this paper these formulae, together with 
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‘those of the skin-friction, are derived by ap- 
‘Proximating the velocity profile by a poly- 
nomial of degree four of the Howarth normal 
distance, as in the usual von Karman-Pohl- 
hausen approach, and comparison with a few 
exact solutions is made. 

_ Further these formulae, together with the 
‘tangent-wedge-approximation, are applied to 
‘the viscous flow over slender bodies with a 
‘sufficiently sharp leading edge, and then it is 
‘shown that the solution over the entire region 
of the surface can be obtained numerically 
and especially the inverse problem can be 
‘solved easily. Lastly, the pressure distribution 
over a flat plate is calculated numerically and 
comparison with other author’s results as well 
| as with Kendall’s experimental values is made. 


§2. Basic Equations 


| The equations of the two-dimensional com- 
-pressible boundary layer are as follows. 


(0/0x)(ou) + (0/Oy)(ov) =0 , (2.1) 

ou(Ou/Ox) + pv(Ou/Oy) 
= —dp/dxz+(0/dy){u(Ou/dy)} , (2.2) 
Op/Oy=0 , (2.3) 


— pu(d/Ox)(CyT) + pv(0/0y)(CrT)=uldp|dz) 
+ (0/Oy){(uCp|0)OT [y}-+ uOuldy)® , (2.4) 
3 p=RoT , (2.5) 


where (az, y) are the distances along and normal 
to the surface, (uw, v) the velocity components 
in the (2, y) directions, p, 0, T the pressure, 
the density, the absolute temperature at (a, y) 
“respectively, Cy» the specific heat at constant 
pressure, o the Prandtl number, and RF is the 
gas constant referred to unit mass. 
Integrating (2.1) and (2.2) across the bound- 
ary layer and combining the results we have 
the familiar momentum integral equation, 
which can be written as 


Lew (24) = 2 ee | mes ) aa | 
Bpect..2\ OY Jw dx | Poolteo* Jo Ptr Uy 


fe ee 


O11 
where is the coefficient of viscosity, d the 
boundary layer thickness, and the suffixes w, 
1, «©, 0 denote respectively the corresponding 
‘values at the surface of the body, at the 
outer edge of the boundary layer, at infinity 
upstream and at the stagnation point. 
If we write 
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y/O=y , 
— (0?/ wy) dp/dz= A 5 
r—l ' ou ( Uu 
Tot yal oe noe Livre) (2.7) 
; ae * \an=QA) 
a 
\\( — Pe" tg= 94/8 1A), 
0 01, 


where 0* is the displacement thickness of the 
boundary layer, 7 the ratio of specific heats 
and M the Mach number, and we expand u/u, 
in power series of 7 as follows: 


u/U1=a( A)n +b(A)y?+ Oy?) , (2.8) 
we have from (2.6), (2.7) and (2.8) 
— ee 0(1—24) ——( =* 
dx an 2 2r ( ) don pe 
ppp er 
Wg giro) (2.9) 
Using (2.7), this can be transformed into 
ds My eepa ad (pe ) en, OLY) x 
— 92425 o? Oo? 
dx ar pi a co dx 


Lat ee [aoa . 
Pella.” py Q(A) 

(2.10) 

In the next section (Figs. 1, 2) we shall show 

that the three functions a@(A), 24(A), Q(A) ap- 


proximately satisfy the following relations: 


[a(A)—{1—A(A)} AQ D=At+BA, (2.11) 
UA)=a,+),A , (2.12) 
where A, B, aq, 0; are constants. By using 


these relations, we can get two different for- 
mulae for 0 as follows. 


Case I. If we substitute (2.11) in (2.10) and 
put 
bee ae 1 @ag) 
(7-1) A fut, Mo?/Potln? = K , 


then @ is constant and we can obtain from 
(2.10) and (2.7) the relation: 


d» +a Peo ral =e] é 


FiO ba 
dz Dim ACTING Den 


Q dz Pi 
(2.14) 


This can be integrated to give 


ma(B\ "ail" Koo) dz+const. é 
i if ‘ (2.15) 


We shall discuss the functional form of Q(A) 


in the next section. 
Case II. If we substitute (2.12) in (2,10) and 


put 
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2—{(r —1)1—A—b) /rQ}=a , 
O(7—1) Man? Mwtty/ Ocotho?Q=K , 

we can obtain again (2.14) and (2.15) as in 
Case I. Here a is assumed to be constant 
and its justification will be given in the next 
section. 

On the other hand the skin-friction at the 
wall, tw, is given by the equation: 


(2.16) 


(Za) 
where the relations (2.7) and (2.8) are used. 

In either case, introducing (2.12) into (2.17), 
we get 


Tw = Lv(Ou/OY)w a Ui pwa( A)/d 2 


Tw = MU w/0 —b,0(dp,/dx) 6 (2.18) 


§3. Determination of Q(/) and the Various 
Constants 


In the following analysis, we shall assume 
CPG LO i»=0, (G1) Co=const, Gin ¢=1, 
(iv) 4/40=C(T/T..), where 

C=(Tef To)! TetS)\(TetS) 
where S is Sutherland’s constant. 

Then we get from (2.2) and (2.4) the well- 
known integral form: 

0,/o=7T/T,=14 (7-1) My?/2]1 —u/m)”) . 
ely 
Further, if we substitute (2.7) and (2.8) in 
(2.2) and put y=0, we get 
d(A)=—A/2. (322) 

It is well known that, if the above assump- 
tions (i)~(iv) are satisfied, there exists a vir- 
tual incompressible flow corresponding to a 
real compressible flow and that such an in- 
compressible flow can be obtained by Stewart- 
son’s transformation as follows: 


XG= |ne)ae ; 
(3.3) 
v=s@)| 2 ay, 
U(X, YUU X)=u(a, y)jur(a) , (3.4) 


where X, Y and U, U, are the coordinates 
and the velocity components of the transform- 
ed flow, and g(z) and f(#) are given known 
functions. Assuming Pohlhausen’s poly- 
nomial of degree four for the velocity distri- 
bution in the corresponding incompressible 
flow, we have 
U/U,=(24+ A:/6) Y/4—(Ai/2)( Y] 4)? 

(2 tele Y/R te Vines / OM VIA 

where 


(3.5) 


T. NAGAKURA and H. NARUSE 


Bs fee). 4. rhe (3.6 


and A; is Pohlhausen’s parameter of the trans 
formed incompressible flow. If we substitut! 
(3.1) and (2.8) in (3.3), we have 

x z dy 

y=s)| 1+[(7 -1)M7?/2][1 — (u/t)?] 

a S(x):6 \; dy 

~ 14(r—1) W?/2) Jo 14- OC?) © 
Expanding Y in power series of y and _ using 
(3.6), we have 


Y/4=[1/F(Ai)][y+O(m?)] , (3.7 


where 
Tat? 
Pan=7\ 8 dy . 
Substituting (3.7) in (3.5), we have 
U/U,= (24+ Ai/6)y/F( Az) 
—(Ai/2)[9/F (Ai)? + Oy?) . 
From (2.8) and (3.2) we get 
u/u,=a(A)n—(A/2)y2+O(7?) . (3.10) 
Taking account of u/#,=U/U;,, we get fron 
(3.9) and (3.10) | 
Q(A)=(2+ Ai/6)/F (Ai) , (3.11) 
A=Ail[ F(A) . (3.12) 
By substituting (3.5) and (3.8) in the relation: 


(3.8 


(3.9. 


elie 


Natty Mell salem 


and neglecting O(1/M,2), we have 


F(A) =1/11—-l(Ai)] , (3.13% 
where 
iT log 2 VY 
ldo= 7) a(7") 
ee) \ A 
SOU) OLN ge 
= 630 T 7560 Ai + 9072 ee (3.14) 


By using (2.7), (3.3), (3.4), (3.5), and (3.8) and 
neglecting O(1/M,”), we get 


QWA=F(Adlm(A)—-lM Ad] , (3.15) 
4(A)=O(1/M,”) , (3.16) 
where 
1/U 
m(4d=|(F)a(2) BE RECTEL - B17 


From (2.7) 0*/d is equal to 1—A(A) and, if we 
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1eglect O(1/M,), 


1 it can be concluded from 
(3.16) thatt 


i o*=0. (3.18) 
| Now a(A), Q(A), 24(A) can be determined 
from (3.11)~(3.17) as functions of 4, and 


Ya(4)—{1—4(A)}A/Q(4) and a(A) are shown 


spl Approximate straight line 


2.5 


: 


0.4 


0.90 


Fig. 2. The value of a( A). 


‘as functions of A in Figs. 1, 2. Thus A, Be 
a, b, in (2.11) and (2.12) can be determined 
graphically using Figs. 1, 2. 

Stewartson” has shown that, when a flat 
plate in the hypersonic flow has a sufficiently 
sharp leading edge, a similar solution exists 


i} This fact has already been noticed by other 
authors, for example, Reference [9]. 
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in the neighbourhood of the leading edge (in 
the strong interaction region) where p,« 2-1/2 
and 4:=3.26. Therefore we may expect that 
A; will change in general from 3.26 to 0 on 
the surface of slender bodies with a suffi- 
ciently sharp leading edge. Now as shown in 
Figs. 1 and 2, the curves of [a(4)—{1—A(A)} 4] 
/Q(A) and a(A) against A are almost straight 
lines in the region 0< 4:<3.26. Thus we 
get the approximate relations (2.11) and (2.12), 
where 


A=2.967 , B=—2.65 , il9) 
a= 0.835 , b,=0.302 . (3.20) 


Further, in the above-mentioned range Q(A) 
varies quite slightly and Q in (2.15) and (2.16) 
can be replaced by the mean value Qm. (|Q— 
Qin|/Qm<0.02 in this range.) 

On the other hand, if d Y/dz<1 holds, where 
Y(z) denotes the shape of the shock wave, 
the hypersonic small disturbance theory can 
be applied and w, can be replaced by w., so 
that we can treat K as a constant. 


Formulae cf the Displacement Thick- 
ness and the Local Skin-Friction Coef- 
ficient, and Comparisons with Exact 
Solutions 

As mentioned above, Q and K in (2.15) can 
be treated as constants and therefore we get 
from (2.15) 

O*2= 6? 


. -@ x a@—1 
=K( 2) \\ (2) de-+-const.} , 
De xo Des 
(Act) 
where the following relation has been used: 
t=O Lees elical pes) 
=[(7-1)/2]CM.?4[1+00/M.”)]. (4.2) 
The local skin-friction coefficient C; can be 
obtained from (2.18) by using (4.2) 
Cy= 200] 0cothoo? = [417 —1) Cio Mac] Pood | 
—(2016/ Potteo.”) dpi/da . (4.3) 
In these formulae, ai, 61 are given by (3.20) 
and K, a are given in Table I. 

Here, we can easily calculate (4.1) and (4.3) 
in the case when the pressure distribution is 
given by pi/pe=pow-/? or pi=p~, in which 
the exact boundary layer solutions have been 


studied under the conditions of § 3, (i)~(iv)? 
‘) In Tables II and III the results obtained 


§ 4, 
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Table I | 

oo =a ie : ‘a x 4 
Weide Ss ea 

a a(y=1.4) CL Mieoe K(y=1.4) Qm H 

Case I 2-2.65(7 —1)/7 1.243 1.484(7—1)2 0.2374 1 

Case II Date 43(r— “Dir 1.306 1.455(7— 1)2 0.2328 0.2870 | 
Table II. (PilPa= =pyu-V/2) be neglected, 6*=6 and therefore the outer 

t i edge of the boundary layer coincides almoss 
"Cpt _ welt Cy (ee CPo= 3/4 withthe streamline. Then, neglecting O(/M. ‘i 

ENO ribs Poten and O(6?), we get 

Case I 0.520 0.754 6,=0,+d6/dz , 6.1) 
VEE Voss eo where 6), 0; are respectively the angles of 
OR goa! Neier inclination of the surface element and the 
streamline along the outer edge of the bound4 

cpatlewl ile o= Pe) ary layer to the flight direction. — 
— From the tangent-wedge-approximation we 
3 a) (Se Cie Mea? Cy, Gi Ce 12 have, assuming that 0,<1l, 
Dot€eo Doo Uco 
Pr 244 TF) 94 .39,2 
Case I 0.487 0.686 px 4 
; 2 

Case II 0.482 0.693 +7Muby/ 14 (TEP) M2" ; 6.2) 
exact solution 0.478 0.664 4 | 


from the above theory are compared with the 
exact solutions. 

From these tables, it may be concluded that 
these formulae are very useful in the almost 
entire region of the surface in view of the 
good agreement with exact solutions in both 
the strong interaction region (pjx«a#-"/?) and 
the weak interaction region (p,;=f.). 


§5. The Viscous Flow over Slender Bodies 


On the basis of the assumption that the 
hypersonic viscous flow over slender bodies 
with a sufficiently sharp leading edge is sepa- 
rated into the boundary layer and the inviscid 
layer, the pressure distributions induced by 
the boundary layer on a flat plate or a wedge 
have been studied by many authors, but these 
works have been mostly limited to the strong 
or the weak interaction region only. 

Now, if we use the formula (4.1) for the 
boundary layer and the tangent-wedge-approxi- 
mation for the inviscid layer, we can calcu- 
late the pressure distribution and the skin- 
friction in the entire region of the surface as 
follows. 


In the hypersonic case when O(1/M,2) can 


where f; is the pressure at the outer edge off 
the boundary layer. Of course, p; can also: 
be regarded as the pressure on the surface: 
of the body. From (5.1), (5.2) and (4.1), we: 
get 


Pal i ean (p:/p)—1 
r(rt))V (pipe) —DIG+)) ’ 


Cute ralsiee ts 


* {\" (FL) deteonst.} | : 
(5.3) 


If @ is given, we can determine ~,, 0, from 
(5.3), and 6 from (5.1), and Cy from (4.3). It 
is noteworthy that Eqs. (5.3) are particularly 
convenient for the inverse problem in which 
pi is given and @, is to be determined. 


$6. The Viscous Flow over a Flat Plate 
The flow over a flat plate can be calculated 


easily from (5.3), putting #,=0 in (5.3). If we 
put 
V Crz/pattn M322 =s , } (6.1) 


(Pootteo/CHoM.°)b=@ , 


we have from (5.1) and (5.3) 


py 
Poo 


| e=( pees tt 


pi ye 
x ae 
\ a So teonst. | 
e s° dO 
Zamads 


(bilpo)—1 


=) ay V (pilb)+7—DMr+1) * ) 
(6.2) 


‘where 8 is A/2 (=1.484) for Case I and 1/20 m 


e— 1.455) for Case II. Equation (6.2) have been 
Bolved numerically for Case IIf and y=1.4. 


The results obtained are shown in Fig. 3, to- 


4.0 


=_ \2 
is oe) 


Fig. 3. The pressure distribution over the surface 
of a flat plate. 

present theory, 

Lees and Probstein, lst. order weak 


interaction theory, 

Lees, Ist. order strong interaction 
theory, 

Stewartson, Ist, order strong inter- 
action theory, 

Kendall, experimental values (Ms — 
5.8). 


gether with other author’s results and Ken- 


‘dall’s experimental values (M.=5.8). 


In the BeBIOn- Si. 


It 
clear from Fig. 3 that our results agree well 
witn the experimental values. When gL Oe 
s<1, we have the following series expansions 
from (6.2). 


iS 


i We may eae ean Tables Tl tia nie that 
Case II will give more accurate results as far as the 
pressure distribution is concerned. 
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pilpo=BVB [4V/3—a)(ry—1)/ 7 7415 


+(4—a)(3r +1)/Q—a)\7+1)+---. (6.4) 
In the region s<1, 
Dilbo=14+(VB /2)r(7—1)s 
+(8/16)r(r+1(y—1)?s?-+-++ . (5) 


In these equations, we put the value of Case 
IIt for a and 8, and y=1.4. The results thus 
obtained, as well as other authors’ results for 
7=1.4, are as follows. 

In the region s>1, we have from (6.2) 


Pilp2=0.510s+0.759+---- , 
from Lees’ results!» 
pi/po=0.52s+-0.92+-- - 
and from Stewartson’s result” 
pi/p.=0.555s +0.489-+4 - -- 
In the region s<1, we have from (6.2) 
Pi/po=1+0.338s+0.049s2+ --- 
and from Lees and Probstein’s result!» 
pi/po=14+0.35s+0.05s2+--- 


The agreement is very good except for Ste- 
wartson’s result. The difference between the 
Stewartson’s result and ours seems to be solely 
due to our use of tangent-wedge-approximation 
for the inviscid layer, but not due to our 
method of treatment of the boundary layer. 


$7. Conclusion 

The approximate formulae of the displace- 
ment thickness, together with those of the 
skin-friction, are derived by approximating 
the velocity profile by a polynomial of degree 
four of the Howarth normal distance. Com- 
parisons with a few exact solutions are made 
and good agreement is obtained. 

When these formulae, together with the 
tangent-wedge-approximation, are applied to 
the viscous flow over slender bodies with a 
sufficiently sharp leading edge, it is shown 
that the solution over the entire region of the 
the surface can be calculated numerically and 
that the calculation is especially easily for the 
inverse problem. Lastly, the pressure distri- 
bution over a flat plate is calculated numeri- 
cally and its result agrees well with experi- 


mental values. 
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Experimental and Theoretical Investigations on the Oscillating 


Cylinder Viscometer for Non-Elastic Liquids 


By Ali Abdel Kerim Ibrahim Ph. D. (Lond.) and 
Abdel Monem I. Kabiel Ph. D. (Alexandria) 


Physics Department, Faculty of Science, The University, Alexandria, Egypt 
(Received June 11, 1957) 


A new and exact theory of the oscillating cylinder viscometer is 
given for non-elastic liquids. 
By introducing into the final solution a dimensionless parameter defined 
by: 
Y 2 Ba=a 
where the symbols have their usual significance and a may take any 
value, the following expression is obtained. 


Q F A’nt 


obo|  B’+C'n?+D'nt 

where A’, B’,C’ and D’ are constants and whose values depend on:— 

i—The density of the liquid under study. 

ii—The constants of the apparatus used. 

iii—The numerical value of x chosen. 

The theoretical curve representing the previous expression satisfies 
the experimental curve in one point (z,;, ¥s) at which they intersect. 

Hence, by substituting the value of a chosen and the value of 7; ob- 
tained in the following equation, 


the value of 7 is determined. 

Experiments have been carried out on shell motor oil X-100-60, shell 
motor oil X-100-50, shell motor oil X-100-40, glycerine, caster oil, pump 
oil, and paraffin oil. 

The results obtained confirm the validity of the theory and method. 


(Vol. 124) 


J. Aer 


Introduction and approximated by asymptotic expansion. 
An approximate theory of the oscillating Markovitz® devised another approximate 
cylinder viscometer has been dealt with by solution. He solved the differential equatior 


ential equation in terms of Bessel function proximation using Taylor expansion. 


in terms of Bessel function followed by ap- 


1957) 


_ Abdel-Kerim Ibrahim and A. M. Kabiel3):.5) 
gave another approximate theory, very diffe- 
rent in appearance from either that of Old- 
royd or that of Markovitz, they approximate 
‘in the original equation of motion and obtain 


a simple and elementary solution to the pro- 


blem. 
This paper gives an exact theory of the 


oscillating cylinder viscometer i. e. free from 
any approximation and offers a convenient 
‘method for determining the coefficient of vis- 
‘cosity of non-elastic liquids. 


Experimental results were obtained by us 


to verify the theory and method. 
'§2. The Theory 


Consider a cylindrical bob of diameter 2a 


cms. and moment of inertia J gm.cm?. about 


“its major axis suspended coaxially, by a deli- 
cate torsion wire of torsion constant t gm. 


ee by: 


where »v is the kinematic viscosity 


mm. sec-=, to a depth £’cms. in a cup of 


“diameter 2b cms. containing a liquid of den- 


sity 90 gm. cm-*. and viscosity coefficient 7 in 
mim. cm-!. secu!. 

The cup is caused to oscillate, about its 
vertical axis, through a very small fixed 
angular amplitude ¢,(of the order of approxi- 


mately one degree) so that the liquid is fol- 


lowing the forced oscillations of the cup. 
Since the motion is axially symmetric and 
in two dimensions, therefore the velocity V 
in cm. sec-!. of the liquid at any radial dis- 
tance from the central vertical axis is given 


1 Ov O2y 1 Ov V 


Se ng eS a 2 


CL) 
vy Ot Or? ' ~ Or 


of the 


liquid. 


The angular displacement of the liquid at 


any radial distance from the central vertical 
_ axis is given by: 


G=0 eit ( yy ) 
where ¢ is a function of 7 only. 
and o is the angular velocity in sec™'. of the 


outer cylinder. 
Therefore equatian ( : a have the form: 
Pieee OP ee? 55 (3) 
On ¥ OAL 1 


where B=(zon/x)}/? 


n is the frequency of the outer cylinder. 
The solution of equation (3) may be ob- 
tained in terms of Bessel function of complex 
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argument, thus, 
=(1/N[ALGv i V 2 Br) 
+cyiiV i V 2 Br)| (4) 
But since y,iV i V 2 Br) is infinite when 
Br is finite; which is an undesirable feature 
in the solution of practical problems, it is more 
convenient to take the modified Bessel func- 
tion of the second kind as the second solution 
since it approaches zero asymptotically as Br 
tends to infinity and vice versa. 
Hence, equation (4) can be replaced by: 
6=(/N[Ai{—B—a)r} +iC, K{B +i] 
(5) 
where A, and C, are two arbitrary constants 
to be determined by the boundary conditions. 
Thus, 
6=(V/n)[ Ai, i{—B—z)r} 
+7C,K{ BA +i)r} le 
and the angular velocity: 


ee » (At —BO dr) +iC Ki BC+ ire" 


(6) 


oe) 
and the rate of change of the relative motion 
of adjacent layers of the liquid. 


@ = PROF) eK BO +r} 
dr i 

+A jx{—BU—i)r} le! (8) 
and the angular velocity gradient in the 

neighbourhood of the inner cylinder. 

ie ) = OED Fe eB 
dr a 

+ Aife{—BU—1)a} le (9) 


The Equation of Motion of the inner cylinder. 
The suspended bob experiences: 


i—The shearing torque C’ due to the liquid, 


where: 
do ) 
dr r=a 


ii—The torque C’’ due to the suspension wire, 
where: 


C= zn LaPn( (10) 


(Ore (11) 
and @ is the angular amplitude of the sus- 
pended cylinder. 

As a result, the eqution of motion of the 
suspended cylinder is given by the following 
equation: 


—Th, 
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1B)p-a=Ka( ) —th, (12) 
where K=2zLa? 
Thus, 
ky dé 
——— 113! 
% acs Min OS) 
and, 
Ose 1a 2 o BI —1) pot 
t—lw? a 
x [Ai h{—BO—da}+CiKo{B(1+i)a}] 
(14) 


where (Onaa is the angular velocity in sec™!. 
of the liquid in the neighbourhood of the 
curved surface of the inner cylinder. 


The boundary conditions 


The arbitrary constants A, and C,; are 


determined by the boundary conditions. 

The two conditions are: 

0=10), = 

A=10 > 

where ¢, is the amplitude of the outer cylinder. 
Therefore, 


i—when v=a, 


ii—when v=) , 


Pee ks 
thal?’ BFE, 
and (15) 
—obF 
Algae EE 
1S PRUE’ 
ker, S kei, S 0 0 
Phe 7/2 —7/2 i 0 
D> the bBi, Po oberg P> wo —beigPrz/2 
ber, P ber, P 0 1 
ker, S kei, S 0) 0 
2) 
(jo r/ 7/2 1 0 
ber, P bei, P bei, P 7/2 
ber,P -—ber,P 0 1 
ker,Q kei Q 0 0 
piles 7/2 =r 20an 0 
—bei,P ber,.P  —bei,P 7/2 
ber, P bene 10 il 


and, 
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where: 
E=rJ{—B—ia}—(14+if{— B-day} 
F=i7K,{BU4+ia}—(14i)Ko{ BA +i)a} 
E’ = J,{—BU—1)b} 
F’=iK,{B.+4+i)b} 


and 
t—Iw? 
T= —— 
knw B 
therefore: 
0 iwbett 


0 r[F’/E—FE’] 
x GEK{ BI +i)r}—Fh{—Bd—ar}] 
and 
dO _ wBbob tie 
dr 1 F’E—FE’] 
x [EK.{B+1)r}—-—F{—Ba—1)r}] AA 
It is often quite convenient to consider the? 


modulus or the absolute value, therefore on} 
solving equation (16) we have: 


(16)! 


l 
$o 


2 w2h2 


L+My 


nde (18)) 


Now, let: 
V2Ba=P V2 Bb=Q 


and, 
VP Br Ss 
Therefore: 
ber, S bei, S 0 0 
7/2 =7/2)1 0 
i —kei,P ker,P —kei,P 7/2 
ker, P ker, P 0 a 
ber, S beii:S =O 0 
a 7/2 riz 1 0 
ker, P keigP, __kei,.P 7/2 
ker, P —ker, P 0 1 
ber:Q bei, Q 0 ) 
7/2 Toe i 0 
+ | —keiP kersP —keiP 7/2 
ker, P keri;P 0 iu 
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i 
F 
ker:;Q keiQ 0 0) beri1Q beiiQ 0 0 
i foe 7/2 7/2 1 0 7/2 7/2 1 0 
ber, P bei, P bei, P 7/2 Q ker, P kei,P kei, P 7/2 

ber; P —ber,P 0 1 ker; P —ker,P 0 1 

(19) 


Equation (18) gives the angular velocity amplitude through the liquid at any distance from 
the curved surface of the inner cylinder. It is related to linear velocity amplitude (V) 
(which is actually measured in practice) at some place; where: 


9 


rapes e 
also, 
_ where, 
if 0 0 1 0 0 
I,.=-| 1 kei,P ~— ker, P se i beiyP | ~ |bers P (22) 
| 1 ber, P bei, P 1 ker,P bei, P 
and, 
ie ae 0 aiO 0 
VMe=—) i .~—kei,P..._ ker; P 1 —beijP ber; P (23) 
1 beizP ber.P i kei,P tkersP 
Land M are given by equation (19) and 
| el a en 


rate of the relative motion of adjacent layers of the liquid can be expressed by: 


SS SS 


dO? w*B2p2b® Ls? + Ms? 
ans a7? Dave 
0 ber, S 
il —1 
ber, P t kei, P 
0) kei, P 
0 ber.S 
—l —1 
bei, P é ker, P 
0 ker, P 


S & 


_ 


it 


ker. P 


(25) 


(26) 
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L and M have their usual significance. 
and, 
do my wo B22? L?+M,* (27) 
dr oC I?+M? 

Hence the velocity gradient amplitude may 
be obtained from the relation. 


dv do : 
= =F a] 2 
dr A dr [+ | ae 
and, 
dv do : 
Zz aaj |e hse 29 
a \n=6 Op lisse ml oe 


Also from equations (6) and (7), it follows 
that, 


\)=00|=ol4| 4 (30) 
Therefore, from equation (18), we have, 
aoe 1jeP 
gp a We |e 
IY | li. a? po 
b\? L?+M 2 
ae a) Gee ots S 
( iF ) I?+M? > 


This gives the angular amplitude of oscilla- 
tion in the liquid at any radial distance from 
the curved surface of the inner cylinder to 
that of the outer. 

Also, from equation (21), we have, 


A? ob? L?+M-,? 

Ogee ee oe eee ee 32 
iilece bo a I?+M? ( ) 
the exact relationship between the measured 
quantity ||,-1 and the desired quantity 7. 

Also equation (32) can be obtained by com- 


paring equation (13) and (27). 


Viscosity Determination 

Although equation (32) represents the exact 
relationship between the measured quantity 
||,-a¢ and the desired quantity y yet it is not 
a direct relation since the Bessel function in- 
volves 7. 
However, by introducing in equation (32), a 
dimensionless parameter defined by: 


V 2 Ba=x 

where the symbols have their usual signifi- 
cance and # may take any positive value, the 
following expression is obtained. 

Oo : <S. 2 7 A’nt 

so a _ >» , ie +) 

bo B’+Cn?+ Dnt 
where A’, B’,C’ are constants and whose 
values depend on: 


(32) 


i—the density of the liquid. 
ii—the constants of the apparatus. 


15 
PARAFFIN OIL 


Higaels 


Fig. 3. 


a eh 
2 


CASTER ele 


z 3 
SHELL MOTOR OIL X-100-60 


Fig. 6. 


ili-tthe numerical value of « chosen. 


The theoretical curve derived from equation . 


_ (32) and the experimental curve coincide only 
at the point (1s, ?s). 

y Hence, by substituting the value of # chosen 
and the value of ms obtained, in the following 


relation: 


27 0a°n 
q= 


i 
x 
a 


the value of 7 is determined. 
In our experimental work, the values of 2 


has been chosen:— 


957 ot ae. : 4 
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SHELL MOTOR OIL X-100-50 


Ibe Te 


| 2 
"(%) 
SHELL MOTOR OIL X-100-40 


(Cs) 


GLYCERINE 
Fig. 9. 
i— V 2 Ba=ax~=0.5 
therefore, 
V2Bb=0"-=0.1 
hence, 
7.8 
(ee ee reer ear 
7.846— P (0.024) +4 (0.235) 
where, 


a A saeLae confirm the validity of the theory and method, 
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Table I. 
2a=0,9'em.,, -0=0.63 cm, = o—409.6 onlscme. Secee, 
' va aay, 5 i 7 in Poise 
Liquid bigs density Dimensionless 
i gm. cm~%. Stokes Parameter 
Paraffin oil 
TE lS 20 0.875 _— 1295 
L = 9.9 
Paraffin oil 
I =39.48 iS 0.875 — 1.96 
i =1056 
Pump oil 
T= 2A 18.8 0.88 — 2a0it 
AO eS 
Caster oil 
T3=39-48 18.7 0.972 ISG IBA 
NOES 
Caster oil 
I =39.48 Mesa tf 0.972 Ihejai 14.6 
jij ss 
Shell motor oil 
X-100-60 
I =39.48 WS), 0.888 1S; Les: 
TT=AOES 
Shell motor oil 
X-100-50 
I =39.48 19.2 0.886 9.46 9.56 
i ANORS 
Shell motor oil 
X-100-40 
I =39.48 19.3 0.884 —_ 6.03 
L=10.4 
Glycerine 
I =39.48 20.2 1.245 4.649 4.86 
LT—=—NOe2 ‘ 
Me is the on of i immersion of the inner replingee 
I is the moment of inertia of the inner cylinder. 
7 _ 459.6—4n2In? is 
2 28.720Ln? §3. Results 
ed i > Bae Experiments have been carried out on paraf/ 
fin oil, pump oil, caster oil, shell motor oii 
therefore, : 
X-100-60 shell motor oil X-100-50, shell motop 
V 2 Bb=1.4 oil X-100-40 and glycerine. 
hence, Figs. (1-9) represent the variation of (p)aa 
I? — 1.96 with mw for the respective liquids. 
a eT (0. oan +o (0. 235) The dotted line in each fig. shows the dij 
mensionless parameter curve while the full 
where, 


line represents the experimental curve. 
71 _ 459.6—42?In? Table I provides the final results which 


» 


Conclusion 


ba. 
| Considering our results in general, it ap- 
pears that resonance occurs between the liquid 
and the inner cylinder at a certain frequency 
almost exactly equal to the frequency of free 
oscillation of the inner cylinder and the tor- 
sion wire, figs. (1-9). 

Therefore copper rings were made which 
could be fastened on the top of the inner cy- 
linder to change its moment of inertia and 
‘the resonant frequency of the instrument, figs. 
(1-2). These rings enable measurements to 
be made over a wide range of viscosity. 

From the frequencies of the outer cylinder 
tess than 25c./m. and liquids of viscosity less 
than 5 poise nearly, the motion of the inner 
cylinder is not perfectly simple harmonic mo- 
tion and that is probably why the observed 
readings in this region are subject to experi- 
| mental error and inconvenient. 

Also the end effect has been investigated. 
Since viscous forces are proportional to area, 


F,/F.=27aL/na? 
where F;, is the tangential viscous force at 


the surface of the cylinder and Fy, is the vis- 
cous force on the base or, 


F,/F,=2L/a 
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hence, the end corrections are negligible and 
the effective depth of immersion is the actual 
length, if a/2L is very small, if not the neg- 
lect of end effect will affect our results, figs. 
(4 and 5). 


In addition, since a free surface is present 


at the top of the annular gap, we expect a 
departure from two dimensional motion, this 
can be made negligible by sufficiently reducing 
the annular gap and the amplitude of oscilla- 


tion of the outer cylinder. 


In practice the 


amplitude is 1°. 


Also the results are compared with that of 


the falling sphere method. 


The results obtained in Table I confirm the 


validity of the theory and method discussed 
and indicate the sensitivity of the apparatus 
for slight change of temperature. 
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Short Notes 


This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 


7cmx7cm will be counted as 150 words. 
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Technique of Obtaining a Minute Pinhole 
in a Metal Plate. II 


By Tadasi NUMATA 
Nagasaki University, Ohasi-Machi, Nagasaki 
(Received July 14, 1957) 


In the previous paper” (to be refered to here as 
I), the author has reported a method of obtaining 
a minute pinhole in a metal plate having compara- 
tively low melting point by using a needle of a 
glass fibre. 

In order to obtain a straight minute pinhole in 
the metal plate whose thickness is J, it is necessary 
to put the needle (its length >J) into the molten 
metal against resisting force due to the surface 
tension of the molten metal without bending of the 
needle. But if J is longer than a critical length lp, 
the needle can unable to be put into the molten 
metal without bending. One may, therefore, sup- 
pose that the maximum thickness of the metal plate 
having the pinhole with a diameter R is equal to 
the critical length Jl) corresponding to the upper 
limit for the stability of the undeflected equilibrium 
position of the needle. It is also equal to the length 
associated with the first mode of the bent needle 
when the needle originally in a vertical position is 
acted upon and bent by compressive forces P at 
the ends of the needle. 

This critical length J) can be easily obtained by 


ao 


3S 


MAXIMUM LENGTH 2, (cm) 


40 60 80 
DIAMETER OF PINHOLES (/4) 
Vig. 1. Relation between the maximum length 1) 
and the diameter of pinholes. Experimental: 
© (Wood’s metal), A (lead). 


solving the Euler’s equation» for bending moment 
of a light needle under plausible boundary condi 


tions. The equation is 
d2y | 
ae 297 — 1 
dg te YO: ( | 
where 
i rd OD ates 
erBsidahe sere 


B and EF being the flexural rigidity and the Young’: 
modulus, respectively. The quantity y is the de 
flection from the equilibrium position of the centra 
axis of the needle at any point whose distance fron 
one end is x. By imposing on Eq. (1) the boundary 
conditions that y=0 when w=0 and w=l, the lengti 
of the needle corresponding to the first mode 9 
its bending is given by lb&k=nx. The corresponding 
load is given by P=Br2/lp?. On the other hand 
the value of P is approximately equal to xRH, aa 
one end of the needle is supported on the surface 
of the molten metal by its surface tension H. The 
corresponding critical length Jp is, then, given by/ 
n (HR3\V/2 
i) 
ech Wel af 
Fig. 1 shows the examples of the calculation by 
Eq. (2). The curves A and C are, respectively; 
the calculated ones for Wood’s metal and lead using 
fused quartz needles. The curves B and D ares 
respectively, for Wood’s metal and lead using glass 
needless. In the above calculations, H=338 dynee 
cm-! for Wood’s metal), H=450dynescm-! for 
lead», H=5x10" dynes cm-? for glass needles, ana 
H=(27/R+5.9)x104. dynescm-2 for fused quart: 
needles) are assumed, and the temperature depend: 
ences of Hand Fare not taken into account. Ths 
observed values of ly) for Wood’s metal and leae 
using glass needles are also shown in Fig. 1. 
Finally, the author expresses his sincere thank: 
to Professor A. Okazaki of the Kyushu Universit: 
for his encouragements. 
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Oscillator Strength of M-center of KCl 


By Hiroshi OkuRA 


University, Osaka 


) Institute of Polytechnics, Osaka City 
| (Received August 22, 1957) 
| 


Conversion of F-center to M-center and vice 
versa by irradiation with Flight and suitable heat 
‘treatment, allows us to determine the oscillator 
strength of M-center. In this report we shall des- 
| the way and the result for KCl. 

Single crystals of KCl were grown within a plati- 
jnum crucible by the Kyropoulos method, using the 
melted reagent containing less than 0.001% divalent 
impurities. The crystals thus prepared were then 
colored additively, keeping them at 500°C for nearly 
eighty hours in the vapour of potassium or sodium. 
These colored crystals, however, naturally contain 
Subsidiary centers other than #-center. In order 
to rule them out, the specimens were put into the 
furnace and kept at 500°C for one minute, after 
being cleaved into a thin rectangular slice as to fit 
ithe optical measurement, and then cooled down on 
the massive copper block at room temperature 
very rapidly. Care was taken that this quenching 
‘process be done in the dim light. 

Every specimen subject to this treatment did 
“show little trace of the unwanted subsidiary bands. 
The optical absorption measurements were carried 
‘out with a Beckman Model DU spectrophotometer 
‘at room temperature. After the absorption of such 
a quenched colored crystal was measured, the same 
‘specimen was exposed to the D-line of a sodium 
damp (A=5,890 A) for two minutes and subsequently 
ithe optical measurement was repeated, a typical 
‘results of which is shown in Fig. 1. 

Comparing the two absorption spectra with dif- 
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Fig. 1. Changes of the absorption curves upon 
successive irradiations by Flight (A=5,890 A). 
From 1 to 4, the two-minute-exposure was re- 
peated. The concentration of initial #-centers 
is 2.0x 10! l/c.c. Measurements were done at 
room temperature (20°C). 


ferent conditions, it was confirmed that no appreci- 
able change was observable in the region from 
2,100 A to 15,000A, except for the #’ and M bands. 
Moreover, by quenching again the irradiated speci- 
men with the same technique described above, the 
original unirradiated state was quite perfectly re- 
covered. So we safely assume that, during these 
short exposures, the total number of electrons is 
unchanged and the conversion occurs in the form 
of F 2M. With this assumption the increased 
number of electrons at M-center will be equal to 
the decreased one at F-centers, and this leads us 
to the determination of the oscillator strength for 
the M-center. 

Namely, let 4az and day be the changes of the 
peak intensities of the # and M bands, respective- 
ly; then the ratio of the oscillator strengths for 
these two centers, using the Smakula’s formula, is 


: Table 
sccimen” | Concentration of |. Time of ay mn) | dew (Gnd | Sal 
a a ett ) TM 1.22 wihsagogew ‘cod ~ berGush 
| * | 2.0.x 101 ieoaait 2 Oeaud Dl Be oe 

? alt 1.30 “Pay TP ga 
Ww | negal. 00? chiast AA ge alaMaS geet atl oat) vl 50:36 
: : gt | 4.20 | ea 0.26 
er 6 oe | 4.5 x 1018 10 0.60 0.75 | 0 42 
i A. ey - 4.6x108 ctileLOums, —lillemnch Met 0.92 0.41 


Al +0. Ol. 


*. Data for this specimen are shown in Fig. 1 


—— 


1314 


given by 


fu __ _ 4an:Wae 
fe  Aar-Wer 


where Wr, Wy are the half breadths for F’ and M 
bands, their observed values being 0.36e.v. and 
0.12 e.v., respectively. 


Short Notes 


(Vol. 


From the measured values of 4a’s, we obtai) 
Ffulfz. These values are tabulated in the Tabl 
for the specimens with various F-center concentré 
tions. Taking fr=0.83,.we find fi,=0.34+0.01. 

The author wishes to express his gratitude t 
Professor H. Kawamura for his helpful discussion 
and advices. 
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Anomalous Magnetic Properties of 
Cu(NH3),SO, ~ H,O and MnSO, : H,O 


By Muneyuki DATE 


Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendai 


(Received October 3, 1957) 


During the course of the studies on antiferro- 
magnetism at low temperatures, we have found 
some anomalies in the magnetic properties of 
Cu(NH3)4SO,-H2,O and of MnSO,-H,O from the mea- 
surements of paramagnetic resonance and suscep- 
tibilities. _Paramagnetic resonances at 9800 and 
18000 Mc/sec were observed with both substances. 
Cu(NH3),SO,-H2O showed the anomalous broadening 
of the resonance lines which was reported previous- 
ly by the present author), while MnSO,-H,O show- 
ed no resonance absorption in the liquid helium 
temperature region but showed a strong  para- 
magnetic resonance above the liquid nitrogen tem- 
peratures. On the other hand, among the hydrates 
of MnSO,, the mono-hydrate has the strongest ex- 
change interaction, as may be seen from the nar- 
rowness of the paramagnetic resonance lines ob- 
served by Kumagai et al.2) at room temperature. 
It may, then, easily be inferred that the antiferro- 
magnetic transition may occur in the liquid helium 
temperature region. To clarify more precisely the 
magnetic anomalies of these substances, the magne- 
tic susceptibility, specific heat measurements etc. 
are desired. So, we performed experiments of 
powder susceptibilities by the usual a.c. bridge 
method. The specimen of Cu(NH3),SO,-H,O was 
obtained from the saturated ammoniac solution and 
that of MnSO,-H:O was obtained by heating MnSQ, 
-4H,O at 80°C for 5 hours. The latter specimen 
was carefully weighed before and after the heating 
and a check for the water constituent was done. 
More than 98% of mono-hydrate was guaranteed in 
our sample. The experimental results are shown 
in Fig. 1. yeurie Shows the curve that must be fol- 


lowed if the two salts obey the Curie law. It mai 
be clear that the most remarkable results are thi 


Xm Xn 
(Mn) (Cu) 


4 ---Cu(NH3),SO,"H,0 
o----Mn SOq*H20 
0-2 } 
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5 


10 

Temperature (°K) 

Fig. 1. Temperature dependency of magnetia 
susceptibilities in powdered Cu(NH3)4SO,- Hs 
and Mn SO,-H,0O. 


flatness of the susceptibilities in both substance 
at low temperatures. One of the cause of such) 
temperature independent susceptibility at low ter 
perature was analyzed recently by Haseda and th 
present author®) to be the non-existence of Kramer 
doublet for the case of Ni++ ion. But, as is we 
known, Cu++ and Mn++ have Kramers’ doubl 
and so this cause does not apply. It may be i: 
teresting to investigate these anomalies below 1°F 

The author wishes to express his cordial thant 
to Mr. T. Haseda for the measurements of tt 
susceptibilities and also to Prof. T. Fukuroi fé 
encouragement given to him during the course 
this research. The present research was subsidize 
by a Research Grant form the Ministry of Educatio: 
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Diffusion of Activator of Cathode Sleeve 


By Hiroyuki Mizuno 
Matsushita Electronics Corporation Takatsuki 


(Received July 31, 1957) 


It is pointed out by several authors that there 
is an affection of a diffusion coefficient of an ele- 
ment in an alloy from the other additional elements 
included in the alloy». We have performed some 
measurements of the affection of the diffusion of 
magnesium activator in a cathode sleeve from the 
other activator elements contained in the sleeve. 
The test pieces were made by pressing nickel strips 
usually used as cathode sleeve in rolling dies till 
0.005cm thickness and shaped to a rectangular 
form of 0.6x3.4cm?. The rectangular filaments 
were cieaned completely and mounted into a vacuum 
equipment which was evacuated till 10-§mmHg. 


' These filaments were heated and the measurement 


of the magnesium left in the filament was carried 
out on a small group of filaments after different 
periods of heating life test. The results are given 
om Fig, 1*. 

Let initially the activator concentration be uni- 
formly distributed with the constant density Cy and 
it be always zero at the surface. This is a well 
known problem2 with the following solution for 
the total amount of evolved activators © for the 
time ¢ > 0. 


Q=2aCoS| 1 - exp (= Det) | (1) 


Where D, 2a, and S are the diffusion coefficient, 
filament thickness and filament surface area respec- 
tively. Then the diffusion coefficient D is given by 

4a? 7 Q 
= (ee 2 
Dds Al oc) ce 

From Eq. (2), we can get the diffusion coefficient 
D referring to Fig. 1. In Fig. 2, we show the 
result of the affection of magnesium diffusion from 


Table I. Components of Nickel. 
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Fig. 1. The decrease of magnesium content in 
the sleeve with time. 
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The decrease of D of magnesium with 
increase of manganese. 


Fig. 2. 


quantity of the other elements in nickel sleeve 
constant as shown in Table I. From Fig. 2, we 
can see that the increase of manganese content 
may result the decrease of the diffusion coefficient 


Ni Co Mg | Mn | | Fe Sunsenleet Al 
Residue | 0.01 OFZ Sra it Trace Trace | 0.001 Trace Trace 
-_ _ _ (Weight percentage). 
of magnesium. The affections from the other ele- 
References 


ments are left for future work. 


ein the Fig. 1, the decreasing curve of manga- 


nese is also given. The manganese decrease during 


life is negligibly small compared with magnesium, 
therefore the following result is given without 
serious error. 


1) For example; W. Seith: Diffusion in Metallen 
1939, pp. 70-80. 

2) H. S. Carslaw and J. C. Jaeger: Conduction of 
Heat in Solids. (Oxford University press, London 
1948). 


1316 


J. PHys. Soc. JAPAN 12 (1957) 1316 
LCAO-MO Treatment of Phthalocyanine 


By Asa CHIKAYAMA, Yuzuru OOSHIKA, 
Reikiti ITOH and Isao OSHIDA. 


Kobayasi Institute of Physical Research, 
Kokubunji, Tokyo, Japan 


(Received August 19, 1957) 


The electronic energy levels of phthalocyanine 
are worth studying, for the dye is considered an 
imitation of porphyrins, which are biologically im- 
portant pigments. We have calculated the electro- 
nic energy levels of metal-free phthalocyanine by 
simple LCAO-MO. approximation, in which only 
the x-electrons are taken into account. 
precise position of the two central hydrogen atoms, 
some ambiguity is left at present; we assume a 
planer structure with Dy, symmetry as shown in 
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Fig. 1. 


@in—bagq, bag—1u, Ain—bsq and b3g—biy, are allowed, 
while others are forbidden. The calculated absorp- 
tion wavelengths are compared with the experi- 
mental values of Estigneey and Kraonovskii» as 
shown in Fig. 3. Both of them have six absorption 
bands in the visible region, but the spacings are 
so different that the identification of each band is 
not possible. The calculation gives two more ab- 
sorption bands situated in the near infrared, which 
have not been found experimentally. 

The change of the numerical value of 8, and the 
closer approximation might give better results, but 
the disagreement seems to come from more basic 
reason, for instance, inadequate assumption con- 


Short Notes 


As for the 


Diy 


(Vol. 12, 


| 

There are thirty-eight centers, namely, thirty-two | 
carbon atoms and the six nitrogen atoms without 
hydrogen. The number of the electrons are also, 
thirty-eight; the lone pairs on the two nitrogen 
atoms linked with hydrogens are omitted from the 
conjugated system, because they are almost fixed | 
on the nitrogen atoms. For the sake of simplicity, | 
the overlap integrals are ignored, the coulombic | 
integrals a for the carbon and the nitrogen atom 
are assumed to be all equal, and the resonance in| 
tegrals between adjacent atoms are regarded as §, 
being common to all; while the resonance integrals 
between non-adjacent atoms are neglected. 
The secular equation that determines the energy ' 
levels, being of the thirty-eighth order, can be: 
separated into four, the two of the tenth order ans| 
the two of the nineth order, according to the irre-- 
ducible representations b1,, bey, and bz, and Qin, 
respectively. 


The results are shown in Fig. 2, in which the: 
value of 8 is taken as 23000cm~-!. The transitions; 


obs. 


Fig. 2. 


Fig. 3. 


cerning with the position of the hydrogen atoms: 
at the center. 
phthalocyanine is expected to throw light on thiss 
point. 

The details, with similar study of porphyrins, | 
will be published elsewhere. 
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Elongated Lichtenberg Figure 


By Yoshimi KAMADA* and Kwai UMEDA 
Department of Physics, Okayama University 
(Received September 18, 1957) 


With an initial aim to study the primary Lichten- 

berg figure in nonstationary conditions (for instance, 
with moving electrode or in turbulent air layer), 
we rotated in customary experimental arrangements 
the photographic plate about an axis perpendicular 
to the plane of itself, the needle-electrode being 
placed at some distance from the rotation axis, thus 
lightly scratching a circular track on the plate. 
_ By this procedure the negative figure happened 
to be elongated along the circular track symmetri- 
cally in both directions, while the positive one 
didn’t vary at all, as shown in Fig. 1. The lack 
of the expected effect of the sense of rotation may 
be because the formation velocity of the Lichten- 
berg figure is extremely high (about 10 cm/sec) in 
comparison with the motion of our plate, and sug- 
gests further that for the elongation it would be 
neither essential nor necessary to carry out the 
discharge in the midst of rotation. In fact, similar 
figures can be obtained even when the discharge 
takes place after stopping the rotation. Thus, the 
elongation seems to be caused by the metal streak 
rubbed on the plate glass by the sliding needle- 
electrode. This point of view is in favor with the 
fact that the amount of elongation is affected by 
the nature of the electrode metal and the method 
of rubbing the electrode on the plate (for another 
instance, reciprocating rubbing by hand). The 
distinctly different effects of the metal streak on 
positive and negative figures respectively may be 
consistent with the current theory on the Lichten- 
berg figure that the electron flow alone plays signi- 
ficant role in their formation. 


* On leave from the Kochi University. 


Short Notes SY 


Fig. 1. Upper: negative figure; lower: positive 
figure. A: plate at rest (ordinary figure): B: 
rotating plate. Discharge voltage=about 31kV. 
Rotation=about 1800rpm. Arrow shows the 
sense of rotation. 


1318 


(Vol. 14 


Errata 


Free Bonds on the Clean Surfaces Germanium 


Single Crystals 
By Akio KOBAYASHI and Shinji KAWAJI 


J. Phys. Soc. Japan 12 (1957) 1054 


Fig. 2. Curve (2) and curve (3) should be exchange with each other. 


P. 1137. Case (B) 


should be read 
Pell Seu 1Casen(C) 


should be read 
Peel 38a Gasen( 3) 


should be read 
P.°1138, Case (C) 


should be read 


Viscous Flows past a Spheroid 
By Shodichi WAKIYA 


J. Phys. Soc. Japan 12 (1957) 1130 


W=16peU/(1 — 0.5540 ¢/ +0.1502 ¢3/13— 0.023 c4/l4) 
veee(e+++ 40,1502 €3/13— 0.091 4/14) 


W=16ucU/(1 —c2/912)/(1 — 0.5540 ¢/l + 0.1092 ¢3/13 — 0.023 e4/14) 
we ee(se+ + +0.1092 03/13 — 0.068 c4/14) 


W=6ruaU (1 —0.6526 a/l+0.4003 a3/l3 — 0.132 a4/l4) 
++++(++++-+0.4003 3/13 — 0.297 at/1*) 


W=6ryuaU(1 — a2/922)/(1 — 0.6526 a/l +-0.3160 a3/13 — 0.132 a4/l4) 
+sse(++++-+0.3160 23/13 — 0.242 a4/l*) 


Conical Spiral Structure and Laminar Cleavage of Graphite 


Page Column Line 


By Takuro TSUZUKU 
J. Phys. Soc. Japan 12 (1957) 778-788. 


(should be read) 


779 right 9 Bore Photo Zt Roneenotonel eee 

781 right bottom Photo. 5. Remarkable gliding Photo. 5. Remarkable gliding 
a conical crystal. of a conical crystal. 

784 left 2D Furthermore, can see...... Furthermore, one can see...... 

784 right 6 AopDo, CoDo, EoFo...... AoBo, CoDo, EoFo.....- 

785 left 23 multiple layeas...... multiple layers...... 
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Brownian motions. 


energy are derived. 


theory is given. 
‘$1. Introduction 


i. Since Nyquist it has been established that 
the irreversible process is accompanied by 
fluctuation and vice versa. Professor Takahasi” 
of Tokyo University expressed this in the 
word “fluctuation is Nature’s own experi- 
: ent.” 

_ A method of realizing this view may be to 
‘Introduce fluctuating forces in macroscopic 
quations of irreversible processes such as 
Fick’s law of diffusion or Fourier’s law of 
heat conduction.* Then the fluctuating forces 
s ould be intimately connected with the kinetic 
coefficients of the irreversible processes. These 
Macroscopic equations complemented with 
fluctuating forces are nothing but Langevin’s 
equations of Brownian motions. From this 
point of view we give a derivation of Onsager’s 
reciprocal relation, and propose an interpre- 
tation of the irreversible production of entropy. 
‘inally we want to criticize the theory of 
‘Popov on the derivation of reciprocal relations. 


|. eciprocal relations, i.e., the one is based on 
the assumption that the irreversible process 
is equivalent to the regression of fluctuation 
in thermal equilibrium, and the other is a 
natural out come from a statistical mechanical 


t eory of irreversible processes. ay here are 


: * Introduction of fluctuating forces into macro- 
is opic equations was first proposed by Hashitsume,© 
whose theory is based on Onsager’s principle of 
least dissipation of energy. In this paper we go 
backwards to lead to Onsager’s principle and re- 
¢iprocity of kinetic coefficients. 
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Introduction of fluctuating forces into the phenomenological equations 
of irreversible processes allows us to treat the irreversible processes as 
Along this method Fokker-Planck’s equation de- 
scribing the probability of occurrence of a set of events is obtained and 
Onsager’s reciprocal relations and the principle of the least dissipation of 
An interpretation of irreversible production of 
entropy is proposed. Finally “a critique of Popov and Karanikolov’s 


numerous theories from both points of view 
for the derivation of reciprocical relations. In 
this paper we give a derivation from the first 
standpoint as an application of the theory of 
the Brownian motion. 

Consider a system with constant energy and 
let as, 1=1,2,---,N, be a complete set of 
thermodynamical quantities assumed a;=0 in 
equilibrium state. The entropy is assumed 
to be a function of these quantities. The 
deviation of the entropy 4S from the equili- 
brium state is expressed in quadratic form of 
a,’s as follows, 


il N 


AS= —— >) Guia (1) 

2 i,k=1 

where we have evidently 
Jin=IJri a) 


d these coefficients form a positive definite 
matrix. As we confine ourselves to the linear 
irreversible processes, the development of 4S 
up to second order of a:’s as is expressed in 
(1) suffices to our consideration. 

The rate of change of a;’s is assumed to 
obey the following phenomenological equations 


d= > Lakh Gal. re 
=1 

N 
F,=04S/Oax= — 3) gaa (4) 


where F;’s are the thermodynamical forces 
giving rise to the regression of the fluctuations 
Q,’s, and Li;’s are kinetic coefficients charac- 
teristic of the irreversible processes concerned. 
The relation to be demonstrated is the sym- 
metric property of the kinetic coefficients, 
Lix=Lii. Denoting the inverse matrix of the 
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matrix L* by R, we have 
= Rixlnj= 615 
Dd Lik je= ix 
=) 

and from (3) 
>) Rneic=Fi . 
Kk 


We now introduce fluctuating forces into these 
equations and interprete the phenomenological 
equations as the averaged ones of these fluctu- 
ations, 


N 
a Rirte= Pit Xi . (6) 
ol 


The fluctuating forces are assumed to have 
the following properties 


i) « Xi >=0 (7) 
ii) « Xi(t).X;(t-+7) >=bi;0(r) (oie 
bij=D yi (9) 


where 0 is a positive definite matrix, and 
further 
iii) the distribution 1, X2,---, Xv is N- 
dimensional Gaussian distribution with aver- 
ages and dispersions given by (7) and (8), 
Bu 


PUY, Xo, °° XR) 
= u exp la tld 
(22) */2V’ ||| 2 te loll 
where ||d|| is the determinant of matrix 6 and 
Bi is the cofactor of its ik element, and 


Bix/||b|| is, therefore, 7k element of the inverse 
matrix of b, which will be denoted by ax. 


a=b-1 : Qik = Axi = Bix/||6]| 


In these assumptions it is noted that the 
assumption (ii) implies that the correlation 
« Xi(t)Xj(t+7)> is an even function of rt, which 
is never realized in a system described by 
so-called 8-variable. This case will be treated 
in § 4. 

Define 


XiXa (10) 


t+At 
Bide ve | Xi(t)dt = Xia(t)l 
t 


* 


In the following we denote by A without indices 
the matrix whose components are defined by Axx. 
** Introduction of j-function is of course a mathe- 
matical trick of the physical requirement that for 
small zo, 
< X(t) Xj(t-+7) >=b55 Tt 
= () T >TO: 

This consideration is also necessary in (33) and (34) 
in later section (§ 4). 
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for small 4¢, then we obtain 
t+At | 
<Bi(dt, t) Be(dt, t))= \\ (Xi(se) X(s’)> dss’ 
: | 


=bDixdt , (11) 
which yields for the probability of a path in 
a~t diagram,” 


Y (path) oc exp jag 4B » 2 au” 
Following the method deneleead by Saitd and 
Namiki,» the Fokker-Planck equation for a 
set of Langevin equations (6) can be ims 
mediately written down by defining Lagrangiam 
fF, momentum z and Hamiltonian H in 
the following way by making use of (6) and 
(12) 


XiXedtl 


t 


= By GirXi Xn 
2 ik 

1 
2 


Dd ald Ryaj— 
ik 5 


10> Riadi—F x) , 
(133 
aj R yi Rxrai—Fr) : 


aes 
ai 2 Ik 


= x a a(S Peter. (14 : 


and 
FEF => Ma—- LH 
= ; Dy aid Ryidts PX Ras + Fe} Fl 
ond 


(18: 
which should be rewritten as a function of | 
and a. From (14) we have 


py TUR a )in= 3 Rriai— Fr 
which is substituted into (15), to obtain 
IE (ny = S, ans Sm RAa Yi 
X{E mR a) +2Fi} . (AG 
The Fokker-Planck equation is obtained u 


ies , with the result! 


“ quantization” 2;,—— 
0a; 
OMe ) 
at = Oa’ a)W 
obese Cor E 
it 2 k,j Bes ~ 0a; (R if tk 
x{- So Ra Dy bee W 


| 4957) 
eee eee 
7. = 0a; ~ 2 Rij 
| a 
x4 D5 (Rta )es-4 2K) hw. (17) 


In this connection, it should be mentioned of 
_ the order of the factors in (16), because dif- 
_ ferent order of z gives different forms of the 
) “resulting Fokker-Planck equation. This order 
is so chosen as to conserve the normalization 
of the probability»; ice., 


IN 
\ W II dai=1 
i=1 


Vaan ides { SPW du=0. 
4=1 


_ §3. Derivation of Reciprocal Relations 


The Fokker-Planck equation derived in the 
preceding section is not complete in respect 
_ that the constants bic or dix are merely in- 
troduced as parameters describing the fluctu- 
F ations and are not connected with the kinetic 

This connection is achieved by 


_ coefficients. 
considering the equilibrium state. 
In Fokker-Planck equation (17) we put 


a ie 
nae 
| iW= eat Bye (Ree +28) LW. 
d} 


(18) 
This is 7-th component of the current of the 
_ probability density in a-space and must vanish 
in equilibrium state. The conditions for vanish- 
ming 7; for 7=1,2,---, N require 


a S Fe (Rae +2F;} W=0. (19) 


t 

On the other hand in equilibrium state the 
_ probability density W is given by 

Wee exp (4S/k) =exp (3 >» gacia ) . (20) 


In our treatment the existence of fluctuations 
is essential and in general aic<0, though 
<ai>=0, in equilibrium state, contrary to the 
statement of §2 that a:=0 in equilibrium. 
Substitution of (20) and (4) into (19) yields 


- E (Ra es} 5, py guce}—2 > aust | W=0. 
(21) 


In order for (21) to vanish identically, we have 
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il Pas: 
2 (R-a“ iste 2.913 =0 
or 
» git R-1a-1)15=2kg ay ? (22) 
which leads immediately to 
(KG )ps== 2074 (23) 
or 
Vos Diane se eee 
LASR= ae xe (24) 
Thus the correlation (8) is written as 
« Xi) Xi(t+7) )=2RRij0(c) 
=2kL;/0(r) , (25) 


which is equivalent to the Nyquist’s relation. 

The symmetry property of L and R follows 
from the symmetry property of } as is seen 
in (24). 

In concluding this section we rewrite Lag- 
rangian and Fokker-Planck equation given by 
(13) and (18) respectively by making use of 
(24), 


Laid (E Ruka FOLAE Rude) 26) 
= 7,20, a) +20 (F, F)—28(@)}, 26’) 


where 


O(a, a)=— ss RijQia; ? 
t,j 


= 


U (F, F)== > LijFik; , 


from which follows immediately the principle 
of the least spe of energy,”? and 


OW 
WOE nn. = jeal 


ji= bart = 
J 


(27) 


i 
5 
which is already obtained by Hashitsume.® 


§4. Systems with B-variables 

As is seen in relation (24), the reciprocal 
relation Lix=Lxi is the immediate consequence 
of the reciprocity of b, b&=bu, which, on the 
other hand, is equivalent to the assumption 
that the correlation functions of the fluctuating 
forces are even functions of time. This point 
requires further consideration. After Casimir, 
we divide the thermodynamical variables into 
two groups, @’s and B’s, according to the 
parity of time reversal, i.e., a@-variables are 
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even and §-variables are odd for time reversal. 
Then the development (1) of entropy 4S must 
be in general separated into two groups, 
Id 

4S=— - DS Gini: —— >) 7ruBubr (28) 
2 i,k Z, Aye 
in which cross terms of aw and # do not appear 
because the entropy is even for time reversal. 
Thus we have two kinds of thermodynamical 


forces, even and odd, 


fy=— > JikQr 5 (29) 


Fy=— DVIGauBu - (30) 
we 


Therefore the fluctuating forces to be intro- 
duced in phenomenological equations are even 
or odd, according to the parity of thermo- 
dynamical forces to be combined. That is, 
Xi’s are even, and X,’s are odd. Consequently, 
« Xi(t)X;(t+7)> and <X,(t)Xu(¢-+t)> are even 
functions of rt, but < Xi(t)Xa(¢+T)> is regarded 
as an odd function of r. In effect, 


(Xi) Xx —t) )= —¢ Xe(—1) Xa(—t +1) 


=—(Xi(f)X(t+r) . (31) 
Further the relation 
(Xi(t) Xa(t—t) > =< Xelt- +7) Xalb)> (32) 
leads at once to the assumption 
(Xi(t)Xa(E+7)> = 0i0(r) (33) 
(Xx(t) Xi(t-+7)> = 50 (er) (34) 
for tr=0 with 
bin=—dxi « (35) 


Then following the same procedure as in (11) 
and (12)*, we have 


<Bi(4t, t)By(4t, t)>=0 (36) 
and the probability for a path is given by 
¥ (path) cc exp {= s > Qik 
2 tk 
be rw? 1 'y p 
«| Xi Xxdt —- 2 Ss an AnXualt ; (37) 
t, 2 du ty 


which does not contain the coefficients aa or 


* As is stated in the foot-note to (8), (33) and 
(34) mean that the correlations of the left-sides 
vanish for tr >79, t) being a small quantity. Thus 
in the present case the probability P of finding 
X;’s and X)’s at the same time may be written as 
a similar form as (10), but X;X, is to be regarded 
as Xi(t)Xy(t-+7), to>t>0 and X)Xj as X(t) Xi (+7) 
with tm >7c>0. In this way (36) and (37) follow, 
with a defined as the inverse of 6 whos2 elements 
are bij, bin, buj and bay. 
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ax. However, because da=—di we may 


write instead of (37) 


"2 XiXndt (38) | 


t 


¥ (path) cc exp fe > p> ain | 

due if | 
where / and m run for all i and 2. In what. 
follows J,m and m stand for both 7 and a. 


The Lagrangian & is | 
=> = Qi XG Non, 


CF 
= 5 Sain S Rintln FS Ruan Fin) 
(39), 
and defining a* by a*=(a+@)/2, a@ being the: 


transposed matrix of a, we have for momentuia 


71 | 


T= 2 (a*R) mu Rimn’Gnt —F'm) 
and for Hamiltonian (& 
= . »y Tr 
<> {(R73a*4a*R-?) ntm+2(R7) mE mn} t 
a (4) 
Making use of the differential representation 


for momentum, we obtain for the condition! 
of vanishing current in equilibrium | 


(40 


(R-1a*-1aa*-1R-?)im=2k(R-)im (42? 
corresponding to (23). 
Thus we have 
a*—qa*-1R-1=2k x unit matrix 
or 


R-1=2ka*a-!a* = 2ka*ba* . 


into parts of @-variables and * -variables, wel 
finally obtain | 
(444 


Lig=Lyi=2kaij=2kay 
Lyy = Lyr=2Rday = 2Raur 
La=—Ly=2R S aaxu*busaj* 
My J 
= —2k >, ais*Djpdua* 
My) 
Needless to say, in the presence of magnetid) 
field or Coriolis force, (24) and (44) still hold 
on inversing these external forces. 


§5. Entropy 


Consider an ensemble of N loosely couplee 
identical systems each of which can be treatee 


4 


1957) 


in the above sections. The entropy of this 
ensemble may be defined as 


s=N | WAS 1 das— kN | W log Wilda; . 


(45) 
The first term of (45) means the sum of the 
entropies of each systems, when they were 
} isolated and were regarded as in states of 
thermal fluctuations, and the second is the 
“mixing” entropy or entropy arising form 
weak coupling. In equilibrium state W is 
| equal to Wy=e-2+49/ | which reduces (45) to 


S=kNO—kN| Wlog (W/W) It das (46) 


| 
' 
S/N is considered to be an average entropy 
of the system. Then we have 


aN \ gC ASU rors siya 


— aN | OW tog WU dex 


ot 
(47) 


dt 7) 
i 
“The first and the second terms of this equation 
- 
| 
i 


are rewritten by making use of (27), (4) and 
partial integration, as follows 


wy ASE vi 


“bee 


AS 


=N\ EUW 5S I dav 


=f jan itde (48) 
i j 
and 


—kN log W 1 da; 


few 
=a |= rent W) log WI day 


=-AN| 3 iG ‘5 


=| [S Rishi DAF IW dax (49) 
- : 

Thus we have 
aS _ 
dt 


n| a Risfigs WU das, (50) 
i,j ki 


“average. 


§6. A Critique of Popov’s Theory 
' Recently, Popov’? presented a theory that 
‘ he phenomenological equation (3) is the first 
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integral which has the properties a,;—>0 at 
t->co (in equilibrium state) of the following 
differential equations of second order 
a=—F; @G=1, 2,--jN) (51) 
and further he showed that the reciprocal 
relations are derived from this mathematical 
condition. However it seems strange to 
observe that equations (51) are defined only 
through thermodynamical quantities (4) and 
yet are derived from these the phenomenolo- 
gical equations (3) which contain kinetic coe- 
ficients of entirely different character from 
thermodynamical quantities. In his theory, 
Popov showed merely that if one write the 
first integrals of (51) consistent with the above 
condition there exist reciprocal relations be- 
tween the coefficients. Popov demonstrated 
this in the case of two variables and Karani- 
kolov® extended Popov’s theory to the case 
of three variables. 
However their calculation is easily general- 


ized to any number of variables. Substitution 
of (4) into (51) gives 
= 21 Jij; i=1, 2, oN (52) 
J 


which can be transformed into diagonal form 
pale Aer oo sIN (53) 


by an orthogonal transformation JT which 
transforms g into diagonal matrix h 


holies Ca (54) 


and then hi: >>0, because g is a positive definite 
matrix. Thus the solution of (53) which 
vanishes for ft © is 


xi=2i(0) exp (—V hit) , 
which ticles for the first integral of (52) 
== Tiej=— >; Tis V hijgecs 
J 


=— Ti V hy T te 
Sk 


Vi =huwe , 


(55) 


oy Ti V his TieGia Fe 
jk 

= Tis V hish55 TF 
Ble 

= >) Mk: (56) 
k 


where the fourth line follows from the third 
by noting g3=T"h71T and Mix is defined by 
Mix= =. Dee TEE ak 
= SAP THT ix (57) 

j 


because 7 is an orthogonal transformation, 
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T;,'=Ts. From (57) we get immediately 
Mix= Mii (58) 
which is the reciprocal relation Popov and 
Karanikolov want to prove. They did not 
show any physical meanings of the equations 
(51) and the coefficients Mix in the first integrals. 
In effect the coefficients Mi: have nothing to 
do with the kinetic coefficients. 
What, then, should take the place of equation 


(51)? Euler’s equation of our system is 
dIAIFA IAL 
ae = 59 
at Oa; 0a; : ( ) 


where Lagragian ~& is given by (26). This 
equation is written, making use of the re- 
ciprocal relation of Liz, as 


“ Rij@jt »> (gL)izF3=0 
j 
or 
a=— > LoL)isF; 
i 


= Di(Lg hg); 


This should be used instead of (51). Follow- 
ing the same procedure as from (51) to (56), 
we define a diagonal matrix S by means of 
an orthogonal transformation T, 

Sai NUS Ro gal 31 ast 
then we have 


(60) 


(61) 


a= a KiF; (62) 
Jj 


and 
Ky= > T ie See Tit Giy 
= Ss Tec T STL) ey 


=Li; (63) 
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The above consideration is nothing but a con- 
clusion of the Onsager and Machlup’s vari- 
ational principle.” | 


Note added on Oct. 12. 

After submitting this manuscript to the 
Physical Society of Japan a paper of Tisza 
and Mannig (Phys. Rev. 105 (1957) 1695) came 
to the author’s attention, which is closely 
related to this paper. Their theory is based) 
on the property of the Lagrangian of Onsager- 
Machlup’s theory (which they call OM fune- 
tion) as is done by WHashitsume, and is 
developed for one variable. Nothing is said 
about reciprocity relation, but mention = 
made of the spectral representation. | 
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of the galvanomagnetic effects. 


Introduction 


es 1. 
The galvanomagnetic effects of bismuth are 
_very remarkable even in weak magnetic field, 
_and the anisotrioy of these effects of single 
crystals have been studied extensively.-® 
When we intend to carry out the complete 
ee ements; it seems to be necessary to 
consider these effects phenomenologically by 
means of tensor analysis from the view-points 
of Onsager’s reciprocal relation and rotatory 
“symmetry of crystals.2-12 The results ob- 
' tained by these considerations were employed 
? for the design of the experimental apparatus 
and for the preparation of specimens. In this 
; work, the eighteen components of the galvano- 
“magnetic tensors were determined as the 
: functions of the temperature between —160°~ 
45°C, and the preliminary report has been 
published already.1 Recently Abeles and 
-Meiboom™ performed the similar measure- 
rents and determined some components of 
the galvanomagnetic tensors. Their values 
are nearly concordant with this work in general 
cases, but in some components the discrepancy 
of about factor 2 were found between two 


| measurements. 


~§2. Tensor Consideration 
/ According to the phenomenological theory 

the galvanomagnetic effects of a single crystal 
‘can be expressed by the following tensor- 
equation’) if the electric field is not too 
| strong: 

Ei = pis M)Lj+6ijeli Ri , Gi) 
_ where 
01) = 03i( ED) . 

In Eq. (1), Exi=1, 2,3) is the component of 
the electric field which is applied to the crystal, 
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The anisotoropy of the galvanomagnetic effects in the single crystals 
of pure bismuth was investigated at the temperatures between —160° 
and 45°C. The results were analysed by the phenomenological theory 
Two components of the resistivity tensor, 
two components of the Hall tensor, eight components of the magneto- 
resistance tensor and six components of the third order galvanomagnetic 
tensor were determined as the functions of temperature. 


I;(j=1, 2,3) the component of the. current 
density flowing through the crystal, p:;(H) is 
the even function with respect to H, and 
Ri(H) is the odd function. &43. is Eddington’s 
tensor of the third rank.* 

When the magnetic field is weak, we can 
expand oi;(H) and R:(M) in the power series 
near zero field as follows: 


01j A) = pij+ oi), mnLmHn+ - ees ( 9 ) 
Ri( A) = Ri jmHn+ Re,mnollmHnHo+ on | 


oi; is the resistivity tensor of the second rank, 
whose subscripts can be interchangeable; 
0ij,mn 18 the magnetoresistance tensor of the 
fourth rank, which has the interchangeability 
with respects to pairs of subscripts before or 
after the comma; Rz,m is the Hall tensor of 
the second rank; Rx,mno is the third order 
galvanomagnetic tensor of the fourth rank, 
whose subscripts mno can be interchanged 
with each other!. 

A bismuth crystal has the ratotory symmetry 
Dszqa which is galvanomagnetically equivalent 
to D; having one trigonal axis and three 
binary axes. If we assume the trigonal axis 
as the third axis of the cartesian coordinate 
(23), and one of binary axes as the first (2), 
and the axis which is perpendicular to both 
xz, and x3; as the second (#.), the components 
of the galvanomagnetic tensors can be ex- 
pressed as follows!: 


P11 0 0 
Cuy= 0 O11 0 (3) 
0 0 033/35 


* &ijn is zero if i=J or k, or k=J, but equal to 
it “7 l2syn 2316 on tolZyrandsequal to elit 
ijk=213, 321 or 132. 
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011,11 O11,22 11,33 (11,23 0 
O11,22 Ott Oli33s — 011,23 0 
_ | 033,11 033,11 033,33 0 0) 
0tj,.n = 
023,11 (023,11 0 023,23 0 
0 0 0 0 023,23 
0 0) 0 0 011,23 
Ri 0 0 
ea 0 Ri 0) 
0 0 R3,3 ’ 
Ryn 0 $Ri,111 0 0 
Rkjmno= 0 4Riin 0 Rian Ri ,193 
0) R3,112 0 —Rs12 R3,113 
In the two dimensional representation of 


the last tensor, the subscript k is arrayed 
vertically, and the subscripts mo are arrayed 
horizontally in such a sequence as 111, 112= 
W1=211, 122=]212=22) 222, 113=13l=311, 
173—132—213=23)=312=—s2),, 223=232=002, 
133=313=301, 230=o20—002 and ovo. 

It can easily seen that there are two in- 
dependent material constants for pi;, eight 
for pi3,mn, two for Rx,m and six for Rx, mno, 
respectively. In order to measure all of the 
above shown components, it seems to be 
necessary to perform three sets of measure- 
ments about several types of specimens got 
from one single crystal. The shape of the 
specimen should be a rectangular parallele- 
pipedon elongated in such a 
direction that makes the angle 
6, with the trigonal axis in 
the «,—2; plane (see Fig. l(a) 
and (b)); its cross section should 
be square or nearly square, and 
the elongated side faces should 
be parallel or perpendicular to hk 
&-axis. 

The first set of measurements 
As shown in Fig. l(a), under the 
external magnetic field Hin such 6 
a direction which makes the  ~*,-9xis 
angle g from 23-axis in 2,—23 (a) 
plane, the electric field Ey’ along 
the long side of the specimen 
and the Hall field FE, along 2.-axis 
should be measured by two pairs 
of probes when the current J,’ passes through 


Pisa 


(c) 
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0 
0 
(4) 
0 
023,11 | 
3(011,11— 011,22) > / 
(53 
Ry ,193 0 Ry 133 0 | 
0 —Ri,128 0 R4,133 0 (3 
0 R3,113 0 0 R3,333 


the specimen. The resistivity E,’/J,/ may 
calculated by the following method. As th 
direction cosine of the current vector h’, i 
(sin 62, 0, cos 82), we have 

i’ =(" sin G.,, 0, J,°c0s G5). ( 


then Eq. (1) reduces to 


Ft asin 9.0111) +008 O2p1s(H)—cos 0,Ra(H) , 
of 


Ey : 
eo =sin 02012H) +008 95 923(H) 
Z | 
+cos 62R,(H)—sin 0.R3(H) , | 


ee 


== Sih 0,013) +cos 620334) +sin 0.R2(H) afl 


ar 
1 


(a 


xe axis 


Xs axis 


Xg- AXIS 


Xp GXIS 


0 
x,7 axis 


‘ 
l, 


x, 7 OXIS 


(b) 


Geometry of measurements. 
(a) For the first set. 
For the third set. 


(b) 


For the second set. 


so the resistivity is given by 


l, 


s shown by Eq. (2), we have 


oo 
i 


By measuring the resistance under the magnetic 
field, we can determine the value of 0 (@.) 
as a function of #, and the value of op“ (4, ¢) 
3a function of 6, and g. Eq. (12) shows that 
©)(@,) has the period z for @., while Eq. (13) 
hows that o0(@,, ¢) consists of three terms; 
1e first one is independent of ¢, and the 
second and third are proportional to cos 2? 
a d sin2g, respectively. From analysis of 
the experimental results concerning p“?(@2, ¢), 
t e @,-dependency of the factors within the 
large brackets can be found so as to deter- 
mine the numerical values of 611,11, (11,33, 
033,11, 033,33 ANd 23,23, although the values of 
the remaining components fu,.2, 023,11 and 
011,23 cannot be obtained by these measure- 
ments. The components of the Hall tensor 
xm may be found from Eq. (8); as the 
direction cosines of Z’ are (sin 9,, 0, cos 4), 
and those of EF, (0,1, 0), the components of 
: 4 unit vector which is perpendicular to both 
T/ and E, are (—cos Ms, 0, sin 0). Then the 
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ae : 
— = (sin 0,E,+c0s CMON ie 


= Sin? 901,H)+cos? 02033() +2 sin 0, cos O2013() , 


Ou) = 61+ o1u,nA?+ 011,33H32-+ +++ 
033) = 033+ 033,114)? + 033,33 Hs2+ - os, 
Pris A) = 2053 23Fs a+: +--+ 


0 (8s) = 011 Sin? 0,+ 033 COS? Oy , 


+{ 023, 23 SiN 202} sin 2¢ . 
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(9) 


4 which the terms concerning the Hall effect vanish. Expanding as the power series of H; 


F om H=(Hsin¢, 0, Hcos¢%), Eq. (9) reduces to 


‘il tial Sing ee 38 Gos? 0.} 


(10) 
= 0 (Os) + H*pO(O,, g)++>-, (11) 
(12) 
+1 22 P1111 ine 2B, 433, aS (88,11 Cogs 0, cos 20 
(13) 


odd part* of £/l’ becomes cos 0.R)(H)— 
sin 0R;(H), so we have 


Odd Part of E./hh’/=R@(@,, ¢)H 
=(R1,1 cos 0, sin gy —R3,3 sin 0. cos y)H , 

‘ (14) 
if the first terms in the power expansion of 
RH) is retained. RO, ¢) has the period 
2x with respect to ¥, and its amplitude is 
given by 


{(F1,1 COS 42)? +(R3,3 Sin O2)?}1/2 , (15) 

The second set of measurements The 
specimens used in these measurements are 
the same as in the first set; but the magnetic 
field is applied always in a direction perpen- 
dicular to the current Z’ as is shown in Fig. 
l(b). As the direction cosines of H are 
(sin g cOs #2, cos Y, —Ssing sins), where ¢ is 
measured from 2»-axis clockwise in the plane 
perpendicular to h’, the resistivity is calculated 
by the following equations: 


(2=90°) 


ie 
f(H)  Ho(—H 1 


easuring - a I 7 
(H) and that for the reverse one (~#). 


Vie eit pe of (Muon) (masta cos 29 — pr1,93 sin 20 |, 


: x The term itch a bad! eth respect to HT in the second equation of (8) could be obtained by 


, that is, one half of the difference between H,/7;’ for a magnetic field 
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> Pace eeeee| (a + 011,33 + 033,11 + 033,33__ 
nan 2 


2 
seks ioe " cos? +(e a a sind |, (02=45°) | 
= 033-+ H*[ 033,11] (0.=0°) “ 
And from the second equation of (8) we have 
Odd Part of E2/hh’ =(R:,1 cos? 6.+R3,3 sin? 92) sin gH , Gi 


which may be used for the determination of Ri,, and R3,3; in some cases, and 
Even Part of F./’=— 23,17 , 
By means of Eqs. (16) and (18) we can find td 


which corresponds to the planar Hall effect. 
values Of (11,22, 023,11, 011,33 ANd 011,93. 


The third set of measurements The six components of Re,mno can be determined by th 
following method. For the specimen with 6,=0, two pair of probes, which are set perper 
dicular with each other, are used to measure the electric fields along z.- and x3-axes. If ; 
magnetic field is applied in the a.-%; plane as shown in Fig. l(c), Re(H) may be expandes 


as follows: 
R(H)=0 5 
RAH) = R,,1A24+ Ri 1113 — 


Let @, be the angle between the magnetic field and z3-axis, then we have 


Odd Pane of eolhy = —R3,3 COS 0,H+R.(0,)H? : (2 | 


where | 
R}(6,) = R3,112 sin? 6,—3R3,113 sin? 0, COS 4, —R3,333 cos? Gy F 2 
Odd Part of Es/h’=Ri,1sin 0:H+R,(0,)H? , Q) 

where 
R3©(6,)=Ri,11 sin’ 0,—3R1,193 sin? 0, cos O,4+3R1,133 sin 0, cos?6, ‘ ( 4 


From the @;-dependencies of R.“?(4,) and R3“(4,), six components of Re, mno can be calculates 
By means of these sets of measurements described in this section, we can find values | 
all the components of the galvanomagnetic tensors 9i;, pij,mn, Re,m and Re, mno. 


§3. Experimental 

An ingot of bismuth, whose length is about 
80 mm and diameter is about 8mm, was made 
of Merck “extra pure” bismuth. The ingot 
was zone-refined five times with the zone- 
width of 10~15mm and with the speed of 
15mm/hr, then this became a single crystal. 
Specimens were cut off from its middle part. 
The purity was not determined by the quantita- 
tive analysis, but supposed to be the order of 
four-nine.* 


* By spectroscopic qualitative analysis the ex- 
istence of the following elements was proved: Ag, 
As, Cu, Fe, Hg, In, Ni, Pb and Sn (in alphabetical 
arrangement). The author is indebted to Mr. H. 
Suzuki for this analysis. 


3R1,123e*A3+3R,133H2H:? , (it 
R;3(H)= R3,3H;—R3, 12H? +3R3, 1132? A3 + Rs,333 3° ‘ 


023, »») sin? g 


Ge 0226) (li 


| 


As is well known, the cleavage planes off 
bismuth crystal are (000,1), and on thes 
planes are seen many faint stripes intersectiri 
by the angle 120° with each other. Tt 
direction of the stripes proved to be coincide: 
with binary axes by X-ray photograph. R 
ferring to the cleavage planes and binail 
stripes six specimens with the following shay} 
were prepared: the length is 6~8mm, th) 
cross section is nearly square (2x2 mmz2), S§ 
different values are taken for 6., namely 
30°, 45°, 60°, 75° and 90°. The shaping anl 
grinding of specimens are made by means | 
a watch-lathe equipped with the tip of dentz| 
grinder.** The dimension of specimens wil 


2K 


For the preparation of specimen the authori 
indebted to Messrs. K. Hirakawa and A. Okazakii 


957) 


leasured within the accuracy of 0.01 mm by 
‘screw-micrometer or by a comparator. The 
rror of the angle 0, may be ee(i~2)". 

The resistance and the Hall voltage were 
easured by means of a D. C. potentiometer 
ind a galvanometer. The magnetic field of 
00~1500 gauss was supplied from an electro- 
magnet, which can be rotated around. the 
vertical axis to vary g or 6,.° The intensity 
f the magnetic field was measured by a 
fluxmeter and a search-coil calibrated by 
nuclear resonance. 

f We must take care that large magnetic field 
should not be applied to specimens, because 
the galvanomagnetic tensors @4;,mn and Re,mno 
are the coefficients of the power expansions 
of oi) and Rx(H), respectively, near the 
zero point of the field. 


§ 4. Results 


Ine By the method described in § 2, the com- 
ponents of the galvanomagnetic tensors i;, 
Qij,mn, and Rim were obtained for the follow- 
ng four standard temperatures, namely 45°, 
0°, —70° and —160°C; but as for Re,mno the 
measurements were carried out only for the 
| hree temperatures 27.;°, —70° and —167° 
E a) The components pi; The resistivity 
as measured as the function of temperature 


‘6 
| Dee 
x 


4 
{2 


q (6) 


| xlO fohay. cm 
f 
i 


Qi¢S | 


OPsx0) 
sin@e 


Or29 


; Fig. 2. 6-dependencies of 0). 
for the specimens whose @, are 0° 20s 4k, 
and 90°. Results for 0°C and 45°C are 
: hown in Fig. 2; in which sin? 4» is taken as 
the abscissa and 9©(02) as the ordinate. Ac- 
Te to Eq. (12), p©(02) should be a linear 
unction of sin?@.. In Fig. 2 the observed 
alues are represented by crosses, which seem 
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to be on straight lines. The probable values 
of ou and 3; can be easily obtained from 
such lines, and their temperature-dependency 
is shown in Fig, 3, and their numerical values 
are tabulated in Table I with their estimated 
errors. 


-4 
xlO ohm.cm 


-150 =100 -50 0 


Temperature ¢ 


Fig. 3. Temperature dependencies of 01; and 033. 
The values shown by © and © are obtained 
from the lines drown in Fig. 2. 

The values shown by @ and © are obtained 
by measuring the resistivities of specimens 
whose 62 are 0° and 90° respectively. 


“1 
ohm.cm.gauss 


-8 
xlO 
5 


R® 02,9) 


Fig. 4. g-dependencies of R@. 


b) The components Rix,m According to 
the method described in § 2, the ¢-dependency 
of R@(@,,¢) given by Eq. (14) was measured 
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and some of the results are shown in Fig. 4. 
It is evident that the square of the amplitude 
of the curves in Fig. 4 is given by Rj; cos? #2 
+R3,3sin?6,, which is the linear function of 
sin? @,. This relation is shown in Fig. 5, 
from which the most probable value of Ria 
may be found; on the other hand, the value 


of R33 could not be found because the abso- 
lute value of R3,3 is very small. But by in- 


-16 2 
xlO (ohm: cm/gauss) 


O 
O 0-25 0:50 075 1-00 
sin?Q. 
Fig. 5. Linear relation between the square of 
amplitude of R@ and 62. 


-38 -! 
x!O ohm.cm.gauss 


Rit and Raa 


Fig. 6. Temperature-dependencies of R1,; and R33. 


specting the curves in Fig. 4 we can find that 
the sign of R3,3; is probably opposite to that 
of R,,, and the absolute-value of the former 
seems to be as small as 1/20~1/30 of | R11). 
In Fig. 6 and Table I the temperature de- 
pendencies of R;,,; and R3,3 are shown. 


c) The components ij,2n By means of 
the first set of measurments, the values of 
011,11 (11,33, 033,11; 033,33 and 023,23 Were found. 
The resistivity under various magnetic field 
strengths (7) and the directions (¢) of the 
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magnetic fields were measured, and in Fi 
7(a) is shown one of these results which 
present the linear relation between the r 
sistance and H?2 at 45°C, and from this cury 


es 
ne) 
WN 
£ 
(@) 


MV 


ine) 
GI 
py) 
O 


Voltage between Prob 


xl0° f 
1:75 il; 
x 10% 
H* [gauss?] ) 


H [gauss] 
258 USS 


Fig. 7(a). 
aes ae 


Observed values of #;'/T’ as functio 


-12 -2 
xlO ohm.cm.gauss 


Fig. 7(b). g-dependencies of op. 


the value of p(6:.,¢) for 0.=0°, ¢=90° 

obtained. As the temperature decreases, tl 
range of the magnetic field where the linearlii 
between the resistance and H? exists becom 
narrower, so at the liquid air temperature f1 
measurements were performed for H=0~2 
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gauss. The g-dependencies of p“?(@2, g) were 
shown in Fig. 7(b), and may be expressed by 
the following equation: 


0(02, 9) = Ao(G2)+ A142) cos 2¢ +. BO.) sin 2¢ . 
(13’) 
The accurate values of Ay, A; and B, may 


be found by means of numerical Fourier 
analysis*, and we have, for example, 
Ay=1.8; x 10-2 ohm, cm/gauss? , 
A,=—0.9; x 10-2 ohm. cm/gauss? , 
B,= —0.22; x 10-2 ohm. cm/gauss? , (24) 


(A,=—0.01 x 10-” ohm. cm/gauss? , 
B,=—0.00; x 10-” ohm. cm/gauss?.)* 


-12 -2 
xlO ohm.cm. gauss 


O OZo 


0:50 
sin? Qe 


Fig. 8. Linear relation between 6, and Ay or Al. 


O75 1-00 


for the specimen with 0,=45° at 0°C. There- 
fore, if the 0,-dependencies of A,, A, and B; 
were found, it is easy to obtain the values of 
011,11, 011,33, 033,11, 033,33 and 023,23 from com- 
parision of Eq. (13) and Eq. (13’) (see Fig. 8). 
Similarly, according to the second set of 
measurements for specimen whose @, is 90°, 

one can easily find the values of 11,23, Par,22 


* The terms An and Bn (n=2) in Fourier eX- 
pansion 


062, ¢)=Ao+ 3d! An cos 2ng+ S By sin 2g 
n n 
proved to be as small as one percent of A; in most 


cases, so that we can assume that 0((6,, ¢) is re- 
presented by Eq. (13’). 
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and 91,33; the last of which proves to ag 
with the value of ou,3; obtained in the 
set of measurements within the experimen 
The only remaining component of t 
galvanomagnetic tensor is 23,11, Which | 
determined by means of Eq. (18). All @ 
values of ij,mn and their temperature 
pendencies are shown in Fig. 9 and in Table 


error: 
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Fig. 9. Temperature-dependencies of (ij.mn- 


d) The components Rijmno According 
the third set of measurements, the odd paa 
of F./ih’ and E3/I’ were measured as functi 
of H, and by plotting £,/l’|H|vsH? a 
E;/I|H\vsH? we can find the values 
R,(6;) and R.(6,) in Eq. (21) for varie 
values of @,. The results the three differe 
temperatures are shown in Fig. 10(a) and (b 


* 


The applied magnetic field must be so s 
that the curves E}/I;’|H|vsH? or F,/I,'|H|vsi 
remain linear; on the contrary if the field is t 
large these curves should bend, and then some ¢€ 
perimental errors would be introduced into R,( 
or Fe3(6;). In this work, we were obliged to app 
the magnetic field of 200~1500 gauss for specime 
and this seems to be too strong at liquid air temp: 
ature, so that the final results for this temperatu 
are considered to be less accurate than others. 


y the analyses of these curves by means of 
qs. (21) and (23), six components of Rx, mno 
we found and tabulated in Table I. Using 
hese values of Rijmno, Re®(0:) and R3“(0;) 
ire recalculated and shown in Fig. 10(a) and 
) by solid curves. The dotted curves in the 
Ower part of Fig. 10(a) are —cos? 0,R3,333, 
—3 sin? 6, cos @:R3,113 and sin? @R3,112, 


re- 


-\6 os 
0 x 10 ohm.cm.gauss 


Sonne 
I BO @ 


Se ee ae a a rn eas a oe 


hie ee 
-3sin?@cos @Ray3a 
(+27:5°C) - 


G 1 Ht 1 L 
‘ © 90°60" ~30° Omer oO. 
ole) 
Fig. 10(a). Values of R2“ as function of #1. The 
: calculated values are shown by solid and dotted 
; curves, the observed ones are shown by small 
; circles. 


spectively, and the sum of them should be 
equal to R,(6,) according to Eq. (21). 


§5. Discussion 

Some components of the galvanomagnetic 
tensors were already measured by several 
investigators; and in Table I values measured 
by Abeles-Meiboom,’” Vergler? and Stierstadt” 
are also listed. Values of components of the 
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resistivity tensor and Halli tensor obtained by 
Abeles-Meiboom coincide with those of this 
work. As for the magnetoresistance tensor, 
their values of 011,11, 033,11 aNd (is,22 are con- 
sistent with ours;* whereas our values of 
011,33 and 933,33 are about two times larger 
than theirs.*»** The quantitative concordance 
between our values and Vergler’s or Stierstadt’s 


-16 _3 
xlO ohm.cm.gauss 


Cie 7415 eC) 


Ou 


0, 
(aay, 


Fig. 10(b). Values of Rs“ as function of 6:. The 
calculated values are shown by solid curves, and 
the observed are shown by small circles. 


hangs al 
=90° -60 | «30; 


are not remarkable as shown in Table I. 
Both components of the resistivity tensors 


* From Fig. 9, values of components of the 
magnetoresistance tensor for 23°C are interpolated 
as follows: 

0uju=1.01:x 10-™, 

033,11=1.95 x OLS 6 

Ou1,2=1.52x 107". 

** Values of 011,23, (23,11 and (23,23 were not 
measured by Abeles-Meiboom. 


011,33=0.66 x 10-?, 
033,330.37 x 10-¥ 


+30° +60° +90° 
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0x; increase linearly with the increasing temper- 
ature as shown in Fig. 3, and if the curve 
for 033 is extrapolated to lower temperatures 
it will intersect the abscissa at —256°C or 
17°K. Therefore, roughly speaking, the re- 
sistance is proportional to the temperature 
except for the very low temperature region, 
and this temperature dependency has already 
been observed for pure bismuth by several 
authors. The order of magnitude of the 
resistivity is 10~100 times greater than that 
of normal metals, because of very small con- 
centration of the free carriers. The degree 
of anisotropy is not so large, as 33/pu is 1.2; 
at 4526, W2e,at 02, 3; at: —o0°C. and 1:2 
at —160°C. 

Whereas the anisotropy of the Hall effect 
is very remarkable. The component &,,; 
which can be measured when the weak 
magnetic field is applied along 2,-(or 22-) axis 
of the crystal, is positive* and amounts to 
1.21 x 10-8 ohm. cm. gauss“! at 45°C and be- 
comes nearly five times greater at —160°C 
(cf. Fig. 6). But the absolute value of R3,3, 
which is the Hall coefficient measured when 
the weak magnetic field is applied along 23- 
axis, is very small (less than 5% of R,,1), 
and its sign may be negative as described in 
the preceding section. 

The transverse magneto-resistance effect 
for weak magnetic field relates to the com- 
ponents $i;,mn, Where the subscripts before 
the comma mean the direction of current, 
and the subscripts after the comma the di- 
rection of magnetic field. Among these com- 
ponents the following relation was observed: 


033,11 > 022,11 > P11, 33 » 

and 33,1. is about four times larger than 
(31,33."* 

The change of resistance in the longitudinal 
magnetic field will be estimated by o1,1, and 
033,33, and the former is about three times 
larger than the latter; and it is noteworthy 
that “ou, is larger than 4,33”, or the 
longitudinal effect is more remarkable than 
the transverse one in this case. On the whole, 
it can be said that the change of resistance 
is most striking when the field is applied along 
a-axis. The magnitude of the remaining 


* The sign of #;,; is defined as positive for 2- 
type conductor in this paper. 
+ Cf. Eqs. (28) of 16): 
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components 11,23, 023,11 and 23,23 are smalle? 
than the others, and any intuitive interpret 
tation can not be given for these components; 
The temperature-dependency of 9:;,mn is very 
noticeable, as is shown in Fig. 9; the valu 
Of Pijjmn at —160°C is about one hundree 
times larger than that at 45°C. 

The galvanomagnetic tensor Rx,mno is COM 
cerned with the field-dependency of the ra 
coefficient. The components Ri,11 and Rs3,23 
are defined by the following equations: 


= 


= =R,314+R1,11H? ’ (H]/:2-axis) | 
Iv a 
= [iq Rest Reso? ’ (H]//23-axis) | 


where £, or £3 is the electric field producee 
along 23- (or v2-) axis when the magnetic fielé 
is applied along 2.- (or x3-) axis, and the cur 
rent J,’ flow in the direction of z-axis. 
shown in Table I, &;,; is positive, wherea 
Ri,1n is negative, so that the magnitude 9: 
E;/I;’H becomes smaller as H increases. R3,23 
is also negative, but it is very small as com 
pared with Riu. 

From Table I, it is easy to see that the 
order of magnitude of various galvanomagnetia 
tensors at 45°C are given as follows: 

pi3210-* Ohm. cm , 
Rkjm—10- ohm. cm. gauss“! , P| 
Pij,mn2Z10-?? ohm. cm. gauss“? , 
Rx,mno™10-1* ohm. cm. gauss=8 , 
neglecting the anisotropies of the each galvan 
magnetic tensors. On the other hand, ac 
cording to the formal theory of electronii 
conductors, the order of magnitude can be 
evaluated such as, if the anisotropy is neglected 


: ee oe 1 (Ga | 
oc = =F 


: ; (27) 
e mt nec\ e } | 


where m* is the effective mass of electron 
t=1/o, the collision time, and # the concent 
ration of the free electrons. If one define: 


that 
pel dat  —*Cwe (28 
nec e 
Eq. (27) reduces to 
Yt and Oe Bs s (2g 


Similarly the order of magnitude for othe: 
tensors can be estimated as follows™®: 


Rim2R , dij,mn™R/He Rk,mno™R/He? . (29% 


vomparing (26), (29) and (29’), we have 


ek~10-§ ohm. cm. gauss-!, 


“H~10# gauss , CeO IS) 


from which the free electron concentration and 
the mobility are estimated as 


n~6 x 10" cm-?=2 x 10-4 per atom, 
, p=——_ 1 _~104 | Sa 


In the actual bismuth, it may be necessary 
to consider electrons and positive holes simul- 
taneously as discussed by Jones! and Abeles 
and Meiboom. The results obtained in this 
work are now being analysed by applying the 
nulti-ellipsoid theory of the galvanomagnetic 
sensors. ‘© 
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souragement and interest in this work. He 
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Jashimoto, S. Asanabe, A. Okazaki and H. 
Suzuki for their assistance in the measure- 
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Zesearch Expenditure of the Ministry of Edu- 
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* At —160°C, u=105. 
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1) 


2) 
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4) 
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The recombination of excess carriers in semiconductors is discussed 
on the basis of a model in which the recombination occurs through 
multiple-levels. The theory is extended to apply to germanium. The 
dependence of carrier lifetime on temperature in most of pure m-type 
germanium samples can be explained by introducing two sets of traps, 
recombination centers (Z¢—H,=0.30eV) and hole trapping centers (H; — 
H,=0.30eV), in our temperature range. However, the minority carrier 
lifetime of samples containing comparatively high dislocation density 
(10*—10°/cm?) is shown to vary with the dislocation density, and the 
results is expressed in terms of two lifetimes: +,, that associated with 
random dislocations, and ry, that due to the recombination centers of an 
undetermined origin. It is also shown that anomalous temperature 
dependence of the steady-state photoconductivity of high-resistivity p- 
type nickel doped germanium can be interpreted by assuming that two 
acceptor levels of nickel atom are effective at the same time, but dif- 
ferent in the effect on the recombination process. 


Introduction 


§ 1. 

It is well known that in usual semiconduc- 
tors the recombination of excess carriers is 
enhanced by lattice imperfections. These 
imperfections may introduce localized energy 
levels in the forbidden gap, which provide an 
intermediate step for recombination. We may 
call these localized levels as carrier traps. 
Shockley and Read have discussed the hole- 
electron recombination rate resulting from 
the presence of only one set of such traps. 
However, in general there may be several 
different types of imperfections and an imper- 
fection of each type may give several discrete 
energy levels”. Therefore it is necessary to 
consider the case where various sets of traps 
are effective. In the following we shall dis- 
cuss the recombination through these multiple 
levels. The extension of simple theory to 
the case of multiple levels will first consider- 
ed and then the experimental results for 
germanium will be compared with the ex- 
tended theory. 


§ 2. Theory 


With the multiple-levels model we shall 
consider the rates of electron or hole transi- 
tion between the traps and the conduction 
and valence bands owing to the processes 
which establish thermal equilibrium. Quan- 
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tities which refer to localized levels or traj 
are given subscripts 7, where different valua 
of j denote different levels. } 

Let Rn; and Ry; be the net rates of captun 
of free electrons and holes respectively by > 
level. We can write 


Rns=rnynNj* —gnjNz5 | 
Roj3=1rvibNsx — vj N35", 


where yn; and yy»; are the rates of capturir} 
an electron and hole by a single j;-trap, : 
and gp; are the rates for converse processe 
n is the concentration of electrons in condw 
tion band, p is the concentration of holes 
valence band, and Nj; and N;* are the co 
centrations of j-traps occupied by electron 
and holes respectively. Here the relatid 
between N;- and N;* is given by | 


N;- +N;*=N; A 


where JN; is the concentration of j-traps. 

According to the principle of detailé 
balance, Rnj=Rpj=0 in equilibrium. Therj 
fore, 


7njNoNio* = GnjNio-, ; 
YrjPoNin =9vjNjo*, 
subscript 0 referring to the thermal equil 


brium condition. For nondegenerate seni 
conductors, | 


: no= No exp{(Fy—Eo)/kT} , a) 
Po= Ny exp{(Ey—Fy)/kT} , 

Nio- =Nj(1+15/n)-? = Nj(1 + pops)", 6) 
: Njo* = Nj +10/n5)-! = Nj(1+pj/0)"}, 
where Ne and Ny are the effective densities 
of states for conduction band and valence 
_band respectively, Fy) is the Fermi level, Eo 
is the bottom energy of conduction band, Ey 
is the top energy of valence band, and nj; and 
pj are the concentrations of free electrons and 
holes, respectively, when the Fermi level 
equals to the effective energy, E;, of j-level. 
Thus, from (3), (4) and (5), we obtain 

| Ynjl¥nj=Nj , } 6) 

JvilTvj=P3 « 

: For small changes of carrier concentrations, 
denoted by 4n and 4p, lifetimes of electrons 
and holes are defined’ by 


tn=An/ARn ’ } 
tTp=Ap/AR» ‘ 
where Ru=% Rnj and Ry= Rey. 
_ Suppose that the Eee in carrier 
‘concentrations are small enough that only 
first-order terms in 4a and 4p need be con- 
‘sidered. From (1), (2) and (6), we get 
ARnj=7n3{ Nint 4n—(myo +nj AN; } ) } (8) 
ARvj3=7vi{ Nio 4p —(Pot Po) 4N5*} - 
‘Condition of electrical neutrality requires 
An=4p+ > ANj*=4p—-S.4N>- . (9) 
, j j 


' As a further simplification, we shall limit 
‘ourselves here to steady-state condition, 


(7) 


ARnj = AR»; . (10) 
In this case we have 
Tp/tn=Ap/An , (11) 


Bnd Eqs. (8) and (10) give 
: 4N;*+=—4N;~ =(TpjNio~ Ap— —rmiNjo* An)/B; , 


| (12) 
where 
By=7nj(no+ns) +1 vj(PotPs) - 
| Substitution (12) into (9), we get 
| Ap/4n=(1+ Hp)/(1+An) 5 (13) 


‘where 
Hn = 4 (rp5Njo |B) ’ 
ela — > (nj Njo*/B;) ° 


| 
. 
; 
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Hence, using (7), (8), (12) and (13), it is found 
that steady-state lifetimes are given by 
T=(1+ Hn) /{mo1+ Hv) +pol+An) 4A , | 


tTp=(1+ Ap) / {mo 1+ Ap) +po1+An)}A , 
14 
where a 


H= x (rnjrvjNj/B;) . 


§ 3. Applications to Germanium 

A. Control Germanium Single Crystals 

In the case of control germanium samples 
known (from resistivity and lifetime measure- 
ments) to be high purity, it may be con- 
sidered that 

Hn and Hy<1. 
Thus, from (14), we have single lifetime r 
given by 
1/t=1/tn=1/to= > (1/t)) , (15) 
a} 
where 
Tj={Tpj(Mot;) +tnj(Pot+hs)} / (Mo+Po) . 
(16) 
Here tn; and tp; are the lifetimes defined by 
the equations 
tnj=1/(rnjN5) , 
and 
Trj=1/(TvjN5) - 

Let us now consider the temperature de- 
pendence of t. 

Considering n-type samples (7% > po), and 
assuming that the recombination centers lie 
in upper half of the energy gap (”;> pj), 
Eq. (16) reduces to 

T3=Tpj(L+75/M) - (17) 
Thus, in the extrinsic region, at lower tem- 
peratures (7; < mp) 

v5 Ce Tpj » 
while at higher temperatures (”j > 1) 
cycexp{(Ej;—Ec)/RT} . 

This implies that, with decreasing tempera- 
ture, t; decreases with the slope correspond- 
ing to (Ec—E;) and reaches a plateau at 
lower temperatures. Temperature dependence 
of t is given by substituting (17) to (15). In 
Fig. 1 we show in a qualitative fashion the 
dependence of ct; and t on temperature. 

In order to test these results, we have 
measured the carrier lifetimes of control 
germanium samples as a function of tempe- 
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rature. Measurements were made by using 
experiment similar to that of Navon et al.”, 
wherein the time-decay of excess carriers in- 


SLOPE =Ej-Ec 


log Tj 


log t 


Zr 
(b) 


Fig. 1. The temperature dependence of lifetimes 
of control samples (qualitative only). 
(a) cj vS1/T; (b) cvs 1/T. 


10° 


' 4 5 
1000 / T (°K) 
Fig. 2. Time constants Zand -s 
n-type germanium vs 1032/7. 


5 in 21 ohm-cm 


jected electrically by a pulse is observed. 
Typical results on m-type germanium are 
shown in Fig. 2. In this figure, te indicates 
the time constant of fast decay and rz is that 
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of slow decay which follows the fast one 
These results are similar to that of Fan e 
al. Therefore we may conclude that tr ail 
ty are accounted for by recombination anc 
hole trapping centers respectively. | 

We shall first consider rr. In this case we 
have two plateaus. This seems to mean tha) 
there exist at least two sets of recombinaticy 
centers. However, as shown as dashed curve 
denoted by trz in the figure, one of them 
can be removed by bias light. This is 4 
characteristics of trapping centers. Thus we 
can conclude that only one set of recombina: 
tion centers is effective in our temperaturs 


10 


de 
p 
BY 
iS 
10" 
3 Q 5 
1\O00/T (°K) 


Baga (ct dpe vs 103/T. The open circles are 
experimental points and the solid line is plor 
of 2/29. 


range and that the experimental curve ce 
be fitted by Eq. (17). Taking tp,=60 nse 
and plotting log {(tr/tpx)—1} vs 103/T give 
points shown in Fig. 3. Assuming Ee—E,-| 
0.30eV, the calculated values of m,/m is als 
plotted in the figure, and is in good agre 
ment with the experimental data. 

We shall next consider the case where on} 
one set of hole trapping centers is effectiv/ 
In this case, using the theory of trappiri 
under transient conditions similar to that « 
Fan®, we get 


ts U/(ror pe) , 
or 


Ts Ce EXP {(E:— Evy)/RT } ; 
and 
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V/tr—1/ter=Niyot ’ 

vhere suffix ¢ denotes a trapping level. Using 
imese relations, experimental data give E,— 
:- =0.30 eV, N,=8.4x10"/cm3 and Tpi=sAX 
10-° cm?/sec. 

' On the other hand, when one set of recom- 
ination centers (Ynr~~7Ypr) and one set of 
hole trapping centers (yn< Yet; B,y< B:) are 


; ? ; 
effective, Eq. (14) gives two steady-state 
lifetimes, 


Tr=Tpr{ 1+(NM:/pr)} , 


Ghy Sho 
eon these expressions, 
preciable trapping effect occurs only when 
Ni/p:=1. Thus, using the experimental 
values of E:—Ey and NM, we can calculate 
the critical temperature for hole trapping 
‘being the order of 200°K. This is in agree- 
ment with experiment. However, we cannot 
ere at this time what causes recombi- 


nation or trapping centers. 

} 

{ 

B. Recombination at Dislocations 


it follows that ap- 


It has been shown that dislocations in and 
Tear the edge orientation act like rows of 
losely spaced acceptor centers with energies 
of about 0.2eV below the bottom of con- 
uction band in germanium®. Furthermore, 
unlike other imperfections, we have some 
methods to determine the dislocation density. 
hus it is interesting to investigate the effect 
ef dislocations on carrier lifetimes ingerma- 
nium. However, as mentioned above, in most 
f control samples the effect of other unknown 
imperfections predominates. Therefore, in 
‘order to distinguish the effect of dislocations, 
‘we must found a correlation between the 
lifetime and the dislocation density. When 
‘the dislocation density is not so high, this is 
‘done by using Eq. (15), and lifetime is given 


1/r=1/tat1/to 5 

where ta is the lifetime due to dislocations 
and rt, is the bulk lifetime due to the recom- 
pination centers of an undetermined origin. 
] et Nz is the density of randomly distributed 
dislocations per unit area and let » is the 
number of traps per unit length of each dis- 
— The concentration of dislocation 
traps is given by vNa. For n-type samples, 


Ta= (1/7pavNa) +na/no) ’ 
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because the level of dislocation traps lies in 
upper half of the energy gap. Then, if ty 
remains constant independent of dislocation 
density, plot of the inverse lifetime 1/c vs Na 
should give a straight line. 

We confirmed this relation in the following 
way. 

Specimens for this investigation were 
selected from the single crystals of Sb-doped 
n-type germanium in 2.5 ohm-cm resistivity 
range. The dislocation density was deter- 
mined by counting the etch pits”. Carrier 
lifetimes were obtained by the travelling 
light spot or Morton-Haynes method wherein 
the diffusion length of the minority carriers 
is measured®), 


6 


(/c. GO? secs) 
ww 


O 5 10 
Ng ( ro? cm2) 


Fig. 4. Inverse lifetime as a function of disloca- 
tion density for 2.5 ohm-cm 2-type germanium. 


Experimental data are shown in Fig. 4, and 
the resulting straight line appears to prove 
our simple theory. The slope corresponds 
to Tvav/(1-+na/mo)=5.5 x 107! cm?/sec, Or Tpav= 
11 cm2/sec, if we take Ee—Ea=0.20eV. This 
is in good agreement with the value obtain- 
ed from the measurements of the recombina- 
tion velocity of minority carriers at the 
lineage boundary®. On the other hand, in 
order to obtain the values of rpa and v 
separately, we must have the detailed 
knowledge of the electronic structure at a 
dislocation. Kurtz et al. have discussed 
possible models by which the effect of dis- 
locations on the recombination process might 
be explained. However, this is rather quali- 
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tative. Hence we do not know at this time 
by what means further analysis can be done. 


C. Nickel Doped Germanium 


Recently it has been found that some kinds 
of impurities each introduces several energy 
levels in germanium. Therefore such impuri- 
ties can be expected to give the examples 
of the recombination through multiple-levels. 


50 


S 


oO 


Ao (Arbitrary units)’ 


3 ca i 5 
1000 / T (°K) 

Fig. 5. Photoconductivity as a function of tem- 
perature for a high-resistivity p-type Ni-doped 
germanium. The open circles are experimental 
points and the solid line is calculated from Eq. 


(18). 


However, the number of levels of each kind 
is not constant, but depends on the average 
degree of ionization of the impurities. Hence, 
in order to test the validity of our theory, it 
is necessary to use particular samples. 
Experimentally we studied nickel as recom- 
bination center. Pure nickel was electroplat- 
ed on originally m-type germanium samples. 
Then the samples were holded in nitrogen 
atmosphere at an appropriate temperature for 
such a time as to closely approximate the 
solubility limit of nickel in germanium 
throughout the sample. This process per- 
mits us to control the concentration of nickel 
and the position of Fermi level. However, 
for reasons to be given below, among these 
samples, only the high-resistivity p-type 
samples were studied. Typical measurements 
of steady-state photoconductivity 4o¢ are shown 
in Fig. 5. Results indicate that do increases 
with decreasing temperature but saturates 
gradually. Such a behavior of do is in con- 
trast with that of control samples as shown 
in Fig. 6. This anomalous effect may be 
explained qualitatively by assuming that the 
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capture cross-sections for free carriers are 
affected by charge distribution in nickel 
atom™. However, more quantitative ex- 
planation can be given in terms of multiple- 
levels model as follows. i] 

It has been shown that nickel introduces 
two acceptor levels in germanium: one (up- 
per level) at 0.30eV below the bottom cf 
the conduction band, the other (lower leve! 
at 0.22 eV above the top of the valence 
band!, These levels are not always indeper- 
dent. The lower acceptor level is defined: 
by placing an electron upon a neutral nickel 
atom, while the upper level is defined by 
placing an electron upon a singly charged 
(Ni-) ion. Thus the upper level when filled 
destroys the lower level. However, in the 
case of high-resistivity p-type nickel doped 
germanium, it is possible to assume that bot 
levels are effective at the same time, because¢ 
the Fermi level is so close to the lower level! 

For our samples, the resistivity data shown 
in Fig. 7 indicate that 


E; >(Eo+Ey)/2,>(Ei +E) /2> Fo >a, 
and 


N,=N.=NM: , 


where subscripts 1 and 2 denote upper anc 
lower levels respectively, and NN; is the con} 


2 
ic 
=) 
> 
2 
8 
& 
6 
q 
3 4 
1000/ T (°K) 


Fig. 6. Photoconductivity as a function of 
temperature for control -type germanium 
(21 ohm-cm). The open circles are experi- 
mental points and the solid line is calcu- 
lated from do=DLt(pun+ pp). 


centration of nickel atoms. In this case, iii 

Tm 27m and yn2~ 72, Eq. (14) gives | 
Tn=Tn1 
Tp={TmitTei(Ne/po)} | {1+(Ni/p2)} . 


Then the steady-state photoconductivity ob 
these samples is | 


bois) [un+ rl af (7n1/791)(Ni/Po)} 
+(1+(Mlps)}1 , (18) 


where L is the rate of excitation and Lin and 
#p are the mobilities of electrons and holes 
respectively. This implies that, at higher 
temperatures where py)< Ni< hn, AG Eris 
X(Mi/po) or do x exp {(Fy—Ey)/kT}, and that, 
at lower temperatures where Do <i po <i. M:, 
Ao~Lrpitty(ps/po) or do oc exp {(Fy—E»)/RT}. 
since /y) ~ E., Eq. (18), therefore, shows the 


Ag=L(thpn-t- Tp/Lp) 
{ 
i 


expected temperature dependence. Quantita- 

file! sepa Mum Fs] 

10 
SLOPE =0.22 ey ——» = 
a 
& | 
y 2 =a 
3 el 

a. 
: E 
4 
—| 
10 ipllpas ptnareenetian 
3 a 5 6 
1000/T (°K) 


Fig. 7. Resistivity as a function of temperature 
for the sample of Fig. 5. 


tively, it is necessary to know the values of 
parameters involved in Eq. (18). The values 
for N; and pp are obtained from resistivity 
data, p. is calculated from Eq. (4) with 
F)— Ey =0.22 eV, and the values of yn and 
¥p1 can be estimated experimentally by com- 
paring the effective lifetimes, defined by 
Ao/Liynt+up), for two p-type nickel doped 
samples, where the value of L is determined 
by separate measurements at room tempera- 
ture on a sample of known carrier lifetime. 
The solid curve in Fig. 5 is computed from 
Eq. (18) using the following parameters: 
¥n1 =0.9 x 10-9cm#/sec, 7»1=1.8 x 10-° cm/sec 
and N,=7x10*/cm?. The good agreement 
between the computed curve and the experi- 
mental data suggests that the model is valid, 
and shows that two acceptor levels of nickel 
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are entirely different in the effect on the re- 
combination process. In the case of high 
resistivity p-type samples, most of excess 
holes are free at high temperatures and are 
trapped in the lower level at low tempera- 
tures, whereas most of excess electrons are 
trapped in the upper level and then recom- 
bine with free holes for all temperatures. 

Furthermore, from the formula for Hall 
coefficient, 

R=e(—Canpn?+Coppy?)/o? , 
it follows that 

Ap/An=[(Cnpin +) | (Crty—6)] (Yn/ M2) , 

0= (R077 —Rod?) | (or—6p) , 
where Cp and Cy» are constants (Hall mobility/ 
drift mobility) and subscripts 0 and L refer 
to dark and illuminated states respectively. 
This equation gives additional evidence for 
our interpretation. Experimentally we ob- 
served Hall coefficients and conductivities of 
our samples with and without a steady il- 
lumination. Taking Cn=1.05 and Cp=1.85™”, 
measurements for above sample give 4p/4n~ 
3. This is in good agreement with calculated 
value of 2.9. (Measurements for control sam- 
ples give 4p/dn~1.) 

Battey and Baum!® have observed the 
similar temperature dependence of carrier 
lifetimes in nickel doped germanium. These 
results have been interpreted qualitatively in 
terms of variable cross-section model. How- 
ever, even in this case, our theory may give 
another possible explanation. 
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An Electrical Resistance Study of the System (Cr,Mn,-_,)Sb* 


By Toshiro SUZUOKA 


The Research Institute for Iron, Steel and Other Metals, 
Tohoku University, Sendai 


(Received August 22, 1957) 


The temperature dependence of electrical resistance in the system 
(CrzMni-z)Sb was studied, which forms a homogeneous nickel-arsenide 
type solid solution of ferromagnetic MnSb and antiferromagnetic CrSb 
over the whole concentration range. It has been found that the resist- 
ance increases with rising temperature until it reaches a maximum at 
the Curie or the Néel point, and then it decreases. For the compounds 
with chromium concentration of 0.7 Z w Z 0.8, another type of anomaly, 
that is, a small discontinuity of the resistance curve was observed at 
low temperatures. It is concluded that this anomaly may be attributed 
to the magnetic transition between ferrimagnetic and antiferromagnetic 


states, which was previously proposed to exist in this range of w. 


§1. Introduction 


The compound MnSb is a ferromagnetic sub- 
stance with the Curie point at 310°C, while 
the compound CrSb is an antiferromagnetic 
one with the Néel point at 440°C. These two 
compounds, having the same crystal structure 
of the nickel-arsenide type, form a system of 
homogeneous solid solutions (Cr;Mn,-z)Sb over 
the whole range of chromium concentration 
x. This system is known to show interesting 
magnetic behaviors”: if we substitute man- 
ganese atoms in the ferromagnetic compound 
MnSb with chromium atoms, the saturation 
moment decreases at first slowly (a Z 0.1) then 


* This investigation was carried out at Prof. 
Hirone’s laboratory in the Research Institute for 
Iron, Steel and Other Metals, Tohoku University, 
and was supported in part by the Grant-in-Aid of 
Fundamental Scientific Research of Ministry of 
Education. 


falls rapidly with further substitution, and 
finally disappears at about x=0.8. Ferrimag- 
netism is expected, from the reciprocal suscep- 
tibility vs temperature curves, to prevail in 
the ranges of 0.1Z%22Z0.8. Also the Curie 
point lowers in a manner similar to the satu- 
ration moment (cf. Fig. 3). For the com- 
pound with #=0.8 (probably also with 7«=0.9), 
however, a type of antiferromagnetism ap- 
pears in a temperature range above its ferri- 
magnetic Curie point. If we further increase 
the chromium concentration, this type of anti- 
ferromagnetism seems to become the typical 
one of CrSb, corresponding to #=1. 

Such complicated magnetic behaviors may 
be explicable on the basis of the concept of 
triangular spin arrangement proposed by Yafet 
and Kittel?: a theoretical expectation») on a 
few reliable assumptions for the system show- 
ed good agreement with the experimental re- 


Its concerning the relationship between the 
aturation moment and the concentration as 
. well as that between the Curie point and the 
« ncentration. The theory further predicts 
thet the magnetic transformation from ferri- 
Magnetic to antiferromagnetic state would not 
be of the first order, hence it is expected that 
with such a transformation no appreciable 
anomaly would be observed in any physical 
properties, for instance, in electrical resistance, 
‘specific heat, etc. or it would be small if any. 
Thé primary purpose of the present investi- 
gation is to test this prediction through the 
Measurement of the electrical resistance, which 
might also be of value in comprehending other 
Physical proporties of these substances. 


§2. Experimental Results 


~ The compounds to be measured were pre- 
pared by means of the ceramic method as 
described previously. Namely, the mixtures 
of desired proportions of manganese, chro- 
‘mium and antimony powders below 100 mesh 
were sealed in evacuated silica tubes and were 
heated at temperatures somewhat below the 
melting points or the solidus line of the sys- 
tem for about 24 hours and slowly cooled down 
‘in the furnace. Reaction products thus ob- 
tained were powdered to 200 mesh or less and 
pressed into brickets of about 2*5x30mm in 
Rize under the pressure of about 5 tons/cm’, 
‘and then they were heated again by the same 
‘procedure as before. 

E These sintered samples were conductive 
enough to be measured by the potentiometric 
‘method; the resistivity at room temperatures 
was about 1x 10-tohm-cm for MnSb and 3 x 10~¢ 
ohm-cm for CrSb, while those for the inter- 
Mediate compositions roughly lay between the 
terminal values. Connection of specimens with 
electrical leads, which were platinum wires of 
0.15 mm in diameter, was made by welding 
With electric discharge from a condenser of 
60 uF. The temperature range in which the 
Measurements were made was that from the 
liquid nitrogen temperature to about 500°C, 
the maximum temperature being limited by 
the softening of the vacuum case made of 
S.B. glass. 

-. The temperature dependence of the electri- 
cal resistance of the compounds (CrzMnj-z)Sb 
is shown in Fig. 1, in which the magnitude 
of the resistance is represented by the ratio 


. 
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r/ro, % being that at 0°C. The sesistance of 
each compounds increases at first with increas- 
ing temperature, reaches a maximum at a cer 
tain temperature, and then decreases above it. 
Those critical temperatures, shown by down- 
ward arrows in the figure, accord with the 
magnetic Curie points observed previously”. 
Moreover, in the chromium-rich side we have 
found another type of anomaly or a small dis- 
continuity which locates at 40°C for z=0.7, 


= X= 0.7 
i) 
rs '¥30.6 : 
8 ' 
iS x=0.4 ; 
2 
0) t 
a x=0.2 
iN 
xXx=0 
1.OF 
O A 4 A 1 4 
-200 -IOO O 100 200, 300 400 500 
Temperature (°C) 
Fig. 1. Temperature dependence of the electrical 


resistance of (CryMn-;)Sb system. The magni- 
tude of resistance is represented by the ratio 
r/ro, Yo being that at 0°C. Resistance scale is 
indicated only for MnSb with x=0. 


at 20°C for z=0.75 and at —60°C for r=0.8, 
as shown by upward arrows in the figure. 
This kind of anomaly is very small, say be- 
low 1%, as seen from an enlarged figure (Fig. 
2). They are probably ascribed to the above- 
mentioned transition between ferrimagnetic 
and antiferromagnetic states. 

In Fig. 3, the temperatures of the anomalies 
(open circles) obtained from the resistance 
measurements are plotted against the chro- 


1346 


mium concentration x, and compared with the 
Curie points (full circles) found by the mag- 
netic measurements referred to before”. The 
agreement between these temperatures is very 
good for low concentrations. As for CrSb as 


Resistivity 


-50 O 50 
Temperature (°C) 
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Fig. 2. Resistivity of the compounds with x from 
On7 to O28: 
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Fig. 3. Magnetic phase diagram of (CrzMn-»)Sb 
system. Full circles represent Curie points ob- 
tained from the magnetic studies, open circles 
those from the resistance measurements. 


well as for compounds in the chromium-rich 
region, however, the agreement is not so good. 
The disagreement seems to be inherent in 
CrSb, since we have ascertained the difference 
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between the Néel point (440°C*) as determine¢ 
by the magnetic measurement conducted new} 
ly by the present author and the temperature 
(390°C) of anomaly found in the electricaj 
measurement mentioned above. | 


§3. Discussion 


As mentioned above, the magnetic proper} 
ties of this system may be explained on the 
basis of the idea of triangular spin arrange: 
ment that the resultant spin moments of dit} 
ferent kinds of cations form an angular cou: 
pling due to the presence of various kinds 
exchange interactions, which may be expectee 
to exist in such a substitutional type of com: 
pounds with off-stoichiometric concentrations? 
The angle between spin directions depends op 
the concentration since spin moments are af} 
fected by such exchange interactions; in tha 
present case these interactions may be ass 
sumed to be ferromagnetic for a pair of 
ions as well as for a Mn-Cr pair while it may 
be antiferromagnetic for a pair of Cr-ions 
Thus the ferromagnetism observed in the in 
termediate range of z is considered to be i 
special type of ferrimagnetism, in which tha 
moments of cations partially compensate eack 
other by the angular arrangement. It man 
also be pointed out that this tendency will bo 
put forward with increasing temperature and 
at the ferrimagnetic Curie point the momentt 
of cations wholly compensate each other. 1 
it is the case here, in the compounds wit! 
x=0.7~0.8, the magnitude of the total spit 
moment of each sublattice will not change az 
the ferrimagnetic Curie point but only tho 
interrelation between the directions of spin 
on different sublattices leads to the disappeari 
ance of the resultant moment. It will there 
fore be expected that on passing through th: 
transition from one type of spin angular ar} 
rangement to another, appreciable energ 
change of the system will not occur. Thw 
at the transition temperature the specific h 
will exhibit no anomaly, also the resistancy 
as well. Of course the above picture is 
very crude one, and so the occurrence of a3 
extremely small anomaly is not precluded. O 
the contrary, at the Curie points of the com 
pounds on the manganese-rich side or at thi 
Neel points of those on the chromium- “rics 


* This temperature is in accord with that gives 
in reference (1). 


1957) 


side these physical properties will display large 


anomalous changes due to the disordering of 


spins. The result of our resistance measure- 
ments supports the above expectation. 
Finally, according to the present measure- 
ments of electrical resistance it seems that 
the antiferromagnetic region on the chromium- 


ich side extends towards somewhat more 


‘Manganese-rich side than deduced from the 
“magnetic measurements”, since at least for 


*=().7 the antiferromagnetic region exists. In 
the previous measurement of magnetic suscep- 
tibility of the compound with w=0.7, the mini- 


‘mum in the reciprocal susceptibility vs tem- 
‘perature curve, which should be expected to 


‘appear for an antiferromagnetic, 


was not 


found, but instead there appeared only an in- 


i 


flexion point. The present measurement, how- 
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ever, demonstrates clearly that the substance 
has surely an antiferromagnetic state by the 
appearance of two anomalies in the electrical 
resistance, since these two anomalies should 
be of the same nature as those found in the 
specimens with larger chromium content. 

In closing the author wishes to express his 
sincere thanks to Mr. S. Maeda and Dr. H. 
Watanabe for their encouragement and valua- 
ble discussions. 


References 
T. Hirone, S. Maeda, I. Tsubokawa and N. 
Tsuya: J. Phys. Soc. Japan 11 (1956) 1083. 
2) Y. Yafet and C. Kittel: Phys. Rev. 87 (1952) 
290. 
3) T. Hirone and K. Adachi: 
12 (1957) 156. 


1) 


J. Phys. Soc. Japan 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 12, No. 12, DECEMBER, 1957 


Lifetime Measurements of Minority Carriers Across and Along 


a Dislocation Wall in a Germanium Crystal 
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Lifetime of minority carriers were measured across and along a dis- 
location wall in a ”-type germanium crystal. 
tions in the wall is about 2x10-*cm. 
dislocation in the dislocation wall is 2.2 x 10-cm. 
usually large (about 210 sec.), when it is measured along the wall. 
The usual value of lifetime is about 70p sec. in this specimen. 


The spacing of disloca- 
Recombination diameter of a 
The lifetime is un- 


Ite 1 


suggested that the dislocation wall forms a p-type thin layer in a -type 


crystal. 


§1. Introduction 
Vogel et al.» found a beautiful dislocation 


wall by means of etch pits technique in a 


small angle grain boundary in a germanium 
crystal. This kind of wall is precisely what 
the dislocation theory predicts. On the other 
hand it is known that the lifetime of minority 
carriers decreases when dislocations exist in 
germanium crystal.» It is expected, there- 
fore, that the lifetime will be decreased, if 
the measurements are made across the wall 
which is made of dislocation array. 

This was actually confirmed by several 


‘ 


Ls 
j 


authors®®®, but it is desirable at present to 
have more data in different conditions. 

Experiments were carried out to obtain 
more data on this effect of dislocation wall. 
We also measured the lifetime along a dis- 
location wall, and obtained a very interesting 
and unexpected result. 


$2. Observation of Dislocation Walls 

Fig. 1 shows a dislocation wall, which was 
revealed by etching a germanium crystal by 
CP4 solution®. The top and back faces of 
this crystal are {100} planes, and four side 
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faces are {110} planes. The trace of disloca- 
tion wall on the top face (001) runs in [110] 
direction (Fig. 2). It was found by careful 
observations on top and back faces of the 
specimen that this wall penetrates through 
the whole thickness of the specimen (4 mm) 


Fig. 1. A dislocation wall in a germanium 
crystal. Etched by CP4. Magnification: x 640. 


(110) 


Fig. 3. The same dislocation wall as in Fig. 1. 
Etched by modified CP4. Magnification: x 900. 


from top face to back face, and it was also 
found that the wall is perpendicular to the 
top and back faces. This was also confirmed 
by the fact that the continuous etching of 
top face did not change the position and ex- 
ternal appearence of the array of etch pits 
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in the wall. Irregular network figure which 
is observed on both sides of the wall becomes 
faint and often disappears by changing the 
etching solution. For instance Fig. 3 shows | 
the etch figure revealed by a modified CP4) 
solution and network figure is vanishingly 
faint. Incidentally the photograph in Fig. 3 
suggests the structure of bottom of etch pits 
It seems that the bottom has such a structure) 


as shown in Fig. 4, when the direction of} 
shadow is considered. 

The next problem is to consider the direc-. 
tion of dislocation line. Vogel considers that! 
the direction of dislocation lines is [001] in: 
his specimen”. Although we did not use the: 


Fig. 4. Structure of the bottom of an etch pit. 
(Schematic). 


* 


Fig. 5. A complex array of dislocations includ- -| 
ing doublets and triplets. Magnification: x950.. 


X-ray measurement as Vogel did, we cari 
conclude from the above mentioned surface! 
observations and some other additional inj 
direct evidences that the dislocation lines ir! 
our specimen may have one of the following, 
two directions. These alternatives are: 
(i) [001] edge dislocations with Burgers 
vector a/2 [110] in a slip plane {110},| 
and 
(ii) [112] edge dislocations with Burger 
vector a/2 [110] in a slip plane {111}. 

In germanium, however, only {111} planed 
are known at present as slip planes from tho 


experiments of plastic deformation, but {110} 
planes are not yet known as slip planes. 

| On the other hand a complex dislocation 
array was found in the extreme end portion 
of our dislocation wall as shown in the mi- 
crophotograph of Fig. 5. This is an assemb- 
ly of dislocation doublets and triplets as 
shown schematically in Fig. 6. Such stable 
arrangements of dislocations in doublets or 
triplets were calculated in simple cases by 
means of elastic theory of dislocation by 
Uemura”. 

_In our opinion dislocations have actually 
moved in the direction perpendicular to the 
dislocation wall in the formation process at 
high temperatures of such doublets and 
triplets. This means that our dislocations 
in the wall should be glissile (or glidable) 
dislocations. Therefore, if the slips in 


Mioit; 


(OO!) plane 


Fig. 6. A schematic representation of Fig. 5. 


germanium are limited on {111} planes, our 


dislocations should be the [112] dislocations. 
But if it is possible that {110} planes become 
slip planes, for instance at high temperatures 
near the melting point, it is also possible 
that our dislocations are [001]. 

If we consider [001] dislocation lines, the 
spacing of our dislocation array is about 2.1x 


10-‘cm., and if we take [112] dislocation lines, 
the spacing will be about 1.5 10-*cm. 


§3. Lifetime Across a Dislocation Wall 


We obtained the recombination velocity v 
and the diameter g of the cylindrical recombi- 
nation region associated with a dislocation 
(i.e., recombination diameter of a dislocation) 
Eom signals of Morton-Haynes’ photo-injection 
method®) on both sides of the dislocation 
wall which was described in the preceding 
Section. This is -type germanium and its 
electrical resistivity is 2.5 Qcm. 

The results of measurements are shown in 
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Fig. 7. The abscissa represents the distance 
between the photo-injection line and the col- 
lector probe, and the ordinate the collector 
voltage in arbitrary unit. From these mea- 
surements the recombination velocity was 
calculated by Vogel-Read-Lovell method” to 


1 


be 
v=1.43 x 103 cm/sec. 


From this value of v, the recombination dia- 
meter g is calculated” as 


g=2.2 x 107% cm. 


On the other hand it is admitted that the 
minority carrier lifetime +t in a germanium 


10.0 


5.0 


2:9 


SIGNAL (VOLTAGE) 


10 


DISTANCE (mm) 


Fig. 7. Collector voltage vs light-probe distance. 
Measurement across the dislocation wall. 


crystal with randomly distributed dislocations 
is correlated with the dislocation density Na 
as follows: 
t=1/(NagC) , 

where ¢ is the thermal velocity of minority 
carriers. Using the above value of g and 
2.101107 cm for c®, we obtain 
This relation is plotted as a line (e) in Fig. 8. 

In Fig. 8 data from different authors were 
plotted for comparison. The line (a) repre- 
sents data from 4 Qcm n-type crystal with 
uniformly distributed dislocations (Kurtz et 
al.®): the line (b) shows the results from a 
dislocation wall in n-type germanium (Mc- 
Kelvey®); the line (c) was plotted from the 
data of plastically deformed n-type crystals 
(Wertheim and Pearson™); the line (d) re- 
presents the results from -type crystals with 
randomly distributed dislocations (Okada®?). 
Okada’s results from dislocation wall with 


g=2.3x10-8 cm agree completely with our 
results (e). 

Results obtained in our laboratory from 3~ 
7 Ocm n-type germanium with randomly dis- 
tributed dislocations were also shown as open 
circles and crosses in Fig. 8. Here the dis- 
location densities were measured in two 
ways. Firstly only large etch pits with 
figures of concentric circles around the re- 
spective centers of etch pits were counted. 
These are expressed by open circles. Second- 
ly all etch pits including small ones without 


(a) Kurtz et al. 
164 (b) Mckelvey 
(c) Wertheim & Pearson 
(a) Okada 

~7 (@) Hasiguti & Matsuura 
10 Fo Large pits only (H.&M) 
x All pits included (H.&M.) 
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10? 10* 10° 10° 10° 
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Nd DISLOCATION DENSITY IN cm-2 


Fig. 8. Lifetime in n-type germanium vs disloca- 
tion densities. 


concentric circles around them were counted. 
These are shown as crosses. The latter 
value seem to be closer to the real values of 
density. These measurements on +t and Na 
were made on (100) planes of crystals. 

It is considered that 


1 ik 1 
at ep eats 
where t, is the body lifetime due to recom- 
bination centers other than dislocations and 
ta is the lifetime due to randomly distributed 
dislocations. Using the data shown as crosses 
in Fig. 8, t» is calculated by Okada’s method® 
to be 
To=153' pSeC. 


Using this value of t,, we obtain values of 
ta from the values (crosses) in Fig. 8. These 
ta’S as a function of Na’s agree quite well 


with our plot from dislocation wall (the line 


(e) in Fig. 8). 
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$4, Lifetime Along a Dislocation Wall 


A very interesting result was obtained 
when the measurements were made puttin; 
the collector probe on the dislocation wal 
As shown in Fig. 9 A, we found a very lon 
lifetime, which is 210sec., when phot 
injection site is moved along the dislocati 
wall. In Fig. 9B, the results are sho 
when photo-injection line was moved perpe 
dicularly to the wall. The lifetime is 70 4 sec 
which is the same as was found on bo 
sides of the wall in the preceding sectivs 
(Fig. 7). 


5.0 


SIGNAL (VOLTAGE) 


kK 


hy - INJECTED 


DISTANCE (mm) 


Collector voltage vs light-probe distance. 
Measurement along the dislocation wall. 
Measurement perpendicular to the disloca- 
tion wall. 


Fig. 9. 
(A) 
(B) 


It is interesting and important that a very 
long lifetime is found when the measure 
ments are made along the dislocation wall 
It is supposed that this phenomenon is due 
to the same mechanism which gives rise t 
the fictitious long lifetime in a germaniun 
crystal with alloy junction on the surfacel”. 

In our experiment the dislocation wall i: 
considered to form a p-type thin layer whict 
results in a p-m junction. Thus it is concei 
vable that our dislocation junction gives ris 
to a long lifetime just as the alloy junctio1 
does. In another paper’, we shall repor 
the effect of deuteron irradiation on thi 
surface of germanium crystal. Again ficti 
tious long lifetimes were found. It is inter 
esting to note that the lattice defects produce: 


by deuteron irradiation also form a p-type 
in layer in an n-type crystal. 


§5. Summary 


| 1. Observations were made on a disloca- 
Ben wall in a germanium crystal. 

_ 2. Recombination diameter of a dislocation 
in a dislocation wall was measured in n- type 
germanium. It is 2.2x10-§cm. From this 
value a relation between lifetimes and den- 
sities of randomly distributed dislocations 
was obtained which agrees fairly well with 
experimental results of other authors. 

3. Minority carrier lifetime is unusually 
long (fictitiously long), when it is measured 
along a dislocation wall. This seems to show 
that the wall forms a p-type layer. 


Acknowledgement 


_ The authors’ thanks are due to Prof. Y. 
Uemura for his valuable discussions and to 
Tokyo Tsushin Kogyo, Ltd. for supplying 
them with germanium specimens. The ex- 
pense for this research has been partly de- 


Lifetime Measurements Across and Along a Dislocation Wall 1351 


frayed by the Scientific Research Grant from 
the Ministry of Education. 


References 
1) F. L. Vogel, W. G. Pfann, H. E. Corey and 
E. E. Thomas: Phys. Rev. 90 (1953) 489. 
2) F. L. Vogel: Acta Metallurgica 3 (1955) 245, 


3) EA Dee icuntzs Sa Ace Kalinpandss sane were 
bach: Phys. Rev. 101 (1956) 1285. 

4) F. L. Vogel, W. T. Read and L. C. Lovell: 
Phys. Rev. 94 (1954) 1791. 

5) J. Okada: J. Phys. Soc. Japan 10 (1955) 1110. 

6) J. P. McKelvey: Phys. Rev. 106 (1957) 910. 

7) Y. Uemura: J. Phys. Soc. Japan 11 (1956) 
479. 

8) L. B. Valdes: Proc. Inst. Radio Engng. 40 
(1952) 1420. 

9) J. P. McKelvey and R. L. Longini; Phys. 
Rev. 99 (1955) 1227. 

10) G. K. Wertheim and G. L. Pearson: Phys. 
Rev. 107 (1957) 694. 

11) A. R. Moore and W. M. Webster: Physica 
11 (1954) 1046. 

12) R. R. Hasiguti, E. Matsuura and S. Ishino: J. 
Phys. Soc. Japan 12 (1957) 1351. 


iA tata iia, Oe al eee PT ae 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 12, No. 12, DECEMBER, 1957 


Lifetime Measurements of Minority Carriers in Deuteron 
Irradiated Germanium Crystals 
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. Minority carrier lifetimes were measured on the deuteron irradiated 
| surfaces of m-type germanium crystals. Fictitiously long lifetimes were 
obtained which suggest the formation of a p-type thin layer by the 
deuteron irradiation. Etch figures were observed on the irradiated 


surfaces. 


§1. Introduction 

Studies of radiation damage in germanium 
crystals have been carried out by K. Lark- 
Horovitz and his coworkers” and many others 
im recent years. It has been recognized that 
the irradiation of germanium crystals by high 
energy particles produces lattice defects 
which act as acceptors in m-type germanium, 
and that 2-type germanium is converted into 
pe type by prolonged irradiation, 


Fast neutron irradiation may produce a 
homogeneous distribution of lattice defects, 
which may be relatively easy to analyse. In 
the case of charged particle irradiation, how- 
ever, the analysis of results may be very dif- 
ficult, because the distribution of produced 
defects must be heterogeneous on account of 
short range of charged particles in germanium 
crystals. Nevertheless we can expect some 
kinds of interesting phenomena in the case 
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of charged particle bombardment. For instan- 
ce a number of lattice defects may concen- 
tratively be produced around the place where 
bombarding particles come to standstill and, 
therefore, a thin p-type layer may be formed 
in a n-type germanium crystal. The aim of 
this study is to explore such kinds of 
problems. 


§2. Experimental Procedure and Results 


Obtained 


Specimens used were n-type germanium 
crystals with more than 30Qcm resistivity, 
cut into slabs with dimensions of about 1.5 
x4x10mm, polished and etched by CP4 so- 
lution®. They were irradiated by deuterons 
from a cyclotron at Scientific Research Institu- 
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Fig. 1. Lifetime and maximum collector voltage 
as a function of depths from the initial surface 
in a deuteron irradiated n-type germanium. Ir- 
radiated at room temperature. 
830 hr. after irradiation. 


Measurements 


te (Tokyo). After irradiation, lifetimes of 
minority carriers were measured on the ir- 
radiated surface by photo-injection method 
developed by Morton-Haynes®». Then the ir- 
radiated surface was etched off little by little 
by modified CP4 solution (CH;COOH increas- 
ed), and lifetimes were determined on every 
stages of etching. Depths from the initial 
surface were measured by means of a micro- 
scope and a micrometer. 

Fig. 1 shows the results obtained as a func- 
tion of depths from the initial surface. In 
this case the specimen was placed outside 
the cyclotron window in the atmosphere at 
room temperature, and was irradiated by 
2MeV deuterons. The irradiation dose was 
1.110! deuterons/cem?. Measurements of 
lifetimes were started 830 hours after the 
irradiation. 


As shown in Fig. 1 the lifetime is unusual- 
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ly long at the initial surface after irradiation 
It is sometimes larger than 2000 usec. 
the surface layer is etched off, the lifetim 
decreases gradually and restores its origina 
value (before irradiation), when about 40 “eG 
the surface layer were removed. This valu 
of depth is about the same as the range q 
deuteron in germanium. 

When the photo-injection line falls on t 
same position as the collector probe, the ca. 
lector voltage comes to a maximum, of whic! 
the plot is given also in Fig. 1 as a functic: 
of the depths from the initial surface. Th: 
maximum voltage is proportional to the phoic 
current collected at the negative probe. I 
is very small (i.e..only 2~3 times as larg. 


t, 

z 

=) 
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Fig. 2. Lifetime and maximum collector voltages 
as a function of depths from the initial surface: 
in a deuteron irradiated n-type germanium. Ir-: 
radiated at liquid oxygen temperature. (1) 
Measurements 26 hr. after irradiation. (2) Mea-- 
surements 190 hr. after irradiation. | 


as the noise level) at the initial surface ana 
increases as the surface layer is etched off! 
The maximum voltage seems to show a peak 
just before it restores the original value (Fig: 
Pak 

In the case of Fig. 2 germanium specimen: 
were placed in vacuum inside the cyclotrow 
and were irradiated by 3MeV_ deuterons 
while being cooled by liquid oxygen. Irradi 
ation dose was 5.810 deuterons/cm?. Life: 
time measurements were carried out at room 
temperature. Two sets of curves correspone 
to different specimens. Curves (1) show : 
set of observed results, of which the measure 
ments were started 26 hours after the ir 
radiation. Another set of measurement: 
(curves (2)) were started 190 hours after thi 
irradiation: Curves in Fig. 2 are much ths 
same as those in Fig. 1 in their general ten 
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_ dencies, but the peaks of maximum voltages 


appear clearly in Fig. 2. 
A schematic representation of the collector 
voltage in an irradiated n-type specimen as 


a function of light-probe distance is shown 


irradiated specimens 


in Fig. 3. Both ends of the specimen were 
covered by lead to make them free from ra- 
diation damage, thus corresponding maxima 


-4----- COLLECTOR 
PROBE 


VOLTAGE 


N-— TYPE Ge 
Rig. 3. 
distance. 


of the specimen. 
irradiated specimen. 


Etching figure on {110} surface of germa- 
Etched by CP4 


Fig. 4. 
nium two days after irradiation. 


solution. Magnification: 560. 


of collector voltage are found. Our model of 
the deuteron irradiated crystal which contains 
a p-type thin larger is shown in the lower 
part of Fig. 3. 

The chemical etching figures of deuteron 
were also observed. 
Although etching by CP4 solution does not 
usually exhibit any dislocation pit on {110} 
surfaces of germanium crystals, a great 


Lifetime Measurements in Deuteron Irradiated Germanium 


Upper figure: a schematic representation 
of the collector voltage in a deuteron irradiated 
n-type germanium as a function of light-probe 
The collector probe is at the center 
Lower figure: our model of 
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number of pit-like patterns were found on 
{110} surfaces of deuteron irradiated crystals. 
Irradiation dose used were about 10%~106 
deuterons/cm?. Figs. 4 and 5 show these pat- 
terns. They are likely to be pyramidal etch 
hillocks rather than etch pits as they look. 
The microphotograph of Fig. 4 was taken 
two days after irradiation and Fig. 5 nine 
months after irradiation. Hillocks in 
Fig. 5 have grown to the size much 
greater than those in Fig. 4. These 
hillocks disappear, when the radiation 
damaged layer is etched off. 


§3. Discussion of the Results 


It is well known that a number of 
acceptors are formed in a germanium 
crystal, when it is irradiated by high 
energy particles, and a m-type crystal 
is converted into a p-type, if the ir- 
radiation is continued. It is expected, 
therefore, that a thin p-type layer will 
be formed within the range of deu- 
teron in our n-type germanium. 

Moore and Webster? measured the 
lifetimes in a germanium bar with 
alloy junction on back surface, and 
obtained fictitiously long lifetime. 
Our radiation-damaged specimen has a p-type 
thin layer under the irradiated surface, which 
acts just in the same way as Moore-Webster’s 
alloy junction. The fictitious lifetime effect 
of irradiated surface decreases, when the sur- 


DEUTERON 
RANGE 


Etching figure on {110} surface of germa- 
Etched by 


Riga: 
nium nine months after irradiation. 
CP4 solution. Magnification: x 320. 


face is etched off gradually, as shown in Figs. 
1 and 2. The effect disappears completely, 
when the surface layer is removed to the 
depth of about 40~50 which is the same 
order of magnitude as the deuteron range in 
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germanium. The peak of maximum voltage 
which appears just before it restores its initial 
value (Fig. 2) seems to correspond to intrinsic 
region of semiconductor. 

The distribution of acceptors in the irradiat- 
ed layer is not yet known. It is supposed 
that the density of acceptors will increase 
towards the end of deuteron range, because 
the cross section of displacement collision in- 
creases as the deuteron energy decreases. 

A shift of curves is found between the two 
sets of curves in Fig. 2. This shift may be 
due to the difference in annealing time at 
room temperature after irradiation at liquid 
oxygen temperature. The difference in ir- 
radiation temperature seems also to affect 
the shape and position of the depth curve. 
Further investigations on these problems are 
being continued in our laboratory. 

In another paper», we have reported that a 
dislocation wall forms a p-type thin layer, 
and unusually long lifetimes are obtained, 
when measurements are made along the dis- 
location wall. This phenomenon seems to be 
similar to the fictitious lifetime effect on the 
deuteron irradiated germanium surfaces which 
was reported in this paper. 


§4. Summary 


1. Minority carrier lifetimes were measur- 
ed on the deuteron irradiated surfaces of n- 
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type germanium crystals as a function of) 
etched off depths from the initial surfaces. 

2. Fictitiously long lifetimes were obtain-' 
ed which suggest the formation of a p-type: 
thin layer in a m-type crystal by deuteron ir- : 
radiation. 

3. Etch figures were observed on the 
deuteron irradiated surfaces. 


| 
| 
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Based on LCAO MO CI method, the wave functions of Liz in the 
ground state 15°,+ and three lower excited states 2, Laue srands fly 
are calculated non-empirically. Calculation is performed at internuclear 
distances of 4.5, 5.0 and 5.5 a.u. by use of 1s, 2s, and 2p atomic orbitals 
of Stater type. Further, for the ground state, various approximations are 
investigated. Among other results, it is to be noted that HL method 
gives a lower total energy than MO method, and that in CI wave function 
a configuration corresponding to x-bond appears with an unexpectedly large 
coefficient. By using these wave functions depth of adiabatic potentials, 
dissociation energy, and vertical excitation energies are calculated and 
compared with the observed values. Further, molecular quadrupole mo- 
ment, gradient of the electric field at each nucleus, and oscillator strengths 
are calculated. It is found that, in general, CI improves appreciably the 
values of these quantities calculated by the single configuration. Some 
of our wave functions are analysed by the population analysis method 
developed by Mulliken. Finally, we have examined to what extent the 
virial theorem is satisfied by the present wave functions and the reason 
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for the disagreement is discussed. 


E §1. Introduction 


The present paper constitutes the second 


| part of our series, and is devoted to the in- 


vestigation of the lithium molecule, Liz. The 
- reason why this particular molecule was chosen 


as subject for study was already explained 


in part IY; we note here that the lithium 
molecule is the simplest molecule for which 
the effect of inner shell electrons can be 


studied and for which s-p hybridization, mix- 


ing of configurations involving z orbitals, etc., 
become important. 

Many years ago, Bartlett-Furry” and Rosen- 
Ikehara® already treated this molecule by 
completely shrinking the 1s electrons into the 
respective nuclei and using Slater’s nodeless 
AO, 2s, for valence electrons, and they ob- 
tained satisfactory results for the dissociation 
energy. Later, however, James” carried 
out an elaborate calculation using a variation- 
al wave function, taking inner shell electrons 


into account, and he showed that the shrink- 


ing method can hardly be justified. 
In this paper we investigate this molecule 


from the standpoint somewhat different from 


James’, that is, by LCAO MO CI method. 
Configurations involving z orbitals, which were 
not taken into account in James’ calculation, 
are included in our calculation. Further, we 
carry out similar calculations for the lower 
excited states *>*t, 'Diut, and II, of this 
molecule, and various physical quantities are 
evaluated. 


§2. Parameters used and Method of Calcul- 
ation 

Calculation has been performed with three 

sets of parameters (a, 8), where a=0,R and 


Table I. Sets of parameters. 


Set 
ited ; I II Ill 
a 14.00 UBS) 14.00 
B 3.00 Bee) 3250 


8=0,R, 6, and 6, being orbital exponents of 
Slater AO’s (I, (1)) and R being the inter- 
nuclear distance. These sets of (a, #) are 
denoted by I, II, and III, and the values ot 
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Table Il. Values of orbital exponents 9; and od». 

Set la shay I pe. | II Ill | 

0 O1 Os | 01 02 01 02 | 

R =. ps “Sex no | 

4.5 3.11111 11 0.66666 67 | 2.94444 44 0.72222 22 3 iT Oe amee | 

‘0) 2.80000 00 0.60000 00 2.65000 00 0.65000 00 2.80000 00 0.70000 00 | 
Da 2.54545 45 0.54545 45 2.40909 09 0.59090 91 2.54545 45 0.63636 36 


them are shown in Table IJ. For each set, 
further, R is chosen, as 4.5, 5.0, and 5.5. a.u., 
on the by consideration that the equilibrium 
internuclear distance of the ground state !3),* 
is 5.05 a.u. The values of 0, and 0, corres- 
ponding to these values of a, 8, and R are 
shown in Table II. These values are to be 
compared with 2.70 and 0.65 a.u., respectively, 
given by Slater’s rule.®. 


Tacle III. Values of coefficients aij, Bij, +o 
and 7 in Schmidt-OMO.a). 


ois Set | I Il Il 
an | 0.70708 32 0.70706 15 0.70708 32 
an 0.11365 46 —0.13810 93 —0.13813 95 
a | 0.55971 03 ~—-0.57121 90 ~—0.57966 24 
as,  |—0.03735 83 —0.03024 54 —0.01969 30 
as, (0.12526 31 —0.21145 83 —0.20806 00 
ass | 0.70763 78 0.68684 09 0.67083 84 
ni 0.96945 70 0.92636 11 0.89099 07 
Pu | 0.70713 04 0.70715 21 0.70713 04 
Pn | —0.08020 21 —0.11373 86 0.12386 42 
Bos 1.18160 28 1.11965 41 ‘1.06407 36 
Bet 0.03898 60 -0.01013 22 ~0.03304 84 
Bas 2.77957 82 2.10767 48 1.63550 15 
Bss | 1.98685 46 1.72124 92 1.52334 76 
ta 0. 59394 58 0.60408 47 


58360 93 0. 


a) See Eq. (I, (8)). 


As in the case of O2, Schmidt-OMO’s (I, (3)) 
are constructed from symmetry orbitals (I, 
(2)) expressed in terms of AO’s. The values 
of coefficients aij, Bi;, rg, and yu of symmetry 
orbitals in Schmidt-OMO’s depend on @ and 
8 but not on R. These values are shown in 
Table III. 

The values of molecular integrals involving 
Slater type AO’s ©” and also Schmidt-OMO’s® 
were calculated rigorously and were already 
published. 

Among ten Schmidt-OMO’s, o19 and oy, or- 


bitals, which are constructed from AO’s (1s)w 
and (1s) only, have much lower orbital ener- 
gies than the others. Therefore, four elec- 
trons out of all the six are assumed here to 
occupy these orbitals and to form the ion 
cores. The remaining two electrons may be 
considered valence electrons. Next to oi, and 
Ou, Org and dx, are supposed to have lower 
energies. With the use of these two orbitals 
besides the core orbitals, we can obtain the 
ground state 14{,* and two lower excited 
states, 1Du* and *Siu*. Among them two 
singlet states are observed spectroscopically, 
together with 4II. state. In this paper we 
shall study these four states. 


Tablel. IV. Configurations® used in CI calculation 
for ground state 1>i9*. 


S. 


Clg C2g 03g Tg* Ty Olw Cru C3u Tut Tw 
As|i2 922 2 
B | 2 2 
ie Zi ane 
uai2 2 2 
Boro 14064 2 
1 hae 2 Sit al 
G2 1 1 2 
Hae 2 ell 
a) See the footnote a) of (I, Table IV). 


Following the procedures explained in I,, 
primitive functions for each state are con: 
structed from products of Schmidt-OMO’s andl 
then configurational wave functions are set 
up by antisymmetrizing products of these 
primitive functions and spin functions. In 
primitive functions unpaired orbitals are writ- 
ten first, followed by paired ones (for example, , 
(I, (8)). 

For each type of symmetry, the configura-: 
tions are denoted, by A, B, C, ...*, in whichi 


* 


AT BR Ow as are denoted by yar eu in rae 
ferences (8) and (9), 
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Table V. Coefficients e;’s© of configurations in normalized wave functions and energies H’s 
obtained by using eight configurations, together with energies Ey’s obtained by single con- 
| figurations A’s and with energy depressions | AH |=| H—E| for 1>\7* state. 


Set I Il nl 
| 
~ | 

| ; | 4.5 5.0 oe 45 5.0 5.5 4.5 5.0 5.5 
. A | 0.9307 0.9226 0.9135 | 0.9336 0.9303 0.9257) 0.9379 0.9367 0.9343 
ji B —0.0666 -0.0545 -0.0406 | —0.0747 —0.0664 -—0.0572 | -0.0814 —0.0764 —0.0714 
c —0.1197 -—0.1099 -—0.1020 | —0.1259 -0.1239 -—0.1230 | —0.1349 —0.1388 —0.1437 
| D —0.0070 -—0.0093 -0.0121 | —0.0069 -0.0089 —0.0114 | —0.0060 —0.0085 —0.0102 
E 0.2023 0.2527 0.2950] 0.1813 0.2193 0.2513 | 0.1622 0.1885 0.2104 
F —0.0258 -—0.0357 -—0.0446 | —0.0223 -—0.0339 —0.0449 | —0.0180 -—0.0294 -—0.0409 
J 

G -0.0051 -0.0054 0.0056 | -0.0029 -0.0039 -—0.0044 | —0,0030 -—0.0038 -0.0040 
| H —0.2708 -—0.2617 -—0.2537 | —0.2713 -—0.2558 -—0.2436 | —0.2625 —0.2471 —0.2350 
| Fi(a.u.)) |—14.4657 —14.8010 —14.7808 |—14.6844 —14.8268 —14.6771 |—14.4453 —14.7999 —14.7927 
 E(a.u.)) |-14.5013 —14.8359 —14.8152 |-14.7208 —14.8614 —14.7103 |—14.4826 —14.8347 —14.8254 
‘Jaz |(e.v.)) 0.968 0.949 0.936 0.992 0.941 0.903 1.016 0.946 0.892 


™ a) See Eq. (I, (12)). 
be b) These energies include the nuclear repulsion energy, 9/R a.u. We note that 9/R is omitted 
: in references (8) and (9). 


| Table VI. Coefficients of structures in normalized wave functions which are obtained by trans- 
formation from MO scheme for !>',* state. 


m set | coe Se, SEE | Sars : em SEE TT 

Meee te 0 55 4s nd 55 A} 4s) 995.0 55 
Boy | 0.9725 1.0375 1.1069 | 0.8445 0.9042 0.9680 0.7716 0.8249 0.8782 
oo | 0.3382 0.4332 0.5245, 0.2667 0.3404 0.4130 0.2099 0.2687 0.3211 
~ g-o» | 0.0083 0.0132 0.0386 0.0211 —0.0072 0.0098 | -0.0328 —0.0213 -0.0122 
My acs. —o.1si2 0.1267| 0.1428 “0.1932 0.1280 | —0.1408 04314 0.4244 
~ -m | 0.1415 0.2410 -0.3413 0.0115 —0.0709 —0.1555 0.1099 0.0420 ~0.0246 
2 ty | 0.0828 -0.0718 —0.1186 | 0.0130 —0.0181 0.0563] 0.0465 0.0177 —0.0104 
| so-») | —0,0859 0.0903 —0.0961 | -0.0795 -0.0823 —0.0869 | —0.0733 -0.0783 -0.0809 
| nn-» | 0.1515 0.1471 -0.1431) —0.1505 0.1434 —0.1375 | -0.1481 -0.1406 -0.1341 
a) Covalent structure. wai ket ot : | 7 se ae 


b) Ionic structure. 


ation with the figurations were derived following the method 


“A may be taken as the configur 
i explained in I and were already published 


lowest energy. 
Formulae » and numerical values® of all elsewhere. 


the required matrix elements for these con- 
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§3. Calculation of Energy of the Ground 
State Lygits 


We can construct eight configurations with 
1S\,+ symmetry from ten kinds of Schmidt- 
OMO’s on the assumption that ls electrons 
form closed shells. These configurations are 
listed in Table IV. 

The single configuration A corresponds to 
the usual antisymmetrized orthogonalized mo- 
lecular orbital wave function (ASOMO) built 
from linear combinations of atomic orbitals 
(LCAO). The total energies obtained by this 
approximation are shown in Table V as E, 
for each values of a, 8, and R. 

Further, taking all the eight configurations 
into accounts, we have performed variational 
calculations for each set and each R. The 
resulting coefficients ca, Cp, ... In the norm- 
alized wave function and the total energy E 
are given in Table V. The energy depression 
due to CI, |AE|=|E—£)|, is also listed in the 
same table. 

Now these wave functions can be written 


Table VII. 
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Expressions of various wave functions obtained for Set II and R=5.0 in 
terms of configurations, and their total energies. 
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also in terms of various structures in HL 
scheme, and the results are shown in Table 
VI. For convenience, we denote the norma- 
lized covalent and ionic structures built from 
two AO’s z and w of valence electrons, as 2-w 
and zw-, respectively. Thus, for example, 
S-o and so- mean the normalized wave func7 
tions built from the primitive functions, (nor; 
malization constant) x {(28a)(2por) +(28»)(2paa} 
X (1sa)2(1s,)2and (normalization constant) x {(280% 
X (2poa)+(28r)(2pav)}(1sa)2(1sv)?, respectively. 
Interpretation of the coefficients in Table Vil 
however, is to be given with special caution 
because the structural wave functions form 
an oblique coordinate system. The relative 
instability of the coefficients with respect i 
the change of R and 6, as compared with the 
case of expansions in MO scheme, is also du 
to this obliqueness of the coordinate system. 
(See Tables V and VI.) 

From Table V, we see that the total energy 
E obtained for Set IJ and R=5.0 a.u. is the 
best of all. Accordingly for this set and 


Case 1 2 3 4 5 
; A A+C A+E (9)? gg" 
A 1 0.9644 0.9594 0.9691 0.9638 
B 0.0309 —0.1069 
€ —0.2645 
D 
E 0.2820 0.2446 0.2441 . 
F 
G 
H 
E — 14.8268 —14,8401 — 14.8388 — 14.8369 —14.8410 
eS. J Case ey a ; 

~~ 6 8 9 10 
= —elect 

; seed HOAOSECY acusicl A+H A+C+H A+C+E+H 
A 0.9592 0.9556 0.9455 0.9276 
B —0.0903 
Cc —0.1784 —0.2078 ~0.1395 
D —0.0105 
E 0.1952 0.2239 
F —0.0409 
G 
H | —0.2948 —0.2507 —(.2647 
E ~14.8376 —14.8479 —14.8442 


— 14.8524 — 14.8600 
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we have investigated 22 different approxima- 
tions, Case 1—Case 22, similar to those con- 
sidered in I, §4. Each of these 22 ‘‘cases”’ 
corresponds to a more or less restricted CI, 
and the resulting wave function (characterized 
by expansion coefficients in terms of normal- 
ized wave functions for configurations given 
in Table IV) and the corresponding total ener- 
gy for each of the first 20 cases are shown in 
Table VII. In the followings are given expla- 
nations and comments to each individual case. 


Case 1. Configuration A (single configura- 
tion) 
Case 2. A-+C (semilocalization) 

Mixing of these two configurations is equiv- 


alent to HL type description with the use of 
“ cemilocalized ‘‘ orbitals for valence electrons: 


(1) 


Thus this improvement can be ascribed to 
the semilocalization cf valence electrons. The 
otal energy obtained is lower than that of 


Qsit= 284+ (28) and 25%=23»-+ (28a) 
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aie Table VII. (continued) 
Case 11 12 » 4 4 S ii ne 
i 8 dim. CI Pure HL ome ar dae 
structure - i fe 
8—p hybrid. hybrid. 
A 0.9303 0.9678 0.9678 0.9733 0.9596 
B —0.0664 0.0149 0.0186 
Cc —0.1239 —().2519 0.2519 —().1510 —0.2052 
D —0.0089 —0.0024 —0.0025 
E 0.2193 0.1702 0.1889 
F —0.0339 — 0.0268 —0.0321 
G —0.0039 
H — 0.2558 
EF —14.8614 —14.8401 — 14.7929 — 14.8445 —14,.8453 
ane Keg 17 pace ae 20 
| (8—8)+(n—n) A(S(1s,, 28»)=0) FY ait Se 253) Seno aheuineeeea) 
A 0.9439 1 0.7832 
| B — 0.0977 
© —0.2457 — 0.0528 
. 
D 0.0004 
E 0.2217 
F —0.0291 
G 0.0839 0.0699 
H —0.2041 ree 
EH — 14.8487 — 14.8490 — 14.8635 —0.2411 0.2940 


Case 1 by 0.361 e.v., The value of yw in (1) 
is found to be negative, —0.0131. 


Case 3. A-+E (s-p hybridization) 

Mixing of configuration E to configuration 
A means s-p hybridization. This gives the 
total energy lower than that of Case 1 by 
Oa Onn 


Case 4. (9)? approximation 

In the single configuration approximation of 
Case 1 we adopted Schmidt-OMO’s for molec- 
ular orbitals of valence electrons as well as 
core electrons, partly for the sake of mathem- 
atical simplicity. This result can be improved 
by using as orbitals for valence electrons a 
linear combination of Schmidt-OMO’s ox, and 
dg. Lhe total energy thus obtained is lower 
than that of Case 1 by 0.275 e.v. The result- 
ing normalized MO is here called g orbital, 
and the coefficients for expansions in terms of 
Schmidt-OMO’s and of the unnormalized sym- 
metry orbitals (I, (2) and I, (30)) are shown 
in Table VIII. We note here that this ap- 
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proximation is a counterpart of (w)? approxi- 
mation in I (§ 4, Case 4). 


Case 5. A+C+E or 9/9” approximation 

The result of Case 1 can further be im- 
proved by using for two valence electrons 
two different MO’s both of which are still 
linear combinations of Schmidt-OMO’s oxg and 
63g. | Variational calculation has given the 
total energy lower than that of Case 1 by 
0.386 e.v. or lower than that of Case 4 by 
0.111 e.v. The resulting normalized MO’s are 
here denoted by g’ and g”’, and the coefficients 
for expansions in terms of Schmidt-OMO’s 
and of the unnormalized symmetry orbitals 
are shown in Table VIII. 


Table VIII. Coefficients of Schmidt-OMO’'s®) and 
unnormalized symmetry orbitals in g, g’, and g’’ 
orbitals. 


| Schmidt-OMO | Symmetry orbital 


| O29 03g | (ols)g (028), (o2p)q 
g | 0.9844 0.1757 | —0.0511 0.5174 0.1207 
g’ | 0.8735 0.4868 | —0.0674 0.3902 0.3343 
g”" 0.9808 —0.1952 -—0.0263 0.5926 —0.1341 


a)) See Eq: d5 13): 
b) See Eqs. (I, (2)) and (I, (80). 


This approximation is a counterpart of 2’x’’ 
approximation in I (§4, Case 5) having a 
nature of the so-called (longitudinal) in-out 
effect. 


Case 6. The LCAO SCF method 
Roothaan’s_ procedure! can be applied 
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straightforwardly to our problem. SCF MO’! 
(I, (23)) can be expressed in the form of lineaa 
combinations of Schmidt-OMO’s as well as 09 
those of the symmetry orbitals. These ext 
pansion coefficients of SCF MO’s are giver 
in Table IX. 

For «o SCF MO’s the orbital energies + 
be calculated directly by means of Roothaan’: 
procedure. For z SCF MO’s, however, it ig 
not applicable, so that we use the following 
formulae 


Ea=h(a)+ di { 2)k,a)—Ktk,a)} ( 


(R= hog, VGn: and oie a= Vitor V7igis Itu*, 
Onmlzue)s 


where h(a) is one electron energy of ¢a orbital 
and J(k, a) and K(k, a) are Coulomb and Ex 
change integrals between gx; and ¢a orbital 
The orbital energies thus calculated are ais 
given in Table IX. 

The total energy obtained is lower thax 
that of Case 1 by 0.294 e.v. (Table VII} 
The wave function of Case 6 is superior ¢ 
that of Case 4, because, in the former thr 
form of the core orbitals is also improve 
This improvement reduces the total energy 
by 0.019 e.v., which is fairly small. 


Case 7. o-electron configurational interaction 

As long as two valence electrons are pres 
cibed to occupy 2sa,, and/or 2f0a,, AO’s, tha 
possible configurations are the first six, A tt 
F in Table V. Taking into consideration 
these six configurations, we have performe 
the CI calculation. The total energy one 
is lower than that of Case 1 by 0.573 e.v. 


Table IX. Coefficients of Schmidt-OMO’s® and unnormalized symmetry orbitals») in 
SCF MO’s,® and orbital energies. 
Schmidt- 

chmidt-OMO Symmetry orbital orbital 
A energy 
SCF MO)! o1g, u Org, w O39, u tg*, u| (ol8)g, w (028)9,u (o2p)g, w (n*2p)q, u (a.u.) 
log 0.9999 0.0123 0.0003 0.7065 0.0069 0.0002 — 2.4403 
207 —0.0122 0.9843 0.1759 —0.0598 0.5173 0.1208 —0.1802 
304 0.0019 —0.1759 0.9844 —0.0571 —0.3041 0.6761 0.0917 
Ing* 1.0000 0.9264 0.1603 
lo, | 0.9999 0.0114 0.0039 0.7094 0.0206 0.0067 —2.4401 
2ou, | —0.0106 0.9860 —0.1667 0.0113 0.7414 —0.2869 0.0290 
3oy, —0.0057 0.1666 0.9860 0.3558 2.2311 —1.6972 0.3615 
1tty* 1.0000 0.5939 0.0641 


a) See Eq. (1, (3)). b) See Eq’ Gy-@)): c) See Bq. (23); 
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| 8. A-+H (transverse correlation) 


From Table V, it is found that besides A 


the contribution of configuration H is most 
‘important. 
ered only CI between A and H. The energy 
‘depression from the energy of Case 1 amounts 


Therefore, we have here consid- 


to 0.473 e.v. 
_ The wave function here obtained can be 


‘generated from the following primitive func- 


- 


| 
: 


: 
; 
1 


C 


® 


tion: 
(normalization constant) 
X{ (Gag utu®) (629 —pitu®) + (Gag + tw") 


(G2g— Tu") } Cin? C19, (3) 
where 
Ty” = sible (ut +7u7) 
Vie } 
Tul = — (seu Tey) (4) 
V 2 ‘ 
and 
u=(0.6605 (5) 


Thus, in this approximation, valence elec- 
trons are considered as occupying two orbitals, 
Oo tyru= and oxy—prtu®, OF Ooty” and 


629—UTu", and so the correlation between two 


valence electrons is to some extent taken into 
account, since these two orbitals are hybridized 
to opposite directions perpendicular to the 
molecular axis. 

Case 9. A+C+H (semilocalization and trans- 
verse correlation) 

In Case 2 some longitudinal correlation be- 
tween two valence electrons has been taken 


into account by mixing configuration C, where- 


as in Case 8 some transverse correlation has 
been considered by mixing configuration H. 
Here both correlations are taken into consider- 
ation. Actually CI calculation has been per- 
formed with these three configurations, A, C, 
and H. The total energy obtained is lower 
than that of Case 1 by 0.696 e.v. From Table 
VII, it is found that the coefficient of H is 


‘large and is even larger than that of C. This 


fact can be understood as follows. In the 
ground state of the Be atom, it is expected 
that configurational mixing of (1s)? (2p)?~(1s)? 
x {(2pa)?+(2pn*)? + (2pr")?} to (1s)? (2s)? is fairly 


‘important. Now 2fo, 2px”, and 2px" orbitals 
in Be have a character resembling 2, %u”, 
and zx.” orbitals of our Lis case, respectively, 
| if, in the Li, ground state, charge distribution 


of valence electrons is approximately spherical. 
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If the charge distribution were completely 
spherical, however, the amount of mixing of 
configuration H~(zu”)?+(zu”)? would be twice 
as large as that of C~o,,2. 


Case 10. A+C+E+H (semilocalization, hy- 
bridization, and transverse correlation) 

In Case 9 the effect of s-p hybiridization 
has not been considered, which also was found 
to be important from the result of Case 3. 
Configuration E is here added to those con- 
sidered in Case 9. The energy depression 
from Case 1 is found to be 0.902 e.v. 

Case 11. Eight dimensional CI 

The results for this approximation were 
already given in Table V. The depression of 
the total energy from that of Case 1 is 0.941 
e.v. By comparing these results with those 
of the previous case, we can see that four 
configurations considered in Case 10 are most 
important and the contribution of the remain- 
ing configurations is very small. 


Case 12. Pure HL approximation 

In the Heitler-London (HL) approximation, 
the structural wave function s-s$ is adopted. 
This wave function is expressed in the form 
of a linear combination of A and C. The 
energy depression from Case 1 is 0.360 e.v., 
which shows that the HL approximation is, 
in our Li, case, better energetically than the 
MO approximation. This result is contrary 
to the situation found for the oxygen molecule 
(See I), and the reason for this difference will 
be discussed in paper III. 
Case 13. Ionic structure 

To see the feature of the ionic structure, 
we here employ the wave function of a simple 
ionic structure, ss—. The total energy is 
higher than that of the pure HL approxima- 
tion (Case 12) by 1.284 e.v. 

From the results of Cases 2 and 12, it is 
found that 
(i) the improvement of the pure HL approx- 
imation by semilocalization is fairly small, 
and that 
the value of yw in Eq. (1) is small and 
negative, which shows the charge density 
between two nuclei, decreases slightly 
through semilocalization, contrary to the 
H, case. 

Further the amount of ionic character can 
be seen by reexpressing the normalized wave 
function obtained in Case 2 as 


(ii) 
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Te a {a ee (6) 
where 
d=0 9772, and (2200262, 


Case 14. HL with s-p hybridization 

Here the pure HL approximation (Case 12) 
has been improved by introducing s—p hybridiz- 
ation. The wave function for this purpose is 
constructed from the primitive function: 


@=(normalization constant) 
x {ba goto ga} (1sa)? (1s)? ’ 

with 

ba=28atA(2p aa) ; 

bo=28,+A(2p do) . (7) 
Parameter 2 has been determined by varia- 
tional treatment and turned out to be 0.1558. 
Then the degree of s-p hybridization becomes 
0.0237, if it is defined by 4?/(1+2?). The 


energy depression from the energy of the 
pure HL approximation (Case 12) is 0.120 e.v. 
Case 15. HL with semilocalization and s-p 
hybridization 

Both semilocalization and s-p hybridization 
can be taken into account by adopting the 
primitive function: 


@=(normalization constant) 
X {1 2+ 62 b1}(1sa)? (180)? , 


where orbitals ¢, and ¢, have the form: 


(8) 


gb: x {28a+v1(2poa)+v2(28») +Y3(2por)} 
of {62g +K1(639) + K2(O2u) +K3(O3u) } 
+(a linear combination of oi, and o,n), 
$s o¢ {28)+1(2por) +r2(28a)+rs(2poa)} 
oc {daq+K1(039) —K2(o2u) —Ka( Ozu) } 
+(a linear combination of oig and oyu). (9) 


By variational calculation these parameters 
are found to be 


Yi—O1597 ’ k,=0.4625 : 
ig=030717 6 ceca = Os 0 (10) 
v3=0.0066 , ka —=O0L05 11" 


The energy depression from the energy of 
the pure HL approximation (Case 12) is 0.141 
e.v. 

Case 16. (8-S)+(z-z) (HL with transverse cor- 


relation) 
From the result of Case 8, the effect of 
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perpendicular correlation in MO scheme turns 
out to be very remarkable. Here this effect 
has been reexamined with HL scheme by cons 


sidering the resonance between two eT 


($-8) and (z-z). In this case, the wave func? 


tion has the form: / 
@=(normalization constant) 

| 

x{8—%)+e(n—n)} , i} 


which can be constructed from the following 
primitive function: ! 


@®=(normalization constant) x {9a,»+@o,a} , 

Da,o={(23a+t7a*)(28o—t207) +(28at+tHa”) | 

x (23y—e7")} x (1sa)? (180)? (12? 

By variational calculation we have found 

that c=--0.2262 and r=0.5836, respectivel’: 

The energy depression from the energy of 

the pure HL approximation (Case 12) is 0.238 
e.v. 


Case 17. A’ (assuming S (\sa, 28>) =0) 
Here we have tried a calculation using 


wave function obtained by replacing oa, in A 
by the normalized symmetry orbital (628), ané 
assuming the overlap integral between ls A 

of one atom and 2s AO of the other atom te 
be zero. This approximation is similar te 
that adopted by Greenhow and Smith’ ane 
in Case 16 of I. The depression of energy 
from Case 1 is 0.603 e.v. 


Case 18. HL’ (assuming S (1sa, 28>)=0) 

Here we have attempted a calculation simi 
lar to the preceding case (Case 17), by assum 
ing S (1sa, 28)=0 in the calculation of Cath 
12. The depression of energy from Case 1i 
(pure HL) amounts to 1.329 e.v. 

In the following cases, we shall examine 
the approximation of shrinking the (1s) core 
electrons into the nuclei (shrunk core model) 
The Hamiltonian is written as | 


2 2 
= -13) A 3 : ped 


t=1\ Lai Voi 


ba et of 


(133 


and the electron configurations can be obtained 
by omitting the orbitals of the core electrons 
in configurations A, B,... of Table IV, and 
they will be designated by the same notation 
A, B,... for the sake of convenience. : 


Case 19. A (shrunk core) 


1957) 


_ We have here employed the configuration 
in which the two valence electrons occupy 
Schmidt-OMO oz, namely configuration A. 
Case 20. Eight dimensional configurational 
interaction (shrunk core) 
On the assumption of shunk core model, 
eight dimensional CI calculation similar to 
Case 11 is here performed. The depression 
of the total energy from the preceding case 
is 1.439 e.v. In this case, the mixing of con- 
figuration H is much more pronounced than 
in the case of the complete treatment (Case 
11). This may be understood as follows. In 
the shrunk core model, the incompleteness of 
the screening effect due to (ls) electrons is 
perfectly neglected. Therefore the energy of 
(2s) orbital, of which the penetration into (1s) 
core is appreciable, is overestimated. Thus 
the energy difference between A and H has 
a smaller value than in the case of the com- 
plete treatment (Case 11). 


Case 21. s-s (pure HL on shrunk core model) 
_ Here we have taken the wave function to 
be obtained by shrinking the core electrons 
in Case 12 (pure HL). The total energy is 
found to be —0.33526 a.u. and to be lower 
than that of the preceding case by 1.122 e.v. 
This is not surprizing since orbital (28) is not 
_ orthogonal to the core orbital of the neigh- 
_ bouring atom, contrary to Schmidt-OMO 62y. 
Case 22. s-s (Rosen-Ikehara’s treatment) 
Here we have used the nodeless Slater AO, 
2s, in place of 2$ in the wave function of the 
' preceding case. This approximation is noth- 
ing but that adopted already by Rosen-Ike- 
hara®. The total energy is found to be 
—0.53743 a.u. 


Table XII. Results» of CI 
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§4. Calculation of Energy of Excited States 

In this section, we investigate the three 
lower excited states, 11,+,?Siu+, and Ml, ex- 
plained in §2. All the configurations within 
our framework for each of these states are 
listed in Tables X and XI. 


Table X. Configurations used in CI calculation 
for ?>).* and 15>%,,*+ states. 


\ ee O2g 93g Tt Te Oly Cow O3u Tut Ty 
a 

A 

B 

G 

D 

E 


il 


Oe BO NOU BO TRS 
he 

wo WO WH W LH 
— 


a) See the footnote a) of (I, Table IV). 


Table XI. Configurations» used in CI 
calculation for 4]], state. 


NI Sig C2g 03g Ty* Ty C1w Cow O3u Tut Ty 


ING eZ I 2 1 
Beez 1 2 1 
GC 2 1 Zee 

DS: it 2 1 


a) See the footnote a) of (I, Table IV). 

For each set of parameters (a, 8) and each 
value of R stated in §2, the total energies 
FE, for configuration A are calculated. Fur- 
ther, the improved calculation is carried out 
by taking all the configurations into account. 
The energies, and the coefficients of configu- 


rations in the resulting wave function are list- 
ed in Tables XII, XIII, and XIV. 


calculation for *>',,* state. 


) 


Set I 


II Ill 


oe 4.5 5.0 5.5 4.5 


2.0 5.9 4.5 5.0 5.9 


A 0.9719 0.9606 0.9493 0.9712 
B —0.0707  —0.0550 —0.0391 | —0.1147 
C 0.1842 0.2358 0.2775 0.1635 
D —0.0581 —0.0673 0.0741 | —0.0687 
E 0.1142 0.1184 0.1215 0.1101 


0.9658 0.9603 0.9697 0.9687 0.9674 
—0.0859 —0.0561 | —0.1493 -—0,1165 -0.0817 
0.2037 0.2355 0.1462 0.1750 0.1983 
—0.0755 —0.0784 | —0.0742 -—0.0798 -—0.0818 
0.1124 0.1142 0.1027 0.1051 0.1066 


Eig emen) 14,4392 ~14°7788 — 14.7619 |—14.6544 
Hf (a.u.) 14.4486 —14.7890 —14.7730 |—14.6666 
|AE| (e.v-) 0.256 0.279 0.303 0.331 


—14,8040 —14.6594 |-14.4113 —14.7762 —14.7761 
14.8145 —14.6692 |-14.4271 —14.7878 —14.7854 
0.285 0.265 0.429 0.316 0.253 


a) See the caption of Table V. 
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Table XIII. Results» of CI calculation for !3\.* state. 
Set i j I II Ill 
cA ee: 5.0 5.5 4.5 5.0 5.5 4.5 5.0 5.5 
eat A } 0.8336 0.8203 0.8090 | 0.8220 0.8146 0.8084 | 0.8123 0.8077 0.8038 
B | —0.1668 -—0.1720 -0.1773 | —0.2137 -—0.2088 -—0.2039 | —0.2484 -—0.2406 -—0.2326 
C 0.4891 0.5115 0.5292 0.4917 0.5080 0.5214 0.4919 0.5052 0.5165 
D —0.0471 —0.0446 0.0418 | —0.0646 -—0.0575 -—0.0497 | —0°0800 -—0.0711 -—0.0617 
E —0.1893 —0.1842 —0.1796 | —0.1808 -—0.1774 -—0.1747 | —0.1734 -—0.1720 —0.1710% 
Ey an —14,3413 —14.6907 —14.6818 |—14.5468 —14.7072 —14.5714 |—14.2928 —14.6694 —14.6791 
E (a.u.) —14.4221 —14.7684 —14.7562 |-14.6390 —14.7912 —14.6487 |—14.3971 —14.7613 —14.7614 © 
|4E| (e.v.) 2.200 Polls 2.025 PLU 2.285 2.103 2.838 2.500 2.2350 
a) See the caption of Table V. 
Table XIV. Results» of CI calculation for 1]], state. 
Set I Il Il 
eee 5.0 5.5 4.5 5.0 5.5 4.5 5.0 5.5 
A 0.9501 0.9386 0.9250 | 0.9495 0.9400 0.9297 0.9480 0.9393 0.9302 
B 0.1093 0.1808 0.2415 0.0889 0.1421 0.1846 0.0825 0.1147 0.1405 
© —0.2912  -—0.2910 — 0.2879 | —0.3007 -—0.3085 -—0.3151 |) —0.3073 -—0.3228 —0.3371 
D —0.0251 -0.0403 -0.0562 -—0.0151 -—0.0313 -—0.0481  -—0.0067 -—0.0208 —0.0360 
Ep (a.u.) —14.3501 —14.6939 —14.6812 |—14.5660 —14.7148 —14.5711 |—14.3211 —14.6825 —14.6817 
FE (a.u.) —14.3736 —14.7179 —14.7058 |—14.5920 —14.7409 —14.5975 |—14.3501 —14.7114 —14.7105 
|4E| (e.v.) 0.640 0.654 0.669 0.706 O27 OCG | 0.788 0.786 0.783 


a) See the caption of Table V. 


Table XV. Results®) of CI obtained by shrinking 
inner shells for Set II and R=5.0a.u. 


at ecin'e 1s,* ay + y+ We 
A 0.7832 0.8937 0.7353 0.7952 
B ~—0,0977 —0.1718 —0.2809 —0.4386 
C —0.0528 0.2841 0.5708 —0.4090 
D 0.0004 —0.1381 —0.0980 0.0901 
E 0.2217 9.2683 —0.2123 
F ~0.0291 
G 0.0699 
H ~0.5651 
Ep (a.u.) —0.2411 —0.2254 —0.1286 —0.1948>) 
Ei (a.u.) —0.2940 —0.2481 —0.2414 —0.2212 
|4E| (e.v.) 1.439 0.617 3.069 0.720 


a) See the caption of Table V. 

b) The energy of the configuration (o39n,*+) is 
—0.1994 a.u., which is lower than —0,1948a.u. 
of A. 


Next, we shall apply some of the approxim- 
ations, considred in §3, to the excited states 


for R=5.0 a.u. using parameter Set II. 


a) Pure HL approximation 
The HL wave functions, O1,, are construct- 
ed from the following primitive functions: 


(normalization constant) 
X (28a 28—28» 28a) (Isa)? (1s0)? for ?Du*, 
(normalization constant) 
X (28a 2a—2Sy 28) (1sa)? (1s)? for 1Stu*, 
and 
(normalization constant) 


X(28q mot—28> ma*) (Isa)? (1s)? for Iu. (14) 
By using the configurations of Tables X and 
XI, Ou, are expressed as 

Our Gdin* =A, Out. (> = As, 

- Onn 711u)=0.9504 A —0.3109 C. (15) 
Namely, for both *3\.* and 13+ states, the 
pure HL approach coincides with the single 
configuration A. For ‘II, state, the total 


energy obtained is —14.7392 a.u., and so the 
depression of energy from that calculated by 
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Table XVI. Vertical excitation energies in e.v. obtained by taking differences 
; of calculated total energies. 
. 4 : Det Day ae Wiy—1dig* 
———= R = —_—— = | | ” a 2 
Set ‘Method AS yeti Loni Sud Ac Shee RSL0e Dec Sh Abe ne SOE 
I | 4 ORTZ 0.60 OF52 3.39 3.00 2.69 3.14 2.91 Dred: 
r a eas Wee PAE bee 2S 1.84 El | 3.47 AZAl 298 
a A 0.82 0.62 0.48 Sone 3.26 2.88 BP) 3.05 2.88 
|. g 1.48 he desl? Vo, I233 1.91 1.68 Sinal 3.28 3.07 
| $s i fe 2 a we arias 
al A 0.92 0.65 0.45 4.15 3.55 3.09 3.38 3.19 3.02 
Sek! 1.51 1.28 1.09 2.38.) 1.000081 74. 4) 3.61 eessen eae 
Obs. | 2.01 ie 173° | 2.7 9.50) 960 
Table XVII. cited states. The obtained total energies E 
(A) Parameters J, D, and Re in Morse poten- are given in Table XV 
tials.®) i 
ian? We notice here that, in this shrunk core 
_— State | y+ ie We model, A is the lowest configuration for 15%,*, 
pare. Bs met El ae = ~ 3>ut, and 13).+ states, whereas for ‘II. state 

Te (e.v.) 0 1.744 2.533 B is the lowest one. 

Dz (e.v.) 1.052 VETS5 0.366 . . : 

c) Full configurational interaction (shrunk 

Re (a.u.) 5.050 5.873 5.549 oe gs : 

B (a.u.) aes f Phe -¢ Mid sete Here we have investigated, for each state, 
the treatment similar to Case 20 of §3, where 
: a) 4 . = . : 

(B) pevree poeentals UR) Fee tesreoille all the configurations derived from configura- 
= State | as s+ Ha tion A, B,... by dropping the core orbitals 
4 : are taken into account. For convenience the 

4.5 | 0.087 2.092 2.815 latter configurations are also denoted by the 
| 5.0 | 0.000 1.862 2.589 same notation A, B,... The coefficients of 
! 5.5 | 0.037 1.762 2.534 configurations in the wave function here ob- 


, a) See Eq. (16) and reference (12). 


‘Table XVIII. Vertical excitation energies in e.v. 
obtained by several approximations for Set II 
and R=5.0a.u. 


SS Lut Wu 
Method a | —13\gt —1y ot —1y,t 
BA 0.62 3.26 3.05 
HL 0.98 3.62 2.74 
| ter 1.28 1.91 3.28 
__ A (shrunk core) 0.43 3.06 1.26 
"CI (shrunk core) 1.25 1.43 1.98 
_ Obs. 1.86 2.59 


' — = — 


he corresponding single configuration is found 
p be 0.665 e.v. 

) A (shunk core) 

“A calculation similar to Case 19 of the 
ground state is made by omitting the core 
bitals in each configuration A of the ex- 


tained and the energies are listed in Table XV. 


The vertical excitation energies from the 
ground state to each of the excited states are 
obtained by taking the differences of the re- 
spective total energies calculated for each set 
of parameters and each R, (i) by the single 
configuration A, (ii) by considering all the 
configurations in Tables IV, X, and XI. The 
results are given in Table XVI, together with 
the observed ones obtained by using Morse 
potentials: 

U(R)=Te+D.[1—exp{—B(R—Re)}?. (16) 
In this formula, the values of parameters 7~, 
D., Re, and B are determined by using the 
spectroscopic data! and are given in Table 
XVII. Further, the vertical excitation ener- 
gies are calculated by using the results of 
approximations (a), (b), and (c) for Set If and 
R=5.0 and are shown in Table XVIII. All 
the results obtained for Set Il and R=5.0 are 
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also compared with the observed ones in Fig. 


(eos, 


Fig. 1. Comperison of energy levels calculated 


by various approximations with experiment. 


Table XIX. Term values of LiCGS) and Li@P) im a.u. calculated by using Slater 
AO’s with the orbital exponenis given in Table II. 
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From Tables XVI, XVIII and Fig. 1, 
can see that the order of the levels for *> 
and +I], states changes by introducing C 
agree with the experiment. Further the valy 
of the vertical excitation energy for 1iu* 
fairly improved due to CI, though for 7 
state CI makes the result a little worse. Ih 
defect may be removed by using a better | 
orbital. 

Moreover, from Table XVIII and Fig. 1 ¥ 
can see that, in case the inner shells 
neglected, the results are improved for 
1S.* and ‘Il. states by taking CI into a a 
although the coefficients of the configuration 
are very different from those obtained by @ 
cluding the inner shells. 4: 


Molecular Quantities a | 
By using the wave functions obtained in § 


and §4. (1) the depth of adiabatic potenti! 


$9. 


s 2p 
a 7 Sek 
dies el I I Tl I Il II 
235 —7.23936 06 —-—7.34708 98 —7.22570 22 —7.15940 26 -—7.26503.16 —7.13881 19) 
5.0 —7.40457 22. —7.41654 90 —7.40247 39 —7.33457 36 —7.34227 84 —7.32326 41] 
3.5 —T7.38277 86 —7.34049 26 —7.39845 36  —7.33060 41 —7.27262 91 —7.32569 47 


tively, from reference (15). 


Table XX. Depth of adiabatic potential, D(R), in é.v. for each state. 


The observed values of them are —7.47792 and —7.4100a.u. for Li@S) and Li(P) 


Single Configuration Ct 
ears the <M : Obs. 
State pated I Il m I I il . 
a5 —0.354 —0.264 —0.166 0.614 0.728 0.850 0.97 
>* 5.0 —0.22  -0.17 0.137 0.727 0.770 «0.809 | 1.05 
5.5 —0.129 -0.16 —0.116 0.807 0.799 0.776 1.02 
4.5 ~1.076 -—1.079 —1.090 —0.820 -0.748 -—0.661 
sv,* 5.0 —0.82% -0.792 —-0.783 —0.547 -0.507 —0.467 | 
5.5 —0.644 -0.586 —0.565 —0.342 -0.321 —0.313 | 
45 —1.56  -1.75 —-1.951 0.635 0.732 0.887 | 0.81) 
St 5.0 —1.318 - —1.405 —1.532 0.79 0.880 0.969 1.04 
5.5 -1.122 —1.135 —1.25 0.8094 0.968 1.012 1.14 
45 —1.323 —1.252 —1.199 —0.683 —0.547 —0.393 ar | 
I. 5.0 -1.31 1.19 —1.176 —0.577 0.487 —0.390 0.31. 
5.5 —1.149 -1.142 1.154 —0.479 -0.425  —0.371 0.37 | 
a) See Eg. (17). . | 
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Table XXI. Depth of adiabatic potential D(R)® in e.v. which is calculated for Set 
Il and R=5.0a.u. by several approximations for three excited states. 


| A shrunk) (,/shrunk 
| HL Cl ( core ) CI core ) Obs. 
z rll ie 2 we cin Te ee 
DS Te —0.792 —0.431 0.507 ai —0.493 
Le it —1.405 —1.045 0.880 = 3P718 —0.148 1.04 
NT, | —1.198 —0.533 — (0.487 —1.418 — 0.698 0.31 


a) See Eq. (17) 


DR) for each state, (2) the molecular quadru- 
pole moment Q, (3) the oscillator strength fix, 
,and (4) the gradient of the electric field at the -0:2 
‘nucleus q, are calculated. These values serve 
for discussing the features of the various 
‘approximations employed in this paper, though, 
unfortunately the observed values are not 
available for them except D(R). 

(1) Adiabatic potential U(R) O 
| The depth of adiabatic potential D(R) is | 
‘given by 


=O: 70\Single .cont:)-aarece \ 


, D(R)=E(R-)—E(R) , (17) 
‘where E(R) and E(R..) are the energies of 
the molecule in the state under consideration Ray ane Aheeeeene 1D 
‘at a finite internuclear distance FR and at the Oe eRe ie ee 3 
infinite nuclear separation R., respectively. : s HSRE BOS DOS IES on 5 
In our case, it is easily shown that 

® E(R.)=ECS)+ECS) for 1X,* and *diut 


’ GS HL with s-p hybrid)- 14 
and 31 (Semiloc. and hyb)---15 
( E(R..)=EC?S)+ECP) for 1u* and ‘Hn, (18) 

where E(2S) and E(?P) are the energies of the O04 UFOS cells cit eal 
free Li atom in the °*S and ?P states, respec- — sae 8) (0-7) ers So re 
‘tively. These E(?S) and EP) are calculated 

by using the wave functions constructed from Os 0:5 | (James) 

‘primitive functions (1s)? (2s) and (1s)? (2p), 10025 VASO AeH joer eee eae 9 
‘tespectively, both of which are built from 

Slater AO’s (I, (1)) with the orbital exponents 

4, and 6, shown in Table II. The results of 06 

the calculation are given in Table XIX. From 

This table we can see the values of E(R.~) 

Re sily. By subtracting the value of E(R) from 0:7 oe Wee 

‘that of E(R.) for each fixed parameters 4i, 0.756 Bdim C ae eee 
02, and R, we have obtained D(R) associated 58k (S-S)sru k ) =k es. 32 
with the two kinds of approximations (single 0-8 O Ls I eis 3 78 =a 


‘configuration and CI) for each state. The re- 4 
Riis are given in Table XX. The observed eee VA 
‘values of DUR) have been derived by using fh asta ioe 
the Morse potentials constructed in §4, and 
these are given in the same table. 


From this table, we can see that (i) the me 
ffect of CI is very important, (ii) the results Fig. 2. Comparison of dissociation energies in e.v. 


|____ |.¢.5(Obs.) 
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Table XXII. Molecular quantities calculated for Set I] and R=5.0a.u. 

; — De (ev) R-Xa2+yD9 R-X2>9 Q (au) 2RKqay @! au.) 
1 A (single configuration) —0.170 1.041 1.846 8.72 5.110 0.0036 — 
2 A+C 0.191 1.034 1.902 5.75 5.065 0.0037 
3 A+E 0.155 0.998 1.529 23.48 6.212 —0.0008 
4 (g?P 0.104 1.005 1.556 22.29 6.047 —0.0002 
5 A+C+E (g’9") 0.216 1.003 1.608 19.65 6.084 —0.0003 
6 LCAO-SCF 0.124 1.005 1.556 22.31 6.009 —0.0000 
7 o-electron CI 0.403 1.011 1.666 16.96 5.782 0.0009 
8 A+H 0.302 1.060 1.833 9.82 4.745 0.0050 
9 A+C+H 0.525 1.050 1.871 7.69 4.818 0.0047 

10 A+C+E+H 0.732 1.024 1.605 20.36 5.585 0.0017 
11 8 dim. CI 0.770 1.024 1.623 19.46 5.591 0.0016 
12 Pure HL 0.190 1.035 1.897 6.03 5.069 0.0037 — 
13 Ionic structure —1.094 1.035 1.897 6.03 5.069 0.0037 
14 HL with s—p bybrid. 0.310 1.018 1.656 17.63 5.648 0.0014 
15 Semiloc. and s—p hybrid. 0.331 1.013 1.650 17.82 5.704 0.0012 © 
16 (s—s)+(x—=) 0.424 1.044 1.890 6.60 4.847 0.0046 
17 A"(S(1s,, 28;)=0) 0.434 1.043 1.847 8.72 5.150 0.0034 
18 HL"(S{isz, 28;)=0) 1.519 1.032 1.896 6.02 5.116 0.0035 
19 A (shrunk core) —0.683 0.996 0.824 8.72 1.110 0.0036 
20 8 dim. CI (shrunk core) 0.756 1.033 0.608 20.42 2.522 —0.0021 
21 ($—8s) (shrunk core) 1.878 0.987 0.873 6.02 1.116 0.0035 
22 (s—s) (shrunk core) 0.769 0.960 0.862 5.92 1.206 0.0032 
James*) 0.51 —0.0030 
Obs. 05 i|| 


a) See Eq. (21). 
b) See Eq. (22). 


c) James’ calculation» was made at R=5.63a.u. and so the qg’ value in this table is also the one 


at R=5.63a.u.)) 


of CI calculation are fairly good for 'S,* and 
?Sa*, but not so for Ta, and (iii) the observed 
value of D(R) is larger than the calculated 
ones except the one case, that is for ' .* 
state, R=4.5, and Set III. 

Now, since for R=5.0 and Set Il E(R) was 
calculated by using various approximations in 
$§3 and 4, we can obtain the corresponding 
D(R)’s easily. As the values EGS) and E(P), 
we have adopted the same ones as were used 
in calculating D(R=5.0) for Set Il in Table 
XX, except the cases of shrinking the inner 
shells. In the latter cases we use, as those, 
the energy of a system composed of one elec- 
tron and a proton, which is calculated by us- 
ing the same Slater AO, 28, 2s, or 2p as was 


used in calculating the respective E(R). These 
values are ; 


E@S)= —0.13311 64 a.u. for 28, 
= —0.25458 33 a.u. for 2s, 
EGP)= —0.11375 00 a.u.. 
The values of D(R=5.0) thus obtained a 


given in Table XXI for the excited states: 
Those for the gound state are given in Table 
XXII as the dissociation energy Dz, since thi 
observed equilibrium internuclear distance dif 
fers little from 5.0 a.u. In Fig. 2, all the n 
sults of D. obtained for Set II are compa 
with the experiment. 

Table XXI shows that the result is disap 
pointing for “Il, state. In addition, in tk 


4 
; 
| 
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approximation of shrunk core model in MO 
scheme, even if CI is taken into account, the 
‘result is poor also for 131,* state. 

_ Next, from Table XXII and Fig. 2, we can 
see the following points: 

(a) The dissociation energy D, given by our 
best approximation (Case 11) amounts to 0.77 
€.v., which is about 73% of the observed one. 
This value is a little better than the result of 


‘the most elaborate calculation hitherto per- 
formed by James® and Harris-Melkanoff!) 


(0.51 e.v.), though the latter authors employed, 
as the energy of the Li atom E(?S), the one 


“obtained by using Wilson’s four parameter 


function™, which is 
0.072 e.v. 
(b) D. by the pure HL approximation (Case 


12) is 0.19 e.v. James * also made a similar 


lower than ours by 


calculation to ours assuming 0,=2.68, 0.=0.670, 
-and R=3.18 A, and obtained D.=0.265 e.v. 
~The reason of the discrepancy of our result 


from James’ one lies in the different choice 
of the parameters 46;, 62, and R. 
(c) D. obtained by assuming S(1sa, 2S,)=0 in 


‘the single configuration A (Case 17) is rather 
good, whereas the one obtained by the same 
assumption in the pure HL approximation 
; (Case 18) turns out to be much larger than 
| the observed value. 

‘(d) In the shrunk core model in MO type, 
the result of the single configuration A (Case 


19) is not so good, but this is improved appre- 
-elably by introducing CI (Case 20). 


The re- 
sult obtained in the latter case almost coincides 
with our best result (Case 11). 


€) In a shrunk core model of HL type, De 


given by the structure (s-s) (Case 21) is found 
to be 1.878 e.v., which shows that this sim- 
plified approximation can not be safely applied 


to obtain a reasonable value of Dz. 


Table XXIII. 
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(f) If we use nodeless Slater AO’s 2s (Case 
22) in place of 2s in the above approximation, 
however, we can obtain D,=0.769 e.v., which 
is almost as good as our best calculated value 
(Case 11). Rosen and Ikehara® already per- 
formed the similar calculation assuming some- 
what diffferent values for parameters, namely, 
0,=0.65 and R=2.28,A and obtained D, of 
1.11 e.v. Since the reason of their good re- 
sult was criticized in detail by James ”, we 
do not discuss further on this point. 

Finally, we remark the fact that, as to the 
result of CI calculation based on the shrunk 
core model for 'Siu+ and 4I]u states, the agree- 
ment of the calculated to observed value is 
disappointing for D(R) but it is not so wrong 
for 4E(R). (See Tables XVIII and XXI.) This 
situation suggests that the calculated value of 
4E(R..) is inaccurate, because 
Dexcited (R)—Dhormal (R)=4E(R..)-4E(R). (20) 
For the sake of comparison, we give in Table 
XXII E?P)—E(?S) values calculated by each 
approximation using Slater orbitals of Set II 
and R=5.0 a.u. The fact that the value of 
E?P)—ECS) obtained by using nodeless Slater 
AO (2s) in a shrunk core model is very large 
compared with the experiment! was already 
pointed out by Rahman ™, 


(2) Molecular Quadrupole Moment Q 
The molecular quadrupole moment Q is 
given by 


O= [eos —1) 9 dv=ZR, 


2 > tty (21) 


where Z is the nuclear charge and is equal 
to 1 or 3 according as the inner core electrons 
are shrunk or not. o is the charge density 
of the nuclei and electrons. The meanings 
of 6, <z2*>, and <a?+y*%> are the same as 


Values of E(?P)— ECS) (in a.u.) obtained by using 


Slater orbitals of Set II and R=5.0a.u. 


ering inner enelis 


Including E ay 
inner shells 2S(28) 2S(2s) 
EP) —7.34227 84 | —0.11375 00 —0.11375 00 —7.41000 
BAGS). | —7.41654 90 | —0.13311 64 —0.25458 33 —7.47792 
| Va a. 7 : eit ee mae ; s = - 
| 0.06792 
_-EeP)- ~ ES) 0. ge 06 diy Ss : eee 4 ned sed 


a) See Eqs. (18) and (20). 
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those of I, §6. We have calculated <a#?+ 
y2>/R?2, <2>/R?, and Q, using the single 
configuration and CI wave function for each 
parameters a, 8, and R. The result is given 
in Table XXIV. From this table we can see 
the following facts. 

(a) For a fixed R, Q increases as the orbital 
exponent 6, decreases. This can be understood 
by considering that the charge density of the 
valence electrons in the neighbourhood of the 
molecular axis decreases as 0, decreases. 

(b) For a fixed set, the value of Q calculated 
by the single configuration increases in propor- 
tion to R?. This increasing tendency of Q 


Table XXIV. Values of Q® and gq’ (in a.u.) 
for each set and R. 


(A) 
Set Method) R |R-%a2+y>®) R-%<z2) 2R%<qa/>) 
val 1.197 1.917 4.899 
1 ashioloost Ah 1.687 5.228 
CI |5.0] 1.169 1.631 5.432 
5.bhe! 158 1.584 5.626 
PAC he pene 1.846 5.110 
Ir 4 S/o 1081 1.662 5.404 
cr Sto 9024 1.623 5.591 
|5-5| - 1.017 1.590 5.761 
Aro 0.901 1.785 5.366 
I | 4.5| 0.894 1.637 5.628 
Cl 5.0) 0.889 1.612 5.781 
| 15.5| 0.885 1.605 5.913 
(B 
ae ] i 
| Set Method 45 5.0 5.5. 
| A | 7.36 9.09 “TET 00 
bat ae 16.33 22.70 29.98 
A be 06 8.72. O55 
Q» | II 
| Cr 14.33. 19:46! 25/33 
a A 6.70 8.72 10.01 
apa Rae 12.57 16.65 20.41 
A 0.0060 0.0044 0.0033 
CI 0.0042 9.0023 0.0011 
et A 0.0049 0.0036 0.0027 
q’>) | IL | | 
CI 0.0033 0.0016 0.0007 
Fa A | 0.0035 0.0025 0.0019 
hae el / 0.0020 0.0009 0.0003 
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(C) 
“7 TTTS=SCiTi Rhea 
Set Method 4.5 5.0 55 
| A (12.888 15.911 19.252 
: CI 3.925 2.296 0.270 
3 | | A /'43.186° 16.279 19.698 9} 
al eal Cl 5.919 5.544 4.924 | 
A 2 1 

last? oh | 13551 16.730 20.243 

Nt CI 7.681 8.355 9.844 wf 
A 0.00493 0.00359 0.00270 
} Pe Ci 0.00674 0.00573 0.0048¢ 
% b A 0.00609 0.00444 0.00334 
S ale 0.00770 0.00636 0.00526. 
Vv - 
, caabeie 0.00750 0.00547 0.00412. 
Resaid miamion 6 | 0.00894 0.00713 0.00575. 


a) See Eq. (21). 
b) See Eq. (24). 
c) See Eqs. (22) and (23). 
d) See Eqs. (25) and (26). 


with R is seen even in CI calculation though 
its dependency on FR? no longer holds, and i 
too large to be ascribed to the fact mentione 
in (a). Thus, we can expect that the calcu- 
lated Q value increases with R in the neigh- 
bourhood of the equilibrium internuclear dis- 
tance, even if the same values of the orbital 
exponents 6, and 6, are used. 

We note here that Q for R=0 is negative, 
since, in this limiting case, the ground stat 
of Li, becomes !D state of a carbon atom an 
the corresponding Q is —2.2722 a.u. if calcu- 
lated by using Slater AO’s with the orbital 
exponent 0,=1.625, whereas Q for the infinit 
nuclear distance is of course zero. Consider- 
ing that the calculated values of Q are positiv 
in the neighbourhood of the equilibrium in- 
ternuclear distance, we can expect that the 
value of Q increases from a negative valu 
at R=0 to a positive one and tends to voll 
at the infinite nuclear separation. 

Further, in Table XXII, <2*>/R?, <2?-+4 
y?>/R?, and Q calculated by using the various: 
wave functions for Set II and R=5.0a.u. obs 
tained in §3 are given. From this table we 
can see the following situation. 
(a) The calculated values of Q can be class 
sified, as a whole, into two groups, namely, 
the one around 20 a.u. and the other smaller 
than 10 a.u., depending on whether s-p hy: 
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bridization is taken into account or not. This 
difference comes mainly from that of <z>. 
The fact that <z*> decreases by introducing 
S-p hybridization is reasonable, since we can 
expect that the charge density in the region 
between two nuclei increases by s-p hybridiz- 
ation. In the O, molecule, we encountered a 
similar situation, though the effect of s-p hy- 
bridization on the charge density in that case 
is of the opposite direction. 

(b) Values of Q of Case 2 (semilocalization) 
and Case 12 (pure HL approximation) are 
smaller than that of Case 1 (single configura- 
tion) mainly due to the fact that the values 
Of <z*> of the former cases are larger than 
‘that of the latter. This result is reasonable 
“since the charge density of 02. orbital is larger 
‘than that of o., in the outer region of the 
molecule. 

(c) The @ value of Case 2 is even smaller 
‘than that obtained byt he pure HL approxi- 
‘mation (Case 12). This fact can be expected 
‘since 4 in Eq. (1) is negative. (See the dis- 
‘cussion in the end of Case 13, §3.) 

‘(d) The effect of mixing the configurations 
‘involving z orbitals increases the value of 
<a@?+y?> and accordingly increases that of 
‘@. (Compare Cases 1 and 8, and Cases 12 
‘and 16.) 

‘(e) Q obtained by the pure ionic structure 
‘(Case 13) coincides with that obtained by the 
‘pure HL approximation (Case 12), since the 
‘charge density is identical for these two 
approximations. 

(f) Contrary to the case of Dz, Q value does 
not change appreciably by assuming S (lsa, 
2s»)=0. (Compare the @ values of Cases 1 
and 17. and Cases 12 and 18.) 

(g) Q values obtained by the various approxi- 
mations in the shrunk core model are not so 
‘different from those obtained by the corre- 
sponding ones including the inner shells. (Com- 
pare Q values of Cases 1 and 19, Cases 12, 
21, and 22, and also Cases 11 and 20.) 

Now we have undertaken to ‘see the vari- 
ation of Q due to the use of different approx- 
imations for the valence electrons. For this 
purpose, we have defined <Q>vai, which is 
considered to be the contribution of the charge 
density of valence electrons by the following 
equation: 

Q=k?- -<Q> vat ? (22) 
that is 
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<Q var = (222 >—<2?+y2>}-2R? , (23) 
since, in the approximations considered in this 
paper except SCF, Q can be expressed as 


Q=3R?—<Q>vai—-<Q>core ’ 
where —<Q> core is the contribution of the 
core electrons to Q@, and is closely equal to 
—2R*, The numerical values of <Q> va: are 
shown in (C) of Table XXIV. Since, in the 
actual electron distribution, <Q> va: is expect- 
ed to be negative, the upper limit of Q will 
be R?. The results given in Tables XXII and 
XXIV are contradictory to this fact. The fact 
that the value of <Q> a: in CI calculation is 
very small means that the charge distribution 
of the valence electrons is nearly spherical 
around the center of the molecule. 
(3) Gradient of Electric Field at a Nucleus, q. 
The gradient of the electric field at one 
nucleus, q, is defined by 


q=2eqg 
Ga 3cos? Ag—1_ dv 
OV ae. ° 
Zi ’ (24) 
= Rp ada, 


_3c0s"Ja—1 


<Ga >= | Or8 Ped , 


where fez is the number density of electrons, 
and the meanings of 7a, and 04 are explained 
in §6, (2) and (3) of I. Since g’ is zero in the 
ground state of a Li atom, it becomes zero at 
the infinite internuclear distance for the Li, 
ground state. Even in the neighbourhood of 
the equilibrium internuclear distance, q’ is ex- 
pected to be close to zero, and so it is difficult 
to assess the accurate value for q’. 

In order to study the dependence of <qa’> 
and q’ on R and the parameter value 0:, we 
have calculated the values of these quantities 
for three values of R with the use of the 
single configurational wave function (A) as 
well as CI wave function, for three different 
sets of (a, 8). From Table XXIV, in which 
our results are given, we note that Z/R* and 
—<qa’ > almost cancel with each other, yield- 
ing very small values for g’. This makes 
the reliable estimate of g’ very difficult: we 
note, however, that all values obtained in this 
way are positive. Further from this table we 
can see the following facts. 

(a) For a fixed value of R, q’ increases (or 
<qa’> decreases) with decreasing 0,. This 
is reasonable since the charge distribution of 
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the valence electrons in the neighbourhood of 
the molecular axis decreases with decreasing 
02, whereas that near the nucleus A is rough- 
ly spherically symmetric around that nucleus, 
irrespectively of 03. 

(b) For a fixed set, g’ decreases with increas- 
ing R (or decreasing 6,). This can be easily 
seen as follows: R? <qa’>, which is inde- 
pendent of R on the single configurational 
wave function, is found to be a increasing 
function of R when CI wave function is em- 
ployed. Hence R? qg’ which is equal to Z—R® 
X<qa’>, is a decreasing function of R, and q’ 
decreases with R more rapidly than R-, pro- 
vided that q’ is positive. 

From (a) and (b) we can conclude that, for 
a constant 02, g’ decreases with increasing R, 
at least in the neighbourhood of the equilibri- 
um internuclear distance Re. 

As to the dependence of g’ on R over the 
whole range (0, oo), the following discussions 
might be of some interest. In the limit of 
the united atom, that is, in 1D of the carbon 
atom, the value of <qa’> calculated by using 
Slater AO with 6,=1.625 is 0.57124 a.u., which 
in the limit of the infinite nuclear separation 
is of course zero. Further, for any finite 
value of R, <qa’> is expected to have a 
positive value. Accordingly, q’ is infinitely 
large at R=0 and becomes zero at R=o and 
its upper limit is 3/R% for any R. The situa- 
tion mentioned in (b) suggests that in the 
neighbourhood of the equilibrium internuclear 
separation, q’ is positive and a decreasing 
function of R. It may be quite possible, how- 
ever, that q becomes negative at a certain 
value of R larger than the equilibrium inter- 
nuclear distance R.. 

Further, the values of q’ calculated by using 
the various approximations for Set II and R 
=5.0 a.u. obtained in §3 are given in Table 
XXII. From this table, we can see the fol- 
lowing points. 

(a) Similarly to the case of Q, the calculated 
q values can be divided into two groups. 
Namely, if s—p hybridization is not considered 
7 is larger than 30x10-‘ a.u., whereas it is 
smaller than 16x 10-‘ a.u. if s-p hybridization 
is taken into account. This variation of q’ 
reasonable, since s-p hybridization increases 
the charge density in the neighbourhood of 
the molecular axis. 

(b) Contrary to the case of Q, the effect of 
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semilocalization is not so important. (Com 
pare Case 1 with Cases 2 and 12.) 

(c) By mixing the configurations which in 
volve z orbitals, g’ value becomes fairly cl 
(Compare Cases 1 and 8, Cases 12 and 16. yi 
(d) The pure ionic structure (Case 13) ane 
the pure HL approximation yield the same a 
value, similarly to the case of Q. 
(e) No appreciable difference is found betweer 
Cases 1 and 17, and Cases 12 and 18. Tha: 
is, contrary to the Q value of O,, the assum 
tion of S(1sa, 28)=0 does not appreciably a 
fect the q’ value of Lig. 
(f) The q’ values for the various approxima 
tions in the shrunk core model are close 4 
those for the corresponding approximation: 
involving the inner shells. (Compare Cases ~ 
and 19, and Cases 12, 21, and 22.) The only 
one exception exists between Cases 11 an 
20. This is easily understood, however, bs 
considering that the amounts of mixing 0 
each configuration are quite different for thes 
two cases. 

Now to investigate the contribution to q’ il 
only the valence electrons, we have definec 
<qa’>vai by the relations similar to Eqs. (22% 
and (23) mutatis mutandis, namely. 


oS oat > 


or 


<a’ >vat=<au' >— 5 (26% 


The values of <qa’>>va: obtained by using 
the single configuration and CI wave function 
for each parameter set and R are given iz 
(C) of Table XXIV. From this table we can 
see that, as Harris and Melkanoff predicted!” 
<@a’>vai is not very sensitive to the chang¢g 
of R. 

Accordingly, assuming <@a’> var to be con 
stant with respect to R, we have estimatec 
q’, for the equilibrium internnclear distance 
R.=5.05 a.u. using Eq. (25). The results fo 
the single configuration, pure HL approxima’ 
tion, and eight dimengional CI considered it 
§3 for Set II and R=5.0 a.u., together witl 
the ones obtained by Harris-Melkanoff ane 
also Sternheimer! by using the pure HL wavs 
function and the James variational wave func 
tion, are shown in Table XXV. 

The difference of their result obtained by 
using the James variational function from our 


the James wave function. 


mainly comes from the following features of 


a) Charge density of valence electrons in- 
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where <1/R*> o is the average of 1/R* over 


creases in the neighbourhood of the molecular the zero point vibration. Inserting <1/R?> 00 


axis by mixing more basic functions of type 


than ours. 


a type which will decrease the charge density 


calculated by using Morse potential (Table 


XVII) and the formulae given by E. Ishiguro 
(b) In his function, transverse correlation of and i ee we have 


near the molecular axis is not considered. 


Further, their assumption is somewhat doubt- 


ful, that <qa’>>va: is almost constant over the very small. 
By using the value of <q’>>o obtained by 


wide region of R around R.. 


Now, we note that, in order to obtain the 
value of q’ in fair accuracy, we may have to 


<e P= — deat day >va1—0.00007Gn a.u.) . 
Thus the Be 2 of <q’>oo from q’(R-.) is 


our best wave function, and by neglecting or 
including Sternheimer correction, the nuclear 


‘consider the effect of departure from spherical adrupole moment of Li’, Q(Li’), is estimated 


symmetry of the core electrons, that is, Stern. @$ +9.6*10-%%cm? or +10.8x 10-**cm?, 
Bimer correction’. The results of this 


bs 


1 


° : ‘ jon 20. 
we have made a rough estimate of this cor- situation.” 


‘rection and the result is added in Table XXV_ (4) Oscillator Strengths fix 
with parentheses. From this table wecanex- As explained in I, §6, subsection (4), the 


pect that qg’ still remains positive though it is 


reduced appreciably by this correction. 


Finally we have averaged the value of q’ 


over the zero point vibration by assuming dipole velocity method, that is 


‘<qa’>var to be constant with respect 
Then the averaged value <qa’>>o0 is 
SEs Riad ‘i 


to R. f= (Sa r)nel? (AE) ix 


Table XXV. Estimated values of g’ for R=5.05a.u. obtained by including or 


ithe a 2 | <da!>val® 

function > meee 
; AD | 0.00444 
| Pure HL® 0.00428 
| ae) 0.00636 
Pure HL® 0.00422 

Variational?” 0.00867 


a) See Eqs. (24) and (26). 
ce b) From reference (17). 


: neglecting Sternheimer correction (in a.u.). 


g! including 


Sternheimer») 


q correction Sternheimer 
correction 
0.00332 (—0.00088) © (0.00244) 
0.00349 (—0.00088) (0.00261) 
0.00140 (—0.00015) (0.00125) 
0.00354 —0.00088 0.00026 


—0.00091 —0.00015 —0.00106 


c) Our wave functions for Set II and R=5.0a.u. 


d) See references (17) and (13). 
with each other. 


q’ values in two references are somewhat different 


The values listed here are the ones in reference (17). 


| e) James variational wave function obtained for R=5.63 a.u. 
[ f) Values within parentheses are the estismated ones. 


inS)= 


spectively, from the observed value of eqQ 


correction calculated by Sternheimer and (Li): +0.060 MC/sec™. This positive signe 
Foley™, using the pure HL and the James 
Variational function, are given in Table XXV. 
‘Then, assuming that the corrections for our 
‘single configuration and pure HL is equal to 
his correction for his pure HL, and that the 
correction for our CI wave function are equal 
to his for the James variational wave function, 


of Q(Li) is contrary to the result obtained by 
using the James function and also to the 
prediction from the side of a simple applica- 
tion of the nuclear shell model. This predic- 
tion, however, does not seem to be so con- 
clusive, because configurational interaction, 
inclusion of tensor force etc. may alter the 


oscillator strength fi; for transition from a 
state 7 to another state k (Ex >1) can be 
calculated by either the dipole length or the 


(27) 
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(8) “ba aes (q 
"(Zg) “by eas (2 


7SES'T 9ELh'0 OFOT'T LE0S"0 Z89L'T E96" 0 ac 
LOVe'T 189% SPLIT 086r'0 POLIT 9g86°0 0s 1D 
B 
18S" 1 909%" 0 PPSI'T 868P'0 TESTI 86250 ‘Pp "Alt | 
vOIL'I gg09°0 €8h0'T 1259°0 eeP0'T PVOL'0 V 
41 We Lr 4 = m1 / ZA MY ZA 41 ZA m1 / Z AN 
Ee aa (fv —2) Say la — 3/2 (Ga re ia es Ai) = oye 
. <= = en x meee: So e Le Ki ) wee << 4 1 a x ) 1 Ye weer b 
Il Il I 32S 
de se ao ES 
98ST I- o1g9°0- Test I- 1889°0- LGLEI- 9rF9°0- op 
LIT T- 69° 0- CPI I- LLS9°0- 0zSTI- 9Z29°0- 0°¢ if) 

b 
6910°T— 6659°0— 9S10°T- 9819°0— SZ I- L10L°0- $F oe eG 
7S60°1- SLP8°0- 9110" T—- P188°0- Z986°0- 81Z6°0—- Loe 

nd day m<2>y- nc Say NL2>y a nC >a N2>y AT a | | 
Se a , = : soe poy, ¥ 1 
Ul U 72S 
41-4 9K OV 
as (a—-) 2 pue ae (tr—2)E2 A, -Y ‘DY ‘ce™K<21-Y  “IAXX qe 
SS ioe < 


Siuc= 3 (a Vidiel?/(4E)ix , (28) 


Now among the four states considered in 
this paper, it is easily seen that the possible 
transitions are only %3ig9*—!3.* and’ ?>!,+ — 
4W7.. The former corresponds to the one 
lectron jump d29—o2, and is induced by z 
components of the dipole length and velocity. 
The latter corresponds to the one electron 
jump o..—7z.* and is induced by « and y 
components of them. 
_ The matrix elements of the dipole length 
Bnd velocity corresponding to these two tran- 
= are calculated by using the same wave 
— as were used in calculating (4E)x, 
of es XVI and the result is shown in Table 
ee By using these values of matrix ele- 
ents together with the respective (4E)x’s 
. en in Table XVI, fix’s are calculated and 
) e result is given in Table XXVII. 


From this table we can see that 
(a) when CI is taken into account, the re- 
ults obtained by these two methods agree 
ply well for each set and R, and further 


Table XXVII. 
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the difference of fix’s due to the different 
choice of parameter sets and R is reduced 
appreciably, 

(b) in general, the fi, value obtained by the 
length method is larger than that by the velo- 
city method, except the one, namely fix for 
1Sio*—'T. obtained by using Set III and 
R=4.5 a.u., and that 

(c). contrary,..to A¢he-,case of 2>4%—-3>.- 
transition in the O, case, fix calculated by the 
velocity method increases by introducing CI. 

Further we have carried out a calculation 
using the various wave functions obtained for 
Set II and R=5.0 a.u. The necessary matrix 
elements of the coordinate and velocity are 
shown in Table XXVIII, while (4E)x can be 
taken from Table XVIII. The resulting values 
of fix are listed in Table XXIX. 

From this table, we can see that, similarly 
to the case of D., the results of the pure HL 
approximation are somewhat better than those 
of the single configuration. 

Further, as to the transition probability for 
1S'¢*—'L1u, the results obtained by the shrunk 
core model are very different from those by 
including the inner shells. This fact is one 


Oscillator strength jfix®) for each set and fF. 


BA Ds Sake 
| Set I II Ill 
l ke | Method = == 
| uk Length Velocity ‘Length Velocity Lefteeh Mglocity 
i a) ASS < 1.428 0.257 als 443 0.245 1.479 0. 231 
A Bei) 1.562 0.235 1.549 0.228 1.562 0.219 
4 5.5 | 1.697 0.216 1.656 0.213 1.645 0.208 
si + 1 + : i: eee She ee =. x pae 4) a Pe? 10 
f ee “a 4.5 0.526 0.527 0.509 0.465 0.503 0.446 
CI Bad) 0.509 0.524 0.506 0.472 0.508 0.454 
Bes: 0.494 0.516 0.506 0.475 0.514 0.462 
By Do Le ‘ he 
{ae ae aye I | I I 
. le i es ae é ie 
‘ ‘ght R Length Velocity Length Velocity | pe Velocity 
Cie See (ge o.oo. |, 10.679. »..0.306 0.615 0.332 
A 5.0 0.886 0.271 0.794 0.262 0.717 0.285 
| 55 0.997 0.241 | 0.909 0.228 0.820 0.249 
. : A eae Be ai ae 
ee | aww voeaga 0.961 | 0.417 (0.858 0.380 0.393 
CI a0) 0.560 0.313 0.498 0.305 0.450 0.336 
Bye) 0.635 0.275 0.577 0.265 0.520 0.293 


a) See Eas. (27) and (28). 
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1 ; 1 3 
Table XXVIII. R-Ke>u®, R<Ou®, RK Fee-)>, a) and RK 7g t-i) >». 
Po To? = Da 
‘1 | k ms Method poe RKO ue 
A he —0.8814 —1.0116 
HL —0.6310 — 1.2338 
US ye en © Cl —0.6577 —1.1145 
A (shrunk core) —0.8814 —1.0116 
CI (shrunk core) —0.6067 — 0.8306 
By yo" lly 
see aT pated eat wl tp alee 
l k Method (re iy) oa Se 7) ve 
A 0.6521 1.0483 
iBUL 0.6458 1.0369 
oD Tx CI 0.4980 1.1742 
A (shrunk core) 0.6521 1.0483 
CI (shrunk core) 0.1546 0.9479 
a) See Eq. (27). 


b) See Eq. (28). 


Table XXIX. Oscillator strength /7.™ for 
Set II and R=5.0a.u. 


Table XXX. Vertical excitation energies (in e.v.), 
calculated by Eq. (29). 


AY 2 ht A) Results for each set and each R. 
l k Method | Length Velocity Va? = gt Vu — 1 Dogt 
{ = —s =a ; Rl 7 - = 
A | 1.549 0.228 Set Method 4.5°5:0 5.5 | 4.5 5.0 0ee 
WW, | 0.882 0.305 r | be re hea 
ate a = incur : A 1.44 1.16 0.96 | 1.99 1.61 1.33 
sa ea he CI 2.15 1.86 1.64 | 3.00 2.40 1.96 
| | A (shrunk core) | 1.457 0.242 =e ees. os 
| CI (shrunk core) | 0.323 0.350 Il A 1.541..25°1.503' | 2e1G ea 75 
CI 2.13 1.84 1:63) 3325) 2) 5vezeOe 
B 1 +_1T — a ate ; _ 
) do : ai A 1.64 1.33 1.10 | 2.48 2.01 1.66. 
l ke | Method Length Velocity CI 2.19 1.88 1.65 | 3.67 2.90 2.35. 
A | 0.794 0.262 Obs. | 2.01 1.86 1.73 | 2.73 2.59 2.50) 
ee 1 O70L  O1e4 
ioe | ) 11a | 0.498 0.305 B) Results obtained by using several approxi- 
| A pete core) | 0.329 0.632 mations for Set II and R=5.0a.u. 
| Cl (shrunk core) | 0.029 0.329 Method IT Is,+ Lye 
a) See Eqs. (27) and (28). A a 1.25 ~ 1.75 fii 
of the most conspicuous shortcoming of the = ie 1.75 
shrunk core model. CI 1.84 2.57 
Finally, the values of (4E) are calculated A (shrunk core) 1.25 1.75 
by the following formula: CI (shrunk core) 1.49 6.67 
eles <E O/0ui > ue Obs. 1.86 2.59 
k= , v=, y, or 2, 29 
SS y, (29) 
v 


Here we have used the values of the matrix 


Fa 
; 


i 


\ 
L 


ee om 


7, = =P”, oe 


1957) 


} elements of the dipole length and the corre- 


sponding ones of the dipole velocity shown in 
fables XXVI and XXVIII. The results are 


_ given in Table XXX. 


As can be seen from this table, the very 


good agreement with the observation is ob- 
_ tained by taking CI into account. 
_ one exception exists, namely <4E >, of 23s, 
_— II, obtained for Set II] and R=45 eu 
_ Further, we can see that the situation similar 


The only 


St 


to the case of the fi values holds also for 


_ the <4E> 1x values obtained by using the HL 
_ approximation and the shrunk core model. (See 


(B) of this table.) 


_§6. Population Analysis 


As introduced in Part I, various specific 
overlap and specific AO populations in ortho- 


-hormalized MO 


P= DiCi, re Are (Y=a,b; k 
a 


Spee 2po, 2pr*) (30) 
have the following forms: 
. Ty Bric, GH (Clbsy TE Savon for R=/ 
4s = : d : Slet 
ay Aci, ak Ct, ot Sak, o. fOr R=<1, \ ) 
n’)= 2 HOS 125 lb). (G1E2) 
KL 
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NG; k)=ci?, ae +cx?, ox 
+2 dei, ak Cis dt Saks vt 5 (31.3) 


where S;z,.s0= Jen %s. dv. Then the over- 


lap population n(z), gross AO population Ni; 
k), and total overlap population . defined by 
Mulliken?) can be expressed as 


Table XXXI. Coefficients ¢; 7x2 in MO ¢;. 


(o18)¢ uP? (028)9,u (o2P)¢g,u>? 
Cig 0.70706 0 0 
Oxg — 0.04004 0.56274 0 
039 — 0.06655 —0.20832 0.68684 
Saey 0.70715 0 0 
onu 0.07850 1.10303 0 
oy | 0.35174 2.07638 NoVA 
O29/0 —0.04959 0.52505 0.10321 
63q/% —0.05978 —0.29051 0.67904 
C2y!0) 0.14602 1.48920 0.33792 
o3y/Y 0.32948 1.81942 1.68775 
a) See Eq. (30). 
b) See Eq. (, (2)). 
c) See Eq. (I, (30)). 
d) See Eq. (I, (60)). 


Specific overlap populations n/(i;k, 1)». 


v ni(i;1s, 1s) m!(é;1s, 28) ni(i;1s, 2p0) ni(i;28, 28) n!(é;28, 2p0) nl(i;2p0, 2po) n!(i;2pn*, 2pn*) 

o1g 0.0001 0 0 0 0 0 

O29 0.0000 0.0064 0 0.3699 0 0 

039 0.0000 0.0040  —0.0217 0.0507 —0.2789 0.2068 

o1n —0.0001 0 0 0 0 0 

O20 0.0000 0.0246 0 —1.4210 0 0 

O3u 0.0000 —0.2079 —0.2869 —5.0355 —6.9666 ~1,2986 

log 9.0001 0.0014 0.0001 0.0001 0.0000 0.0000 

209 0.0000  —0.0088  —0.0034 0.3125 0.1218 0.0064 

3ay 0.0000 0.0049 0.0183 0.1080  —0.4007 0.2004 

CF, 0.0001  —0.0042  —0.0023 —0.0005  -0.0003 0.0000 

2Qou 0.0000  —0.0024 0.0015 0.6420 0.4147 — 0.0361 

3ou 0.0000 —0.2260 —0.2862  -5.8140 —7.3810 — 1.2625 

g 0.0000  —0.0075 —0.0029 0.3126 0.1217 0.0064 

O29! 0.0000 —0.0074 0.0024 0.3220 0.1056 Kae 

O29! 0.0000 0.0049  —0.0192 0.0986  —0.3845 see 

Cou! 0.0000 —0.0619  —0.0234  —2.5902 tes ie 

cau! 0.0000  -0.1706 — —0.2636 3.8663 5.985 248¢ eg 
a. 3 IAG = 1 ci ~0.7163 

a 0.2945 

Ty* eh TES all of z eG 


a) See Eq. (31.1). 
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Table XXXII. Specific gross AO populations Table XXXIV. Occupation numbers N(7), overlap 


N'(i;k)® and specific overlap populations 2’(i)>? populations (i) in each orbital, and /(¢)/n. 
in each orbital. (A) Single configuration A (Case il) 
a N'(ij1s) NG, 28) N"G;2p0) —n!(4) i N(i) nt) n'(a)/m 
ae een 0 0.0001 o1g 2 0.0003 0.0002 
Chg 0 1 0 0.3635 O29 2 0.7269 0.5000 
ey 0 0 1 — 000391 039 0 0 — 0.0538 
O1n 1 0 0 —0.0001 O1u 2 — 0.0003 — 0.0002 
oon 0 1 0 = 1.4457 Onn 0 0 — 1.9888 
O3u 0 0 1 — 13.7955 O3u 0 0 — 18.9786 
log 0.9991 0.0009 0.0000 0.0016 ng 0 0 0.9854 
264 0.0010 0.9042 0.0948 0.4285 Tut 0 0 0.4051 
30g —0.0002 0.0950 0.9052 -—0.1057 ; | 
low 1.0081 -—0.0019 0.0012 -0.0073 (B) g? approximation (Case 4) | 
20% —0.0002 0.6635 0.3367 —0.2643 ; IO n(i) nian i 
3ou —0.0029 0.3384 0.6645 —14.9697 = — = aes 
g 0 0.9051 0.0940 0.4303 1g 2 0.0003 0.0002 i 
Ong! 0 0.9224 0.0776 0.4224 O1u 2 — 0.0003 — 0.0002 ) 
O3g! 0 0.0776 0.9224 —0.0982 g 2 0.8606 0.5000 
O20! 0 1.3238 —0.3238 -—3.7065 
3.4! 0 —0.3238 1.3238 —11.5347 (C) LCAO SCF (Case 6) 
E ng at. 3 A ee a N(2) n(2) n'(a)/n 
Tu* | 0.2945 log | vy) 0.0033 0.0019 
a) Gee Eq. G13” 204 2 0.8570 0.5067 
b)) See Eq: (1.2), 30g 0 0 — 0.1250 
low 2 —0.0147 — 0.0087 
n(i)= N(i)n' (2) , (GVARW 26x 0 —0.3125 
NG; R)=N@N (i; k), (32.2) 3ou 0 0 —17.7022 
and Ing* 0 0 — 0.8470 
n= 2n(@) , (32.3) Inu 0 0 0.3482 


respectively, where Mz) is the number of a) See Eq. (32.1). 
electrons in MO g;. Mulliken?» proposed that b) See Eq. (83). 


Table XXXV. Occupation numbers N(7), gross AO populations N(7, k), and 
overlap populations 7(7)© in each orbital, for the case of eight dimensional 
configurational interaction (Case 11). 


é NG) N(i;ls) N(G;28)  N(é;2pc) -N(4;2pn*) (i) 
ay 2 > iG 0 0 0.0002 
oag!®) 1.81971 0 ‘7i:6786 0.1412, 6 0.7687 
ogg’) 0.01619 0 0.0013 0.0149 0 ~0.0016 
bie 2 og EG sf ) 0 — 0.0002 
oy)!2) 0.03311 0 0.04338 20.0107" WhO 80.1227 
63,)/8) 0.00004 0 0.0000 0.0000 0 —0.0005 
gt 0.000033 0 0 0 0.0000 0.0000 
Fiji » een. 0O13092 0 0 0 0.1309 0.0386 
Sum 6 4 S737 0.1454 0.1309 0.6825 


a) Seen Ge dy (60): b) See Eq. (32.2), c) See Eq. (32.1), 


L.. 
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j 

& ae ioe Total overlap populations (Case 6), obtained for the ground state and 
does $—p promotion in percent. for Set land R=5.0. a.u., we have calculated 
x as Single 3 be the various populations by the above formulae. 
a ne configuration g F 8dim. Cl The coefficients in Eq. (30) for the wave func- 
ir Oona aes Me: beers ~ tions (B) and (C) were already given in Tables 
sae ; cre 5 ical. VII and IX, respectively. Those for (A) are 
yon: i awl © ae RES given in Table XXXI. The obtained results 
a) See Eq. (32.3). ; of the various populations are summarized in 

| . Tables XXXII, XXXIII, and XXXIV. 
overlap populations n(i) and m can be taken Further, as explained in I, we can also 
| as a measure of “‘ bonding power ”’. analyze the eight dimensional configurational 


To investigate the features of the three wave function (Case 11) using the above for- 
wave functions, (A) the single configuration mulae, if MO g; and the occupation number 
(Case 1), (B) gy? (Case 4), and (C) SCF MO (i) in the above formulae are replaced by 


Table XXXVII. Comparison between values of (2%—x)/m% calculated by (SCF) rnd CI, 
together with experimental values of 2(Ri— Ro)/Ro®. 


Remarks 


Sf (m—‘mx)Iro 2 Re— Ro)/ Ro | 
Li? T a) | 0.1585 0.1975 | One electron in Li,(}>),*) being excited from 20, to Inm,* 
| (0.5045) ») 
Lise >u*) | 0.8192 Orozot | One electron in Li,('3{7+) being excited from 20, to 20, 
| 
| 


(0.5648) >) 


a) See Eq. (83). 
b) The values within parentheses are those calculated by using CI wave functions. 


Table XXXVIII. Values of kinetic energy T in the natural orbital? g;/ and the effective 
a.u. for wave function for each set and each R. number of electrons MN(i). (See Eq. (I, (60).) 
—————— — a The coefficients ci, >. in the natural orbital 


Set| R |Method| 14>),+ Sate 1 Dla mf i : : 
Sp) ae tiad etieed  *  ~“*' of are given in Table XXXI- The obtained 
a A 19.7985 19.8172 19.8172 19.7643 results of the various populations are given 
} Cl 19.8259 19.8329 19.8703 19.7912 in Table XXXV. 
| «| 16.0368 16.0520 16.0520 16.0091 The amounts of s-p promotion and the total 
Ha. 0 Cl 16.0663 16.0711 16.0974 16.0389 overlap population n, obtained by the popula- 
F = —_— tion analysis method for the above four wave 
igs A | 13.2535 13.2661 13.2661 13.2306 functions, are givenin Table XXXVI. From 
eagle OE 13.2834 13.2865 13.3053 13.2612 this table we can see the following points. 
i 17.8989 17.9447 17.9447 17.8373 (a) The charge distribution is. nearly the 
4.5! 61 | 47.9154 17.9351 17.9554 17.8645 Same for SCF and g’ wave functions. 
Soe = - ; —- (b) The values of m for SCF and 9? wave 
11/5.0 | 14.4981 14.5352 14.5352 14.4482 functions are larger than that for the single 
CI | 14,5171 14.5345 14.5457 14.4766 configurational wave function. This tendency 
A | 11.9819 12.0125 12.0125 11.9407 is, however, not so remarkable as that en- 
5,5 CI 12.0017 12.0178 12.0227 11.9690 countered in the case of O2, though the amount 
Ce dof spe promotion mis comparable; (cf. Table 
A | 19.9903 20.0660 20.0660 19.9276 TX of Part I.) 
Ane : : ; 
CI | 20.0008 20.0333 20.0427 ia (c) The value of for eight dimensional con- 
iw A 16.1922 16.2534 16.2534 16.1414 figurational wave function is even smaller 
me 1IT) 5.0 Cl 16.2046 16.2343 16.2366 16.1695 than that of the single configurational wave 
| SS —----- function due to the electron correlation (cf. 
A 13.3819 13.4326 13.4326 13.3400 remarks below Table XX of I.). 
|: , we ; 
CI 13.3952 ie HEE es) (d) The amount of s-p promotion increases 
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considerably if configurations involving z or- 
bitals are taken into account. 


Finally, we have examined the relation 
suggested by Mulliken?» 
Ny —Nk Ri—Ro 
= =) 33 
i R (33) 


where m) and R, are the total overlap popula- 
tion and the equilibrium internuclear distance 
in the ground state, respectively, and a and 
R; are those in the excited state. m) and mx 
are calculated by using SCF MO’s obtained 
for the ground state. In Table XXXVII the 
experimental values! of 2(R:z—Ry)/Ro are com- 
pared with the calculated values of (7%)—mx)/Mo . 
From this table, we can see that, contrary to 
the O, case, the relation (33) does not hold 
satisfactorily especially for the transition 
from“ >i72 to 1,7. In Oj case, all the Scr 
MO’s used to calculate u, were the occupied 


Table XXXIX. Kinetic energy T in a.u. together with ratios of computed to 
observed values of total energy # and dissociation energy D,., for various 
approximations of Set II and R=5.0a.u. 
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orbitals, while in Li, case, an unoccupied SC 
MO such as 201, which is considered unsuit- 
able for describing excited states, enters in 
this calculation. In this connection we have 
calculated (%)—mx)/m) by using CI wave func- 
tions for both the ground and excited states} 
(Table XXXVI. The result, however, be- 
comes worse for 4II, state, though it is im- 
proved for 15),,* state. 


| 
Virial Theorem | 


§7. 
The virial theorem for a diatomic molecule: 
can be expressed as?) 


TR)= — | XR) +ROE | 


where 7(R) is the kinetic energy of all the 
electrons and E(R) is the adiabatic potential) 


of the molecule. We have here intended to 
examine to what extent this relation is satis- 


(34) 


DP 


Case BH De 
1 A (single configuration) 14,4981 0.9888 —0.16 
Dp 1HE 14.5033 0.9897 0.18 
3° ALE 14.5301 0.9896 Opto 
4 (g) 14.5268 0.9895 0.10 
5 A+C+E (g/g!) 14.5233 | 0.9898 0.21 
6 LCAO SCF 14.4866 0.9895 Opi 
7 o-electron CI 14,5238 0.9902 0.38 
8 A+H 14,4894 0.9900 0.29 
9 A+C+H 14.4950 | 0.9905 0.50 
10 A+C+E+H 14.5168 0.9910 0.70 
11 8 dim. CI 14.5171 0.9911 Onis 
12 Pure HL 14.5028 0.9897 0.18 
13 Ionic structure 14.5028 0.9865 —1.04 
14 HL with s—p hybrid. 14.5208 0.9900 0.30 
15 Semiloc. and s—p hybrid. 14.5251 0.9901 0.32 
16 (8—8)-+(n—n) 14,4994 0.9903 0.40 
17 A"(S(1s:, 28,)=0) 14.3458 0.9903 0.41 
18 HL/(S(1s,, 28,)=0) 14.3861 0.9913 1.45 
19 A (shrunk core) 0.4531 0.5543) —0.65 
20 8 dim. CI (shrunk core) 0.4415 0.6760 0.72 
21 (s—s) (shrunk core) 0.3411 0.7709 1.79 
22 (s—s) (shrunk core) 0.1241 1.2356”) O53 


a) 


Experimental value of E’ considered in §7 is adopted ao itaoe of F(Li) ia 


shrunk core model (#(R=5.0)=—0.43494 a.u.). 


11957) 


fied by the approximations considered in this 
‘Paper. 

For this purpose, T(R) is separated from 
ER) given already and the result is shown in 
ia ables XXXVIII and XXXIX. 


| Table XL. Values of R{@E(R)/OR}© 
using Morse Sea ue) a 


obtained by 
a.u.). 


Sta t ; Pe ¥ 
= ate i Sor + 4 + BES 
4.5 | ~0.0594, 0.1039, —0.11903 
Or | «0.0042, 0.0576, =0.0436; 
5.5 0.0297, —0.0212, 


— 0.0026 


See fq. (34). 


Further, the values of R{@E(R)/OR}, which 
are calculated by using the Morse function 
with the parameters in Table XVII, are given 
in Table XL. 
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From this table and the tables of E and T 
given before, we can see that the relation 
(34) is not satisfied well by any of all our 
approximations. This large disagreement 
seems to be originated mainly in the errors 
of 7(R) due to the unsuitableness of the adopt- 
ed orbital exponent of 1s, 6;. In order to ex- 
amine this point, we have estimated the 
change of 7(R) arising from the replacement 
by a more suitable value of 6,, that is 01, best. 
This change may essentially be approximated 
by that of the kinetic energy of ls cores, 
which is given by 2(0;2, best —0:2). In Table 
XLI, this value is written, which is found by 
assuming 01, best =2.688 determined by Zener’s 
rule. By comparing this result with the 
discrepancy of relation (84), T+F£+R{0E/O0R} 
shown in the same table, we can see that our 
expectation is essentially correct. 


Table XLI. Correction of kinetic energy of core electrons for 1>0,* state. 
f Set [Method] pio,¢-———__** | 4.5 5.0 5.5 
T 19.7985 16.0368 13.2535 
E —14.4657 14.8010 —14.7808 
f - T+E+R(O0E/ORY 5.2734 1.2315 ae. 1.4975 
| 2(81,vest2— 012) 21-9073 G2eR2203 1.4920 
— -. —— = —_ — 
E T 19.8259 16.0663 13.2834 
| E 14,5018  —14.8359  —14.8152 
: a T+E+ROE/OR) 5.2652 1.2262 — 1.5021 
) 2(d1,, best? — O12) — 4.9073  — 1.2293 1.4920 
‘ bo > 17.8989 14,4981 11.9819 
E 14.6844. 14.8268  —14.6771 
T+E+R(@E/AR) 3.1551  — 0.3330 — 2.6655 
2(81, vest? — O12) — 2.8888 0.4057 2.8433 
22) .| hill ile 17.9154 14.5171 12.0017 
E 14.7208  —14.8614  —14.7104 
ee [+-E+R@E/OR) 3.1351 — 0.3486 — 2.6789 
2(B1,esi?— 012) — 2.8888 0.4057 2.8433 
La 19.9903 16.1922 13.3819 
E 14.4453 14.7999 14.7927 
- T+-E+ROE/OR) 5.4856 1.3880  — 1.3810 
| 201, nest? 0:2) pW OOTBYE 420122293 1.4920 
i a koa 20.0008 16.2046 13.3952 
E 14.4826  —14.8347 14.8254 
CI T+E+RO@B/OR) | 5.4587 1.3657 — 1.4004 
2(81, best? — 012) | 4.9073  — 1.2293 1.4920 


a) See Eq. (34). 
61, dest= 2. 688 given by Guillemin 


b) 


and Zener”). 


See also reference (14). 
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Table XLII. Values of H’(R)® and T’(f)® in a.u. 
(A) E'(R) 
Set R_ |Method 1 oa Pye Tu 
i | A — 0.3793 —0.3527 —0.2548 — 0.2637 
4:5 (ll —0.4149 — 0.3622 —0.3357 —0.2872 
I 5 ; A —0.3810 — 0.3588 —0.2707 — 0.2739 
: CI —0.4159 — 0.3690 — 0.3484 — 0.2979 
Bs A —0.3759 —0.3569 — 0.2768 — 0.2762 
| : CI —0.4103 — 0.3680 —0.3513 — 0.3008 
+ m | PrRIAL —0.3711 —0.3412 — 0.2336 — 0.2528 
‘ CI —0.4076 - — 0.3533 — 0.3257 — 0.2787 
Il so | A |. 0.3843 -0.3615  -0.2647  -0.2723 
; Gi —0.4189 — 0.3720 — 0.3487 — 0.2984 
Be A — 0.3869 — 0.3691 —0.2811 — 0.2809 
; GE —0.4201 — 0.3789 — 0.3584 — 0.3072 
Tas | A — 0.3589 —0.3249 — 0.2064 — 0.2347 
: CI — 0.3962 — 0.3407 —0.3107 — 0.2637 
ay 5.0 A —0.3799 — 0.3562 — 0.2494 — 0.2625 
i CI —0.4147 — 0.3678 —0.3414 —0.2914 
BS A — 0.3877 —0.3712 —0.2742 — 0.2768 
; CI | — 0.4205 — 0.3805 —0.3564 — 0.3056 
4.5 —0.4317 — 0.3581 — 0.3316 
Obs. 5.0 —0.4349 — 0.3665 — 0.3398 
Nya) — 0.4336 — 0.3702 —0.3418 
(B) TR) 
Set R Method | Lit 3yut De Te 
45° | A 0.4405 0.4592 0.4592 0.4063 
: GT | 0.4679 0.4749 Obi 0.4332 
er 22 ie 4 : 
I 5.0 A 0.3568 0.3720 0.3720 0.3291 
: GT 0.3863 0.3911 0.4174 0.3589 
55 A 0.2949 0.3074 0.3074 0.2720 
: ICI 0.3247 0.3278 0.3466 0.3025 
£5 a | 0.5594 0.6052 0.6052 0.4978 
; CI | 0.5759 0.5956 0.6159 0.5250 
Il 5.0 A 0.4531 0.4902 0.4902 0.4032 
| : CI | 0.4721 0.4895 0.5007 0.4316 
aR A | 0.3744 0.4051 0.4051 Orso02 
Cr | 0.3943 0.4104 0.4153 0.3616 
4% I 228s 0.6323 0.7080 0.7080 0.5696 
; CI 0.6428 0.6752 0.6847 0.5979 
i | S65 ee 0.5122 0.5734 0.5734 0.4614 
i CI 0.5246 0.5543 0.5566 0.4895 
| 55 A 0.4233 0.4739 0.4739 0.3813 
CI 0.4617 0.4088 


a) See below Eq. (35). 


Skee aeons 


ae 


——— 


- — 
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| Taploe xii Vaties of Te vand — [40> +4(RomR™ ) in a. 
ee 4-159 
Set | R Method ~ ie i, RS —— cern 
4T — {4H A(R ee \ - eee 
| Sih cates : Faille wack sE+A(R xe } 
LS A 0.0187 —0.0799 — 0.0342 —0.0559 
| CI 0.0444 — 0.0346 — 0.0347 — 0.0680 
re z - meee eel hk ahs 7 
I 5.0 ft 0.0152 —0.0569 —0.0277 —0.0677 
t MI | 0.0311 —0.0141 — 0.0274 — 0.0786 
| ae ok ek die Ls esc a , = 
ae A 0.0126 —0.0481 —0.0229 —0.1268 
| Gi 0.0219 —0.0080 —0.0222 — 0.1366 
As A 0.0458 —0.0930 —0.0616 — 0.0587 
CI 0.0400 — 0.0373 — 0.0509 —0.0692 
ll 5.0 A’ 0.0371 —0.0662 —0.0499 —0.0727 : 
\% Cl 0.0286 —0.0168 — 0.0404 —0.0811 
| acerca A 0.0307 — 0.0547 0.0412 ~ 0.1331 
: | CI | 0.0210 —0.0107 —0.0327 —0.1399 
ales A 0.0757 —0.1080 —0.0627 —0.0645 
Ci 0.0419 —0.0410 —0.0449 —0.0729 
a a A 0.0613 —0.0770 —0.0508 —0.0780 
(Chl 0.0320 —0.0199 —0.0351 —0.0839 
= os EC — — oo a ee a a — 
ats eA: 0.0507 —0.0626 —0.0420 —0.1380 
} CI 0.0251 —0.0131 —0.0277 —0.1420 
a) See Eq. (36). 
b) AH’s are the calculated values in Table XVI. 
c) From Table XL. 
To study this situation, further, we have where 4T means the difference of the kinetic 


subtracted from E(R) the core energy 
2{ (argh org) + (Gru |h|o1u)} +J(610,619) + G10» F10) 


A619, F1u)—2K (419, Ou) +8/R , (35) 


and from 7(R) the corresponding quantity. 
The resulting quantities are denoted by E’(R) 


and T’(R) respectively. The calculated values 


of E’(R) and T’(R) are shown in Table XLII. 

From this table we can see that T’(R) 
varies reasonably with respect to 0, as com- 
pared with 7(R), and £’(R) is fairly station- 
ary with 0». 

As to the alternative way of eliminating 
the errors connected with the core electrons, 
we take the difference of the corresponding 
quantities of two states. Then the virial the- 
orem can be expressed as 


AT= — {4b +A( oi) 


OR a 


energy of the two states, and so on. The 


values of 47 and AB+A(R oe for each 


OR 
set and R are given in Table XLII. From 
this table we can see that our wave functions 
do not satisfy the virial theorem. We can ex- 
pect, however, that if we use 0,’s for 43)u* 
and "II, somewhat smaller than that of 1Sig*, 
the relation (36) might be improved. This 
has been not important for the case of ver- 
tical excitation energies because of the near- 
ly stationary character of E’(R). 

Finally we note that we could not deter- 
mine the best 6, and R by using £’(R) in 
Table XLII. This fact means that the su- 
btraction of the core energy by Eq. (85) is 
not so accurate as to make this possible. 


§8. Summary 
In order to see the accuracy of the various 
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approximations considered in this paper, we 
have calculated the ratios of the calculated 
values to the observed ones of the total ener- 
gy E, dissociation energy D-, and vertical ex- 
citation energy 4E. These ratios are given 
in Tables XXXIX and XLIV. 


Table XLIV. Ratio of computed to observed 
value of vertical excitation energy. 

(A) From difference of energies 

i) Result for each set and R. 


\ 


DSS ed See We Ssa* 
Set ~Aitligs 50 S644.5 5.00816 
““" Method _ Se gi tie? (ee . “ 
; A 1.69 1.61 3°55 5 1 AS51808 
CI 1.07 0.99 0.93 | 1.27 1.24 1.19 
i A 1266. 2.75 667 1.18. LISS 
cI £211 1.038 O27 | 1.29. 4.27 es 
7m A 2.06 1.91 1.79] 1.24 1.23 ite 21 
CI 1916 1.07 P2607 1.32) 12298125 
ii) Result for Set Il and R=5.0a.u. 
Motion. lass —1>i4* Niu ae 
A Lat 1.18 
HL 1.95 1.06 
CI 1.03 Le 
A (shrunk core) 1.65 0.49 
77 


CI (shrunk core) 0. 


0.76 


(B) From Eq. (29) 
(i) Result for each set and R. 


Se ee) ee oe 
Set Method ~ | bi eS 5.54) 45 eine 5 
. A 0.72 0.62 0.55 0.73 0.62 0.53 
CI 1.07 1.00 0.95 1.10 0.93 0.78 
4 0.77 0.67 0.60 0.79 0.68 0.58 
CI 1.06 0.99 0.94 1.19 0.99 0.83 
= A 0.82 0.72 0.64 0.91 0.78 0.66 
Cl 1.09 1.01 0.95 | 1.34 1.12 0-94 
ii) Result for Set II and R=5.0a.u. 
Method | aga y+ Ta 
A 0.67 QO. 68 
HL TEES 0.68 
CI 0.99 0.99 
A (shrunk core) 0.67 0.68 
CI (shrunk core 0.80 2.58 


E. ISHIGURO, K. KAYAMA, M. KOTANI and Y. MIZUNO 


From these tables, we can see that the e 
sults are improved appreciably by taking Cc 
into account. Above all, 4E calculated by the 
relation (29) is improved excellently. 

Contrary to the O. case, the HL approach 
yields a better result than the MO one, in se 
far as the total energy is concerned. (Compare 
Case 1 with Case 12.) Further, it see ng 
clear that the effect of taking into account 
s-p hybridization, mixing the configurations! 
involving z orbitals, and also semilocalizatien 
is significant. 

Finally, it is shown that the relation (34) 
concerning the virial theorem is not satisfied 
well by using the wave functions here com 
sidered. This discrepancy, however, can fk 
removed considerably by improving the orbital 
exponent 6, of the core orbital. The resu 
obtained here will be discussed in Part III of 
this series of papers. 


ar 
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Errata of Part I 


Page 
707 between authors’ names and abstract (Received March 15, 1957) should be inserted 
707 in the last line hybridization 
. 1 ; lagers ; 
| 709 in Eq. (1) “° ae Sin Oqiet'1, ++ Yo Sin 6q1e7*?1 
mm 712 in Ea. (11) PY8Os,m should be replaced by 
PYS -Os,at,n 
713 in footnote a) of Table IV The following remarks should be added; spins asso- 
ciated with two orbitals with the same superbar are 
coupled to form a triplet, while spins associated with 
two orbitals with the same subber are coupled to form 
a singlet. 
Wiis ine Table V Ine in Line 5 and Column 1 should be replaced by 
Int 
721 Eq. (42) O0=0n— Pet . 
722 under Table XI 0c, Should be the number density of electrons 
724 in Table XII 0.00006 in Line 15 and Column 4 should be replaced 
by —0.00006 
726 in the beginning of §4 ---transition from a state J to an energetically higher 
level & is expressed as-:: 
726 in Table XIII Zand & in the first and second columns should be ex- 
changed. 
727 in Eq. (48) See Eq. (29) of the present paper. 
729 in Eq. (57.3) See Eq. (31.3) of the present paper. 
729 in Table XVI, Column 6 nl (43284, 2por) + (ab) 
= Nk — 
730-731 in Eq. (59), Table XX, and the a should be replaced by siento See also Eq. 
: 0 
sentence above this table. (33) of the present paper. 
731 in Line 7 matrix 
734 Line 30 I(k, I)=(vivnl rer) - 


736 reference 13) Van Nostrand Comp. 
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Structural Investigation by Means of Nuclear Quadrupole 


Resonance III 


(Arsenic Tribromide) 


By Kenji SHIMOMURA 
Minami Branch, Hiroshima University, Hiroshima 


(Received August 8, 1957) 


The structure of AsBr3 is investigated by means of nuclear quadrupole 
resonance at about 10°C, and is compared with Braekken’s results of 
X-ray analysis. AsBr3 has the orthorhombic symmetry, and the Br—As- 
Br bond angles are 99°38’+16’, 99°14’+18’ and 102°51’+13’. The polar 
angles specifing the directions of the As-Br bonds with respect to the 
crystal axes are (62°4/+13’, 56°9’+8’), (64°7’415’, —61°46’+11'), and 
(61°54'+8’, 180°50’+20). The bond angles are larger than those of 
Braekken by about 1°. The asymmetry parameter of field gradient at the 
bromine nucleus is about 0.04-+0.02. Single, double, and ionic character 
of As-Br bond are 61.4%, 1.2% and 37.4%, respectively, and the bond 
length is deduced to be 3.20 A. These results are consistent with those 


of X-ray analysis except the slight disagreement in the bond angles. 


§ 1. Introduction 

A brief preliminary report on the X-ray 
analysis of crystal structure of AsBr; has 
been published by Braekken”. ‘The structure 
is orthorhombic with four molecules unit 
with the dimensions: 


a=10.15 RX, b=12.07 RX, cH=4.31 RX . 


Atoms are in the following special positions 
of Vt (P2122): 


4 As: «w=0.300, y=0.215, z=0, 

12 Br: 2#,=—0.193, ¥;=0.123, 2,;=0.262, 
%,=0.133,  y2=0.123, z.=—0.262, 
w%3=0.482, y3=0.123, z;=—0.250. 


The structure consists of pyramidal AsBr; 
molecules. This report, however, is not 
listed in Wyckoff’s Crystal Structures” and 
in the Strukturbericht”. 

On the other hand, the molecule of gase- 
ous state has been found to have trigonal 
pyramidal form by the electron diffraction 
method; A. H. Gregg et al obtained the 
values 100°+2°, 2.36+0.02 A; O. Hassel et 
al) 101°30’, 2.31 A; while M. W. Lister et 
al 100°+2°, 2.36+0.04 A for the bond angle 
ZBr-As-Br and As-Br bond distance, re- 
spectively. 

The quadrupole spectrum of this substance 
has been studied by some workers” ® and the 
single line at about 60 Mc and a pair of triplets 
at about 170 Mc and 200 Mc have been as- 


cribed to the As”, Br®!, and Br7°, respective- 
ly, but the Zeeman and the detailed quadrupole : 


spectrum analyses have not yet been made. 


In the present experiment, the structure of | 
AsBr; has been studied by means of NQR™ 
and the results have been compared with. 


those of Braekken. 


§ 2. Experimental Procedure 


Dry powdered arsenic was introduced in 
small portions at a time into a flask containing 
bromine, and then the product was distilled 
from an excess of arsenic. AsBr; thus pre- 
pared was sealed in a glass cylinder with a 
bottom tapered to a capillary tube. The 
single crystal which was obtained by descend- 
ing the glass container slowly into water 
through a vertical furnace (at about 50°C) 
was set on a rotational axis of the crystal 
analyzer, which was described in some detail 
in a previous paper®), so that the axis of the 
glass container might be approximately coin- 
cident with the rotational axis and was rotated 
in the hf coil of the superregenerative de- 
tector. Four different magnitudes of Zeeman 
fields were used, in order to avoid the mis- 
reading of the spurious signal which was built 
accidentally at the zero-field absorption fre- 
quency on a persistent screen of a cathode-ray 
oscilloscope, by the concurrence of Zeeman- 
splitting lines.of the two sidebands on both 
sides of the central absorption line. Zeeman 
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analysis was carried out on each Br®! line of 
the triplet individually at about 10°C. In order 
to locate two closely spaced WN. E. D., mag- 
netic field of 350 gauss was used. 


§3. Experimental Results 


Let the triplet lines of Br®! be designated 
as A, B and C from the high to the low 
frequency ends. The analysis shows that A 
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Brai, Braz, Bras, Bra, and Bri, Brps, Brgs, 
Brgu, respectively. On the other hand, in any 
magnetic field of less than about 160 gauss 
Cline has been found to consist of two 
N.E.D, making an angle of about 56° with 
each other, while the Zeeman analysis in the 
field of 350 gauss has revealed that each of 
these N. E. D. consists of two closely spaced 
N.E.D. The results of Zeeman analysis are 
shown in Fig. 1. The orientation of all 


(DEGREES) 


8 


Cl,c4 


A2 Al 


300 


® 
jnikee Tk 


100 200 


Zerosplitting-direction?patterns of Zeeman lines of AsBr3. 


300 
(DEGREES) 


0, @ are polar angle 


specifing zerosplitting-direction with respect to the orthogonal coordinate axes XYZ 


fixed to the sample. 


Al, A2, etc., represent the zerosplitting-directions of Zeeman lines 


at the nuclei Brai, Bras, etc., respectively. The closed contours which are labeled as 
Cl, C4; and C2, C3 represent the mean directions of zerosplitting at the nuclei Brcu, 


Bros; and Broz, Bros respectively. 


N.E. D. are plotted on a globe on which the with the rotational axis of the sample (Plate 


axis of the globe is taken to be coincident 


Plotting of directions of z-axes of field 
MieeA etc, mmepresent 


the directions of the z-axes at the nuclei Brau, 
Braz, etc., respectively. 


Pilate 1. 
gradients on a globe. 


1), and the symmetry axes of the crystal are 
easily found from the symmetrical distribu- 
tions of N. E. D. 

The magnitudes of polar angles (@, 90) 
specifing the bond directions of As-Bra, As- 
Brg, and As-Brce with respect to the crystal 
axes sare =(6224 se130- soo Ge SO G4y 7b 
61°46’ == 11), and ©1°54’=. 8%, 180°50’ =2:209); 
respectively. The bond angles between all 
N. E. D. are listed in Tabe I where the angle 
in parenthesis is supplementary angle of the 
other one. This duality of the choice of the 
bond angle is ascribed to the fact that the 
Zeeman analysis cannot distinguish between 
positive and negative directions of the z-axes 
of field gradient, therefore, we may assign 
either of two cases, i.e., @ and 180°-a, to 
the bond angle. 
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Table I. The angles between all As-Br bonds in the crystal. 
er rye oes Bros Brox Brp1 Brgs Brg3 Brey Brat Bras Bras 
pel EPE Ase PR AELES Me, IER strive ¢+ #05 ne % TES a > 
Bree | 123°55/ 
@aOwso) 
Bre3 | 56° 9’ 178°39! 
| QBS So © a Zil's} 
Bical Local | OOmLol mL zona 
1°23’) (123°45') ( 56°21’) 
Bre} 100°46' 9  Sbets! M1268 729" 80528! a 
79°14!) (124°47") ( 53°53’) ( 99°32") (180°-a) 
Bree 55°44’ 100°33’ 80°36’ 125°40’ 50°24’ i 
124°16’) ( 79°27’) ( 99°24’) ( 54°20’) (129°36’) i 
Brpso) (27216. 8021) 10024050 b42 038i 51527 75°30! i 
52°44’) ( 99°39") ( 79°20’) (125°57’) (128° 8’) (104°30’) f 
Brey Sic40! 25°46" 55°32. 99°20 VAS 50k 1 42 50.23, 
( 98°20’) ( 54°14’) (124°28’) ( 80°40’) (105°10’) (128°18") (129°37’) } 
Bray) L01°32" 48°31 130812 e733" 99749) 126-1 Oe AAD ee eee On i 
(78°28'\ (181229) 749°48) "02527 iG 80sIl)) Gbsr4l)iG@bbalS)) (Gas 418) 
Brag A8° 8! 1102°28' 76234" F130°33” “126° 50 100919 aS (240 Bebe S0Ne eo oelo. : 
(131°52') ( 77°32’) (103°26') ( 49°27’) ( 53°10’) ( 79°41’) ( 4°36’) ( 54°30’) (120°447) i 
Bras.| 129°37' @977° 18) VOUe3T\ ASS 0) 25° 250 AS a9 9 Al OR no OD ee . 
( 50°23’) (102°42’) ( 78°23’) (131° 0’) ( 54°35’) ( 5°26’) ( 80°50’) ( 54°28’) (124° 87’) ( 94°56’) ii 
Brag T1-V2! -V30°35" 48° 47 101539’ W74° 1" 25°89! 1 24S5 i 99°be 86S ooo eon 
(102°48)\(-49° 257) (1131°56’)'C°- 78°21) ( 5°59) 54°51.))\( 55> 3") @S02455i@ 93°52) a 24> Ol aie 
Table I]. Possible arrangements of As and Br atoms which satisfy 
Eqs. (1) and (3) of the previous paper*. 
Nucleus | As‘ | Br®1 
| —= — — — — —= 
~ Number of © 1 3 
_resonance lines Par 4 : — } ; ane = 
N ny Piz jis~ 2 Pige= WB 598 g D'is 
1 | 1 | Po | 3 0 0 P'n=P'12=p'13=1 
2 | impossible 2 1 0 P'u=2, p'2.=1, p'n=3 
3 | impossible | 1 1 1 P'u=P'u=p's1=3 


* See reference 10. 


The value of y obtained from the zero- 
splitting angles” for all directions is estimat- 
ed 0.04+0.02. The x-axis of field gradient 
tensor at the Brc nucleus has been found to 
lie in a plane containing both the z-axis and 
c-axis. 


§ 4. Discussions 


The number of resonance lines of As” and 
Br®! is 1 and 3, respectively, hence the 
possible atomic arrangements are given in 
Table II from the pure quadrupole spectrum 
analysis"), where 2; is the number of non- 
equivalent positions resonant atoms in a mole- 
cule belonging to the ith group, one of N 
sorts of groups of crystallographically non- 


205 MC 2|5 MC 
205 MC 215 MC 


Fig. 2. Pure quadrupole spectra of Br8! and [227 
of AsBrz and AslI3. 
(a) AsBrs (b) Asl3 (at 383°K) (c) Asl3 (at 300°K). 
| 


\ 
) 


1957) 


_ equivalent molecules in a unit-cell, and pi; is 
_the number of atoms belonging to the jth 
_ positions, i.e., one of the n; nonequivalent 
_ ones, in that molecule. 


Since the cases N=2 and N=3 are impos- 
sible for As’, the possible case is N=1, 
pu(As)= 1= p’11(Br) = p12 (Br)= p'13(Br); each 
atom in AsBr3; molecule has the same number 
of equivalent positions in a unit-cell, and the 
triplet line of Br®! are ascribed to the three 
bromine atoms in one molecule. 

As Fig. 2 shows, the resonance spectrum 
for each bromine isotope is composed of 
three closely spaced lines and the spacing 


parameter 4u* for these lines is 2.7x10-3, 


so the existence of predominantly interacting 
partner molecule is not very obvious in this 
case. In other words, we may safely con- 
‘clude that the three bromine atoms in one 
molecule have nearly the same bond character. 

While, through the Zeeman analysis we 
may assign the crystal to the orthorhombic 
symmetry class since four N.F.D.™ are 
possible only in the orthorhombic, tetragonal 
or cubic symmetry class, and moreover, the 
fourfold symmetrical arrangements of N. E. D. 
do not exist in this case. This symmetry is 
consistent with that of the exterior of the 


| crystal. 


On the other hand, Kojima et al”? have 
found that the pure quadrupole spectrum of 
of AsI; above 90°C has triplet lines and 


k suggested that the crystal has the similar 


structure to that of AsBr; which shows a 
triplet spectrum, but taking the following 
facts into account we may deduce that their 


structures are somewhat different from each 


other: (1) their spectra have somewhat dif- 
ferent features (Fig. 2); (2) in AsI; the value 
of 7 is of the order of 0.12, while that of AsBrs 


_is smaller (0.04); (3) since the values for 


- molecule. 


” and the resonance frequencies of iodine 


* 4u for SbBrz3; and AIBr3; are 2.20x 10-2 and 
4.34x 10-2, respectively. AlBr3** has been known 
to consist of dimeric molecules. SbBr3 at 77°K 
may have some predominantly interacting partner 
Distinct, moderate, and indistinct ex- 
istence of such partner molecule can be infered 
from the values of 4w of the order of 10-7, 10-% 


~ and 10-4, respectively in ABn type molecule, where 


A and B denote the nonresonant and resonant 
atoms, respectively. 
**k See reference 2. 
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nuclei of high-temperature phase AslI; are 
almost equal to those of low-temperature one, 
the bond character of iodine atom may be 
almost the same in the two phases, so the 
resonance frequency of As atom, though it 
is not yet known, is perhaps equal to that 
observed in low-temperature phase (about 
110 Mc*®),** whereas that of AsBr; is 62 Mc?® 
and is appreciably different from that of 
Asls. 

However, we must examine if such strong 
intermolecular covalent bonding as suggested 
by Kojima et al? in the case of AsI; in which 
the z-axis of field gradient at the iodine 
nucleus is perpendicular to the two As-I 
bond axes may be possible in our case. As 
Plate 1 shows, the z-axes of Bra, Brg, and 
Bre nuclei are distributed about one of the 
crystal axis almost exactly with threefold 
symmetry character. Therefore, in order to 
interpret this fact in terms of the model in 
which, as Fig. 3 shows, the bromine atom is 


As As 


Fig. 3. The configuration of As and Br atoms 
which satisfies the distribution of the z-axes of 
field gradient which is shown in Plate 1 when 
the Br atom is assumed to be equally bonded 
to the two neighbouring As atoms. 


equally bonded to the two neighbouring As 
atoms, taking into consideration of similarity 
of bonding character of three bromine atoms 
in the molecule, we must have the three 
nonequivalent bromine atoms and _ nearest 
neighbouring three equivalent As atoms near- 
ly at threefold symmetrical positions around 
the central As atom. However, since the 


** Note added in proof: Recently S. Ogawa ob- 
served the As quadrupole spectrum at about 32 Mc 


at room temperature. 
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crystal has the orthorhombic symmetry, we 
cannot expect the threefold symmetrical con- 
figuration of equivalent points about an axis 
which is nearly parallel to one of the crystal 
axis, therefore, the bonding which is found 
in the case of AslI; does not exist in this 
case. 

On the other hand, the possibility of devia- 
tion of the direction of z-axis of field gradient 
from the bond axis due to moderate inter- 
molecular covalent bonding’? such as in I, 
is practically neglected, because in such 
case the value of 7 is expected to be large 
(in I, the deviation angle™ is about 30’ and 
7=0.16). 

From these considerations we may safely 
assume that the direction of the z-axis of 
field gradient is coincident with the bond 
axis as is the case with common substances 
in which the nuclear quadrupole spectra have 
been observed. Since the free molecule of 
AsBr3 has been found to consist of an trigonal 
pyramid, one may expect that this molecule 
has the similar form in the solid state also. 
Therefore, if we take account of the fact 
that the bond angle of the gaseous molecule 
is about 100°, it may be concluded that Braj, 
Brpi; Bras, Brge; etc., belong to each mole- 
cule, in which /Bra-As-Brg are equal to 
99°38’+16’, since, as has been shown in the 
above discussion, the three bromine atoms 
forming the molecule must be made up of 
three atoms, each of which is picked up 
from the Bra, Brg and Bre groups in Table 
I, respectively. 

Unfortunately, in this case it is difficult for 
us to determine which group of BraiBrgi and 
BrasBrg.s should contain the Bro; atom on the 
basis of the criterion of similarity of mole- 
cular structure in both states of solid and 
gas, since Bro;-As makes nearly equal angles 
101°32’ and 102°48’ with As-Bra; and As- 
Bras, respectively (it will be shown in §5 
that Brai, Brpi, Bros; Braz, Brpe, Bros; etc., 
construct their own molecules). But in any 
case the applicable bond angles / Br-As-Br, 
which are shown in Gothic type in Table I, are 
nearly equal to that of the gaseous molecule, 
and the above-mentioned threefold symmet- 
rical arrangement of z-axes of the field 
gradient is shown to be due to this pyramidal 
molecule. But these bond angles are larger 
than the value 87° or 93° which was sug- 
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gested by Kojima et al.” 
The slight asymmetry of the trigonal 


pyramid indicates the existence of intermole- 
cular interaction, but the facts that the bond | 
angles in the solid state are nearly equal to 
that of the gaseous molecule and that the 
value of 7 is small suggest that the inter- 
molecular interaction is weak. 


If we assume that the origin of 7 is due) 


to the double bond character of As-Br bond, 


the fractional importance of ionic, single, anc — 
B, 1—B-y, and 7,/ 


double bond character; 


respectively, can be obtained from the follow- ; 


ing equations’: 

Uy=(—B—1)l—a)+ (5 a )d+er 
part) 
ZU ol. 


where @ is the amount of s-hybridization™® 
of the p,-bond, € is a correction for the: 
change in screening caused by the charge: 


(1) y 


and U, is the number of unbalanced p-elect- 


ron’ of the resonant atom (which is obtained 
from the observed resonance frequency, the: 
value of 7, and the atomic beam measure- 
ment). Introducing the value a =0.15!®,) 
E=0.15', »=0.04, and Up=405.4/769.6=0.527, 
one obtains 61.4%, 1.2% and 37.4% for? 


the amount of single, double, and ionic bond i 


character, respectively. Therefore we may 
conclude that the most predominant resonant. 
structure is written as 
Br 
As* — Br 
Bred 


Introducing the single and double covalent. 
radii for Br and As with Schomaker-Steven- | 


son correction for ionic character into Paul- 
ing’s formula’, one obtains 2.30 A for As- 
Br bond distance. 


§ 5. Comparison with the Results of X- 
ray Analysis 


Comparing the values of (@, @) specifing 


the directions of As-Br’, As-Br’’, and As-- 
Br’’’ obtained from the X-ray analysis (Fig. 4) ) 
with those for As-Bra, As-Brg, and As-Brc. 


which have been studied by the Zeeman 


analysis, we may conclude that Bra, Brg, and 


Bre, correspond to Br’, Br’’, and Br’, re- 
spectively (Table III), and the bond angles. 
which are obtained from the Zeeman and 


1957) 


) 


| 


Fig. 4. 
(after BraekkenV). 
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X-ray analyses are listed in Table IV. The 
directions of As-Br bonds with respect to 
the crystal axes which have been studied in 
this experiment are shown in Fig. 5. The 
bond angles obtained from Braekken’s data 
are smaller than our values by about 1°. 
This discrepancy exceeds our experimental 
errors. However, except the slight disagree- 
ment of the bond angles, all other data in- 
cluding the bond distances and the directions 
of the principal axes of field gradient at the 
bromine nucleus seem to be nearly consistent 
with the results of the X-ray analysis. So 
we may conclude that the crystal analysis by 
Braekken is considerably exact. 

In our case, we found that the c-axis of the 
crystal was almost coincident with the rota- 
tion axis of the sample (Plate 1), that is, with 
the axis of the glass container of the sample. 
This means that the crystal grows up most 
easily along the direction of the c-axis. 
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Appendix 
Resolving Power in the Zeeman Analysis 
When two N. E. D. make small angle with 


each other, their zerosplitting cones also come 
so close together that we cannot identify 
these directions using a weak magnetic field. 

Now for simplicity, let us consider the case 
of an axially symmetric electric field. When 
one of the z-axes of field gradients satisfies 
the zerosplitting condition, the resonance fre- 
quencies of Zeeman lines corresponding to the 
other nonequivalent direction yy, vy, vi and 


Ix 


yyy between the levels m= 3/2 and m’==+1/2 
are given in the following formulas™: 


Fig. 5. The orientation of AsBr; molecule with 
respect to the crysial axes which has been 
Siudied through the Zeeman analysis. As-Br,, 


As-Bre. As Bre orient at the angls @ 4’, 
62°77", G1°5#’, respectively, to the c-axis. 
¥I. nares EF cos @ 
= : alt /( T+ 5) sin? 0-00 
»I. Wwe > a7 cos @ 
ae at ¥( =) sin?@Lcost@ 


>) 
(4) 


where » is the resonance frequency m the 
absence of external magnetic field, ~y and J 
are the magnetic moment and spin af the 
resonant nucleus, respectively, & is Planck's 
constant, and @ is the angle between ithe 
zaxis of field gradient and the external 
magnetic field H. 

Since the resonance line has finite half 
maximum width 4», the frequency difference 
between the mner component of Zeeman 
Imes and zerosplitting one must be larger 


than 4» in order to clearly locate the zero- 
splitting Ime. Consequently, the resolving 


power 4@ for Br™ can be defined as the dif- 
ference between the zerosplitting angle 54°44’ 
and @ which satisfies the following equations: 


SH oe 
4-8 cos 6 —})/4—3 cos?) } 
22m 


(3) 
= ) 


The minimum value of magnetic field required 
in order to locate the two N_E_D. of B® 
which make the angle 4@ with each other is 


— 


Kenji SHIMOMURA 


(ol. 


given in Fig. 6. Eqs. (8) can also be applied 
to the study of zerosplitting near the over 
lapping area of nonequivalent 
cones. The above estimation has been 
co be valid in cur case through the study of 
zerosplitting in such region which is | 
convenient for testing the relation. 


app, 
meTOSsSpHuiuihs 


OU 


TOs) 


H/av. (GAUGS/ KC) 


° i 2 3 ~ = 
a® (DEGREES) 


Fig. 6 The relntion between resolving j 
criminate two N._E.D. 4) 
Of course, we may locate the zerospli ing 

direction exactly m the area in which ei 

zerosplitting cone situates far from the oth ‘| 
one, since the orientation of maximum wet 
tensity of zerosplittmg lime can be observ 

without the disturbance of Zeeman limes oo all 

responding to the other N_E_D. 
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On the Viscoelasticity and Complex Dielectric Constant in the 
Presence of an Electric Field and a Shearing Laminar 


Flow in Solution of Macromolecules 
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The effect of an electric field on the intrinsic viscoelasticity and the 
effect of shearing laminar flow on the dielectric properties of dilute 
solutions are calculated, based on the model of a spheroidal macromole- 
cule with dipole moment along its symmetry axis. It is shown that the 

intrinsic viscosity increases proportionally to the square of the applied 
electric field and the dielectric constant increases proportionally to the 
square of the velocity gradient. Simple thermodynamical considerations 


are given. 


§1. Introduction 


In recent years some attentions have been 
directed to the cross phenomena in solution 
of macromolecules. Of course, the most 
familiar cross phenomenon may be flow 
birefringence or Maxwell effect. Usually no 
birefringence can be observed without lami- 
nar flow, however, the phenomenon is rather 
simple because the light or the electromagne- 
tic field can be considered not to interact 
with the movement of particles in the flow 
field. We may cite as similar instances the 
effect of an electric field» or a streaming 
flow» on the light scattering. In this paper 
we discuss the cross phenomena between 
electric field and streaming laminar flow in 
solution of polar macromolecules, i.e., the 
effect of the electric field on the intrinsic vis- 

_cosity and the effect of the velocity gradient 
of flow on the dielectric properties of solution 
of polar molecules. From the outset we can 
surmise that each field of the two can never 


interact in the first order of another field 
from the Curie’s law® on cross phenomena, 
because the electric field is of vector (first 
order tensor) character, while the velocity 
gradient is of the second order tensor charac- 
ter. We can, however, expect that the in- 
teractions are to be found in the second 
order of the strengths of the fields. In ef- 
fect, Andrade et al‘. showed that the 
viscosity of liquids of polar molecules increa- 
ses proportionally to the square of the appli- 
ed electric field. 

Onsager” demonstrated the so-called reci- 
procal relations between the coefficients of 
first order interaction, but we have nothing 
general between the coefficients of the second 
order interaction. We tried to find in vain 
any simple relation between these coefficients 
of the second order interaction. 

On almost finishing this study, we are in- 
formed by Dr. E. Wada of Scientific Research 
Institute that a similar investigation was 
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carried out by Peterlin®. His model is very 
similar to ours, but the detailed calculation 
is limited to the intrinsic viscosity of dumb- 
bell molecules in two-dimensional case and 
nothing is said about the cross phenomenon 
of irreversible processes. 


§2. Model and Applied External Forces 


It may be most natural to adopt as a 
model of macromolecules the necklace of pearls 
connected by bonds of definite length or by 
Hookian springs. The former was adopted 
by Kirkwood” and his theory is considered 
to be the most rigorous statistical mechanical 
theory of irreversible process in solutions of 
macromolecules. However, the detailed cal- 
culations are very tedious and no definite 
conclusions can be drawn without rather 
drastic simplifications. The latter, Hookian 
spring model, proposed first by Rouse™, was 
extended with success by Nakada! and 


Anaay-( 


Then we have 


cos ¢ cos 8 cos /—sin ¢ sin b 
sin ¢ cos 8 cos /-+cos ¢ sin d 
—sin 8 cos d 


f—As Of  s—Ae 7 (2.2) 
where 
© E 
(3 and -( N 
ey Gif: 


The solution of macromolecules under con- 
sideration is assumed to be so dilute that 
particles suspended in it behave independent- 
ly, i.e., dipolar, hydrodynamical and other 
interactions among particles are neglected. 
The solution is assumed to be exerted simul- 
taneously by a shearing force and an electric 
field. The former makes the fluid in motion 
in the direction of positive y-axis with velo- 
city gradient g along x-axis, and the latter is 
applied in the direction parallel to z-axis. 
Then the original velocity of flow v® in the 
absence of particles and the intensity of the 
electric field H are given in (a, y, z)-system, 
respectively, as follows 


Op. 0.2.0 
ge) © 
O20" 0 


v=Gr, a-( (2.3) 
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Zimm™ to the discussions of the mechanical 
and electrical relaxation phenomena in solu- 
tions or amorphous solids. 


however, as Zimm pointed out, the non- 
linearity can not be obtained in simple treat- 
ment. For this reason, we take up a spheroi- 
dal model of macromolecules, the intrinsic 
viscosity of which was treated by one of the 
authors several years ago. Thus our model 
of polar macromolecules is a spheroidal rigid 
particle with principal axes of length 2a, 
2da,=2a, and 2a3, and has a permament dipole 
moment yw along the symmetry axis a3. 
(x, y, z) and (&, 7, €) be rectangular coordinate 


This model may | 
be seen as the most tractable and preferable, — 


Let — 


systems referred to the axes fixed in space — 
and in the particle, respectively, with common ~ 
origin taken at the center of the particle. 


The two coordinate systems are connected by 
an orthogonal transformation matrix A whose 
components are expressed in terms of the 
Eulerian angles (6, ¢, &) as follows 


—sin ¢cos O@sind+cos¢cos® sin ¢sin#d 
sin @ sin db cos 8 
E=(Ej20, 00); (2.4) 
while in (&, y, €)-system they are given by 
u°=(A-1GA)s, (2.39 
E=(@QuE, aE, a33E) . (2.4’) 


The shearing rate in (2.3’) is divided into 
symmetric or pure shearing-rate part and 
antisymmetic or rotational part, which are 
denoted by H=(hij) and O=(oi;), respectively, 


u°=Hs+Os, 


H=(hij)= + (A1GA)+ > (A"GAY, 
(2.5) 


On => (AG A)— AIG AY, 


where the primed matrices are transposed 
ones. 
The equation of motion for the rotatory 
motion of particles under these fields is 
dM 


—~=L+pxk, 


dt (2.6) 


(2.1) 


4 


where M is the angular momentum of the > 


particle and the two terms of the right-hand 
side LZ and #x E are respectively the moments 
of forces exerted by the flowing fluid and by 


. 


. 1957) 


f 


the electric field upon the particle. 
The components of L are given in (57, OF 


system by Jeffery, 


Dg =cr{ —phy3+ (032— 
Ly=cr{ phys +(013— 
Lg=€3(021—e) 5 

1677(a;?+4;7) 


Me)} 
Wn)} ) 


Ci ; : ; ? 
347A +4377 9) (2.7) 
16z 

C3 2 ; 

3a 
_ a32— a? 
G37 + a? ‘ 


where c,; and c; are the friction constants of 


- rotatory motion of an ellipsoid about its 
' principal axes and 7 is the coefficient of vis- 


cosity of the solvent. a, and 7, are the con- 


_ stants whose numerical values can be evaluat- 
- ed when qa, and a3 are given. 


Generally, we 
must add a fluctuation force due to thermal 


agitation of the liquid, but we disregard it 


here because we can take this effect into 
consideration through diffusion equation. Ig- 


-noring the inertia effect, we put (2.6) equal 


to zero, then we can immediately determine 
the angular velocity of particle, substituting 
(2.7) into (2.6), with the result 


E 
Wt =032—ph32+ ay ; 
1 


On =013+phi3+ ME ay ; 
l 


Wo=021, 


or 


g "2 sin 26 sin 0 cos 0 +22 cos 6008 0, 


1 


1 pkey JoC1 «m() P™ (cos 6 
i eee ae) iM OPu(C ie 


fede 
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$3. Diffusion Equation 


The diffusion equation which determines 
the time evolution of distribution function of 
the orientation of the particles under the ex- 
ternal forces can be written down at once 
following the general theory of Brownian 


motion”, as follows 
oo = Play eosin 8) + Cop sin ot, 
(3.1) 
jn=6-De log p 
Je= Aire Og 0, (3.2) 
195 Oe re - log 6 


where D=kT/c, is rotatory diffusion constant. 
The flux jy vanishes in (3.1) since our model 
is symmetric about its third axis. 

Suppose that the external driving forces 
vary sinusoidally with time, 


B=) COSMO @:3) 


and the influences of these forces upon the 
orientation of molecules are small enough to 
be considered as the perturbations upon the 
equilibrium distribution 1/47. Hence we ex- 
pand the solution of (3.1) in powers of (“E)/ 
kT) and (9¢:/2RkT), 
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where P,;“™(cos 8) denotes Legendre’s associated function. 
given as the real part of the following formulae, 


whi; 


20 F2; 


20 F 2°); 


o2t2; 


on Ss; 


ot2; 


or ta? ; 


uti; 


ufs; 


ufs™; 


sot 1%) ; 


whi ’ 


N. SAITO and T, KATO (Vol. 12, 


The coefficients 1 fi (t)’s are- 


p exp (tot) 
6 1+ia,/6D 


Xp (Zt) 


@): 
bth oiS2 , 


exp (27wct) 


1We 1M. 
(daira dat D im) 


T+ io/2D 
exp (27@-¢t) 
pt zt a ae 
3D D ) 


il exp (2imgt) 
pee? 
a iis) 
3D 
TS 1 4: exp (2iwgt) 
70 1g 1W9 
140 —2 —s 
(1+ 3D )(a+ On) 


s 4 &XP (2iwgt) 


aa a 
if exp (2iwgt) 
— p*| = + 
1680 10g 1Wg 
3360( 1+ — = 
(+ 35 )0 vs) 


exp {1(@g+a-)t} exp {1(@y—@e)t} 


5 hs se ee ai: SEE, f+ Spee Mes tora 


3p ire {i(wg+a-)t} = exp {i(@y—ae) t} 
20 1(Wg+We) U@g—De) 
fasapn Si} ina] 14 1 


p ' exp ete) x exp {7(wg—e)t} 
360 ic SR E ar ae 4 KOo— eh toma 
ee exp {i(@y+a-)t} exp {i(@g—«a,-)t} 
90 ie srprme ore {i+ per te ‘oma | 


f exp {i(@g+ @e)t} ee __exp {ily —we)t} 
0 ie Sa ee i+ ac irna {i+ fora 


_ ra exp {ifort og eo exp {i(y—oe)t} 
Feira fir tanrt Homa | 


Dp 6 exp (i@ef) 


exp (3ia-<t) 
1+ oe 31m¢ ( 31 We 
( ie eee 
exp {7(@e+2,)t} 


| 

1760 i@e+ Dory) a bay) 

1 ws g 
ait (Commarea tt 


240 1We 
Bat eg Sees 
a 2D 


UWet 204) 
sp 


1957) 


Viscoelasticity and Complex Dielectric Constant 1397 


exp {1(.—2a,)t} 


+ ; : 
ii 1(We— aap a 1 1(Me— 2W4) 
{ 12D : 2D pa 6D 


___ 2 exp (daet) ! 11p? exp sls b ew )t} 
p. le \( a 1D 527 1(We+ 2orq))? 1(wg + 2g) 
( ss 12D sal 2D + 6D 1+ : 


2D VAD) 
= i exp {i(@e—2w,)t} ie _2exp (dat) 
e— 2Wq) 2(We— 2W,) iw 1) 
ee ee Cae 
2D” Vp 1+ 2p )\'* yop 
_ Pp ( He = __exp {i(@e+2a,)t} 
{i+ 


1807 7) U(We+ ca ff UWe+ 4 
6D 2D 


" exp {1(@.—2a,)t} ew —2exp (ime) 
1 1(We— et 1(We— e— 20g) 1W¢ 1M. 
es i aa (1+ am) ie om) 
+( 3 p+ 3 oe a __exp {t(We+2a4)t} 
{1+ 


200 160° 96 Koco) 4 Hoot 209) 
2D 6D f 


=F : ae 5 
e—2Wq) 1(We—2q) 1We 1We 
Lemar anes (14 58 YK 
uy; aS 5 Se jay Nee ta 


+5 pet p ae {t(e+ 2e9)t} exp {7(@e—2ay)t} 
200 ia 32 i ney {i+ Hee Sool 


exp {i(@.—2w,)t} 2 Exp (wet) 


2D 
2 exp (Zt) 


+85) | 


fy: Slipar. | as VEXD egy. exp {1(2w.—wy)t} 
2Iey 2 ’ 4032" 576 (1+ Pee 4 tog A ee {i+ oa 


2D 


exp {1(2m.+ay)t} 


2D) 

fs ) 2 exp (Z@gt) 
{1+ U(2we+ eof {i+ sata set )) (1+ ae nal 

+ 


-|- 


6D 6D 2D 


exp {7(2m-+,)t} exp {i(2m.—ay)t} 5 
1(2Me+@g) ee | + to ae i(20e—Wg | 
pe ett Yor gis 


+ 


1lp 2 exp (Zag) exp tea 


vaeal Ge Bs) s) ae | 
a 


le ___ 2 exp (tat) 


30240 109 10g 1Wg 
+ OD 2D (i+ 6D )a+ cry 


exp {i(2@-—wy)t} 
1(2W¢e— oP tee 1(20.—Wq) 
6D 


+ 
{i+ 12D 
exp {i(20+@a)t} 


U(2W¢ , +g) iat Wg) 1(2@e+ Wa) 2] 
a 2D {i+ oe RDO 12D 


exp oman : 


i OEP) plies wa) |y 4, Heae— 0») 
ete 12D 


4- 


2 exp hye' 


p 
we ; 1w 
268800 1g \ fq ste. (1 ies.) 
ic sD) ai * 20D 


(Vol. 12, 


1398 N. SAITO and T. KATO 
“0 exp {i(2m.+,)t} 
U(2@-+ wg) W(2we+ “a {1 U(2me+ a4 
pee 6D 1+ 12D * ND 


exp {i(2we = Wg)t 


fi aga arn aa | | 
p 2 exp (ia@gf) 
~ a) (1 Be ay Be) 
+e aaa ee nttas ae 
hae pe carom 
ie ae ere i@i.— @,) | | 
{1+ eh ae te i+ ana 
pb 2 exp (1@gt) 
He eB 80> Bo 
Ss Ree ILE 
{i+ eee ee ae a 
uA exp {i(2e—w9)} 
fc a a 
nits eB) em mia a 
( .° ae (14 wa. (1+ ps, (1+ ood 
4 3 exp (wot) 
(a) (ss) 
st alc Oe etal] 
(+ 25) oop) (1+ 35) ae) 
ey exp Git) ig 3 exp (i@gf) 
20160 le oi (1+ an (1+ a) aa 
un” 00 (15 is )(14 cone BY its Ba ey | | 
2D 20D 14D 6D 20D)\"* 42D) | 


§4. Viscoelasticity of the Solution 


(3.5) | 


The viscoelasticity of the solution is calculated along the same procedure as adopted by 


one of the present authors in the previous paper. 


Suppose two plates, parallel to yz-plane and separated at a distance 2h in the fluid, by 
means of which we can apply the shearing force and electric field simultaneously upon the 
fluid. The decrease of effective velocity gradient y—g.,, upon adding macromolecules into. 


the pure solvent is given by! 
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where N is number of particles per unit volume of the solution and jg, j,, je denote the fluxes 
with respect to the principal axes of ellipsoid connected with jo, js, jy by the following 


relation 
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Substitution of (4.3) into (4.1) making use of (2.8), (3.2) and (3.4) yields 
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where the integration must be performed over all possible orientations of particles. The 
first line of this equation is the term due to hydrodynamical effect calculated by Jeffery, 
the second is the contribution from the electric field and the last is due to the rotatoryd if- 
fusion. The specific viscosity ys» is given by 
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y] is given by lim Nsp/c, where c is the concentration of 


The complex intrinsic viscosity [ eee me ea : 
The deviation of intrinsic viscosity from 


the macromolecules in grams per 100 cc of solvent. : 
non-Newtonian part in the absence of external forces depends on the square of the velocity 


The value of intrinsic viscosity at the extreme case of spherical model is 


[l=2.5(5 ) /100.m, (4.5) 


gradient. 
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where M is molecular weight of the macromolecule. This result does not depend on the} 
electric field, and coincides with that of Einstein. 

Recently Kirkwood and Plock'® calculated non-Newtonian viscoelasticity in the absence of 
electric field. 


§5. Polarization | 

We now discuss the dielectric properties of the solution. The interaction between particles ; 
and the influence of dielectric character of solvent are not taken into consideration. Then} 
we use the same notation for the applied field and for internal field. Electric displacement} 


D can be written as the sum of two terms, electronic part and dipolar part 


D=€..E+4nN <p> (5.1) 


where &., denotes the dielectric constant for the applied field of the frequency of optical | 
range, and <#> is mean value of the component of dipole moment along the direction of! 
electric field. The mean value is calculated with the distribution function (0, ¢,t). The 
component of dipole moment along the field is given by 1 


“COS (Eyps)= “Sin 8 cos ¢ . (5.2) 


Taking the average with respect to the orientation by means of (3.4), we obtain 
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(5.3)) 
up to the third order terms of small quantities. In case of a vanishing velocity gradient q7 
and negligible third order terms with respect to (wE/kT), the average value (5.3) coincides; 


with Debye’s formula. The effect of the shear gradient on the polarization is not the first: 
order of g but the second. 


For the spherical model, the mean value of polarization is obtained from (5.3). 
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The third term of this equation expresses the effect of shearing force on the polarization. 


§6. Entropy Balance | 

In this section a simple thermodynamical consideration is given on the cross phenomena! 
above discussed between electric vector force and hydrodynamical tensor force. As the» 
system under consideration we take the solution of unit volume, making the laminar motion.. 


Increment of energy due to the motion of viscous liquid in time dt is expressed in the form) 
=@Q+EdD/4 + Herz Pere dt, — NersYers=9 « (6.1) 


Each terms of the right-hand side represent heat flow, works done by electric field and by) 
hydrodynamical force, respectively. The second law of thermodynamics is written as 


Tds= dQ ar T(ds)irr Fy (dS) irr = 0 (6.2)) 
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'where (ds), means irreversible production of entropy. (6.2) and (6.1) give immediately for 
entropy production 
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On the other hand we have 


s= —Ne\ p log pdQ+s’ , (6.4) 
for the entropy from the well-known Gibbs formula, where s’ means the entropy other than 
. the orientation of macromolecules, and for the electric work from (6.1) 
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_and for the hydrodynamical work from (4.3) with the aid of (3.2) and (2.8) 7g multiplied by 
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~The work done by hydrodynamical force is divided into three parts, the work dissipated 

even in the absence of macromolecules in order to maintain the velocity gradient in the sol- 
vent yg”, the excess work necessary after introducing macromolecules at rest in the solvent 
and the work required when particles are in motion expressed by the first integral in (6.6). 
Because our main interest is concerned with the orientation of macromolecules and the ir- 
reversible production of entropy arising from this (Os/Ot)irr. ortent., the last part should be 
retained in evaluating (0s/Of)irr. orient. by means of (6.3). Thus we put as the work done by 
electric force with the help of diffusion equation (3.1) 
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making use of the diffusion equation and partial integration. Substituting these results into 
(6.3), we have 
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The coefficients of jp, js and jy multiplied by @ correspond to general affinities defined in 
When one reminds of (3.2) and (4.2) we have 


irreversible thermodynamics. 


at 


where ci, Cz (=c:) and c; are rotatory friction coefficients around three principal axes. This 
result is consistent with that of Saito and Sugita, based on simple rigid pearl necklace 
model, and is a complement of their discussion to spheroidal macromolecules. 


Discussions 


§ 7. 


Unfortunately we have not found any ex- 
perimental report on polymer solution which 
is to be compared with our results. From 
the measurements on the viscosity of polar 
and non-polar liquids such as monochloroben- 
zene, chloroform and amyl acetate, Andrade 
et al®»5),®© observed following characteristics 
in liquids; the viscosities of non-polar liquids 
are not influenced by the presence of electric 
field but the viscosities of polar liquids in- 
crease proportionally with the square of the 
intensity of an applied electric field and the 
increments are proportional to the square of 
the frequency of the electric field. All these 
behaviors are in qualitative agreement with 
our results. Because our model can not be 
considered to fit for the polar liquids whose 
viscosities were measured by Andrade et al, 
we will not undertake any numerical com- 
parison with their experiments. Peterlin® 
treated a quite similar problem with similar 
model. His calculation, however, is restrict- 
ed only to the effect of electric field on the 
viscosity of dumb-bell molecules and the de- 
tailed calculation is carried out in two-dimen- 
sional case. 

In the above treatment, the interactions of 
the electric current and momentum flow are 
considered, forces generating these currents 
being electric field of vector character and 
shearing stress of tensor character. The in- 
teractions of both forces in the first order are 
evidently denied by Curie’s law but on higher 
order terms with regards to the magnitude 
of these forces nothing can be mentioned and 
the interactions of higher order may take 
place, as is shown in our calculation. Vectors 
j’s are axial vectors. Thus they are coupled 
with «XE and terms containing g/2 of the 


N. SAITO and T. KATO 


& =2 [Leslie tint) tesietbe dO 
irr. 


(Vol. 12,| 


(6.10) | 


a = 


(6.11) 


41) 
/ 


| 
A 
| 


same tensor character as is seen in (3.2) and| 
(2.8). . 
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The paper is a trial of systematic explanation of long-gap streamers 
including step-leaders of lightning discharge. The paper gives various 
quantities concerning streamer properties as functions of “unbroken 
length ’’, and satisfactorily expiains the well-known facts about strea- 
mers, that is, that stepping occurs in lightning leaders, that the mean 
spark gradient becomes 5kV/cm for long gaps and so on. The theory 
also points out that streamer can not cause any sensible temperature 
rise by itself, or in other words that they can only be cold streamers. 


Introduction 


In the atmospheric air, long-gap sparks are 
“initiated by filamentary, ionized paths called 
“streamers ’’. They have been studied by 
-many authors since the discovery of Lichten- 
berg’s figure, but their nature can not be 
said to have been perfectly understood. On 
_the other hand, Schonland” has explored the 
structure of lightning discharge through his 
rotating-camera observation extending over a 
long time. One of the most interesting pro- 
perties is the stepping of its initial leader 
which corresponds to a long-gap streamer 
followed by spark discharge. 
| Meek”, and then Schonland®) published a 
paper treating this step-phenomenon theoreti- 
cally. Schonland’s theory especially stresses 
‘that the lightning leader is nothing but a 
special case of ordinary long-gap streamers, 
and pays keen reference to the data of 
laboratory streamers. 

According to his theory a pilot treamer, 
the head part of the leader, with ionizing tip 
field cuts its way through air with drift velo- 
‘city about 10’cm/s and for every 10~80m 
advance of the pilot the rear part of the lea- 
der called ‘‘channel’’ overtakes the pilot tip 
with far larger velocity (~ 10° cm/s) and then 
stays there until the next new step is traced 
by the pilot. The large channel velocity is 
caused by the breakdown occurring at the 
channel head due to the space charge of the 
pilot. 

The present author was stimulated by 
Schonland’s theory and tried to obtain more 
generalized theory as to cover any streamer 
breakdown of ordinary long gaps. The fol- 


lowing paper will show that his theory, 
though unrefined yet, is enough to explain 
some well-known empirical facts about strea- 
mers as summarized ahead. 


THEORY 


I. General 


General View 


Sb 

The streamer means a filamentary, con- 
ductive path stretching from one or both of 
the electrodes in gas and provides a prepara- 
tory path for a spark in a long gap or in 
lightning discharge. 

The remarkable property of the streamer 
is that it extends with velocity vs of about 
107cm/s in the atmospheric air carrying at its 
tip an ionizing field X, due to its own space 
charge, where v) and X, must have a close 
relation of course. 

The filamentary body of the streamer is 
considered to contain plenty of electrons and 
positive ions and to be in a state of conduc- 
tive plasma with weak axial field. Then there 
must be a charge layer of the same polarity 
as the streamer surrounding the plasma in 
order to protect it from the external field, 
and charge must continuously be supplied for 
this purpose to the freshly producing portion 
at the tip. Accordingly the charge q per 
unit length of the streamer relates to the 
streamer current J as 

= qvo- ( it ) 

According to Schonland’s observation, the 
initial lightning stremer called ‘‘ stepped 
leader ’’ remains in space longer than 0.01 
second. The largest part of such a streamer 
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must therefore be in quasi-steady state and 
be distinguished from the freshly produced 
transient part of the streamer tip. Let us 
call this quasi-steady long part ‘‘ channel”’ 
and the transient part ‘‘pilot’’ hereafter in 
accordance with Schonland’s nomenclature. 

To make conditions clear, the author treats 
the case where a streamer of one _ polarity, 
either positive or negative, spreads toward a 
wide plane electrode in the air of 1 atm pres- 
sure. A lightning leader spreading toward 
the earth surface may be considered to be an 
example of such a case. 


§2. Pilot Model 


Let us first assume that the pilot has a 
spherical seat of ionizing field X) at its head 
and a cylindrical stem part of radius 7 as 
shown in Fig. 1 though the idea ‘‘cylindrical’’ 
must be corrected later on. 


Head 
Sphere 


ane Electrode 


ia. 


Fig. 1. Pilot model. 


The velocity vp) and the tip field X, are 
considered to be most essential for streamer 
progression. According to various observations 
Vy does not differ much from case to case and 
always of the order of (10°~107)cm/s. So 
let us consider that vp) is constant during pro- 
gression and that X) remains constant as 
well. 

About the stem part of the pilot we shall 
assume the external field X, to be radial, or 
in other words that the pilot forms a cylindri- 
cal condenser with a concentric virtual cylin- 
der of zero potential. This assumption may 
be allowed approximately so far as we dis- 
cuss the streamer extended midway in a long 
gap. Then the capacity per unit length C 
can be expressed by 


2 In (Ro/r) ’ 


(2) 
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where R, is the radius of the virtual outer 
cylinder. Rp» is unknown but 7 will after be 
shown to be proportional to the ‘‘ unbroken 
length’’ J, that is, the distance which lies 
between the pilot head and the opposite elec-; 
trode; and what is more, we may imagine: 
the field configuration around the streamer ot 
be approximately similar for different 7, that} 
is, Ry also nearly proportional to/. Therefore: 
we can expect that the capacity C may nail 
be so much affected by 7, and thus we shall! 
assume it as a constant. 
Let the potential of the pilot be VY, then: 
the charge per unit length g is given by 
q=CV. (3) 
Now we are considering the streamer which’ 
will subsequently grow to a spark, so V 
means the spark voltage for the unbrokes: 
length 7. Then we may write V as i 
V=kKl (4) 
in first approximation. This relation holds 
for the electrode voltage which is required 
to produce spark in a large gap, and not fo 
the instantaneous voltage which exists bet« 
ween the streamer tip and the opposite elect- 
rode at spark occurrence. But if the internall 
gradient of the streamer be nearly equal to 
K of Eq. (4) as we shall discuss in §5, thet 
above relation can also be applicable al 
streamer tip voltage. | 
The constant K may be called the mean 
spark gradient for a long air gap and for 
1 atm is nearly 


K=5 kV/cm 
= 16.7 esu/cm. 


es a.) ee 


(5) 


By the way, the introduction of C and 7 inte 
equations is the most essential point of this 
paper. From (3) and (4) we get the relation: 


q=CKl. (6) 

In our theory the stem part can not keeg) 
its original form, but tends to assume they 
final state by lateral expansion. Therefore 
C and q are affected by stem radius in them, 
selves, but the effect will be shown to be so 
small that the above values of C and q may, 
be used also for expanding pilot stem and 
the channel with an error of about 1%. 

Eq. (6) shows that g varies proportional te 
the unbroken length / and so takes forwardly: 
decreasing distribution along the streamer. 


For an electrode-distance L the total charge 
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‘@ demanded by the bridging streamer is 
‘therefore 


22 il 
a=| qdl=—CKL?. 
1=0 2 


This expression enables us to estimate the 
value of C by means of Schonland’s data 
about lightning leaders. According to him 
the mean values of Q and L are as follows: 


Q=4 coul=1.2 x10 esu 
=> kimi—ox 10cm), 


Inserting these values in the above equation 
we get 


| C=0.00575 esu/cm , (Ce) 
and (6) can therefore be written as 
q=0.096 7. (8) 


§3. Pilot Radius 

Here pilot radius 7 originally means that 
-of the head-sphere, and not the radius of the 
pilot stem. The stem has of course the same 
radius at first, but subsequently expands due 
to its own surface field. The head-sphere 
‘must also expand outward, but for the pre- 
‘sent the author neglects its expansion and 
gives the following hypothetical structure to 
the head-sphere: 


i) the radius 7 is not affected by the ex- 

| pansion of the stem. 

ii) the sphere is electrically insulated from 
the stem, but one half of its surface 
is perfectly shielded by the stem plas- 
ma. (B-side in Fig. 1) 

Let us assume that the charge Q ) produc- 

ing the tip field distributes uniformly on the 
surface of the head-sphere. Then 


Now the power input JV is consumed in the 
work done by the hemisphere (Qo?/872)¥o and 
the energy storage of the freshly producing 
stem part (CV2/2)u. Here V is the potential 
of the pilot stem referred to the opposite 
electrode and does not contain the drop in 


the channel. Then 
2 2 
172 Vy Seng 5 


but since JV can be transformed by (1) and 
(3) as follows: 
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IV=quV=CV2y% , 
we get the relation 
_“V CV _ 2.031 x 
cane Alaa Cvaie ) 


If we put rX)»=V in (9), that is, if we as- 
sume the stem and the head-sphere to be 
euipotential, C would take a definite value 
1/4, and is far larger than the value of (Dy. 
This is why the assumption (ii) is necessary. 


§4. Channel Radius 


As already mentioned, the channel is a 
final quasi-steady state that the pilot stem as- 
sumes after lateral expansion. Therefore the 
channel radius R must be larger than the 
pilot radius given by (9). 

The condition that determines R is that 
outside R-cylinder the rate of electron loss is 
greater than the rate of electron production. 
Since in normal air the loss due to attach- 
ment is far greater than that due to recom- 
bination for an electron, we here consider the 
former only. 

If Zs is the ionizing collision frequency and 
B the attachment coefficient of an electron, 
R is determined from the condition 


B=Zs, (10) 


where Zs implies ionization by single collision, 
because at the F-surface electrons would be 
exposed to the strong external field. 

In Fig. 2 point A satisfies the condition (10) 
and so gives the external field intensity Xr 
at the surface of the channel, and consequent- 
ly its radius R is determined according to the 
expression 

_2q 

Xr= R- 
The charge per unit length of the channel qg 
should originally be distinguished from that 
of the pilot given by (3) since R-sr. How- 
ever their difference being neglisibly small 
as may be inferred from the form of (2), we 
need not discriminate them from each other.** 

In Fig. 2 B-curve was taken from Loeb’s 
book#) and Zs-value from Sanders’ a/p- 


* According to (9) the charge of the head-sphere 
Qo (=Xor®) varies with J, that is, as the sphere 
advances; and therefore produces another com- 
ponent of current. But |dQo/dt| being 10~* times 
as large as gv, we may leave Eq. (1) unchanged. 
** (gr—r)/qr is 1.54% for positive streamers and 
0.28% for negative streamers. 


(11) 
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values.» We also made a reference to von 
Engel and Steenbeck’s formula® of ionizing 
collision frequency. From Fig. 2 we get 


Z S & 70 
——> X VY /com) 


Fig. 2. 
Xr=13500 V/cm 
= 45 esu/cm (11a) 
and 
=e A he (12) 
§5. Internal Condition of Channel 


Eq. (10) must equally hold in channel plas- 
ma because here also the balance of loss and 
generation of electrons is the only one pro- 
bable governing condition. (Refer to B) §14) 

The channel plasma is perfectly shielded 
from the external field, hence in first appro- 
ximation there can be only an axial field Er 
required for maintenance of streamer current. 
However as the densities of electrons and 
ions are very large, Er must be very small 
compared with the surface field Xe and so 
the point A of Fig. 2 cannot express the in- 
ternal field condition by itself. 

On the other hand, the existence of the re- 
lation (4) strongly suggests that K must mean 
some value near the internal field of the 
streamer channel Er. Then, however, Z- 
curve will have to intersect $-curve sorne- 
where near the minimum which occurs at 
5kV/cm as shown in Fig. 2. We can answer 
as follows. 

Since the electron density is large and the 
field intensity Ere rather small in the channel, 
cumulative ionization must play an important 
role. Then Z-curve will shift toward the left 
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in Fig. 2. As a trial if we put the metast-| 
able potential of N, in place of its pee 
potential in Z-equation, the calculated Z-curve 
shown by Ze in the figure crosses f§-curve ati 
point B near the minimum. Let us take the§ 
field of point B as Er for the present, then; 
from the figure 
Erx=3.0kV/cm=10esu/cm . (13) 

Here it is worth notice that points A and 
B are attained by the expanding pilot simul- 
taneously but from opposite directions asi 
shown by arrows in Fig. 2. Because when 
the pilot is expanding its surface field is de~ 
creasing while the internal field is increasing: 
due to the decrease of the densities of elec- 
trons and ions. 
Furthermore there is another point of re- 
mark. Since we are treating the case of 
static breakdown, voltage KL exists betwee 
the electrodes, where L denotes the electrod 
distance. When the streamer spreads out 
cm long along the field from one electrode, 
the potential drop in it becomes Era. So th 
remaining unbroken space bears a part of 
voltage (KL—Erz), or nearly Klif K and il 


have somewhat similar values. Then whai~ 
ever position the streamer tip arrives at, 
there appears no large over- or under-voltage 
state and the relations (4) and (6) hold rah 
any value of x. 

However if xz occurs athwart the field, 
under-voltage state will appear and the 
streamer can not help stopping unless “CR 


other circumstance energizes it, because (KL 
— Era) becomes less than AZ in such a case: 
This explains why many branches of strea+ 
mers are apt to disappear midway on their 
way. 


II. Negative Streamer 


§ 6. 


So far we have discussed general properties 
of the streamer that are common for both 
positive and negative polarities. We know 
however that positive ions can not move sc 
swiftly as electrons; and we must take this 
polarity effect into account to explain the 
details of streamer properties. 

As to the negative streamer, there is little 
ambiguity about the relation between X, anc 
Vp, because.vy is nothing but the drift veloci: 
ty of the pilot head electrons. In this case: 


Negative Streamer Velocity 


) (16). 
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however, electrons move in their own field, 
so the expression 


1 
Oi 9 UX (14) 


must be used instead of 4X), where “ expres- 
ses the mobility of an electron. 
The velocity vj) may be considered to be 


common to all streamers of the same _polari- 


ty and Schonland’s value for lightning leader 


Y9=4x10' cm/s (15) 
will be used in our calculation. Then X% is 
- obtained from (14) as 

Xo=2.30 x 10° V/cm 
=760 esu/cm , (15a) 


where the following value of u is employed: 
U=350 (cm/s)/(V/cm) 


=1.05 x 10° (cm/s)/(esu/cm). (15b) 
_ Introducing (15a) in (9) we get 
T= S04 X10 1. (16) 


§7. Transition from Pilot to Channel 
—Stepping—of Negative Streamer 


The channel has a radius larger than the 
pilot as obvious from comparison of (12) and 
The pilot stem, once produced, expands 
laterally on account of the radial surface 


field. Then how much time will it take to 


ce 


assume the final state ‘‘ channel ’’? 
This time 4dr can easily be calculated as 


follows: 
R do i‘ do 
Akg = ; 
\. Vp p=r blip 


(17) 


where X, is the surface field when the pilot 


stem reaches any radius p and given by 2q/o. 


Whence 
als 
2UQ 


where q is regarded as a constant.* (Refer to 
$2) While the pilot expands laterally, its 
head advances forward, so it takes a form as 
shown in Fig. 3. If any abrupt change does 
not follow, the streamer will keep this form 
throughout its advance. It is more likely, 
however, that such steady advance is rather 
difficult for the streamer. The reason is as 


At (R?—r?) , (18) 


follows. 


The internal space of the expanding pilot is 


* The erorr due to treating g as a constant 1s 


0.575%, 
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filled with plasma, but it can hardly be neu- 
tral, because in accordance with the advance 
of the pilot head, continuous supply of char- 
ge is demanded by the freshly producing 
surface. This surface charge is of course 
supplied by the streamer current (1) after all, 
but the plasma must be its momentary 
source. 

Moreover, electrons produce new ones on 
their expansion, then some of the latter 
must join the former. From these reasons 
it is most probable that the plasma of the 
pilot is deficient in electrons and hence has 
some content of positive space charge. 


Channel 
Pe 


nsauif wg 
ayy 
Plot 
ue 
Us Xo 


Fig. 3. Steady form of streamer tip. 


7. Just after 2Next Perioa 3. Just before 4 Just after 


Qne Step beginning next step next ste 
ip occurs inishe 


Head 
Sphere 
RSQ Seace Charge Plasma Direction of 
(lL) Nevtral Plasma Progression 


Fig. 4. Stepwise progression. 

Since the channel plasma is considered to 
be nearly neutral, this space charge produces 
the strongest field at the bottom of pilot M 
M of Fig. 3. If this field be sufficient for 
enough ionization, this field disturbance must 
propagate through the whole pilot plasma 
like a moving striation and its velocity of 
propagation may be larger than that of pilot 
advance by a similar reason as for the positi- 
ve streamer. (See § 8) 

In such a case the pilot can not keep the 
steady form of Fig. 3, but repeats a periodic 
change of form in accordance with its advan- 
ce as shown in Fig. 4. This explains the 
stepping of the lightning initial leader and 
(18) gives its period. However q_ therein 
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must be larger than the normal value given by 
(8) on account of the above mentioned reason. 
We assume twice the normal value as a 
rough estimation. 


The advance of the pilot during 4r, that 
gives the step length, is given by 
Al=v,4e . (19) 


Ill. Positive Streamer 


$8. X¥, and r of Head-Sphere 

In the case of positive streamer mr, can not 
be explained by the drift motion of positive 
ions: because measured m of the positive 
streamer is even greater than that of the 
negative streamer. 

In this case electrons flow into the pilot 
head from the adjacent space ionizing air along 
their paths. The pilot head will then be sur- 
rounded by plasma and a new space charge 
laryer appearing at the tip of this plasma 
will take over the tip field X,. Therefore the 
velocity of a positive streamer means the 
phase velocity of the ionizing seat and not the 
drift velocity of ions. 

We shall assume a value 

ve=8 x10 cm/s 
for our calculation. 

Imagine a_ stationary head-sphere whose 
center locates at O on z-axis and assume that 
its ionizing field reaches as far as N-sphere 
distant by s ahead the head center O in Fig. 
5. Then the electrons which enter N-sphere 


(20) 


Fig. 5. 


Positive pilot. 

will ionize M N space and a positive ion layer 
of some thickness 4 will appear im contact 
with N-surface. Midway between M and N 
no such a layer can appear since the space 
will be filled by plasma. 

If the space charge field Xy due to this 
ion layer becomes equal to the head-sphere 
field X,, this means nothing but the advance 
of the pilot head M up to N. Xy takes the 
minimum ionizing field X, at first and the 
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head-sphere field X, at last. Then from 
initial condition 
Xas*=Xor*, 


(21 
and together with the relation (9) we get | 
| 


. 
| 
4 
| 


and 


,; 4CEA Rs \* 
ae ; 
As X, we shail use the value 


Xa=23 kV/cm=77 esu/cm , 
then (2la) and (21b) can be written as 


r st 
— = 30.7 — 
i (>) 


-2 
X,=8.34x 10+) 


Since we are assuming X, to be indepen’ 
of J as for the negative streamer, s// mus 
also be independent of 7 by (23b). Then 
becomes proportional to 7 by (23a). 

Next we shall consider about the time 
quired by Xw for building up from X,. t 
X,. If we denote it by #&, it relates to ne» 
streamer velocity v, as follows: 


and 


(23b) 


2 > Te 
The time # is obtained m the followin 
manner. 
The field increment dXy at N during df & 
given by 
dXy=4xenguXy Adt , 
where m, iS the electron density at N_ befo 
ionization; A is amplification due to ionizati a 
in 4-space and is given by 


Ase Seg fee (26 , 


A is a function of Xy, but since 4 is € 
pected to decrease with increasing Xy, 
should change rather moderately with 
As a preferable form let us assume that 

A=aX;*7=0.12X,", 
which gives 4=l.6cm for 30kV/cm form 
instance. 

The electron density m, at N-surface is con 


veniently assumed to decrease with 
ing Xx. Put 


in CT Cas 


20 


i" 
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where the constant 6 will be given later by 


(31). By virtue of (26a) and (27) we can get 


| % from (25), that is, 


ra hie at ah 
x,, 4neumAXy 


a ( ie ee el 
2repab \ Xp)? rai (28) 


Next consider the total electron charge q 


‘which enters N-hemisphere during jf; it is 


given by 


t 
do -| en 2astuXvdt= 2rs°eubty . (29) 
0 


Since, however, the charge of the head- 
sphere must decrease by the same amount, 
dQo 5, — do 
at dl 
From the relation s//=constant 
ds _ 
dl 


MK Volo . 


’ 


Ss 
l 


and also 
Qo=S?Xin , 


so 


Vp Xm2s? 
CO eras 
l 
Equating (29) and (30), we get 


ty. (30) 


XG 
b = Vo m ; 9 
mepl 2 


Put f¢, into (24) and further substitute 7 and 


_X, therein by (23a) and (23b), then s// will be 


obtained as one of the roots of the following 
equation: 

xv? —3.94 x 10-22 +2.04x 10-*=0. 
Taking the smaller z, we get 


i =6.1x10-3 . (32) 


From this result we can derive various quanti- 


ties as follows: 


X,=2200 esu/em=660 kV/cm , (32a) 


oy. =1.13x10-3, (32b) 


and 


bl =4.87 x 10%v . (32c) 


$9. Transition from Pilot to Channel 
—Stepping—of Positive Streamer 
We shall next discuss about the stepping of 
the positive streamer. Here also the similar 
calculation principle as for the head-sphere 
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must be applied. This case is however far sim- 
pler, because the position of the limit surface, 
which corresponds to N-surface of Fig. 5, re- 
mains constant (=X) during expansion. So 
we can estimate 4dr by the following equa- 
tion directly: 

ArengytXm-At-A=Xmn . 
This is further transformed by virtue of (26a) 
and (31) as 
Ss 1 
i 4aXm3/?v 9 ; 


The above estimated 4z means the duration 
of expansion up to radius ;, where the 
minimum ionizing field exists. We denote 
the dt of (33) by 471, and putting the numeri- 
cal values of Xm and a in it, we get 


At (33) 


r1=3.09 x10 , (33a) 
0 
Also the limit radius 0; is given by 

past =2.5x10-31, (34) 


From ; up to the final channel radius R, 
on the other hand, the surface continues to 
expand with ionic velocity (1/2)4iX as in the 
case of the negative streamer, where su 
means ion mobility. The time required for 
this expansion becomes 


R 
a,=| dove p's 
Py 


(R?— pr’). (85) 


3uiXp 2g 
Assuming the value 
u=1.5 (cm/s)/(V/cm)=450 (cm/s)/(esu/cm) , 
(36) 
4c, becomes as follows: 
At,=13.8*% 105" 1. (37) 
For lightning leaders, 4ct, becomes milli- 
seconds or more while 4t, is of the order of 
microseconds. This means that a positive 
streamer expands rapidly up to the radius of 
ionization limit, but then expands very slow- 
ly. Then step period of the positive lightn- 
ing leader must therefore be decided by 4ry. 
On the contrary, for gaps of meter length 
4c; becomes negligibly small and dr, becomes 
measurable order. Therefore if stepping be 
observed for such gaps 4t, should be taken 
into account. 


IV. Numerical Calculation and Discussion 


$10. Systematizing the Theory 
So far we have succeeded in obtaining 
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various important quantities concerning the 
structure of the streamer. The mutual in- 
terconnections among them are shown in the 
following diagram Fig. 6 for the convenience 
of calculation. 


Er 


AT ( neg. str.) 


AL =v; AT 


Fig. 6. Diagram showing the procedure of 
calculation. 


In the diagram 4dr is shown for the negati- 
ve streamer; for 4t, and dt, of the positive 
streamer (33) and (35) should be referred to. 

By virtue of the above diagram we can 
derive various quantities as the functions of 
1. The result is summarized in Table I for 
positive and negative streamers whose veloci- 
ties are 8x10" and 4x10° cm/s respectively. 


$11. Stepped Leader of Lightning 


According to the above table we can 
evaluate the step period 4dr and step length 
AI of a lightning leader if we put an appro- 
priate 7 value in those expressions of a 
negative streamer; that is, for 7/=3.0km* we 
get 


Ac=53.4 us and 4Al[=21.4m. 


These values show good coincidence with 
Schonland’s data: 
4c=50 ys and 4/=20m. 
As to the positive lightning leader, the au- 


thor knows only the data obtained at Empire 
State Building in New York. According to 


* This implies a a _ streamer which has spreaded 
500m long from the negative cloud 3.5km above 
the earth surface. 
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Hagenguth and Anderson’s report, regular 
stepping with 25 ws period began to appear 
when a positive leader advanced 300 ft high | 
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| 


above the building and continued up to 500TEy 


The velocity was 3x10’ cm/s. 


Summary of Calculation Formulas 
(Unbroken length 7 in cm) 


Table I. 


Negative positive 
Streamer Streamer 


Quantity 
(vp=4 x 107 cm/s) (vo=8 x 10% cm/s) 


nae welieee | 51 


| 5t 
V (KV) | ; 
charge/length = -11 
eri comifcca) | 3.2x10-10 3.2x10-H 
tip field 
‘X (kV/cm) | 220 ise 
pilot radius | 3.34x10-31 1.13 x 10-32 
r (cm) oaer 
ehanpel nae | ts 4,.27x 10-81 
R (cm) 427x107 |, =2)5310—98 
streamer 
current 1.28 x 10-37 2.56 x 10-32 
I (A) 
channel current 
density | 22.4/1 Pain 
J (A/cm?) 
channel 
internal field 3.0 BO) 
ER (kV/cm) | 
channel electron | } 
dénsity atuseioaes (I]S9-Fer ® 
Nr (cm-3) (9 
step period = | 4t3=3.86 x 10-5 . 
At (ps) 1-78x 1074 | 4t2=0.1381 
step length 7.12 10-31 41,=3.08 x 10-40 


Al (cm) | Alp=110 


(Parenthesized values of the ast column are for 


01-) 


The position 300 ft above the building cor- | 


responds to 480m above the earth surface. 
If we assume the negative cloud as 3.5km 


high above the earth, 7 between the leader | 


tip and cloud amounts 3km long. 
this /-value into 4t,-expression, we get 


Aa 2625S 


Inserting © 


which is quite satisfactory provided that the | 


4dz,-formula of Table I is corrected to the 
measured vp. 


§12. Streamers of Ordinary Gaps 
Table I tells us that for 1m gap length the 


} 


§ 13. 
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radius of channel is equal to 0.427cm and it 
decreases with its advance toward the op- 
posite plane electrode. The current is seve- 
ral tenths of ampere and the current density 
reaches hundreds mA/cm?. 

The radius of the channel is equal for 
positive and negative streamers, but we have 
already noticed that the positive streamer 
has a tendency to take the semifinal radius 
0; determined by ionization limit, which be- 
comes 0.25cm for J=l1m. Therefore the 
positive steamer radius is equal to or rather 
less than the negative one, that seems quite 
cooperative with our understanding about 
streamers. 

As to the stepping of ordinary gap strea- 
mers the thory suggests following remarks. 

For negative streamers the step period be- 
comes hundredth of microsecond, which can 
hardly be observed by a rotating camera. 

For positive streamers, the step period be- 
comes several microseconds if dt, determines 
it and therefore observable. However as the 
step length 4/, becomes almost equal to or 
rather larger than the electrode distance, it 
may be hard to observe regularly stepped 
streamers. 


Temperature Rise of Streamer 


We have so far left this problem untouch- 
ed, but here we show that no sensible rise 
of temperature can occur in any streamer. 

The energy input W per 1g of air at any 


part of the streamer is given by the follow- 


ing expression: 

mA 
N’ 
where rt is the duration of that portion up to 
spark occurrence and given by //v, m1 the 
number of gas molecules per 1g of air and 
N that per unit volume. 

A part of this energy is lost by thermal 
conduction and radiation, but we leave these 
losses out of consideration for a while and 
assume that the total energy is spent exclu- 
sively on raising the streamer temperature. 
Then the final temperature rise 4T is given 
by Wlcp, where cp is the specific heat of air 
under constant pressure. Since 


my =2.08 10%, N=2.7x10", 
Cp=0.24 cal/g deg and Er=3.0kV/cm, 


W=JrErt (38) 


we get 
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AT=1.4 deg. (39) 
Even the optimum value is thus extremely 
small. Actual 4T must be smaller than this 
limit value and so we need not consider the 
temperature effect at all. We can therefore 
safely conclude that streamers can not have 
arc property by itself so far as our theory is 
not wrong. 
The above temperature rise occurs uniform- 
ly along the streamer and also is independent 
of vp and polarity of the streamer. 


§ 14. 


A) We determined the channel radius R 
from the self-maintaining condition (10) for 
electrons. Outside the surface of FR-cylinder 
electrons are estimated to be able to move only 
3~4cm along the field before they attach 
upon gas molecules. Owing to this reason 
there must exist an ion-layer immediately 
outside the channel. The charge g which is 
required to protect the plasma from the ex- 
ternal field is due to the difference between 
positive and negative ions per unit length of 
this layer. The densities of positive and 
negative ions in this layer are calculated to 
be of the order of 10//, provided that the 
layer thickness is assumed to be 10-37. 

B) The proof that the condition (10) also 
exists in the channel may be given as fol- 
lows. If we consider the balance of loss and 
generation of electrons in volume element 
2zpdp around the axis the following equation 
is obtained: 


lee, 2z0+Da Ate G, {0 ento+do) 
+ZoNdp2xp—BNdo2xo=0, 
where WN is electron density, D, ambipolar 
diffusion coefficient and Zc, 8 the same as in 
§ 5. 
Putting 


Remarks 


dN 


Zo—8 

Dire 

the above equation is transformed into the 
form 


C=O 


@N,1 dN 
Le RSE NER) 
da? iy x dx * 
therefore 
N=Jy(x) . 


If we assume that N=0 at p=RF as in the 
theory of positive column of glow discharge, 
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Zo —B =D") iz 


Inserting the known values of R and Dz 
G16 for ER) 
pee aI 
[2 
Since Z and § are of the order of 10° as 
shown in Fig. 2, we get 
Zo—-B~0, 
that is, the same result as (10). 

C) As to the pilot model applied in this 
theory, there still remains a doubt about its 
appropriateness. To avoid an unconceivably 
large value of stem capacity, the author as- 
sumed that the head-sphere is electrically in- 
sulated from the stem as explained in §3. 

However this assumption causes another 
difficulty that the potential difference between 
the stem and the head-sphere (K/—Xr) 
takes unreasonably large value. This is 
quite the question left for future study. 

About the model of head-sphere structure 
we may probably suggest that the head- 
sphere has some intimate relation to the 
phenomenon “‘ball-lightning’”’ as it is called, 
whose structure remains still mysterious. 
When a lightning leader runs athwart the 
vertical field of thunder-storm, under-voltage 


Kanji HonpDA 


(Vol. 12, || 


state will appear at the leader tip (refer to} 
§5), and the freshly producing stem part 
will not be able to maintain enough potential 
difference against the head-sphere and thus 
has a liability to let it free. The origin of 
the ball-lightning may then be explained by 
such a detached head-sphere. 
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On a Theory of Shock Waves in Locally Supersonic Zone and 


a New Boundary-value Problem for Tricomi’s Equation 


By Shun-ichi TsuGE 
Department of Aeronautics, Faculty of Engineering, University of Tokyo, Tokyo 
(Received September 5, 1957) 


The hodograph behavior of the shock wave in transonic fow with non- 
uniform initial state is discussed. Besides the shock polar, two conditions 
are derived which, as a special case, comprise Busemann’s spine and 
serve to eliminate the indeterminateness which constitutes specific dif- 


ficulty for the treatment of high subsonic flow with shock waves. 


Ap- 


plying these three equations to the transonic flow over an airfoil, a 
new boundary-value problem is proposed. The problem still involves 
indeterminateness, but in a special case when the airfoil has a ridge it 
can be simplified so as to develop further analysis. 


Introduction 


§1. 


transonic flow was exclusively confined to the 


The early stage of the investigation of the discovery of the possibility of smooth decele- 
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ration through the speed of sound. Though 
‘the contributions of S. Tomotika & K. Tama- 
idaP, M. J. Lighthill and T. M. Cherry» 
‘gave the affirmative conclusion for this pro- 
‘blem, the real phenomena or the results of 
€xperiments could hardly be in accord with 
these theoretical predictions. Thus the second 
stage to be proposed for the theory of transonic 
flow should be to revise the existing theory 
/so as to allow the occurrence of shock waves. 
‘In this case, however, there occurs a mathe- 
matical indeterminateness (in the hodograph 
plane); one shock polar is not sufficient as in 
the treatment of the detached shocks and a 
series of them are necessary whose _ initial 
state distributes along a curve which itself 
is unknown. Thus we encounter with the 
boundary-value problem in which neither the 
boundary nor the boundary condition is pre- 
scribed. Though it seems impossible at the 
present stage to find out all of the lacking 
‘conditions, it is found that some of them can 
be derived as an immediate result of the shock 
relation, which in a special case has led A. 
Busemann® to the discovery of the “ spine”. 
We shall show how these relations are found 
out and we shall also give some criticism for 


their ability to construct complete fiow 
pictures. 
§2. The Fundamental Equations 


Since whole procedure is carried out in the 
hodograph plane, we must, from the outset, 
assume the two-dimensional character of the 
flow problem. Furthermore, the neglect of 
the vorticity induced by the presence of the 
shock should be postulated. This approxi- 
mation seems doubly beneficial, since the main 
object of the present investigation, i.e. non- 
uniform state before the shock, is a phe- 
nomenon only proper to the transonic flow 
(M<1). This is accomplished by assuming 
the flow to be in the transonic range: 

g=a*{1+7+1)-¥w},. w<1- (1) 
where g is the magnitude of the velocity 
vector, a* critical speed of sound and 7 the 
adiabatic index (=1.4 for air). 

Under the assumption (1) the gasdynamic 
equation is simplified to the degree that it 
gives the well-known Tricomi’s equation: 

PF ww—w o9=9 , ‘ (2) 
where ¥ is the stream function and @ is the 
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inclination of the velocity vector measured 
counterclockwise from the direction of un- 
disturbed stream. In supersonic region (w>0) 
Eq. (2) is associated with the family of charac- 
teristic curves: 
d6/dw==+w¥? or 0(2/3)w*/#=const. (3) 
In gasdynamics the boundary conditions are 
made up of two factors, namely, the condition 
on the surface of the obstacle and the con- 
dition on the shock wave. If we lay aside 
the details concerning the first, the second 
condition is expressed as follows: 
0—-0=+(0—w)V wtm)/2 , (4) 


and 


dylde=(7 +1)" “3(—wyl(0—8), (5) 


where the quantities with and without the 
tilde (~) refer respectively to those measured 
immediately before and after the shock wave. 
Eq. (4) which is the equation for shock polar 


shock wave . 


Fig. 1. Shock wave with non-uniform initial state 
(k=(7+1)-¥9). 


to transonic approximation shows the locus of 
the possible shock transition from any point 
in supersonic domain of the hodograph plane, 
and Eq. (5) gives the direction of the shock 
wave in the physical plane. These are the 
immediate consequences of the rotation of the 
axis of reference of the ordinary shock rela- 
tions (@=0), but we should remark that this 
rotation brings essential feature of non-uni- 
formity before shocks in which we are inter- 
ested. 


§3. Relation between the Limiting Line 
and the Shock Wave 

In 1941, von Kdérman® predicted that the 

location of the shock wave on the airfoil with 
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embedded supersonic zone concides with the 
line of break-down of the mapping from the 
hodograph to the physical plane. Analytically 
A(x, y/O(q, =0, (6) 
which, by use of the relations: 
tw=(7+1)/3whs , 
vo=(7 +1)V ry , 
Yw= Pw , 
yous , 
is written as: 
v?2,—w¥s=0, (6a) 
while, along the streamline, we have 
0=d¥=V¥,dwtV odd , 


or 
(d6/dw)y= —Pu/Lo . (8) 

Then the condition (6a) results in 
(d0/dw)y=+w? , (6b) 


Fig. 2(a). 


Flow with a limiting line (hodo- 
graph plane). 


Fig. 2(b). 
plane). 


Flow with a limiting line (physical 


where the subscript ¥ denotes the differenti- 
ation along the streamline. The left-hand 
side of (6b) specifies the direction of the spine 
in Busemann’s sense. By Eq. (3) this condition 
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(6b) may be written in an alternative form: 
(d0/dw).=(d0/dw)characteristic : (6c) 


This is an important property of the limiting 
line. Its conspicuous feature in the physical 
plane is the reflection of the streamline along 
it. Then, in general, the physical plane is 
composed of three sheets, which is physically 
impossible (Fig. 2b). 

To correct the situation, we must give up 
the premise “irrotationality” or we must 
admit the presence of the shock wave between 
/; and /,© (Fig. 3b). But if the physical plane 
is revised so as to be made up of a single 
sheet, the corresponding hodograph plane must 
have a crevice limited by S* and S~ between | 

‘ 


* 


: 


7 


Flow with a shock wave (hodograph 
plane). 


Fig. 3(b). 
plane). 


Flow with a shock wave (physical 


which L; and L, locate. Then the question, 
arises: “How can the shock wave S* and/! 
S~ be, predicted (in the hodograph plane) ?”’ 
We cannot, however, content ourselves with. 
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knowing its shape only, but we have to inquire 
further after the boundary condition held along 
it. Then the second question asks “How is 
'the specified condition on S* and S- instead 
of the condition (6b) on L?” These two 
‘questions have to be discussed and to be an- 
swered in the following sections. 


§4. Hodograph Behavior of the Shock 


Wave with Non-uniform Initial State 


There is an asymmetry in the expression 
(5) of the shock wave, since the left-hand side 
‘involves the quantities of the physical plane, 
while the right-hand side is exclusively com- 
‘posed of the hodograph variables. We shall 
now express the left-hand side in terms of 
the hodograph variables. Differentiating « and 
y along the shock wave and making use of 
(7), we have 
da =twdw+2xedd =(7 +1) ¥3(wK edwt+¥wdb) , 
— dy=Yyodw+yodd = wdw+¥ dO . 

Then Eq. (5) becomes 
_(d6/dw)st+¥./Fo _ w—w 
wt (Guol¥e)(d0/dw)s 9-6 ° 
or, by Eq. (8), 
(d6/dw)s—(d6/dw)y _ w—u 
w—(d0/dw)s(d0/dw)y = 9-6 ’ 
where the subscript S denotes the derivative 

“along the shock wave”, while Y denotes the 
derivative “along the streamline ”. 

As we have seen in the preceding section, 
‘a single curves of the shock wave in the 
physical plane is splitted up into two branches 
S*, S- in the hodograph plane. Thus we must 
apply the condition (9) to each of them, and 
therefore single equation (5) produces two 
conditions of the following form: 


W—w 


(9) 


(db div)s—(d0|did) = ¥=—"” (along S*), 
w—(d0/dw)s(d0/dw) 6-60 . 
(10) 
and 
w—(d0/dw)s(d0/dw)» 0-6 


(11) 


These two equations, in conjunction with Eq. 
(4) give information about the flow just before 
and after the shock wave. It is of some in- 
terest to remark here that if we formally 
regard the tilde as the operator for producing 
the complex conjugate, the operation of it 
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over Eq. (10) gives Eq. (11) and visa versa, 
while Eq. (4) remains unchanged. Thus the 
set of equations (4), (10) and (11) are sym- 
metrical with respect to the quantities with 
and without the tilde (dynamical reversibility), 
and the only asymmetry arises from the 
second law of thermodynamics: 


w>w . 
In case when we deal with a flow with 


a head wave (w=w.=const. and #=0) as a 
special case, the curve S* shrinks into a point. 
In such a case Eq. (10) proves to be meaning- 
less and Eq. (11) together with Eq. (4) gives 
the shock polar and Busemann’s spine. 


§5. Correspondence between the Initial and 
Final State of Shock Transition 


Let P+ be a point just ahead of the shock 
wave in the velocity plane and P-~ the cor- 
responding point after the shock transition. 
The terminology “corresponding ” means that 
they have the same value for the stream 
function. In the case of non-uniform initial 
state, they have one-to-one correspondence, 
which we may denote 


w= f(w) . (12) 


shock polar 
} ars @=D(w) 


Fig. 4. Schematic figure in the vicinity of the 
shock wave. 


Now we propose a problem: Given a initial 


curve: 
St: 0=U(w), (13) 

and the “spine” along it: 
j= jv) =(d0/dwv)» (14) 


what can be said about 

1) the transforming function /, 

2) the curve S~ of the final state 6= Dw), 
and 

3) the spine towards downstream 
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p= ww) =(db/dw)y ? 
The first question can immediately be an- 
swerd by Eqs. (4) and (10). Thus, 
U' NMAAV wt fylau(f)-M A }—-Ff=0, 
(15) 
in which only f(w) stands as the unkown. 
Once the transforming function w=/f(w) is 
found by the algebraic relation (15), the know- 
ledge of the distribution of values of ¥ on S* 
can readily be shifted to that on S~ as stated 
at the beginning of this section. The function 
F(w), thus specified, further contributes to 
answer the second question when we substi- 
tute it into Eq. (4), 


6=Dw)=US)4(f —w)V wt+f/2. (16) 
Finally the direction of the spine on S~ to- 
wards downstream is found from Eq. (11) by 
noticing Eqs. (15) and (16) 


w)=(<r) LFV wtH2Dw) | (7) 
dw/y D(w)FV (w+f)/2 

Thus Eqs. (15), (16) and (17) fix the physical 
state after the shock transition in terms of 
the initial state. 

Hence, we must proceed to the second stage, 
viz. the state of affairs governing the initial 
state itself. Though the complete construction 
of the problem is the subject of the next 
section, it will be useful, as a stepping stone 
to go further, to remark the following fact. 
Though, as the matter of definition, the 
characteristic curve (Eq. (3)) is such that the 
discontinuity of the higher derivatives than 
the second order of the dependent variable 
can propagate along it, which, under some 
condition, can also be a carrier of the dis- 
continuity of the first order derivative (shock 
wave!)”. So it stirs up our curiosity whether 
the curve S* coincides with one of the charac- 
teristic curves (plus family of Eq(3)) or not. 
If S* is a characteristic, 


6=U(f)= 


When it is applied to Eq. (15), we have 
VF FV (wth)/2)(MA)—-V fF )=0 
16, w=f.00 jos fo, 
The demand for w=/f allows no discontinuity, 
so that it is reduced to an ordinary Mach 
wave. The second requirement #=1/f is 


identical with the limiting line condition (6). 
Thus we can summarize this fact as follows: 
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Unless the limiting line is identified with a} 
characteristic curve, the discontinuity due to) 
the shock wave runs along a curve different’ 
from one of the characteristics. | 


This fact, , 
though seemingly trivial, brings inner im-- 
portance when it provides us with a critical 
difference between Tricomi’s problem and the 
one to be proposed in the next section. 

In the same way, the possibility for the 
limiting line ZL; to coincide with the initial 
shock curve S* is discussed by the use of the 
limiting line condition (6b): 

Wf\=f? . 
Substitution of it into Eq. (15) gives 
(Vf £V(wth)/2(U(S)—-V Ff )=0, 


1.6, w=f or yas pn, 


Thus, the requirement is either that the tran 
sition is continuous, or that the initial line is . 
a characteristic curve. Consequently, Z musi - 
locate somewhere between S* and Sy (see. 
again Fig. 3.a) since the extreme case is pro 
hibited. 


§6. A New Boundary-value Problem 

Let us devote our attention to the state of 
affairs only about the initial curve of the. 
shock wave S* (Fig. 5). By the preceding 


8 


Fig. 5. Initial state of the shock wave and Mach 
waves from the body surface. 


discussion the possibility that the initial curve 
S* coincides with a characteristic curve I’, is” 
excluded. Furthermore, it can be generally 
concluded that S* lies inside the curvilinear 
triangle ACE. For, if the opposite situation 
stood, S* would be steeper than Jo, so that 
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compression Mach wave originating from any 
part of the body surface could not reach it. 
This prediction is in accord with the experi- 
ment carried out by F.  Tamaki®) (Fig. 6). 


stream line = 


Fig. 6. Transonic flow over a Tomotika-Tamada 
airfoil at M.=0.763 (Tamaki’s experiment*?). 


Thus we come to the following problem: 


(New boundary-value problem) Search for the 


solution of the equation 


F ww —w o0=0 : 
which satisfies the following boundary con- 
ditions: (see Fig. 7) 
if, v=0 on CDEA, 


where A lies outside the curvilinear triangle 
EFB, where EF and BF are characteristic 
curves of the opposite family expressed by Eq. 


(3). 


Il. Along S* (or AB) and S~ (or BC), three 
conditions (15), (16) and (17) are prescribed. 
Our problem becomes much involved by the 
presence of the shaded part of Fig. 7 due to 
which the indeterminateness will occur in 
If the troublesome area vanishes, 


general, 
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viz. if A situates on characteristic curve BF, 
we have Frankl’s problem and as a special 
case if A is identified with F, our problem is 
reduced to Tricomi’s one so long as one is 


characte eI 
curves si 


{ Ww 
+ 
S ]shock wave 
tse 


Elliptic zone Hyperbolic zone 


Fig. 7. New boundary-value problem. 

concerned with the configuration in the hyper- 
bolic domain. The second and no less im- 
portant difference between the present and 
Tricomi’s or Frankl’s problem is the condition 
II, that is, the boundary value (according to 
Eq. (15)) and the derivatives (according to Eq. 
(17) and Eq. (8)) are prescribed simultaneously 
on S-. Thus we encounter the overdeter- 
mined boundary-value problem in subsonic 
range, while, as we have seen, the supersonic 
domain involves underdetermination. In the 
present stage, we have no knowledge how to 
relate these under- and over-determinations, 
but we shall see that difficulties are reduced 
to some extent in the following special case. 


§7. Flow round a Finite Wedge 


In order to allow a simple hodograph con- 
figuration, let us choose, as a special model, 
a finite wedge immersed in gas flow, the 
free-stream Mach number of which is not 
much less than unity (Fig. 8). This problem 
was already solved by J. D. Cole® in the form 
of a singular (fundamental) solution which 
satisfies the boundary condition along CD and 
DE and is opened free for the remaining parts 
of the boundary. The exact setup of the 
problem on the standpoint of the present 


theory is shown in Fig. 8. viz. 
I, #2 =0y.. for) 0051.8 =0oiipn( <5 
O+(2/3)wi?=0, (w>0), 


wu 
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where 9, is the half-wedge angle, Ill. S~- is specified by 
II. Along S~ the following two conditions 6=D(w)=U(f)£f -—w)V fF Fwy2. (16 


a te | oe 8 We should remark here that U(/), or the 
U'(A)RA#V (wt f)/2{U(f)-HF)}-Ff=0, curve AB is not given by the initial data, but 
(15) belongs to some curve connecting the soma 
where, as before, line and the characteristic curve originating: 
w=f(w), from E. So is also the curve BC or Dwi, 
since it depends on the behavior of U(/) b 
Eq. (16) (Boundary-value problem with floatingy 
boundary curve). | 
But the present flow problem includes a 
special profit, viz. the coincidence of the: 
boundary EA with a characteristic curve 
(Prandtl-Meyer expansion wave), which allowss 
a remarkable simplification. For, then, t ey. 
area ABF can be determined unlike the 
general problem stated in the preceding: 
section. This can be verified by use of t eo 
special technique of analysis known as thes 
vy characteristic initial-value problem in the fol: 
7 A lowing way. 
St:8=U(7) As stated before, we are to treat Tricomi’ss 
a problem if we replace the curvilinear triangle: 
~-W EBA by EBF in the configuration in hyper- 
bolic domain. Then through the use of the: 


hodograph plane 


Fig. 8. Transonic flow round a wedge. initial data’ onethelsonie lines BB 
d ¥(0, 2)=t(6 

i BAO 00; OD: for 6,<@<6, or EB 
Vee LED (wy w+ fy/2 a7 ¥w(0, =r), | 
D'w)#V (w+ f)/2 Cauchy’s problem is solved inside EBF™: 
r(6/3) j ee 

Vw, A)=— St 4yy8/2(9F — -1/6(] —f)-1/6 

(0, 0) Stas OG: 2 y8/2(2t ») (1—1)-Vedt 

_F/3) R ia 3/2 ae. -5/ = 

fie i (9+ Sy (2t ») «(1 —2)-9/edt (20) 


Then we have the boundary value on BF, 


FG We, Oa) oan Ws \ v (a.+3 w/DJ <1) Vet 
rAd ey 3 = 
i {1'(5/6)}2 e “(a4 ae : (0) SO ay day, (21) 


Since BF and FA are characteristics, only the value of ¥ (and not that of its derivatives) 


on BF and FA is necessary and sufficient for our purpose of determining the flow field FANB. 
We meet just the corresponding situation, viz. 


Y=0 onyjaiAy 


22) 
Eq. (21) orn [BIR . “y 
It is not difficult to obtain the explicit expression for ¥, since we have known Riemann’ 


function for Tricomi’s equation™; | 
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Ze, 0; ee %s) 
.e Coat ibn) 1 f 
. ocaagcesuinpeal 66. ee ) ’ eee 


and N= Oe 


pa €— Ed (m—2) 
(ys— E) (n—&s) : 
(23) 
-where €, 7 are the characteristic coordinates 
mr Eq. (1); 


ae a a ee 


E=0—(2/3)w%? , 
ad (24) N B 


n=0+(2/3)w3/2 . 
Using Z thus defined, we have the complete 
solution valid inside the rectangle BNAF 


; 11) F 
fig 29), Fig. 9. Characteristic initial value problem. 


WCE, p= 2) r 4 ae . adn" (oe + 2 ). 


5 


: | el = eo 

) O78 BC as 0) OE. ' 6(Es — A) 

| if weltihe bZmny 202 

: G4 IW Geaentae aoe (25) 


by taking the condition (22) into consideration. This can be calculated by Eqs. (21), (22) and 
(23) to give a more intimate form 


al Grsc eee” : 
oe, y)=GO ? Og, —y)¥ \) Ae UE A, ’ 93)G(O1, Hs) dns , 


AE. 1: En == 35 Ga pHing, BLE aa Fa Pe 6) 


ec 
ae en Mei & me a). (26) 


Thus the physical state is determined. Provided that the initial curve S*: 6 = U(@) is as- 
sumed to be given, we can find the value of the spine 


ji) = mf vs) Soe ae 
Vo 


where 


0=60 
w=w 


the right-hand side of which being calculated by Eq. (26). 


Summarizing, in virtue of the reduction to Math. 9 (1951) 129. 
the characteristic initial-value problem, we 2) M.J.Lighthill: Proc. Roy. Soc. A. 191 (1947) 
‘have reduced the number of unknowns to 352. 
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state of the shock or St: 0=U(w). How this 
unknown is connected with the compatibility Th. von Karman: J. Aero. Sci. 8 (1941) 337. 
of the simultaneous conditions (Eqs. (16) and G. Guderley: Z.A.M.M. 22 (1942) 121. 

(17)) on the final curve S~ is still too involved 7) R. Courant und D. Hilbert: Methoden der 
to allow a straightfoward analysis. Further Mathematischen Physik, Bd. 2, (Julius Springer, 


; toa lin (1937)) p. 297. 
H be necessary to meet the Ber 
ee earn eee ‘ ; 8) F. Tamaki: J. Phys. Soc. Japan 12 (1957) 


A. Busemann: N.A.C.A. T.N. 1858 (1949). 


aon 


complete physical pictures. ave 
9) J.D.Cole: J. Math. Phys. 30 (1951) 79. 
References 10) F. Tricomi: Brown Univ. Trans. A9-T-26. 


1) S. Tomotika & K. Tamada: Quart. Appl. 11) R. Courant und D. Hilbert: loc cits preolO: 


Short Notes 


This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 
7cmx7cm will be counted as 150 words. 
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Phosphorescence of Acetic Acid 
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It was reported in the previous paper) that 
sodium- and  potassium-acetates phosphoresce 
emitting a green light, when excited in vacuum 
with the ultraviolet radiation. In order to investi- 
gated the mechanism of this phenomenon, experi- 
ments on acetic acid were carried out at low 
temperatures. 

Acetic acid (commercial reagent of the special 
grade) does not phosphoresce, when it is cooled 
near to —60°C with the mixture of dry ice and 
amyl acetate in apparatus as shown in Fig. 1 and 


Coolant 


Rubber 


Clear Fused 
Quartz Tube 


Specimen 


Quartz Window 


=> To Vacuum 


Fig. 1. Apparatus for observation of 
phosphorescence. 
is excited with the radiation. However, acetic 


acid solutions which are dissolved a little amount 
of Na(C.H302), KCl, or NaHCO3, phosphoresce weak- 
ly emitting a green light at lower temperature 
than —30°C. We measured the decay curves of 
afterglow of them at several temperatures between 
—30°C and —60°C by a photo-multiplier tube with 


a d.c. amplifier and an oscilloscope, and estimat- 
ed the initial intensity by the extrapolation of the 
The relations between the intensity and 
It was observed 


curve. 
temperature are shown in Fig. 2. 
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Fig. 2. Temperature dependence of phosphor- 
escence of acetic acid contained a salt. 


by using the two filters (Matsuda V-C1B and V- 

Y1A) that these spectra composed of a green band 
and a blue one, but the intensity of them was too — 
weak to record separately the decay curve of each | 


band. When lead acetate is used as solute, we 
can not observe the emission down to —60°C. 

Here, we shall consider the origin of phosphores- 
cence from these results. When the acetic acid 
solutions are cooled down, they solidify at lower 
temperature than that of melting point of acetic 
acid. We can not measure the state and amount of 
salts which are contained in the solidified acetic 
acid, but the salts seem to be slightly contained in 
ionic state as impurities in the solid. The salts do 
not phosphoresce by themselves with the exception 
of sodium- and potassium-acetates, after excited in 
vacuum with the ultraviolet radiation, and acetic 
acid contained lead acetate does not, too. There- 
fore, we may conclude that the phosphorescence is 
due to sodium- and potassium-ions which are con- 
tained as impurities in the solidified acetic acid 
and interact with the acetic ions. 
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Experiments on the Cylindrical 
Blast Waves 


By Kodichi OSHIMA 
Institute of Science and Technology, 
University of Tokyo, Tokyo 
(Received November 11, 1957) 


Since a century ago, a number of investigators) 
have studied the phenomena of electrically ‘‘ ex- 
ploding wires’’ observed when a bank of large 
capacitors is discharged through a very fine wire. 
The author observed the internal structure, the 
propagation and the reflection of disturbance 
waves produced by these explosions in the sur- 
rounding medium. 

The mild copper wires with diameters ranging 
from 0.1 to 0.16 millimeter were stretched per- 
pendicularly to two parallel flat walls 5 centimeter 
apart, and exploded by the discharge current of 
condensers with capacity of 2-10 microfarads 
charged by 4-10 kilovolts source. The distur- 
bances created by this method were observed 
through the glass windows attached on the walls 
using the instantaneous photographs of schlieren 
method and Mach-Zehnder interferometer. These 
disturbances are typical cylindrical blast waves 
preceded by a shock wave. The two-dimensional 
character of the blast wave was verified by the 
photographs taken parallel to the two walls. 

The ratio of the air density inside the blast 
wave, g, to the one of the outer still air, 0, are 
presented in Fig. 1, where D is the diameter of 


D=0:12mm 
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Fig. 1. Density Distribution. 


the exploded wire, C is the capacity of the con- 
denser bank, V is the charging voltage, 7 is the 
distance from the exploded wire and F is the dis- 
tance from the wire to the shock front. These 
curves were measured from the interferograms 
taken at 250 microseconds after the explosion, and 
agreed qualitatively with the theoretical predic- 
tions.» By these curves and shock relations, the 
strength of the shock wave, p/po, was calculated 
and plotted in Fig. 2. As the charging voltage 
increases or the diameter of the wire increases, 
the shock wave becomes stronger. At the very 
low charging voltage, however, the explosion of 
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the thick wire becomes incomplete. 
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Fig. 2. Shock Strength. 


Figs. 3 and 4 show the interferograms of the 
Mach and regular reflections of the cylindrical 
blast waves produced by this method on the flat 
surface. These interferograms were taken by the 
zero fringe method, so that the fringes appearing 
in the fields are the contours of constant density 
in the air. The so-called slip flow in the case of 
Mach reflection cannot be recognized on the in- 
terferograms, and the transition angle from regu- 
lar to Mach reflection is greater than the one in 
the case of plane uniform shock wave with the 
same strength. 
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Fig. 4. 


Similar experiments were carried out in water. 
The Mach and the regular reflection on the flat 
plate and the reflection on the free surface of the 
water were observed on schlieren photographs. 

These experiments were carried out at the In- 
stitute of Science and Technology. The author 
wishes to express his sincere thanks to the mem- 
bers of the Institute for their encouragements and 
useful advice. 
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Effect of Electron Bombardment on 
Sodium Chloride 


By Shigetomo YOSHIDA and Toshio IKEDA 


Research Institute for Scientific Measurements, 
Tohoku University, Sendar 


(Received Septemper 12, 1957) 


We have hitherto investigated the effect of elec- 
tron bombardment on sodium chloride by electri- 
cal and optical methods. This note concerns the 
formation of colloidal sodium in sodium chloride 
by electron bombardment. 

Sodium chloride single crystals (5x5x1mm) 
cleaved out from rock salt (Halle Co., Germany) 
were used as specimens after annealing. The 
bombarding voltage employed ranged from 7 to 20 
KV while the current density and bombarding 
time were fixed at 40A/cm? and 60 minutes, re- 
spectively. The specimens were colored yellowish 
for the bombarding voltage below 13 KV and their 
absorption spectra showed distinct #’ and M ab- 
sorption bands. At the voltage higher than 16 
KV, blue-colored parts developed apperciably 
among yellowish ones. Under 20KV_ bombard- 
ment the specimens acquired deep blue color. In 
the last case the strong absorption band with a 
peak at about 590 my was always accompanied by 
the weak one at 390 my, as shown in Fig. 1(a). 
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The same phenomenon was observed at 13 KV with 
the increase of current density from 40 A/cm? to 
70 »A/cm2. When the specimens were kept at 
150°C during bombardment, they also became blue 
in color even at the bombarding condition of 7 KV 
and 40 »A/cm?. 

Although this blue color was very stable at room 
temperature, the position of peak shifted to shor- 
ter wavelength side by annealing and reached to 
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565 mp after the heating to 390°C at the rate of 
0.7°C per minute, as shown in Fig. 1(b). This 
band, however, bleached entirely at 450°C and any 
other band was not observed at all. 

On the other hand, when the specimens were 
maintained at high temperatures during bombard- 
ment, the position of peak shifted to longer wave- 
length side and the shape of band became less 
sharp. One example of this effect is shown in 
Fig. 2. Finally at about 300°C the specimens did 
not show any coloration and became cloudy. 
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With specimens kept at high temperatures dur- 
ing bombardment, we observed also the scattering 
of dull red light from the crystal surface. This 
behaviour will be related to the scattering of light 
by colloidal particles, because their diameter, ac- 
cording to Savostianova’s observation on natural 
blue rock salt, decides the position of peak of the 
absorption band and the rate of scattering. Thus, 
the strong absorption band with a peak at 590 mz 
or thereabout may be identified as the colloidal 
band. Moreover, the before-mentioned weak peak 
at about 390mz may correspond to the peak of 
the photoconducing current curve plotted against 
the wavelength in blue or violet rock salt contain- 
ing colloidal sodium». 

From these results it may be concluded that the 
formation of colloidal sodium under electron bom- 
bardment is influenced greatly by the temperature 
of specimens which is also related to the bombard- 
ing wattage. 

We are indebted to Prof. T. Hibi for the stimu- 
lating discussions and to the Electrical Communi- 
cation Laboratory for the grant-in-aid. 
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Electrical Properties of SnTe, SnSe and 
InBi at Low Temperatures 


By Kimio HASHIMOTO 
Department of Physics, Faculty of Science, 
Kyusyu University, Hukuoka 
(Received September 30, 1957) 


The electrical resistivity 9 and the Hall coeffici- 
ent & of SnTe, SnSe and InBi have been measur- 
ed in the temperature range between about 2° and 
100°K. 
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Fig. 1. Resistivity and Hall coefficient of 
SnTe as functions of temperature. 


a) SnTe. F and ¢ are shown in Fig. 1 as func- 
tions of the temperature. Both FR and og increase 
with increasing temperature in the higher tempera- 


ture range, but in the range below 30°K they seem 


to be independent of the temperature. The elec- 
trical properties of specimens No. 1 and No. 5 
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Fig. 2. Resistivity and Hall coefficient of SnSe 
as functions of temperature. Dotted curves 
show the values obtained by A. Okazaki and 
S. Asanabe?), 
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above liquid air temperature were reported in the 
previous letter.Y A detailed discussion for the 
electrical properties of SnTe will be done else- 
where. 

6) SnSe. The temperature dependencies of R 
and o are shown in Fig. 2. Both R and 9 reach 
maximum values at about 6°K and then decrease 
with decreasing temperature. 

c) InBt. The measured samples were the single 
crystal specimens used by S. Asanabe”) for the in- 
vestigation of anisotropy in resistivity above 100°K. 
The temperature dependency of py, the com- 
ponent of resistivity tensor, for specimen 503 is 
shown in Fig. 3 (see reference 2 for the definition 
of 011). The linearity in the curve of pu versus 
temperature is still maintained down to liquid he- 
lium temperature (see Fig. 2 in reference 2), but 
011 decreases rapidly below liquid helium tempera- 
ture. The Hall coefficient of specimen 503 could 
not be measured in the low temperature range. 
The transversal magnetoresistance effect of about 
2% was observed for specimen 505A in the magne- 
tic field of 20 000 Oe. 
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Fig. 3. Resistivity of InBi as a function of 
temperature. 


I should like to express my hearty thanks to 
Professor T. Fukuroi, Professor Y. Shibuya and 
Professor S. Tanuma of the Research Institute for 
Iron, Steel and Other Metals, Tohoku University, 
for their guidance and for placing research facili- 
ties at my disposal. 
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On the Formation of Small Guinier-Preston 
(1) Aggregates During the Plastic Defor- 
mation of an Al-Cu Alloy 


Keisuke MATSUURA 
Hokkaido Gakugei Univ. 


Yoshikazu HAMAGUCHI* 
and 
Shigeyasu KODA 
Hokkaido Univ. 


(Received September 9, 1957) 


As previously reported, an abnormal increase 
of the electrical resistivity was observed during 
the plastic deformation of a supersaturated solid 
solution of an Al-Cu 4% alloy in room tempera- 
ture, but the increase was of an ordinary order in 
an alloy of over-aged state. This abnormal in- 
crease of the supersaturated solid solution may 
be associated with the formation of small Guinier- 
Preston (1) aggregates that occurs during the plas- 
tic deformation. This interpretation presented by 
the authors is consistent with the results of X-ray 
investigation by Graf and Guinier” and of the ten- 
sile testing of single crystals by Carlsen and 
Honeycombe*®), In this short note, a fuather im- 
formation of such an abnormal change of the 
electriclal resistivity during the plastic deformation 
will be given. 

Polycrystalline wires of 0.95mm. in diameter 
were solution-treated for 30 minutes at 530°C. 
One group of them was air-quenched in order to 
obtain a state of supersaturated solid solution and 
the other was furnace-cooled so that a state of 


-~O- air- quenched 
-@® furnace-cooled 


Cee OPS a Opmic sr i4emio 
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---- deformed at room temperature. 
= 1 at —196°C. 


Fig. 1. Increaces in specific resistivity by 
the plastic deformation. 


* Now Japan Atomic Energy Research Institute. 
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over-ageing was attained. The resistivity of these 
specimens was measured during the deformation 
of pure extension in room temperature and at 
—196°C, respectively. | 

The figure shows a typical example of the re- 
sults. In an air-quenched specimen, the magnitu- 
de of resistivity change 4o at room temperature 
showed a remarkably rapid increase in the range 
of small plastic strain e«. So, the do—e curve is 
convex. However, the resistivity of the furnace- 
cooled specimen scarecely increases at room tem-_ 
perature. Therefore, such an increase of the air-_ 
quenched specimen may be associated with the 
formation of small G.P. (1) aggregates that occurs 
during the plastic deformation, for such an effect 
was not observed in the case when the specimen 
was furnace-cooled. On the other hand, at —196°C 
in the air-quenched specimen, the rapid increase _ 
of resistivity continues to the range of large strain. — 
The relation between 4o and ¢ can be approximately [ 
expressed by 40=ke!-1~!-2, where & is a constants. 
The results of the furnace-cooled specimen alseG— 
showed a similar trend to increase. The diffusion | 
of solute atoms which form G.P. (1) aggregates is . 
appreciably suppressed at -196°C. So, in the: 
case of —196°C, the most part of increase of 4@. 
in both specimens may be ascribed to the point: 
imperfections, i.e. vacancies or interstitials created | 
during the plastic deformation, because the point : 
imperfections can hardly recover at such a low? 
temperature. This fact may also be confirmed | 
from the following two reasons. (1) A similar re-- 
lation between 4o and ¢ has been found in pure: 
metals, such as copper, experimentally and | 
theoretically.).5) In this case, the 4o is attributed | 
to the vacancies formed during the plastic defor- - 
mation. However, it must be mentioned that the: 
4o of the present investigation is appreciably lar- - 
ger than that of pure metals. (2) When the speci- - 
mens tested at —196°C held at 20°C for a few, 
minutes at the last stage of the deformation, the 
resistivity decreases to or below the 4g-e curve” 
for room temperature, as shown in the figure. . 
This decrease may be understood to the caused by 
understood to be caused by the recovery of the 
point imperfections. 
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‘On Some Singular Solutions of the Tricomi 
Equation Relating to Transonic Flow 


By J. B. Diaz 


) Institute for Fluid Dynamics and Applied 
Mathematics, University of Maryland, 
College Park, Maryland 


(Received November 11, 1957) 


In his interesting paper with the same title, 
Professor Kinzo Hida (Journal of the Physical Society 
of Japan, Vol. 10, No. 10, October 1955, 869-881) 
employs on page 871, equation (2.11), what he 
calls Cole’s solution 


T'_(g, v, 21) 
: =1Gen |" e-eFaple2)I-aplerda (1) 


Professor Hida has probably overlooked that Cole 
himself, in his paper (Journal of Mathematics and 
Physics, Vol. 30, No. 2, July 1951, 79-93), in a 
footnote on page 85, attributes this solution to A. 
' Weinstein. Incidentally, Cole’s footnote contains 
a misprint, he means Weinstein’s formula (19), not 
(24). Moreover, Cole refers also to another paper 


of Weinstein (Proceedings Naval Ordnance Labora- 
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tory Aeroballistic Research Symposia, 1950, 73- 
81) in which Weinstein applies his formula and 
other more general formulas to the problem of the 
flow around a wedge. 

In view of these facts it may be of interest 
to mention some additional literature on the same 
subject, part of which appeared in purely mathema- 
tical journals: 

A. Weinstein, (Proceedings of the Fourth Sympo- 
sium in Applied Mathematics of the American 
Mathematical Society, held June 1951 at the 
University of Maryland, published 1953, pages 
167-178); 

L. Trilling and K. Walker, Jr., (Journal Math. 
Phys., Vol. 32, 1953, 72-79, specially page 74); 
P. Germain and R. Bader, (Bulletin Société 

Mathématique de France, Vol. 81, 1953, 145-174, 

specially page 161); 

P. Germain, (Communications on Pure and Applied 
Mathematics, Vol. 7, 1954, 117-144); 

A.G. Mackie and D.C. Pack, (Journal of Rational 
Mechanics and Analysis, Vol. 4, 1955, 177-199). 
Several other expressions can be given for such 

singular solutions, see, for instance J. B. Diaz and 

A. Weinstein, (Studies in Mathematics and Mecha- 

nics presented to Richard von Mises, Academic 

Press, New York, 1954, 97-102). 
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Left column, line 20 (about 10cm/sec) should be read (about 107 cm/sec) 
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